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Porous medium has got a great interest especially in the recent years, for its wide
application in geophysics, petroleum, and air conditioning. Many studies related to
porous medium were performed, and most of them are dealing with constant porosity.
For the fact that porosity is non-uniform, a great concern has been directed toward the
variable porosity studies. In this study, the effects of a double layer porous medium on
the free convection along vertical plate embedded in this porous medium were inves-
tigated. The governing partial nonlinear differential equations were transformed into
a set of ordinary differential equations, which have been solved by the fourth-order
Runge-Kutta method. The results are obtained for different layer permeability K, and
layer length, L. One case is compared with the previous study, and the result is found
to be in good agreement with the result of previous study. Results show that permea-
bility ratios greater than one tend to increase in Nusselt number, and it is valuable to
use a high permeability ratio layer in the range of 0.27 to get higher heat transfer rate
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instead of using constant permeability medium.
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1. Introduction

Porous medium has got great interest in the
recent years because of its wide practical applications
in geophysics, thermal insulation of buildings, petro-
leum resources, packed bed reactors, and sensible heat
storage beds. Many studies (e.g. Refs.(1) through
(5)) have been done to investigate free convection
heat transfer from a plate with different geometry
embedded in a porous medium saturated by
Newtonian and non-Newtonianfluids. All of these
studies have dealt with a single layer porous medium
with a uniform averaged porosity. The variation of
the porosity is the fact in most of the real porous
medium. If the variation of the porosity is taken into
consideration, a better description of the temperature
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distribution and velocity field will be obtained.

In this study, the free convection flow of a
Newtonian fluid along a vertical plate embedded in a
double layer porous medium has been investigated in
two cases: constant wall temperature, and constant
heat flux. The considered porous media has two
porous layers with different permeability. The Fig. 1
shows the illustration of the problem. The vertical
plate is touching the first layer with the permeability
of Ki, and the second layer with permeability of K
fills the rest of the space. The effects of two parame-
ters on the free convection from the vertical plate
have been analyzed. Those parameters are the thick-
ness of the first layer, and the permeability ratio of the
layers. The permeability is independent of the nature
of the fluid but it depends on the geometry of the
medium. Thus, the permeability K is function of
porosity and particle diameter®. The effective (over-
all) thermal conductivity of porous medium is func-
tion of the porosity, and thermal conductivity of fluid
and solid. It is assumed that the porosity of the layers
does not change. The permeability of layers varies
because of the change of particle diameter. Since the
porosity of layers does not change, the effective
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Schematic diagram for the vertical plate with
two porous layers

Fig. 1

thermal conductivity of the layers does not change
either.
to solve the governing equations.

The similarity solution method has been used

Nomenclature

@ constant
f: dimensionless stream function
g : gravitational acceleration
h: local heat transfer coefficient
K : bed permeability
kx: thermal conductivity of the fluid saturated
porous medium.
[ : length of the plate
L : dimensionless length of the inserted layer
D . pressure
Ra: Rayleigh number
T : temperature
g 7 heat flux
u : velocity in x-direction
v : velocity in y-direction
X transverse coordinate
y : longitudinal coordinate
Greek symbols
. equivalent thermal diffusivity
. coefficient of thermal expansion
: dimensionless similarity variable
: dynamic viscosity
- dimensionless similarity variable
: density
. stream function
Subscripts
w: wall

S o DR ¥ W

oo infinity
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1, 2: first and second layers
Superscripts
* . dimensionless property

2. Governing Equations

The problem is illustrated by Fig. 1. It repre-
sents a vertical plate embedded in a double-layer
porous medium, and each porous layer has different
permeability. The governing equations, continuity
and energy equations, for this problem can be written

as'®

ey 3J —q (1)
aT o7 QJT
U5 + v oy 51}2 (2)

The momentum equation in the x direction can be
written using Darcy’s Law® with gravitational term
for natural convection as

z»t:—/—}f{ Qf)iJrﬂg] (3)

ox
Out side the boundary layer, the flow remains stag-
nant, which gives

(2)-r
In this problem, it is assumed that DBoussinesq®
approximation is valid, which is

p=p=[1—B(T — T.)] (5)

As it is mentioned above, the cases of constant
temperature and constant heat flux have been inves-
tigated. The boundary conditions and solutions of the
equations are given in the following sections.

2.1 Constant wall temperature

The governing equations (i.e. Eqs. (1)-(3)) are
being applicable for both layers. The boundary condi-
tions for these equations are

(}1:0, T: Tw at UIO (b)
=0, m=0, T=T. at y—oo (7)
POt o y=1 (8)

To simplify the equations the following dimensionless
terms have been introduced®

x*:—-j-;. v=4 (9)
P (. i o ]
P (T (1.7 1o
y *=-((77T:7:% (11)
A’(J*”[pmﬁqKQ( (M)T“’) 1} (12)

Applying the Eqs.(4) and (5) into the Eq.(3) and
using the dimensionless terms, the governing equa-
tions for both layers can be written as
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g”i n g;z =0 (14)
ul*z(][?):r* (15)
ut =T (16)
* 2 *
. a:r LoT* 1 #T*

(18)

Uz ox* +vs ay* '—Ra* ay*z
To transform the non-linear partial differential equa-
tions into a set of ordinary differential equations the
following dimensionless similarity variables are
defined

s =(Ex)" (19)
1=ty () @
= U ) =(Fr) f) @D

Using the new defined variables, the velocity compo-
nents become

ut =t =ut =k =1 (1) (22)
1
-5 (f'n—=1)
v=uvf=v*=— of _ 2 (23)

* = (Ra*:c*)”z
Then, the Egs.(13)-(18), and their boundary condi-
tions become

¢9=(—§;~)f’, where 0<7<L (24)

6=7, where 7>L (25)

6"+ 6/ =0, for all 7 (26)
and their the boundary conditions become

6=1, f=0 at =0 (27

6=0, /=0 at p—o0 (28)

The local heat flux at the wall is

o=k Gy,

=~k To- TOOH(EEY" o)

and the local Nusselt number is given as

hx qwx
Substitutmg the Eq.(30) into Eq.(29) gives
s = —6'(0) (31)
( x* )

2.2 Constant heat flux
The problem represented in Fig. 1 has been ana-
lyzed in case of constant heat flux. The continuity,
energy and momentum equations are given in Egs.
(1), (2) and (3), respectively. The Egs.(1), (2),
and (3) are applicable for both layers. The boundary

conditions for that case are
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0n=0, ‘985 —de gt y=0 (32)
u:=0, 1,.=0, T=Tw at y—o (33)
W0 4t y=L (34)

To simplify the equations, the following dimensionless
terms have been introduced,
*_ L *_ Y * U x___ U

and T*=L9BKL(T — T.)
na
Using these dimensionless terms, the continuity and
momentum equations (i.e. Egs.(1) and (3)) can be
written as in Egs.(13) through (16) for both layers,
and the energy equations for both layers can be
written as,

(35)

* 2 *

e (36)
* * 2 *

ut o e =0 L (37

To transform the nonlinear partial differential equa-
tions above into a set of ordinary differential equa-
tions, the following stream function and dimensionless
similarity variables®® are defined

”:I*fllﬁy* (38)
p=x*"f(n) (39)
T*=x*”30(77) (40)

By using these dimensionless variables, the dimension-
less governing equations have been reduced to a sys-
tem of ordinary differential equations which are

62(%)]", where 0< <L (41)
2
6=75, where 7>L (42)
6"+ 6'f—5 /'0=0, for all 7 (43)
with the boundary conditions
=1, f=0 at =0 (44)
=0, f/=0 at p—oo (45)

and the expression for the dimensionless excess sur-
face temperature is given by
2 =6(0) (46)

3. Results and Discussion

The governing equations and its boundary condi-
tions have been nondimensionalized, then solved using
the similarity method, and the resulted equations with
the boundary conditions solved numerically using the
fourth order Runge-Kutta method for both cases. As
it is mentioned in the Refs.(3) and (4 ), the boundary
condition (#—0) is replaced by a large value of 7 in
our study as well. In our analysis, for the case of
constant surface temperature the boundary condition
is replaced by 7=9 and for the case of constant heat
flux is replaced by #=12. Those values of 7 were
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Fig. 2 Dimensionless temperature versus similarity vari-
able for different porous layer length (L=1/9 to
5/9) with permeability ratio of Ki/K;=2
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Fig. 3 Dimensionless temperature versus similarity vari-
able for different porous layer length (L=1/9 to

5/9) with permeability ratio of Ki/Kz=5

found sufficiently far from the wall surface in all cases
treated in this study.

For the case of constant surface temperature, the
step size A7=0.01 and 7-.=9 are taken. The results
are shown in Figs.2-5 for various porous layer
lengths of different permeability values. These results
have been compared to previous studies of Newtonian
constant porosity case. It is found to be in a good
agreement as shown in Table 1. Figures 2 and 3 show
the dimensionless temperature versus the similarity
variable 7 for different porosity layer length (L=1/9
to 5/97) for the permeability ratio of 2 and 5 (i.e.
Ki/K;=2, and 5), respectively. If the permeability
ratio is greater than one, the temperature variation
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Fig. 4 Dimensionless temperature versus similarity vari-
able for different porous layer length (L=1/9 to
5/9) with permeability ratio of Ki/K>=0.25
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Fig. 5 Dimensionless temperature versus similarity vari-
able for different porous layer length (L=1/3 to
5/9) with permeability ratio of Ki/K>=0.50

comes to be constant when the porosity layer length
increases. Namely, the thermal boundary layer do not
effected by increasing the porosity layer length. In
other words, the thermal boundary layer thickness
becomes smaller than the specified porous layer length
(L). Figures 4 and 5 show again the dimensionless
temperature versus the similarity variable 7, but for
the permeability ratios of 0.25 and 0.5 (i.e. Ki/K>=0.25,
and 0.5), respectively. It is observed that the dimen-
sionless temperature variation gets fewer as the
porous layer length increases.

An interesting observation can be made in Fig. 6
in which Nusselt number versus the porous layer
length is illustrated. While Fig. 6 shows that 0.27 is
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Table 1 Dimensionless temperature distribution for
Newtonian constant porosity medium (i.e. Ki/Kz
=1)

Ref. [2] Present
Study Study
n f=0=u" f=6=u"
0.000 1.00000 1.00000
1.000 0.58722 0.586922
4.000 0.06643 0.065348
7.000 0.00624 T 0.004878
1.1 r
K,/Kz=5
1.0 ’B// = & = —8
0.9 K)/Xp=4
°
: I
z08" N . . K1/§2:3
0.7 1
K, /K»=2
—
0.6¢ 1
l
‘r q{
0.5 . :
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Length (L/n)

Fig. 6 Nusselt number versus porous layer length for
permeability ratio >1

satisfactory to get Nusselt number to its constant
value, this gives the impression that it is valuable to
use a high permeability ratio layer in the range of 0.27
to get higher heat transfer rate instead of using con-
stant permeability medium. Figure 7 shows Nusselt
number versus layer length for permeability ratios
less than one, and it indicates the large effect of using
permeability ratio less than one in the reduction of
Nusselt number values.

In the case of constant heat flux, the resulted
nonlinear ordinary differential equations (i.e. Egs. (41),
(42), and (43)) with the boundary conditions (i.e. Egs.
(44), and (45)) are solved numerically with step size
An=0.01 and 7».=12. The problem is analyzed in
terms of the plate surface temperature with respect to
the thickness of the first porous layer, and the permea-
bility ratios (i.e. Ki/K:) of the porous layers. The
results are shown in Figs. 8 through 14 for variable
porous layer thickness of different permeability val-
ues. Figures 8 and 9 show the dimensionless tempera-
ture versus the similarity variable 7 for different
porous layer length (L=0.1» and 0.47), and for vari-
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Fig. 7 Nusselt number versus porous layer length for
permeability ratio <1

1.6
1.4 | L=0.117 1
Pl * — K,/K = 0.1
) © --- K,/Kz = 0.3 |
1.2 i ’ O — K/Kz =051
wl O — K/Ke=0.7 | |
‘\“\ | & -— K /Ko = 0.9
A
1.0+ ‘\ \
\~\‘\
:Q> 0.8 \\\i‘\ 1
'
| ‘\\
0.6 A\\\\
\“\\.
W
0.4 \\\'\\v
\\g\\}\
0.2+ \\§
0.0 T & a8
0 2 4 [§] 8 10 2

Fig. 8 Dimensionless temperature versus similarity vari-
able for different permeability ratios of Ki/K:=0.1
to 0.9 and porous layer thickness of L=0.17

ous permeability ratios, (Ki/K>=0.1 to 0.9). It is clear
that, as the porous layer length increases in case of the
permeability ratio is less than one, the excess surface
temperature increases and a lower dimensionless tem-
perature variation is achieved. Figures 10 and 11
show again the dimensionless temperature versus the
similarity variable #, but for the permeability ratios
of Ki/K.=2, 3, 4 and 5. It is observed that, the
dimensionless temperature variation gets steeper as
the porous layer length increases. In the Figs. 12 and
13, the dimensionless excess surface temperature
versus the porous layer length is illustrated. Figure 12
shows that 0.27 is satisfactory to get the excess sur-
face temperature to its constant value. This gives the
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Fig. 9 Dimensionless temperature versus similarity vari-
able for different permeability ratios of Ki/Kz=0.1
to 0.9 and porous layer thickness of @=0.47

1
i L=0179 |
;*—Kl/Kzzzi
| © --- Ki/Ke =3 !
e er,/Kg=4‘
pa o —-- Kl/Kg=5‘

4
1]
L

>
BOw
o8
—
[en)
-
o

Fig. 10 Dimensionless temperature versus similarity var-
iable for different permeability ratios of Ki/Kz=

2 to 5 and porous layer thickness of L=0.17

impression that it is valuable to use a high permeabil-
ity layer in the range of 0.27 to get higher heat trans-
fer rate instead of using constant permeability
medium. Figure 13 shows the excess surface tempera-
ture versus layer length for permeability ratios less
than one. This figure indicates that as the permeabil-
ity ratio decreases, the excess surface temperature
increases. Figure 14 shows the excess surface temper-
ature versus the permeability ratio for different
porous layer length. It shows that decreasing the
permeability ratio increases the excess surface tem-
perature where at high permeability porous layer
length grater than 0.27 the excess surface tempera-
ture for the same permeability ratio comes to be
almost constant.
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Fig. 11 Dimensionless temperature versus similarity var-
iable for different permeability ratios of Ki/Kx=
2 to 5 and porous layer thickness of L=0.47
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Fig. 12 Dimensionless excess surface temperature versus
porous layer thickness for permeability ratio <1

4. Conclusion

In this study, the effects of double layer porous
medium on the free convection flow along vertical
plate embedded in this porous medium are investigat-
ed for two cases : constant surface temperature, and
constant heat flux. The results are obtained for
different permeability ratios (i.e. Ki/Kz), and layer
length, L. If the permeability ratio is taken 1, it means
that two layers are the same, and it is constant perme-
ability porous medium. For this case, the result is
compered with the previous studies, and it is found
that they are in good agreement. The results show
that, as the porosity layer length increases for the
permeability ratio greater than one the temperature
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Fig. 13 Dimensionless excess surface temperature versus
porous layer thickness for permeability ratio >1
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Fig. 14 Dimensionless excess surface temperature versus

permeability ratio for different porous layer
thicknesses

variation comes to be constant, whereas for the per-
meability ratios less than one the temperature varia-
tion gets slower as the porous layer length increases.
Noting that permeability ratio is greater than one
tend to increase Nusselt number, it was noted also
that 0.27 is satisfactory to get Nusselt number to its
constant value. This gives the impression that it is
valuable to use a high permeability ratio layer in the
range of 0.27 to get higher heat transfer rate instead
of using constant permeability medium.
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In the case of constant heat flux, the results are
also obtained for different permeability ratios, and
layer length. The results show that, as the porous
layer length increases, the excess surface temperature
increases for the permeability ratio less than one, and
decreases for the permeability ratio greater than one.
It was noted also that for permeability ratios that are
greater than 1, 0.27 is satisfactory to get the excess
surface temperature to its constant value. This gives
the impression that it is valuable to use a high permea-
bility ratio layer in the range of 0.27 to get higher heat
transfer rate instead of using constant permeability
medium.

In general, the results showed that using variable
permeability is advantageous to obtain higher heat
transfer rate instead of using single layer porous
medium. In an engineering application, this result is
important in the design of solar heating convectors
that uses porous medium.
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