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Abstract—The iterative channel estimation and tracking prob-
lem is considered for time-varying frequency-flat fading multi-
input multi-output (MIMO) systems. In order to jointly estimate
and track the time-varying multi-antenna channel, the pilot sym-
bol assisted modulation (PSAM) technique is generalized to the
multi-antenna systems. By distributing the pilot symbols along
the transmitted block, i.e., PSAM transmission, the proposed
system gains the ability to track the channel variation with the
same amount of pilots whereas the system with all the pilots are
employed prior to the data block has no tracking capability. The
error performance is further improved by iteratively estimating
the channel which employs the optimal MMSE filtering and
also makes use of the soft probabilities of the coded symbols
provided by the decoder. In order to decrease the computational
complexity due to the iterative usage of MMSE filtering, we
introduce the low-complexity 2-way LMS algorithm based on the
forward-backward operation of conventional forward only LMS
algorithm. By simulations, 2-way LMS is shown to have a near
optimal error performance and highly better channel tracking
ability than the conventional LMS algorithm with no significant
complexity increase.

I. INTRODUCTION

THE improved services offered by next generation wireless
systems require high data rate to support the quality of

service demands. To this end, deploying multiple antennas at
both the transmitter and the receiver side in order to provide
spatial diversity is a powerful choice amongst the others. In
order to further improve the performance of these MIMO
systems, space-time codes which offer a coding structure
using spatial and time dimensions mutually are introduced
in [1]. Nevertheless, most of these initial work on MIMO
communications have the assumption of full knowledge of the
channel state information (CSI). Therefore, it is recently of
interest to explore for the efficient algorithms to estimate the
multi-channel transmission environment.

There are various works in which MIMO channel is esti-
mated under quasi-static conditions, i.e., the channel remains
unchanged during a transmitted symbol block [2]. As the
coherence time becomes smaller, the variation over a block
could not be ignored any more [3]. Under this time-varying
channel scenario, a tracking method should be employed if
pilot symbols are used as a preamble at the beginning of
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the transmitted block. The Kalman or RLS (Recursive Least
Squares) type well-known tracking algorithms, both of which
come with the increased computational complexity, are offered
to track the gain and phase variations of the multi-channel
fading environment [4]. As an alternative, it is of interest in
this paper to distribute the pilot symbols along the transmitted
block and use them in channel tracking to get rid of the
aforementioned tracking algorithms with high complexity.

In this work, we consider the low-complexity iterative
channel estimation (ICE) and tracking algorithms over the
coded time-varying flat fading MIMO channel. The proposed
algorithms are of data-aided type in the sense that initial
channel estimation is computed based on known pilot symbols.
The overall estimation mechanism is an iterative procedure
such that the soft, or possibly hard, estimates of the decoded
symbols are employed in subsequent iterations to further refine
the channel estimate. The contribution of this work is twofold.
First, the pilot-symbol assisted modulation (PSAM) [5] is
proposed as the transmission technique which does not only
estimate the multi-channel but also tracks the variations in
complex channel taps jointly without any necessity for high
complexity tracking algorithms, i.e., Kalman and RLS. The
basis of this approach in multi-antenna systems is intro-
duced in [6] and further elaborated by the present authors
in [7] for single-antenna systems. As a second contribution, a
low-complexity adaptive algorithm called 2-way LMS (Least
Mean-Squares) which is a powerful extension of the con-
ventional LMS algorithm is proposed to be used in channel
estimation after the initial iteration instead of optimal MMSE
(Minimum Mean-Square Estimate) filtering which has excess
complexity especially for multi-antenna systems.

II. SYSTEM MODEL

A. Channel Model

We consider a MIMO communication system with M trans-
mitter and N receiver antennas with a time-varying frequency-
flat Rayleigh fading channel. The discrete-time complex base-
band equivalent channel model under consideration is given at
time k by

yk = Hk sk + vk (1)

where Hk is an N ×M random channel matrix composed of
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Fig. 1. Transmitter and receiver model

independent complex Gaussian entries hnm,k with zero mean
and unit variance, sk = [s1,k s2,k . . . sM,k]T is an M × 1
vector of transmitted symbols, vk = [v1,k v2,k . . . vN,k]T is
an N×1 noise vector composed of independent and identically
distributed complex Gaussian random variables with zero
mean and variance N0, and yk = [y1,k y2,k . . . yN,k]T is the
corresponding N ×1 complex vector of channel observations.
The channel matrix Hk is assumed to be unknown at both the
transmitter and the receiver, and independent of the transmitted
symbols and noise vector. In addition, the noise variance N0

and the maximum Doppler frequency fD is assumed to be
known at the receiver.

We may express the channel given by (1) in terms of each
received symbol at time k as

yn,k =
M∑

m=1

hnm,k sm,k + vn,k, n = 1, 2, . . . , N. (2)

Assuming the unit energy transmitted symbols, i.e.,
E{|sm,k|2} = 1, the resulting average received symbol signal-
to-noise ratio (SNR) at each of the receiver antenna is then
given by

γs =
M E{|hnm,k|2}E{|sm,k|2}

N0
=

M

N0
(3)

and the corresponding information bit SNR is γb = γs/RT

where RT is the overall transmission rate of the system.

B. Transmitter and Receiver Models

At the transmitter shown in Fig. 1, a random data block
{bn} ε {−1, +1}, 1 ≤ n ≤ L, is first encoded by a channel
code and the produced coded symbols {cn}, 1 ≤ n ≤ L/RT ,
are then interleaved by the permutation Π before going through
the spatial multiplexer. At the output of the multiplexer, the
coded symbol vectors {sd,l}, 1 ≤ l ≤ Ld are parsed into the
blocks of P−1 vectors and a known pilot symbol vector {sp,l},
1 ≤ l ≤ Lp, is inserted into the center of each of the block
to produce the overall symbol vectors {sk}, 1 ≤ k ≤ LT , to
be transmitted. In this formulation, P is defined as the pilot
symbol vector spacing, Ld = L/(MRT ) is the total number
of coded symbol vector, Lp = Ld/(P −1) is the total number
of pilot symbol vectors, and LT = Ld+Lp is the total number

of transmitted vectors including both the coded and the pilot
symbol vectors. This methodology is indeed a generalization
of the PSAM (Pilot Symbol Assisted Modulation) technique
proposed for the single-antenna systems in [5].

At the receiver, the observation vectors {rk}, 1 ≤ k ≤ LT ,
are combined together in order to compute the log-likelihood
ratios (LLRs) of the coded symbols to be used by the soft-
input soft-output decoder. The LLRs of the coded symbols
are computed in the optimal sense as done in [8] with a
difference, which does not affect the formulation of the LLRs,
that is the underlying channel in this work is time-varying
and unknown. Therefore, the LLRs computation in the present
work employs also the output of the channel estimation unit.
The initial channel estimation is performed by using only pilot
symbol vectors, whereas this estimate is further refined in the
subsequent channel estimation iterations by employing the soft
probabilities on the coded symbols provided by the decoder.
The feedback mechanism considered in this work is of soft
kind whereas the hard estimates could also be used.

III. PSAM IN ITERATIVE MIMO CHANNEL ESTIMATION

Using all the pilot symbols at the beginning of the trans-
mitted block, i.e., training sequence, is a good choice for
the quasi-static channels in which the fading level remains
unchanged during the transmission of a block. However, this
method requires additional channel tracking algorithms with
high complexity if the channel under consideration has a time-
varying nature. In this section, we propose to use PSAM tech-
nique in order to jointly estimate and track the MIMO channel.
This methodology offers to distribute the same amount of pilot
symbols along a transmitted block rather than using them at the
beginning of the block, and eventually removes the necessity
for computationally complex tracking algorithms.

In the time-varying multi-antenna system under consider-
ation, each subchannel between a transmitter and a receiver
antenna pair has a Rayleigh fading with the combined spatial
and temporal autocorrelation according to the Jakes’s model
given as

E{hnm,k hn′m′ ,l} = δnn′ δmm′Jo(2πfD(k − l)Ts) (4)

where J0() is the Bessel function of zeroth order, Ts is the
symbol duration, and δij is the delta function which is 1 if



i = j and 0 otherwise.
In order to estimate a complex subchannel value hnm,k, one

should consider many and possibly all correlated values of this
subchannel during a transmission block. As a result, the set
hnm,k, 1 ≤ k ≤ LT , should be estimated jointly. Furthermore,
since each observation symbol at a single receiver antenna has
a partial information on all subchannels terminating at that
antenna according to (2), then the set hnm,k, 1 ≤ k ≤ LT ,
1 ≤ m ≤ M should be estimated jointly for optimal operation.
In order to obtain the sufficient statistics for this estimation,
let us modify the expression (2) as

yn,k = sT
k hn,k + vk. (5)

where hT
n,k = [hn1,k hn2,k . . . hnM,k] is the n-th row of the

channel matrix at time k. When the time variation is also
considered, we obtain

yn = S hn + vn, (6)

where yn = [yn,1 yn,2 . . . yn,LT
]T is the received symbol

vector and vn = [vn,1 vn,2 . . . vn,LT
]T is the noise vector for

n-th antenna during the transmission of a block. The random
vector to be estimated is hn = [hn,1 hn,2 . . . hn,LT ]T , and the
transmitted symbol matrix S is defined as

S =




sT
1 0T . . . 0T

0T sT
2 . . . 0T

...
...

...
...

0T 0T . . . sT
LT


 .

The linear MMSE estimator of hn for the known transmitted
symbol matrix S is then given by [9]

ĥn,MMSE = R SH(SRSH + N0 I)−1 yn, (7)

where I is the identity matrix, the superscript ()H denotes the
Hermitian operation, and the channel correlation matrix R is
defined as R = E{hn hH

n } and is computed using (4).
Note that, initially the receiver only knows the pilot symbol

vectors {sp,l}, 1 ≤ l ≤ Lp. Therefore, we construct an
alternative form for transmitted symbol matrix by replacing the
unknown coded symbol vectors with the nearest pilot symbol
vector, which is a similar idea for single-antenna systems
handled in [6]. The resulting alternative form is then given
by

Sp =




Sp1 0T . . . 0T

0T Sp2 . . . 0T

...
...

...
...

0T 0T . . . SpLp


 ,

where Spl, 1 ≤ l ≤ Lp, is a P × P square matrix given as
Spl = sT

p,l I. Note that, we should also modify the observation
vector yn in (7) so that it becomes compatible with the
alternative form for the transmitted symbol matrix Sp. To this
end, we define the modified observation vector yp,n as

yp,n =




yn,l1 uT

yn,l2 uT

...
yn,lLp

uT


 ,

where the set {l1, l2, . . . , lLp} contains the time indices of the
transmitted pilot symbol vectors, and u is a P × 1 column
vector with all entries 1. The resulting initial MMSE estimate
is then given as

ĥn,MMSE = R SH
p (SpRSH

p + N0 I)−1 yp,n. (8)

Subsequently, LLRs of the coded symbols are computed
based on initial channel estimate, deinterleaved and fed to
the decoder which computes the extrinsic information, λn,
of the coded symbols. The expected value of these soft
probabilities, i.e., tanh(λn), are then interleaved, multiplexed
and used as if they are the actual transmitted coded symbols.
In the subsequent channel estimation iterations, the resulting
estimates of the coded symbols are used together with the pilot
symbols to obtain a refined estimate of the channel according
to (7), in an iterative fashion.

IV. LOW-COMPLEXITY ICE FOR MIMO TRANSMISSION

The MMSE channel estimation in multi-antenna systems
has a high computational complexity which makes this optimal
choice impractical. In the literature, conventional forward
only LMS, which we called 1-way LMS to differentiate with
the modified version introduced in this section, is offered
for ICE algorithms in single-antenna systems to reduce the
computational complexity. However, the tracking capability
of this conventional LMS is shown to be poor for single-
antenna systems in [7], and also for multi-antenna systems
in Section V, under fast time-varying fading. In this section,
we therefore propose a modified LMS algorithm called 2-way
LMS which has an improved, indeed near optimal, tracking
capability for fast time-varying multi-antenna systems with
no significant complexity increase with respect to the con-
ventional one.

A. 1-way LMS Algorithm
In this section, assuming that the initial channel estimate

was computed according to (8) and the decoder has produced
the soft probabilities on coded symbols, we derive the 1-way
LMS algorithm in order to estimate the MIMO channel in the
subsequent channel estimation iterations. To this end, the error
term eF

n,k in the forward direction for the received symbol yn,k

is defined as

eF
n,k = yn,k −

(
ŝ(i−1)
k

)T

ĥ
(i)

n,k (9)

where ŝ(i−1)
k denotes the soft estimate of the coded symbol

vector ŝk at the (i− 1)-th iteration, and ĥ
(i)

n,k denotes the
estimate for the n-th row of the channel matrix in the forward
direction at time k. The corresponding update equation for the
n-th row of the channel matrix is therefore given as



ĥ
(i)

n,k+1 = ĥ
(i)

n,k + β eF
n,k

(
ŝ(i−1)
k

)T

. (10)

Further elaborating this expression such that it involves all of
the rows gives us

Ĥ
i

k+1 = Ĥ
i

k + β eF
k

(
ŝ(i−1)
k

)T

(11)

where Ĥ
i

k stands for the estimate of the channel matrix at
the i-th iteration and time index k, the error vector in the
forward direction is defined as eF

k = [eF
1,k eF

2,k . . . eF
N,k]T , and

β denotes the step size of the adaptive algorithm. Note that,
LMS update algorithm in this fashion employs the the estimate
of the coded symbols at the (i− 1)-th estimation iteration to
compute the channel estimate at the i-th estimation iteration.

B. 2-way LMS Algorithm

Now, we introduce the 2-way LMS algorithm for the multi-
antenna systems which operates the forward only LMS both in
the forward and the backward direction along the transmitted
block. Again, assuming that the initial channel estimate is
obtained and the soft information on coded symbols are ac-
cordingly produced by the decoder, the 2-way LMS algorithm
computes the forward channel estimates F̂

i

k using (11). The
backward channel estimate Ĝ

i

k at the i-th estimation iteration
is computed by employing the conventional LMS algorithm in
the reverse direction along the transmitted block as follows

Ĝ
i

k−1 = Ĝ
i

k + β eB
k

(
ŝ(i−1)
k

)T

. (12)

The corresponding error vector in the backward direction is
defined as eB

k = [eB
1,k eB

2,k . . . eB
N,k] with the entries

eB
n,k = yn,k −

(
ŝ(i−1)
k

)T

ĝ(i)
n,k (13)

where ĝ(i)
n,k is the n-th row of Ĝ

i

k. The overall MIMO channel
estimate is defined to be a linear function of the estimates
in the forward and backward directions. For simplicity, we
choose the arithmetic average as the linear operation which
results in the following channel estimate for the 2-way LMS
algorithm at time k

Ĥ
i

k =
(

F̂
i

k + Ĝ
i

k

)
/2. (14)

V. NUMERICAL RESULTS

We consider a fast time-varying frequency-flat multi-
antenna system employing 2 transmitter and 4 receiver an-
tennas with the maximum Doppler frequency fD = 100 Hz,
the symbol time Ts = 0.1 ms, the pilot symbol vector spacing
P = 7, and the data length L = 98. The resulting total number
of transmitted symbol vector is therefore Ld = 100 including
trellis termination bits, and the normalized Doppler frequency
along a whole block is fDLT = 1.17 which corresponds to
a significant time-variation. Pilot symbols are assumed to be
zero-mean and unit variance independent Gaussian random
variables. The data block is encoded by a convolutional code
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Fig. 2. Average MSE for 2-way LMS for varying step-size, i.e.,
β ε {0,. . . ,0.5}, and received symbol SNR, γs ε {−6 dB,. . . ,10 dB}. Each
bowl-type curve is for a specific value of γs.

with generator (1, 5/7)8, and the channel interleaver is the
random interleaver. The number of channel estimation iteration
is 5 which provides a satisfactory convergence.

In order to assess the channel tracking performances, we
first evaluate the average mean-square error (MSE), i.e.,
E{‖Hk − Ĥk‖2}, under full knowledge of transmitted sym-
bols (genie-aided) condition. For this purpose, the optimal
tracking performance of both the 1-way LMS and 2-way LMS
algorithms are obtained for varying step-size (β) and received
symbol SNR (γs) values, and shown in Fig. 2 for 2-way LMS,
as an example. The optimal β values are chosen accordingly
and then used in average MSE computation. The result is
shown in Fig. 3. It is observed that the performance of LMS-
based algorithms are highly dependent on β choice, and that
tracking capability of proposed 2-way LMS algorithm is near
that of the optimal MMSE whereas 1-way LMS achieves a
poor tracking performance especially at the low SNR regime.

As a second comparison, the effect of coding is considered
on the channel estimation performance in an iterative fashion
under a more realistic situation where only the pilot symbols
are known a-priori, and LMS-based algorithms operate with
the optimal β values chosen on trial and error basis for each
SNR level. We make a number of observations from the
corresponding simulation results shown in Fig. 4. First, the
assumption made in [10] that the received noisy codeword in
multi-antenna systems which is also corrupted by fading may
be decoded using the channel estimate at the beginning of the
block does not work under this fast time-varying scenario. As
shown in the figure, even for the exact value of the channel
matrix at the beginning of the block, i.e., H0, fails to decode
the whole transmitted block. Secondly, the proposed PSAM
technique for the multi-antenna systems achieves a good
tracking ability with its low-complexity structure, even for the
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initial channel estimation which employs the pilot symbols
only. Thirdly, the performance of PSAM is further improved
by iteratively estimating the channel and incorporating the soft
estimates of the coded symbols via 2-way LMS algorithm
which achieves almost the same error performance with the
optimal MMSE approach. The error performance of 2-way
LMS and MMSE pair is off the known case by 1.5 dB
whereas this penalty for 1-way LMS is approximately 4 dB at
BER = 10−3.

VI. CONCLUSION

In this work, the joint iterative channel estimation and
tracking problem is considered for time-varying frequency-flat
fading multi-antenna transmission. We generalize the PSAM
technique to the multi-antenna systems and show that it has the
capability of tracking the variation in the channel fading level
with the same amount of pilot symbols as compared to the
training structures where all the pilot symbols are in the form
of a preamble sequence. It is also shown that the generalized
PSAM achieves the satisfactory error performance without
any necessity for the special tracking algorithms such as
RLS and Kalman filtering both of which are computationally
expensive. We further improve the error performance of the
PSAM transmission by iteratively estimating the channel and
incorporating the soft estimates of the coded symbols. In order
to decrease the resulting complexity of the iterative channel
estimation structure, we propose to use the low-complexity
2-way LMS algorithm after initial channel estimation instead
of optimal high-complexity MMSE filtering. The 2-way LMS
algorithm, which operates in both the forward and the back-
ward directions along a transmitted block, is shown to achieve
a similar error performance to that of the optimal MMSE
filtering, and to have much better error performance than
the conventional 1-way LMS algorithm with no significant
complexity increase.
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