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Some judiciously chosen local curvature scalars can be used to invariantly characterize event horizons of
black holes inD > 3 dimensions, but they fail for the three dimensional Bañados-Teitelboim-Zanelli (BTZ)
black hole since all curvature invariants are constant. Here we provide an invariant characterization of the
event horizon of the BTZ black hole using the curvature invariants of codimension one hypersurfaces instead
of the full spacetime. Our method is also applicable to black holes in generic dimensions but is most efficient
in three, four, and five dimensions. We give four dimensional Kerr, five dimensional Myers-Perry and three
dimensional warped-anti–de Sitter, and the three dimensional asymptotically flat black holes as examples.

DOI: 10.1103/PhysRevD.101.084034

I. INTRODUCTION

The event horizon of a black hole is a codimension one
null hypersurface, which constitutes the boundary of the
black hole region from which casual geodesics cannot
reach future null infinity [1]. As such, the event horizon is
highly nonlocal, and so one a priori needs the full
knowledge of the spacetime to locate it. In this respect,
for example, the image obtained by the Event Horizon
Telescope (EHT) contains the environment of the black
hole as well as the codimension two cross-section of the
event horizon but not the event horizon which is a 2þ 1
dimensional hypersurface.
Given a metric representing a spacetime, the usual search

for an event horizon proceeds as follows: one assumes that
the event horizon H is a smooth level set of a single
function F satisfying gμν∂μF∂νF ¼ 0 which clearly
requires well-chosen coordinates in spacetime. Instead of
this coordinate-dependent method, there have been some
recent developments initiated by the work of Abdelqader
and Lake [2] who gave an invariant characterization of the
Kerr black hole, significantly extending the earlier method
of Karlhede et al. [3] which works for the case of the
Schwarzschild black hole. In [2] the following set of
curvature scalars was suggested as a basis to detect the
location of the event horizon and the ergosurface as well as
to define some other properties, such as the mass and the
spin of the black hole

I1 ¼ CμναβCμναβ; I2 ¼ �CμναβCμναβ;

I3 ¼ ∇ρCμναβ∇ρCμναβ; I4 ¼ ∇ρCμναβ∇ρ�Cμναβ;

I5 ¼ kμkμ; I6 ¼ lμlμ; I7 ¼ kμlμ ð1Þ

where Cμναβ is the Weyl Tensor, �Cμναβ is its left dual and
the two covectors defining the last three scalars are given as
kμ ¼ −∇μI1, and lμ ¼ −∇μI2. To detect the location of the
event horizon of the Schwarzschild black hole I3 is
sufficient: Namely, that scalar is positive outside the event
horizon, vanishes on the event horizon, and is negative
inside the horizon. For the Kerr black hole, none of the
above invariants are enough to locate the event horizon.
Hence in [2], the following nonlinear combination was
found

Q2 ¼
1

27

I5I6 − I27
ðI21 þ I22Þ5=2

ð2Þ

which vanishes on the event horizon of the Kerr black hole.
In constructing this invariant, three syzygies that are valid
for the Kerr black hole were found among the seven
invariants (1), reducing the independent invariants to four,
which are sufficient to invariantly describe the mass, spin,
and the r, θ coordinates of the cohomogeneity of the metric.
As can be deduced from the above discussion, for each

kind of black hole, one must judiciously define a curvature
scalar that can be used to detect the event horizon. This
ad hoc state of affairs was remedied by Page and Shoom
[4], who proposed a systematic way of constructing such
invariants. The crux of their idea boils down to the fact that
the event horizon is a null hyperspace with a degenerate
metric; as such, the determinant of the hypersurface metric
vanishes on the event horizon. However, this statement can
be invariantly stated not with the coordinates (which are
scalar functions defined on open subsets of the spacetime
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manifold) but with some other scalar functions built from
curvature invariants. The execution of their procedure is as
follows: the squared norm of the wedge product of n
gradients of independent local smooth curvature invariants
would vanish on the horizon of any stationary black hole,
where n is the local cohomogeneity of the spacetime.
The Page-Shoom method is powerful, but it does not

work for the critical example of the 2þ 1 dimensional BTZ
black hole [5], which is a solution of Einstein’s theory with
a negative cosmological constant, as well as any other three
dimensional gravity theory which admits AdS3 as a
solution. The reason for this failure is simple to understand:
in three dimensions, the Riemann tensor is algebraically
related to the Einstein tensor as Rμανβ ¼ ϵμασϵνβρGσρ: hence
whenever the Einstein tensor vanishes, the Riemann tensor
vanishes along with all the curvature invariants; and
whenever the Einstein tensor is proportional to the metric
tensor (as in the case of the BTZ black hole) the Riemann
tensor is locally maximally symmetric as in AdS3 and all
the curvature invariants are just constants. The conclusion
is that the spacetime curvature scalars cannot be used to
detect the event horizon of the BTZ black hole. This
prompted us to search for a new approach that we describe
in this work.

II. CURVATURE INVARIANTS OF THE
HYPERSURFACE

Our method, which works for the BTZ black hole and
other black holes in three, four, and five dimensions, is a
variant of the method of Page and Shoom [4], but only uses
one curvature invariant. Beyond five dimensions, our
method will still be valid, but one needs more than one
curvature invariant as such, it is not more advantageous
than the method of [4], which also generically requires
more than one curvature invariant.
The main idea of our proposal is as follows: as was

realized in [4] in a spacetime with a stationary black hole,
there is always a symmetry that can be used to split the
tangent space of the spacetime into two parts. Let G be the
local symmetry group with m dimensional maximal orbits.
Hence the local cohomogeneity has n ¼ D −m dimen-
sions. Considering a set of gradients fdSig built from n
functionally independent nonconstant curvature scalars,
their wedge product, say W, (which is proportional to
the volume form on the cohomogeneity space) will vanish
on the event horizon since the Hodge dual of W vanishes
there. This can be used to detect the event horizon.
However, clearly, for the case of the BTZ black hole, there
is no such nonconstant curvature scalar, as shown above.
One possible way out of this problem is to reduce the local
cohomogeneity. Especially, if we can reduce the local
cohomogeneity to one, we can use just one curvature
invariant, which vanishes on the horizon. In order to reduce
the local cohomogeneity, we embed the D − 1 dimensional
surface Σ to the D-dimensional spacetime. It is essential to

understand that this Σ is not the event horizon H. Let us
carry out this procedure for the BTZ black hole first and
then to other black holes.

III. BTZ BLACK HOLE

In (t; r;ϕ) coordinates, the BTZ metric is given as

gμν ¼

0
BBBBB@

m − r2

l2 0 − j
2

0 1
j2

4r2
þr2

l2
−m

0

− j
2

0 r2

1
CCCCCA

ð3Þ

where m and j are mass and angular momentum, respec-
tively; and l is the AdS3 radius. In this coordinate system,
the coordinates t, and ϕ have associated Killing sym-
metries, ∂t and ∂ϕ respectively. The event horizon can be
easily found as the largest root of grr ¼ 0 or equivalently as
the location at which the timelike Killing vector ξ ¼ ∂t þ
Ω∂ϕ becomes null where Ω ¼ −gtϕ=gϕϕ which becomes
Ω ¼ j=ð2r2þÞ at the event horizon. Both results yield

r2þ ¼ ml2

2

0
B@1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

j2

l2m2

s 1
CA; ð4Þ

with the positive root giving the event horizon.
Let us now find this in a coordinate independent way.

The cohomogeneity of this spacetime is one. Keeping this
intact, we need to choose a hypersurface which has at least
one nonconstant curvature invariant. For this purpose we
can choose the t ¼ t0 or ϕ ¼ ϕ0 to define the hypersurface
(note again that it is not the event horizon itself). Both
options are valid and yield the same result, let us choose the
latter, then the induced metric is

γij ¼

0
B@

m − r2

l2 0

0 1
j2

4r2
þr2

l2
−m

1
CA ð5Þ

in the induced coordinates ðt; rÞ. This metric has a
symmetry only in the t coordinate. So, the cohomogeneity
is still one, as expected. The Kretschmann invariant
computed for the induced metric (5) becomes,

ΣI1 ¼ ΣRijkl
ΣRijkl ¼ ðj2l2 − 4ðr2 − l2mÞ2Þ2

4ðl3m − lr2Þ4 ; ð6Þ

from which one can calculate the horizon detecting
invariant

ΣI5 ¼ ∇m
ΣI1∇mΣI1 ð7Þ

which reads explicitly as
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ΣI5 ¼
j4ðj2l2 − 4l2mr2 þ 4r4Þðj2l2 − 4ðr2 − l2mÞ2Þ2

l6ðr2 − l2mÞ10 :

ð8Þ

whose largest real root, ΣI5ðr ¼ rþÞ ¼ 0, is exactly the
event horizon given as (4).
In fact for the BTZ black hole, the hypersurface version

of the curvature invariant given in [3] can also be used to
detect the event horizon as a somewhat simpler way. One
can show that for the hypersurface metric (5) one has

ΣI3 ¼ ∇m
ΣRijkl∇mΣRijkl

¼ j4ðj2l2 − 4l2mr2 þ 4r4Þ
l2ðr2 − l2mÞ6 ð9Þ

which vanishes only on the event horizon and on the inner
horizon. Therefore, it is a very useful tool for event horizon
detection.

IV. WARPED AdS3 BLACK HOLE

The method described above is geometric, in the sense
that it relies on the metric and not on the underlying field
equations. Therefore, it can be applied to other metrics that
solve field equations that are different from general
relativity. Let us consider the case of the warped AdS3
black hole in the (t; r;ϕ) coordinates [6–8].

ds2 ¼ −l2dt2 þ l2

ðν2 þ 3Þðr − pÞðr − qÞ dr
2 þ 1

4
l2rfdϕ2

− l2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pqðν2 þ 3Þ

q
− 2rνÞdtdϕ; ð10Þ

where the function f is given as

f ≔ ðν2 þ 3Þðpþ qÞ − 4ν
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pqðν2 þ 3Þ

q
þ 3rðν2 − 1Þ:

The event horizon is at rþ ¼ p, and the inner horizon is at
r− ¼ q. This metric solves the topologically massive
gravity [9] for ν ¼ μ l

3

Rμν −
1

2
Rgμν −

1

l2
þ 1

μ
Cμν ¼ 0; ð11Þ

where Cμν is the Cotton tensor and μ is the topological
mass. Even though the Ricci tensor and the Riemann tensor
of this spacetime are different forms of the maximally
symmetric AdS3, the curvature invariants of the full
spacetime cannot detect the event horizon because all
the curvature scalars are constant. In fact, explicit forms
of some of the curvature invariants are given as

RμνρσRμνρσ ¼ 12ð2ν4 − 4ν2 þ 3Þ
l4

RμνRμν ¼ 6ðν4 − 2ν2 þ 3Þ
l4

∇σRμν∇σRμν ¼ −
36ν2ðν2 − 1Þ2

l6

∇σRμνργ∇σRμνργ ¼ −
144ν2ðν2 − 1Þ2

l6
ð12Þ

which are not useful to detect the event horizon. Therefore
we resort to our method, but there is a subtle issue here. As
in the case of the BTZ black hole, there are two Killing
symmetries for the warped AdS3 black hole and two
possible ways of choosing the hypersurface by keeping
the cohomogeneity constant. However, only one of these
two ways yields a hypersurface with nonconstant curvature
invariants. In fact, if we define the hypersurface as ϕ ¼ ϕ0,
we obtain a flat metric, that is not useful at all. The other
option, that is choosing the hypersurface defined by t ¼ t0,
yields a nontrivial result. The induced metric is

ds2Σ ¼ l2

ðν2 þ 3Þðr − pÞðr − qÞ dr
2 þ 1

4
l2rfdϕ2 ð13Þ

in the induced coordinates ðr;ϕÞ.
Now, we can calculate the relevant invariants as given by

(7) and/or (9) as both invariants work as in the case of the
BTZ metric. The explicit expressions are cumbersome,
hence we do not depict them here; but note that they both
vanish on the event horizon, i.e.,

ΣI5ðr ¼ rþÞ ¼ 0; ð14Þ
ΣI3ðr ¼ rþÞ ¼ 0: ð15Þ

V. TWO EXAMPLES IN 2 + 1 DIMENSIONS

In 2þ 1 dimensions, there is a purely quadratic gravity
theory (the so-called K-gravity) defined by the action [10]

S ¼
Z

d3x
ffiffiffiffiffiffi
−g

p �
RμνRμν −

3

8
R2

�
ð16Þ

that admits asymptotically flat and rotating black holes
[11,12]. Let us apply the above procedure to detect the
event horizons of these black holes.

A. Asymptotically flat solution of K-gravity

The metric is given as

ds2 ¼ −ðbr − μÞdt2 þ 1

br − μ
dr2 þ r2dϕ2: ð17Þ
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The usual method shows that there is an event horizon at
r ¼ μ=b, as is clear from the metric. This spacetime has two
symmetries and has cohomogeneity one which admits two
possible hypersurfaces. But one of these, that is reducing
along the ϕ coordinate, yields a flat space and hence, it is
not a viable option. So, we choose the hypersurface defined
by t ¼ t0. Then the relevant invariants (7) and (9) read as

ΣI5 ¼
4b4ðbr − μÞ

r6
; ð18Þ

and

ΣI3 ¼
b2ðbr − μÞ

r4
; ð19Þ

which vanish on the horizon.

B. Rotating solution of K-gravity

The following metric which describes a rotating black
hole also solves the K-gravity [11]

ds2 ¼ ðμ − brÞdu2 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2bþ 8rÞ2

a4b2 þ 16a2μþ 64r2

s
dudr

þ aðμ − brÞdudϕþ
�
a4b2

64
þ a2μ

4
þ r2

�
dϕ2: ð20Þ

The cohomogeneity of this spacetime is one. Therefore, we
can detect the event horizon by using the curvature
invariants ΣI5 (7) and/or, ΣI3 (9). We can induce the
spacetime on the constant ϕ0 hypersurface which has

ΣI5 ¼
16777216a8b4ðbr − μÞða2b2 − 8brþ 16μÞ2

ða2bþ 8rÞ16
× ða2b2 − 4brþ 12μÞ2ða4b2 þ 16a2μþ 64r2Þ ð21Þ

and

ΣI3 ¼
65536a4b2ðbr − μÞða2b2 − 4brþ 12μÞ2

ða2bþ 8rÞ10
× ða4b2 þ 16a2μþ 64r2Þ: ð22Þ

Both invariants vanish, for real values of r, on the event
horizon r ¼ μ=b and change sign there. They also vanish
for some other values of r but at these points there is no
change of sign.

VI. KERR BLACK HOLE

Let us apply the above reasoning to the four dimensional
Kerr black hole [13], which has two Killing symmetries.
Therefore, the cohomogeneity of this spacetime is two. By

choosing some special hypersurfaces, we can reduce the
cohomogeneity to one.
The components of the Kerr metric in the Boyer-

Lindquist coordinates ðt; r; X;ϕÞ is

ds2 ¼ −
�
1 −

2mr
ρ2

�
dt2 −

4amrð1 − X2Þ
ρ2

dtdϕ

þ
�
r2 þ a2 þ 2a2mrð1 − X2Þ

ρ2

�
ð1 − X2Þdϕ2

þ ρ2

Σ
dr2 þ ρ2

1 − X2
dX2; ð23Þ

where ρ2 ¼ r2 þ a2X2, Σ ¼ r2 − 2mrþ a2, X ¼ cos θ,
andm and a correspond to mass and the rotation parameter,
respectively. The hypersurface that will be embedded into
the spacetime is defined by,

p ∈ M; p ∈ Σ ⇔ XðpÞ ¼ X0 ¼ constant: ð24Þ

The induced metric on the hypersurface can be found by the
pulling it back from the spacetime metric. The components
of it can be written with respect to the induced coordinates
ðt; r;ϕÞ as

ds2Σ ¼−
�
1−

2mr
ρ2

�
dt2−

4amrð1−X2
0Þ

ρ2
dtdϕ

þ
�
r2þa2þ2a2mrð1−X2

0Þ
ρ2

�
ð1−X2

0Þdϕ2þρ2

Σ
dr2;

ð25Þ

The Kretschmann scalar

ΣI1 ¼ ΣRijkl
ΣRijkl: ð26Þ

of the hypersurface can be found, from which one can
compute

ΣI5 ¼ ∇μ
ΣI1∇μΣI1; ð27Þ

which for X0 ¼ 0 yields

ΣI5 ¼
20736M4ða2 þ rðr − 2MÞÞ

r16
ð28Þ

that vanishes on the event horizon given as rþ ¼
mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
, which matches the result of the coordinate

dependent method.
Let us stress that instead of the hypersurface construction

given above, if we had used the full spacetime invariant
given as

I5 ¼ ∇μI1∇μI1; ð29Þ
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we could not have detected the event horizon with this
invariant alone. Therefore, in this approach, we have a
simplified way to detect the horizon. Another advantage
of this approach is that, when it is calculated in the XðpÞ ¼
X0 ¼ 0hypersurface, the invariant vanishesonlyon theevent
horizon of the black hole and there are no other roots at finite
r. In the method of [4], the norm of the wedge square have
other roots in addition to the root indicating the horizon.

VII. 4 + 1 MYERS-PERRY BLACK HOLE

Myers andPerry [14] found the rotating,massive, Ricci flat
blackholes ingenericD ≥ 5dimensions.Here, asanexample,
we consider the five dimensional solution that can be studied
withourmethodwiththehelpofasinglecurvatureinvariant. In
this spacetime, the coordinates are chosen as (t; r; X;ϕ1;ϕ2)
where X ¼ cos θ. The metric is then,

ds2 ¼ −dt2 þm
Σ
ðdtþ kð1 − X2Þdϕ1 þ lX2dϕ2Þ2

þ r2Σ
Π −mr2

dr2 þ Σ
1 − X2

dX2

þ ðr2 þ k2Þð1 − X2Þdϕ2
1 þ ðr2 þ l2ÞX2dϕ2

2 ð30Þ

where

Σ ¼ r2 þ k2X2 þ l2ð1 − X2Þ
Π ¼ ðr2 þ k2Þðr2 þ l2Þ; ð31Þ

Here k, l are angular momentum parameters as there are two
possible independent angularmomenta in five dimensions. In
this coordinate system, the coordinates t;ϕ1;ϕ2 have asso-
ciated symmetries. Hence, the cohomogeneity of this space-
timeis two.Wecaninduce thespacetimeonto thehypersurface
of constant X, let say X0. The induced metric is

ds2Σ ¼ −dt2 þm
Σ
ðdtþ kð1 − X2

0Þdϕ1 þ lX2
0dϕ2Þ2

þ r2Σ
Π −mr2

dr2 þ ðr2 þ k2Þð1 − X2
0Þdϕ2

1

þ ðr2 þ l2ÞX2
0dϕ

2
2 ð32Þ

in the induced coordinates ðt; r;ϕ1;ϕ2Þ.Again, one computes
theKretschmanninvariantofthishypersurfacefromwhichone
computes (7). The explicit forms of the expressions
are complicated, but one can show that ΣI5 ¼ 0 at

rþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2 þ l2 −mÞ2 − 4k2l2

p
− k2 − l2 þm

q
ffiffiffi
2

p : ð33Þ

which is the location of the event horizon.

VIII. CONCLUSIONS

Inspired by the recent progress [2] in defining the event
horizon of black holes with curvature invariants in D ¼ 4
dimensions and D ≥ 4 dimensions [4], we have presented
a method which also works for D ¼ 3 spacetime dimen-
sions. The method of Page and Shoom makes use of the
invariants of full spacetime that works well unless the
invariants are all constant. Our method adapts their idea,
but instead of using the invariants of the full spacetime, we
use the invariants of well-chosen hypersurfaces. We have
given several examples in three, four and five dimensions
where we need only one invariant to detect the black hole
horizon. In three dimensional black holes, the hypersur-
face version of the invariant, suggested in [3] originally for
the Schwarzschild black hole, works. Besides this invari-
ant, we provided another one constructed from the
gradients of the induced Kretschmann invariant that also
works in four and five dimensions. Beyond five dimen-
sions, just like the method of [4], generically with our
method, we need more than one horizon detecting
invariant because usually the cohomogeneity is more than
two. For more on the construction of horizon detecting
invariants see [15] where Cartan invariants are suggested
and see [16] where they were employed for lower dimen-
sional nonvacuum black holes such as the charged BTZ
metric.
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