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Broadband Solutions of Potential Integral Equations With NSPWMLFMA

Bahram Khalichi , Özgür Ergül , and Vakur B. Ertürk

Abstract— In this communication, a mixed-form multilevel fast mul-
tipole algorithm (MLFMA) is combined with the recently introduced
potential integral equations (PIEs), also called as the A-φ system,
to obtain an efficient and accurate broadband solver that can be
used for the solution of electromagnetic scattering from perfectly
conducting surfaces over a wide frequency range including low fre-
quencies. The mixed-form MLFMA uses the nondirective stable plane-
wave MLFMA (NSPWMLFMA) at low frequencies and the conventional
MLFMA at middle/high frequencies. Various numerical examples are
presented to assess the validity, efficiency, and accuracy of the developed
solver.

Index Terms— Fast solvers, low-frequency (LF) breakdown, nondi-
rective stable plane-wave MLFMA (NSPWMLFMA), potential integral
equations (PIEs).

I. INTRODUCTION

Frequency-domain surface integral equations (SIEs) used together
with the method of moments (MoMs) [1], and/or its accelerated
versions, such as the multilevel fast multipole algorithm (MLFMA)
[2], [3], are usually the most promising choices in solving electro-
magnetic scattering problems including perfect electric conductors
(PECs) or piecewise homogeneous penetrable objects. However,
the electric-field integral equation (EFIE) (as one of the most
popular SIEs) is susceptible to the well-known low-frequency (LF)
breakdown problem, which prohibits its use at low frequencies
and/or dense discretizations [4]. Although the magnetic-field integral
equation (MFIE) is less affected from the LF breakdown, it is
usually criticized for being less accurate [5], [6], which can be
improved by using mixed discretizations [5], and being applicable
only to closed surfaces. Several remedies to the LF breakdown
problem of EFIE have been discussed in a detailed way in the
literature [7]–[13]. The loop-star decomposition of basis functions
is introduced for EFIE in [7], while the charge is used as an extra
unknown and current continuity condition is employed in [8] and [9].
Furthermore, a Calderon preconditioner and a preconditioner based
on a quasi-Helmholtz decomposition using hierarchical bases have
been successfully employed in [10]–[13]. Recently, potential integral
equations (PIEs) based on satisfying the boundary conditions (BCs)
on the surface of the scatterer for the electric scalar potential φ and
the magnetic vector potential A have been presented [14]–[16] for the
solution of electromagnetic scattering problems at low frequencies.
PIEs are shown to be immune to the LF breakdown problem without
using hierarchical basis functions and/or a Calderon preconditioner.
It has been demonstrated that accurate computation of the charge
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Fig. 1. Configuration of region and medium to obtain surface PIEs.

density, in addition to the current density, is possible by using PIEs
at the cost of a solution of an additional integral equation [17].

In this communication, a mixed-form MLFMA is combined with
the recently introduced PIEs, called as the A-φ formulation [15],
[16], to obtain an efficient and accurate broadband solver to solve
electromagnetic scattering from multiscale PEC surfaces over a wide
frequency range. The mixed-form MLFMA uses the conventional
MLFMA at middle/high frequencies and the nondirective stable
plane-wave MLFMA (NSPWMLFMA) [18]–[21] at low frequencies
(i.e., electrically small boxes: box size = Bλ < λ/8). NSPWMLFMA
is based on shifting the integration path into the complex plane to
include the evanescent waves for electrically short distances. Basi-
cally, in this algorithm, a closed-form expression for the translation
operator along the z-axis is derived, and then stable translations
in all other directions are achieved via a QR-decomposition-based
method. Therefore, NSPWMLFMA is preferred in this study due
to its error controllability and suitability for being combined with
the conventional MLFMA to obtain a robust broadband mixed-form
MLFMA solver for A-φ formulations. Apart from NSPWMLFMA,
there are many different studies available in the literature to treat
the LF breakdown of MLFMA [22]–[29]. Among them, LF fast
inhomogeneous plane-wave algorithm (LF-FIPWA) with diagonal
translations can also be combined with the conventional MLFMA
elegantly [23]–[25]. However, its directionality problem requires six
different expansions of Green’s function in six different directions to
cover all translations in the entire space. Another interesting approach
is interpolating MLFMA with a fast Fourier transform accelerator
[29]. However, it may exhibit computational complexity issues for
larger problems to maintain the interpolation accuracy [29].

The outline of this communication as follows. Section II presents
the formulation of the problem containing PIEs, NSPWMLFMA,
and a brief explanation of a preconditioning. The numerical results
are provided in Section III, followed by our concluding remarks.
An e−iωt time convention, where ω = 2π f with f being the
operating frequency, is assumed and suppressed throughout this
communication.

II. FORMULATION

A. Potential Integral Equations

Fig. 1 illustrates a PEC scatterer S with a unit normal vector n̂
in free-space (ε0: permittivity, μ0: permeability) illuminated by a

0018-926X © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

https://orcid.org/0000-0002-9465-1044
https://orcid.org/0000-0001-5719-6479


4308 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 67, NO. 6, JUNE 2019

source. Using the surface equivalence principle, generalized Green’s
theorem, and Lorentz gauge condition in conjunction with appropriate
BCs for the magnetic vector potential A and the electric scalar
potential φ on the surface of S [15], PIEs in terms of A and φ

can be derived as [15], [16]

0 = −n̂ × n̂ × Ainc(r) − n̂ × n̂ ×
∫

S �
ds�μ0g(r, r ′)J(r ′)

−n̂ × n̂ ×
∫

S �
ds� �(r ′)∇�g(r, r ′) (1a)

0 = iωμ0ε0φinc(r) +
∫

S �
ds�μ0g(r, r ′)∇� · J(r ′)

+ω2μ0ε0

∫

S �
ds� �(r ′)g(r, r ′). (1b)

In (1), Ainc(r) and φinc(r) are the incident magnetic vector potential
and the incident electric scalar potential, respectively. In addition,
g(r, r ′) is the free-space scalar Green’s function given by

g(r, r ′) = eik|r−r ′|
4π |r − r ′| (2)

while J(r ′) and �(r ′) = n̂ · A(r ′) are the unknowns to be found,
namely, the surface electric current density and the normal component
of the magnetic vector potential, respectively.

First, expanding J(r) with the Rao–Wilton–Glisson (RWG) basis
functions [30] as

J(r) =
N∑

n=1

jn bn(r) (3)

with jn being the unknown coefficients, and expanding �(r) with
pulse basis functions (on triangular supports Sm) as

�(r) =
M∑

m=1

smσm (r), σm(r) =
{

1/Am r ∈ Sm

0 r /∈ Sm
(4)

with sm being the unknown coefficients, and then testing (1a) with
the RWG functions while (1b) with pulse functions, (1a) and (1b)
can be cast into matrix form given by[

�̄ J ,J �̄ J ,σ

�̄σ,J k2
0 �̄σ,σ

] [
j/c0
s/η0

]
= −

[
ainc/η0

ik0ε0ϕϕϕinc

]
. (5)

In (5), k0, η0, and c0 are the free-space wavenumber, intrinsic
impedance, and wave velocity, respectively. The matrix entries of
each submatrix in (5) are determined according to [15]. In (5),
j = [ j1, j2, . . . , jN ]t , s = [s1, s2, . . . , sM ]t with t denoting the
transpose operator, and ainc and ϕϕϕinc contain discrete tested form of
Ainc(r) and φinc(r). Finally, N and M are the number of the RWGs
and triangles, respectively.

B. NSPWMLFMA for PIEs

The derivation of the conventional MLFMA implies that only the
propagating part of the plane-wave spectrum is included for sufficient
accuracy. This is simply achieved via use of the diagonalized form
of Green’s function given by

eik R

4π R
= ik

(4π)2

∫
d2k̂eik k̂·(v1+v2)T (kw, θ, ϕ),

|w| > |v1 + v2| (6)

where R = |w + v1 + v2|, d2k̂ = sin θdθdϕ, and k̂ =
âx sin θ cos ϕ + ây sin θ sin ϕ + âz cos θ . In the above, v1 and v2 are

the shift functions corresponding to aggregation and disaggregation
stages, respectively, w is the translation vector, and T (kw, θ, ϕ) is
the translation operator defined as

T (kw, θ, ϕ) =
∞∑

l=0

i l (2l + 1)h(1)
l (kw)Pl(k̂ · ŵ) (7)

where Pl (k̂ · ŵ) is the Legendre polynomial and h(1)
l (kw) is the

spherical Hankel function of the first kind. Unfortunately, the con-
ventional MLFMA exhibits LF breakdown as a result of numerical
round-off errors that occur at lower frequencies or at the deeper
levels in the corresponding tree structure [20]. In this scenario,
h(1)

l (kw) increases exponentially for small translation distances (i.e.,
|w| = w) and cannot be compensated by exponential shift functions.
This drawback of the conventional MLFMA is solved by using
NSPWMLFMA [20] in this communication. Hence, NSPWMLFMA
is combined with PIEs to form a mixed-form MLFMA for the first
time to the best of our knowledge. Briefly, the θ direction of the
integration over the Ewald sphere is changed form [0, π] to [0, 2π] as
the first step. Then, the Fourier spectrum in θ is calculated analytically
for the smooth translation along the z-direction and the integration
path is deformed into the complex plane to include the evanescent
waves for electrically short distances. Finally, translations along other
directions are calculated using the rotation matrix R̄v leading to an
expression for the free-space Green’s function as

eik R

4π R
= ik

(4π)2

∫ 2π

0

∫ 2π+iχ

0+iχ
dθdϕei(R̄v ·k k̂(θ+iχ,ϕ))·v

·
L∑

n=−L

bnein(θ+iχ)

︸ ︷︷ ︸
T̃z(kw,θ+iχ,ϕ)=Tz(kw,θ+iχ,ϕ)|sin(θ+iχ)|

. (8)

In (8), v = v1 + v2 and L is the truncation number that is a
fixed value at low frequencies or at the deeper levels [31], [32].
In addition, χ indicates the magnitude of shifting into the complex
plane and bn represents the Fourier coefficients. Optimal χ values
and analytical expression of bn are provided in [20]. Making use of
uniform integration for both θ and ϕ directions, discretized form of
(8) is obtained as

eik R

4π R
� ikC

(4π)2

Nϕ∑
nϕ=1

Nθ∑
nθ=1

ei(R̄v ·k k̂n(θnθ +iχ,ϕnϕ ))·v

·
L∑

n=−L

bnein(θnθ +iχ) ∀nθ ∈ [1, Nθ ], ∀nϕ ∈ [1, Nϕ ],

Nθ = Nϕ = (2L + 2) (9)

where C is a constant, and Nθ and Nϕ indicate the number of
discretization points for θ and ϕ directions, respectively. At this
point, use of (8) [or its discretized form (9)] for all translations is
inefficient as it requires the rotation of k-space and all vectors for each
translation (which is equivalent to the rotation of the entire integration
points during the numerical integration). Moreover, aggregation and
disaggregation at deeper levels are not possible since it requires
re-aggregation and re-disaggregation of basis and testing patterns,
respectively, for each specific translation. These problems are solved
by expanding the shift functions in (8) in terms of spherical harmonics
and applying QR-decomposition algorithm, which permits one to
define newly discretized k-vectors (as a span of entire k-space)
for stable translations in all other directions without rotating basis
and testing vectors and k-space [20]. Consequently, for p distinct
sources, Jp, to be aggregated, translated, and disaggreagated to



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 67, NO. 6, JUNE 2019 4309

Fig. 2. (a) Diagonal terms of near-field matrix (�̄ J, J ) which are used to
construct the left preconditioner at level 2. (b) Block diagonal terms of near-
field matrix (�̄ J , J ) which are used to construct the left preconditioner at
level 2, (c) level 3, and (d) level 4 according to (12).

TABLE I

NUMBER OF ITERATIONS BASED ON THE RESIDUAL ERROR 10−3 FOR THE

SOLUTION OF THE PEC SPHERE PROBLEM

one single testing function, the final expression at the end of the
QR-decomposition algorithm is obtained as

∑
p

Jp
eik R

4π R
� ikC

(4π)2 
(k̂ns (θnsθ , ϕnsϕ ))
T

︸ ︷︷ ︸
Aggregation and disaaggregation

· (R̄−1
11 · Q̄−1

11 · ȳT ) · T̃ z(kw, θnθ+iχ, ϕnϕ )︸ ︷︷ ︸
New translation

∀nsθ ∈ [1, (L + 1)], ∀nsϕ ∈ [1, (L + 1)] (10)

where

[ȳ](Nϕ(nθ−1)+nϕ),l(l+1)+m+1 = jl(2krC )

·Yl,m(R̄v · k̂n(θnθ + iχ, ϕnϕ ))

∀l ∈ [0, L], ∀m ∈ [−l, l]. (11)

In (10), [
(k̂ns (θnsθ , ϕnsϕ ))](L+1)2×1 is a vector containing the
new discretized shift functions (i.e., the new discretized points θnsθ

and ϕnsϕ ) that represent the aggregation and disaggregation stages.
In addition, R̄11 and Q̄11 with dimensions of (L + 1)2 × (L + 1)2

are extracted submatrices from upper triangular and unitary matrices,
respectively, obtained from QR-decomposition algorithm. In the
same equation, [ȳ] contains the spherical harmonics Yl,m(R̄v · k̂n)

of degree l and order m. Spherical Bessel function jl(2krC ) is

Fig. 3. Far-zone scattered electric field results obtained from numerical and
analytical solutions for a PEC sphere of diameter 10 cm at (a) 3 GHz and
(b) 30 MHz.

multiplied as a scaling factor in order to compensate for the grow of
spherical function at higher degree, where rC represents the distance
from the center of cube to its vertex. Hence, (R̄−1

11 · Q̄−1
11 · ȳT ) ·

T̃z(kw, θnθ + iχ, ϕnϕ ) represents the new translation in the desired
direction.

Implementation of NSPWMLFMA for the solution of PIEs
requires the construction of two separate tree structures for the RWG
and pulse basis functions. It should be noted that the box indices in
tree structures are not identical, which requires to uniquely define
the translations among the boxes containing RWGs and the boxes
containing pulses. In other words, in addition to translations among
the boxes containing RWG basis functions (i.e., RWG to RWG),
new translations among the boxes containing pulses (i.e., pulse to
pulse), and from the boxes containing RWG basis functions to boxes
containing pulse basis functions (i.e., RWG to pulse) and vice versa
(i.e., pulse to RWG) are uniquely defined, thereby assuring the desired
accuracy.

C. Preconditioning for PIE and Mixed-Form MLFMA

In a similar fashion to [16], where a comprehensive
study for conditioning properties of PIEs has been
provided, a left constraint preconditioner P̄−1

C is used for

Z̄ =
[

�̄ J ,J �̄ J ,σ

�̄σ,J k2
0 �̄σ,σ

]
to reduce the number of iterations.
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Fig. 4. Far-zone scattered electric field results obtained from numerical solu-
tions for a PEC plate with edge size of 10 cm discretized with different mesh
sizes including fine and coarse cases at (a) 3 GHz and (b) 3 MHz.

Briefly, P̄−1
C is obtained as

P̄−1
C =

[
Ī −D̄−1�̄ J ,σ

0̄ Ī

] [
D̄−1 0̄

0̄ S̄−1

] [
Ī 0̄

−�̄σ,J D̄−1 Ī

]
(12)

where S̄ = −(−k2
0 �̄σ,σ + �̄σ,J (D̄)

−1
�̄ J ,σ ) is the Schur comple-

ment of P̄C , and D̄ is the diagonal form of �̄ J ,J as an approxi-
mation. Note that instead of D̄, one can use D̄�

formed from the
block diagonal elements of �̄ J ,J that are obtained from near-field
interactions as explained in [33]. This can reduce the number of
iterations even further. Other matrices will remain intact, which are
obtained from their corresponding near-field interactions. For a PEC
sphere discretized with 826 triangles (total number of unknowns
N + M = 2065), Fig. 2 shows both the diagonal and block diagonal
terms of �̄ J ,J used in P̄−1

C at different mixed-form MLFMA levels,
where the generalized minimal residual (GMRES) method iterative
solver with an error tolerance of 10−3 is used with maximum number
of iterations fixed to 1000. Table I shows the number of iterations
when there is no preconditioner, and when D̄ and D̄�

as a diagonal
and block diagonal approximations are used in (12), respectively.
Here, level 2 corresponds to the MoM solution. It can be seen
that the use of D̄� reduces the total iteration counts to reasonable
numbers.

Fig. 5. Matrix-vector multiplication (MVM) times for both a PEC tilted
plate and a PEC sphere at two different frequencies (3 GHz and 3 MHz for
tilted PEC plate, and 3 GHz and 30 MHz for the PEC sphere). For the PEC
tilted plate, the number of unknowns is increasing from 1960 to 511 360 by
refining the discretization from λ/20 to λ/320 at 3 GHz and from 1960 to
127 680 by refining the discretization from λ/20 000 to λ/160 000 at 3 MHz.
Minimum box sizes in the tree structures for 3 GHz and 3 MHz are λ/256
and λ/32 000, respectively. For the PEC sphere, these numbers as follows: the
number of unknowns is increasing by refining the discretizations from 13 405
(lλ = λ/30) to 364 865 (lλ = λ/150) at 3 GHz, and from 3305 (lλ = λ/1400)
to 54 365 (lλ = λ/5600) at 30 MHz. Minimum box sizes in the tree structures
for 3 GHz and 30 MHz are λ/256 and λ/6400, respectively.

III. NUMERICAL RESULTS

Numerical results are presented to illustrate the capability of
the proposed mixed-form MLFMA solver for PIEs, where GMRES
method with an error tolerance of 10−4 is used as the iterative
solver. Number of harmonics, L , at low frequencies (i.e., electrically
small boxes) is fixed (regardless of the box size) [31], [32] and
is selected to be 25 for all the numerical examples presented in
this communication. At middle and high frequencies, where the box
sizes are comparable to the wavelength, excess bandwidth formula is
used [2]. In the simulations, 2L + 2 integration points are used both
for θ and ϕ directions. All of the results are obtained by a double-
precision program on a cluster of Intel(R) Xeon(R) X5472 processors
with 3.00 GHz clock rate and 32 GB RAM.

The first example is a PEC sphere with a diameter of 0.1 m, which
is illuminated by an x-polarized uniform plane-wave propagating
along the z-direction. Fig. 3(a) shows the far-zone scattered electric
field as a function of the bistatic angle on the zx plane (0◦ and 180◦
represent forward and backward scattering directions, respectively)
compared with the Mie series result when the operating frequency
is 3 GHz. The far-zone electric field is defined as the electric-field
intensity multiplied by the distance from the object when the distance
goes to infinity. At this frequency, the diameter of the sphere, dλ,
corresponds to λ and each triangle has an approximate edge length,
lλ, of λ/150. A total of 364 865 unknowns are solved using nine-
level mixed-form MLFMA. Fig. 3(b) shows a similar result when
the frequency is 30 MHz, where dλ = λ/100 and lλ = λ/5600.
In this case, 54 365 unknowns are solved with a seven-level mixed-
form MLFMA. The number of iterations is 86 and 59 at 3 GHz
and 30 MHz, respectively. In both cases, a very good agreement is
obtained, which verifies the accuracy of the proposed method at both
high and low frequencies.

A tilted 10 cm × 10 cm PEC plate, illuminated by an x-polarized
uniform plane-wave propagating along the z-direction, is the second
example. Similar to the PEC sphere case, two different operating
frequencies are selected as 3 GHz and 3 MHz. At 3 GHz, the plate is
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Fig. 6. RCS results obtained by using two different mesh sizes lλ = λ/100
and lλ = λ/200, which are corresponding to 23 175 and 119 175 unknowns at
600 MHz. The coarse and fine discretized objects are solved by using MoM
and 8-level mixed-form MLFMA with approximate minimum box sizes of
λ/128 in the tree structure.

Fig. 7. Geometry of a mushroom-type structure.

λ × λ and discretized with triangles of edge size lλ = λ/320. A total
of 511 360 unknowns are solved with a 9-level mixed-form MLFMA
in 79 iterations. The scattered far-field result is compared with both
PIEs and EFIE solved with MoM by using coarse discretization
(lλ = λ/10) as shown in Fig. 4(a), where an excellent agreement
can be seen. The same plate is λ/1000 × λ/1000 at 3 MHz and
discretized with triangles of edge size lλ = λ/160 000 leading to
127 680 unknowns, which are solved with a 6-level mixed-form
MLFMA. For the solution, 55 iterations are required to reach
10−4 residual error. The far-field result is compared with PIE/MoM
in Fig. 4(b), where an excellent agreement is obtained.

Fig. 5 presents the running time per iteration versus the number of
unknowns both for the PEC sphere and the tilted PEC plate examples
at two different frequencies (3 GHz and 30 MHz for the PEC sphere
and 3 GHz and 3 MHz for tilted PEC plate). An O(N L) complexity,
where L is the number of levels, can be observed for the CPU time.

The third example is a 2-D periodic electromagnetic band gap
structure formed of PEC cross-shaped elements as shown in Fig. 6.
The PEC structure is illuminated by a uniform plane-wave polarized
in both x- and y-directions and propagating along the −z direction
[i.e., E = (1/

√
2)(âx + ây) and k̂ = −âz] at 600 MHz. Radar

cross section (RCS) is obtained both with MoM (used to solve
PIEs) and eight-level mixed-form MLFMA. Excellent agreement is
obtained as can be seen from Fig. 6. A total of 119 175 unknowns
are used in this example for the mixed-form MLFMA solver. Note
that, because of memory and CPU time restrictions, a coarser mesh
with 23 175 unknowns is used for the MoM solution.

Fig. 8. Far-zone scattered electric field result obtained from eight-level
mixed-form MLFMA solution of the PEC mushroom-type structure at 3 GHz.

Fig. 9. Linear current distribution of the mushroom-type structure illuminated
by a uniform plane-wave polarized in x-direction.

Final example is grounded mushroom-type structure with total
dimensions of 10.68 cm × 10.68 cm × 0.8 cm as shown in Fig. 7
[34]. The structure is discretized with a total of 394 710 unknowns,
corresponding to 1 mm triangle edge, and solved with eight-level
mixed-form MLFMA at 3 GHz for an x-polarized plane-wave prop-
agating along the −z direction. The far-zone scattered electric field
and linear current distribution results are presented in Figs. 8 and 9,
respectively.

IV. CONCLUSION

In this contribution, we propose a method to solve densely dis-
cretized objects over a wide frequency range including low fre-
quencies by combining a mixed-form MLFMA with the recently
introduced PIEs. The mixed-form MLFMA uses NSPWMLFMA
at lower frequencies (i.e., at the deeper levels in the tree struc-
tures when the box sizes are less than λ/8) and the conventional
MLFMA for middle/higher frequencies. Consequently, it does not
suffer from LF breakdown of the conventional MLFMA and SIEs.
It is also applicable to both open surfaces and closed objects. Various
geometries are investigated in terms of scattered fields and current
distribution and compared with analytical and MoM solutions (the
latter obtained with coarse meshes due to complexity issues) that
verify the accuracy and efficiency of the method.
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