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I. INTRODUCTION

Since its inception, the AdS/CFT correspondence has been the game in town; not the only one

for sure, but certainly the most prominent one. On the conformal field theory (CFT) side, a lot

is known and well-understood about the two-dimensional CFTs, but it is well-known that on the

gravity side the first go to guy, i.e. the three-dimensional cosmological Einstein’s theory, has no

propagating degrees of freedom and one is forced to look into the massive gravity theories.

The cosmological Topologically Massive Gravity (TMG) [1], where the “wrong-sign” Einstein-

Hilbert action with a cosmological constant is paired up with the parity-odd gravitational Chern-

Simons term, is the most seasoned one around, and indeed has a a single massive graviton mode

around its convenient anti de-Sitter (AdS) vacuum. Unfortunately though, the central charge of

the dual CFT is positive only if the bulk graviton has negative energy, which, of course, ruins

unitarity. In a hope to fix this “bulk vs boundary clash” issue, the parity-preserving New Massive

Gravity (NMG) model [2] was introduced. This theory is characterized by an action that consists

of the addition of a particular combination of quadratic curvature terms to the usual (cosmological)

Einstein-Hilbert term, but also suffers from the pathologies of TMG. A slightly spiced-up version

of NMG, which is obtained by concatenating its action with the gravitational Chern-Simons term,

yields the so-called Generalized Massive Gravity (GMG) in the menu. Finally, the delicacy is

given by an extension of TMG, dubbed Minimal Massive Gravity (MMG) [3], which remarkably

overcomes the “bulk vs boundary clash” problem for a certain range of its parameters [4]. Even

though MMG, just like its older sister TMG, has only one massive spin-2 mode in the bulk, its

action is best described in a “Chern-Simons-like formulation” using auxiliary fields and cannot be

reduced to an action for the metric alone (see [3] for details). This makes it a nontrivial problem

to extend MMG with matter couplings, which has been solved by employing a particular source

tensor that is quadratic in the stress tensor [5].

The possibility that “unitary” MMG is a sensible candidate for a holographic theory of, albeit

massive, gravity makes it worth the effort to determine and study its exact solutions. The celebrated

BTZ black hole [6], being locally AdS, ubiquitously solves all the models described in the previous

paragraph. A static “hairy” black hole, as well as an (A)dS2×S1 vacuum, a warped (A)dS black

hole [5], a wave solution [7], a two-parameter deformation of the BTZ black hole [8], a non-BTZ

AdS black hole [9], Kundt solutions [10] and (simply transitive) homogeneous solutions [11] are

exact solutions that have been found thus far.

Among the works briefly alluded to in the previous paragraph, [9] deserves a special mention
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since it was shown in [9] that away from its so-called merger point, all conformally flat solutions

of MMG must necessarily be (locally) maximally symmetric. Briefly stated, the merger point of

MMG is the special point in the parameter space where the two possible values of the cosmological

constant of a maximally symmetric solution coalesce [5]. Thus, in this work I will be working only

at the merger point of MMG and, to narrow down the solution set, will only consider solutions that

are circularly symmetric. It will be shown that apart from the static “hairy” black hole [5], there

is yet another static circularly symmetric solution of MMG at its merger point. Although this

solution was already known in the context of NMG and interpreted as describing a gravitational

soliton, no one, to my knowledge, has mentioned that it also solves MMG. These static solutions

can literally be boosted to make them stationary, and again these rotating versions naturally solve

MMG at its merger point. The stationary black hole thus obtained can be identified with an

already familiar solution of NMG, but the other one seems to be new.

The organization of the paper is as follows: In section II, I describe the massive gravity models

briefly mentioned above, and then find the respective merger points for the relevant ones. Section III

is devoted to a careful derivation of the static circularly symmetric solutions of MMG at its merger

point, and a brief discussion of their elementary properties. Section IV presents the stationary

versions of the static spacetimes found in section III. I study the conserved gravitational charges

of these solutions in section V, and work out the entropy and thus the first law of thermodynamics

for the black holes in section VI. I then conclude with a discussion of possible future work. The

outline of the calculation that takes one from the static black hole to its stationary version is given

in appendix A.

II. THE MASSIVE GRAVITY MODELS

I start with a review of the main pillars of three-dimensional massive gravity theories, which

were already alluded to in section I. Along the way, I clearly set my conventions and show the

relations between these models. Then I explicitly present the merger points of the relevant ones.
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A. The TMG, MMG, NMG and GMG models

The source-free field equation of TMG [1] is1

Gµν + Λ0 gµν +
1

µ
Cµν = 0 , Gµν ≡ Rµν −

1

2
Rgµν , (1)

which follows from the variation of the action

ITMG =

∫

d3x
√−g

(

R− 2Λ0

)

+ IGCS , (2)

IGCS ≡ 1

2µ

∫

d3x
√−g ǫσµν Γρ

στ

(

∂µ Γ
τ
ρν +

2

3
Γτ

µλ Γ
λ
νρ

)

, (3)

obtained by adding the gravitational Chern-Simons term IGCS to the usual cosmological Einstein-

Hilbert piece. Here the symmetric, traceless, parity-odd and covariantly conserved Cotton tensor

Cµν is defined in terms of the Schouten tensor Sσν as

Sσν ≡ Rσν −
1

4
Rgσν , Cµ

ν ≡ ǫµρσ ∇ρ Sσν , S ≡ gµνSµν =
R

4
, (4)

and the Levi-Civita pseudo tensor is defined as ǫµρσ =
√−g εµρσ in terms of the weight +1 tensor

density εµρσ , where I use the convention ε012 = +1. Here Λ0 is the cosmological constant (with

dimensions 1/Length2), and µ is a mass parameter (with dimensions 1/Length).

The field equation of source-free MMG theory reads

Eµν ≡ σ̄Gµν + Λ̄0 gµν +
1

µ
Cµν +

γ

µ2
Jµν = 0 , (5)

where the symmetric, curvature-squared tensor Jµν is

Jµν ≡ 1

2
ǫµρσ ǫντη Sρτ Sση = SSµν − SµρSν

ρ +
1

2
gµν
(

SρσSρσ − S2
)

, (6)

J ≡ gµνJ
µν =

1

2

(

SρσSρσ − S2
)

.

Even though the tensor Jµν is not covariantly conserved on its own, i.e. the MMG field equation

(5) can not be derived from an action that only involves the metric and its curvature tensors, it

is nevertheless conserved on-shell as a consequence of (5) itself (see [3, 5] for details). In (5), the

parameters σ̄ and γ are non-zero dimensionless constants, whereas Λ̄0 is the bare cosmological

constant.

As a sister to the J-tensor, one can also consider the following symmetric, traceless, curvature-

squared tensor [12]

Hµν ≡ 1

2
ǫµρσ∇ρC

ν
σ +

1

2
ǫνρσ∇ρ C

µ
σ = �Sµν −∇µ∇νS − 3SµρSν

ρ + gµνSρσSρσ ,

1 With the conventions I use in this paper, one must in fact put a minus sign in front of the Einstein tensor Gµν in

(1) and accordingly the Ricci scalar R in (2) to take care of the “wrong sign” issue of TMG.



5

which has the covariant derivative ∇µH
µν = −∇µJ

µν = ǫντµCσ
µ Sστ . Denoting the sum of these

tensors by Kµν ≡ Jµν + Hµν [12], one has a Bianchi identity ∇µK
µν = 0, which implies that

Kµν follows from the variation of an action. This is indeed the case [12], and one arrives at the

source-free NMG action [2]

INMG =

∫

d3x
√−g

(

σR− 2Λ0 +
1

m2

(

SµνSµν − S2
)

)

, (7)

with the field equation

σGµν + Λ0 gµν +
1

m2
Kµν = 0 , (8)

where σ = ±1, m is another mass parameter (with dimensions 1/Length) and

Kµν = �Sµν −∇µ∇νS + SSµν − 4SµρSν
ρ +

1

2
gµν

(

3SρσSρσ − S2
)

, K ≡ gµνKµν = J .

Finally, the sum of the IGCS (3) and the INMG (7) terms, IGMG ≡ INMG + IGCS, gives the

so-called “General Massive Gravity” (GMG) model [2] with the field equation

σGµν + Λ0 gµν +
1

m2
Kµν +

1

µ
Cµν = 0 . (9)

B. The merger points

For an Einstein space, Rµν = 2Λ gµν (or Sµν = Λ
2 gµν), TMG (1) has a unique vacuum given by2

Λ = Λ0, whereas MMG field equations (5) lead to the quadratic equation [3]

Λ2 +
4µ2σ̄

γ
Λ− 4µ2

γ
Λ̄0 = 0 , (10)

which determines the two possible values of Λ as

Λ± = −2µ2σ̄

γ



1±
√

1 +
γΛ̄0

µ2σ̄2



 , (11)

provided the inequality µ2σ̄2 + γΛ̄0 ≥ 0 holds. As for NMG (8) and GMG (9), one arrives

analogously at

Λ2 + 4m2σΛ− 4m2Λ0 = 0 , and Λ± = −2m2

(

σ ±
√

1 +
Λ0

m2

)

, (12)

2 Λ = −Λ0, if one is to insert a minus sign in front of Gµν in (1).
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provided m2 + Λ0 ≥ 0. As advertised earlier, in this work I will be working only at the so-called

merger point, the special point in the parameter space of a given quadratic-curvature theory where

the two possible values of Λ coalesce. Thus, the merger point for MMG is

Λ̄0 = −µ2σ̄2

γ
, Λ = −2µ2σ̄

γ
and σ̄Λ = 2Λ̄0 , (13)

whereas the merger point for NMG and GMG is

Λ0 = −m2 , Λ = −2m2σ and σΛ = 2Λ0 . (14)

Note that if σ = 1, NMG and GMG has an AdS vacuum, and if σ = −1, then a dS vacuum.

III. STATIC CIRCULARLY SYMMETRIC SOLUTIONS AND THEIR PROPERTIES

Here I first carefully derive all the static circularly symmetric solutions of MMG at its merger

point, and then briefly state the most elementary properties of these.

A. Static circularly symmetric solutions

Let me consider the most general static, circularly symmetric metric

ds2 = −u(r) dt2 +
dr2

v(r)
+ r2 dθ2 , (15)

and find out all metrics of the form (15) that satisfy Eµν = 0 (5) at the merger point (13). One

quick observation to note is that all components of the Cotton tensor, apart from Ctθ, vanish for

this metric, whereas only the tt-, rr- and θθ-components of the remaining terms in Eµν are non-

vanishing. Moreover, it turns out that both the Err = 0 and Eθθ = 0 equations can separately be

written as the product of two nontrivial factors, where one of each pair is common. Sparing the

reader, this is best displayed by considering the linear combination Er
r +Eθ

θ = 0, which implies

that

(

2Λr + v′
)

(

2u2
(

2Λr − v′
)

+ ru′
(

uv′ − vu′
)

+ 2uv
(

ru′
)′
)

= 0 , (16)

where a prime indicates differentiation with respect to the coordinate r. Let me solve (16) by

considering the vanishing of each factor on the left hand side separately.

• 2Λr + v′ = 0 : In this case one can quickly determine v as v(r) = v0 − Λr2 for an integration

constant v0. Using this, one finds from Ett = 0 that the metric function u must satisfy

r(v0 − Λr2)
(

(u′)2 − 2uu′′
)

+ 2v0uu
′ = 0 =⇒ u(r) = u2

(

√

v0 − Λr2 − u1
)2

,
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for integration constants u1 and u2. After a rescaling of the t-coordinate and a renaming of the

integration constants, one arrives at the following metric:

ds21 = Λ
(

−r1 +
√

r2 − r0

)2
dt2 − dr2

Λ(r2 − r0)
+ r2dθ2 . (17)

• 2u2
(

2Λr− v′
)

+ ru′
(

uv′− vu′
)

+2uv
(

ru′
)′
= 0 : Solving this equation algebraically for u′′ and

substituting it back into Ett = 0 gives
(

u/v
)′(

2Λru+ vu′
)

= 0, with two new cases to study:

i) (u/v)′ = 0 : One can, without loss of generality, set u = v in this case. Then the algebraic

equation for u′′ simplifies to u′′ = −2Λ, which is readily solved as u(r) = v(r) = −Λr2 + u1r + u2

for integration constants u1 and u2. After a renaming of these, one arrives at

ds22 = Λ(r − r−)(r − r+)dt
2 − dr2

Λ(r − r−)(r − r+)
+ r2dθ2 . (18)

ii) 2Λru + vu′ = 0 : Solving this constraint for u′ and demanding that it be compatible with

the algebraic equation for u′′, one arrives at (v − Λr2)
(

2Λr + v′
)

= 0. Considering the analysis

of the 2Λr + v′ = 0 case above, one finds that demanding the second factor to vanish leads one

to the metric (17) with the integration constant r1 = 0, which can also be identified with the

r− + r+ = 0 form of (18). Thus, there is no new solution per se. Finally, setting v(r) = Λr2, one

finds u(r) = u0/r
2, for an integration constant u0. Taking u0 = 1, one arrives at the metric

ds2L = −dt2

r2
+

dr2

Λr2
+ r2dθ2 , (19)

which is easily identified as the static Lifshitz spacetime [13] with the dynamical exponent z = −1

[11] when Λ > 0. However, a close scrutiny immediately reveals that Ctθ = 2Λ3/2 6= 0, so that the

field equation for MMG (5) is not satisfied by (19).

This exhausts all the possibilities to consider. I have shown that (17) and (18) are the only

static circularly symmetric solutions of MMG (5) at the merger point (13). Note, however, that for

both solutions the Cµν and, hence, Hµν vanish identically: Given that one is a solution to either

NMG, MMG or GMG, it is immediate to see that it is also a solution to the others.

The solution (18) is long known and well understood [2, 5, 14], whereas the version of (17) for

r0 < 0, even though known in the context of NMG [14, 15], has been comparatively less studied.

The spacetime (18) was shown to be a solution of MMG at the merger point in [5], but no one, to

my knowledge, mentioned that (17) is also such a solution.
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B. The basic properties of the static solutions

For convenience, I briefly list some of the properties of (18) here and refer the reader to [2, 5, 14]

for details. The curvature invariants read

R = 6Λ− 2Λ(r− + r+)

r
, RµνRµν = 12Λ2 +

Λ2(r− + r+)
(

3(r− + r+)− 16r
)

2r2
, (20)

and clearly (18) is not a space of maximum symmetry even though it asymptotically becomes one

as r → ∞. With the assumption that r+ ≥ r−, one has an asymptotically AdS black hole with an

event horizon at r = r+ for Λ < 0. The near horizon geometry of the zero-temperature extremal

black hole (given by r+ = r−) in this case is AdS2×S1. When the “hair” r− + r+ = 0, the metric

(18) can be shown to be identical to the metric of the static BTZ black hole [6]. As for Λ > 0,

r = r+ is the cosmological horizon and if r− > 0, then there is a black hole with horizon at r = r−

in a static dS vacuum for r+ > r > r−. In the limit r− → r+, the geometry becomes dS2×S1.

On the other hand, it is clear that the solution (17) is meaningful only if r2 > r0. The curvature

invariants read

R = 6Λ +
4Λr1

(

− r1 +
√
r2 − r0

) and RµνRµν = 4Λ2 +
2Λ2(4r2 − 4r0 − r21)
(

− r1 +
√
r2 − r0

)2 . (21)

If the “hair” r1 = 0, then (17) describes a space of maximal symmetry and, as is the case for (18)

when r− + r+ = 0, it can be identified with the metric of the “static” BTZ black hole when Λ < 0.

When r1 < 0, there is no singularity and the metric is regular everywhere. However, when r1 > 0

and r0 ≥ −r21, there is a naked singularity at a finite r given by the root of the tt-component of

the metric, located at r = r∗ =
√

r0 + r21 ≥ 0. As r → ∞, (17) asymptotically approaches a space

of maximal symmetry. If one naively takes the “hairless” limit r− + r+ → 0 in (18), one obtains

(17) with no “hair” r1 = 0, which is locally (A)dS.

The coordinate transformation r =
√
r0 coshx (assuming r0 > 0) and a suitable scaling of the

t and θ coordinates take (17) to the form

ds21 =
1

Λ

(

(

x0 + sinhx
)2

dt2 − dx2 + Λcosh2 x dθ2
)

, (22)

with a single parameter x0 ≡ −r1/
√
r0. The curvature scalar of (22) is

R = 2Λ +
4Λ sinhx

x0 + sinhx
,

and this spacetime is regular everywhere provided x0 + sinhx > 0. For the case r0 < 0, one can

similarly employ the transformation r =
√−r0 sinh y to arrive at

ds21 =
1

Λ

(

(

y0 + cosh y
)2

dt2 − dy2 + Λsinh2 y dθ2
)

, (23)
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with a parameter y0 ≡ −r1/
√−r0. Analogously, one finds

R = 2Λ +
4Λcosh y

y0 + cosh y
,

and this is also regular everywhere provided y0 +cosh y > 0. According to [14], the latter (23) can

be interpreted as a gravitational soliton (with a negative fixed mass) and the constant y0 can be

thought of as a modulus parameter (see also [15] for details).

IV. STATIONARY SOLUTIONS

Since the definition of conserved gravitational charges using Killing isometries is problematic by

the very existence of a cosmological horizon for a dS background, I will mostly be concerned with

the versions of NMG, MMG and GMG theories that admit an AdS vacuum from now on. Thus,

unless kept explicitly, I set Λ = −1/ℓ2 < 0 for the rest of this work.

A. Stationary black hole

The stationary spacetime

ds̃22 =
(

r2 − (1 + ω2)f(r)
) dt2

ω2ℓ2
+

2dtdθ

ωℓ

(

f(r)− r2
)

+ r2dθ2 +
ω2 ℓ2 r2 dr2

(r2 + α2 − β)
(

f(r)− (1− ω2)r2
) ,

f(r) =
(

α±
√

r2 + α2 − β
)2

, (24)

where ω is a new dimensionless parameter with 0 < |ω| < 1, is a solution to the MMG, NMG

and GMG theories at their respective merger points. This solution has been obtained from (18)

by “boosting” it3, an old trick which has been employed in the three-dimensional gravity context

for a long time (see e.g. [16] for its relevance to the celebrated BTZ metric). As it stands, the

parameters α and β in (24) are related to the original r− and r+ in (18) as

α ≡ ω2 (r− + r+)

2(1− ω2)
and β ≡ −ω2 r−r+

(1− ω2)
, (25)

but one can completely forget about this and view these as completely independent of their parents,

as part of an autonomous solution. Note that (24) can also be written as

ds̃22 = −f(r)
(

f(r)− (1− ω2)r2
)

ω2ℓ2r2
dt2 +

ω2ℓ2r2 dr2

(r2 + α2 − β)
(

f(r)− (1− ω2)r2
) + r2

(

dθ +
f(r)− r2

ωℓr2
dt
)2

,

(26)

3 See appendix A for an outline of this calculation.
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which is also convenient.

As stated implicitly, the Cotton tensor Cµν = 0 identically for this metric just like its seed (18).

The curvature invariants of (24) are

R = − 6

ℓ2
− 4α(1 − ω2)

ℓ2ω2
√

f(r)
, RµνRµν =

12

ℓ4
+

α(1− ω2)

ℓ4ω2f(r)

(6α(1 − ω2)

ω2
+ 16

√

f(r)
)

. (27)

Since (24) is left invariant under r 7→ −r, it is enough to consider r ≥ 0 only. It quickly follows

that (24) describes a black hole with a singularity at f(r) = 0 or r2 = β ≥ 0 regardless of α,

provided one chooses the sign in the expression of f(r) properly: If α ≥ 0, then one should choose

the negative sign, and accordingly the positive sign if α < 0. To simplify the discussion, I will

assume that

β ≥ 0 , α ≥ 0 and f(r) =
(

α−
√

r2 + α2 − β
)2

(28)

for the remainder of this paper. Finally, the event horizon is located at the larger root of the

equation f(r) = (1− ω2)r2, which is given explicitly as

rh =
α
√
1− ω2

ω2

(

1 +

√

1 +
βω2

α2(1− ω2)

)

, (29)

Note that in the “hairless” limit α → 0, one has rh →
√
β/ω >

√
β since by assumption 0 < |ω| < 1.

Moreover, (24) can be called as the “hairy” BTZ metric since, when α → 0 (24) reduces to the

canonical form of the BTZ metric (44) with the identifications

M =
β (1 + ω2)

ℓ2ω2
, J =

2β

ℓω
.

When one makes the following choice of the parameters

α = − a2b

4Ξ1/2(1 + Ξ1/2)
, β =

a4b2

8Ξ(1 + Ξ1/2)2
+

a2M

2(1 + Ξ1/2)
, ω =

a

ℓ(1 + Ξ1/2)
, Ξ ≡ 1− a2

ℓ2
(30)

in (24), this solution becomes identical to the solution given in Section VI of [14], which I reproduce

here (by setting their G = 1/4) for later convenience

ds2OTT = −N(r)F (r) dt2 + r2
(

dθ +K(r) dt
)2

+
dr2

F (r)
, (31)

H(r) =
(

r2 − M

2
ℓ2(1− Ξ1/2)− b2ℓ4

16
(1− Ξ−1/2)2

)1/2
,

F (r) =
(H(r))2

r2

(

(H(r))2

ℓ2
+

b

2
(1 + Ξ−1/2)H(r) +

b2ℓ2

16
(1− Ξ−1/2)2 −MΞ1/2

)

,

N(r) =
(

1− bℓ2

4H(r)
(1− Ξ−1/2)

)2
, K(r) = − a

2r2
(

M − bΞ−1/2H(r)
)

,
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with |a| < ℓ. So the three parameters α, β and ω of (24) are related to the three parameters a, b

and M of (31) via (30). The representation (24) certainly seems to be easier to handle compared

to (31). Let me emphasize that no one, to my knowledge, has mentioned that (24) (or (31) for

that matter) is a solution to MMG at its merger point.

B. The other stationary solutions

The “boosting” trick can also be employed on the other solution (17) to find yet a second

stationary metric that solves the MMG, NMG and GMG models at their merger points:

ds̃21 =
(

r2 − (1 + ω2)h(r)
) dt2

ω2ℓ2
+

2dtdθ

ωℓ

(

h(r)− r2
)

+ r2dθ2 +
ℓ2 r2 dr2

h(r)
(

r2 − R1

ω2 + (2ω2−1)
ω4 R2

0

) ,

h(r) = r2 + 2R2
0 −R1 ± 2R0

√

r2 − R1

ω2
+

(2ω2 − 1)

ω4
R2

0 . (32)

Analogous to the relation mentioned between (α, β) and (r−, r+) pairs, the new constants R0 and

R1 are related to their parents (r0, r1) as

R0 ≡
ω2

(1− ω2)
r1 and R1 ≡

ω2

(1− ω2)

(

r0 − r21
)

. (33)

Note that (32) can also be cast as

ds̃21 = −h(r)
(

h(r)− (1− ω2)r2
)

ω2ℓ2r2
dt2+

ℓ2 r2 dr2

h(r)
(

r2 − R1

ω2 + (2ω2−1)
ω4 R2

0

) + r2
(

dθ+
h(r)− r2

ωℓr2
dt
)2

. (34)

When R0 → 0 (32) becomes identical to the BTZ black hole (44) with the identifications

M =
R1 (1 + ω2)

ℓ2ω2
, J =

2R1

ℓω
.

The Cotton tensor Cµν = 0 for this metric as well. For (32) to be well-defined, it must be that

r2 > r̃2 ≡ R1

ω2
+

(1− 2ω2)R2
0

ω4
≥ 0

as a minimum requirement. On the other hand, the curvature scalar of (32) is

R = − 6

ℓ2
− 2(1− ω2)

ℓ2

(

2R2
0(1 + ω2)− ω2

(

h(r)− r2 +R1

)

r2ω4 − 2R2
0(1− ω2)− ω2R1

)

,

which shows that R diverges when r2ω4 − 2R2
0(1− ω2)− ω2R1 = 0, i.e.

r2 = r̃2 +
R2

0

ω4
.

Thus, provided that r̃2 ≥ 0, the metric (32) is regular everywhere. As is shown in section V, this

solution has finite gravitational charges and can be thought of as a rotating soliton.
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V. GRAVITATIONAL CHARGES

Let me briefly summarize how gravitational charges are defined by making use of the background

Killing isometries. (I refer the reader to [17] for details.) Let hµν denote the deviation of an

asymptotically AdS metric from an AdS background, i.e. hµν ≡ gµν − ḡµν and ḡµν satisfies R̄µν =

2Λḡµν and R̄ = 6Λ, with Λ < 0. Let me also assume that the deviation hµν goes to zero sufficiently

fast as one approaches the background ḡµν , which is typically located at the boundary at infinity.

For a background Killing vector ξ̄µ that is smooth and well-defined in the geometry described by

ḡµν , the following gives a conserved and background gauge invariant gravitational charge4

Qµ(ξ̄) =
1

κ

∮

∂Σ
dS̄ν Fµν , (35)

where Fµν is an antisymmetric tensor, ∂Σ is a one-dimensional boundary with the “surface” element

dS̄. (In the ensuing discussion, this will be a line integral along a circle of radius r → ∞.) For the

conventions adopted in this work, one has

Fµν
Ein(ξ̄) = ξ̄σ∇̄[µhν]σ + ξ̄[ν∇̄σh

µ]σ + hσ[ν∇̄σ ξ̄
µ] + ξ̄[µ∇̄ν]h+

1

2
h∇̄[µξ̄ν] , (36)

Fµν
GCS =

1

2µ

(

Fµν
Ein(Ξ̄) + ǭσντ ξ̄σ

(

Sτ
µ
)

L
+ ǭµντ ξ̄σ

(

Sτ
σ
)

L
+ ǭµστ ξ̄σ

(

Sτ
ν
)

L
+ ǭµνσ ξ̄σSL

)

, (37)

Fµν
NMG =

(

σ − Λ

2m2

)

Fµν
Ein(ξ̄) +

1

m2

(

2ξ̄σ∇̄[ν
(

Sµ]
σ

)

L
+ 2
(

S[ν
σ

)

L
∇̄µ]ξ̄σ + SL∇̄[ν ξ̄µ]

)

, (38)

Fµν
MMG =

(

σ̄ +
γΛ

2µ2

)

Fµν
Ein(ξ̄) + Fµν

GCS , (39)

Fµν
GMG = Fµν

NMG + Fµν
GCS , (40)

where all contractions, raising and lowering of indices are performed with respect to ḡµν , ∇̄ indicates

the covariant derivative with respect to the background metric and the antisymmetrization of

indices in the usual way is understood, e.g. A[µν] ≡ 1
2 (Aµν −Aνµ). Here Ξ̄

µ ≡ ǭµνσ∇̄ν ξ̄σ is another

Killing vector constructed out of ξ̄,

(

Sµ
ν

)

L
=
(

Rµ
ν

)

L
− 1

4
δµ ν RL − 2Λhµ ν , (41)

RL
µν =

1

2

(

∇̄σ∇̄νhµσ + ∇̄σ∇̄µhνσ − �̄hµν − ∇̄µ∇̄νh
)

, (42)

RL = 4SL = ∇̄µ∇̄νhµν − �̄h− 2Λh , (43)

h ≡ ḡµνhµν and �̄ ≡ ∇̄µ∇̄µ. Suffice it to say that all of these expressions, of course, reduce to

their counterparts derived in [17], but, wherever appropriate, are given in terms of the linearized

Schouten tensor instead of the linearized cosmological-Einstein tensor GL
µν .

4 Here the constant κ is proportional to the three-dimensional Newton’s constant with dimensions of Length.
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Note that at the merger point (14) of NMG and GMG, the coefficient of Fµν
Ein(ξ̄) in (38) precisely

equals 2σ = 2 for an AdS vacuum, whereas the analogous term in (39) vanishes identically at the

merger point (13) of MMG. This implies that Fµν
MMG = Fµν

GCS, and thus Fµν
GMG = Fµν

NMG + Fµν
MMG

from (40). Hence, in what follows, I will focus on the calculation of the conserved charges in the

NMG and MMG settings only.

A. The BTZ black hole

Let me determine the energy and angular momentum of the canonical BTZ metric [6], given by

ds2BTZ =
(

M − r2

ℓ2

)

dt2 − J dt dθ + r2 dθ2 +
dr2

−M + r2

ℓ2
+ J2

4r2

, (44)

to demonstrate the gist of the calculation and to fix the calibration of the constant κ in (35).

Considering the fact that the BTZ metric solves the cosmological Einstein theory, if one simply

takes the background metric to be the AdS metric obtained by setting M = J = 0 in (44), i.e.

use (45) below as background, chooses Fµν = Fµν
Ein(ξ̄) and employs first the timelike Killing vector

ξ̄µ = −
(

∂/∂t
)µ

and then the spacelike Killing vector ξ̄µ =
(

∂/∂θ
)µ

in (35), one finds the energy

and the angular momentum to be E = πM/κ and L = πJ/κ, respectively. So for convenience, let

me fix the constant κ in (35) to be κ = π and do away with it completely to simplify the discussion.

Thus for the BTZ metric, considered as a solution to the cosmological Einstein theory, one has

E = M and L = J in terms of the parameters in the metric itself. An analogous calculation using

Fµν = Fµν
NMG (38) in (35) instead shows that

ENMG = 2M and LNMG = 2J

at the merger point (14) of NMG, whereas one has

EMMG =
J

µℓ2
and LMMG =

M

µ
,

with an interchanging of the roles of the parameters M and J at the merger point (13) of MMG.

One can determine the energies of the static solutions (17) and (18), and similarly the stationary

solutions (24), (31) and (32), at the respective merger points (13) and (14) of MMG and NMG in

a similar fashion. Setting Λ = −1/ℓ2 as in the BTZ case, it is obvious that the background metric

to work with (for both the static and stationary cases) is simply the AdS space in the Poincaré

patch

ds̄2 = −r2

ℓ2
dt2 +

ℓ2

r2
dr2 + r2 dθ2 , (45)
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obtained by setting r− → 0, r+ → 0 in (18), r0 → 0, r1 → 0 in (17), α → 0, β → 0 in (24),

M → 0, b → 0 in (31) and R0 → 0, R1 → 0 in (32), respectively.

B. The static solutions

As in the BTZ case, the timelike Killing vector ξ̄µ = −
(

∂/∂t
)µ

can be employed to yield the

energies of these solutions. Both (17) and (18) have EMMG = 0 in MMG, whereas (18) has energy

ENMG = −2r−r+
ℓ2

, (46)

(so that ENMG = 2r2+/ℓ
2 > 0 in the “hairless” limit r− + r+ → 0) and (17) has energy

ENMG =
2(r0 − r21)

ℓ2
, (47)

(so that ENMG = 2r0/ℓ
2 in the “hairless” limit r1 → 0) in NMG.

C. The stationary solutions

As for the stationary solutions, one analogously finds for the energies

ENMG =







−2 (2α2
−β)(1+ω2)
ℓ2ω2 for (24),

−2
(2R2

0
−R1)(1+ω2)
ℓ2ω2 for (32),

(48)

in the NMG setting. Note that using (25), and respectively (33), in (48) then taking the ω → 0

limit correctly yields (46) and (47), respectively, as it must be. On the other hand, in the MMG

setting, one finds

EMMG =







−2 (2α2−β)
µωℓ3 for (24),

−2
(2R2

0
−R1)

µωℓ3
for (32).

(49)

Note again that using (25), and respectively (33), in (49) and taking ω → 0 afterwards gives

EMMG = 0 for both cases, as it should. The angular momenta of the stationary solutions come by

the spacelike Killing vector ξ̄µ =
(

∂/∂θ
)µ

as for the BTZ metric and read

LNMG =







−4 (2α2−β)
ωℓ for (24),

−4
(2R2

0−R1)
ωℓ for (32)

(50)

in the NMG setting. Note that using (25), and respectively (33), in (50) and taking ω → 0 later

gives LNMG = 0 for both cases, as expected. On the other hand, one finds

LMMG =







− (2α2−β)(1+ω2)
µω2ℓ2

for (24),

− (2R2
0−R1)(1+ω2)
µω2ℓ2 for (32)

(51)
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NMG MMG

metric ENMG LNMG EMMG LMMG

ds2BTZ (44) 2M 2J J
µℓ2

M
µ

ds21 (17)
2(r0−r21)

ℓ2
0 0 “

(r0−r21)
µℓ2

”

ds22 (18) − 2r
−
r+

ℓ2
0 0 “− r

−
r+

µℓ2
”

ds̃22 (24) −2 (2α2
−β)(1+ω2)
ℓ2ω2 −4 (2α2

−β)
ωℓ

−2 (2α2
−β)

µωℓ3
− (2α2

−β)(1+ω2)
µω2ℓ2

ds̃21 (32) −2
(2R2

0−R1)(1+ω2)
ℓ2ω2 −4

(2R2
0−R1)
ωℓ

−2
(2R2

0−R1)
µωℓ3

− (2R2
0−R1)(1+ω2)

µω2ℓ2

ds2OTT (31) 2M 2Ma Ma
µℓ2

M
µ

TABLE I. The energy E and the angular momentum L of the canocical BTZ (44), the static solutions (17)

and (18) and the stationary solutions (24), (32) and (31) at the respective merger points (14) and (13) of

NMG and MMG. Since the charges for GMG are equal to the sum of the corresponding charges for NMG

and MMG, the charges for GMG are not listed here. See (54) for these.

for the generic versions of both (24) and (32) in the MMG case. Note that for the stationary

solutions (24) and (32), one has the following relation

ENMG =
(1 + ω2

2ωℓ

)

LNMG and LMMG =
(ℓ(1 + ω2)

2ω

)

EMMG (52)

between the conserved charges. Finally, as a special case of (24), the solution (31) of [14] has its

charges

ENMG = 2M , LNMG = 2Ma , and EMMG =
Ma

µℓ2
, LMMG =

M

µ
, (53)

and this is the first time the latter pair has been calculated in the MMG setting.

As already mentioned, for all of these solutions one has

EGMG = ENMG + EMMG and LGMG = LNMG + LMMG . (54)

I refer the reader to Table I for a summary of these calculations.

D. A peculiarity and a “duality”

Out of curiosity, if one is to repeat the calculation described in the paragraph containing (46)

and (47) by bluntly using the spacelike Killing vector ξ̄µ =
(

∂/∂θ
)µ

instead, then one finds, as one
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should, that LNMG = 0 for both solutions in the NMG setting, but that the “angular momenta”

of static solutions (17) and (18) read

LMMG =







(r0−r2
1
)

µℓ2
for (17),

− r−r+
µℓ2

for (18)
(55)

in the MMG case (and hence the quotation marks in the corresponding entries in Table I). Note

also that if one is to use (25), and respectively (33), in (51) and later to take ω → 0, then one

exactly obtains the expressions given in (55). In retrospect, one has two different examples of static

solutions which have vanishing energy and non-trivial angular momentum in the MMG setting at

the merger point. Clearly the thermodynamics, if any, of these solutions in the MMG setting is

anything but ordinary. This is an obvious indication of a serious pathology at the merger point

of MMG, and may have to do with the observation that the graviton is a tachyon at the merger

point when Λ < 0 [3, 5].

Finally, I would like to point out to the following “duality” between all of these charges:

LNMG = 2µℓ2EMMG and ENMG = 2µLMMG . (56)

I am not aware of the consequences, if any, of this “duality”.

VI. THE ENTROPY AND THE THERMODYNAMICS

Having come this far and computed the conserved gravitational charges of the static and sta-

tionary solutions of MMG at its merger point, it would be a shame if one didn’t push a bit further

and discuss the thermodynamics of these solutions at least in the MMG setting as well. As a min-

imum requirement, this calls for a convenient tool for determining the entropies of these solutions.

This in itself introduces a constraint on the solutions whose entropies can be studied since, as far

as I know, the entropy of a given gravitational solution can only be reliably studied if it describes

a black hole. Hence, I will not consider the static solution (17) or its stationary version (32) in

what follows since they are clearly not black holes but solitons.

It turns out that even for the black holes, the calculation of the entropies is quite a nontrivial task

since, as already mentioned, MMG theory lacks a “purely” gravitational action that only involves

the metric and its curvature tensors, and thus is not fit for the application of the more or less

standard ways of calculating the entropy through e.g. the original Wald formulation. Moreover, the

presence of the Cotton tensor in the field equations is another source of complication. Fortunately,

one has the formulation of [18], which is especially convenient for the MMG case, is inspired by the
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techniques advanced in [19] for theories that involve Chern-Simons terms in their action (and thus

the Cotton tensor in their field equations in three dimensions) and relies on the standard tools of

a first order formulation of MMG. Rather than going over the details of that long calculation here,

let me be pragmatic and adapt the original formulas given in [18] to my conventions and give them

at the merger point of MMG and NMG only. They then read:

SMMG = 2

∫

r=rh

dθ√
gθθ

(

σ̄gθθ +
1

µ
Ωθθ +

γ

µ2
Sθθ

)

, (57)

SNMG = 2

∫

r=rh

dθ√
gθθ

(

σgθθ −
1

m2
Sθθ

)

. (58)

Here Ωµ
ν ≡ 1

2ǫ
µαβ ecβ ∇νecα is the torsion-free dualized spin-connection, e indicates the dreibein

and rh is the radius of the horizon. Note that for all the solutions considered in this work, gθθ = r2

and θ ranges from 0 to 2π.

A. The BTZ black hole

Let me again use the BTZ metric as a beacon in this endeavor. For the BTZ black hole (44),

Sθθ = −r2/(2ℓ2) so that at the merger point (14) of NMG, one quickly finds

SNMG = 8πR+ ,

where R+ is the larger root of

1

grr
= −M +

r2

ℓ2
+

J2

4r2
= 0 i.e. R± =

ℓ√
2

√

M ±
√

M2 − J2/ℓ2

and R+ is the location of the event horizon. The BTZ metric, when considered as a solution to the

cosmological Einstein theory, has entropy S = 4πR+ precisely. Hence, as is the case for its energy

and angular momentum, its entropy is also doubled when it is examined in the NMG setting.

For completeness sake, here I rewrite all the relevant physical quantities of BTZ in terms of the

locations of its horizons R±:

T =
R2

+ −R2
−

2πℓ2R+
, ΩH = − gtθ

gθθ

∣

∣

∣

r=R+

=
R−

ℓR+
,

ENMG = 2M =
2

ℓ2
(R2

+ +R2
−) , LNMG = 2J =

4

ℓ
R+R− , ENMG =

S2
NMG

32π2ℓ2
+

8π2L2
NMG

S2
NMG

,

where T is the temperature and ΩH is the angular velocity of the horizon computed by standard

methods. It immediately follows from these expressions that the first law of black hole thermody-

namics in the form

dE = T dS +ΩH dL (59)
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does hold at the merger point of NMG.

The only essential difference in the calculation of entropy for the MMG case comes from the

spin connection. The choice

e0 = (grr)
−1/2dt , e1 = (grr)

1/2dr , e2 = rdθ − J

2r
dt

for the dreibein leads to the simple expression Ωθθ = J/2 = R+R−/ℓ. Using the merger point

condition (13) of MMG then leads to

SMMG =
4πR−

µℓ
.

One now has

EMMG =
J

µℓ2
=

2R+R−

µℓ3
, LMMG =

M

µ
=

R2
+ +R2

−

µℓ2
, EMMG =

SMMG

2πℓ

√

µLMMG − µ2S2
MMG

16π2

analogous to the NMG case and again the first law of black hole thermodynamics (59) holds at the

merger point of MMG.

B. The static black hole

For the static hairy black hole (18), Sθθ = −r(r − r− − r+)/(2ℓ
2), so that

SNMG = 4π(r+ − r−)

at the merger point (14) of NMG. This expression is indeed identical to what one would find by

using the Wald formulation. Meanwhile, one finds straightforwardly that

T =
1

4π

d(1/grr)

dr

∣

∣

∣

r=r+
=

r+ − r−
4πℓ2

,

and recall that ENMG = −2r+r−/ℓ
2, so that the first law of black hole thermodynamics in the form

dE = T dS immediately fails unless one considers the “hairless” limit r+ + r− → 0.

As for the entropy in the MMG case, since the metric (18) is diagonal, it follows automatically

from e0 = (grr)
−1/2dt , e1 = (grr)

1/2dr , e2 = rdθ that Ωθθ = 0. These lead to

SMMG = 4πσ̄(r+ + r−)

at the merger point of MMG. Since I already found EMMG = 0 for (18), dE = T dS doesn’t hold

unless one considers the “hairless” limit again.

By now the lesson is clear: Unless one goes to the “hairless” limit, there is no reason to expect

the first law of black hole thermodynamics to hold for a black hole with hair. However, it is

instructive to see how (57) and (58) can be used. Thus, let me continue pedantically.
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C. The stationary black hole

For the ensuing discussion, recall the choices made earlier for the existence of a horizon (28) so

that the stationary metric (24) can be interpreted as a black hole. The following dreibein choice

e0 =

√

f(r)
(

f(r)− (1− ω2)r2
)

rωℓ
dt , e1 =

rωℓ
√

f(r)− (1− ω2)r2
1

√

r2 + α2 − β
dr ,

e2 =
f(r)− r2

rωℓ
dt+ rdθ ,

that naturally follows from the alternative form (26), leads to

Ωθθ =

(

rf ′(r)− 2f(r)
)
√

r2 + α2 − β

2ℓω
√

f(r)
, and Ωθθ

∣

∣

∣

r=rh
=

β + αrh
√
1− ω2

ℓω
, (60)

Sθθ = − r2

2ℓ2
+

α

ℓ2ω2

√

f(r) , and Sθθ

∣

∣

∣

r=rh
=

r2h
2ℓ2

(

−1 +
2α

√
1− ω2

rh ω2

)

. (61)

Using these in (58) and (57), one finds

SNMG =
8π

ω2

√

α2(1− ω2) + βω2 , (62)

SMMG =
4π

µℓω

(

β

rh
+ α

√

1− ω2
(

1 +
2µℓσ̄

ω

)

)

=
8πασ̄

ω2

√

1− ω2 +
ω

2µℓ
SNMG . (63)

Meanwhile the angular velocity and the temperature of the horizon are given by

ΩH = − gtθ
gθθ

∣

∣

∣

r=rh
=

ω

ℓ
, (64)

T =

√
1− ω2

√

r2h + α2 − β

2πω2ℓ2



ω2 − α
√

r2h + α2 − β



 =
(1− ω2)

2πω2ℓ2

√

α2(1− ω2) + βω2 . (65)

As already advertised, it is a simple exercise to check from these expressions, (49) and (51) that

the first law of black hole thermodynamics in the form (59) does not hold unless one goes to the

“hairless” limit α → 0, i.e. the BTZ case.

Finally, the expressions of the entropy, the angular velocity and the temperature of the horizon

given above can be translated to find the corresponding quantities of ds2OTT (31) using (30). It

is gratifying to see that these indeed reduce to their respective counterparts in the NMG setting
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already given in [20]5. For the sake of completeness, these thermodynamical quantities read

ΩH =
a

ℓ2(1 + Ξ1/2)
, (66)

T =

√
2

4πℓ

√

(

1 + Ξ1/2
)

(

M +
b2ℓ2

4

)

, (67)

SNMG = 4
√
2πℓ

√

(

1 + Ξ1/2
)

(

M +
b2ℓ2

4

)

, (68)

SMMG = 2
√
2π
√

1 + Ξ1/2

(

−bℓ2σ̄ +
ℓ

aµ

(

1− Ξ1/2
)

√

M +
b2ℓ2

4

)

. (69)

VII. DISCUSSION

In this work, first I found all the static circularly symmetric solutions of MMG at its merger

point. It was a surprise to find that the metric (17), which was already known to be a solution

of NMG and describes a gravitational soliton, was overlooked in the literature. Together with the

static hairy black hole (18), I was then able to boost these two to find their stationary versions,

which are themselves circularly symmetric and “new” solutions when considered in the MMG

setting. I have shown that the stationary black hole (24) is indeed the already known black hole

(31) in disguise, thanks to the identifications (30). However the derivation presented here should

put (31) in a more comprehensible ground, at least for the sake of novices in the field, and (24) is

certainly friendlier to work with. The rotating soliton (32) is also new, and considering the result

I found in the penultimate paragraph of subsection IIIA, all of the metrics studied in this work,

apart from the Lifshitz ones, are solutions to NMG, MMG and GMG at their respective merger

points. Provided that both NMG and MMG admit CFTs at the boundary, this “duality” may

point out to a certain relationship between these two CFTs.

I then calculated the conserved gravitational charges of the asymptotically AdS solutions, and

made the observation that these charges obey the “duality” relation (56). Even though I am not

aware of any particular meaning this might have, it is interesting that this essentially swaps the

roles of energy and angular momentum as one changes the setting from NMG to MMG, and vice

versa, in which one is examining a given solution. I was also able to calculate the entropies, and

other relevant thermodynamical quantities, of the asymptotically AdS black holes, and showed

that the first law of black hole thermodynamics does not hold unless one considers the “hairless”

limit. In [20], it is argued for (31) that the variations (in the thermodynamical sense) in the hair

parameter can be reabsorbed by measuring the gravitational charges not with respect to the AdS

5 The hair parameter b in (30) is related to the one used in [20] via b → bΞ1/2, and I use the b of [20] in what follows.
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background, but with respect to an “extremal” background which itself has its energy given entirely

in terms of the hair parameter (see [20] for details). The same “trick” can certainly be played here

to restore the first law of black hole thermodynamics in the form d(E−Eh) = T dS+ΩH d(L−Lh) ,

where Eh and Lh indicate the energy and the angular momentum of the “extremal” background.

It should certainly be worth the effort to understand the microscopic origins of the entropy SMMG

(63) of (24) (and thus (69) of (31)) and to study it from the CFT side via a Cardy-like formula.
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Appendix A:

Here I explicitly show the steps to take when one applies the “boosting” trick that lets one to

obtain (24) from (18). To this end, let me start by rewriting (18) as (setting Λ = −1/ℓ2 < 0)

ds2 = −u(ρ) dτ2 +
dρ2

u(ρ)
+ ρ2 dφ2 , u(ρ) ≡ (ρ− r−)(ρ− r+)

ℓ2
, (A1)

by an obvious renaming of the coordinates and the metric functions. Assuming |ω| < 1, apply the

linear coordinate transformation





dτ

dφ



 =
1√

1− ω2





1 −ωℓ

−ω/ℓ 1









dt

dθ





to (A1) to arrive at

ds2 =
(ω2

ℓ2
ρ2−u(ρ)

) dt2

(1− ω2)
− 2ωℓ

(1− ω2)

(ρ2

ℓ2
−u(ρ)

)

dt dθ+
dρ2

u(ρ)
+
(

ρ2−ω2 ℓ2 u(ρ)
) dθ2

(1− ω2)
. (A2)

Using the explicit form of u(ρ) and a coordinate redefinition r2 ≡ ρ2 + 2αρ + β, the metric (A2)

can be cast in the form (24) in terms of the parameters α and β defined in (25).
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