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Dieter Van den Bleeken d
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Abstract

We present the embedding of three-dimensional SO(4) � R
6 gauged N = 4 supergravity with quater-

nionic target space SO(4, 4)/(SO(4) × SO(4)) into D = 6, N = (1, 0) supergravity coupled to a single 
chiral tensor multiplet through a consistent reduction on AdS3 × S3.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

The subject of dimensional reduction continues to play a central role in string and supergrav-
ity theory, due to its phenomenological applications as well as the insights it provides into the 
structure of the theories and various dualities between them. Sphere reductions are especially 
interesting since they are prime examples where the problem of consistency1 shows up and often 
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can be addressed. Further, the positive curvature of the sphere sometimes can be balanced in the 
lower-dimensional theory by an AdS vacuum. This makes sphere reduction useful in problems 
that rely on AdS/CFT duality conjecture.

Known consistent sphere reductions include S7 [1] and S4 [2,3] compactifications of D = 11
supergravity, and sectors of the S5 reduction of Type IIB [4]. They also include the S3 and 
S4 reductions of Type IIA supergravities [5], which do not have AdS but domain-wall vacua. 
These are examples of consistent embeddings of gauged supergravity theories with maximum 
supersymmetry in D = 4, 5, 6, 7. There are also examples with half-supersymmetry [6–9]. For a 
general review and the reduction ansatz, see [10,11]. Finally, a somewhat peculiar consistent S2

reduction of D = 6, N = (1, 0) Einstein–Maxwell gauged supergravity was found in [12] which 
results in an N = 1 (Minkowski)4 vacuum. In general, consistency of the reduction is unrelated 
to supersymmetry.

In this paper we revisit the consistent S3 reduction of [10] for the case D = 6 to D = 3
which we observe to be an exception in the generic family. Integrating out the non-propagating 
two-form gauge potential, the lower-dimensional Lagrangian gets an extra Chern–Simons con-
tribution and the scalar potential gains an additional term, thereby supporting an AdS vacuum. 
We show that actually the D = 3 theory is the bosonic part of SO(4)D � R

6 gauged N = 4
supergravity with quaternionic target space SO(4, 4)/(SO(4) × SO(4)). The S3 reduction con-
sistently embeds it into D = 6 N = (1, 0) supergravity coupled to a single chiral tensor multiplet. 
Since the bosonic parts of both supergravities are strongly constrained by supersymmetry which 
uniquely fixes their coupling to fermions, we expect the relation between these two theories to 
hold for their fermionic parts as well, see also [10] for a more detailed argument.

In Section 2 we perform the 3-sphere reduction of the bosonic sector of D = 6 N = (1, 0)

supergravity coupled to a single chiral tensor multiplet and shortly discuss the resulting D = 3
theory. In the next section we then show in detail how this D = 3 theory is the bosonic sector of 
a particular N = 4 gauged supergravity. While doing so, we also show that the scalar potential 
of any D = 3, N = 4 gauged supergravity whose target space is a single quaternionic manifold 
can be expressed in terms of a real superpotential, a result which can be of independent interest. 
In Section 4 we compare some of the features of the reduction considered in this paper to various 
other known reductions from D = 6 to D = 3.

2. The sphere reduction

We start from the bosonic sector of D = 6 N = (1, 0) supergravity coupled to a single chiral 
tensor–multiplet (see e.g. [13]):

L6 = √−g

(
R − 1

2
∂μϕ∂μϕ − 1

12
e−√

2ϕHμνρHμνρ

)
. (1)

This theory falls into the class of Lagrangians considered in [10], that allow for consistent S3

reductions. Following that work we propose the following reduction ansatz to compactify the 
theory on the three-sphere:

ds2
6 = (

detT
1
4
)(

�
1
2 ds2

3 + g−2
0 �− 1

2 T −1
ij DμiDμj

)
,

ϕ = 1√ log
(
�−1 detT

1
2
)
,

2
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H = k0(detT )vol3 − 1

6
εijkl

(
g−2

0 U�−2μiDμj ∧Dμk ∧Dμl

+ 3g−2
0 �−2Dμi ∧Dμj ∧DTkmTlnμ

mμn + 3g−1
0 �−1F ij ∧DμkTlmμm

)
, (2)

where

μiμi = 1, � = Tijμ
iμj , U = 2TikTjkμ

iμj − �Tii,

Dμi = dμi + g0A
ijμj , DTij = dTij + g0A

ikT kj + g0A
jkT ki,

F ij = dAij + g0A
ik ∧ Akj , i, j = 1, . . . ,4. (3)

The ansatz is essentially identical to the one made in [10], except that in this special case 
of reduction to three dimensions the external part of the field strength H , i.e. the first term in 
the ansatz (2), becomes non-dynamical (it corresponds to the field strength of a two-form gauge 
potential in three dimensions) and is completely fixed up to the overall constant k0. The reduction 
of the D = 6 equations of motion under this ansatz can be performed as in [10]. In this case they 
become effective D = 3 equations that follow from the Lagrangian

L3 = √−g

(
R − 1

4
T −1

ij T −1
kl DμTjkDμTli − 1

8
T −1

ik T −1
j l F ij

μνF
klμν − V

)
+LCS. (4)

This Lagrangian is a slight exception in the general family considered in [10]. The 3-form field 
strength that is generically present is non-dynamical in three dimensions and disappears. Instead 
the scalar potential gains an additional term proportional to k0:

V = 1

2

(
k2

0 detT + 2g2
0TijTij − g2

0(Tii)
2). (5)

Additionally, in this particular case there is also a Chern–Simons term:

LCS = −1

8
k0εijklε

μνρAij
μ

(
∂νA

kl
ρ + 2

3
g0A

km
ν Aml

ρ

)
. (6)

It is interesting to note that the Chern–Simons term (6) is not the standard SO(4) Chern–Simons 
term, but rather a sum of two SO(3) Chern–Simons terms of opposite level. In the three-
dimensional language, both the extra contribution to the potential and the Chern–Simons term 
arise from eliminating the non-physical three-form field strength from the generic Lagrangian of 
[10] by its equations of motion.

Let us point out that the extra term in the potential (5) stabilizes it at the origin and allows it to 
support an AdS3 ground state, unlike the generic reductions in [10,11]. It is instructive to isolate 
the detT ≡ e4σ factor which is a singlet under the gauge group as

V = 1

2

(
k2

0e4σ + g2
0e2σ

(
2 Tr T̂ 2 − (Tr T̂ )2)), (7)

with a matrix T̂ of unit determinant. This shows that the relative coefficient g2
0/k2

0 can simply be 
absorbed into a shift in σ . We may choose to set k0 = 2g0, in which case the scalar potential has 
its extremal point at the origin σ = 0, T̂ = I4, which corresponds to the AdS3 × S3 vacuum in 
D = 6, as can be seen from (2). Around this origin, which is a supersymmetric stationary point, 
the 9 scalars from T̂ come with zero mass, whereas the dilaton σ has mass corresponding to 
conformal dimension � = 4.

The particular features that set apart the 3-sphere reduction to three dimensions in the general 
class considered in [10] turn out to be nothing but consequences of underlying supersymmetry. 
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Actually, the resulting Lagrangian (4) precisely corresponds to the bosonic sector of a D = 3
N = 4 gauged supergravity, as we will show in the rest of this paper. In particular, this embedding 
of the Lagrangian (4) into the general class of N = 4 gauged supergravities allows its fermionic 
couplings to be read off from [14].

3. The D = 3 gauged supergravity

Any three-dimensional N = 4 supergravity can be formulated as a gauged linear sigma-model 
coupled to gravity and Chern–Simons gauge fields [14] and is uniquely determined by the choice 
of a quaternionic manifold as the scalar target space and an embedding tensor describing the 
gauge-group. In the case relevant for the above reduction, the quaternionic manifold will be the 
coset manifold

M = SO(4,4)

SO(4) × SO(4)
(8)

and the Chern–Simons gauge-group will be the semi-direct product SO(4) � R
6. For such a 

semi-direct gauging there is an alternative formulation of the theory where some of the scalars 
are dualized into Yang–Mills gauge fields [15]. It is in this second formulation that the bosonic 
part of the theory becomes identical to (4), as we will now show by explicitly constructing it 
from its definition.

3.1. Symmetries and gauging

The global symmetry of the ungauged N = 4 theory with target space (8) is given by 
SO(4, 4) × SO(3)F symmetry with maximally non-compact subgroup

SO(3)++ × SO(3)+− × SO(3)−+ × SO(3)−− × SO(3)F. (9)

The R-symmetry is2 SO(4)R = SO(3)++ × SO(3)F, where the second factor acts exclusively 
on the fermions. In the rest of this paper the SO(3)F will play no further role (as it will remain 
ungauged) and so we will only focus on the SO(4, 4) symmetry that acts on the scalar coset 
space. It will be convenient to describe its algebra using light-cone coordinates. We introduce the 
eight coordinates yA, A = 1, . . . , 8, so that the SO(4, 4) invariant metric η has the form

η =
(

0 1
1 0

)
. (10)

It will be useful to split these 8 directions in the first and last 4, so we introduce the notation

yi+ ≡ yi, yi− ≡ yi+4, i = 1, . . . ,4. (11)

For example, in this notation the metric η has the following components:

ηi±j± = 0, ηi+j− = ηi−j+ = δij . (12)

The generators LAB of so(4, 4) then split as:

P
ij
± ≡ Li±j± , Qij ≡ Li+j− − Li−j+ , L

ij
D ≡ Li+j− + Li−j+ . (13)

2 One can choose any of the first four SO(3) factors to be the one associated to the R-symmetry, these choices are 
equivalent up to a discrete automorphism of the symmetry group and leave the physics invariant. We choose the first 
factor.
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Here Lij
D generates the diagonal SO(4)D subgroup and all i, j indices transform under the fun-

damental representation of this subgroup. The Qij generators extend the SO(4)D to a GL(4)

subgroup. The P ij
± form two sets of commuting nilpotent matrices and generate two R6 sub-

groups. The generators split as follows into compact and non-compact:

P
ij
+ + P

ij
− , L

ij
D compact, P

ij
+ − P

ij
− , Qij non-compact. (14)

It will be useful later to introduce a projection onto the non-compact part. As there are exactly 
sixteen such generators they can be labelled with a pair of ij indices which we will write as 〈ij〉
to distinguish them. More precisely, for an adjoint so(4, 4) valued tensor ρAB we define3

ρ〈ij〉 ≡ ρi+j+ − ρi−j− + ρi+j− − ρi−j+ , (15)

⇒ ρABLAB = 1

2
ρ〈ij〉

(
P

ij
+ − P

ij
− + Qij

) + compact. (16)

To perform computations it is useful to use an explicit matrix representations of these gener-
ators, starting from(

LAB
)
CD

= −δACηBD + δADηBC. (17)

Using the notation (Eij )kl = δikδjl one finds

P
ij
+ =

(
0 −Eij + Eji

0 0

)
, (18)

P
ij
− =

(
0 0

−Eij + Eji 0

)
, (19)

L
ij
D =

(−Eij + Eji 0
0 −Eij + Eji

)
, (20)

Qij =
(−Eij − Eji 0

0 Eij + Eji

)
. (21)

Now that we have specified the symmetry generators and indicated all the subgroups of in-
terest in detail, we are ready to provide the last remaining piece of data, the embedding tensor 
ΘAB,CD , which is valued in the symmetric product of the SO(4, 4) adjoint representation and 
defines the gauge group generators according to

XAB ≡ ΘAB,CDLCD. (22)

The gauging we will perform is specified by choosing the following non-zero components (up to 
symmetries in the indices), using the split A = (i+, i−) introduced above:

Θi+j+,k+l+ = k0

2
εijkl, Θi+j+,k+l− = −g0

2
(δikδjl − δjkδil). (23)

Clearly this embedding tensor projects out the generators P ij
− . Since the component proportional 

to g1 is automatically anti-symmetric in k and l it also projects out the generators Qij . In sum-
mary we are gauging the subgroup generated by the P ij

+ and Lij
D , which is SO(4)D �R

6. Not all 

3 Note that we use a very specific normalization for the non-compact generators. This normalization is directly re-
lated to the normalization of the target space metric and hence the kinetic term for the scalars, see Section 3.2.1 and 
Appendix A.
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embedding tensors lead to consistent supersymmetric gaugings, but we will see that (23) does in 
Section 3.2.3.

3.2. Lagrangian

The specification of the symmetry algebra and the subalgebra that will be gauged provides 
all the ingredients that are needed to explicitly construct the Lagrangian of the respective N = 4
gauged supergravity. The recipe for constructing the Lagrangian of the theory in its Yang–Mills 
form can be found in [15] and leads to

L̃3 = √−g

(
R − gμνGij,klP̃ ij

μ P̃kl
ν − 1

8
Mij,klF

ijμνF kl
μν − V

)

+ 1

2
εμνρMij,klṼ i+j+〈mn〉Fkl

μνP̃mn
ρ + L̃CS, (24)

whose different terms we describe in the following.

3.2.1. Kinetic terms
The objects appearing in the kinetic term of (24) are related to the scalar coset space:

ṼAB
CDLCD = S̃−1LAB S̃, S̃ = eφ̃ij Qij

, (25)

Gij,kl = δikδjl − Ṽm+n+〈ij〉Mmn,pq Ṽp+q+〈kl〉,

Mij,kl = (
Ṽ i+j+〈mn〉Ṽk+l+〈mn〉

)−1
,

P̃ ij
μ = (

S̃−1DμS̃
)〈ij〉

,

Dμ = ∂μ + 1

2
Θi+j+,k+l−Aij

μLkl
D .

The coset representative S̃ parameterizes the coset space

GL(4)+

SO(4)D
⊂ SO(4,4)

SO(4) × SO(4)
. (26)

It provides the target space for the subset of scalars that are not dualized into dynamic vector 
fields [15]. In the representation of (21), we can parametrize the coset representative S̃ in terms 
of a positive definite 4 × 4 symmetric matrix Tij as follows

S̃ = eφ̃ij Qij =
(√

T −1 0
0

√
T

)
⇔ T = e4φ̃ . (27)

One can then compute the objects (25) in this parametrization (we only spell out the non-zero 
components):

P̃ ij
μ = 1

2

(√
T −1(DμT )

√
T −1

)ij
,

DμT ij = ∂μT ij + g0
(
Aik

μ T kj + Ajk
μ T ki

)
,

Ṽ i+j+
k+l+ = (√

T
)
k[i

(√
T

)
j ]l ,

Ṽ i−j−
k−l− = (√

T −1
) (√

T −1
)

, (28)

k[i j ]l
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Ṽ i+j−
k+l− = (√

T
)
ki

(√
T −1

)
j l

,

Mij,kl = T −1
i[k T −1

l]j ,

Gij,kl = δi(kδl)j .

It follows that the sum of the kinetic terms in (24) is given by

√
−g−1L̃Kin = R − gμνGij,klP̃ ij

μ P̃kl
ν − 1

8
Mij,klF

ijμνF kl
μν (29)

= R − 1

4
T −1

ij T −1
kl DμTjkDμTli − 1

8
T −1

i[k T −1
l]j F ijμνF kl

μν.

Note that this perfectly matches with the kinetic terms in (4). Not only is the functional form 
identical, which is due to the underlying group theory, but also the relative normalization of the 
scalar kinetic term to the gravitational one coincides with (4). This normalization is non-trivial 
and is directly linked to supersymmetry. The scale of the scalar coset geometry is fixed by the 
requirement that the Kähler forms f ij of its quaternionic structure are related to the curvature of 
the SO(3)++ ⊂ SO(4)R connection ωij

++ in a specific way [14]:

dω
ij
++ + ωik++ ∧ ω

kj
++ = 1

2
f ij . (30)

We show this relation for the theory at hand in Appendix A.

3.2.2. Topological terms
There are two topological terms in the Lagrangian (24). The first vanishes in our model:

εμνρMij,klṼ i+j+〈mn〉Fkl
μνP̃mn

ρ = 0. (31)

This follows from the fact that P̃kl
ρ is symmetric whereas Ṽ i+j+〈kl〉 is anti-symmetric in kl as can 

be seen from (28). The Chern–Simons term is given by [14]

L̃CS = −k0

8
εμνρεijklA

ij
μ

(
∂νA

kl
ρ + 2

3
g0A

km
μ Aml

ν

)
. (32)

Note that the appearance of εijkl , or equivalently opposite levels for the two SO(3) factors, 
is directly related to the choice of embedding tensor (23). The main observation is that the Chern–
Simons terms (6) and (32) also match.

3.2.3. Potential
The only term in the Lagrangian (24) left to compute is the potential V . Note that the com-

parison of the other terms in (24) with those of (4) has fixed all freedom in field redefinitions 
or identification of coupling constants. So comparison of the potentials will be even more non-
trivial.

Computing the scalar potential in gauged supergravity can often be a daunting task, due to 
its complicated nature. Here however we will use an observation that for a large class of D = 3
N = 4 gauged supergravities the potential is completely determined in terms of a single super-
potential function. We first discuss this result, that can be of interest in a wider context, and then 
apply it to compute the potential of the theory we are considering.
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Superpotential for degenerate N = 4 theories
The general formula for the scalar potential of three-dimensional supergravity was derived in 

[14] and for N = 4 it reads

V = 1

4
G

ΛΩDΛAij

1 DΩAij

1 − 2Aij

1 A
ij

1 +G
ΛΩTΛ

|ij |TΩ
|ij |, (33)

where

Aij

1 ≡ −2T |ik|,|kj | + 1

3
δijT |kl|,|kl|. (34)

It is determined in terms of the metric of the scalar target space GΛΩ and invariant under 
scalar field redefinitions and R-symmetry transformations through the appearance of the mixed 
diffeomorphism and SO(4)R covariant derivative DΛ. The last ingredient is the T-tensor, which 
is defined in terms of the embedding tensor and the V matrices that appear in the transformations 
of the fermions [14]:

TA,B = VM
AV N

BΘM,N . (35)

As before the i, j indices are fundamental SO(4) indices, furthermore, with |ij | we denote the 
projection along the adjoint representation of the R-symmetry group SO(4)R.

As shown in [14], the case N = 4 is somewhat special as supersymmetry requires the scalar 
target space to be a direct product of two quaternionic manifolds of dimensions d+ = 4n+ and 
d− = 4n−. The SO(4)R splits as SO(3)+ × SO(3)− where the first/second factor only acts non-
trivially on the first/second factor of the scalar manifold respectively. There is a degenerate case 
where one of the two quaternionic manifolds, say the second, is just a point: n− = 0, which is the 
case for our target space (8). In this case the theory simplifies considerably and, as we will now 
show, the potential (33) can be written in terms of a real superpotential, provided the SO(3)−
factor of the R-symmetry remains ungauged.

It was derived in [14] that in this degenerate N = 4 case supersymmetry requires the pure 
R-symmetry components of the T-tensor to be a singlet under that symmetry:

T |ij |,|kl| = WP
ij,kl
+ , P

ijkl
+ ≡ 1

4

(
δikδjl − δjkδil + εijkl

)
. (36)

Now note that this restrictive form also determines the mixed T-tensor components appearing 
in (33). This follows from the general relation [14]

DΛT |ij |,|kl| = 1

2
f

|ij |
ΛΩT |kl|,Ω + 1

2
f

|kl|
ΛΩT |ij |,Ω . (37)

On the right-hand side the SO(4)R adjoint-valued Kähler forms on the scalar manifold appear. 
In the case we are discussing, these Kähler forms are only non-trivial on one factor and it is 
convenient to define

f
ij
+ ≡ P

ij,kl
+ f kl. (38)

Here the f r4+ , r = 1, 2, 3, are manifestly SO(3)+ covariant and form a quaternionic algebra. 
In case the SO(3)− factor is not gauged, the T-tensor will have no components along it, i.e. 
T Λ,|ij | = P

ijkl
+ T Λ,|kl|. This constraint together with (36) implies there is a unique solution to 

(37), which after some manipulations using the quaternionic algebra can be written as

T |ij |
Λ = 1

f
ij
+ΛΩ∂ΩW. (39)
4
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One can now simply plug the expressions (36) and (39) into the formula (33) and find that the 
invariant W is nothing but a real superpotential

V =G
ΛΩ∂ΛW∂ΩW − 2W 2. (40)

Computing the potential
We can now use the expression of the potential in terms of the superpotential (40) to explicitly 

find the potential of our D = 3 gauged supergravity. To find the superpotential we compute 
the T-tensor via (23) and (28), and find that the only non-vanishing components (up to index 
symmetries) are

Ti+j+,k+l+ = k0

2
εijkl det

√
T , (41)

Ti+j+,k+l− = −g0

2
(Tikδjl − Tjkδil). (42)

The second step is to project these components along the R-symmetry. As discussed at the be-
ginning of this section we identified the SO(3)++ as the R-symmetry factor acting on the scalar 
manifold. Its generators are embedded in so(4, 4) as follows:

L
ij
++ = 1

2
P

ijkl
+

(
P kl+ + P kl− + Lkl

D

)
. (43)

This implies that for a generic SO(4, 4) adjoint valued tensor ρAB the projection is defined as:

ρ|ij | ≡ 1

2
P

ijkl
+ (ωk+l+ + ωk−l− + ωk+l− + ωk−l+) (44)

⇒ ρABLAB = ρ|ij |Lij
++ + non-R-symmetry generators. (45)

It is then a matter of algebra to compute that

T|ij |,|kl| = 1

2

(
k0 det

√
T − g0 TrT

)
P

ijkl
+ . (46)

First of all it is important to note that the T-tensor is of the form (36), which implies that our 
choice (23) for the embedding tensor is compatible with supersymmetry! Furthermore, it allows 
us to read off the superpotential

W = 1

2

(
k0 det

√
T − g0 TrT

)
. (47)

Together with the scalar metric (29) we can then finally compute the potential:

V = 1

2

(
k2

0 detT + 2g2
0 TrT 2 − g2

0(TrT )2) (48)

It is very gratifying to see that indeed this potential derived by imposing supersymmetry on the 
lower-dimensional Lagrangian, matches the potential resulting from the compactification (5) in 
all detail.

4. Discussion

In this paper we have shown that the S3 reduction of D = 6 N = (1, 0) supergravity coupled 
to a single chiral tensor-multiplet gives rise to a Lagrangian (4) that falls within the class of 
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N = 4 gauged supergravities in three dimensions. This defines a special case of the general 
family of reductions constructed in [10], which allows for a supersymmetric effective theory and 
a supersymmetric AdS3 vacuum. Around this vacuum, the 10 scalar degrees of freedom split 
into a singlet of conformal dimension � = 4 and 9 massless scalars in the irreducible (1, 1)

representation of the SO(4) gauge group.
Since much work has been devoted to various reductions from six down to three dimensions, 

let us comment on the relation of the present model to other known compactifications. An SU(2)

group manifold reduction of (1) has been studied in [16]. Such a reduction is automatically 
consistent by symmetry and in this case (in the absence of D = 6 vector multiplets) induces 
a three-dimensional theory with SO(3) gauge group. The resulting theory is described by the 
truncation of (4) to singlets under one SO(3) factor of the gauge group. This corresponds to the 
reduction of the scalar target space (8) to SO(4, 1)/SO(4) and the potential (7) to

V = 2g2
0

(
e4σ − 2e2σ

)
, (49)

for the surviving scalar field of � = 4. A different SU(2) group manifold reduction has been 
worked out in [17,18]. Here, the starting point is the pure (chiral) N = (1, 0) theory and the 
volume mode φ of the sphere is part of the three-dimensional scalar sector. In this case, the 
potential for the volume mode is of the form4

V = 2g2
0

(
2e2

√
3φ − 3e4φ/

√
3), (50)

It is easy to check that this potential equally describes a scalar of conformal dimension � = 4, 
but with a profile different from (49) beyond the quadratic approximation. The resulting D = 3
theory thus cannot be obtained as a truncation from (4), but rather corresponds to a different 
gauging of SO(3) within the isometries of the relevant scalar target space SO(4, 3)/(SO(4) ×
SO(3)).5

An interesting generalization of the present construction would be a possible embedding into 
a larger consistent truncation preserving more supersymmetries. Indeed, the three-dimensional 
theory (4) has a natural embedding into the N = 8 gauged supergravity with coset space 
SO(8, 4)/(SO(8) × SO(4)) and gauge group SO(4) embedded in a diagonal way, as constructed 
in [20,21], which reproduces the scalar potential (49) upon proper truncation. In six dimen-
sions, this should correspond to an embedding of (1) into the half-maximal N = (1, 1) theory. 
Specifically, the 16 extra fields in the three-dimensional scalar target space should have a higher-
dimensional origin among the internal components of the 4 additional vector fields of the D = 6
N = (1, 1) supergravity multiplet. Even more challenging would be the extension of the present 
construction to a half-maximal reduction within the chiral D = 6 N = (2, 0) theory into which 
(1) can be embedded upon adding 4 additional chiral tensor multiplets. The complete spectrum 
of its AdS3 × S3 compactification has been obtained in [22]. Even though there is a unique 
three-dimensional N = 8 supergravity which reproduces precisely the linearized spectrum of 
this compactification [21], it somewhat mysteriously fails to reproduce the correct profile (50)
of the S3 volume mode. A possible consistent truncation of the N = (2, 0) theory preserving all 
supersymmetries thus remains an open problem and may require additional matter couplings in 
six dimensions.

4 Normalized with respect to the scalar kinetic term as was done for (49).
5 Such gaugings have also been studied in [19] however with an ansatz that only captures one of the two terms in (50).
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Let us finally mention that more recently the construction of duality covariant formulations 
of higher-dimensional supergravities allow to reconsider and address the question of consistent 
truncations in a more abstract and very powerful framework [23–26] in the spirit of the original 
work [1].
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Appendix A. Normalization of the scalar kinetic term

The coupling of D = 3 non-linear sigma models to gravity in a supersymmetric fashion im-
plies a precise normalization of the scalar metric [27,14]. It manifests itself as the relation (30)
between the SO(N) R-symmetry valued connection and Kähler form. As the right-hand side of 
this relation depends explicitly on the scalar metric whereas the left-hand side does not, it fixes a 
preferred normalization.

We will now show how this relation is indeed satisfied in our model with the normalization as 
in Section 3. In our case the scalar manifold is the coset SO(4, 4)/(SO(4) × SO(4)) and both the 
Kähler forms and the R-symmetry connection are fully determined by the symmetries. We can 
construct a coset representative as follows

S = eχij P
ij
+ eφ̃klQ

kl =
(√

T −1 −2χ
√

T

0
√

T

)
(51)

One can then compute that

S−1dS = 1

2

(√
T −1d

√
T

)
ij

(
Qij − L

ij
D

) + (√
T dχ

√
T

)
ij
P

ij
+ . (52)

The vielbein e and the R-symmetry valued part of the spin-connection ω++ are defined as

S−1dS = eijY ij − 1

2
ω

ij
++L

ij
++ + . . . , (53)

where the R-symmetry generators Lij
++ were defined in (43), we collected the non-compact gen-

erators of so(4, 4) as follows

Y ij = 1

2

(
P

ij
+ − P

ij
− + Qij

)
, (54)

and we omitted terms proportional to other generators. It follows from these definitions that

eij = (√
T −1d

√
T

)
(ij)

+ (√
T dχ

√
T

)
ij
, (55)

ω
ij
++ = P

ijkl
+

((√
T −1d

√
T

)
kl

+ (√
T dχ

√
T

)
kl

)
. (56)

The complex structures can be directly related to the representation of the non-compact gen-
erators under the R-symmetry:

[
L

ij
++, Y kl

] ≡ 1
Γ ijkl

mnY
mn, Γ ijkl

mn = 4δkm
P

ij ln
+ . (57)
2
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The Kähler forms are then [14]:

f ij = −Γ ij
klmne

kl ∧ emn. (58)

It is now a matter of (somewhat tedious) algebra to verify that indeed the relation (30) is satisfied.
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