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In a nonlinear theory, such as general relativity, linearized field equations around an exact solution are
necessary but not sufficient conditions for linearized solutions. Therefore, the linearized field equations can
have some solutions which do not come from the linearization of possible exact solutions. This fact can
make the perturbation theory ill defined, which would be a problem both at the classical and semiclassical
quantization level. Here we study the first and second order perturbation theory in cosmological Einstein
gravity and give the explicit form of the integral constraint, which is called the Taub charge, on the first
order solutions for spacetimes with a Killing symmetry and a compact hypersurface without a boundary.
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I. INTRODUCTION

Let us consider a generic gravity theory defined (in a
vacuum) by the nonlinear field equations

EμνðgÞ ¼ 0; ð1Þ

in some local coordinates. We assume the usual “Bianchi
identity,” ∇μEμν ¼ 0 which plays a central role in the
ensuing discussion. The physical situation (the spacetime)
as an exact solution is often too difficult to construct. Hence
one resorts to perturbation theory around a symmetric
background solution ḡ, and expands (1) as

ĒμνðḡÞ þ λðEμνÞð1ÞðhÞ þ λ2ððEμνÞð2Þðh; hÞ
þ ðEμνÞð1ÞðkÞÞ þOðλ3Þ ¼ 0; ð2Þ

where λ is a dimensionless small parameter introduced to
keep track of the formal perturbative expansion; and the h
and k tensor fields are defined as

hμν ≔
d
dλ

gμν
���
λ¼0

; kμν ≔
d2

dλ2
gμν

���
λ¼0

: ð3Þ

So as the notation suggests: ðEμνÞð1ÞðhÞ is the linearization
of the Eμν coming from the expansion of Eμνðḡþλhþλ2kÞ,
while the second order terms come in two different form as
shown in (2). At the lowest order, one sets ĒμνðḡÞ ¼ 0 and
at the first order the linearized field equations read

ðEμνÞð1ÞðhÞ ¼ 0: ð4Þ
It is clear that these equations are a necessary condition on
the first order perturbation h defined via (3). But, the crucial
point is the following: generically not all solutions of the
linearized equations are viable solutions since from (2), at
the second order we have the equation:

ðEμνÞð2Þðh; hÞ þ ðEμνÞð1ÞðkÞ ¼ 0: ð5Þ
Upon a cursory look, this equation basically says that
ðEμνÞð2Þðh; hÞ is a “source” for the second order perturba-
tion k. Thus, in principle whenever the operator ðEμνÞð1Þð:Þ
is invertible one has a solution. Typically, due to gauge
invariance ðEμνÞð1Þð:Þ is not invertible but after gauge
fixing, it can be made invertible. This is a well-known,
but easily remediable problem either with some locally or
globally valid gauges, such as the de Donder gauge. So this
is not the issue that we are interested in here. Even if a
proper gauge is found, there are still situations where (5)
leads to constraints on the first order perturbation h for a
nontrivial solution k. As the basic premise of perturbation
theory is its improvability by adding more terms, generi-
cally k has to exist without a need to modify the first order
perturbation h; stated in another way h must be an
integrable deformation.
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To see the constraints, let ξ̄μ be a Killing vector field of
the background metric ḡμν. Then contracting equation (5)
with ξ̄μ and integrating over a hypersurface Σ of the
spacetime manifold ℳ, one has the constraintZ
Σ
dn−1x

ffiffiffī
γ

p
ξ̄μðEμνÞð1ÞðkÞ ¼ −

Z
Σ
dn−1x

ffiffiffī
γ

p
ξ̄μðEμνÞð2Þðh; hÞ;

ð6Þ
where one uses the background metric and its inverse to
lower and raise the indices. γ̄ is the metric on the hyper-
surface. The left-hand side can be written as a boundary
term as

ffiffiffī
γ

p
ξ̄μðEμνÞð1ÞðkÞ ¼ ∂μð

ffiffiffī
γ

p
Fμνðξ̄; kÞÞ; ð7Þ

where Fμνðξ̄; kÞ is an antisymmetric tensor field. For more
details on this see [1,2]. The left-hand side of (6), when h is
used, is called the Abbott-Deser-Tekin (ADT) [3,4] (an
extension of the ADM [5]) and the right-hand side of (6) is
called the Taub charge [6]. So we have the equality of the
ADTand Taub charges as a constraint at the second order in
perturbation theory for the case when the background
spacetime has at least one Killing vector field:

QADT½ξ̄� ≔
Z
∂Σ

dΣμ

ffiffiffī
σ

p
n̂νFμνðξ̄; kÞ

¼ −
Z
Σ
dn−1x

ffiffiffī
γ

p
ξ̄μðEμνÞð2Þðh; hÞ≕ −QTaub½ξ̄�;

ð8Þ
where σ̄ is the metric on ∂Σ and n̂ν is the outward unit
normal vector on it. If Σ does not have a boundary, then the
ADT charges vanish identically and so must the Taub
charges. The vanishing of the Taub charges is not auto-
matic, therefore, one has an apparent integral constraint on
the linearized solution h as:Z

Σ
dn−1x

ffiffiffī
γ

p
ξ̄μðEμνÞð2Þðh; hÞ ¼ 0 ð9Þ

on a compact surface without a boundary. If this constraint
were to be satisfied, then h would be a generic linearized
solution which can be added to ḡ to improve the exact
solution. On the other hand, if (9) is not satisfied, then one
speaks of a linearization instability. This issue was studied in
various aspects in [7–13] for Einstein’s theory and summa-
rized in [14,15]; and extended to generic gravity theories
more recently [1,2,16]. From these works two main con-
clusions follow: first, in Einstein’s theory, a solution set to
the constrained initial data on a compact Cauchy surface
without a boundary may not have nearby solutions, hence
they can be isolated and perturbations are not allowed;
second, for generic gravity theories in asymptotically (anti)
de Sitter spacetimes, linearization instability arises for
certain combinations of the parameters defining the theory.

Regarding (9), the obvious question is whetherffiffiffī
γ

p
ξ̄μðEμνÞð2Þðh; hÞ is a boundary term for Einstein’s gravity

or not: if it were a boundary term, one would not have the
linearization instability observed in the previous works,
because it would also vanish identically on a manifold
without a boundary. Here for cosmological Einstein’s
theory we show explicitly that ξ̄μðEμνÞð2Þðh; hÞ has a bulk
and a boundary part, the later drops for the case of compact
hypersurface without a boundary while the former is a
constraint on the first order perturbation.
The lay out of the paper is as follows: in Sec. II we give

the details of the first order expression for the cosmological
Einstein tensor in a generic Einstein spacetime in terms of
the perturbation h and give a concise formula in terms of
the linearized Riemann tensor for (anti) de Sitter back-
grounds using our results [17,18]. In Sec. III we study the
second order cosmological Einstein tensor in a generic
Einstein background and specify to the case of (anti) de
Sitter. In Sec. IV we discuss the gauge invariance issue and
relegate some of the computations to the Appendices.

II. FIRST ORDER PERTURBATION THEORY

Here to set the stage, we recapitulate what is already
known in the first order perturbation theory in a generic
Einstein background. Using the results of Appendix A, one
can show that the linearized cosmological Einstein tensor
about a generic Einstein space, defined as1

ðGμνÞð1Þ ≔ ðRμνÞð1Þ −
1

2
ḡμνðRÞð1Þ −

1

2
hμνR̄þ Λhμν ð10Þ

can be written as a divergence plus a residual part [4,19]

ðGμνÞð1Þ ¼ ∇̄α∇̄βKμανβ þ Xμν; ð11Þ
where the K-tensor reads

Kμανβ ≡ 1

2
ðḡανh̃μβ þ ḡμβh̃αν − ḡαβh̃μν − ḡμνh̃αβÞ;

h̃μν ≡ hμν −
1

2
ḡμνh; ð12Þ

and the residual tensor reads

Xμν ≡ 1

2
ðhμαR̄α

ν − R̄μανβhαβÞ þ
1

2
ḡμνhρσR̄ρσ

þ Λhμν −
1

2
hμνR̄: ð13Þ

The background conserved current can be obtained via
contracting the linearized cosmological Einstein tensor
with the background Killing vector ξ̄ν to get

1We shall denote ðGμνÞð1ÞðhÞ as ðGμνÞð1Þ and ðGμνÞð2Þðh; hÞ as
ðGμνÞð2Þ and we use the same notation for other tensors.
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ξ̄νðGμνÞð1Þ ¼ ∇̄αðξ̄ν∇̄βKμανβ − Kμβνα∇̄βξ̄νÞ
þ KμανβR̄ρ

βανξ̄ρ þ Xμνξ̄ν: ð14Þ

The nondivergence terms cancel upon use of the field
equations and therefore one has a pure boundary term

ξ̄νðGμνÞð1Þ ¼ ∇̄αFαμðξ̄; hÞ ð15Þ
with

Fαμðξ̄; hÞ ¼ ξ̄ν∇̄βKμανβ − Kμβνα∇̄βξ̄ν: ð16Þ

It is important to note that ðGμνÞð1Þ is a background gauge
invariant tensor, hence the above expression is gauge
invariant; but Fμνðξ̄; hÞ itself is only gauge invariant up
to a boundary term whose divergence vanishes. The above
result is valid for generic Einstein backgrounds. For (anti)
de Sitter spacetimes, one can do better and express
Fμνðξ̄; hÞ in an exactly gauge invariant way [17,18]. For
this purpose, let us introduce a new tensor, which we called
the P-tensor, as

Pνμ
βσ ≔ Rνμ

βσ þ δνσG
μ
β − δνβG

μ
σ þ δμβG

ν
σ − δμσGν

β

þ
�
R
2
−
Λðnþ 1Þ
n − 1

�
ðδνσδμβ − δνβδ

μ
σÞ; ð17Þ

which has the following nice properties:
(i) It has the symmetries of the Riemann tensor.
(ii) It is divergence free, ∇νPνμ

βσ ¼ 0.

(iii) Its trace is the cosmological Einstein tensor,
Pμ

σ ≔ Pνμ
νσ ¼ ð3 − nÞGμ

σ.
(iv) When evaluated for a background Einstein space,

it yields

P̄νμ
βσ ¼ R̄νμ

βσ þ
2Λ

ðn − 1Þðn − 2Þ ðδ
ν
σδ

μ
β − δνβδ

μ
σÞ;

and so

P̄νμ
βσ ¼ C̄νμ

βσ;

where Cνμ
βσ is the Weyl tensor which vanishes for

(anti) de Sitter spacetimes.
From the above construction, it is clear that the formalism
works for n ≥ 4 dimensions; therefore we shall assume this
in the ensuing discussion. Using all these properties, one
can show that at first order the covariantly conserved
current is a total derivative

ξ̄νðGνμÞð1Þ ¼ ðn − 1Þðn − 2Þ
4Λðn − 3Þ ∇̄νððPνμ

βσÞð1Þ∇̄βξ̄σÞ; ð18Þ

where the first order linearization of the P-tensor in (anti)
de Sitter spacetime reads

ðPνμ
βσÞð1Þ ¼ ðRνμ

βσÞð1Þ þ 2ðGμ
½βÞð1Þδνσ� þ 2ðGν

½σÞð1Þδμβ�
þ ðRÞð1Þδμ½βδνσ�: ð19Þ

Making use of this construction one has the conserved
charge in a compact form:

Q½ξ̄� ¼ ðn − 1Þðn − 2Þ
8ðn − 3ÞΛGΩn−2

Z
∂Σ̄

dn−2x
ffiffiffī
σ

p
n̄μσ̄νðRνμ

βσÞð1Þ∇̄βξ̄σ; ð20Þ

where we used the fact that ðGμνÞð1Þ ¼ 0 and ðRÞð1Þ ¼ 0 on the boundary. Here σ̄ν is the unit outward normal vector on ∂Σ̄.
Gauge transformation properties are discussed below in Sec. IV in more detail. But here, let us note that under a variation
generated by the vector field X, which we denote as δX, one has δXðRνμ

βσÞð1Þ ¼ LXR̄νμ
βσ which vanishes for (anti) de Sitter

backgrounds [see Sec. III of [18] for more details and for the gauge transformation properties of the expression (16)]. Let us
now turn to our main goal of computing the analogous expression at second order.

III. SECOND ORDER PERTURBATION THEORY

For any antisymmetric two tensor F βσ, one has the exact identity

∇νðF βσPνμ
βσÞ − Pνμ

βσ∇νF βσ ¼ 0: ð21Þ
Soon we will choose F βσ to be the potential of the Killing vector field below. Expansion of this identity at second order
yields

∇̄νðF̄ βσðPνμ
βσÞð2Þ þ ðF βσÞð1ÞðPνμ

βσÞð1Þ þ ðF βσÞð2ÞP̄νμ
βσÞ − 2ðΓβ

νρÞð1ÞF̄ ρσðPνμ
βσÞð1Þ

− ðPνμ
βσÞð1Þ∇̄νðF βσÞð1Þ − P̄νμ

βσ∇̄νðF βσÞð2Þ − ðPνμ
βσÞð2Þ∇̄νF̄ βσ þ ðΓν

νρÞð2ÞF̄ βσP̄ρμ
βσ

þ ðΓν
νρÞð1ÞðF̄ βσðPρμ

βσÞð1Þ þ ðF βσÞð1ÞP̄ρμ
βσÞ − 2ðΓβ

νρÞð2ÞF̄ ρσP̄νμ
βσ

− 2ðΓβ
νρÞð1ÞððF ρσÞð1ÞP̄νμ

βσ þ F̄ ρσðPνμ
βσÞð1ÞÞ ¼ 0: ð22Þ
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Making use of the first order linearization of the Bianchi-type identity ∇νPνμ
βσ ¼ 0, that is

∇̄νðPνμ
βσÞð1Þ − ðΓρ

νβÞð1ÞP̄νμ
ρσ − ðΓρ

νσÞð1ÞP̄νμ
βρ þ ðΓν

νρÞð1ÞP̄ρμ
βσ ¼ 0; ð23Þ

and taking F̄ ρσ ¼ ∇̄ρξ̄σ, (22) reduces to

∇̄νðF̄ βσðTνμ
βσÞð2ÞÞ − R̄λν

βσξ̄λðTνμ
βσÞð2Þ − 2ðΓβ

νρÞð1ÞF̄ ρσðPνμ
βσÞð1Þ

þ P̄νμ
βσF̄ γσðδβγ δρλ − 2δβλδ

ρ
γÞðΓδ

νρÞð1Þ
�
h
2
δλδ − hλδ

�
¼ 0; ð24Þ

where for notational simplicity, we introduced

ðTνμ
βσÞð2Þ ≔ ðPνμ

βσÞð2Þ þ
h
2
ðPνμ

βσÞð1Þ: ð25Þ

Rewriting the algebraic decomposition of the Riemann tensor, one finds the final expression in terms of the background
Weyl tensor as

ξ̄νðGμ
νÞð2Þ ¼ ðn − 1Þðn − 2Þ

4Λðn − 3Þ
�
∇̄νðF̄ βσðTνμ

βσÞð2ÞÞ − 2ðΓβ
νρÞð1ÞF̄ ρσðPνμ

βσÞð1Þ

− C̄λν
βσξ̄λðTνμ

βσÞð2Þ þ C̄νμ
βσF̄ γσðδβγ δρλ − 2δβλδ

ρ
γÞðΓδ

νρÞð1Þ
�
h
2
δλδ − hλδ

��
: ð26Þ

This is still a rather complicated expression having a divergence part and nondivergent parts. What we know is that, one has
∇̄μðξ̄νðGμ

νÞð2ÞÞ ¼ 0. The main question was to show that ξ̄νðGμ
νÞð2Þ is not a pure divergence. One can try to simplify (26)

further to recast it in a pure divergence form, but there always remain some terms outside the derivative. One can work out
the details in the more manageable (anti) de Sitter case for which the Weyl tensor vanishes; and one ends up with

ξ̄νðGμ
νÞð2Þ ¼ ðn − 1Þðn − 2Þ

4Λðn − 3Þ ð∇̄νðF̄ βσðTνμ
βσÞð2ÞÞ − 2ðΓβ

νρÞð1ÞF̄ ρσðPνμ
βσÞð1ÞÞ: ð27Þ

From this expression and from (9) one finds that on a
manifold with a compact hypersurface Σ without a boun-
dary, all the first order solutions hμν of ðGμνÞð1Þ ¼ 0, must
also satisfy the second order integral constraint for n > 3

1

Λ

Z
Σ
dn−1x

ffiffiffī
γ

p ðΓβ
νρÞð1Þ∇̄ρξ̄σðRνμ

βσÞð1Þ ¼ 0: ð28Þ

Any first order solution that does not satisfy this auto-
matically cannot come from the linearization of an exact
metric. Stated in a more geometric vantage point, such
solutions do not lie in the tangent space of the “point” ḡ in
the space of solutions, they are artifacts of linearization. On
the other hand, for spacetimes with a hypersurface that has
a boundary, the above construction shows that unlike the
ADT charge, which is defined on the boundary, the Taub
charge has a boundary and a bulk piece. Nevertheless the
values of the charges must be equal to each other up to a
sign, as in (8).
In the next section, we provide an explicit form of the

ðGμνÞð2Þ and the current ξ̄νðGμνÞð2Þ in terms of the

perturbation h which is another way to understand our
more compact formulation.

IV. TAUB CHARGES IN THE
TRANSVERSE-TRACELESS GAUGE

Consider a generic Einstein space ḡ as the background
with

R̄μν ¼
2Λ
n − 2

ḡμν; R̄ ¼ 2Λn
n − 2

: ð29Þ

Assuming we have the first order field equations
ðGμνÞð1Þ ¼ 0 which yields ðRÞð1Þ ¼ 0 and

ðRμνÞð1Þ ¼
2Λ
n − 2

hμν: ð30Þ

The second order cosmological Einstein tensor

ðGμνÞð2Þ ¼ ðRμνÞð2Þ −
1

2
ḡμνðRÞð2Þ −

1

2
hμνðRÞð1Þ; ð31Þ
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upon use of the first order equations becomes

ðGμνÞð2Þ ¼ ðRμνÞð2Þ −
1

2
ḡμνðRÞð2Þ; ð32Þ

where the second order Ricci tensor reads

ðRμνÞð2Þ ¼ ∇̄ρðΓρ
νμÞð2Þ − ∇̄νðΓρ

ρμÞð2Þ þ ðΓα
μνÞð1ÞðΓσ

σαÞð1Þ
− ðΓα

μσÞð1ÞðΓσ
ναÞð1Þ: ð33Þ

More explicitly, one has

ðRμνÞð2Þ ¼ −
1

2
∇̄σðhσβð∇̄νhμβ þ ∇̄μhνβ − ∇̄βhμνÞÞ

þ 1

4
∇̄ν∇̄μðhαβhαβÞ −

1

4
∇̄νhαβ∇̄μhαβ

þ 1

4
∇̄σhð∇̄νhμσ þ ∇̄μhνσ − ∇̄σhμνÞ

−
1

2
∇̄σhμα∇̄αhνσ þ

1

2
∇̄σhμα∇̄σhαν : ð34Þ

From now on we will work in a specific gauge to simplify
the computations. The transverse-traceless (TT) gauge,
∇̄μhμν ¼ 0 and h ¼ 0, is compatible with the field equa-
tions ðGμνÞð1Þ ¼ 0, which now read

□̄hμν ¼ 2R̄αμνβhαβ: ð35Þ

In the TT gauge one has

ðRμνÞð2Þ ¼ −
1

2
∇̄σðhσβð∇̄νhμβ þ ∇̄μhνβ − ∇̄βhμνÞÞ

þ 1

4
∇̄ν∇̄μðhαβhαβÞ −

1

4
∇̄νhαβ∇̄μhαβ

−
1

2
∇̄σhμα∇̄αhνσ þ

1

2
∇̄σhμα∇̄σhαν : ð36Þ

Straightforward manipulations yield

ðRμνÞð2Þ ¼
1

4
hαβ∇̄ν∇̄μhαβ þ

1

2
∇̄σhμβ∇̄νhσβ þ

1

2
∇̄σhνβ∇̄μhσβ þ

3Λ
n − 2

hμβh
β
ν

þ 1

4
hλσðhαμR̄σανλ þ hαν R̄σαμλÞ

þ 1

4
∇̄σ∇̄λ

�
2hσλhμν − 2δλνhμβhσβ − 2δλμhσβhνβ þ

1

2
δσνδ

λ
μh2αβ − hλμhσν − hσμhλν þ ḡσλhαμhαν

�
: ð37Þ

The second order perturbation of the scalar curvature

ðRÞð2Þ ¼ R̄μνh
μ
αhαν − ðRμνÞð1Þhμν þ ḡμνðRμνÞð2Þ; ð38Þ

reduces to

ðRÞð2Þ ¼ ∇̄σ∇̄λ

�
3

8
ḡσλh2αβ −

1

2
hλρhρσ

�
þ Λ
n − 2

hαβhαβ:

ð39Þ
Combining the above results we can express the second
order cosmological Einstein tensor as a divergence and a
residual part as

ðGμνÞð2Þ ¼ ∇̄σ∇̄λF σλ
μν þ Yμν; ð40Þ

where F σλ
μν and Yμν are both symmetric in μ and ν. Here

the F -tensor reads

F σλ
μν ¼

1

2
hσλhμν − δλðμhνÞβh

σβ þ 1

8
δσνδ

λ
μh2αβ −

1

2
hλðμh

σ
νÞ

þ 1

4
ḡσλhαμhαν −

3

16
ḡμνḡσλhαβhαβ þ

1

4
ḡμνhλρhρσ;

ð41Þ

and the Y-tensor reads

Yμν ¼
1

2
hαβ∇̄ðμ∇̄νÞhαβ þ ∇̄σhβðμ∇̄νÞhσβ þ

3Λ
n − 2

hμβh
β
ν

þ 1

2
hλσhαðμR̄νÞλσα −

Λ
2ðn − 2Þ ḡμνh

2
αβ: ð42Þ

So ðGμνÞð2Þ has a divergence part and a part which is not of
the divergence type. One can further try to manipulate the
Yμν to obtain some divergence terms, but one always ends
up with terms which cannot be written as a divergence of
any tensor as expected. Let ξ̄ be a background Killing
vector field. Contraction with the second order perturbation
of the cosmological Einstein tensor yields

ξ̄νðGμνÞð2Þ ¼ ∇̄σðξ̄ν∇̄λF σλ
μν − F λσ

μν∇̄λξ̄
νÞ

þ F σλ
μν∇̄λ∇̄σξ̄

ν þ Yμνξ̄
ν: ð43Þ

In background Einstein spaces, the last two terms can be
written as
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F σλ
μν∇̄λ∇̄σξ̄

ν þ Yμνξ̄
ν ¼ 1

4
ξ̄νhαβ∇̄ν∇̄μhαβ þ

1

2
ξ̄ν∇̄σhμβ∇̄νhσβ þ

1

2
ξ̄ν∇̄σhνβ∇̄μhσβ

þ 3Λ
2ðn − 2Þ ξ̄

νhμβh
β
ν −

Λ
8ðn − 2Þ ξ̄μh

2
αβ þ

1

4
ξ̄νhλσhαν R̄σαμλ

þ 1

4
ξ̄ρhβσhλβR̄ρλσμ þ ξ̄νhλσhαμR̄σανλ: ð44Þ

The important point is that unlike the case of the first order cosmological Einstein tensor as discussed after (14), at the
second order the residual parts as given in the last expression do not vanish upon use of the background and first order field
equations. To see this more explicitly, let us look at the (anti) de Sitter and flat backgrounds. In (anti) de Sitter backgrounds
one has

Yμν ¼
1

2
hαβ∇̄ðμ∇̄νÞhαβ þ ∇̄σhβðμ∇̄νÞhσβ þ

Λð3n − 2Þ
ðn − 1Þðn − 2Þ hμβh

β
ν −

Λ
2ðn − 2Þ ḡμνh

2
αβ; ð45Þ

and the residual part is

F σλ
μν∇̄λ∇̄σξ̄

ν þ Yμνξ̄
ν ¼ 1

4
ξ̄νhαβ∇̄ν∇̄μhαβ þ

1

2
ξ̄ν∇̄σhμβ∇̄νhσβ þ

1

2
ξ̄ν∇̄σhνβ∇̄μhσβ

þ 2Λ
ðn − 1Þðn − 2Þ

�
3

4
ðnþ 1Þξ̄νhμβhβν −

1

16
ðnþ 3Þξ̄μh2αβ

�
: ð46Þ

One realizes that no amount of manipulations can turn these terms into a pure divergence. This is consistent with our
compact expression of the previous section. For example for flat spaces, considering Λ ¼ 0, with ∇̄μ → ∂μ, one can easily
see that one has the nondivergence part reads

F σλ
μν∂λ∂σξ̄

ν þ Yμνξ̄
ν ¼ 1

4
ξ̄νhαβ∂ν∂μhαβ þ

1

2
ξ̄ν∂σhμβ∂νhσβ þ

1

2
ξ̄ν∂σhνβ∂μhσβ; ð47Þ

which cannot be written as a pure divergence.

V. GAUGE INVARIANCE ISSUE

The first order linearized cosmological Einstein
tensor is gauge invariant for Einstein metrics under small
gauge transformations, but the second order cosmological
Einstein tensor is not. Therefore, it pays to lay out some of
the details of these and the gauge transformation properties
of the tensors and currents we have constructed. Under a
gauge transformation generated by a vector field X, the first
order metric perturbation changes as

δXhμν ¼ ∇̄νXμ þ ∇̄μXν: ð48Þ

As noted above, it is easy to see that ðGμνÞð1Þ is gauge
invariant once the background space is an Einstein space.
But ðGμνÞð2Þ is not gauge invariant, in fact a pure divergence
part is generated. Let us show this in a systematic way
following [10]. Let λ ∈ R and φ be a one parameter family
of diffeomorphisms acting on the spacetime manifold
φ∶ R ×ℳ → ℳ, then diffeomorphism invariance of a
tensor field T means

Tðφ�gÞ ¼ φ�TðgÞ; ð49Þ

where φ� is the pullback map. Let us denote the diffeo-
morphism by φλ and assuming φ0 to be the identity map.
Differentiating (49) with respect to λ yields

d
dλ

Tðφ�
λgÞ ¼

d
dλ

φ�
λTðgÞ: ð50Þ

Using the chain rule one has

DTðφ�
λgÞ ·

d
dλ

φ�
λg ¼ φ�

λðLXTðgÞÞ; ð51Þ

whereD denotes the Fréchet derivative andLX denotes the
Lie derivative along the vector field X. In local coordinates
for a rank (0,2) tensor field-which is relevant for field
equation-the last expression yields

δXðTμνÞð1Þ · h ¼ LXT̄μν: ð52Þ

Specifically for the cosmological Einstein tensor Tμν ¼ Gμν,
we have

δXðGμνÞð1Þ · h ¼ LXḠμν ¼ 0; ð53Þ

which is a statement of the gauge invariance of the first
order linearized cosmological Einstein tensor. For the
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second order tensors, we can take another derivative of (51)
to get

D2TðgÞ · ðh;LXgÞ þDTðgÞ ·LXh ¼ LXðDTðgÞ · hÞ;
ð54Þ

which yields in local coordinates

δXðTμνÞð2Þ · ½h; h� þ ðTμνÞð1Þ ·LXh ¼ LXðTμνÞð1Þ · h:
ð55Þ

When Tμν ¼ Gμν, we obtain

δXðGμνÞð2Þ · ½h; h� þ ðGμνÞð1Þ ·LXh ¼ LXðGμνÞð1Þ · h:
ð56Þ

The right-hand side is zero for linearized solutions; and one
obtains

δXðGμνÞð2Þ · ½h; h� ¼ −ðGμνÞð1Þ ·LXh: ð57Þ

The right-hand side of this expression is not zero but it can
be written as a pure divergence term proving our earlier
claim. We give a more direct, albeit highly cumbersome
derivation of this expression in Appendix B using the
explicit form of ðGμνÞð2Þ.
Let us now study the gauge transformation of (27) and

see explicitly that the right-hand side is a pure boundary.
The first order linearized (P tensor) reads

ðPνμ
βσÞð1Þ ¼ ðRνμ

βσÞð1Þ; ð58Þ

which is gauge invariant under the small coordinate
transformations for (anti) de Sitter backgrounds as it can

be seen from (51). Defining c ¼ ðn−1Þðn−2Þ
4Λðn−3Þ , we have

1

c
ξ̄νδXðGμ

νÞð2Þ ¼ ∇̄νðF̄ βσδXðPνμ
βσÞð2Þ þ ∇̄λXλF̄ βσPνμ

βσÞð1ÞÞ − 2δXðΓβ
νρÞð1ÞF̄ ρσðPνμ

βσÞð1Þ: ð59Þ

Since the first two terms are already boundary terms, let us consider the last part:

δXðΓβ
νρÞð1ÞF̄ ρσðPνμ

βσÞð1Þ ¼ ð∇̄ν∇̄ρXβ þ R̄β
ρλνXλÞF̄ ρσðPνμ

βσÞð1Þ; ð60Þ

where we used (B2) of Appendix B. One can rewrite this as

δXðΓβ
νρÞð1ÞF̄ ρσðPνμ

βσÞð1Þ ¼ ∇̄νðF̄ ρσðPνμ
βσÞð1Þ∇̄ρXβÞ − ∇̄νF̄ ρσðPνμ

βσÞð1Þ∇̄ρXβ

þ 2Λ
ðn − 1Þðn − 2ÞX

βF̄ ν
σðPνμ

βσÞð1Þ: ð61Þ

By using ∇̄νF̄ ρσ ¼ R̄γν
ρσξ̄γ, one has

δXðΓβ
νρÞð1ÞF̄ ρσðPνμ

βσÞð1Þ ¼ ∇̄ν

�
ðPνμ

βσÞð1Þ
�
F̄ ρσ∇̄ρXβ þ 2Λ

ðn − 1Þðn − 2Þ ξ̄
σXβ

��
: ð62Þ

Therefore the Taub current is not gauge invariant as
expected, under gauge transformations a boundary part
which is composed of the first part of (59) and (62) whose
divergence vanishes, is generated.

VI. CONCLUSIONS

In a nonlinear theory, validity of perturbation theory
about an exact solution is a subtle issue. In general
relativity, if the background metric ḡ, about which pertur-
bation theory is performed, has Killing symmetries, there
are constraints to the first order perturbation theory coming
from the second order perturbation theory. We have
explicitly studied the constraints and have shown that
the Taub charge, which is an integral constraint on the
first order perturbation, does not vanish automatically.

We have identified the bulk and boundary terms in the
conserved current

ffiffiffiffiffiffi
−ḡ

p
ξ̄μðGμνÞð2Þ · ½h; h�. This issue is

quite important when one looks for the perturbative
solutions in spacetimes with closed hypersurfaces and it
is also relevant for semiclassical quantization of gravity in
such backgrounds.
From another vantage point, one can understand these

results as follows: the solution space of Einstein equations
generically form a manifold except at solutions ḡ that have
Killing fields. Around such a metric ḡ, the linearized field
equations which yield the tangent space of the solution
space give a larger dimensional space. Therefore the
linearized solutions yield some nonintegrable deforma-
tions. One pays this at the second order where there is a
constraint on the first order solutions.
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APPENDIX A: SECOND ORDER
PERTURBATION THEORY

Let us summarize some results about the second order
perturbation theory (see also [20]). Assuming ḡμν to be a
generic background metric, by definition one has

gμν ≔ ḡμν þ λhμν; ðA1Þ

with an inverse

gμν ¼ ḡμν − λhμν þ λ2hμαhαν þOðλ3Þ: ðA2Þ

Let T be a generic tensor depending on the metric, then it
can be expanded as

T ¼ T̄ þ λTð1Þ þ λ2Tð2Þ þOðλ3Þ: ðA3Þ

The Christoffel connection reads

Γγ
μν ¼ Γ̄γ

μν þ λðΓγ
μνÞð1Þ þ λ2ðΓγ

μνÞð2Þ; ðA4Þ

where the first order term is

ðΓγ
μνÞð1Þ ¼ 1

2
ð∇̄μh

γ
ν þ ∇̄νh

γ
μ − ∇̄γhμνÞ; ðA5Þ

and the second order expansion is

ðΓγ
μνÞð2Þ ¼ −hγδðΓδ

μνÞð1Þ: ðA6Þ

Since it is a background tensor, we can raise and lower its
indices with ḡμν. Our definition is

ðΓμνδÞð1Þ ≔ ḡγδðΓγ
μνÞð1Þ: ðA7Þ

The first order linearized Riemann tensor is

ðRρ
μσνÞð1Þ ¼ ∇̄σðΓρ

νμÞð1Þ − ∇̄νðΓρ
σμÞð1Þ; ðA8Þ

and the second order linearized Riemann tensor is

ðRρ
μσνÞð2Þ ¼ ∇̄σðΓρ

νμÞð2Þ − ∇̄νðΓρ
σμÞð2Þ − ðΓα

μνÞð1ÞðΓρ
σαÞð1Þ

þ ðΓα
μσÞð1ÞðΓρ

ναÞð1Þ: ðA9Þ

The first order linearized Ricci tensor is

ðRμνÞð1Þ ¼ ∇̄σðΓσ
μνÞð1Þ − ∇̄νðΓσ

σμÞð1Þ; ðA10Þ

and the second order linearized Ricci tensor is

ðRμνÞð2Þ ¼ ∇̄σðΓσ
νμÞð2Þ − ∇̄νðΓσ

σμÞð2Þ − ðΓα
μνÞð1ÞðΓσ

σαÞð1Þ
þ ðΓα

μσÞð1ÞðΓσ
ναÞð1Þ: ðA11Þ

The linearized scalar curvature is

ðRÞð1Þ ¼ ∇̄α∇̄βhαβ − □̄h − R̄μνhμν; ðA12Þ

and the second order linearized scalar curvature is

ðRÞð2Þ ¼ R̄μνh
μ
αhαν − ðRμνÞð1Þhμν þ ḡμνðRμνÞð2Þ: ðA13Þ

The cosmological Einstein tensor

Gμν ¼ Rμν −
1

2
gμνRþ Λgμν; ðA14Þ

at second order reads

ðGμνÞð2Þ ¼ ðRμνÞð2Þ −
1

2
ḡμνðRÞð2Þ −

1

2
hμνðRÞð1Þ: ðA15Þ

We have already given the first order form of the cosmo-
logical Einstein tensor in Sec. II.

APPENDIX B: GAUGE TRANSFORMATIONS

Lie and covariant derivatives do not commute; but,
sometimes we need to change the order of these two
differentiations. First we provide some identities which can
be easily proven from the definitions. Under a gauge
transformation, δXhμν ¼ ∇̄μXν þ ∇̄νXμ, one has

δXðΓσ
μνÞð1Þ ¼

1

2
ð∇̄μδXhσν þ ∇̄νδXhσμ − ∇̄σδXhμνÞ; ðB1Þ

which yields

δXðΓσ
μνÞð1Þ ¼ ∇̄μ∇̄νXσ þ R̄σ

νρμXρ: ðB2Þ

We used this form in the text.
For a generic rank ðm; nÞ tensor field, one can prove the

following expression:

∇̄σLXTν1ν2…νm
μ1μ2…μn ¼ LX∇̄σTν1ν2…νm

μ1μ2…μn

þ δXðΓρ
σμ1Þð1ÞTν1ν2…νm

ρμ2…μn þ δXðΓρ
σμ2Þð1ÞTν1ν2…νm

μ1ρ…μn þ � � � þ δXðΓρ
σμnÞð1ÞTν1ν2…νm

μ1μ2…ρ

− δXðΓν1
σρÞð1ÞTρν2…νm

μ1μ2…μn − δXðΓν2
σρÞð1ÞTν1ρ…νm

μ1μ2…μn − � � � − δXðΓνm
σρÞð1ÞTν1ν2…ρ

μ1μ2…μn :

ðB3Þ

The second order Ricci tensor (A11) transforms as
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δXðRμνÞð2Þ ¼ −∇̄ρðδXhρβðΓβ
νμÞð1Þ þ hρβδXðΓβ

νμÞð1ÞÞ þ ∇̄νðδXhρβðΓβ
ρμÞð1Þ þ hρβδXðΓβ

ρμÞð1ÞÞ
þ δXððΓα

μνÞð1ÞðΓσ
σαÞð1Þ − ðΓα

μσÞð1ÞðΓσ
ναÞð1ÞÞ: ðB4Þ

Using δXhρβ ¼ −LXḡρβ, one has

δXh
ρ
βðΓβ

νμÞð1Þ ¼ −LXḡρβðΓνμβÞð1Þ: ðB5Þ
Then

δXðRμνÞð2Þ ¼ ∇̄ρðLXḡρβðΓνμβÞð1ÞÞ − ∇̄νðLXḡρβðΓρμβÞð1ÞÞ þ ∇̄νðhρβδXðΓβ
ρμÞð1ÞÞ

− ∇̄ρðhρβδXðΓβ
νμÞð1ÞÞ þ δXððΓα

μνÞð1ÞðΓσ
σαÞð1Þ − ðΓα

μσÞð1ÞðΓσ
ναÞð1ÞÞ: ðB6Þ

After using the identity (B3), one gets

δXðRμνÞð2Þ ¼ LXðRμνÞð1Þ −
1

2
ḡρβ∇̄ρLXð∇̄νhμβ þ ∇̄μhνβ − ∇̄βhμνÞ

þ 1

2
ḡρβ∇̄νLX∇̄μhρβ þ ∇̄νðhρβδXðΓρμ

βÞð1ÞÞ − ∇̄ρðhρβδXðΓνμ
βÞð1ÞÞ; ðB7Þ

which simplifies to

δXðRμνÞð2Þ ¼ LXðRμνÞð1Þ −
ḡρβ

2
ð∇̄ρ∇̄νLXhμβ þ ∇̄ρ∇̄μLXhνβ − ∇̄ρ∇̄βLXhμν − ∇̄ν∇̄μLXhρβÞ; ðB8Þ

where the last four terms yield the Ricci tensor evaluated at the Lie derivative of the linear metric perturbation. Finally we
can write

δXðRμνÞð2Þ ¼ LXðRμνÞð1Þ − ðRμνÞð1Þ ·LXh: ðB9Þ
For the gauge transformation of the second order linearized scalar curvature we need to compute

δXðRÞð2Þ ¼ R̄μνδXðhμαhανÞ − δXðRμνÞð1Þhμν − ðRμνÞð1ÞδXhμν þ ḡμνδXðRμνÞð2Þ: ðB10Þ
After a straightforward calculation, the result turns out to be

δXðRÞð2Þ ¼ LXðRÞð1Þ − ðRÞð1Þ ·LXh: ðB11Þ
We can collect these pieces to write the gauge transformation of the second order cosmological Einstein tensor in a generic
background as

δXðGμνÞð2Þ ¼ δXðRμνÞð2Þ −
1

2
ḡμνδXðRÞð2Þ −

1

2
ðRÞð1ÞδXhμν −

1

2
hμνδXðRÞð1Þ: ðB12Þ

Using the above results, the last expression becomes

δXðGμνÞð2Þ þ ðGμνÞð1Þ ·LXh ¼ LXðGμνÞð1Þ: ðB13Þ
This result has been general and we have not used any field equations or their linearizations. When h is solution to the first
order linearized cosmological Einstein tensor, the right-hand side of the last expression vanishes, and we have

δXðGμνÞð2Þ ¼ −ðGμνÞð1Þ ·LXh; ðB14Þ
which shows the gauge noninvariance of the second order cosmological Einstein tensor. Now let us consider the contraction
of the result with a background Killing vector field

ξ̄νδXðGμνÞð2Þ ¼ −ξ̄νðGμνÞð1Þ ·LXh; ðB15Þ
since ξ̄νðGμνÞð1Þ can be expressed as a boundary term, ξ̄νðGμνÞð1Þ ·LXh can also be expressed as a boundary term. Recall that
we have
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ξ̄μðGμνÞð1Þ ¼ ∇̄μFμν; ðB16Þ

where Fνμ is antisymmetric in its indices. By expressing Fνμ and usingLXh instead of h, we can obtain the boundary of the
left-hand side. Since we have

ξ̄νðGνμÞð1Þ ¼ ∇̄αðξ̄ν∇̄βKμανβ − Kμβνα∇̄βξ̄νÞ; ðB17Þ
with the superpotential given as

Kμανβ ≔
1

2
ðḡανh̃μβ þ ḡμβh̃αν − ḡαβh̃μν − ḡμνh̃αβÞ; ðB18Þ

and h̃μν ≔ hμν − 1
2
ḡμνh, we can write

ξ̄νδXðGμνÞð2Þ ¼ −∇̄αðξ̄ν∇̄βKμανβ ·LXh − ∇̄βξ̄νKμβνα ·LXhÞ; ðB19Þ

where Kμανβ evaluated at LXh is

Kμανβ ·LXh ¼ 1

2
ðḡανLXh̃

μβ þ ḡμβLXh̃
αν − ḡαβLXh̃

μν − ḡμνLXh̃
αβÞ; ðB20Þ

which altogether shows that under gauge transformations the Taub charge produces a boundary term.
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