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Abstract

An information theoretic framework for unequal error puten is developed in terms of the exponential
error bounds. The fundamental difference betweerbth@ise andmessage-wisanequal error protectiorJEP)
is demonstrated, for fixed length block codes on DMCs witHeaetlback. Effect of feedback is investigated via
variable length block codes. It is shown that, feedbackltesn a significant improvement in bothit-wise and
message-wise UERexcept the single message case for missed detection). iStiection between false-alarm
and missed-detection formalizations foessage-wise UERs also considered. All results presented are at rates
close to capacity.

. INTRODUCTION

Classical theoretical framework for communication [35fw@wes that all information is equally important.
In this framework, the communication system aims to prowadeniform error protection to all messages: any
particular message being mistaken as any other is viewed &mbally costly. With such uniformity assumptions,
reliability of a communication scheme is measured by eitheraverage or the worst case probability of error,
over all possible messages to be transmitted. In informdteory literature, a communication scheme is said to
be reliable if this error probability can be made small. Communicatichesnes designed with this framework
turn out to be optimal in sending any source over any chapnaVided that long enough codes can be employed.
This homogeneous view of information motivates the unizensterface of “bits” between any source and any
channel [35], and is often viewed as Shannon’s most significantribution.

In many communication scenarios, such as wireless netwanteractive systems, and control applications,
where uniformly good error protection becomes a luxury,vjatimg such a protection to the entire information
might be wasteful, if not infeasible. Instead, it is more@éit here to protect a crucial part of information better
than the rest. For example,

« In a wireless network, control signals like channel stateygr control, and scheduling information are often
more important than the payload data, and should be proteatee carefully. Thus even though the final
objective is delivering the payload data, the physical laj®uld provide a better protection to such protocol
information. Similarly for the Internet, packet headers arore important for delivering the packet and need
better protection to ensure that the actual data gets throug

« Another example is transmission of a multiple resolutioarse code. The coarse resolution needs a better
protection than the fine resolution so that the user at |datsires some crude reconstruction after bad noise
realizations.

« Controlling unstable plants over noisy communication l{i@38] and compressing unstable sources [34]
provide more examples where different parts of informati@ed different reliability.

In contrast with the classical homogeneous view, these pletlemonstrate the heterogeneous nature of infor-
mation. Furthermore the practical need for unequal errotegtion (JEP) due to this heterogeneity demonstrated
in these examples is the reason why we need to go beyond therd@mal content-blind information processing.
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Consider a message set = {1,2,3,...,2"} for a block code. Note that members of this set, i.e. “message
can also be represented by lengtistrings of information bitsb = [b1, bo, . .. b;]. A block code is composed of
an encoder which maps the messadésc M into channel inputs and a decoder which maps channel ouiputs
decoded messag#] € M. An error event for a block code ;f§1l/[ # M }. In most information theory texts, when
an error occurs, the entire bit sequencés rejected. That is, errors in decoding the message anddaditeg
the information bits are treated similarly. We avoid thisddry to figure out what can be achieved by analyzing
the errors of different subsets of bits separately.

In the existing formulations of unequal error protectiordes [38] in coding theory, the information bits are
partitioned into subsets, and the decoding errors in @iffesubsets of bits are viewed as different kinds of errors.
For example, one might want to provide a better protectioane subset of bits by ensuring that errors in these
bits are less probable than the other bits. We call such gnablas “bit-wisdJEP". Previous examples of packet
headers, multiple resolution codes, etc. belong to thisgmay of UEP.

However, in some situations, instead lifs one might want to provide a better protection to a subset of
messaged-or example, one might consider embedding a special megsagnormalk-bit code, i.e., transmitting
one of2* 4 1 messages, where the extra message has a special meaniregjainésra smaller error probability.
Note that the error event for the special message is not ia$sddo error in any particular bit or set of bits.
Instead, it corresponds to a particular bit-sequenee ihessage) being decoded as some other bit-sequence.
Borrowing from hypothesis testing, we can define two kindgwbrs corresponding to a special message.

« Missed-detectionf a message occurs when transmitted messalfeis i and decoded messagé is some
other messagg # . Consider a special message indicating some system enegrgéaich is too costly to
be missed. Clearly, such special messages demand a sms#ldrdetection probability. Missed detection
probability of a message is simply the conditional errorbataility after its transmission.

« False-alarmof a message occurs when transmitted messaljeis some other message# ¢ and decoded
messagé\/ is i. Consider the reboot message for a remote-controlledrsysteh as a robot or a satellite
or the “disconnect” message to a cell-phone. Its falsevaleould cause unnecessary shutdowns and other
system troubles. Such special messages demand small fatee @obability.

We call such problems as “message-WiH#eP". In conventional framework, every bit is as important agrmgv
other bit and every message is as important as every othesagesin short in conventional framework it is
assumed that all the information is “created equal”. In sadtamework there is no reason to distinguish between
bit-wise or message wise error probabilities because rgessese error probability is larger than bit-wise error
probability by an insignificant factor, in terms of exporgentowever, in thdJEP setting, it is necessary to
differentiate between message-errors and bit-errors. \ilfesee that in many situations, error probability of
special bits and messages have behave very differently.

The main contribution of this paper is a set of results, idfiging the performance limits and optimal coding
strategies, for a variety dJEP scenarios. We focus on a few simplified notionsU#P, most with immediate
practical applications, and try to illustrate the main gidg for them. One can imagine using theHeP strategies
for embedding protocol information within the actual daBy. eliminating a separate control channel, this can
enhance the overall bandwidth and/or energy efficiency.

For conceptual clarity, this article focuses exclusively situations where the data rate is essentially equal
to the channel capacity. These situation can be motivatethdyscenarios where data rate is a crucial system
resource that can not be compromised. In these situati@nppsitive error exponent in the conventional sense
can be achieved. That is, if we aim to protect the entire médion uniformly well, neither bit-wise nor message-
wise error probabilities can decay exponentially fast vifitreasing code length. We ask the question then “can
we make the error probability of a particular bit, or a par#éc message, decay exponentially fast with block
length?”

When we break away from the conventional framework and sigptovide better protection to against certain
kinds of errors, there is no reason to restrict ourselvesdsyiming that those errors are erroneous decoding of
some particulabits or missed detections or false alarms associated with somtieydar messages. A general



formulation of UEP could be an arbitrary combination of protection demandsrag@dome specific kinds of
errors. In this general definition ®JEP, bit-wise UEP and message-widgEP are simply two particular ways
of specifying which kinds of errors are too costly comparedathers.

In the following, we start by specifying the channel modetl ajiving some basic definitions in Sectibn 1.
Then in sectiofi ]l we discuss bit-widéEP and message-wideEP for block codes without feedback. Theorem
[ shows that for data-rates approaching capacity, evengdesiit cannot achieve any positive error exponent.
Thus in bit-wiseUEP, the data-rate must back off from capacity for achieving pagitive error exponent even
for a single bit. On the contrary, in message-WiHeP, positive error exponents can be achieved even at capacity.
We first consider the case when there is only one special messal show that, Theorem 2, optimal (missed-
detection) error exponent for the special message is equaktred-alert exponentwhich is defined in section
[M=B] We then consider situations where an exponentialgé number of messages are special and each special
message demands a positive (missed detection) error exipgiidis situation has previously been analyzed
before in [12], and a result closely related to our has beported there.) Theorefd 3 shows a surprising result
that these special messages can achieve the same expoifaait e other (non-special) messages were absent.
In other words, a capacity achieving code and an error exges@imal code below capacity can coexist without
hurting each other. These results also shed some new ligtiteostructure of capacity achieving codes.

Insights from the block codes without feedback becomesulisefSection[ IV where we investigate similar
problems for variable length block codes with feedback.dbeek together with variable decoding time creates
some fundamental connections between bit-wikeP and message-wisdEP. Now even for bit-wiseUEP, a
positive error exponent can be achieved at capacity. The@reshows that a single special bit can achieve the
same exponent as a single special message—the red-alerteaxpAs the number of special bits increases, the
achievable exponent for them decays linearly with theie et shown in Theorei 6. Then Theofédm 7 generalizes
this result to the case when there are multiple levels ofigfige-most special, second-most special and so on.
It uses a strategy similar to onion-peeling and achievesr exxponents which are successively refinable over
multiple layers. For single special message case, how@henprem 8 shows that feedback does not improve
the optimal missed detection exponent. The case of expailgninany messages is resolved in Theoriem 9.
Evidently many special messages cannot achieve an expbigidr than that of a single special message, i.e.
red-alert exponent. However it turns out that the speciadsages can reach red-alert exponent at rates below
a certain threshold, as if all the other special messages alesent. Furthermore for the rates above the very
same threshold, special messages reach the corresporadiregof Burnashev’s exponent, as if all the ordinary
messages were absent.

Sectior[Y then addresses message-WIE® situations where special messages demand small prokadfilit
false-alarms instead of missed-detections. It considerscase of fixed length block codes with out feedback
as well as variable length block codes with feedback. Thicudision for false-alarms was postponed from
earlier sections to avoid confusion with the missed-de&iaatesults in earlier sections. Some future directions
are discussed briefly in SectiénlVI.

After discussing each theorem, we will provide a brief diggiom of the optimal strategy, but refrain from
detailed technical discussions. Proofs can be found im kgetions. In sectioh MIl and sectién MIII we will
present the proofs of the results in Section Ill, on blockewithout feedback, and Sectibnl IV, on variable
length block codes with feedback, respectively. Lastly act®n[TX we discuss the proofs for the false-alarm
results of Sectiof V. Before going into the presentation wf work let us give a very brief overview of the
previous work on the problem, in different fields.

A. Previous Work and Contribution

The simplest method of unequal error protection is to atldhfferent channels for different types of data.
For example, many wireless systems allocate a separatdrétahannel”, often with short codes with low
rate and low spectral efficiency, to transmit control signaith high reliability. The well known Gray code,
assigning similar bit strings to close by constellationn®j can be viewed adEP: even if there is some error



in identifying the transmitted symbol, there is a good cleatiat some of the bits are correctly received. But
clearly this approach is far from addressing the problemniyn effective way.

The first systematic consideration of problem in coding tireeas within the frame work of linear codes. In
[24], Masnick and Wolf suggested techniques which protdiftsrent parts (bits) of the message against different
number of channel errors (channel symbol conversionsk fraime work has extensively studied over the years
in [22], [16], [7], [26], [21], [27], [8] and in many others.dter issue is addressed within frame work of Low
Density Parity Check (LDPC) codes too [39], [29], [30], [3831], and [28].

“Priority encoded transmission” (PET) was suggested byeA#se et.al. [2] as an alternative model of the
problem, with packet erasures. In this approach guarameegiven not in terms of channel errors but packet
erasures. Coding and modulation issues are addressedasienuisly in [10]. For wireless channels, [15] analyzes
this problem in terms of diversity-multiplexing trade-sff

In contrast with above mentioned work, we pose and addresgibblem within the information theoretic
frame work. We work with the error probabilities and refrdilom making assumptions about the particular
block code used while proving our converse results. Thisiésrhain difference between our approach and the
prevailing approach within the coding theory community.

In [3], Bassalygoet. al. considered the error correcting codes whose messages mosed of two group
of bits, each of which requires different level of protentiagainst channel errors and provided inner and outer
bounds to the achievable performance, in terms of hammistaries and rates. Unlike other works within
coding theory frame work, they do not make any assumptiontathee code. Thus their results can indeed be
reinterpreted in our framework as a result for bit wiseP, on binary symmetric channels.

Some of the thaJEP problems have already been investigated within the framewb information theory
too. Csiszar studied message WiEP with many messages in [12]. Moreover results in [12] are eetricted
to the rates close to capacity, like ours. Also messagesWkide with single special message was dealt with in
[23] by Kudryashov. In [23], atUEP code with single special message is used as a subcode witrdriadble
delay communication scheme. The scheme proposed in [23héosingle special message case is a key building
block in many of the results in sectignllV. However the opfitgaof the scheme was not proved in [23]. We
show that it is indeed optimal.

The main contribution of the current work is the proposedngavork forUEP problems within information
theory. In addition to the particular results presentediffarént problems and the contrasts demonstrated between
different scenarios, we believe the proof techniques useibsectioflVII-A] VII-B.2 and V=D Zlare novel
and they are promising for the future work in the field.

II. CHANNEL MODEL AND NOTATION
A. DMC's and Block Codes

We consider a discrete memoryless channel (DMG) x, with input alphabet’ = {1,2,...,|X|} and output
alphabety = {1,2,...,|Y|}. The conditional distribution of output letté&f when the channel input letteX
equalsi € X is denoted byWy x (-|i).

PrlY =j| X =i = Wyx(jli) VieX, Vje.

We assume that all the entries of the channel transitionixrate positive, that is, every output letter is reachable
from every input letter. This assumption is indeed a cruoia. Many of the results we present in this paper
change when there are zero-probability transitions.

A lengthn block code without feedback with messages¢t= {1,2,...,| M|} is composed of two mappings,
encoder mapping and decoder mapping. Encoder mappinghassitengthn codewortﬁ)

(k) £ (@1 (k) 32(k) - Ta(k))  VEEM

1The key idea in subsectidn VITI-B.2 is a generalization af #pproach presented in [4].
2Unless mentioned otherwise, small letters (e:ydenote a particular value of the corresponding randonaliidenoted in capital
letters (e.g.X).



wherez;(k) denotes the input at timefor messagé. Decoder mapping)/, assigns a message to each possible
channel output sequence, iM ynr — M.

At time zero, the transmitter is given the messadde which is chosen fromM according to a uniform
distribution. In the followingn time units, it sends the corresponding codeword. After plisg Y, receiver
decodes a message. The error probabitityand rateR of the code is given by

p, A Pr[MyéM} and R 2 M

n

B. Different Kinds of Errors

While discussing message-witHEP, we consider the conditional error probability for a partés message
1€ M,
Pr [M#i‘]\/[:z’].
Recall that this is the same as the missed detection pratyaiot message.
On the other hand when we are talking about bit-wi#eP, we consider message sets that are of the form
M = My x Ms. In such cases messadt is composed of two submessagés,—= (M, Ms). First submessage
M, corresponds to the high-priority bits while second submgsd/, corresponds to the low-priority bits. The

uniform choice ofM from M, implies the uniform and independent choiceMf and M, from M; and M,
respectively. Error probability of a submessage is given by

PG £ =12

Note that the overall messadé is decoded incorrectly when eithéf; or M or both are decoded incorrectly.
The goal of bit-wiseUEP is to achieve best possibler [Ml =+ Ml] while ensuring a reasonably smdll =

Pr[MyeM]

C. Reliable Code Sequences
We focus on systems where reliable communication is acliigverder to find exponentially tight bounds for
error probabilities of special parts of information. We tise notion of code-sequences to simplify our discussion.
A sequence of codes indexed by their block-lengths is caéédble if
lim P, =0

For any reliable code-sequengk the rateRg is given by

. (m)
Rg = lnfnlnflnv\si|

n—oo
The (conventional) error exponent of a reliable sequentlees

Eg £ liminf —ln P

n—o00 n

Thus the number of messages@ﬂsﬁ = ¢fte and their average error probability decays like*#< with block
length. Now we can define error exponditR) in the conventional sense, which is equivalent to the onesngi

in [20], [36], [13], [17], [25].

3The = sign denotes equality in the exponential sense. For a sequét,

. Ina™
o™ = e o F = lim inf =2
n—oo




Definition 1: For any R < C the error exponent/(R) is defined as

E(R) 2 sup Eog
. . . QZRQZR . .
As mentioned previously, we are interestedJ&BP when operating at capacity. We already know, [36], that

E(C) = 0, i.e. the overall error probability cannot decay exporaiytiat capacity. In the following sections,
we show how certain parts of information can still achieveaosifive exponent at capacity. In doing that, we
are focusing only on the reliable sequences whose ratesqaed ® C. We call such reliable code sequences as
capacity-achieving sequences
Through out the text we denote Kullback-Leibler (KL) diverge between two distributionsy (-) and Sx (-)
as D (ax ()] Bx ()
D (ox ()] Bx () Z ax(i

i€eX
Similarly conditional KL divergence betweéry- x (-|-) and Wy x(-|) underPx(-) is given by
VY X
D (Vyx (-|X)|| Wy x (-1 X)| Px) Z}:{PX Z;}Vypc (j]7) In WY“X(JJH
1€ JE

The output distribution that achieves the capacity is deshdty P> and a corresponding input distribution is
denoted byP%.

[1l. UEP AT CAPACITY: BLOCK CODES WITHOUT FEEDBACK
A. Special bit

We first address the situation where one particular bit (kayfitst) out of the totalog, | M| bits is a special
bit—it needs a much better error protection than the overdimation. The error probability of the special bit is
required to decay as fast as possible while ensuring relieddnmunication at capacity, for the overall code. The
single special bit is denoted by/; where M; = {0,1} and over all messag#/ is of the formM = (M, Ms)
where M = M; x M. The optimal error exponerii, for the special bit is then defined as foll

Definition 2: For a capacity-achieving sequer@avith message setst™ = M, ng"> whereM; = {0, 1},
the special bit error exponent is defined as

—InPr (W[ M, #M,]
n

EbQ = liminf

n—oo

ThenE, is defined astl, = supg Ep o

Thus if Pr ™ | # M| = exp(—nE} o) for a reliable sequence, then £, is the supremum ok, o over
all capacity-achievin@’s.

Since E(C) = 0, it is clear that the entire information cannot achieve aagitive error exponent at capacity.
However, it is not clear whether a single special bit canlsigaositive error exponenf, at capacity.

Theorem 1:

Ey=0

This implies that, if we want the error probability of the mages to vanish with increasing block length and
the error probability of at least one of the bits to decay wveitpositive exponent with block length, the rate of
the code sequence should be strictly smaller than the dgpaci

Proof of the theorem is heavy in calculations, but the magaithehind is the “blowing up lemma” [13].
Conventionally, this lemma is only used for strong converi® various capacity theorems. It is also worth
mentioning that the conventional converse techniquesHi&®o’s inequality are not sufficient to prove this result.

“Appendix A discusses a different but equivalent type of diifim and shows why it is equivalent to this one. These twoetypf
definitions are equivalent for all thdEP exponents discussed in this paper.



Fig. 1. Splitting the output space infbdistant enough clusters.

Intuitive interpretation: Let the shaded balls in Figl 1 denote the minimal decodingnsgof the messages.
These decoding regions ensure reliable communicatiog,ales essentially the typical noise-balls ([11]) around
codewords. The decoding regions on the left of the thick toeresponds tal/; = 1 and those on the right
correspond to the same whéf, = 0. Each of these halves includes half of the decoding reginnsitively, the
blowing up lemma implies that if we try to add slight extrackmess to the left clusters in Figure 1, it blows up
to occupy almost all the output space. This strange phenomienhigh dimensional spaces leaves no room for
the right cluster to fit. Infeasibility of adding even slighitra thickness implies zero error exponent the special bit

B. Special message

Now consider situations where one particular message/Xsay 1) out of the= ¢"C total messages is a special
message—it needs a superior error protection. The missedtoa probability for this ‘emergency’ message
needs to be minimized. The best missed detection expdiignts defined as followH.

Definition 3: For a capacity-achieving sequen@g missed detection exponent is defined as

_ ) [ =
Emag 2 limint 2P IMz1M=1]

Nn—00 n

Then Eng is defined asing £ supg Emd.o-

Compare this with the situation where we aim to protect al itessages uniformly well. If all the messages
demand equally good missed detection exponent, then ntiveoskponent is achievable at capacity. This follows
from the earlier discussion abo#tC) = 0. Below theorem shows the improvement in this exponent if wig o
demand it for a single message instead of all.

Definition 4: The paramete€ is definef as thered-alert exponenof a channel.

c 2 IZ%%?;D (Py () Wy x(+]2))

We will denote the input letter achieving above maximumaby
Theorem 2:

SNote that the definition obtained by replacifg ™ |M # 1| M = 1| by min; Pr ) |M # j| M = j| is equivalent to the one given
above, since we are taking the supremum a@esnyway. In short, the messageavith smallest conditional error probability could always
be relabeled as message

®Authors would like to thank Krishnan Eswaran of UC Berkeley $uggesting this name.



Recall that Karush-Kuhn-Tucker (KKT) conditions for achiey capacity imply the following expression for
capacity, [20, Theorem 4.5.1].
C = max D (Wyx (-[1)|| ()

Note that simply switching the arguments of KL divergencthimi the maximization focC, gives us the expression
for C. The capacitf represents the best possible data-rate over a channekaghed-alert expone@trepresents
the best possible protection achievable for a message atitap

It is worth mentioning here the “very noisy” channel in [20h this formulation [6], the KL divergence
is symmetric, which impliesD (Py:(-)[| Wy x (i) =~ D (Wy x(-|i)|| P{(-)). Hence the red-alert exponent and
capacity become roughly equal. For a symmetric channeBRE, all inputs can be used as. Since thePy: is
the uniform distribution for these channe@®= D (Py ()| Wy x(-|¢)) for any input letteri. This also happens
to be the sphere-packing exponéng,(0) of this channel [36] at rate.

Optimal strategy: Codewords of a capacity achieving code are used for the amgimessages. Codeword for
the special message is a repetition sequence of the inpeit 4gt For all the output sequences special message
is decoded, except for the output sequences with empiristiilmlition (type) approximately equal t85. For

the output sequences with empirical distribution appratety P, the decoding scheme of the original capacity
achieving code is used.

Indeed Kudryashov [23] had already suggested the encodimgnse described above, as a subcode for his non-
block variable delay coding scheme. However discussio23} floes not make any claims about the optimality
of this encoding scheme.

Intuitive interpretation: Having a large missed detection exponent for the speciasagescorresponds to having

a large decoding region for the special message. This ensiuae whenM = 1, i.e. when the special message
is transmitted, probability ofi/ # 1 is exponentially small. In a sendé,q indicates how large the decoding
region of the special message could be made, while stilidjl e"C typical noise balls in the remaining space.
The red region in Fid.]2 denotes such a large region. Notethieadctual decoding region of the special message
is much larger than this illustration, because it consi$tallooutput types except the ones close/tp, whereas
the ordinary decoding regions only contain the output tygese toFy.

Fig. 2. Avoiding missed-detection

Utility of this result is two folds: first, the optimality ofuch a simple scheme was not obvious before; second,
as we will see later protecting a single special message &yakilding block for many other problems when
feedback is available.



C. Many special messages

Now consider the case when instead of a single special messagonentially many of the totat "¢
messages are special. wﬁ"’ c M™ denote this set of special messages,

Mgn) = {1’27' Ty (emn-l}'

The best missed detection exponent, achievable simultshedor all of the special messages, is denoted by
Definition 5: For a capacity-achieving sequengg the missed detection exponent achieved on sequence of

subsetsM; is defined as A
—In max Pr ™ [Mi|M=i]
ieM
n

Emd,Q,MS = lim inf

n—~00

Then for a givenr < C, Eng(r) is defined asEng(r) = supg m, Emd o.M, Where maximization is over

(n)
M’s such thatlim inf M =7

This message WiSHEP pr%blem has already been investigated by Csiszar in hisrpap joint source-channel
coding [12]. His analysis allows for multiple sets of spéoessages each with its own rate and an overall rate
that can be smaller than the capa@ity.

Essentially, Emg(r) is the best value for which missed detection probability wérg special message is
exp(—nEmq(r)) or smaller. Note that if the only messages in the code areeth&$] special messages (instead
of |IM(™)| = ¢ total messages), their best missed detection exponenlseteaclassical error exponest(r)
discussed earlier.

Theorem 3:

Enmg(r) =E(r) VY rel0,C).

Thus we can communicate reliably at capacity and still mtotee special messages as if we are only
communicating the special messages. Note that the classioa exponentE(r) is yet unknown for the rates
below critical rate (except zero rate). Nonetheless, tigetem says that whatevelr) can be achieved fore™"]
messages when they are by themselves in the codebook, taresiichieved when there are "¢ additional
ordinary messages requiring reliable communication.

Optimal strategy: Start with an optimal code-book fge™" | messages which achieves the error expof&nd.
These codewords are used for the special messages. Nowdihargrcodewords are added using random coding.
The ordinary codewords which land close to a special codgwaay be discarded without essentially any effect
on the rate of communication.

Decoder uses a two-stage decoding rule, in first stage ofwhdaecides whether or not a special message was
sent. If the received sequence is close to one or more of theiadrodewords, receiver decides that a special
message was sent else it decides an ordinary message waistet second stage, receiver employs an ML
decoding either among the ordinary messages or the amongp#wal messages depending on its decision in
the first stage.

The overall missed detection exponéfitq(r) is bottle-necked by the second stage errors. It is becaedesh
stage error exponent is essentially the sphere-packingnexp Esp(r), which is never smaller than the second
stage error exponer(r).

Intuitive interpretation:  This means that we can start with a code|ef”| messages, where the decoding
regions are large enough to provide a missed detection exponZ (). Consider the balls around each codeword
with sphere-packing radius (see Fig. 3(a)). For each mesdhg probability of going outside its ball decays
exponentially with the sphere-packing exponent. Althquiiese[e™"] balls fill up most of the output space,

"Authors would like to thank Pulkit Grover of UC Berkeley fooipting out this closely related work, [12]
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there are still some cavities left between them. These sraalties can still accommodate "€ typical noise
balls for the ordinary messages (see Fig. 3(b)), which arehmamaller than the origindle™ | balls. This is
analogous to filling sand particles in a box full of large lmrk. This theorem is like saying that the number of
sand particles remains unaffected (in terms of the expmerspite of the large boulders.

(a) Exponent optimal code (b) Achieving capacity

Fig. 3. “There is always room for capacity”

D. Allowing erasures

In some situations, a decoder may be allowed declare anreragen it is not sure about the transmitted
message. These erasure events are not counted as erroreeambally followed by a retransmission using a
decision feedback protocol like Hybrid-ARQ. This subsewctextends the earlier result féfnq(r) to the cases
when such erasures are allowed.

In decoding with erasures, in addition to the message\dethe decoder can map the received sequéfite
to a virtual message called “erasure”. L, redenote the average erasure probability of a code.

Perasure: PI‘ |:M — erasur%

Previously when there was no erasures, errors were nottddtdeor errors and erasures decoding, erasures are
detected errors, the rest of the errors are undetectedseanot’, denotes the undetected error probability. Thus
average and conditional (undetected) error probabildiesgiven by

P, =Pr [M £ M, M + erasur% and P.(i) = Pr [M £ M, M + erasur#M = z}

An infinite sequenc& of block codes with errors and erasures decodingliable, if its average error probability
and average erasure probability, both vanish with
lim Pe(n) — 0 and lim Perasurén) — 0

n—oo n—~0o0

If the erasure probability is small, then average numberetfansmissions needed is also small. Hence this
condition of vanishingly smallP.asurd™ ensures that the effective data-rate of a decision feedpaatocol
remains unchanged in spite of retransmissions. We agaitictesurselves to reliable sequences whose rate equal
C.

We could redefine all previous exponents for decision-faellfdf) scenarios, i.e. for reliable codes with erasure
decoding. But resulting exponents do not change with theigion of erasures with vanishing probability for
single bit or single message problems, i.e. decision feddpeotocols such as Hybrid-ARQ does not improve
Ey, or Emg. Thus we only discuss the decision feedback versiof,gf(r).
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Definition 6: For a capacity-achieving sequence with erasugeshe missed detection exponent achieved on
sequence of subsets!, is defined as

—In max pPr ™ [M;éi,M;zéerasur¢M:i]

df A e iem™
Enaol(r) = hnnl)gf

n
Then for a giverr < C, B, ,(r) is defined asE, o(r) £ supg . Emd.onm, Where maximization is over

(n)
M.,’s such thatlim inf M =7

n—00 n. : . . "
Next theorem shows allowing erasures increases the mastedtion exponent for below critical rate, on
symmetric channels.

Theorem 4:For symmetric channels

Er(r?;(r) > Esp(r) vV rel0,C).

Coding strategy is similar to the no-erasure case. We fiest stith an erasure code fge""| messages like
the one in [18]. Then add randomly generated ordinary coddsvo it. Again a two-stage decoding is performed
where the first stage decides between the set of ordinarywawdse and the set of special codewords using a
threshold distance. If this first stage chooses specialveoidts, the second stage applies the decoding rule in
[18] amongst special codewords. Otherwise, the seconeé stsgs the ML decoding among ordinary codewords.

The overall missed detection exponeEﬁ’;(r) is bottle-necked by the first stage errors. It is because e fi
stage error exponeriisy(r) is smaller than the second stage error expor&ptr) + C — r. This is in contrast
with the case without erasures.

IV. UEP AT CAPACITY: VARIABLE LENGTH BLOCK CODES WITH FEEDBACK

In the last section, we analyzed bit wise and message WEEB problems for fixed length block codes
(without feedback) operating at capacity. In this sectiwe, will revisit the same problems for variable length
block codes with perfect feedback, operating at capaci&fo® going into the discussion of the problems, let
us recall variable length block codes with feedback briefly.

A variable length block code with feedback, is composed abdirgy algorithm and a decoding rule. Decoding
rule determines the decoding time and the message that alélédhen. Possible observations of the receiver
can be seen as leaves |0f|-ary tree, as in [4]. In this tree, all nodes at lendtlirom the root denote all)/|
possible outputs at time= 1. All non-leaf nodes among these split into furthgl branches in the next time
t = 2 and the branching of the non-leaf nodes continue like thex eter. Each node of depthin this tree
corresponds to a particular sequenge,i.e. a history of outputs until time. The parent of node@! is its prefix
y'~1. Leaves of this tree form a prefix free source code, becausisidie to stop for decoding has to be a casual
event. In other words the evefit = t} should be measurable in thefield generated by. In addition we
havePr [t < oo] = 1 thus decoding time- is Markov stopping time with respect to receivers obseovatiThe
coding algorithm on the other hand assigns an input lefer; (v'; i), to each messagegs M, at each non-leaf
node,y?, of this tree. The encoder stops transmission of a message avteaf is reached i.e. when the decoding
is complete.

Codes we consider are block codes in the sense that tramemidseach message (packet) starts only after
the transmission of the previous one ends. The error prityadind rate of the code are simply given by

Pe:Pr[M;AM} and  R=lM

A more thorough discussion of variable length block codeth éedback can be found in [9] and [4].
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Earlier discussion in Sectidn Il}B about different kinds efors is still valid as is but we need to slightly
modify our discussion about the reliable sequences. Ahielisequence of variable length block codes with
feedback,Q, is any countably infinite collection of codes indexed byegsdrs, such that

lim P, =0
k—oo

In the rate and exponent definitions for reliable sequeneeseplace block-length by the expected decoding
time E [r]. Then a capacity achieving sequence with feedback is abkelsequence of variable length block
codes with feedback whose rateGs

It is worth noting the importance of our assumption that hé entries of the transition probability matrix,
Wy | x are positive. For any channel withl&y | x which has one or more zero probability transitions, it isgpoie
to have error free codes operating at capacity, [9]. Thuthallexponents discussed below are infinite for DMCs
with one or more zero probability transitions.

A. Special bit

Let us consider a capacity achieving seque@ceshose message sets are of the fatt*) = AM; x Mék)
where M; = {0, 1}. Then the error exponent of the, i.e., the initial bit, is defined as follows.
Definition 7: For a capacity achieving sequence with feedba@k,with message setdA(¥) of the form
MF) = My x /\/lgk) where M; = {0, 1}, the special bit error exponent is defined as
B, 2 hminf‘lnpr];;(%lﬂl]

k—oo

Then E] is defined as&] 2 supg E{;Q
Theorem 5:
El =C.
Recall that without feedback, even a single bit could nofeehany positive error exponent at capacity, Theorem
. But feedback together with variable decoding time cotstie message wid¢EP and the bit wisdJEP and
results in a positive exponent for bit wis¢EP. Below described strategy show how schemes for protecting a
special message can be used to protect a special bit.

Optimal strategy: We use a lengttik + v/k) fixed length block code with errors and erasures decoding as a
building block for our code. Transmitter first transmit$ using a short repetition code of lengthk. If the
tentative decision about;, 1M, is correct after this repetition code, transmitter seh@lswith a lengthk capacity
achieving code. If\/; is incorrect after the repetition code, transmitter sehessymbolz, for  time units where

x, is the input letter maximizing theD (Py (-)|| Wy x(-i)). If the output sequence in the second phaé)%:f,

is not a typical sequence @, an erasure is declared for the block. And the same messagdasmitted by
repeating the same strategy afresh. Else receiver uses asebtider to chos@/, and i/ = (M;, ]\7[2).

The erasure probability is vanishingly small, as a reswtuhdetected error probability éff; in fixed length
erasure code is approximately equal to the error probglufit)/; in the variable length block code. Furthermore
E [r] is roughly (k + v/k) despite the retransmissions. A decoding error ¥yr happens only whed/, # M,
and the empirical distribution of the output sequence ingbeond phase is close f&. Note that latter event
happens with probability= ¢~CZ[7],

B. Many special bits

We now analyze the situation where instead of a single spieitjahere are approximateli 7] r/In 2 special
bits out of the totalF [7] C/In 2 (approx.) bits. Hence we consider the capacity achievingeeces with feedback

having message sets of the foow %) = Mgk) X /\/lék). Unlike the previous subsection where sizefofgk)
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was fixed, we now allow its size to vary with the index of the eolVe restrict ourselves to the cases where

(k)
hk{n inf % = r. This limit gives us the rate of the special bits. It is worthting at this point that even when

the rater of special bits is zero, the number of special bits might retbbunded, |ehm mf |/\/l | might be
infinite. The error exponerﬁ?|Olts o atagiven rate of special bits is defined as foIIows,

Deflnltlon 8 For any capaC|ty achieving sequence with feedb@cwith the message sets1*) of the form
M® = MP x M, rg and Bl , are defined as

PN In |M®| ! & g . e —InPr ®[M#£M]
rg = hgmf BT Eiis o = h]glcgf B

Then El,(r) is defined ass)(r) 2 S Eis o
ro>rT
Next theorem shows how this exponent decays linearly withaf the special bits.

Theorem 6: )
Egits(r) = (1 - (_7;) C

Notice that the exponerEb,ts(O) = C, i.e. it is as high as the exponent in the single bit case, ite s the
fact that here the number of bits can be growing to infinityhwi [7]. This linear trade off between rate and
reliability reminds us of Burnashev's result [9].

Optimal strategy: Like the single bit case, we use a fixed length block code wilsueres as our building block.
First transmitter sends/; using a capacity achieving code of length. If the tentative decisior/; is correct,
transmitter sends/, with a capacity achieving code of length— ). Otherwise transmitter sends the channel
input z,. for (1 — &)k time units. If the output sequence in the second phase isypatal with P> an erasure

is declared and same strategy is repeated afresh. Elseeecsies a ML decoder to decidé, and decodes
the messagé/ as M = (M;, ]\2[2) A decoding error forM; happens only when an error happens in the first
phase and the output sequence in the second phase is typicaPyv when the reject codeword is sent. But

the probability of the later event is e ~(1-¢)C  The factor of(1 — &) arises because the relative duration of
the second phase to the over all communication block. Sirtolahe single bit case, erasure probability remains
vanishingly small in this case. Thus not only the expectecbdmg time of the variable length block code is

roughly equal to the block length of the fixed length block €oout also its error probabilities are roughly equal
to the corresponding error probabilities associated withfixed length block code.

C. Multiple layers of priority

We can generalize this result to the case when there arephaulévels of priority, where the most important
layer containsE [r]r1/In2 bits, the second-most important layer contaE$r¥r2/1n2 bits and so on. For

an L-layer situation, message sat((*¥) is of the form M®*) = Mgk) X Mg“ X M(Lk). We assume
without loss of generality that the order of importance oé ;s is My = My > --- = Mp. Hence we
haveP. " < pM: < ... < pMr,

Then for anyL- Iayer capacny ach|evmg sequence with feedback, we défimerror exponent of theh layer

as o it m]
f T —InPr M.#M,
Bhits 5,0 = hkn_lggf E[r®]

The achievable error exponent region of thdayered capacity achieving sequences with feedback isé¢te
of all achievable exponent vecto(&}. | o, Fliss o:- -+ Ehis 11 o)- The following theorem determines that
region.
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Theorem 7:Achievable error exponent region of tHelayered capacity achieving sequences with feedback,
for rate vector(ry,ro,...,r—1) IS the set of vector$E,, Fs, ..., Er_1) satisfying,

Z}:l Tj\ &

E<(1- C Vie{l,2..,(L-1}

- C
Note that the least important layer cannot achieve any igestror exponent because we are communicating at
capacity, i.e.E;, = 0.

Optimal strategy: Transmitter first sends the most important layds, using a capacity achieving code of length
2k. If it is decoded correctly, then it sends the next layer vatisapacity achieving code of lengthk. Else

it starts sending the input letter. for not only 2k time units but also for all remaining — 2 phases. Same
strategy is repeated favls, My, ..., My.

Once the whole block of channel outpuié’f, is observed; receivers checks the empirical distributibthe
output in all of the phases except the first one. If they aréypital with P receiver uses the tentative decisions
to decode M = (My, Ms,, ... Mp). If one or more of the output sequences are not typical Withan erasure is
declared for the whole block and transmission starts frorateh.

For each layet, with the above strategy we can achieve an exponent as & thiere only two kinds of bits
(as in Theorenl6)

« bits in layeri or in more important layers < ¢ (i.e. special bits)

« bits in less important layers (i.e. ordinary bits).
Hence Theorem]7 does not only specify the optimal performaviten there are multiple layers, but also shows
that the performance we observed in Theotém 6, is succéssafnable. Figuré 4 shows these simultaneously

achievable exponents of Theor&in 6, for a particular ratéovée;, rs,...,r,_1).
exponent
cl
=1 O\
(1 - %)(3 _‘ S
(1-nge)C
N
LAY ~
t=Ze )c ~
1— iE1Ti)C | -
(1= Zm) _—
! ! . rate
Ty T2 3 Ty rs  C

Fig. 4. Successive refinability for multiple layers of pitgr demonstrated on an example with six IayeE,f:1 r; = C.

Note that the most important layer can achieve an exponeaedbC if its rate is close to zero. As we move
to the layers with decreasing importance, the achievabte exponent decays gradually.

D. Special message
Now consider one particular message, say the first one, wieighires small missed-detection probability.

Similar to the no-feedback case, defiﬁéd as its missed-detection exponent at capacity.
Definition 9: For any capacity achieving sequence with feedb&kmissed detection exponent is defined as

—InPr W [M#1|M=1]
E[r®] :

Elgo 2 liminf

k—oo

Then E},4 is defined astl; £ supg Ef .
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Theorem 8: }
El = C.

md

Theoren[ R an@]8 implies following corollary,

Corollary 1: Feedback doesn’t improve the missed detection exponergiofye special messagEﬁ;d = Emg.
If red-alert exponent were defined as the best protectiorsptaial message achievable at capacity, then this result
could have been thought of as an analog the “feedback doemceretase capacity” for the red-alert exponent.
Also note that with feedbaclE%d for the special message alﬂg for the special bit are equal.

E. Many special messages

Now let us consider the problem where the fitst[)"] messages are special, i®t, = {1,2,..., [¢Z])
Unlike previous problems, now we will also impose a uniforrpected delay constraint as follows.
Definition 10: For any reliable variable length block code with feedback,

A maxiem Elr|M=i]

E[r]
A reliable sequence with feedback, is a uniform delay reliable sequence with feedback if andy doh
lim T = 1.
k—o0

This means that the averagdr| M = i] for every messageis essentially equal t& [7] (if not smaller). This
uniformity constraint reflects a system requirement foruging a robust delay performance, which is invariant of
the transmitted messaE«Let us define the missed-detection exponﬁm(r) under this uniform delay constraint.

Definition 11: For any uniform delay capacity achieving sequence with haell, @, the missed detection
exponent achieved on sequence of subgdtsis defined as

—In max, Pr ([ M 3| M =i]

. (k
E! 2 liminf — &
md,Q, M. n—00 E [Tuf)}
Then for a givenr < C, we defineEQd(r) £ supg . Eéd o.m. Where maximization is oveM,’s such that
M)
liminf ———= =7

k—oo I T(k)

The following theorem shows that the special messages dairvacthe minimum of the red-alert exponent
and the Burnashev’s exponent at rate

Theorem 9:

E%d(r) :min{év(l_ (_T;)Dmax}, Vr<C.

whereDyax = Z,II;?%D Wy 1x Cl9) || Wy x (17)) -

Forr e [0,(1— DL)C] each special message achieves the best missed detectimmeex@ for a single special

max

message, as if the rest of the special messages were absentcH(1 — ﬁ)C, C) special messages achieve
the Burnashev’s exponent as if the ordinary messages weenab

The optimal strategy is based on transmitting a special tsit. fThis result demonstrates, yet another time,
how feedback connects bit-wid¢EP with message-wis&JEP. In the optimal strategy for bit-wis&lEP with
many bits a special message was used, whereas now in mesisad¢Bl with many messages a special bit is
used. The roles of bits and messages, in two optimal steteggie simply swapped between the two cases.

Optimal strategy: We combine the strategy for achievi@ for a special bit and the Yamamoto-Itoh strategy
for achieving Burnashev’s exponent [40]. In the first phasepecial bit,b, is sent with a repetition code of

80ptimal exponents in all previous problems remain unchdrigespective of this uniform delay constraint.
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vk symbols. This is the indicator bit for special messagess it when a special message is to be sent @and
otherwise.

If bis decoded incorrectly ak = 0, input letterz, is sent for the remaining time unit. If it is decoded
correctly asb = 0, then the ordinary message is sent using a codeword from acitamchieving code. If the
output sequence in the second phase is typical Wjtlreceiver use an ML decoder to chose one of the ordinary
messages, else an erasure is declaredifor v/k) long block.

If b = 1, then a lengthk two phase code with errors and erasure decoding, like thegives in [40] by
Yamamoto and Itoh, is used to send the message. In the coroationi phase a lengtfik capacity achieving
code is used to send the messagg, if M € M. If M ¢ M, an arbitrary codeword from the lengthk
capacity achieving code is sent. In the control phasé/iE M and if it is decoded correctly at the end of
communication phase, the accept lettgris sent for(1 — ¢)k time units, else the reject letter,, is sent for
(1 — &)k time units. If the empirical distribution in the control @eis typical withWy x (-|z,) then special
message decoded at the end of the communication phase betoentinal M/, else an erasure is declared for
(k + V&) long block.

Whenever an erasure is declared for the whole block, tratesmand receiver applies above strategy again
from scratch. This scheme is repeated until a non-erasweddey is reached.

V. AVOIDING FALSE ALARMS

In the previous sections while investigating message Wis® we have only considered the missed detection
formulation of the problems. In this section we will focus an alternative formulation of message wise
UEP problems based on false alarm probabilities.

A. Block Codes without Feedback

We first consider the no-feedback case. When false-alarm sideaial message is a critical event, e.g. the
“reboot” instruction, the false alarm probabilifyf[M =1|M # 1] for this message should be minimized, rather

than the missed detection probability | 1/ # 1M =1|.
Using Bayes’ rule and assuming uniformly chosen messagegetye

Pr[le,M;él]

Pr[M:uMyel}:

Pr[M # 1]
P i = 1M = j]
(IM]=1)

In classical error exponent analysis, [20], the error pbdiig for a given message usually means its missed
detection probability. However, examples such as the ‘G€bmessage necessitate this notion of false alarm
probability.
Definition 12: For a capacity-achieving sequeneg, such that
lim sup Pr {M #* 1‘ M = 1} =0,
false alarm exponent is defined as

—InPr ™ [M=1|M
Fao £ liminf ZnPr W M=1|M1]

Nn—00 n

Then Ex, is defined asFia £ supg Fra .
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Thus Ej, is the best exponential decay rate of false alarm probghilith n. Unfortunately we do not have
the exact expression faf,. However upper bound given below is sufficient to demonsttaé improvement
introduced by feedback and variable decoding time.

Theorem 10:

El, < Fa < EY.

The upper and lower bounds to the false alarm exponent aes diy

B, 2 max ‘1}3‘1)1(1 D (Vyx (| X)|| Wy x (1 X)| Px)
225 Wix (1) Px (5)=Wy x (-[9)
Ey = I}g(XD (Wyx (1d) | Wy x (-1 X)| P%) -
The maximizers of the optimizations fd¥}, and £, are denoted by, andx,
By = min D (Vyx (-|X)|| Wy x (1 X)| Px)

Vy‘xi
> Vwix 1) Py (5)=Wy x (|zs,)

Efy =D (Vy x (g, || Wy x (1X)| P%) -

Strategy to reach lower boundCodeword for the special message= 1 is a repetition sequence of input letter
xy,. Its decoding region is the typical ‘noise ball’ around itetoutput sequences whose empirical distribution is
approximately equal t&Vyx (:|zy,). For the ordinary messages, we use a capacity achievinglzmalewhere

all codewords have the same empirical distribution (appréX.. Then fory™ whose empirical distribution is
not in the typical ‘noise ball' around the special codewarateiver makes an ML decoding among the ordinary
codewords.

Note the contrast between this strategy for achievijgand the optimal strategy for achievirgg. For achieving
Emq, output sequences of any type other than the ones cloBg twere decoded as the special message; whereas
for achieving £, only the output sequences of types that are closB{ox (-|xy,) are decoded as the special
message.

Fig. 5. Avoiding false-alarm

Intuitive interpretation: A false alarm exponent for the special message correspantaving the smallest
possible decoding region for the special message. Thisesnsioat when some ordinary message is transmitted,
probability of the even(M = 1} is exponentially small. We cannot make it too small thougtcduse when the
special message is transmitted, the probability of the same event should be almost one. Hence the decoding
region of the special message should at least contain theatypoise ball around the special codeword. The
blue region in Fig[b denotes such a region.
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Note thatZl, is larger than channel capaci€ due to the convexity of KL divergence.

Efa = max fnin D (Vpx (1) Wy x (1X)] PX)

22 Wix (1) Px () =Wy x (-[9)

> max ‘I/‘il‘lil D (Z Px (k)Vyx(-|k)

>0 Wix (1) Px (5) =Wy x (-]i)
= max D (Wyx ()| P ()

ZPfc(k’)Wyx(-\k’))

k/

=C

where Py; denotes the output distribution corresponding to the dapachieving input distributionPy. and the
last equality follows from KKT condition for achieving cagity we mentioned previously [20, Theorem 4.5.1].
Now we can compare our result for a special message with thitasiresult for classical situation where all
messages are treated equally. It turns out that if every agess a capacity-achieving code demands equally
good false-alarm exponent, then this uniform exponent agbe larger tharC. This result seems to be directly
connected with the problem of identification via channe]s\{e can prove the achievability part of their capacity
theorem using an extension of the achievability parihf Perhaps a new converse of their result is also possible
using such results. Furthermore we see that reducing thantof false-alarm exponent to only one message,
instead of all, enhances it fro@ to at leastF},.

B. Variable Length Block Codes with Feedback

Recall that feedback does not improve the missed-deteeiippnent for a special message. On the contrary,
the false-alarm exponent of a special message is improvesh idedback is available and variable decoding
time is allowed. We again restrict to uniform delay capaeithieving sequences with feedback, i.e. capacity
achieving sequences safisfyirign k) =1,

Definition 13: For a unlform delay capacity-achieving sequence with faellpQ, such that

lim sup Pr (k) [M # 1‘ M = 1} =0,
k—o0
false alarm exponent is defined as
.. o —InPr ®[M=1|M#1
E{;Q £ liminf E[[Tk] | ]

k—o0

Then I, is defined asz], £ supg Ef, .
Theorem 11:
E]Z;l = Dmax-

Note thatD,,.x > Ef. Thus feedback strictly improves the false alarm exponEf;t> Ex,.

Optimal strategy: We use a strategy similar to the one employed in proving Téra@ in subsection TVAE. In
the first phase, a lengtti'k code is used to convey wheth&f = 1 or not, using a special bit = Lpr=1y-

o If b=0, a lengthk capacity achieving code witl,,q = C is used. If the decoded message for the length
k code is1, an erasure is declared fok + v/k) long block. Else the decoded message of lerigitnde
becomes the decoded message for the whiole V'k) long block.

o Ifb=1,

— and M =1, input symbolz, is transmitted fork time units.
— and M # 1, input symbolz, is transmitted fork time units.
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If the output sequencé{\‘//g:f, is typical with Wy x(-|x,) then M =1 else an erasure is declared for
(k + k) long block.
Receiver and transmitter starts from scratch if an erasudeclared at the end of second phase.

Note that, this strategy simultaneously achieves the @ptimissed-detection expone@t and the optimal
false-alarm exponemd,,., for this special message.

VI. FUTURE DIRECTIONS

In this paper we have restricted our investigationJ&P problems to data rates that are essentially equal to
the channel capacity. Scenarios we have analyzed provil@gth a rich class of problems when we consider
data rates below capacity.

Most of theUEP problems has a coding theoretic version. In these codingréiie versions deterministic
guarantees, in terms of Hamming distances, are demandidhsf the probabilistic guarantees, in terms of
error exponents. As we have mentioned in sedfion I-A, cothiegretic versions of bit-wis&EP problems have
been studied for the case of linear codes extensively. Bagdins coding theoretic versions of both message-wise
UEP problems and bit-wis€JEP problem for non-linear codes are scarcely investigated[§3]

Throughout this paper, we focused on the channel coding ooami of communication. However, often times,
the final objective is to communicate a source within som@disn constraint. Message-wiSHEP problem itself
has first come up within this framework [12]. But the sourcease trying to convey can itself be heterogeneous,
in the sense that some part of its output may demand a smaterttbn than other parts. Understanding optimal
methods for communicating such sources over noisy chammetent many novel joint-source channel coding
problems.

At times the final objective of communication is achievingn&coordination between various agents [14]. In
these scenarios channel is used for both communicatingadatachieving coordination. A new class of problem
lends itself to us when we try to figure out the tradeoffs betwerror exponents of the coordination and data?

We can also actively usdEP in network protocols. For example, a relay can forward soaréigl information
even if it cannot decode everything. This partial inforroaticould be characterized in terms of special bits as
well as special messages. Another example is two-way conatiion, wherdJEP can be used for more reliable
feedback and synchronization.

Information theoretic understanding 0EP also gives rise to some network optimization problems. \WIEP,
the interface to physical layer is no longer bits. Inste&ds ia collection of various levels of error protection.
The achievable channel resources of reliability and raézlite be efficiently divided amongst these levels, which
gives rise to many resource allocation problems.

VIl. BLoCK CODES WITHOUTFEEDBACK: PROOFS

In the following sections, we use the following standardation for entropy, conditional entropy and mutual
information,

H(Px) = ZPX(]) In le(j)
JjeEX
— y 1 —1
HWyix|Px) = > Px()Wyx (k) In o
JEX kEY

. . yix (k|7
I(P,W) = Z PX(])WY\X(M]) In Eiexml/{/;‘x((ll\ji))Px(i)'
JEX kEY

In addition we denote the decoding region of a message\ by G(i), i.e.

Gi) & {y": M(y") =i}.
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A. Proof of Theorerfl1
Proof:
We first show that any capacity achieving sequeatevith £}, o can be used to construct another capacity
achieving sequenc&’ with Ej, o = % all members of which are fixed composition codes. Then wevsho
that Ey, o = 0 for any capacity achieving sequene®, which only includes fixed composition codes.

Consider a capacity achieving sequen@ewith message set81(™) = M; x Mé"), whereM; = {0,1}. As
a result of Markov inequality, at leagi M (™| of the messages in1(™) satisfy,

Pr[MHAMl(M:i}g5Pr[M17éM1}. @)
Similarly at least}| M (™| of the messages int(™) satisfy,
Pr[M;AM(M:i}gPr[M#M}. @)

Thus at Ieastﬂj\/l )| of the messages itM (™) satisfy both [(1) and{2). Consequently at Ie§€§r./\/((”
messages are of the forff, M>) and satisfy equationkl(1) arld (2). If we group them accortirtgeir empirical
distribution at least one of the groups will have more tl?g‘(ﬁ/‘—)“m messages because the number of different

empirical distributions for elements &f” is less thar(n + 1)I*. We keep the flrstw codewords of this
most populous type, denote them %Y (-) and throw away all of other codeword corresponding to thesaugss
of the form (0, My). We do the same for the messages of the fdem= (1, M>) and denote corresponding
codewords byk';(-).

Thus we have a length code with message sgtt’ of the form M’ = M; x M/, where M; = {0,1} and
M| = W Furthermore,

Pr [Ml’ £ M

- z} <5Pr [Ml ” Ml] Pr [M’ £ M

M’:z’] §5Pr[M7éM] Vie M.

Now let us consider followin@n long block code with message s&t” = M; x M4 x MY where M =
=M, It M" = (0, My, M3) thenx(M") = X, (M) X' (M3). If M" = (1, M), M) thenx(M") =
X (My)x/, (Mg’) Decoder of this new lengt?n code uses the decoder of the original lengtbode first ony™
and then or’ynJrl If the concatenation of lengtth codewords corresponding to the decoded halves, is a codewor
for ani € M” thenM” = i. Else an arbitrary message is decoded. One can easily setaéharror probability
of the length2n code is less than the twice the error probability of the langicode, i.e.

Pr [M// 7& M

M”} g1—(1—Pr[M’7éM’

M = Mg’])u Py [M’ £ M| M

= ])
<2Pr [M’;A M’].

Furthermore bit error probability of the new code is also aistrtwice the bit error probability of the length
code, i.e.

Pr [Ml” £ MY

Ml”} <1—(1—Pr[M17éM1

— M ])(1—Pr [Ml £ M

M])
gzPr[Ml’yeMl’}

Eb o
2

Thus using these codes one can obtain a capacity achievingseeQ’ with Ep o1 = all members of
which are fixed composition codes.

In the following discussion we focus on capacity achievimgjuencesQ’s which are composed of fixed
composition codes only. We will show thdt, o = 0 for all capacity achieving2’s with fixed composition

codes. Consequently the discussion above implies Apat 0.
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We call the empirical distribution of a given output sequeng', conditioned on the code wordgi), the
conditional type ofy™ given the messageand denote it by (y", ). Furthermore we call the set gf'’s whose
conditional type with messageis V/, the V-shell of i and denote it byl (7). Similarly we denote the set of
output sequenceg® with the empirical distributiorUy, by Ty, .

We denote the empirical distribution of the codewords of # code of the sequence b&i)((") and the

corresponding output distribution bl?)(,")
P = Wy x (1) PE ).
ieX

We simply usePx and Py whenever the value ot is unambiguous from the context. Furtherm@&g(-) stands
for the probability measure op™ such that

= H Py (yr)

k=

—_

Sé”& is the set ofy™'s for which M; = 0 andV(y", M(y")) = V.

S & {yr:V(y", M(y") =V and M (y") = (0, ) for somej € M} 3)

)

In other words,Sé"& is the set ofy™’s such thaty” € Ty (M(y")) and decoded value of the first bit is zero.

Note that since for each™ € Y™ there is a unlqueM( ™) and for eachy” € Y™ and messagée M there is
uniqueV(y",i); eachy” belongs to a unlquéé& orSf ‘2 i.e. Sé & S andS{ ‘2 s are disjoint sets that collectively
cover the sep™.

Let us define the typical neighborhood @fy| x as[W]

W] & Vo Wx GIOPYY () = Wy x (1) P @) < /T/n - ¥, ) @
Let us denote the union of aHOVs for typical V’s by SO U Sé"v We will establish the following
Ve[w]

inequality later. Let us assume for the moment that it holds.

Py (Sé")) S (RO =(Cen) <% — \;f\_\/\%” — pe> (5)

where lim ¢, = 0.

As a result of bound given irl5) and the blowing up lemma [1B, €, Lemma 5.4], we can conclude that
for any capacity achieving sequengk there exists a sequence @,,n,) pairs satisfying lim 7, =1 and
n—oo

lim ;; = 0 such that

n—oo

By (0(86")) = mn

whereT» (A) is the set of ally™'s WhICh differs from an element oft in at most/,, places. Clearly one can
repeat the same argument fof (S ( ) to get,

Py (T (S1)) =
Consequently,
Py (T (ST T (SE™)) = Py (T (8(™)) + Py (D (S1)) = B (T (S5 U T (51)
(an st ) > 2, — 1.
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Note that ify" € T'* (Sf")), then there exist at least one elemgfite Tp, which differs fromy™ in at most
(|V]|X[n®/* + ¢,) places] Thus we can upper bound its probability by,

y" € T (S(M) = Py (y7) < e HE) (VI ) m
where \ = min; ; Wy x (i '). Thus we have

[T (S ﬂrz "N > (2, — 1) HEHVIXn/ ) In A, )

Note that for anyy™ € I'*» (SO )ﬂl“gn (8(")) there exist & € Ty (¢) for ani of the formi = (0, M>) which
differs fromy” in at most(|Y||X|n®/* + ¢, placeﬂ Consequently

Pr [yn| M — Z] > e—nH(Wy\x|Px)+(\y||X|n3/4+€n)ln)\' (7)
Since M, = €2 =0
as follows,
Priy"| My =0l = Y Prly"| M = (0,5)]Pr[M = (0,5)| My = 0]
JEM;
> 2e—n(H(Wy\x|Px)+R("))+(|y\\X\na/“—%n)1n)\. (8)

Clearly same holds foi/; = 1 too, thus
Pr [yn| M, = 1] > 2€—n(H(Wy\X\Px)—i-R("))—i-(D)\\X\n3/4+€n)ln)\. (9)

Consequently,

Pr [ # Mi| = 3 Jmin(Pr(y"| My = 0], Pr[y”| M1 = 1])
yn

Ve

Z o~ (H(Wy x| Px)+R)+(| V]| X[n/*+£,) In A

Y€ (S§7) T (S()

b
> (2,’7” _ 1)enH(Py)+(|y\\X\n3/4+2n) In )\e—n(H(Wy‘X|PX)+R<”))+(\)J||X|n3/4+fn) In A

—
=

= (21, — 1)L (Px.W)=RO) (V]| ¥[n?/*+£) In A 10

where (a) follows from equations[{8) and](9) an(d) follows from equation[{).
Using Fano’s inequality we get,
Z(M;Y™)—=nR™ > —In2—nR™P,M (11)

whereZ (M;Y™) is the mutual information between the messafend channel output™. In addition we can
upper boundZ (M;Y™) as follows,

Z(M;Y") = Y Prli,y")n el

Prly"]
ieM’yneyn
- Prly"|i Prly
= > PrliympiRiny - Y Prlin g,
ieM’yn e)}n neyn

< Z ™M] ZZWY\X Yk|Tr(7)) In WY‘%@JB(”)

1eEM k=1 yx

1Py, W) (12)

°Because of the integer constrainfs,, might actually be an empty set. If so we can make a similarraggu for theUs: which
minimizes}  |Uy (j) — Py (j)|. However this technicality is inconsequential.
QInteger constraints here are inconsequential too.
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wherePy (1) = > .y Wy x(-)Px (j). Step(a) follows the non-negativity of KL divergence and stgp follows
from the fact that all the code words are of typg (-).

Using equationd(10)[[(11) and{12) we get

Pr [Ml # Ml] > (2n, — 1)e~ 27RO P2V X2 ) In A
Thus using lim P, =0, lim 7, =1 and lim L = 0 we conclude that,
n— 00 n—oo

— lIl Pr (n) [M1¢M1]
n

lim =0
n—oo

Now only think left, for provingE}, = 0, is to establish inequality 15). One can write the error piulity of the
n'" code ofQ as

>oom D (I =Ly yrgymy=iy) Priy"| M = 1]

iEM™) yneyn
—nR™ —n(D(Vy x| X)Wy x (| X)|Px)+H(Vy x| Px
= > Y Z 1= Ty gy iy )P KIS H(01x170)

- Ze—”(D V1 x (1 X)Wy x (- \X)\PX)+H(VY\x|Px Y+R(W) Z Z
€M) yn €Ty (7)
= Z6—”(D(VY\X('\X)HWY\X('\X)\PX)‘FH(VY\X|PX) +R() (QO,V + Ql,V) (13)

(= Thirgy=iy)

whereQy v = Z Z (1— H{M(y"):i}) for k=0, 1.
i=(k,j) y€Tv (i)
JEM,
Note thatQy is the sum, over the message®r which M; = k, of the number of the elements iy, (i)
that are not decoded to messaigdn a sense it is a measure of the contribution of thehells of different

codewords to the error probability. We will use equation) (ftBestablish lower bounds dff. (Sé"&)s

Note that all elements Q‘p‘én& have the same probability undgt. () and

Py <Sénv) [Serle=m where ¢ =" Px(a)Vy x(ylz) In 5l (14)
7y
Note that

ZPX 2)Vypx (yle) In peds) ZPX )V x (ylo) In s
= I(PX7WY|X) + D (Vyx (-1X)] WY|X 1X)| Px) + H(Vy|x|Px)
+ ZPX )(Vyx (ylz) = Wy x (y|z)) In mﬁyxi((g%m
Recall thatl(Py, Wy x) < C andmin WY\X(ZU) = \. Thus using the definition ofit’y x| given in equation
Zh]

@) we get,
(<C+e¢,+D (Vy|X |X H Wy‘X |X |Px) + H(Vy|X|PX) \V/Vy|X S [Wy|X] (15)
X

<

wheree,, = ' 4” [ In
Note that

§
>/|!—‘

SV = IMS]- [Ty (1) | — Qo = 3[Tv (0) "™ — Qo (16)
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Recalling thaLSO(ﬁZ’s are disjoint and using equatioris {14),](15) aind (16) we get

oy (s) > 3 7 (s62)

Ve[W]
> Z e~ (Cten) <%‘TV (1) ‘e”R(n) — QQV) e~ D (Vy x ([X) Wy x ([ X)[Px)+H(Vy x| Px))

%|TV () |e—"(D(VY\X('\X)HWY\X('\X)\PX)‘FH(VY\X|PX)) — Pe)

_ en(R(n>_(C+en)) (% Z Z Pr [yn’ M = Z] — Pe)

VeW] yreTy (i)
(b)
n(R™ —(C+e,)) (1 _ X[V
> " ))<§—W—Pe)

where (a) follows the equation[(13) an¢h) follows from the Chebyshev’s inequallﬂ. °

B. Proof of Theorerhl2
1) Achievability: Emg > C:
Proof:

For each block length, the special message is sent with the lengtkpetition sequenc#’(1) = (z,, z, - -+ , x;)
wherez, is the input letter satisfying

D (P;(‘)H WY\X("xr)) = miaxD (Pf;(‘)” WY\X(‘W) .

The remaining| M| — 1 ordinary codewords are generated randomly and indepdgdeineach other using
capacity achieving input distributioR5; i.i.d. over time.

Let us denote the empirical distribution of a particularpuitsequencg™ by Q(,»). The receiver decodes to
the special message only when the output distribution ischuste to Py:. Being more precise, the set of output
sequences close 8, [P5], and decoding region of the special message), are given as follows,

[Pyl ={Pv () : [Py (i) = Py(i)ll < v/1/n Vie Y} G(1) ={y" : Q) € [Py}
Since there are at most + 1)1! different empirical output distribution for elements Bf we get,
Pr " ¢ G| M = 1] < (n+ 1)Ple" ey g QO
Thus lim =PRI = b ()| Wypx () = €

n

Now the only thing we are left with to prove is that we can haw& kenough probability for the remaining
messages. For doing that we will first calculate the averaga @robability of the following random code
ensemble.

Entries of the codebook, other than the ones corresponditigetspecial message, are generated independently
using a capacity achieving input distributid?i,. Because of the symmetry average error probability is same f
all i # 1 in M. Let us calculate the error probability of the message-= 2.

Assuming that the second message was transmiitefy” € G(1)| M = 2] is vanishingly small. It is because,
the output distribution for the random ensemble for ordineodewords is i.i.d.Py:. Chebyshev’s inequality

"The claim in(b) is identical to the one in [13][Remark on page 34]
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guarantees that probability of the output type being oetsid/1/n ball aroundPy, i.e. [Py], is of the order
V1/n.

Assuming that the second message was transmiltefl,” € U;~2G(i)| M = 2] is vanishingly small due to
the standard random coding argument for achieving capiy

Thus for anyP, > 0 for all large enough average error probability of the code ensemble is smalkem )
thus we have at least one code with tlat For that code at least half of the codewords have an errdafibity
less ther2P,. °

2) ConverseFnq < C: In the sectiofi VIII-D.2, we will prove that even with feedlxaand variable decoding
time, the missed-detection exponent of a single speciasagesis at most. Thus Fyg < C.

C. Proof of Theorernl3
1) Achievability: Frg > E(r):
Proof:
Special codewords:At any given block length:, we start with a optimum codebook (S&@y,cciq) for [e™"]
messages. Such optimum codebook achieves error expéitentfor every message in it.

Pr [M;éﬂM:i = e B0 vie My, ={1,2,---,[e"]}

Since there are at most + 1)I*! different types, there is at least one type, which has% or more
codewords. Throw away all other codewords frGgy..;,; and lets call the remaining fixed composition codebook
asCq)e.iq- COdebOOKC, ., is used for transmitting the special messages.

As shown in Fig[B(a), let the noise ball around the codewordilie special messagebe 5;. These balls

need not be disjoint. LeB denote the union of these balls of all special messages.

B=J B
ieEM,
If the output sequencg™ € B, the first stage of the decoder decides a special messageamssitted. The
second stage then chooses the ML candidate amongst thegesssa 1.
Let us definel3; precisely now.

B, ={y" :V(y",i) e W(r +¢ Px)}

where W(r + ¢, Px) = {Vyx : D (Vyx(|1X)||Wyx (-|1X)| Px) < Esp(r + € Px)}. Recall that the sphere-
packing exponent for input typ£y at rater, Esy(r; Px) is given by,
Esp(r; Px) = Vy‘le(gf‘lfy‘x)gr D (Vyx (1X)|| Wy x (1 X)| Px)

Ordinary codewords: The ordinary codewords are generated randomly using a itg@ethieving input distri-
bution P5. This is the same as Shannon’s construction for achievipaaty. The random coding construction
provides a simple way to show that in the cavil§ (complement of3), we can essentially fit enough typical
noise-balls to achieve capacity. This avoids the compitdaask of carefully choosing the ordinary codewords
and their decoding regions in the cavity..

If the output sequencg™ € B¢, the first stage of the decoder decides an ordinary messagéravesmitted.
The second stage then chooses the ML candidate from ordawaigwords.

Error analysis: First, consider the case when a special codewdrd) is transmitted. By Stein’s lemma and
definition of 3;, the probability ofy™ ¢ B; has exponenEsy(r + €; Px ). Hence the first stage error exponent is
at leastEgp(r + €; Px).



26

Assuming correct first stage decoding, the second stage expmnent for special messages equals).
Hence the effective error exponent for special messages is

min{E(r), Esp(r + € Px)}

Since E(r) is at most the sphere-packing exponéfj(r; Py ), [19], choosing arbitrarily smak ensures that
missed-detection exponent of each special message efjuals

Now consider the situation of a uniformly chosen ordinardeeord being transmitted. We have to make sure
that the error probability is vanishingly small now. In tluase, the output sequence distribution is i.i3}. for
the random coding ensemble. The first stage decoding erppems wherny™ € | J B;. Again by Stein’'s lemma,
this exponent for any particulds; equalsEy:

EO - Vy\xe{/rvl%?-i-s,Px) D (VY‘X(|X)H P{;()| PX)

—

= i I(Px, Vs D (PV)y (|| P& (-
Vowelin TPy, Vyix) + D ((BV)y O ()

=

> i I(Px, Vs
_Vy\xég}g{‘re,Px) ( X Y‘X)

©

>r+e
where in(PV)y in (a) is given by (PV)y (j) = >_; Px(i)Vyx (j]7), (b) follows from the non-negativity of the
KL divergence andc) follows from the definition of sphere-packing exponent af@r + ¢, Px).

Applying union bound over the special messages, the priityabf first stage decoding error after sending
an ordinary message is at mestexp(nr — nE,). We have already shown th&i, > r + ¢, which ensures that
probability of first stage decoding error for ordinary megsais at most e~ "¢ for the random coding ensemble.
Recall that for the random coding ensemble, average erotrapility of the second-stage decoding also vanishes
below capacity. To summarize, we have shown these two piiepeasf the random coding ensemble:

1) Error probability of first stage decoding vanishesaé8 = exp(—ne) with n when a uniformly chosen
ordinary message is transmitted.

2) Error probability of second stage decoding ($4}) vanishes withn when a uniformly chosen ordinary
message is transmitted.

Since the first error probability is at most(™) for some3/4 fraction of codes in the random ensemble, and the
second error probability is at mo$t(™ for some3/4 fraction, there exists a particular code which satisfies bot
these properties. The overall error probability for ordjnmessages is at mosta(™ +5(), which vanishes with

n. We will use this particular code for the ordinary codewortisis de-randomization completes our construction
of a reliable code for ordinary messages to be combined WithcodeCs,..;,; for special messages. °

2) ConverseEnq < E(r): The converse argument for this result is obvious. Removiegordinary messages
from the code can only improve the error probability of thedpl messages. Even then, (by definition) the best
missed detection exponent for the special messages efals

D. Proof of Theoreml4

Let us now address the case with erasures. In this achigyafgibult, the first stage of decoding remains
unchanged from the no-erasure case.
Proof:
We use essentially the same strategy as before. Let us stlard \wood code fofe™" | messages allowing erasure
decoding. Forney had shown in [18] that, for symmetric cledsian error exponent equal 6(r) + C — r
is achievable while ensuring that erasure probability sta@s withn. We can use that code for the$e™"]
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codewords. As before, faf” € |, B;, the first stage decides a special codeword was sent. Thesetoad stage
applies the erasure decoding method in [18] amongst thdadpexlewords.
With this decoding rule, when a special message is traresniérror probability of the two-stage decoding is
bottle-necked by the first stage: its error exporfegtr+e) is smaller than that of the second staggy(r)+C—r).
By choosing arbitrarily smalt, the special messages can achiéyg(r) as their missed-detection exponent.
The ordinary codewords are again generated iRg. If the first stage decides in favor of the ordinary
messages, ML decoding is implemented among ordinary cadiswif an ordinary message was transmitted, we
can ensure a vanishing error probability as before by rémpatrlier arguments for no-erasure case. °

VIII. VARIABLE LENGTH BLOCK CODES WITH FEEDBACK: PROOFS

In this section we will present a more detailed discussiomibivise and message widéEP for variable
length block codes with feedback by proving the TheorEhig &, [8 and®. In the proofs of converse results we
need to discuss issues related with the conditional entobplge messages given the observation of the receiver.
In those discussion we use the following notation for cdodél entropy and conditional mutual information,

HM|Y™) == Pr[M =i|Y"InPr[M =i| V"]
ieM
I(M;Ypy1 |Y™) =HMY™) — E[H(M|Y™ )] Y"].

It is worth noting that this notation is different from wigelised one, which includes a further expectation
over the the conditioned variableH{M|Y™)” in the conventional notation, stands for tie[H(M|Y™)] and
“H(M|Y™=y™)" stands forH(M|Y™).

A. Proof of Theorerh]5

1) Achievability: £/ > C:

This single special bit exponent is achieved using the rdisigection exponent of a single special message,
indicating a decoding error for the special bit. The decgdmror for the bit goes unnoticed when this special
message is not detected. This shows how feedback conneatisblJEP to message-wisdEP in a fundamental
manner.

Proof:
We will prove thatEg > C by constructing a capacity achieving sequence with feddh@csuch tha‘rE{,iQ =C.

For that letQ’ be a capacity achieving sequence such thag o1 = C. Note that existence of such @ is
guaranteed as a result of Theorem 2. We first construct a tasepfixed length block code with feedback and
erasures. Then using this we obtain #& element ofQ.

In the first phase one of the two input symbals, and 1, with distinct output distributiofid is send for
[VE] time units depending of/;. At time [/k] receiver makes tentative decisidif, on messagé/;. Using
Chernoff bound it can easily be shown that, [36, Theorem 5]

Pr [Ml . Ml] <e ™k wherep > 0

Actual value ofu, however, is immaterial to us we are merely interested iriffilpdn upper bound oRr [Jf/[l + Ml]
which goes to zero ak increases.

In the second phase transmitter usesiifemember of@’. The message in the second phasg,i#idetermined
by M, depending on whetheV/; is decoded correctly or not at the end of the first phase.

Ml#M1:>M/21
My=M andMy=i=M =i+1 Vi

"2Two input symbolsro andz; are such thatV (-|z1) # W (-|zo)
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At the end of the second phase decoder decodessMg the decoder of’. If the decoded message is one, i.e.
M’ = 1 then receiver declares an erasure, dise= M; and My = M — 1.
Note that erasure probability of the two phase fixed lengtitlblcode is upper bounded as
Pr (M= 1) <Pr[if # M| +Pr M = 1M #1]

< e MV 4 Mﬂf,f)lp’(k) (17)

where /%) is the error probability of thé:’» member ofQ’.
Similarly we can upper bound the probabilities of two erreemts associated with the two phase fixed length
block code as follows

Pr [Ml £ My, M £ 1] < p/®)(1) (18)
Pr [M £ M, M £ 1] MO p ) 4 p (1) (19)

where P,/%)(1) is the conditional error probability of the*! message in thé!" element ofQ’.

_If there is an erasure the transmitter and the receiver wpkeat what they have done again, until they get
M’ £ 1. If we sum the probabilities of all the error events, inchglierror events in the possible repetitions we
get;

My#M; , M'#1]

~ N Pr[
Pr [Ml # Ml} = 1—Pi[W'=1] (20)
- _ Pr[M#£M , M#£1]
br [M 7 M} T (21)
Note that expected decoding time of the code is
_ _k+[VE]
Elrl = o= (22)

Using equationd (17)[(18)_(119], (20, {21) ahdl(22) one aamclude that the resulting sequence of variable
length block codes with feedback, is reliable. Furthermoré:o = C and Eb o= =C. °

2) ConverseE] < C:

We will use a converse result we have not proved yet, namalyerse part of Theoreid 8, i.EQd <C.

Proof:
Consider a capacity achieving sequengg,with message set sequensé¢®) = {0,1} x Mgk). Using Q we
construct another capacity achieving seque@tevith a special message with message set sequent¢ k) —
{o}u M(k such thatk! o= E@Q. This impliesE] < EI , which together with Theoref & , < C, gives
us B/ < C.

Let us denote the message®@fby M and that ofQ’ by M'. The k" code ofQ@’ is as follow. At time0 receiver
chooses randomly an/; for 1N element ofQ and send its choice through feedback channel to transmiitter
the message of)’ is not0, i.e. M # 0 then the transmitter uses the codeword fér= (M;,M’) to convey M.

If M" = 0 receiver pick aM, with uniform distribution onM- and uses the code word faf = (1 — My, M>)

to convey that M= 0.

_Receiver makes decoding using the decodegofif M = (M,i) then M/ =, if M = (1 — My, 1) then
M’ = 0. One can easily show that expected decoding time and erotapility of both of the codes are same.
Furthermore error probability of/; in Q is equal to conditional error probability of messagé-Mo0 in Q' thus,

f f
Emd Q' Eb,g' °
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B. Proof of Theorernl6
1) Achievability: . (r) > (1 - L) C:
Proof:
We will construct the capacity achieving sequence with lieett Q using a capacity achieving sequengé
satisfying Eng o = C, as we did in the proof of theorel 5. We know that such a sequerists, because of

Theoren(8B.
For £t member ofQ, consider the following two phase errors and erasures dodke first phase transmitter

uses the[rkjth element of Q' to convey M. Receiver makes a tentative decisidfi. In the second phase
transmitter uses th&(C — r)kjth element of Q" to convey M, and whetherM; = M; or not, with a mapping
similar to the one we had in the proof of theoreim 5.

Ml#M1:>M/21
My=M andMy=i=M =i+1 Vi

Thus/\/lgk) = M'"ED and Mgk) U {]Mék)\ +1} = MUCED it we apply a decoding algorithm, like the
one we had in the proof of theordr 5; going through esseptiaéi same analysis with proof of Theoréin 5, we
can conclude tha® is a capacity achieving sequence aﬁﬁs 0= (1 — g) Candrg =r. °

2) ConverseEf(r) < (1-L)C:
In establishing the converse we will use a technique that weesl previously in [4], together with lemma 1
which we will prove in the converse part Theoréim 8.
Proof:
Consider any variable length block code with feedback whusesage sett is of the form M = My x Mo.
Let ts be the first time instance that are M; becomes more likely tha(l — §) and letrs =t5 A 7.

Recall thatr?i_n Wy x(j]7) = A consequently definition of; implies thatiréq}il (1 =Pr[M; =i|y™]) > N6.
Thus using Mavrjkov inequality foP, we get, 1

Prirs=71] < £ (23)
We use equatiori (23) to bound expected value of the entrofiysbfpart of the message at timg as follows,
E[H(M|[Y™)] = E [H(M|Y™)ir—ry] + E [H(M[Y ™) 7, <ry]
< Leln|My| + (In2+ 6 1n | M)
=In2+ (£ +6) In [M;])
It has already been established in, [4],

EOD_HOY) ¢ ¢ (24)

Thus,

Elrs] > ¢(E[H(M) = H(M[Y™) — H(M:| My, Y ™))

>Li(-Im2+ (1L —§)n|M)) (25)

Bound given in inequality[(25) specifies the time needed fttig a likely candidate)/;. Like it was the case
in [4], remaining time is the time spend for confirmation. Burtlike [4] transmitter needs to convey aldd,
during this time.

For each realization of ™ divide the message set into disjoint subsés, 01, ..., O, as follows,

Op={l:1e M,l=(i,j) wherei# M;(Y™)}

Qj:{l:leMal:(Ml(YTé)aj)} vj€{1727’M2’}
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where M, (Y™) is the most likely message giver™. Furthermore let the auxiliary-message/, Me the index
of the set that)M belongs to, i.eM € Oy .
The decoder for the auxiliary message decodes the indexeodleboded message at the decoding timee

M(YT)=j & MYT) € 6,
With these definition we have;

Pr [M(YT) " M( Yﬂ > Pr [I\?I’(YT) £ M

Yﬂ
Pr [Ml(YT) v Ml( Yﬂ > Pr [M'(YT) £ o‘ Y7 M = o] Pr M’ = 0| Y™].

Now, we apply Lemmdll, which will be proved in section VIIIZD.To ease the notation we use following
shorthand,;

PM Y™} = Py [M’(YT) £ M

Y”}
PM{0,y™) = Pr [I\?I’(YT) ” 0( Y7 M = 0}
EY™) =Pr [M(Y™)=0Y"].
As a result of Lemma&ll, for each realizationydf € Y™ such thatrs < 7, we have

<2+ E[ -7 Y™ T (H(M’IY*J)—lnz—Pz”{Yf&}ln\M2\)

(1—&@™) = PY{y™ )] Elr—rs] V7]

1
1Py
By multiplying both sides of the inequality with ., ., we get an expression that holds for II*.

Iiryery (1= E(Y™) — PY{Y™}) IHW <

- "NY7s)—ln2— 2"/ 75} In | Mo
T [ln2—|—E[7'—7'5|Y ]j<H(M Y7)ln3- P (Y70 \)} (26)

Now we take the expectation of both sides oVér. For the right hand side we have,

RHS.=E [(mz +Efr—n|Y™) T (”(M/'Y"”;‘@Z’_‘Tj%’f”}ln‘M2‘)) H{Tm}]

<24 BB | y7] g (MMY 2 B0 il g

Elr—7s|Y7s]
((I) Y76 )—1n2— ! 75 t1n
§1n2+E[T—T(5]j(E [H{T6<T}H(M Y7s) 1132:2 {yms}1 |M2|D
(b) E|I . _ AHM/|Y78)|—In2—P. In|Ms,|
<In2+E[r—-75T ( [{ a<r) E[T—L} ) (27)
Elr—7s|Y 751
where (a) follows the concavity of7 (-) and Jensen’s inequality when we interprét El[T_iJj{““} as proba-

bility distribution over)”™ and (b) follows the fact that7 (-) is a decreasing function.
Now we lower bound® [Ij,, .,y H(M'[Y™)] in terms of E [H(M|Y™)]. Note that

H(M[Y™) = H(M|Y™) + Pr [Ml £ WL (YT™)

Y”] H(M|M; £ ML(Y™),Y™)
< H(M'|Y™) + Pr [Ml £ WL (YT™)

yw] In [ M; || M|
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Furthermore for ally’™® such thatr > 75, Pr [Ml(YTé =+ Ml‘ Y“] < 6. Thus
E Ly cry(H(M]Y™) = §1n [ M || Ma])]
= E[(1 = T mry ) H(M[Y™)] — 61In | M || My
> E[H(M|Y™)] — Prlrs = 7] In|My||Mz| — § In | M || M;]
F|H

E [H{75<T}H(M/’YTJ ]

[H(M[Y™)] = (F5 + ) In | M| Mo

>(1— £ —§)In |M;||Ms| — CE [rs] (28)

where (a) follows from the inequality[(23)(b) follows from the inequality[(24). Sincg (-) is decreasing in its
argument, insertind_(28) in_(27) we get

1nM1M2(1fg§P€>E[mc1n2) 9

Note thatVa > 0,6 > 0,C > 0,
0= )T (5% fomay = 7 (552) - (C- 252} LT (1) _a-cu,

r= b Xo
(a)

<-J(C)

where(a) follows the concavity of7 (-). Thus upper bound given in equatidn(29) is decreasing jns|. Thus
using the lower bound o’ [75], given in [23) we get,

1-Le 5 P ) In|Ma|—P. In|M;|—2In2
RHS. <2+ (B[] - (15M)1“£41+1n2)j<( Gor) (30)

Tn [M
Elr]-(1--%%) n|C 1|+1102

Now let us consider thé.H.S. we get by taking the expectation of the inequality given[ifi)(2
LHS =E [H{Tm}(l (YT — PM Y™ ) In

() ,
> B I (1= 60™) = PP (Y™} m

1
B[l <y (-80r) P (75|
B[I(,, <} (1—607)—PY (Y5 P (0. 75}]

®)

-1 Ts M Ts L
2 —e + E |:I[{T5<T}(1 — g(Y ) - Pe {Y }):| ln E[H{T6<T}(1_§(YT6)_P€M/{YTJ)}PGM’{O,YW}]
2 _6_1 + E |:H{TS<T}(1 o g(YTé) _ Pé\ﬂ’{YTé})] ln E[H{ };M/{O Y"é}] (31)

where (a) follows log sum inequality andb) follows from the fact thate Inz > —e~*
Note that

B |Iryery(1 =€) = PYY™})| 2 B [l (1L = €(Y™))] = B [P {Y™}]
> E [H{T5<T}] (1-0) - F
>1-L 5 (32)
where in last step we have used the equafioh (23). Furthermor
E [H{TM}PQ"’{O,YT& }] —E [H{Tm} Pr [Ml - Ml( Y™, By # Ml]]
<iE [}I{Tm} Pr [Ml - Ml‘ Y7, iy # Ml] Pr [Ml " Ml‘ Y“H
< L (33)
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Thus using equations (B1), (32) aind|(33) we get
LHS. >—e '~ (1L —g5mnEZ (34)

Using the inequalities(30)(B4) and choosing: /P, we getE, . 0 < (1-78)J(C). SinceJ (C) = C this
implies Bl () < (1 - &) C. .

C. Proof of of Theorer] 7
1) Achievability:
Proof:
Proof is very similar to the achievability proof for Theoréin Choose a capacity achieving seque@esuch
that Eg o =C The capacity achieving sequence with feedbagkjsesL elements ofQ’ as follows.

For the 1N element of codeQ, transmitter uses thek - rljth element of Q' to send the first part of the
message)/;. In the remaining phases> 2 transmitter uses$k - rlJth element ofQ’. The special message of
the code for phaséis allocated to the error event in previous phases.

(Ml,. . -7M(l—1)) 75 (Ml,. . -7M(l—1)) = M; =1 Vi

(My,...,My_1)) = (My,...,Mg_1)) =M, =M+1 Vi

Thus M) = M) and for alll > 1 ME U {MP |+ 13 = M) S forall 1€ {2,3,..., L}, M, #1,
receiver decodes all parts of the information, else it deslan erasure. We skip the error analysis because it is
essentially the same with Theoréin 6. °

2) Converse:
Proof:
We prove the converse of Theoréin 7 by contradiction. Evigent

max{P,M pM  pM)<pMM. Mo pMoypMy o p Mo yie {12, L}

Thus if there exists a scheme that can reach an error expeeettr outside the region given in Theorém 7,

there is at least on&; such thatt; > (1 — #)C Then we can have two super messages as follows,

,1 = (Ml,Mg, .. >M2) and NE = (Mi+1>Mi+2>- . ,]Wl)

Recall thatP. < pM: < ... < p.™ Thus this new code is a capacity achieving code, whose aplits
have raterg. and Egits,g > Kl (ro/). This is contradicting with the Theoreffh 6 we have alreadydo Thus
all the achievable error exponent regions should lie in #ggon given in Theorer] 7. °

D. Proof of of Theorerh]8

1) Achievability: E/ > C:
Note that any fixed length block code without feedback, i® agriable-length block code with feedback, thus
Ef;d Zf Emq. Using the capacity achieving sequence we have used in thievability proof of Theoreni]2, we
get ;4> C.
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2) ConverseE! < C:
Now we prove that even with feedback and variable decoding,tthe best missed detection exponent of a single
special message is less then or equaltae. Ef;d < C. Since the set of capacity achieving sequences is a subset
of capacity achieving sequences with feedback and varigdgteding time, this also implies théi,g < C.

Instead of directly proving the converse part of Theokém 8five¢ prove the following lemma.

Lemma 1:For any variable length block code with feedback, messageMe initial entropy H(M) and
average error probability’., the conditional error probability of each message is lob@unded as follows,

- <j<H(M)—h(Pe£)?—PC In(IM|-1) ) Elr]+1n 2)

[7]

Pr [M £ z‘ M= z} > TR Vi (35)

where 7 (R) is given by the following optimization over probability digutions onX’
J (R) = max aD (P'W)y ()| W (-|z1)) + (1= @)D (P*W)y (-) || W (-|x2)) (36)

o,z1,22,Py ,P%:
. al (Py, Wy |x)+(1—-a) (P, Wy|x)>R ) )
It is worthwhile rememberlng the notation we introducedvprasly that

(PW)y() =Y Pe()Wyx (1) and I(Pk, Wyix) = > Pi()Wyx(kli)In st
jex JEX kEY
First thing to note about Lemnia 1 is that it is not necesséuoifythe case of uniform probability distribution on
the message se¥1. Furthermore as long d3r [M = i] << 1 the lower bound orPr M +#i| M = i| depends
on the a priori probability distribution of the messagesyahirough the entropy of itH (M ).

In equation[(3B)x is simply a time sharing variable, which allows us to usgra P%) pair with low mutual
information and high divergence together with anotler, P%) pair with high mutual information and low
divergence. As a result of Carathéodory’s Theorem we sattime sharing between two points of the form
(z;, P%) is sufficient for obtaining optimal performance, i.e. allog/time sharing between more than two points
of the form (z;, P%) will not improve the value of7 (R).

Indeed for anyR € [0, C| one can use the optimizing values@fzy, x2, P)1< andP)Z{ in a scheme like the one
in TheorenT2 with time sharing and prove that missed deteaigonent of7 (R) is achievable for a reliable
sequence of rat®. In thata determines how long the input lettef € X is used for the special message while
Pl is being used for the ordinary codewords. Furthermore aegusnvery similar to those of Theorem 8 can
be used to prove no missed detection exponent highergh@R) is achievable for reliable sequences of r&te
Thus 7 (R) is the best exponent a message can get in aRateliable sequence.

One can show thay (R) is a concave function oR over its suppor{0, C|. Furthermore7 (0) = Dy,.x and
J (C) = C. ThusJ (R) is a concave strictly decreasing function ®ffor 0 < R < C.

Proof (of Lemma/[l):
Recall thatG(i) is the decoding region fold = i i.e. G(i) = {y” : M(y") = i}. Then as a result of data
processing inequality for KL divergence we have

Pr[Y "] Pr[g(z)] Pr[G(Z)

PrW|M:i]
____ .
—In2+Pr [g(z)} In oI
where in the last step we have used, the fact #{&r [G(i)]) < In2. In addition
Pr [g(z‘)} > Pr [W( M # z] Pr[M # i

> "Pr(G(j)| M = j]Pr[M = j]
J#i
>(1—P,—Pr[M=1]). (38)

—h(Pr[G(:)]) + Pr [g(i)} In

(37)
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Thus using the equationis (37) andl(38) we get
1 Pr[Y7]
— - (I In—n L
Pr [g(z)‘ M = Z] >e 1—Pe—Pr[M=i] ( 2+E[ Py \M—1r]:|>. (39)

Now we lower bound the error probability of the special mgsshy upper bounding [ln %]. For that
let us consider the following stochastic sequence,

Pr[Y "] Pr[Y;|Y1]
Sn—lnprynuw =] ZE[ VAEN G

Note thatE [S,41|Y"] = S, and sinceminW; ; = A we haveFE [|S,1 — Sp||Y"] < 2In$. Thus S, is a
martingale, furthermore sincE [r] < oo we can use [37, Theorem 2 p 487], to get

Yt—l]

E[S;] =5y =0.
Thus
Pr[Y7] Pry;[Y** -1
K [ln Pr[YT[\M 1]} ZE [ln PrY\M‘ 1Yf] o Y } (40)

Note that

In gLyt = B (I YLyt

[DW ] - [HW }
As a result of definition of7 (-) given in equation[(36) we have,

Pry, [yt -1 ) -1
B |n gyt | Y <7 (@ (X v Y')) (41)

whereZ (X;;Y; |[Y*!) is given OE

I(XpY |V = [ln Pr[le|1;[/)§j3§}/tF"}r/[;|§]’f*1}

Yt—1:|
Given Y*~! random variables/ — X, — Y; forms a Markov chain. Thus

I(XpY, YY) > (M;y, |y, (42)
SinceJ (-) is a decreasing function, equationsl(40).] (41) (42) tead

E[]%}<EZJ MYthl))

Pr[Y " [M=1 (43)

Note that

Zj(I(M;Yt\Yt )

t=1

E Zij (M;Y; Y1)

(%)E T <Z 17 (MY, |Yt_1)>

t=1

P 0T (M )

sind (L iz rnlr ) )|
Elr]

t=1
> )
- bl (s g z

13 Note that unlike the conventional definition of conditiomalitual informationZ (Xt; Y: |Yt’1) is not averaged over the conditioned
random variabley 1.
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where in both(a) and (b) we use the the concavity of thé (-) function together with Jensen’s inequality. Thus
using equationd (39)[_(#3) and {44) we get,

B I(MY Y= )] )E[T}Jrln 2)

Pr [M £i| M= z} > e_l—Pe—Fl’r[M:i] (j( b

Since J (R) is decreasing imR, the only thing we are left to show is that

.
d T (M;ivi |yt
t=1

For that consider the stochastic sequence,

E ZH(M)_h(Pe)_Peln(|M|_1) (45)

Vo =H(MY™) + > T (M;Y |y,
t=1
Clearly E [V,,41| Y™ = V,, and E [|V,,|] < oo, thus{V,,} is a martingale. Furthermor® [|V,,;1 — V,,|| Y"] < K
and E [r] < oo thus using a version of Doob’s optional stopping theorerd, [Bheorem 2 p 487], we get,

i:I (MY |yt

= E[H(M|Y)]+E (46)

One can write Fano’s inequality as follows,
H(M|Y™) < h (Pr [M(YT) £ M( YTD 4 Pr [M(YT) ” M‘ YT] In(|M] — 1).
Consequently
E[H(M[YT) < E [h <Pr [M(YT) £ M( YT])] Vv E [Pr [M(YT) ” M( YTH In(|M] — 1).
Using the concavity of binary entropy,
EH(M|YT)] < h(P.) + P.In(|IM] — 1). 47

Using equation[(46) together with equatidn](47) we get the&irdd condition given in the equation {45). e
Above proof is for encoding schemes which does not have amjoraization (time sharing), but same ideas can
be used to establish the exact same result for general lat@igth block codes with randomization. Now we
are ready to prove the converse part of the Thedrem 8.
Proof (of Converse part of Theorem[8):
ITnhorder to proveE{;d < C, first note that for capacity achieving sequences we condld@\/ = i = AT

us

In(PM (i)™ 1 In [M® | —h(Pe (k)P ™ In(|M(k)|-1) In 2
T ER®] < 1_Pc(k)_‘./\/{l(k)| (j< E[r®] > + E[Tm}) . (48)

Thus for any capacity achieving sequence with feedback,

. n(P.M (7))
lim —%gj(c:):c.
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E. Proof of of Theorem]9

In this subsection we will show how the strategy for sendispecial bit can be combined with the Yamamoto-
Itoh strategy when many special messages demand a mistsdiale exponent. However unlike previous results
about capacity achieving sequences, Theofdms[3,[6, 7, 8,lWeawe and additional uniform delay assumption.

We will restrict ourself to uniform delay capacity achiegieequencdg Clearly capacity achieving sequences
in general need not to be uniform delay. Indeed many messages1, can get an expected delady,[r| M = i]
much larger than the average del@y[r]. This in return can decrease the error probability of thesssages.
The potential drawback of such codes, is that their averaigyds sensitive to assumption of messages being
chosen according to a uniform probability distribution.pEgted decoding timey [r], can increase a lot if the
code is used in a system in which the messages are not chosemmiy

It is worth emphasizing that all previously discussed exgs (single message exponeﬁft,d, single bit
exponentEf, many bits exponenfg(r) and achievable multi-layer exponent regions) remain ungéd whether
or not this uniform delay constraint is imposed. Thus theilfliéiy to provide different expected delays to different
messages does not improve those exponents.

However, this is not true for the message-wWiHeP with exponentially many messages. Removing the uniform
delay constraint can considerably enhance the protecfi@pecial messages at rate higher than- ﬁ)o.
Indeed one can make the exponent of all special mess&yeshe flexibility of providing more resources
(decoding delay) to special messages achieves this enhanteHowever, we will not discuss those cases in
this article and stick to uniform delay codes.

1) Achievability: EL () > min{C, (1 — £)Dynax }:

The optimal scheme here reverses the trick for achiesﬁ@gfirst a special bit tells to the receiver whether the
message being transmitted is special one or not. After thedieg of this bit the message itself is transmitted. This
further emphasizes how feedback connects bit-wise andagessiseUEP, when used with variable decoding
time.

Proof:

Like all the previous achievability results, we constructapacity achieving sequencg, with the desired
asymptotic behavior. A sequence of multi phase fixed lengthr& and erasures code®), is used as the building
block of Q. Let us consider thé:th member ofQ'. In the first phase transmitter sends one of the two input
symbols with distinct output distributions fdr/k| time units in order to tell whetheb/ ¢ M or not. Letb
beb = H{M€M§k>}.Then, as it was mentioned in subsecfion VIII-A.1, with aetirold decoding we can achieve

Pr [B;A 1(1): 1] — Pr [i)yéo‘b:o} <e VR wherep > 0. (49)

Actual value ofyu is not important for us, we are merely interested in an uppend vanishing with increasing
k.
In the second phase one of two lendtitodes is used depending én
o Ifb=0,in the second phase, transmitter usesitiemember of a capacity achieving sequen@é, such
that £, o» = C. We know that such a sequence exists because of Thédrem 2nd@$sage, Mof the Q”
is determined using the following mapping

MGMst/:].
MgMs=M=M-—|Mg+1

At the end of the second phase, receiver decodedfMM’ = 1, then receivers declares an erasuve,=
erasure. IfM’ # 1, thenM = M = M’ + | M| — 1.

14 Recall that for any reliable variable length block code wigedbackl" is defined asl” = WEMTE][T‘M:” and uniform delay

. s k
reliable sequences are the ones that satisfiy, . .. F(Q) =1.
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. If b = 1, transmitter uses a two phase code with errors and erasureisecond phase, like the one
described by Yamamoto and Itoh in [40]. The two phases ofdbie are called communication and control
phases, respectively.

In communication phase transmitter u$elﬂth member of a capacity achieving sequen@é with E, o =
C, to convey its message,’MThe auxiliary message Ms determined as follows,

M%Mstlzl

The decoded message of thdﬂth member ofQ” is called the tentative decision of communication phase
and denoted by’ In the control phase,
— if M’ = M’ tentative decision is confirmed by sending accept symfofor ((k) = k — [k] time
units.
— if M’ # M’ tentative decision is rejected by sending reject symbyolfor ¢(k) = k — [&k] time units.
wherez, andx, are the maximizers in the following optimization problem.

Dmax = maXD (WY\:B H WY\X ‘])) D (WY\x(‘xG)H WY\X(‘xd))

If the output sequence in last— [ k]| time steps is typical wittly| x (-|z,) then M’ = M’ else erasure is
declared for M. Note that the total probability d¥y x (-|z,) typical sequences are less thar] (%) (Pmax—decx))
whenM’ # M’ and more tharl — d¢(ky WhenM’ = M’ where (l;m deky = 0, [13, Corrollary 1.2, p19].

If M’ = erasure or iM’ = 1 then receiver declares erasure i6; I/ = erasure. M’ € {2,3,...,|M4|+1},
thenM = M = M — 1.
Now we can calculate the error and erasure probabilitiee@two phase fixed length block code. Let us denote
the erasures by/ = erasure for each.
Fori € M, using the equatiod (#9) and Bayes rule we get

Pr [M = erasur#M = z} <e k4 (Pefgfg('“)) + Suky) (50)
Pr []\7[ £, M # erasur%M = z} <emVFpE (1) + Pe’(g,_g(k))e‘f(k)(DmaX“”W). (51)
Fori ¢ M, using the equatiori (49) and Bayes rule we get
Pr [M = erasur%M = z] < ey P, ( ) (52)
Pr[M;«éz M;éerasur%M—z]<e“‘[+P,() (53)

Whenever) = erasure than transmitter and receiver try to send the messace again from scratch using
same strategy. Then for anye M

- . ] Pr[M#i,M+#erasuréM =i]
Pr [M a Z‘ M= Z] "~ 1-Pr[M=erasurM =i] (54)
Eff|M=i hivk (55)

] = 1—Pr[M=erasur¢M =i]
Using equationd (30)[_(51), (52), (53), {54) ahdl(55) we tade that thatQ is capacity achieving sequence such
that

lim — Inmax; e rg Pr[]\/g[éi],M#erasur¢M: ] IHIH{C ( C)Dmax}

k—o0

In | MM
B T

lim
k—o0
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2) Converse:E!(r) < min{C, (1 — £)Dyax}:
Proof:
Consider any uniform delay capacity achieving sequedzeNote that by excluding alf ¢ /\/lgk) we get a
reliable sequencea)’ such that

P/ < pr ®) [M ) M‘ M e MS}
E [T'ae)] <r®WEg [Tae)}
Thus

—lnPr[]\A/[;éM‘MEMS](k) lnpe’(k)r(k)
E[r®)] —‘_Eh%ﬂ

Consequentl;E@d(r) < (1 — &)Dmax. Similarly by excluding all but one of the elements.®i; we can prove
that E%d(r) < C, using Theorerl8 and uniform delay condition. o

IX. AVOIDING FALSE ALARMS: PROOFS
A. Block Codes without Feedback: Proof of Theofem 10
1) Lower Bound:Fy, > El.:
Proof:
As a result of the coding theorem [13, Ch. 2 Corollary 1.3, epa 2 ] we know that there exits a reliable
sequence&)’ of fixed composition codes whose rateGsand whose:!N elements compositioﬁ’)((") satisfies,

STIPEG) — Py ()] < /L.

1eX

We use the codewords of thé" element of@’ as the codewords of the ordinary messages innfRecode in
Q. For the special message we use a lengtiepetition sequence™(1) = (x5, x5, - ,x5).

The decoding region for the special message is essentilpare minimum. We include the typical channel
outputs within the decoding region of the special messagensure small missed detection probability for the
special message, but we exclude all other output sequghce

={y" Z|Q (1) = Wy x (ilzy,)| < V/1/n}
(1N%
Note that this definition ofj(1) itself ensures that special message is transmitted reliabenever it is sent,
lim Pr (™ [M#I‘le] —0.

The decoding regions of the ordinary messages,{2,3,... M}, is the intersection of the corresponding

decoding region inQ’ with the complement ofj(1). Thus the fact tha’ is a reliable sequence implies that,

=0

lim Pr (™ {y € U Gy
Je{1.i}

Consequently we have reliable communication for ordinagssages as long asm Pr (™ G| M =j]=0,

Vj # 1. But we prove a much stronger result to ensure haf™ |M = 1| M +# 1| is decaying fast enough.
Before doing that let us note that in the second stage of thedileg, when we are choosing a message among
the ordinary ones, ML decoder can be used instead of the derode of the original code. Doing that will
only decrease the average error probability.
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Note the probability of & -shell of a messageis equal to,
Pr ™ [Ty (§)| M = i] = e P (Wix CIX)IWy x (1X0)1PK")

Note that also tha§(1) can be written as the union &f-shells of a messageas follow.

= J Tv() Vi#£1

Vy | x €V

where V(") = = {Vyix 1 225 122k Wix (k) P% (k) — Wy x (jlzg,)| < +/1/n}. Note that since there are at most
1+ n)'X”y‘ different conditional types.

Pr WG| M =i <A +n)¥P max  PrTy (i) M =i

Vy | x ey
Thus for alls > 1
lim —tPr @OEMIM=i] _ min D (Vi 1+ (1) | Wi (-1 X) | P
n—oo " Veix: 55, PLO)Vaix (1) =Wy px (i) (i (I [ Wy (10 Px)

2) Upper Bound:Eq, < E:
Proof:
As a result of data processing inequality for KL divergenae vave

S° Prly| M =1]In BN > prig(1)] 1 = 1) SEQNE b [T 1 = 1] Prlg|M=1]

5 Prly"[M#1] Pr[G(1)[M#1] Pr[G(1)[M#1]
yreyn
—In2—-Pr[G(1)|M =1]InPr[G(1)| M # 1] (56)
Using the convexity of the KL divergence we get
Prly"|M=1] A Prly"|M=1]
> Prly?| M = 1) gty < Z wim D PriI M =1 gy
yreYn yreYn
lMl Prlys|M=1,y""1]
[y Y
_Z\M\ Y Priy M =1] Zl Prlys[M=iy*1]
neyn
n M|
= > =D Wy (l2x ()| Wy x (24 (0))) (57)
k=1 1i=2

wherez (i) denotes the input letter for codeword of messagat time k.
Let us denote the empirical distribution of thg(:) for time k, by Pk, .

j I zy, (j)=i .
Px, (i) = —EWM{J” b oviex

Using equation[(36) and (b7) we get

AT S D(Wrx Clax (D) Wy (1X0) P, ) +1n2)

1
Pr(G(1)| M #1] > e PrloIM=1 (|M|—1 )

We show below that for all capacity achieving codes, almtstfethe k's has aPy, which is essentially equal
to P%. For doing that let us first define the sBte) andj(e)

P(e) & {Px:I(Px,Wyx)2C—c} and 8(e) £ max ZrPX % ()]
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Note thatlin% d(e) = 0. As a result of Fano’s inequality we have,
I(M;Y"™) >nR™(1—P.,)—1n2 (59)

On the other hand using standard manipulations on mutuatnrEtion we get

T(M:Y™) =3 I(Px,, Wyx)
k=1

k=1

Using equation[(60) in equatioh (59) we get,

- (C—R™ (1—P.)—In2/n)
Z Lipe gy = c

Let ¢(n) bee(n \/C R (1 —P,) — 2 then lim €(n) =0 and
ZH{ka¢P(5<nJ)} < ne™. (61)
k=1
Note for anyPx € P (¢) we have
D (Wyx (lex (D) [ Wy x (1Xk)] Px) < D (Wypx (e (D)]| Wy x (1X)| PX) + 8(e"™)Dinax
< Ef +5( (n ))Dmax (62)

WhereEfa = maX;cx D (WY|X H WY|X ’X ‘ PX)
Using equationd (61) anﬂ]BZ)

Z D (WY\X(‘xk(l))H WY\X("XI@)‘ PXk) < n(E% + 5(6(n))DmaX + 6(n)DmaX)
k

Inserting this in equatiorl (58) we get
lim (—lnPr () [Q(l)\M;ﬁl}) < EY

n—00 n

B. Variable Length Block Codes with Feedback: Proof of Theddl

1) Achievability:E]Z;1 > Dax -
Proof:
We construct a capacity achieving sequence with feedb@cky using a construction like the one we have for
Ef 4(r). In fact, this scheme achieves the false alarm exponentltsineously with the best missed detection
exponentC for the special message.

We use a fixed length multi-phase errors and erasure codes dsutlding block for thetth member of@. In
the first phaseh = I;;,—} is conveyed using a length/k] repetition code, like we did in subsectidns VIIT-A.1
and[VII[-E.1. Recall that

Pr[@#l‘bzl]zPr[@#O‘sz}Se"“/E 0> 0 (63)

In the second phase one of the two lengthodes is used depending é6n
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« If b =0, transmitter uses theth member of a capacity achieving sequen@é,such thatEng o1 = Cto
convey the message. We know that such a sequence existsbaifalheoreri]2. Let the message@ibe
the message of’, i.e. the auxiliary message,

M = M.
If at the end of the second phakié = 1, receiver declares an erasurd, = erasure, elsé/ is decoded
MA: M =M.
o If b =1, transmitter uses a lengthrepetition code to convey whethéf = 1 or not.

— If M =1, M =1 and transmitter sends the codewaid,, z,, . .., z,).
— If M #1, M =0 and transmitter sends the codewduq, =4, . .., z4).

wherez, andz, are the maximizers achievifg,,:

Dmax = IlfingD (Wy oGl || Wy x (1) = D Wy o (za) || Wy x (|za))

Receiver decodel!’ = 1 only when output sequence is typical withy|x (-|z,). Evidently as before we
have, [13, Corrollary 1.2, p19].

Pr [M':o(qu < 0, (64)
Pr [M’ - 1( M= o} < ¢~ h(Dmax=1) (65)
where lim ¢, = 0.

k—oo

If M’ = 1 then I/ = 1, else receiver declares erasure for the whole block li’e= erasure.
Now we can calculate the error and erasure probabilitieg [fof + &) long block code. Using the equations

©3), [63), [65) and Bayes’ rule we get

Pr [M = erasur%M — 1] < e hVE 4 Ok (66)
Pr [M = erasur%M — ] <e V4 Pe(Qk,) i#1 (67)
Pr [M e M\ {1}‘ M= 1: <emip® ) (68)

k)

Pr[MeM\{u} M=il <P i 41 (69)

Pr [M - 1‘ M =i| < e #VFekDmux—61) i1 (70)

Whenever) = erasure than transmitter tries to send the message againsttoatch, using same strategy.

Consequently all of the above error probabilities are sthiea factor Ofl—Pr[M:erasur+M:i] when we consider

the corresponding error probabilities for the variableadiieg time code. Furthermore

S k+Vk
£ [T‘ M= Z] o 1—Pr[M:erasur+M:i] (71)

Using equations[(66)[(67)_(68). (69), {70) andl(71) we tahe thatQ is a capacity achieving code with
El4o=CandEf 5 = Dyax. .
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2) ConverseEffa < Dpmax -
Proof:
Note that as result of convexity of KL divergence we have

Pry T |M=1]| »r _ 111y PrO@M=1] aml v — Pr[g(D)|M=1]
E [n iz | M = 1] = Prig(n) = 11 pIEBRE] + Pr [600] M = 1] 1n e

2—ln2+Pr[g(1)|M:1]an (72)

It has already been proved in [4] that,

Pr[YT|M=1]| 2, _ B
E [lnm‘ M = 1:| < DmaxE [7" M = 1] (73)

Note that as a result of definition of we haveE [r| M = 1] < E [r] T using this together with equatioris {72)

and [73) the we get,
In 2+ T'Dyax E[7]

PriG(1)| M £1] > ¢ PIOMM=1

Thus for any uniform delay reliable sequenés, we haveE!,

fa,Q < Dmax . 1

APPENDIX
A. Equivalent definitions of UEP exponents

We could have defined all thdEP exponents in this paper without using the notion of capaadiyieving
sequences. As an example in this section we define the diitgéeponent in this alternate manner and show
that both definitions leads to identical results. In thigmiative firstEy,(R) is defined as the best exponent for
the special bit at a given data-raieand then it is minimized over alk < C' to obtain Ej,

Definition 14: For any R > 0, Z(R) is the set of sequence of code3, with message set81(™) such that

IM®| >efin and M® = My x MY

where M; = {0, 1}.
Definition 15: For a sequence of codeg, such that lim Pr () [M #* M] = 0, singe bit exponent, o

n— oo
equals A
—InPr ™ [M,;#M,]
— :

(74)

Eyo = liminf

n—oQ

Definition 16: Eyp(R) and the single bit exponeidt, are defined as

Ex(R) £ sup Epg
QeZ(R)
Ey 2 inf Ey(R).
Note that according to this definition the special bit canieghthe exponenky,, no matter how close the rate is
to capacity. We now show why this definition is equivalenthie earlier definition in terms of capacity achieving
sequences given in sectibnl lIl.
Lemma 2: E, = Ep
Proof:
Ep < E_bi
By definition of Ey, for any givens > 0, there exists a capacity-achieving sequeg@csuch thatk,, = Ep and
for large enoughn, R(™ > C — 4. If we replace first» members ofQ with codes whose rate ar€ — ) or
higher we get another sequen@é such thatQ’ € Z(C — §) where E,o, = Ep. Thus Ep(C — 6) > Ej, for all
0 > 0. Consequently
Ey, > Ey
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Ep > E_bi
Let us first fix an arbitrarily smalf > 0. In the table in Figurél6, row: represents a code-sequer@g <
Z(C —1/k), whose single-bit exponent )

Eb,Qk > Eb(R) )

Let O, (1) represent length-code in this sequence. We construct a capacity achievingesegQ from this table
by sequentially choosing elements @ffrom rows1,2,--- as follows .

Block Length
1 2 3o N+ - Mg~ o e ng- - -

01l 01(1) | 01(2) | ©1(3) | O1(d)-|- -+ | ——
Qo| Oo(1) | Qa2(2) | Qo)+ v |
Qs O3(1) | O3(2) -+ - - | oo oo b

S E IR PR SR PR PRI F BRI

Q4Q41.........

Fig. 6. Rowk denotes a reliable code sequence at €te 1/k. Bold path shows capacity achieving sequedte

« For each sequenag;, let n; denote the smallest block lengthat which,
1) The single bit error probability satisfies
pr ™ [ i # Ml] < e~ Bo(R)=20))
2) The over all error probability satisfies
pr () [M ” M} <1/i

3) ni >n;1
« Given the sequence,,ns, - -+, we choose the members of our capacity achieving code frencdlde-table
shown in Figurd6 as follows.

— Initialize: We use firstn, — 1 members ofQ; as the firstns — 1 members _of the new code.
— lterate: We choose codes of lengily to n;; — 1 from the code sequencag;., i.e.,

(Qi(ni), Qi(ni + 1) -+, Qi(niy1 — 1))

Thus Q is a sampling of the code-table as shown by the bold path inr€[@. Note that this choice @ is a
capacity achieving sequence, moreover it will also ach&wgengle bit exponent

Ep g = }%gfc{Eb(R) — 26} = B, — 20

Choosing arbitrarily smalb provesFE, > Ej, °
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