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Abstract

We consider a U(4) Yang-Mills theory on M x S% x S% where M is an arbitrary
Riemannian manifold and 512; X S% is the product of two fuzzy spheres spon-
taneously generated from a SU(N) Yang-Mills theory on M which is suitably
coupled to six scalars in the adjoint of U(N'). We determine the SU(2) x SU(2)-
equivariant U (4) gauge fields and perform the dimensional reduction of the theory
over S% X 512;. The emergent model is a U(1)* gauge theory coupled to four com-
plex and eight real scalar fields. We study this theory on R? and find that, in
certain limits, it admits vortex type solutions with U(1)? gauge symmetry and
discuss some of their properties.
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1 Introduction

Recently, there has been significant advances in understanding the structure of gauge theories
possessing fuzzy extra dimensions [I, 2] (for a review on fuzzy spaces see [3]). It is known
that in certain SU(N') Yang-Mills theories on a manifold M, which are suitably coupled to
a set of scalar fields, fuzzy spheres may be generated as extra dimensions by spontaneous
symmetry breaking. The vacuum expectation values (VEVs) of the scalar fields form the
fuzzy sphere(s), while the fluctuations around the vacuum are interpreted as gauge fields
over 512; or 512; X 512; [2, [4]. The resulting theories can therefore be viewed as gauge theories
over M x S% and M x S% x S% with smaller gauge groups; which is further corroborated
by the expansion of a tower of Kaluza-Klein modes of the gauge fields. Inclusion of fermions
into this theory was considered in [4} [5]. For instance, in [5] an appropriate set of fermions
in 6D allowed for an effective description of Dirac fermions on M*% x 512;, which was further
affirmed by a Kaluza-Klein modes expansion over S%. It was also found that a chirality
constraint on the fermions leads to a description in terms of ”mirror fermions” in which each
chiral fermion comes with a partner with opposite chirality and quantum numbers.

It appears well motivated to investigate equivariant parametrization of gauge fields and
perform dimensional reduction over the fuzzy extra dimensions to shed some further light
into the structure of these theories. Essentially, it is possible to use the well known coset
space dimensional reduction (CSDR) techniques to achive this task. To briefly recall the
latter consider a Yang-Mills theory with a gauge group S over the product space M x
G/H. G has a natural action on its coset, and requiring the Yang-Mills gauge fields to
be invariant under the G action up to S gauge transformations leads to a G-equivariant
parametrization of the gauge fields and subsequently to the dimensional reduction of the
theory after integrating over the coset space G/H [6l[7]. CSDR techniques have been widely
used as a method in attempts to obtain the standard model on the Minkowski space M4
starting from a Yang-Mills-Dirac theory on the higher dimensional space M* x G/H (for
a review on this topic reader can consult [7]). The widely known, prototype example of
CSDR is the SU(2)-equivariant reduction of the Yang-Mills theory over R? to an abelian
Higgs model on the two-dimensional hyperbolic space H?, which was formulated by Witten
[8] prior to the development of the formal approach of [6], and it led to the construction of
instanton solutions with charge greater than 1.

Another approach, parallel to the CSDR scheme, using the language of vector bundles
and quivers is also known in the literature [9]. In recent times, this approach has been
employed in a wide variety of problems, including the formulation of quiver gauge theory of
non-Abelian vortices over }Rgd corresponding to instantons on }Rgd x S2, ]Rgd x §? x 2 [10 [11],
to the construction of vortex solutions over Riemann surfaces which become integrable for
appropriate choice of the parameters [12] and to the construction of non-Abelian monopoles
over RV x §2 in [13]. In [I4], reduction of the Yang-Mills-Dirac theory on M x S? is
considered with a particular emphasis on the effects of the non-trivial monopole background
on the physical particle spectrum of the reduced theory. Dimensional reduction over quantum
sphere is recently studied and led to the formulation of g-deformed quiver gauge theories and
non-Abelian g-vortices [15].

Both of these techniques have also been applied to Yang-Mills theories over ]Rgd x S2 [16],



where Rgd is the 2d dimensional Groenewald-Moyal space; a prime example of a noncom-
mutative space. In this framework, Donaldson-Uhlenbeck-Yau (DUY) equations of a U(2k)
Yang-Mills theory have been reduced to a set of equations on Rgd whose solutions are given
by BPS vortices on }Rgd and the properties of the latter have been elaborated.

Starting with the article [17], we have initiated investigations on the equivariant reduction
of gauge theories over fuzzy extra dimensions. In [I7] the most general SU(2)-equivariant
U(2) gauge field over M x S% have been found, and it was utilized to perform the dimensional
reduction over 512;. It was shown that for M = R? the emergent theory is an Abelian
Higgs type model which has non-BPS vortex solutions corresponding to the instantons in
the original theory. There it was also found that these non-BPS vortices attract or repel
depending on the parameters in the model. This article has been followed up by investigating
the situation in which M is also a noncommutative space [18]. Performing the SU(2)-
equivariant dimensional reduction of this theory led to a noncommutative U(1) theory which
couples adjointly to a set of scalar fields. On the Groenewald-Moyal plane M = Rg the
emergent models admit noncommutative vortex as well as fluxon solutions, which are non-
BPS and devoid of a smooth commutative limit as § — 0.

As we have noted earlier, gauge theory on M? x 5127 X 512? has been recently investigated
in [4]. For this purpose authors of [4] have considered a SU(N) gauge theory on M*, which
is suitably coupled to six scalar fields in the adjoint of U(N'). The model has the same field
content as that of the bosonic part of the N = 4 SUSY Yang-Mills theory, but comes together
with a potential breaking the N = 4 supersymmetry and the R-symmetry which is a global
SU(4). The deformed potential makes possible (after spontaneous symmetry breaking) the
identification of the VEV’s of the scalars with 512; X 512; and the fluctuations around this
vacuum as gauge fields on S% x S%. Structure of fermions in this theory is elaborated in [4].
In a related article, it was shown that twisted fuzzy spheres can be dynamically generated as
extra dimensions starting from a certain orbifold projection of a N =4 SYM theory whose
consequences have been discussed in [19]. For a review on these results [20] can be consulted.

In the present article, we investigate the SU(2) x SU(2) equivariant formulation of a
U(4) gauge theory over S% x S%. Starting from the SU(N) gauge theory model described
above, but now put on some Riemannian Manifold M, we focus on a U(4) gauge theory
on M x S% x S% after spontaneous symmetry breaking. We determine the SU(2) x SU(2)-
equivariant U(4) gauge fields and perform the dimensional reduction of the theory over
512; X 512;. The emergent model is a U(1)* gauge theory coupled to four complex and eight
real scalar fields. We study this theory on R? and find that, in certain limits, it admits vortex
type solutions with U(1)? gauge symmetry and discuss some of their properties.

Our work in the rest of the paper is organized as follows. In section 2, we give the basics
of the SU(N) gauge theory over M and indicate how the gauge theory over M dynamically
develops 512; X 512; as extra dimensions. This is followed by a systematic construction of the
SU(2) x SU(2)-equivariant U(4) gauge field using essentially the SO(4) ~ SU(2) x SU(2)
representation theory. In section 3, we present the results of the equivariant reduction over
M x 8% x S% and give the reduced action in full, and find that the emergent model is a
U(1)* gauge theory coupled to four complex and eight real scalar fields. This is ensued by a
discussion of the structure of the reduced action. In section 4, we present non-trivial solutions
of the reduced action on R? for two different limiting cases of the parameters az, and ag in the



theory and demonstrate that, these particular models have vortex solutions with U(1)? gauge
symmetry which tend to attract or repel at the critical point of the parameter space gg = 1.
For completeness, brief definitions of 512; and 512; X 512; are given in appendix A and basics of
the U(N) gauge theory over M x S% and the U(2)-equivariant gauge field parametrization are
discussed in appendix B. In appendix C, we collect the explicit expressions after dimensional
which is presented in section 3.

2 U(4) Gauge Theory over M x S% x S%
i. Gauge theory on M x S% x S%:

We start with an SU(N) gauge theory coupled adjointly to six scalar fields ®;, (i =
1,--+,6). The relevant action is given in the form [4]

1
S = /M TTN<@FJVFW + (DM<I>Z-)T(DM<I>Z-)) + V(D). (2.1)

In this expression, A, are su(N) valued anti-Hermitian gauge fields, ®; (i = 1, - - 6) are six
anti-Hermitian scalars transforming in the adjoint of SU(N) and D,®; = 9,®; +[A, , ®;] are
the covariant derivatives.

It is assumed further that ®;,(i = 1,--- ,6) transform in the vector representation of a
global SU(4) = SO(6) group.

When considered on the four dimensional Minkowski spacetime M?, depending on the
form of the potential term V' (®), the action (2.I]) corresponds to the bosonic part of the N = 4
super Yang-Mills theory with the global SU(4) being its R-symmetry, or a modification of it
thereof. The potential may have the form

V(CI)) = VN:4((I>) + ‘/break((p) s (22)

where the first term corresponds to the potential of the N = 4 super Yang-Mills theory
1 6
Vn=4(®) = Zgﬁ Z[@ 057, (2.3)
Z 7]

while the second term breaks both the N = 4 supersymmetry and the R-symmetry. It
also worths to mention that the above action (2]) descends from a ten-dimensional N = 1
super Yang-Mills theory by dimensional reduction. We will not review this here as it is not
necessary for our purposes, however a quick discussion can be found in [4].

We would like to see now how the product of two fuzzy spheres emerges as extra di-
mensions from this theory as a consequence of spontaneous breaking of the original gauge
symmetry. Following the discussion in [4], we consider a potential of the form

1 1 1
V(@) = 5 Vi(@8) + 5 Vi(@F) + Vi (@D F) + af Vi (@L) + o VS (PR) (2.4)
g7, 9dnr 9LR

where
=0, of=0,, (a=1,23)), (2.5)
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and

Vi(@r) = ey FHFL L FL = [@F o] — e 0F
)

Vi(@F) = ey FRFE - FE = [0F o] — ¢, 08
Vo(®L) = Tear(®L0L +b1)%,  Va(@F) = Ten (PLFDE + bp)?
L.,R L.,R L.,R
Vi(®LR) = Tep FEOTRER) 0 pllof) _ (gL gk (2.6)

We observe that the potential V(@) is positive definite, and it is possible to pick by, and
br as the quadratic Casimirs of respectively SU(2); and SU(2), with IRR’s labeled by ¢,
and /g

BLZEL(EL—I—U, BRZER(ER—I—U, 20p,, 20p € 7. (2.7)

If it is further assumed that N' = (201, + 1)(2¢g + 1)n, (n € Z), then the configuration
ol = xPrlg 1i20p11) ® 15,
Of = 1@ X @1, (2.8)
[, ®f] =0, (2.9)

is a global minimum of the potential V(®) where X(g%LH) and X(g%RH) are the anti-
Hermitian generators of SU(2), and SU(2), respectively in the IRR’s ¢1, and ¢g, with the
commutation relations

(X (204D 7Xl§2£L+1)] = eape X LD X @t 7XIS2ZR+1)] = eape X 2Rt (2.10)

This vacuum configuration spontaneously breaks the SU(AN') down to U(n) which is the
commutant of ®L &f in [@F).
Defining

L i (201 +1) R _ i (20p+1)
D —— A R & — e X (2D
KL(EL T 1) (26r+1) (261,+1) KR(ER T 1)

bl =1, gl -1, (2.12)

(2.11)

the vacuum is a product of two fuzzy spheres S% X S% generated by 22 and £2. (see appendix
A for a description of S% x S%).
Fluctuations about this vacuum give a U(n) gauge theory over S% X 512;. We can write

dL = xL AL ol = xR 4 AR (2.13)

where AL AR € w(20; +1) @ u(20g + 1) ® u(n) with the short-hand notation X\*Y
2p+1
Lotpin) ® 1n =2 XE and 10, 1y © XV @1, = X[,
Thus, ®Z, @2 are the “covariant coordinates” on S% x S%, and the associated curvatures
F ava F aRb7 FaLb’R take their familiar form after expanding according to (2.13])

Fh = [XI, AP - [XF, AL + (AL AL — cane AL
FE = [XP AR — [XF, AR 4 (AR, AR] — e AR,
FRR— xEoAF) - (X, AL 4 (AL AR (2.14)



Therefore, we can interpret the spontaneously broken theory as a U(n) gauge theory on
MxS%xS% with Ay == (A4, , AL | AZ) as the gauge fields and Fyy as the corresponding field
strength. The V2L and the V2R serve as constraint terms to suppress the normal components
of the gauge fields on each of the fuzzy spheres, in similar manner as discussed for the case
of a single fuzzy sphere in [2] [17].

It is important to point out that, this gauge theory can be called the “standard” Yang-
Mills theory on M x S% x S% if we take g, = gr = \/igL,R := g, scale the scalar fields as
P = /2§®; and take jg = 1, since only then it takes the form of the L? norm of Fy/n.

We also note for future use that, with the developments above

1
Ty = n(2€L + 1)(2€R + 1) TI‘:[\/Iat(%L-l-l) ® TI‘1\/J:af6(2h{-i-l) ® TrMat(n) (215)

where Mat(k) denotes the algebra of k x k matrices.

Finally, it is also useful to remark that there are other possibilities for the vacuum config-
uration as discussed in [4] which for instance lead to S% x S% carrying magnetic fluxes under
the U(1) component of the unbroken gauge group SU(n) x SU(m) x U(1) after spontaneous
symmetry breaking.

ii. The SU(2) x SU(2)-Equivariant Gauge Field

We will now formulate the SU(2)r, x SU(2)r = SO(4)-equivariant, U(4) gauge theory on
M x 512; X 512;. The gauge fields carry the fundamental representation of U(4). We introduce
S0(4) symmetry generators under which A, is a scalar up to a U(4) gauge transformation,
that is carrying the SO(4) IRR (0,0) and AL and A are SO(4) tensors carrying the IRRs
(1,0) and (0,1), respectively. In other words, A% is a vector under the SU(2);, and a scalar
under the SU(2)g, whereas A is an SU(2)g vector and an SU(2);, scalar.

On S% x S% the SU(2) x SU(2) = SO(4) rotational symmetry is implemented by the
adjoint actions ad X’ and ad X[ (see appendix A):

adXE. = [XL ], adxl. =[xE )], JadXx}t adx® =o0. (2.16)

Let’s introduce the anti-Hermitian symmetry generators

L

L
XPt @ Loep41) ® Lo — Liag, 1) ® Lioppqn) @i,

L
@ 2

W,
R

L
Bo= Lo @ XPR @14 — 1g, 41y © Laepin) ® i (2.17)

W,

Here LY and L are 4 x 4 matrices whose structure will be given shortly. They are chosen
so that wk and w? fulfill the consistency conditions

[wéj 7wl£/] = igabcwijy
[wfvwl})%] = igabcwfy (2.18)
Wl Wl = o. (2.19)

In order to write down the matrices L and L consider first the 4 x 4 matrices denoted

th

as emp(m,n = 1,2,3,4) whose all entries are zero except the entry on the m'® row and the



nt" column which is 1. We let

Ja = _iEabceb07 Ka = _i(ea4 - e4a) ) (220)
and define
Lk=J,+K,, LE=J,-K,. (2.21)
These matrices fulfill
(LE LY = 2iey LY,
LB LR = 2ieg.LE,
Ll ol = o. (2.22)

Therefore we have altogether six anti-symmetric SU(4) matrices generating the two sub-
groups SU(2)r, and SU(2)g. Remaining nine symmetric generators of SU(4) may be taken
as LLLI. Together with the 4 x 4 identity 14, LL, L and LLL span U(4) and furnish a
basis for the fundamental representation of U(4).

LE and LE form a 4 x 4 basis of the Lie algebra so(4) = su(2) @ su(2). In addition, these
matrices satisfy the relations

LgLI? = Z.eabchL + 0apla,
LELE = Z'eabch“‘5ab]-4, (223)

which permits to view them as two sets of 4 x 4‘Pauli Matrices”.

From the point of view of the SO(4) representation theory LL, L carry the reducible
representations of SU(2), and SU(2)g. LL carries two copies of the IRR (4 ,0), whereas
LE carries two copies of the IRR (0, %), which can be clearly observed from their Casimir
operators with the eigenvalues 3.

As the gauge fields AL and AZ on S% x S% are u(4) valued, they are elements of u(2¢, +
1) x u(2¢r + 1) x u(4). Therefore, it is now clear that LX and LZ in [@I7) are responsible
for generating the U(4) gauge symmetry in SO(4).

The SU(2) x SU(2) = SO(4)-equivariance conditions stated at the beginning of this
section can now be explicitly described as the fulfillment of the following conditions under

the adjoint actions of w’ and w®.

[Wg,Au] =0= [WE,AM],

[wa A3 = earc AL

[wi, A = eabe AL,

[wa', A =0 = [wg', Ap]. (2.24)

It is necessary to find explicit parametrizations of A, AL and AP fulfilling these conditions.
The adjoint actions of w” and w’ expand in Clebsch-Gordan series as

2><|:(£L,0)®(%,0):|®|:(€L,0)®(%,0):| = 4(0,0)8(1,0)®---, (2.25)

2><[(0,@)@(0,%)]@[(O,KR)@J(O,%)] = 4(0,0)®8(0,1)®---, (2.26)
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where the factor of two in each line above is due to the two copies of the IRRs (5 ,0) and (0, 1)
in LL and LE, respectively. Therefore the relavant part of the Clebsch-Gordan expansion
takes the form

4(0,0) ® 8(1,0) @ 8(0,1). (2.27)

The solution space for A, is then 4-dimensional, whereas each of the solution spaces of AL
and AL are 8-dimensional.

It is not very hard to see that there are four invariants under the action of wl and w’.
These are the three ‘idempotents”

X @141y @ LY — 51
o = (ELRI 1/2 = QL=-Q, Q= —Lae, +1)@205+1) 5 (2.28)
o0, 21 ®XZR®LR—1
@r e lp+1/2 = . Qh=-Qr, Q= —lios 1)@t (229)
(XZL ® Lp+1) ® L )(1(25L+1) & X R® LR — % )

iQLQR =1 (€ + 1/2)(€R +1/2) 7

(iQLQr)' = —iQLQr, (iIQLQR)®> = —1yar,+1)ent1), (2.30)

which are all [4(2¢1 + 1)(2¢g + 1)]?> matrices and the identity matrix — 14020, 1) (205 +1)-
These lead to the parametrization
1 1 .
Ay = 50,Q" + Sa)f Ry b 1+—ZCMQLQR, (2.31)
where a,, by, ¢, and d, are all Hermitian U(1) gauge fields, and to the parametrizations

AL = S0a DXt QL] 500+ X6~ DQUIXE, Q1 + isxa g (XE, Q%) + Sk
+%(X1—X/1)ZQR[ 2> QM+ (X2 X5)iQT Q" [X; ,QL]+Z%X3§Z'QR{XG,QL}+§X4Z'QR@£-

(2.32)

AT = SO0+ MIXE, QM 4+ 200 + X, — DQPIXE QM + iz g5 (X, Q) + S A0f
5O ADIQMIXE, QM43 (o~ XiQM QRIS QM +i Ny SiQHR Q4 5 NiQ D]
(2.33)

Here x;, x}, A and X, i = (1,2,3,4) are Hermitian scalar fields over M, the curly brackets
denote anti-commutators throughout, and we have used

~ 1 1
L L ~L . WL
= 7}( .
o Ty 12 Ve T et
1 1
X .= 7XR A — 2.34
@ T gt 1/2 Yo T et /2% (2:34)
Let us also introduce the notation
AL = AL iQRAT
AR = AR QR AR (2.35)

for future convenience.



3 Reduction of the Yang-Mills Action over 512;

Using the SU(2) x SU(2)-equivariant gauge field in the action functional of the U(4) Yang-
Mills theory on M ® 512; X 512;, we can explicitly trace it over the fuzzy spheres to reduce it
to a theory on M. It is quite useful to note the following identities

{Q,[X4,Q]} =0, {X.,[Xs,Q]} =0, (sum over repeated a is implied), (3.1)
Q. {X,,Q} =0, [X4,{Xs,Q}] =0, (sum over repeated a is implied). (3.2)
which are valid for both the left and the right quantities and they significantly simplify the

calculations, since they greatly reduce the number of traces to be computed.
The reduced action has the form

1 1 1
S:/ Lr+ Lo+ —ViE+ SV + VPP a3 v+ ol V. (3.3)
M 9L IR ILR

Each term in this expression is defined and evaluated below, while some details are relegated

to the appendix C.

3.1.  The Field Strength Term

The field strength can be expressed as

1 1 i i
Fu = 5 Fi0Q" + 51Q% + 5wl + 5huQEQ" (3.4)
where
flo= ok —o,ak, fR = 0,0l - 0,41,
G = Ouby = Ouby,  hyy = Oucy — Oyey (3.5)

The corresponding contribution to the Lagrangian is

Lrp = 4—;2TrN<FJVFW>
= W}(\f,fu|2+!f,ﬁ\2+lgwl2+|hﬂ”|2+ (2@L+1)i2eR+1) L
_m( S = ) = m( L — [ hy)
(20 + 1)2(2£R + 1)g/Wh/w> : 36)

3.2. The Gradient Term

The covariant derivatives are naturally expressed in two pieces

i . 1.
Du®y = 5 (Du(x1+x1) + Q@ Dulx2 +x2)) X', Q" + 70uxs{ Xy, @} + 5 0uxady

1
2
+z’QR<

N =

. X 1 )
(D,u(Xl - Xll) + QLDM(X2 - X/2)) [XaL > QL] + iauxg{XaL > QL} + 5@»(2%%)
(3.7)



o .
(Duh+X) + QD02+ 3)) K. Q) + 100 { XS Q") + 50, if

1
D, o8 = -
H=a 2
) 1 i A 1 .
+ ZQL (5 (Du(/\l - /\/1) + QRD;L()Q - )\/2)) [Xf ) QR] + Zau)‘é{Xf ) QR} + 56;1)‘21“5)
(3.8)
where we have (i = 1,2)
D,xi = 0OuXi+€jiauX;j + €jiCuX;
DuX; = OHX;- + 6]'@'(1“)(; — 6]'@'6#)(;- . (3.9)
with (i = 1,2).
The gradient term takes the form
(3.10)

Lo = Lk + £ =Try (D20 (D,2F) + (D, 88 (D, 2F))

where
oL _ Ol +1)
(0 +1/2)?

100 + 1) (62 + 0y — 1/4) 1
4 ({1 +L1/2)4 (Gux3)® + (0uxs)? + mf%x?ﬁuxé

(1 " 2(le+1)> ((Dpx1)? + (Dux2)?) + <1 - WTlJrl)> (DY

+(D,)?)
lw / / 1 / /
2 (0 +1/2)3 [%Xs%m + x50, X4 + ] (0ux30uXs + 950 x4)
102 + 0, +3/4 [
ZW (Guxa)® + (Oux)* +

1
ma,ux4au>(£1] . (3.11)
2

Ctrlr+1) | 1 1 ,
S = T+ 177 ( * 3 ) (P+ 00a) + (1= g5 ) (0
1lr(lr + 1) (4% + g — 1/4) , 1 )

P e |0+ 0 o)

_|_

H(DuX)?)
1 ER(KR + 1) 1
STl 3 P00+ 9NN 5y (OuAsNs + 0,340

103 4+l +3/4 5 1
- - = A N2+ ——— 9,0\, | . 12
4 (€R+1/2)2 (au 4) ""(au 4) + 2(€L+1)8M 48# 4 (3 )
It is useful to form the complex fields
X=x1+ix2, X=x1—ix2, A=A+iky, A=A\ —i), (3.13)
then the covariant derivatives are expressed as
D,x = auX + i(aﬁ + C,u)Xa D;LX, = 8;LX, + i(aﬁ - Cu)X, )
(3.14)

Dy =0\ +i(aff + c)A, DN = 0N +i(aff — cu)N .
We note that primed fields carry charge —1 under c,,.

9



3.3. The Potential Term

Working with the duals, we have for F a]j,

1 1 _
55@0% = §eabc[q>§, L] - ®L = FL +iQ"Fr,
1

FE =3 (PF (a + Q) + PE 04 + Q1) ) [XF, Q"]
i (X2, 1 we'
Z(21vI? + 2|+ |2 7’ —pL__ e
NP 2N E = B e P s

~ 1 _

FE =2 (P O +xQ") = P +6Q)) [XE,Q"

) {X2.,Q%}) P wg

T3 <2|X|2 2T - n+12) "33 U122

and PlLi, P} and P?{“ , 152L , p?{“ are given in the appendix C.
Similarly for F £ we have

Lo = SealO 0]~ 8 = P QU
1 _
FE = 5 (P Ou 4220 + P (4 + 207 (X, Q"
i (XE,Q7)  1,p  wh
_ 2 2 2 12 ’ _PR C
g CRE 2N =B e+ 1B s e
~ 1
= 2 (P O+ 22Q%) = P (X + 2007 [XE, Q)

i , (X, Q% wg
+Z<2W2 2P - )(e +1/2)+ P (lr+1/2)2°

and PlRi, P2R and Pf, ]52}27 ]53R are given in the appendix C.

In addition, we have for F ﬁ)’R

Fif=i((x2+xh) — (a1 +x0)QY) X[, Q1A

+iAL (A2 +X) = (0 +A)QF) X5, 0.

where the notation introduced earlier in (2.35]) is used.
With these we find for VlL, VlR and VlL’R

Vit = TenFLTRE
= —2Tuy ((FF)? + (FE)? + 2iQnFLEE)
= TF(X*+ XY+ Ty X+ TP + T

10

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



VE = TenFSTER
= —2Tuy ((FR)? + (FF)? 4 2iQu FRER)

= T+ NI+ TP AP + TN + 157 (3.23)

VT =280 (X = XA + = XX P) + [x + X (SaLAéz + 55N + Ss?AéM)
+ A+ N (SEXE + SEXE + Sfind ), (3:24)
where TlL’R,TQL’R,TQL’R,TgL’R, S1, SQL, S'QL, Sé, SQR, 5‘53 and S?fz are given in appendix C.
3.4. The Constraint Term
Taking by =14 r({r +1) and bp =1 r(r + 1) as discussed earlier in section 2 we find
dLol 4y (0 +1) = R +iQPRE +iQ™(RF +iQ*RY), (3.25)
SRR 4 Yp(tr +1) = RE +iQRRE +iQM(RE +iQLREY) (3.26)

where RY, RL and RlL ) RQL and R, RE and R{%, Rf are given in the appendix C.
The constraint terms in the action take the form

- - 1 -
Vi = (REP + (RE)? + (RP)? + (R)? + ——— (RFR + RERY)
(L +3)
1 N . 1 L
+——— (RIRI + RERY) + RIRY + RYRY) . (3.27
- - 1 .
Ve = (R + (RE)? + (REY? + (RE)? + —— (RIRE + RERS)
(r+3)

_
(r+3)

1
200+ 3)(lr+ 3)

+ @%%ﬁ%ﬂ+ @ﬁ%ﬁ%ﬁ.@m

3.5.  Structure of the Reduced Theory

In order to understand the structure of the reduced theory it is useful to analyze its vacuum
structure. The potential has the form

V= %Vf + %Vﬁ + QLVIL’R + a2V + a% Vit (3.29)
91, IR 9LR
Apart from the case a;, = ag = 0, V is zero if and only if V¥, Vi, VlL’R, Vik, Vit all vanish.
Noting that zeros of VlL Vi, VlL’R coincide with zeros of the curvature terms, it is left to
find the solutions of
Fh=0, Fi=0, Fyf=o0, (3.30)
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using the results obtained in the previous section.
It turns out that the only solution to these equations, which is also a zero of both V&, V3
is given as

1
Xl =X == X=3,
XA =xA A =xN,
X3=X3=Xa=Xx1=0, 3 =23 =N =X\, =0. (3.31)
In fact, the first condition on the second line together with the first line implies the second
condition on the second line. It should be clear that vacua is not simply connected. The first
two lines of (B.31]) imply that one of the complex fields can be written in terms of the other
three. For instance, \' = XT)\ = 4x'\y. The vacuum manifold has therefore the structure of
T3 = St x S' x St which has in particular m (T?) = Z & Z @ Z.
Let us record the form of the action in the limit /1 ,¢r — oo which is going to be of
essential interest in the next section.

1
(751 + 1T + gl + ) (3.32)

Lr=—
= 16g2

1
L6 = DX + 1D, P+ DA + DN P + 7 ((0000)? + (0ux5)? + (Dxa)? + (D4

(0u0)” + (02)” + () + (9uM0)?) - (3.39)

Vi =< (a2 + 20+ ) 12+4!’F+1( 5) 1y’
1—9% X 4X3 X3 1 X 4X3 X3 1

1
+2(xs + x3)%Ix1* 4+ 2(x3 — x5)2 X + §(xi + xf)) . (3.34)

T PY N WP R YERR WS R
7 1 1 1 1

1
+ 23 + A52AE 4203 — N2 IN)? + E(Aﬁ + Aﬁf)) . (3.35)

1 - - 1
VR = o (20 = AR+ A = XN = 5 (1 XPOF + AF)
L fr—00 gL’R 2

I NPOE D)) (3.36)
4 Vortices

We will now discuss the vortex solutions of the reduced theory in the ¢p ,£r — oo limit. For
simplicity, we restrict our attention to the case M = R2. There is no canonical choice for
the coefficients a% , a% of the fuzzy constraint term; here we consider only the extreme cases
of a% = a% = 0 and a% ,a% — 00, which correspond respectively to imposing no constraint
at all, and to imposing the constraints “by hand”.
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4.1. Case 1: No constraint

As the constraint terms are absent, it is observed from the equations (3.33]- B.30]) that b,, x4
and )4 decouple. In this case we have a U(1)? gauge theory. The vacuum has the nontrivial
structure given in (33I). On R? this leads to vortices since the mapping of the circle at
spatial infinity to the vacuum manifold

S (o0) — T3 (4.1)

is characterized by (T3 = Z ® Z & Z.

To obtain a detailed description of these vortices we can select the radial gauge in which

al = a' = ¢, = 0 and make the rotationally symmetric ansatz by setting

. 1 . . 1 .
X = X(r)emle N _emle’ X/ — X!(,r,)emgﬁ N _emge’

r—oo 2 r—oo 2
) 1 . ) 1.
A= )\(T)elmle — Zetmb N = )\/(T)elm29 —y Zetmaf (4.2)
r—oo 2 r—oo 2

From [B.3I) and (£2) we see that the integers nj,na, mi, my are not all independent but
related to each other as
(n1 - ng) - (m1 - mg) = 0, (43)

which is consistent with the fact that 71(73) = Z © Z ® Z. In what follows we eliminate my
using (£3) and take the winding numbers of the complex fields as the set (n1,ng, m1).
The real scalars are

X3 = X3(T) ) X% = Xé(r) ’ )‘3 = )‘3(T) ) é = )\é(’f’) ) XZL = Xil(r) ’ /4 = )‘ZL(T) . (44)

and they all tend to zero at spatial infinity (r — 00).
As for the gauge fields we have

ni + na
W=l ST
R_ R Smi+my _ 2mp — (n1 —no)
ag = ag (1) T—>_)OO 5 = 5 )
niy —ng
o = or) 3, "1 (45

Asymptotic profiles of the fields listed above are all dictated by the finiteness of the action

@)

13



The action takes the form

S:27T/ rdr
0

1 1
+(0:X')? + ﬁ(ng + ak —c9)?X? + (0.0 + T—z(ml + al 4 ¢9)? X2 + (8, N)?

1 1 1 1 1
@ (p(&«agf + ﬁ(araf)z + ﬁ(ar06)2> + (8rX)2 + r_g(nl + aaL + CG)2X2

1 1
+ ﬁ(rm — (n1 —n9) + alf —cp)?N? + i <(8TX3)2 + (0 x5)? + (9X0)2 + (9,23)?

1 1 1\?2 1 1\?2
/32 1\2 - 2, = AN 2, = A Y
+ (0rA5)” + (Or\}) )+g% <4 <x +4(X3+x3) 4> +4<x +4(X3 X3) 4>

1 1 1 1\?
+200 + x5 + 20 — X5)XP+ oxE |+ [ 4 <A2 + = (As+X5) — —>
2 9% 4 4
2 1 / 1 2 1\21\2 I\21\/2 1 12
+4( A JFZ(A?,—AB)—Z +2(A3 4+ X5)2A% + 2(A3 — A5)2A + 5

| i ,
+ (2(XX SN2 20— YN | (4.6)

9L.R

where

(X XPOF+HND+ A+ XN)2(E+xE))  for ni=mny
F = (4.7)
—OEHXDOE+ A + (N + N Z +xF)) for ng #no

The equations of motion for the scalar and the gauge fields follow from (4.6) and (4.1
in a straightforward manner. These are coupled non-linear differential equations for which
we have not found any exact analytical solutions. However, it is possible to obtain the
asymptotic profiles of the fields as » — oo. In this case we can write down the fluctuations
around the vacuum values as

1 p_ 1 / 1 ;1 ' L n1t+ng L
X—§—5X, X =5 ox /\—2 o\, /\—2 0N, ay = 2 + da™
R 2my _(nl _n2) R ny — no
ae = — 2 +5a 5 CcCp = — 2 +5607 (48)

while we can keep the same notation for the real scalars as they all fluctuate about the zero

vacuum values. Assuming further that (#)2, (@)2, (570)2 are Subleadingﬂ to the fluctua-

tions in the complex and the real scalar fields, we obtain the following coupled set of linear

!The region of validity of this approximation in terms of the parameters of the model will be given a little
later on.
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second order differential equations:

where

1

9%6at — ;&zL —4g%6al =
1

d%6al* — =sa®f — 4476 =0,
T

1
d%oc — ;56 —8¢%5c =0,

1 4 1 1
920X + —Ox + 7 <—5x + Z(X3 - xé)) — —5—(ox —0x') =
L

9L.R

1 4 1 1
2 / - / N - ) - - /
Or0X" + —0x' + p ( ox + 7 (xs X3)> + p (6x — 0x")

L L,R

1 4 1
8§6>\+;5A+—2< SA+ - (>\3+>\3)> ——(BA—3N) =0

IR 9L,R

1 4
26N + =N + ( S\ + — (/\3 - X)) —— (A —0X) =
r 9L.R
1 4 3
92xs + SX3+ el <5X +0x' — 5)(3) =0,
L
1 4 3
X+ = X§+—2<5X ox' ——X3>+ X3 =0,
T 91, 2 L,R
1 4
8§A3+;)\3 = <5>\+5X— g)\3> =0,
R
1 4
O2Ny + =Ny + — <5A—5A/—§Ag> + N =0,
r IR 2 IL.R
1 2 ol
FXy+ —Xs— xXs+ x4 =0,
4 r 4 g% 4 giR 4
1 2 ot
2
OGN+ X = S+ 5N =0
IR 9L.R

1 for n n
,Y:{ 17 na

2 for n1 =ng.

The gauge fields have the asymptotic profiles

sa¥ = FLrK,(2gr)
sa® FRrK,(2gr)
bc = FrK(2V2gr).
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Some algebra yields the asymptotic profiles of the scalar fields as

ox = C1Ky (@) + Cy K (2\/§T> + C3Ky (\/Qi?‘) + C4 Ky < o 7’>
gL gL
2r 2v/2r
g—L) + Cy Ky ( L ) - 3Ky (\/Qi?‘) — 4Ky < « 7’>

|
o cnf) w2
(

o' = CiKo

oA = DK

A3 = DiKy

where

1
2
o =5+ i%(% L2 +49> for y=1

2 2 - 33
9L 297 R 9L 9L9L,r 9L.R
1
L 5 9 4 4 2
afY =3+ |F — 5—— + 41— for =2
SR 9L 9i9ir | 9inr g

IR 9IRIL,R 9L.rR

1
2
o= 3 4 L i%@g—wm +T9> for o =1

2
R_ 5 36 _ __4 _4 =
£ i(fi}‘z 9%9%,R+9%,R> for v=2
2 2
L v R g
Br=—s—5— B'=g-—5—.
91  9Lr 9r 9L R

We further have that the coefficients C and C are fixed in terms of C3 and Cy as

2 2
C{;’: %045/_— ‘ZL -2 Cg,
=1 LR
7 / 97 L g7
Cé_—203,
7:2%{(1/—0
4 — Y4,

() o
= () s (22 - o () - s (5
()

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)



and likewise for the D} and D)

2 2
Dé: QTROéf—g%RR_Z D37
y=1— ) ) (4.18)
r— (9r R _ 9r _
D) = (£l o 2) Dy.
D) = —2Ds,
7:2—>{ D?_D4 (4.19)
4 e .
The coefficients C,, D,, F*, Fr, F,(a = 1,---,5) can be found by numerical methods. Such

a numerical computation was given in [I7], for the case of U(1) vortices emerging from
the equivariant reduction of a U(2) theory over M x S%. We will not go into numerical
calculations in this article. However, we can still note a few qualitative features stemming
from the asymptotic profiles of fields listed above. Focusing on the special case, g, = gr =
\/ﬁgL, R := ¢, the expressions above simplify to

ok = %g for yv=1,
(4.20)
ok = —rGj;ﬁ for yv=2,

and 8 = g% for v = 1. For v = 2, it is easily observed that there are no fluctuations in zero
vacuum value of the fields x/, and N, at this approximation. It follows from the asymptotic

form of the Bessel functions that, (#)2, (@)2, (29)2 are subleading to the fluctuations in

the complex and the real scalar fields, as long as 4g > g. Furthermore, the field strengths
decay faster than the scalar fields if 2g > %. This result indicates that vortices tend

to attract as long as 2g > %, since it is known that field strengths are responsible for

the repulsive and scalars are responsible for the attractive forces between vortices [2I]. In
particular, the reduced ”standard” Yang-Mills theory with gg = 1 falls into this region of the
parameter space.

4.2. Case 2: The constraints fully imposed

The fuzzy constraints
OLOL Ly (0 +1) =0, BROE 4L ip(lr+1)=0 (4.21)
are equivalent to the algebraic equations

RE=0, Ri=0, RE=0, R{=0, RE=0, RE=0, RE=0, RE=0.
(4.22)
where expressions for all R are given in the appendix C. These equations can be solved order
by order in powers of the parameters é and é to obtain expressions for the real scalar fields
in terms of the modulus of the complex scalars in the theory. Substituting the leading order
solutions of the real fields yields an action involving the complex scalars only.
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To leading order in z_ and 1 , ([A22) yield

= i 2 n2 _ 1 — _i 2 N2 _ 1
X3—€2L(|X| HIXT=5) xa= -+ I = 5),
1
2 2 _ 2 2
X3 = 62 S =R, Xa= —7, (I =X,
Y= (P +INP = 3), A== (AR + X2 - 3)
z (R 27’
1
3= —2(|>\|2 NP, Np= == (AP = VP, (4.23)
(5 (R
Substituting (4.23]) into the reduced action obtained in section 3 gives
1 3
S= [ dy—s huw|?
/ y1692< 1662)|f +(1- 1662 il T i [P

1/1 1 1/1 1 1 )
s\ 7 2 huL — | 77— — = hl,R 11— — D 2
+2 <€R g%) H NV+2<€L €%> Iz NV>+< 4€%+2(€R+1)>| HX|
1 1 1 1
L= gy ) 1PeX P+ (1= g + 57y ) 1DeA
+< A2 2(€R+1)>‘ 24 +< 12, +2(5L+1)>’ pAl
1 1 .,
L= a1 ) 1PN ’ 4.24
+< A2, 2(@L+1)>‘ "+ 2 ((5 IXI*)” + (Ou \x!)) (4.24)

2
112\2 2+ n2 _ 1
vz (@) + QUNEY) + 5 (14 3 <<|x| <|x °-3) )
4 5 1\? 1 1
1 )\2__ )\/2__ - )\/_ /)\2
+9R<+4gz)<<|| 1)+ <| | 4)>+9%R<<|x A
+HAx = XN - %2 X POAR = IN?)? — %2 A+ NP (] - |x’|2)2>-
where we have already solved the equations of motion for b, and inserted

11 1N\, 11 1\, 1
y= (- Ly - 42
9n 4<eL e%) W+4<eR eg) w1 (4.25)

It is readily observed that the minimum of the potential resides at

1
Ml == = X =3,
YN =xXX, Ax=xN. (4.26)
We can again pick the radial gauge, and make the rotationally symmetric ansatz to look for
vortex solutions. The action takes the form
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11 1 1 11/1 1
+ ﬁm(@%)(&«aﬁz) + 25 <— - g) (@aé)(@@) + 25 (E - €—2> (8,@5)(8,@9))
1
(007 + St + 0+ ca?)
1
0:x)? + ﬁ(ng +af — ce)2x'2>
1
(8r)\)2 + ﬁ(ml + af + 69)2)\2>
1 1 N2 1 R 2472
+1—-— 0T D) (0r\) +ﬁ(m1—(n1—n2)+a9—69))\

2 2
Tz (@) +X2(0:X)?) + 7z (A2(8:0)% + N2(9,X')?)

4 5 s 1\? o 1\?) 4 5 s 1)? o 1)
—(1+—=5 — = — - —(1+=) [ (X -= pACI
+g%(+4@)<<x 4>+<X 1) ) g\ i) T\

1
+ 200N = XA+ 200 —xN)P+ F
9L.R

(4.27)

where

(X POP = NP = X3 =X for m =
. (4.28)
g (O F XD =X = g O E N2 XD for ma £

To leading order asymptotic profiles of the gauge fields are
1/1 1
a1r7Ki(2gr) + corKy (29 ( 1+ iz + i r),
K1(29r) + aory (29 (142 (2 +
T T 9T Y [ — r
1149 2Ty | 29 1 E% E% ,

be = azrK, (2\/59 <1 - g <% + é)) r> . (4.29)

The asymptotic profiles of the scalar fields read

da*

Sa®

ox = Ci1Ko(ypr)+ CoKo (/par)
ox' = CiKo (Vur) + C3Ko (var)
SN = CyKo (Virr) + CaKo (\V7ar)
S = Cho(yrr) + CyKo (yFar) (430
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Focusing on the case g, = gr = \/ﬁgL,R = g, we find

2v2 1
\/,U_l = — 1+—2 ,
407

g
2 3 3
= (s ag)
N %(1—1—%—%). (4.31)

In this case, it follows from the asymptotic form of the Bessel functions that, (M)2, (@)2,

T
(%)2 are subleading to the fluctuations in the complex and the real scalar fields, as long as
4g > 2%. For finite values of ¢ ,fg, at the critical gg = 1 coupling the vortices tend to

repel since the scalars decay faster than the field strength. In particular, in the strict limit
L1, ,£r — oo the model collapses to the critically coupled BPS vortices at gg = 1. The BPS
bound for this model can be written. Saturating the bound gives the action

T
S = 5(”1 +ng +mq + mo)
= 7w(ng +my), (4.32)
since mg = —(n1 — n2) + mq and the BPS equations are

Dix+iDyx = 0, Dix' £iDyx' =0,
DiA+iDo) = 0, DN +£iDo)N =0. (4.33)

1 1 1 1
B+ 2w ava (WP - 1) =0, BF - pravE (WP -1) =0,

BR 4 %B T 4v2¢° <(|>\|2 — i) =0, BF- %B T 4v24° <|X|2 — i) =0, (4.34)

together with the supplementary conditions
XN =xA, Ax=xN, (4.35)

and where B = 7,L€, B = 7{2, B = hfe. A similar model, though on the noncommutative
plane }Rz have appeared in [I1I]. We have not found any reference in the literature studying
the solutions of these BPS equations however we think that, in principal, it may be possible
to construct them using the methods of [22, 21]. This is beyond the scope of the present
article.

5 Conclusions

In the present article, we have investigated the SU(2) x SU(2) equivariant reduction of a U(4)
gauge theory over S% x S%. We have started from an SU(N') gauge theory suitably coupled
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to a set of scalar fields in the adjoint of SU(N) on a manifold M, which leads in general
to a U(n) gauge theory on M x S% X S% after spontaneous symmetry breaking. Focusing
on the U(4) theory we have determined the most general SU(2) x SU(2)-equivariant U(4)
gauge fields and performed the dimensional reduction of the theory over S% x S%. We have
found that the emergent model is a U(1)* gauge theory coupled to four complex and eight real
scalar fields. Studying this theory on R? in two different limiting cases we have demonstrated
that, these particular models have vortex solutions with U(1)% gauge symmetry which tend
to attract or repel at the critical point of the parameter space gg = 1 as discussed in the
previous section.

We find this line of research very interesting as it gives us concrete results on the structure
of gauge theories with fuzzy extra dimensions.In particular, we are interested in investigating
the SU(2)-equivariant formulation of a U(3) gauge theory on M x S%. In this case, SU(2)
gauge transformations in U(3) are generated by the SU(2) rank 1 and rank 2 irreducible
tensors in the adjoint representation of SU(2) and among the rotational invariants of the
symmetry generators, suitably contracted rank two tensor operators over the fuzzy sphere
also appear. In other words, and somewhat more accurately, fuzzy version of x,xyQap, Qub
being the quadrupole tensor carrying the spin 2representations of SU(2), appears as another
rotational invariant in the theory whose contribution should be taken into account. We will
report on these and related developments elsewhere in the near future.
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Appendix

A. S% and S% X 512;

The fuzzy sphere at level ¢ is defined to be the algebra of (2¢ 4+ 1) x (2¢ + 1) matrices
Mat(2¢ + 1). The three Hermitian “coordinate functions”

By 1= x(2t+D) (A1)
e+1) ¢
satisfy '
1
FasBp) = ——Cupelec, Zala=R, A2
[Za , o] TR (A.2)

and generate the full matrix algebra Mat(2¢ + 1). There are three natural derivations of
functions, defined by the adjoint action of su(2) on S%:

f—adXPHD = [XPHD 1] f e Mat(2041). (A.3)

In the limit £ — oo, the functions &, are identified with the standard coordinates x, on R3,
restricted to the unit sphere, and the infinite-dimensional algebra C>(S5?) of functions on the
sphere is recovered. Also in this limit, the derivations [Xézzﬂ), -] become the vector fields
—iLy = €4peaOp, induced by the usual action of SO(3).

In similar manner the product space S%x S% is defined to be the algebra of ((2/1, + 1)(2(g + 1))
matrices Mat (207, + 1)(2¢r + 1). There are now six Hermitian “coordinate functions”

xg = 7X§2€L+1) ® 12£R+1 s xf = 12£L+1 & 7X(2ZR+1) s a = 1, 2, 3.

VLl + 1) (r(lg+1) ° )
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which satisfy

i

2k, 2] = mgabci'fa 22 il = m%bci‘fy (20,247 =0. (A5)
bl =1, #RiP =1, (A.6)

and generate the full matrix algebra Mat(2¢y, + 1)(20r + 1).
There are six natural derivations of functions, defined by the adjoint action of su(2) &
su(2) = so(4) on S% x S%:

f—adXlf = [XE f], f—adXPf:=[XE, f], feMat(20p +1)(20r+1). (A7)

In the limit ¢; ,fp — oo, &£ 2% and are identified with the standard coordinates = and z

on RS, restricted to S? x S%, and the infinite-dimensional algebra C>°(S? x S?) of functions
on S% x S? is recovered. Also in this limit, the derivations become the vector fields —iLE =
EabetLOL, —iLl = e xlOf induced by the usual action of SO(3) x SO(3).

B. U(2) Gauge Theory M x S%

i. Gauge theory on M x S%.:
The relevant SU(N) Yang-Mills theory has the action

1 1 N
S = /M TrN(4—92FJVFW+(DM%)T(DM%))—i—g—zTrN(Fijab)+a2TrN((¢a¢a+b)2). (B.1)

Here, ¢, (a = 1,2, 3) are anti-Hermitian scalars, transforming in the adjoint of SU(N) and in
the vector representation of an additional global SO(3) symmetry, D, ¢q = 0u¢a+[A, , ¢a] are
the covariant derivatives and A, are the su(N') valued anti-Hermitian gauge fields associated
to the curvature F),,. Fy, is given as

Fop = [¢a 5 ¢b] — EabePe (BQ)

In above a, 5, g and § are constants and Try = N ~!Tr denotes a normalized trace.
This theory spontaneously develops extra dimensions in the form of fuzzy spheres [2].
The potential terms for the scalars are positive definite, and the solutions

Fab = 07 _¢a¢a = B (B?’)

are evidently a global minima. Most general solution to this equation is not known. However
depending on the values taken by the parameter b, a large class of solutions has been found in
[2]. Here we restrict ourselves to the simplest situation.Taking the value of b as the quadratic
Casimir of an irreducible representation of SU(2) labeled by ¢, b = £(£ + 1) with 2/ € Z and
assuming further that the dimension N of the matrices ¢, is (2¢+ 1)n, (B.3) is solved by the
configurations of the form

$o =XV 01, (B.4)

where X*™) are the (anti-Hermitian) generators of SU(2) in the irreducible representation
¢, which has dimension 2¢ + 1. We observe that this vacuum configuration spontaneously
breaks the U(N') down to U(n) which is the commutant of ¢, in (B.4).
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Fluctuations about the vacuum (B.4]) may be written as
¢a =X, + Aa ) (B5)

where A, € u(20+ 1) ® u(n) and we have used the short-hand notation xF Vo1, = X,.
Then A, (o = 1,2,3) may be interpreted as three components of a U(n) gauge field on
the fuzzy sphere S%. ¢, are indeed the “covariant coordinates” on S% and Fy is the field
strength, which takes the form

Fab - [Xa 5 Ab] - [Xb 5 Aa] + [Aa ; Ab] - EabcAc . (B6)

when expressed in terms of the gauge fields A,.

To summarize, with (B.5) the action in (B.]) takes the form of a U(n) gauge theory on
M x S%(20+ 1) with the gauge field components Ap(§) = (A, (), Aa(9)) € u(n) @u(20+1)
and field strength tensor (g are a set of coordinates for the noncommutative manifold M)

Fon = 0,A, —0,A,+[A.A)]
F;m = Du¢a = u¢a + [A,uy gba] (B7)
Fab = [gba, @b] - EachSC .

ii. The SU(2)-Equivariant Gauge Field :

Let us focus on the case of a U(2) gauge theory on M X 512;. The construction of the
most general SU(2)-equivariant gauge field on S% can be performed as follows [17]:

We pick the symmetry generators w, which generate SU(2) rotations upto U(2) gauge
transformations. Accordingly, we choose

> ~Q

we =X @15 — 19041 ® % . weeu2) @u2l+1), fora=1,2,3 (B.8)

These w, are the generators of the representation % ® £ of SU(2), where by m we denote
the spin m representation of SU(2) of dimension 2m + 1. SU(2)-equivariance of the theory
requires the fulfillment of the symmetry constraints,

[wa s Au] =0, [way ¢b] = 5abc¢07 (BQ)

on the gauge field and a consistency condition on these constraints is [wg, wp] = €qpewe Which
is readily satisfied by our choice of w,.

The solutions to these constraints are obtained using the representation theory of SU(2).
The adjoint action of w expands into the Clebsch-Gordan series, whose relevant part reads

(120 (1/200) =200410.... (B.10)

Thus, the set of solutions to equations in (B.9) are two and four-dimensional respectively.
The fields are conveniently parametrized as

1 1
Au = gQau@) + §Zbu@) ) (B-ll)

Au = 201 ()X Q1 4 5 (9200) ~ VQIXa, Q)+ i505(0) 5 (X Q) + Sa(i)e,,  (B12)
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with ¢, = X+ A, and ay, b, are Hermitian U(1) gauge fields, ¢; are Hermitian scalar fields
over M, the curly brackets denote anti-commutators throughout, and
- 1 R 1

a = mXa, Wq = mwa. (B13)

They contain, in addition to the Mat2(2¢ + 1) identity matrix, the only non-trivial rotational
invariant under w, which is
X, ®0%—1i/2

C=—m

Q' =-Q, Q= -1yo1. (B.14)

Indeed, @ is the fuzzy version of ¢ := io - x and converges to it in the £ — oo limit.

C. Eaxplicit Formulae

In this appendix, we list the explicit expressions for PlLi, P2L and P3L, ]52L , ]53L , PlRi, P2R
and Pf, PR, PR TPR TR TR TR RE) RE and RE, R and RE, RE and RE, RE,
which were introduced for brevity of notation in section 3.

We have
02 4+ 0 —1/4 1
L L
B S - C.1)
H 122 BT (
02 +/0,—1/4 1
L L / /

/ /
pL—(1— 1 X4 _ X3 o X4 . X3 ‘
2 =(1-x) < Thrie i) S\arip wmrize) (©Y
Or(lp +1) 2 0, —1/4 (r(fp +1)
PL _ L\E ST 2 2 2 2 L 12 12 ) 4
Y= U 1) (X3 —2x3) + X3 + iz Mt s T (O
pPlE = pL+ Pl (C.5)
%+ 0, —1/4 1
PR R - .
! (lr +1/2)2 3+£R+1/2A4’ (C.6)
(% +lg—1/4 1
pr _ IR ! BV .
1 (€R+1/2)2 /\3+€R+1/2 4 (C 7)
A A N, N,
R _ (1 _ 4 B 3 RV 4 _ 3
B ={1-%) (H (r+1/2 2(£R+1/2)2> A3 <eR+1/2 2(£R+1/2)2> » (C8)
(r(lr+1) 3+ lp—1/4 (r(lr+1)
R _ ‘RUR 2 2 R R R\*R 2 2
By = (lr + 1/2)2 (s = 24a) + X1 +2 (p+1/2 At (lr + 1/2)2A3 AL, (C9)
ph* = pi+ plv. (C.10)

Pl =— 1+; X5 + ! X1+ ! X3X:
2 200, +1/2)2 ) 3 (0, +1/2)M T (0 + 1/2)2 753
1

T t12) (xaxi + xsxa) , (C.11)
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PL — 2(6%4_&_%) , 200+ 1)

- — 1)x3 + 2xaX 12
5= 1) Gt g e te T et 2aa, (C.12)

~ 1 ,
P2R2_<1+W>A3+(£R+1/2)

/

Ay +

1 /
(r +1/2)2 Ashs

_ m (AsXy + M), (C.13)
2 _1
. 2(52;&1%/2)4) 2 ?ﬁg(ﬁ}zl;)lg (A3 — 1A, + 224\, (C.14)
2 _
2 _ . -
zyﬂﬁﬁ;;wa_%ggiﬁﬁ+ﬁnaggﬁﬁﬁ+%ﬁ
2 _ ~
b e HE DO U (4 R )
(lr+1/2) ( /2) ( /2)

T i gy (B 153L)> . (C.16)

- Or(fr +1 o B+l —1/4 - .
TL:QQLL(f 1+/2>)2 <( ) @fl/z)é B =Pt e Y )>
1 1 _ 2€L(€L+l)(€2 + /0 —1/4) 1, -
*KeR-%1/2>wL-+1/2f2<‘”LML*JJ(P% e (17 - #h)

+ m(ﬁgf — P3L)> . (Cam)

Ty

:ﬂ?&ﬁ4&%ﬂwﬁﬁ*mUWVH%W+W%Q%MO%YH%W

BL 1 1 Or(0r, +1) (2 + 0 —1/4
_€L(€L+1)(P2LP3L+P2LP3L)>+ <L( L+ 17+ 4 —1/4)

1

2((r+1/2) (b + 1/2)3 (lr+1/2)
16 +40+3/4)
4 (bp+1/2)

Py Py

~ 1 - -
Py Py — §(P2LP3L + PQLPE,,L)) . (C.18)

Cr(lr+ 1)(LF + g —1/4)
(lrp+1/2)% ’

T =4 (C.19)
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S lrRUR+1) 0% +0r—1/4 . .
1t = 2 (P = S (B PR+ g+ )
1 1 20R(lr + 1) (0% + Lr — 1/4) 1 .
YT Ut 2P <€R(£RH)(PIR+)2+ Tt (1 3+ 7))
- mWﬁ + 13;?)> . (C.20)
-r o lrR(lgp+1) _ 0%+l —1/4 . 1 .
1 =2t e (0 - S e (F — BB + ey Y = £0)

1 1 o 2UR(lp +1)(0% 4L —1/4) 1, -
+(€L+1/2) (lr+1/2)? <_€R(€R+l)(P1R )'- (U +}i/2)2 <1_ §(P2R—P2R)>

L1
2

m(ﬁf — Pf)) . (C.21)

TR 1

Yo <€R<6R+1><e%+€r1/4> (CBE? + (PR )4 Gty ((BEP + (B

§(€L+1/2) (lr+1/2)3 (lr+1/2) PszzR
1(th+lr+3/4)
4 (lp+1/2)

. 11 1 Cn(lr+ 1) (2 + fr —1/4
_KR(€R+1)(P2RP3R+P2RP3R)>+ < RUrR+ 1R +lr—1/4)

~ 1 - -
PEPE — §(P§P§f + prﬁ)) . (C.22)

1 1 1 1
RL I 2 2 + 2 + 2 2 + 12 _ 1 _ _ E + -
1 5 ( (X1 +x2) (X1 +x5) ) A(lr, + %)2X3 2 2) 2(4r, + %) X

Al +1) =2

1
3+ x5) —=(xd+x%) — (x3x4 -+ X5X4) . (C.23)

16(¢r, + 3)? 4 Al + 1)
RE= 03+ @)+ 20 A - 1) — [t 3 - - e o
! 2 2 1 71 vy 1 2 2
BT e R A + - 2.
(C.24)
z 1 1 1 1
RL —_—(2 2 + AN 2 2 + 2\\ I 0+ =) — ,
=5 (20d +x3) =207+ x3)) W (fr+3) i)
406, +1) =2 , 1 , 1 , )
- 2 -2 - , (C.25
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2 1 1 3 1
Rh=— 1 0023 20+ — [+ ;1
2 1 D) (207 + x3) — 2067+ x5)) (43 2) W1 X5~ X
) - (5 . (x3X4 + X5xa) L (2uxy). (C.26)
RRZ_} (207 +A3) +200F +25) — 1) —;)\3— (€R+1)_71 A4
Wr(lp+1)—2 9 9 1,., 9 .
= A A2) — (24 N2) - —— g+ NN, (C27
16((R + 1)2 A5+ 25) = (G + XD 4(£R+§)(34 M), (C27)

1 1
Rt=— — 202+ X) 4202+ X)) —-1)— [ g+ =)=

1 1 1

(D) <§ - 7> (haha + XX)) —

16(Cr + 3)° 4l + 1)?

3 1
—— | A3 — =N\
4(lr + %))

A(lr+3)

~ 1 1 1 1
R = =5 (200 +23) = 2007 +29)) = T3 X — <(£R +3) - 7)> Y

4(€R + %)2
_4€R(€R+1)—2 1

16(4p + %)2

1
(2A3X3) — 1(2)\4&) -

1

4(lr +

2" 2((p+1

1) ()\3)\21 + )\g)\4) , (C.29)
2

. 1 3 1
R = —— (2003 4+ 23) =202 + ) — [ (¢ ) ——— | Ny — 2N
2 (2(A7 +23) = 2(AT + %)) (tr+35) Wnt ) B 3N

- 4(lp + %)

1 1

— (203N — [ = ————— | (3N F Ny —
TR (2 4<eR+%>2>(“ -

0r(lr, + 1)€R(€R +1)

4(€R + %)

(2A4N,), (C.30)

=0+ 122 (tn + 1722 (G:31)

R e d e R
S5 = _% éﬁ(ﬁjzgffﬁ Ir/;)?’ T2l Jlr 72! (C:34)
st =ttt = 2y 1) | (€39
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cn LR+ DB+ +3)

S = 5, TR T 1) (C.36)
_ 1 EL(€L+1)€R(€R+1) _ 1
S = C2(L+1/2)3(g +1/2)2  2(6p + 1/2)51 (C.37)
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