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Abstract X (3872) presents many surprises after its dis-
covery more than ten years ago. Understanding its proper-
ties is crucial to understand the spectrum of possible exotic
mesons. In this work, X (3872) meson and its heavy quark
spin symmetry (HQSS) partners (including the mesons in
the bottom sector) are studied within the QCD Sum Rules
approach using a current motivated by the molecular picture
of X (3872). We predict four heavy partners to X (3872) and
bottomonium with the masses and J PC quantum numbers.
Obtained results are in good agreement with the previous
studies and available experimental data within errors.

1 Introduction

During the last decade experimental data from Belle, BaBar,
BESIII, CDF, D0, LHCb and other collaborations have put
some puzzles about the conventional hadron spectrum, i.e.,
quark-antiquark and three-quarks picture of hadrons. New
states (called exotic states) were observed from these exper-
iments and they opened a new era of hadron spectroscopy.

The milestone of these exotic states is X (3872). The
X (3872) was first observed by Belle Collaboration in 2003
and the production mode was B+ → X (3872)K+ →
J/ψπ+π−K+ [1]. It has been also confirmed by the CDF
[2], D0 [3], and BaBar [4] collaborations. The current aver-
age mass of X (3872) is 3871.69 ± 0.17 MeV and it is only
0.16 MeV below the D0 D̄∗0 threshold with a less then 1.2
MeV full width [5]. Its quantum numbers were determined
by the LHCb Collaboration to be J PC = 1++ in 2013 [6].
Its unusual properties presents a puzzle in the meson spec-
troscopy and up to now there is no consensus about its struc-
ture.
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The natural attempt to investigate X (3872) is using quark
model as a cc̄ state. According to quark model, X (3872) is
a 2P charmonium state. The mass of this state was obtained
as 3947 MeV in [7,8] and 3906 MeV in [9]. In [10] they
studied X (3872) resonance as cc̄ = χc1(2P) which sits
on the D∗0 D̄0 threshold and has a mass of m(D∗0 D̄0) =
3871.81 ± 0.36 MeV. They also suggest a program for
experimental research in order to verify their assumption.
The other quark model candidates with J PC = 1++ are
23P1(3925) and 33P1(3853) [11,12]. Lattice QCD calcula-
tions give 23P1(4010) [13] and 23P1(4067) [14]. As can be
seen, the masses of 23P1 charmonium state are bigger than
the observed state.

The other inconsistency with quark model is the
J/ψπ+π− and J/ψπ+π−π0 decays. The combined result
for ratio of the decay fractions of X (3872) into J/ψπ+π−
and J/ψπ+π−π0 is [15]

Br(X (3872) → J/ψπ+π−π0)

Br(X (3872) → J/ψπ+π−)
= 0.8 ± 0.3. (1)

In these decays, the pions are produced through the decay of
intermediate ρ or ω mesons, respectively. If one considers
the differences in phase space between ρ and ω mesons, the
production amplitude ratio can be found as [16]

∣
∣
∣
∣

A(J/ψρ)

A(J/ψω)

∣
∣
∣
∣
= 0.26 ± 0.007. (2)

Such a big isospin violation cannot be occur in the quark
model since from the study of dipion mass distribution in
the X (3872) → J/ψπ+π− decay, Belle [1] and CDF [17]
concluded that decay process proceeds through X (3872) →
Jψρ. Due to a charmonium state has isospin zero, it cannot
decay easily into a Jψρ final state [18]. However, such a
isospin violation is possible in the molecular picture, due to
the mass difference of D(∗)0 ve D(∗)± [19].
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Another interesting observation about X (3872) is its
radiative decays. The branching ratio of X (3872) to J/ψ
and ψ(2S) is [20,21]

Br(X → ψ(2S)γ )

Br(X → J/ψγ )
= 2.46 ± 0.64 ± 0.29. (3)

It is a question why X (3872) prefers to decay into ψ(2S)γ

even though the phase space is much smaller than its decay
into J/ψγ . In the charmonium picture, X → ψ(2S)γ is
a �L = 1 transition. It is claimed in [22] that this ratio
cannot be explained naturally in a pure molecular picture.
However it is stated that this ratio can be obtained by adding
a charmonium admixture into molecular picture [23–25].

The properties of X (3872) made it difficult to reconcile
with a pure cc̄ state in quark model picture [26]. Thus several
methods have been proposed to study properties of X (3872)

which include a radial excitation of the P-wave charmonium
[27], a tetraquark [28], a mixture of an ordinary charmo-
nium and a hadronic molecule [26,29], a state generated
in the coupled-channel dynamical scheme [30,31], heavy
quark effective field theory approach [32–35]. In [36], the
authors made a threshold parametrization of the Belle and
BaBar data on B decays to K J/ψπ+π− and K DD̄∗0. They
showed that data can be reproduced with a similar quality for
X (3872) being a bound and/or virtual state. They also noted
that X (3872) can be a higher order virtual state pole in the
limit in which the small D∗0 width vanishes. Among these
models, a popular description of X (3872) is as a molecular
state consisting D and D̄∗ [37–40].

A natural framework to study hadronic states with heavy
quarks is presented by the Heavy Quark Spin Symmetry
(HQSS). In the limit where the masses of heavy quarks are
taken to infinity, or in other words 	QCD/mQ where mQ

denotes quark mass, the spin of the quark decouples from
the dynamics which refers the strong interactions in the sys-
tem are independent of the heavy quark spin. This implies
that the states that differ only in the spin of the heavy quark,
i.e. states in which the rest of the system has the same total
angular momentum, should be degenerate. By using HQSS,
it is obtained that if X (3872) is a bound state of D and D̄∗,
then it should have degenerate partners in heavy quark limit
[33,34]. The same result was achieved in [41] by means of
the heavy quark limit of QCD. They concluded that using
interpolating currents which they proposed, the states that
couple to them form degenerate triplets with the quantum
numbers J PC = 2++, J PC = 1++, and J PC = 0++. They
also reported that in heavy quark limit this conclusion holds
for any state that couples to the currents independent of its
internal structure. In [42,43], the authors studied X (3872)

by using HQSS with the assumption of hadronic molecule.
In the molecular picture of X (3872), the two charm quarks

have a total spin SH = 1 (also SH = 0 can be in molecules),

and the light quarks have a total spin Sl = 1. The total spin
of such a system, assuming L = 0, can be J = 0, J = 1 and
J = 2. In the heavy quark limit, all these three states should
be degenerate. In addition, the state in which SH = 0 and
Sl = 1 should also be degenerate with the previous three,
forming a heavy quark spin symmetry quartuplet having the
quantum numbers J PC = 0++, 1++, 2++ and 1−+. Note
also that, in the heavy quark limit for both the c and b quarks,
there appears a flavor symmetry between these two quarks.
Using this symmetry, it is possible to extract information
about the c sector using the b sector, and vice versa.

In the framework of QCD Sum Rules (QCDSR), the
mass and current-meson coupling constant of the exotic
X (3872) state are computed within the two-point sum rule
method using the diquark-antidiquark and molecule interpo-
lating currents [44]. In [45], they studied X (3872) meson
with thermal QCDSR method. Aliev et al. investigated
X (3872) via QCD sum rules as a mixing of charmonium
and molecular D∗D states and found that Y (3940), X (4260)

and their orthogonal combinations should exist [46]. Azizi
and Er investigated X (3872) in cold nuclear matter using
diquark-antidiquark current within the framework of the in-
medium two-point QCD sum rule method. They found that
the mass, current-meson coupling and vector self energy
strongly depend on the density of cold nuclear matter [47].
Other QCDSR studies on X (3872) can be found in [48–
53]. In [54], they studied color singlet-singlet type and octet-
octet type currents to interpolate the X (3872), Zc(3900) and
Zb(10610) and concluded that more theoretical and experi-
mental works are still needed to distinguish the molecule and
tetraquark assignments; while there are no candidates for the
color octet-octet type molecular states.

In [41], currents to be used to study X (3872) and its part-
ners in a QCD sum rules framework has been proposed. In
this work, X (3872) and its J PC = 0++ and J PC = 2++
partners are studied within a QCDSR framework using the
currents proposed in [41]. Obtained sum rules are also used
to study the corresponding mesons in the bottom sector.

The paper is organized as follows. In Sect. 2, QCDSR is
given briefly and the degeneracy of the X (3872) is obtained
by QCD Sum Rules method. Section 3 is devoted to numer-
ical results of this degeneracy and in Sect. 4 we summarize
our results.

2 QCD sum rules and degeneracies from the correlation
functions

QCD Sum Rules are formulated by Shifman, Vainsthein and
Zakharov in 1979 [55] for mesons and generalized to baryons
by Ioffe [56] in 1981. It is one of the celebrated method among
non-perturbative methods such as lattice QCD, AdS/QCD,
Chiral Perturbation Theory etc. The method is based on the
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study of a suitable chosen correlation function in two differ-
ent kinematical regions.

On one side, it is calculated in the deep Euclidean region
where the correlation function receives dominant contribu-
tion from short distances. In this case, the correlation function
can be calculated using operator product expansion (OPE).
On the other side, one calculates the correlation function
for positive momentum squared. In this kinematical region,
the correlation function can be expressed in terms of the
properties of the hadrons. The two expression are matched
using spectral representation of the correlation function, and
hadronic properties are extracted by this matching.

The fundamental object of the QCD Sum Rule is the cor-
relation function


(q2) = i
∫

d4xeiqx 〈0|T [ j (x) j†(0)]|0〉, (4)

where j (x) is the interpolating current, q is the momentum
of the state and T is the time ordering operator. Currents are
suitably chosen operators made of quark and gluon fields that
can create the studied hadron from vacuum.

The key ingredient in the correlation function is the j (x)
operator. If the structure of the operator resembles the struc-
ture of the hadron, then obtained sum rules are expected to
be more reliable.

In molecular picture being a J PC = 1++ state, X (3872)

can be represented as

|X (3872)〉 = 1√
2
(|DD̄∗〉 − |D̄D∗〉). (5)

In terms of quark, one can decompose this state like

|X (3872)〉 = 1√
2
(|((cq̄)(0)(c̄q)(1))(1)〉

−|((c̄q)(0)(cq̄)(1))(1)〉). (6)

In this representation (cq̄)(0) means that total spins of c and
q̄ quarks is equal to (0). It is also possible to represent this
state in terms of another basis in Hilbert space [41]:

|X (3872)〉 = |((cc̄)(1)(qq̄)(1))(1)〉
= |(Scc̄ = 1; Sqq̄ = 1)J = 1〉. (7)

It can be seen from above equation that charm and light
quarks have total spin 1, respectively. These particles came
together having total spin 1. Two spin-1 systems can result
total spin 0, 1 and 2. Spin-0 and spin-2 are denoted as
X (3872) partners.

In this paper, the current

jμν = Q̄aγμQ
bq̄bγνq

a (8)

is used. This current was proposed in [41] to study X (3872)

and its partners. For X (3872), Q = c and q = u or q = d,

anda andb are color indices. As is customary in the QCD sum
rules and lattice literature, annihilation diagrams are ignored
in this work. Also, the masses of the u and d quarks are
taken to be zero. The color combination is chosen such that
the current can create colorless D and D∗ states. This current
has even charge parity, C = +. An advantage of this current
is that, d = 3 term in the OPE, i.e. the quark condensate
term, does not contribute to the sum rules.

Using this current, the correlation function can be written
as


αβγ δ = i
∫

d4xeiqx 〈0|T [ jαβ(x) j†
γ δ(0)]|0〉

= i
∫

d4xeiqx 〈0|T Q̄a(x)γαQ
b(x)q̄b(x)γβq

a(x)

×Q̄c(0)γγ Q
d(0)q̄d(0)γδq

c(0)|0〉. (9)

Following [41], three projections operators are defined as

P2
μνμ̄ν̄ = 1

2

(

gμμ̄gνν̄ + gμν̄gνμ̄ − 1

2
gμνgμ̄ν̄

)

, (10)

P1
μνμ̄ν̄ = 1

2
(gμμ̄gνν̄ − gμν̄gνμ̄), (11)

P0
μνμ̄ν̄ = 1

4
(gμνgμ̄ν̄ ). (12)

Using these operators, interpolating currents can be writ-
ten as the sum of three irreducible representations of the
Lorentz group as

jμν = j2+
μν + j1+

μν + j0+
μν , (13)

where

j2+
μν = Pαβ

2μν jαβ = 1

2

(

jμν + jνμ − 1

2
gμν j

α
α

)

, (14)

j1+
μν = Pαβ

1μν jαβ = 1

2
( jμν jνμ), (15)

j0+
μν = Pαβ

0μν jαβ = 1

4
gμν j

δ
δ . (16)

In above equations, the superscript denotes the JC quan-
tum numbers of the particle of largest spin that can be created
by the corresponding operator. The J PC quantum numbers
of the particles that can be created by these operators are
as follows: j2+

μν can create J PC = 0++, J PC = 1++ and
J PC = 2++, j1+

μν can create J PC = 1++ and J PC = 1−+,
j0+
μν can create J PC = 0++ from the vacuum.

The phenomenological side of the correlation function
obtained from j2+ can be written as



(2)
μναβ = i

∫

d4xeiqx 〈0|T j2+
μν (x) j2+

αβ

†
(0)|0〉

=
∑

h

〈0| j2+
μν |h(q)〉〈h(q)| j2+

αβ |0〉
q2 − m2

h
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= (λ2++
2 )2

q2 − m2
2++

∑

s

εμνε
∗
αβ

+ (λ1++
2 )2

q2 − m2
1++

∑

s

(

εμqν + qμεμ

) (

ε∗
αqβ + qαε∗

β

)

+ (λ0++
2 )2

q2 − m2
0++

(

qμqν − 1

4
gμν

)(

qαqβ − 1

4
gαβ

)

(17)

where mJ PC denotes the mass of the meson whose quantum
numbers are J PC , and summations are over the spins of the
corresponding meson.

The constants λJ PC

2 are defined through the matrix ele-
ments

〈2++| j2++
μν |0〉 = λ2++

2 εμν, (18)

〈1++| j2++
μν |0〉 = λ1++

2

(

εμqν + ενqμ

)

, (19)

〈0++| j2++
μν |0〉 = λ0++

2

(
qμqν

q2 − 1

4
gμν

)

, (20)

where εμν and εμ are polarization tensors for spin-2 and
spin-1 respectively and q is the momentum of the hadron.
The polarization tensors satisfy qμεμ = 0, εμεμ� = −1,
qμεμν = 0, εμν = ενμ, εμνgμν = 0 and εμνε

μν� = 1.
Polarization sum can be done via
∑

s

εμνε
∗
αβ

= 1

2

[(

gμα − qμqα

q2

)(

gνβ − qνqβ

q2

)

+
(

gνα − qνqα

q2

)(

gμβ − qμqβ

q2

)

−2

3

(

gμν − qμqν

q2

)(

gαβ − qαqβ

q2

)]

(21)

for spin-2 mesons, and

∑

s

εμε∗
ν = −

(

gμν − qμqν

q2

)

≡ −g⊥
μν (22)

for spin-1 mesons. For simplicity, defining the spin sums as

κ22
μναβ =

∑

s

εμνε
∗
αβ

= 1

2

[

g⊥
μαg

⊥
νβ + g⊥

ναg
⊥
μβ − 2

3
g⊥
μνg

⊥
αβ

]

, (23)

κ21
μναβ =

∑

s

(

εμqν + qμεν

) (

ε∗
αqβ + qαε∗

β

)

= −
(

g⊥
μαqνqβ + g⊥

μβqνqα + g⊥
ναqμqβ + g⊥

νβqμqα

)

, (24)

κ20
μναβ =

(
qμqν

q2 − 1

4
gμν

)(
qαqβ

q2 − 1

4
gαβ

)

, (25)

the correlation function can be written as



(2)
μναβ = (λ2++

2 )2

q2 − m2
2++

κ22
μναβ + (λ1++

2 )2

q2 − m2
1++

κ21
μναβ

+ (λ0++
2 )2

q2 − m2
0++

κ20
μναβ. (26)

Observing that

κ2i
μναβκ2 j;μναβ = 0, if i 	= j . (27)

the contribution of each J PC particle to the correlation func-
tion can be extracted as

(λ2++
2 )2

q2 − m2
2++

= 1

5
κ22
μναβ
(2)μναβ (28)

q2(λ1++
2 )2

q2 − m2
1++

= 1

6q2 κ21
μναβ
(2)μναβ (29)

(λ0++
2 )2

q2 − m2
0++

= 16

9
κ20
μναβ
(2)μναβ. (30)

A similar analysis of the phenomenological side of the
correlation function made of the j1+ current can be carried
out. By inserting a complete set of states between the inter-
polating currents, the correlation function can be written as



(1)
μναβ = i

∫

d4xeiqx 〈0|T j1
μν(x) j

1†
αβ(0)|0〉

= 〈0| j1
μν |1++〉〈1++| j1†

αβ |0〉
q2 − m2

1++

+〈0| j1
μν |1−+〉〈1−+| j1†

αβ |0〉
q2 − m2

1−+
. (31)

Defining matrix elements as

〈0| j1
μν |1++〉 = λ1++

1

(

qμεν − qνεμ

)

(32)

〈0| j1
μν |1−+〉 = λ1+−

1 εμναβq
αε′β (33)

and using polarization sum, spin-1 correlation function
becomes



(1)
μναβ = (λ1++

1 )2

q2 − m2
1++

∑

s

(

qμεν − qνεμ

) (

qαε∗
β − qβε∗

α

)

+ (λ1−+
1 )2

q2 − m2
1−+

∑

s

εμνμ̄ν̄q
μ̄ε′ν̄ εαβᾱβ̄q

ᾱε′β̄∗
. (34)

Defining the Lorentz structures

κ1+
μναβ =

∑

s

(

qμεν − qνεμ

) (

qαε∗
β − qβε∗

α

)

= −
(

qμqαg
⊥
νβ − qμqβg

⊥
να

−qνqαg
⊥
μβ + qνqβg

⊥
μα

)

, (35)
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κ1−
μναβ =

∑

s

εμνμ̄ν̄q
μ̄ε′ν̄ εαβᾱβ̄q

ᾱε′β̄∗

= −q2
(

g⊥
μβg

⊥
να − g⊥

μαg
⊥
νβ

)

, (36)

correlation function can be written in a compact form as



(1)
μναβ = (λ1++

1 )2

q2 − m2
1++

κ1+
μναβ + (λ1−+

1 )2

q2 − m2
1−+

κ1−
μναβ. (37)

Using

κ1+
μναβκ1−;μναβ = 0, (38)

the contribution of the two particles can be isolated as

(λ1++
1 )2

p2 − m2
1++

= 1

12
κ1+
μναβ


(1)
μναβ (39)

and

(λ1−+
1 )2

p2 − m2
1−+

= 1

12
κ1−
μναβ


(1)
μναβ . (40)

Finally, to obtain the phenomenological representation of
the correlation function composed of j0, first note that j0 can
only create particles with quantum numbers J PC = 0++.
With the matrix element defined as

〈0| j0
μν |0++〉 = λ0++

0 gμν, (41)

the correlation function can be written as follows



(0)
μναβ = i

∫

d4xeiqx 〈0|T j0
μν(x) j

0†
αβ(0)|0〉

= (λ0++
0 )2

q2 − m2
0++

gμνgαβ, (42)

which can be converted to

(λ0++
0 )2

q2 − m2
0++

= 1

16



(0)
μναβg

μνgαβ. (43)

As can be seen from Eqs. 28–30, 39, 40, and 43, the masses
of the hadrons can all be obtained from equations of the form:

P(q2)
λ2

q2 − m2 = 
phen(q2), (44)

where P(q2) is a polynomial in q2. Note that, the left hand
side of Eq. 44 also contains contributions from higher states
and the continuum, but only the contribution of the lowest
state is explicitly written out.
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Fig. 1 Borel parameter dependence of J PC = 2++ meson mass from



(2)
μναβ for different s0 values

7 8 9 10 11 12 13 14
0

1

2

3

4

5

s0=17 GeV2

s0=19 GeV2

m
2,
1+

+
(G

eV
)

M2 (GeV2)

Fig. 2 Borel parameter dependence of J PC = 1++ meson mass from



(2)
μναβ for different s0 values

As is stated earlier, to match 
phen with 
QCD , spectral
representation of the correlation function is used:


(q2) =
∫ ∞

0
ds

ρ(s)

s − q2 + polynomials is q2, (45)

where ρ(s) is the spectral density. To get rid of the unknown
polynomials, Borel transformation is carried out. After the
Borel transformation, Eq. 44 can be written as:

P(m2)λ2e− m2

M2 + · · · =
∫ ∞

0
dse− s

M2 ρQCD(s), (46)
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Fig. 3 Borel parameter dependence of J PC = 0++ meson mass from



(2)
μναβ for different s0 values
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Fig. 4 Borel parameter dependence of J PC = 1−+ meson mass from



(1)
μναβ for different s0 values

where M2 is the Borel parameter, and · · · represent the con-
tributions of the higher states and continuum.

To subtract the contributions of the higher states and the
continuum, quark hadron duality is used. The motivation of
quark hadron duality is that higher states are to be found
at higher energies where OPE can be used. In that region,
for above a critical energy spectral function of the contin-
uum and higher states can be represented as the spectral
function of OPE. In quark hadron duality, it is assumed the
ρ phen(s) = ρQCD(s) for s > s0, where s0 is called the con-
tinuum threshold. After using quark hadron duality, the sum
rules can be obtained as
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s0=19 GeV2

m
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Fig. 5 Borel parameter dependence of J PC = 1++ meson mass from



(1)
μναβ for different s0 values
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5

m
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+
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M2 (GeV2)

s0 =17 GeV2
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Fig. 6 Borel parameter dependence of J PC = 0++ meson mass from



(0)
μναβ for different s0 values

P(m2)λ2e− m2

M2 =
∫ s0

0
dse− s

M2 ρQCD(s). (47)

The mass of the relevant meson can be obtained from the
sum rules by taking the derivative of the logarithm of both
sides with respect to 1/M2 as:

m2 =
∫ s0

0 dse− s
M2 sρQCD(s)

∫ s0
0 dse− s

M2 .ρQCD(s)
(48)

The analytical expressions for ρQCD(s) are presented in
the Appendix.
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3 Numerical analysis of mass spectrum

The numerical values for QCD parameters used in this work
are mc = 1.4 GeV2, mb = 4.7 GeV2, mu = md = 0,
and 1

4π2 〈g2
s G

2〉 = 0.012 GeV4. There are two additional
parameters in QCD Sum Rule calculations. These are the
Borel parameter (or Borel mass) and continuum threshold.
Borel parameter M2, is an auxiliary parameter so physical
properties should not depend on it. Due to the approximation
made, a residual dependence on M2 exist. Hence, a range
for the Borel parameter in which physical observations are
independent of it should be found. The other parameter is
continuum threshold, s0. In general, this parameter is taken
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to be s0 � (m+0.5 GeV )2 where m denotes the mass of the
studied hadron.

In the present work, the results of the sum rules are studied
for the two values of continuum threshold: s0 = 17 GeV 2

and s0 = 19 GeV 2 for X (3872) and its partners in the charm
sector, and s0 = 100 GeV 2 or s0 = 102 GeV 2 for the bottom
sector.

In the charm sector, the dependencies of the masses on the
Borel parameter for the two values of the continuum thresh-
old are shown in Figs. 1, 2, 3, 4, 5, 6. Figures 7, 8, 9, 10,
11 and 12 are the same as Figs. 1, 2, 3, 4, 5, 6, but for the
bottom sector. As can be observed from all the figures, the
residual dependence on the Borel parameter is negligible for
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the chosen continuum thresholds in the chosen Borel range,
which is an indication in favour of the chosen ranges.

In Tables 1 and 2 we present our predictions for the masses
of the particles with J PC quantum numbers 0++, 1++, 1−+
and 2++ in the charm and bottom sector. The error bars in
the table are mainly due to the variations of the prediction
with the continuum threshold. Note that that 1−+ particle
present in the tables is not the partner of X (3872). X (3872)

corresponds to the 1++ state, and the predicted mass is higher
than the experimental value. Note that in this section, all the
obtained masses are almost degenerate with each other.

Table 1 Mass spectrum of X (3872) partners

Phenomenological side J PC MX (MeV)



(0)
μναβ 0++ 4055 ± 126



(1)
μναβ 1−+ 4056 ± 126

1++ 4053 ± 129



(2)
μναβ 0++ 4058 ± 124

1++ 4055 ± 126

2++ 4053 ± 129

Table 2 Mass spectrum of b̄b partners

Phenomenological side J PC MX (MeV)



(0)
μναβ 0++ 9922 ± 41



(1)
μναβ 1−+ 9927 ± 42

1++ 9923 ± 42



(2)
μναβ 0++ 9920 ± 44

1++ 9923 ± 44

2++ 9927 ± 44

4 Conclusion

In this work, we obtained mass spectrum of heavy quark part-
ners of X (3872) and bb̄ in QCDSR framework by modelling
it as molecular state. The current we studied has an advantage
to study X (3872)partners comparing to for example [48–50].
The reason for that is there can be light hadrons that can have
the same quantum numbers with exotic hadrons. In the case
of X (3872), χc1(1P) has the mass m = 3510.66 ± 0.007
MeV with the quantum number J PC = 1++. The pure cc̄
operator in the current can cause this problem [48]. The other
reason is that the current we used have an advantage of study-
ing the partners of the X (3872) meson on an equal footing
[49,50].

In computations we have employed QCD two-point sum
rule method and take into account vacuum condensates only
with dimension four. We have found central values for the
mass of X (3872) asmX = 4055±127 MeV and for the mass
of bb̄ as mbb̄ = 9924±43 MeV . In the case of X (3872), the
central values is higher roughly 50 MeV than the observed
mass and for bottomonium case, the central value agree well
with available experimental data and theoretical predictions
within the errors.

The masses for correlation functions can be found in
Tables 1 and 2 for X (3872) and its partners and bb̄, respec-
tively. As can be seen from Fig. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11
and 12 the mass spectrum for the X (3872) and b̄b and their
partners don’t depend on the Borel parameter. The degen-
eracies of X (3872) and b̄b partners are compatible with the
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Table 3 X (3872) partners. All results are in MeV

J PC MX (this work) [33] (SU(2) isoscalar) [33] (SU(2) isovector) [34] [34] (OPE Potential inc.)

0++ 4055 ± 126 3712+11
−13 3733+1.1

−6.9 3709+12
−14 3714

1++ 4053 ± 129 3872 (Input) – 3872 (Input) 3872 (Input)

1−+ 4056 ± 126 – – – –

0++ 4058 ± 124 3907 (Input) – 3907 (Input) 3907 (Input)

1++ 4055 ± 126 – – – –

2++ 4053 ± 129 4013?−11 – 4012+4
−6 4015

heavy quark spin symmetry prediction. Table 3 compares our
results for X (3872) with other studies.

It can be seen from Table 3 that, our results agree within
the errors with reference studies.

To identify a state whether it is a hadronic molecule
or not, some further investigation is needed. In [57], the
authors reviewed to identify hadronic molecules according
to the Weinberg compositeness criterion, the pole counting
approach, pole trajectories and generalization to resonances.
All these expressions are equivalent. To mention Weinberg
compositeness criterion in different view of point, one can
write a meson wave function such as

�Meson = a|qq̄〉 + b|qq̄g〉 + c|qqq̄q̄〉 + · · · . (49)

In conventional quark picture coefficient a, in hybrid pic-
ture coefficient b, and in tetraquark and meson molecules the
coefficient c is dominant [58]. Having a nonzero value of
c will determine whether a state is composite or molecular.
This includes the study of line shapes for the relating state.

It is clear that, the computation of mass alone does not
allow us to make a conclusion on the internal structure of
X (3872). Besides that when a state is first observed and
existence of it still needs confirmation, QCDSR can be very
useful for justifying this existence. It can provide evidence in
favor or against the existence of state. In QCDSR formalism,
one cannot deduce if a state have a tetraquark configuration
or molecular configuration. Furthermore, the limitations in
statements with QCDSR estimates come from uncertainties
in the formalism [18]. It is stated in [59] that, different pro-
posed substructures (tetraquarks and molecules) lead to the
same mass predictions within the accuracy of the method
indicating that the predictions of the X meson mass is not
sufficient for revealing its nature.

Using the current in this study, it was proven in [41] that
states couple to Eq. (8) degenerate triplets with the quantum
numbers J PC = 2++, J PC = 1++ and J PC = 0++ which
holds for any state that couples to the current independent of
its internal structure in the heavy quark limit. One example
for such triplet is χb0(9859), χb1(9892) and χb2(9912). The
masses of this triplet differs from their average value by less

than 30 MeV. The other example is χc0(3414), χc1(3510) and
χc2(3556). Here, the mass difference is less then 80 MeV.
From these considerations one can arrive a result that for the
X (3872) should have spin-0 and spin-2 partners which have
a mass difference at the order of ∼ 100 MeV from the mass
of X (3872) and ∼ 50 MeV for bottomonium. Our results
agree at the order of these differences.

In a work of Matheus et al. [60], they studied nature of
the meson X (3872) by assuming to be an exotic four quark
(cc̄qq̄) state with J PC = 0++ quantum number. They found
mX = 3925±127 MeV and for the b-quark mXb = 10144±
146 MeV. Our center of mass values agree with these results
within the errors.

We obtained possible partners of X (3872) and bb̄ accord-
ing to HPSS predictions by QCD Sum Rule method in molec-
ular picture. Other methods can be studied for mass dif-
ferences rather than direct mass calculations. Besides that
X (3872) production can be studied in different channels.
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Appendix

In this section, we give the spectral density expressions of
correlation functions

ρ2,2++ =
∫ s0

4m2
c

dse−s/M2 1

20s2 [9(g3 + 2g4 + g6) + 20g5

−9s(g3 + 2g4 + g6)]θ(s − s(x, y)) (A.1)

ρ2,1++ = −
∫ s0

4m2
c

dse−s/M2 1

2s
[s(g3 + 2g4 + g6)

+2(g5 + g7)]θ(s − s(x, y)) (A.2)
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ρ2,0++ =
∫ s0

4m2
c

dse−s/M2 1

3
[48s(g1s + g3 + 2g4 + g6)

+64(g5 + g7)]θ(s − s(x, y)) (A.3)

ρ1,1++ =
∫ s0

4m2
c

dse−s/M2 1

4
[s(−2(g5 − g7)

+(g3 − 2g4 + g6)s)]θ(s − s(x, y)) (A.4)

ρ1,1+− =
∫ s0

4m2
c

dse−s/M2 1

2
(g5 − g7)sθ(s − s(x, y)) (A.5)

ρ0,0++ =
∫ s0

4m2
c

dse−s/M2 1

16
[4(4g8 + g5 + g7) (A.6)

+s(8g2 + g3 + 2g4 + g6 + g1s)]θ(s − s(x, y))

(A.7)

where

g1 =
∫ 1

0

∫ 1−x

0
dxdy

1

256π6t8 3x3y3z

×
(

sxyz − m2
cw

)2
(A.8)

g2 =
∫ 1

0

∫ 1−x

0
dxdy

1

6144π6t8 xy

×
[

12xy
(

m2
c p(x + y) − sxyz)

)3

−π2〈g2G2〉t2
(

m2
c pq(x + y) + 3rsxy

)]

(A.9)

g3 =
∫ 1

0

∫ 1−x

0
dxdy

1

1536π6t8z
x2y2

×[9xy(2sz2 − m2
c p)(sxyz

−m2
c p(x + y))2 − π2〈g2G2〉m2

c t
3u] (A.10)

g4 =
∫ 1

0

∫ 1−x

0
dxdy

1

6144π6t8 xy

×[12xy(−sxyz + m2
c p(x + y))3

+〈g2G2〉π2t2(3rsxy + mc2 pv(x + y))] (A.11)

g5 =
∫ 1

0

∫ 1−x

0
dxdy

1

12288π6zt8

×[3xy(sxyz − m2
c p(x + y))4 + 〈g2G2〉π2t2

×(−sxyz + m2
c p(x + y))(3rsxyz + qmc2 p(x + y))]

g6 =
∫ 1

0

∫ 1−x

0
dxdy

xyq

1536π6t8 [〈g2G2〉m2
cπ

2t3

+(−3sxyz + m2
c tq)3] (A.12)

g7 =
∫ 1

0

∫ 1−x

0
dxdy

1

(12288π6z2t8

×[−4〈g2G2〉m2
cπ

2t3

+3(−sxyz + m2
c t)

3 + (utm2
c + 3sxyw)] (A.13)

g8 =
∫ 1

0

∫ 1−x

0
dxdy

1

12288π6zt8

×[−3xy(sxyz − m2
c p(x + y))4

+〈g2G2〉π2t2(−sxyz + m2
c p(x + y))] (A.14)

and

s(x, y) = m2
Q

(
x

y
− 2

x + y − 1
+ y

x

)

(A.15)

p = (−1 + x)x + (−1 + x)y + y2 (A.16)

q = 12(−1 + x)2x2 + x(24 + x(−45 + 17x))y

+(12 + x(−45 + 13x))y2

+(−24 + 17x)y3 + 12y4 (A.17)

r = 10x4 + xy(−3 + 4y)(−2 + 5y)

+(−1 + y)y2(−3 + 10y) + x3(−13 + 20y)

+x2(3 + y(−23 + 28y)) (A.18)

t = x2 + x(−1 + y) + (−1 + y)y (A.19)

w = x3 + 2x(−1 + y)y

+(−1 + y)y2 + x2(−1 + 2y) (A.20)

u = −6x5 + 3x6 + x2(1 − 3y)y3 − 3x(−1 + y)y3

+3(−1 + y)2y4 + x3y(3 + y − 8y2)

−3x4(−1 + y + y2) (A.21)

v = 9x4 + 9(−1 + y)2y2 + x2(−1 + 3y)(−9 + 8y)

+x3(−18 + 17y) + x(−1 + y)y(−18 + 17y)

z = x + y − 1 (A.22)
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