VARIOUS PARAMETER ESTIMATION TECHNIQUES FOR STOCHASTIC
DIFFERENTIAL EQUATIONS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

SEMIH ERGISI

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF MASTER OF SCIENCE
IN
STATISTICS

AUGUST 2019






Approval of the thesis:

VARIOUS PARAMETER ESTIMATION TECHNIQUES FOR STOCHASTIC
DIFFERENTIAL EQUATIONS

submitted by SEMIH ERGISI in partial fulfillment of the requirements for the degree
of Master of Science in Statistics Department, Middle East Technical University
by,

Prof. Dr. Halil Kalipcilar
Dean, Graduate School of Natural and Applied Sciences

Prof. Dr. Aysen Dener Akkaya
Head of Department, Statistics

Assoc. Prof. Dr. Ceren Vardar Acar
Supervisor, Statistics Department, METU

Examining Committee Members:

Assoc. Prof. Dr. Ceylan Talu Yozgatlhgil
Department of Statistics, METU

Assist. Prof. Dr. Ceren Vardar Acar
Department of Statistics, METU

Assist. Prof. Dr. Ayse Mutlu Derya
Department of Mathematics, TED

Date:




I hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. I also declare
that, as required by these rules and conduct, I have fully cited and referenced all
material and results that are not original to this work.

Name, Last Name: Semih Ergisi

Signature

v



ABSTRACT

VARIOUS PARAMETER ESTIMATION TECHNIQUES FOR STOCHASTIC
DIFFERENTIAL EQUATIONS

Ergisi, Semih
M.S., Department of Statistics

Supervisor : Assoc. Prof. Dr. Ceren Vardar Acar

August 2019, [Z1] pages

Dynamic systems appear in many fields from economics to physics, from biology to
engineering include randomness. Therefore, stochastic differential equations are one
of the necessary mathematical tools to model dynamic systems in these disciplines.
In this study, we propose two parameter estimation methods when modelling with
SDEs which are driven by Brownian motion. Maximum likelihood estimation and
generalized method of moment techniques are used to estimate parameters and it is
obtained that when the assumptions for Brownian motion satisfy, both techniques give

the same result.

Keywords: Brownian Motion, Simulation, Parameter Estimation, Discretization, Euler-

Maruyama
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STOKASTIK DIFRENSIYEL DENKLEMLER ICIN CESITLI PARAMETRE
TAHMIN YONTEMLERI

Ergisi, Semih
Yiiksek Lisans, Istatistik Boliimii

Tez Yoneticisi : Dog. Dr. Ceren Vardar Acar

Austos 2019, [71 sayfa

Ekonomiden fizige, biyolojiden miihendislige kadar bir¢cok alanda goriinen dinamik
sistemler rastgelelik icerir. Bu nedenle, stokastik diferansiyel denklemler, bu disiplin-
lerdeki dinamik sistemleri modellemek i¢in yararli matematiksel araclardan biridir.
Bu calismada Brownian hareketi ile temsil edilen stokastik diferansiyel denklemlerle
modelleme yaparken iki parametre tahmin yontemi onerilmektedir. Parametreleri tah-
min etmek i¢in en ¢ok olabilirlik ve genellestirilmis moment teknikleri kullanilmis ve
Brownian hareketi i¢cin yapilan varsayimlar yerine getirildiginde, her iki teknigin de

ayn1 sonucu verdigi elde edilmistir.

Anahtar Kelimeler: Brown Hareketi, Simulasyon, Parametre Tahmini, Kesikli hale

Getirme, Euler-Maruyama
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CHAPTER 1

INTRODUCTION

Many of the dynamic systems that emerge in many fields from economics to physics,
from biology to engineering include randomness [45]. Therefore, in order to model
dynamics systems that emerge in these disciplines, stochastic differential equations
(SDE) are one of the necessary mathematical tools. SDEs are useful mainly to predict
the future with the help of the movements obtained by the variables belonging to an
economic and social phenomenon. A lot of fundamentals, of laws or of reasons un-
der the behaviour of events naturally happening are expressions or relatives including
proportions in which things occur. When they are expressed by using mathematical
terms, the connections are expressed by equations and the proportions are expressed
by derivatives. They are called as differential equations (DE) when the equation re-
lates some function with its derivatives. Thus, having information on analytic about
DEs is helpful to understand and investigate problems such as population rise or pop-
ulation reduction among many others. When DEs are applied to any of the numerous
fields in which they are convenient, firstly, formulating the suitable DE that defines or

models the problem being examined is essential.

Predicting the world around us is noteworthy ability of DEs [44]. DEs are utilised
in many fields such as from economics to physics, from biology to engineering [24].
Growing and decaying exponentially, the rise in population or the difference in invest-
ment return in the time are described by DEs [38]. They are useful not only for these
but also for cancer growth modelling, disease spread, chemcial reactions modelling

or best investment strategies in economics [38].



Here is a simple example for modelling a basic daily life experience. Suppose that
hundred grams of sugar are dissolved in water. The speed of dissolving is propor-
tional to the part that has not dissolved. Then the differential equation given below
explains the speed of dissolving after ¢ minutes where ¢ is the dissolved part,

dq
— = k(100 — q).

5 = K q)

and k is constant rate which represents the proportion of speed of dissolving. By the
equation, the change is multiplication of £ (rate) by the remaining part of sugar after

dissolving.

1.1 Ordinary Differential Equations

A differential equation (DE) is an equation, where the unknown quantity is a func-
tion, and the equation includes derivatives of the unknown function; i.e., DE is math-
ematical equation that relates the function and its derivatives. Suppose that ¢ is an
independent variable and k = f(t) is an unknown function. The relation between the
derivative of this unknown function and independent variable ¢ is called a DE and it

is generally written as below,
F(t, kK k" ... k™) =0.

DEs are classified by basing on the dependence of the unknown function on an in-
dependent single variable or on a few of independent variables [10]. If there are
solely ordinary derivatives exist in the DE [I0], it is called as an ODE. If the func-
tion depends on more than one variable and the differential equation involves partial

derivatives, then the equation is called as partial differential equation (PDE) [I{].

K" +5kk =0 (1.1)
dg dp
— =24 = 1.2



where ¢(p, ¢) is a function of two variables. The Equation (IT) is called as an ODE
while the Equation (I2) is called as a PDE. The order of a DE is detected by its
highest derivative. For example, the equation that includes first derivative and the
first derivative as the highest derivative is called as a first order DE. If it includes the
first and the second derivative, then it is called as second order DE. The Equation

(I3) is an example of third order DE.
K" 4 2e'k" + kK =t° (1.3)

The equation is called as nonlinear differential equation if the equation includes the
product of dependent variable and its derivatives or the product of independent and

dependent variables. Otherwise, it is called as linear differential equations.

K" + 5k + 6k = 0. (1.4)

K"+ 5kk = 0. (1.5)

The first example given in the Equation (I"4) is linear while the second example given
in the Equation (IC3) is not linear because there exist the product of dependent variable
and its derivative. In order to give an example of ODE, let’s consider the example of
field mice population given in [5]. When there are no predators, it is assumed that
increase of the population occurs proportionally to the existing population. When the
time is denoted by ¢ and the mouse population is denoted by m(t), then it is assumed
that population growth is stated by the equation

dm

dt

where k£ is called the constant rate or growth rate. To state the logic more clear,

=km (1.6)

assume that time is measured in months and the k is equal to 0.6. Then each term in
the Equation ([CH) is written in terms of mice/month unit. Now, it is supposed that
few cats live in the same habitat and that 20 field mice are killed daily. By taking a
month as 30 days, there will be 600 mice killed per month. When this is utilised in
differential Equation ("), another term appears. Thus, it becomes as follows,

dm
— = 0.6m — 600. 1.7
i m (L.7)



It is seen that —600 1s used as the predation term rather than —20 due to time measure-
ment in months and thus, the monthly predation rate should be written. The solution

of the Equation (I2) is found as below. First, the Equation (I2) is rewritten in the

form

dm  3m — 3000

—_— 1.8

7 5 ; (1.8)
or if m # 1000,
dm
——— =10.6 1.9
dt(m — 1000) (1.9

For m # 1000, left hand side of the Equation (I'3) is same as taking derivative of

In |m — 1000| in terms of ¢. Thus, we have

d
7 In [m(t) — 1000 = 0.6 (1.10)

Then, by taking integral of both sides of the Equation (I"T0), we have
6t
In|m(t) — 1000| = ot C (1.11)

where C' is an arbitrary integration constant. By taking exponential of both sides of

the Equation (1),

m(t) — 1000 = e16+C = ¢Celv, (1.12)
or
m(t) — 1000 = £eCe(10), (1.13)
and finally,
m(t) = 1000 + Aeto, (1.14)

where A = 4¢¢ is also an arbitrary(nonzero) constant. If m is equal to 1000, the
solution of the Equation (IC8) is also obtained, i.e., the change in the field mice popu-
lation with respect to time is zero and that is seen in the Equation (I'T4) if A is equal
to zero.

In the example of field mice population, we obtain a set of solutions of the differential
Equation (IZ2), as the constant A in the Equation (I'T4)) varies. The Figure [T shows
different solutions of the equation given for the field mice population as A varies [5].
An arbitrary constant comes from the integration contained in the solution. Due to
the fact that this constant takes different values, a lot of solutions come in view. In
general, it is requested to get one single solution among all of plausible solutions by

pointing out value for the arbitrary constant initially.
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Figure 1.1: Graph of m(t) = 1000 + Ae®%

Let us show this on the example of field mice population, by taking m(0) = 1010.
Then, substituting ¢ = 0, and m = 1010 into the Equation (14, we get

1010 = 1000 + A. (1.15)
Thus A = 10, and by putting this value in the Equation (I'T4), we get the solution,
m(t) = 1000 + 10e10. (1.16)

The condition m(0) = 1010 is an example of initial condition. The Differential
Equation (I7) together with initial condition is an instance of an initial value problem.

Fix a point m(0) € R and the DE is stated as below,

dm
T H(m(t)) (L.17)

where [/ : R — R is a given, smooth vector field and the solution is the path. In the
Equation (CT2) m(-) = [0,00) — R and m(t) denotes the value at time ¢. However,
in reality, due to some environmental effects, the system trajectories does not behave
as expected based on our measurements. Thus, the equation should be modified to
represent these effects [[[6]. In order to build a more realistic model, we use stochastic

differential equations (SDEs).



In this thesis, our main goal is to give a review of techniques for the estimation of
parameters in SDEs of the form in the Equation (22). Two main estimation meth-
ods are given in this study for estimation of parameters; namely, maximum likelihood

estimation (MLE) and generalized method of moment (GMM) estimation techniques.

The thesis is organized as follows: we present background information regarding
stochastic process, Brownian motion, SDEs, analytic solutions and numerical solu-
tions of SDEs and convergence of numerical solutions to the analytic solutions in
Chapter . In Chapter B, construction of the model, assumption checking for Brown-
ian motion and goodness of fit for model are expressed. After the main model is com-
pleted, methods to asses the model prediction performance are presented. In Chapter
4, two techniques for estimation of parameters, MLE and GMM, are presented. In
Chapter B, two examples are shown for to apply the steps mentioned in the previous

parts of the study. Chapter B is the conclusion of the thesis.



CHAPTER 2

BACKGROUND INFORMATION

It is aimed to give general information about stochastic processes, SDEs, stochas-
tic integrals and solution of SDEs. These are vital to understand the SDEs. When
the stochastic process is understood, it is easier to understand the solution of SDEs.
In view of this, we start with providing definition of stochastic processes and their
properties. Then, we give definition of stochastic integrals which are necessary to
understand the modelling of SDEs. For the detailed information about the definitions

and proofs of the theorems one can see [[I, 2, 4, 01, DR, 36, 38, 43].

In the second part of this chapter, the solution of SDEs is presented. Firstly, we
start with analytic solution of SDEs and give one example related to this. Secondly,
we introduce Euler Maruyama solution technique which is the simplest and easily
applicable technique among many other techniques and its convergence to the ana-
lytic solutions. For the detailed information about the solutions of SDEs, proofs of

solutions and computational applications one can see [[Z, 26, 32, 41, 47].

2.1 Stochastic Differential Equation

It is useful to continue with an example of an ODE, a simple field mice population
growth model from previous part to perceive the SDE. Let M (¢) determines the pop-
ulation at time ¢, k(t) is the deterministic relative growth rate at time ¢ and % is the

rate of change of the population size and M, is the given initial data value. Then,



below ODE gives the change in the population at ¢,

% = k(OM(1), M(0) = M, 2.1

The Equation (Z11) shows that the rate of change of the field mice population at time
t is equal to multiplication of the growth rate and the population at that time. How-
ever, usually k(¢) is not known completely, and it is exposed to some environmental

impacts [34]. Consequently, it is written as,
k(t) = b(t) + Bnoise, (2.2)

where b(t) is deterministic term, 5 is a real valued constant number, and noise corre-
sponds to the random term whose behaviour is not definitely known, solely its prob-
ability distribution is known. The noise term in the Equation (Z72) is generally taken

as a white noise which is officially taken into consideration as the derivative of a

Brownian motion (Bm), W (t), denoted by W (t) = dvgt(t). Then, the Equation (2T
18,

dM

- = (b(t) + Bnoise)M(t), (2.3)
or

dM -

PL = o) + o )M (1) 4

by rearranging the Equation (4), the following equation is obtained.
dM(t) = b(t)M (t)dt + SM (t)dW (t). (2.5)

We call DE as SDE due to this noise term. In general, SDEs are obtained by adding
randomness to the coefficients in the DEs. In this case, randomness comes from the
noise. Moreover, there is another source of noise due to measurement errors. For a
detail information about this type of source, one can check [38]. In this study, our

central interest is the SDEs given as in the Equation (5).

Our main purpose is to estimate parameters in the stochastic differential equation
given in the Equation (Z-6) and to make forecast by using the SDEs in this thesis.
A DE is a DE whose several terms are stochastic processes and so the solution also

results in stochastic process [42]. In general SDE is given by the following equation,

dX (1) = F(X (1), 8 0)dt + g(X(t), t;0)dW (2). (2.6)



The noise term is represented by W (¢) and it is Brownian motion in the Equation
(Z8). The representation of noise term changes according to the type of stochastic
process added to the equation. This means that the noise is added to the equation
by other stochastic process such as Fractional Brownian motion, Levy processes etc.
In this thesis, studies are based on the noise represented by Brownian motion. Be-
fore giving information about Brownian motion, the Equation (IZ6) is written in the

following form;

X(t)=X(0)+ /Ot f(X(s),s;0)ds + /Otg(X(s),s; 0)dW (s). (2.7)

Actually, the Equation (Z72) is not different from the Equation (ZZ6). The former is
the integral form of the latter. To achieve the aim of the thesis, it is important to solve
the integral equation given in the Equation (7). However, it is not easy to solve this
integral due to the stochastic processes and their properties. In the Equation (1), f,
g and W (t) should be clearly analyzed before solving the integral. Also, reasonable
mathematical interpretation of W (¢) should be found. Firstly, we begin with giving

the definition of stochastic process and their properties.

2.2 Stochastic Process

Definition 1 [II8] For a given probability space (2, A, P), and measurable space
(V, %), a stochastic process is a collection of V -valued random variables, which are
written as;

{Y(t):t e}

A stochastic process is also written as {Y (¢, w) : t € 7}. This means that a stochastic
process is a function of two variables, ¢ € 7 and w € €. If 7 is an interval, then the
stochastic process is continuous time stochastic process. If 7 takes discrete values,
then the stochastic process is called discrete time stochastic process. Consider that
for fixed t € T we have random variable w — Y;(w) where w € ) and for fixed w € ()
the function which is a path of Y; where ¢ € 7 [38]. In our study, we are interested in

the function that is a path of Y; for fixed w € €.



2.2.1 Brownian Motion

In 1827, a motion of the pollen grains of some plants in the fluid was unearthed by
Robert Brown, the Scottish Botanist. While investigating this movement, the place
of the pollen particles changed in a random motion was considered. He described
this phenomenon as Brownian motion (Bm) in his paper [6]. On the contrary, the
correct explanation lied under the reason of pollen particles’ motion could not be
given until Einstein discovered the kinetic theory [14]. He realized that this motion
emerged from collusion of the molecules in the liquid. After Brown and Einstein con-
structed physically the Bm, some mathematicians like Weiner, Donsker, Kolmogorov,
Levy gave the mathematical foundations of it. In recent years, this stochastic process
is extensively used in many disciplines such as mathematical statistics, physics and
management science. Especially, nowadays, it is applied mainly for modelling the

stock price and financial markets.

Definition 2 [B7] A stochastic process {W,} is called a standard Bm or Wiener pro-

cess that satisfies the following properties.

i. It has continuous sample paths.

ii. It has stationary and independent increments. For all 0 < t; < t9.... < 1,4
and 1 > 0, Wy, — Wy, , Wy, — Wy, ..., Wy, — Wy, _, are independent random vari-
ables, that is, W (t) has independent increments. For any 0 < s < t and any k > 0

Wiik — Wi ~ Wy — Wy, it has stationary increments.

iii. It has normal distribution, W; ~ N (0,t) for all t.

The linear transformation of independent Gaussian (W, W,.....W, ) has joint nor-
mal distribution for all 0 < ¢; < t..... < t, because Bm increments are distributed
normally. Note that, if all vectors (W, W,,.....W, ) are Gaussian, then the W, is
also Gaussian [B7] having zero mean and covariance function (C) C(W;, W) =

o’min(s,t).

10



simulated normal values
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0 200 400 600 800 1000

Figure 2.1: Simulation of Bm for n=1000 step size

For s < t and by using the second and third properties of Bm, covariance is obtained

in the following way;
C(Wy,Wy) = EW,W,) — E(W,)E(W,) = E(W,W;) (2.8)
Now, let us substitute (W, — W) + W, for W,

O(Wta WS)) = E(((Wt - Ws) + WS)WS)
= E((W: — Wo)W,) + E(W.?) (2.9)

Because the W, — W, only depends on ¢ — s, these increments are independent and
thus zero

C(W, W) = E(W3) = Var(W,) = os. (2.10)

In a similar manner, for ¢ < s covariance equals to o?t. Thus, C(Wy, Wy) =
2

o*min(s,t).

Moreover, Bm is a Markov process and so it shows the Markov property. In gen-
eral, it briefly gives an idea that the future only depends on present value. Before
mentioning more sophisticated properties of Bm, it is necessary to give the definition

of filtration and martingale.

Definition 3 [B7] The collection (F;,t > 0) of o fields on ) is called as filtration if
(Fs < F) forall0 < s < t.

11



Let W, on probability space with filtration F;, collection of o algebra (2, F,P), is

called Markov process if for any time s > .

P(Wt+s|ﬂ) - P<Wt+S|W0aW17W2a“'7Wt)
- P(Wt+s’Wt) (211)

If W; is a Bm, the process W;, s — W is independent of the process W;. This comes

from the independency of increments.

Definition 4 [B7] The stochastic process X (t,t > 0) is called martingale with re-
spect to the filtration (F;,t > 0) if

i. B(X;) <ooforallt>0
ii. X is adapted to the F;.

iii. ForVs <t E[X;|Fs] = X,.

Bm is a Martingale that it has constant expectation function. For fix 0 < s < ¢, by
Definition 8, W; with filtration F; is a martingale if IV} is integrable and the state-
ment E(W;|Fs) = W, is almost surely true. As known from the definition of Bm,
E(W,) =0, itis clear that F/(I/}) is integrable because of £ (W;) < oo, and then

EWi|F] = E[(W, — W) + W,|F] = E[W, = W|F] + E[W,|F,]  (2.12)
Because of independence of W; — W, from F;, E(W, — W|F,) = E(W, —W,) =0
EWF] =W, + E[W, — W] = W, (2.13)

Therefore, 11} is a martingale.

Sample paths of the Bm is non-differentiable and it has unbounded variations. If
a function is differentiable, it has a smooth graph. But the path of the Bm is not

smooth. In fact,
Witgrar) — Wy
1- 0 0
A sup(— )

= 0. (2.14)

12



This means that sample paths are non-differentiable with probability 1 [37]. It is said
that the graph of the Bm does not change its shape in the neighborhood of any point
in a predictable way. The Equation (Z14) is generally inferred based on the theorem

given below.

Theorem 1 [/37] Brownian motion sample paths have unbounded variations on a

finite interval [0, T). Its mathematical expression is;
sup Z |By;(w) — By, (w)| = o0 (2.15)
T =1

where supremum is taken by the consideration of all over the possible partitions T :

0=ty <ti...<t,= TfOl" [O,T]

As a result of unbounded variations and non-differentiability of Brownian sample
paths which classical integration methods fail to solve the integral equation, it is nec-

essary to define stochastic integral and their properties to solve the integral equation.

2.3 Stochastic Integral

The Itd Stochastic integral concept is introduced due to non-differentiability and
boundless variation of Brownian sample paths. Before defining the Itd integral, let

us start with Riemann integral which is helpful to form the basis of Itd integral.

Definition 5 Assume f is arbitrary function on [c,d] and a partition of the interval
lc,d] is considered as T, : ¢ =ty < t; < .. <t = d. Let A; = t; —t;_ for
7 =1,2,..., h. The Riemann sum is defined as;

h

h
Ky, = Zf(zj)(tj —ti1) =Y fz)A;

j=1

From the Definition B, it is said that Riemann sum is a weighted average of f(z;),
where lengths A; of the intervals [t;_;,¢;] correspond to the weights. In fact, the

given mathematical definition of the Riemann sum is clearly understandable from the
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Figure 2. In the Figure 2, the area is calculated approximately by summing the

rectangular areas. That is, f; f(z)dz.

h—o0

h
K = lim K, = }}Lrgozlf(zjmj
]:

exists when mesh(7,) — 0 and K is not dependent to the selection of partitions 7.

/ y=1x)

Thus, K is Riemann integral for f on given interval [a, b].

Figure 2.2: Calculation of the area under y = f(z)

Riemann integral is the basis of the integral that is necessary to achieve the aim of
this study. However, ff f(t)dB;(w) is not calculated by Riemann integral when f is
a stochastic process or function on [a, b] and B;(w) is Brownian sample path. Path-
wise integral which is the permission of evaluating the integral like fab f(t)dBy(w) is

utilized. Therefore, we utilize the Riemann-Stieltjes (R-S) integral.

Definition 6 A partition of the interval [c,d] is considered T, : ¢ = ty < t; <
.. < tp, = d. let f and z be two real-valued function on [c,d] and Az = z(t;) —

2(tj—1),j = 1,2, ..., h. The Riemann-Stieltjes sum is;

Ky = Z fyi)Ajz = Z fyi)lz(t;) — 2(t;-1)].

It differs from the Riemann integral in terms of weighting the values f(y;) with incre-

ments Az on the [t;_1,t;].

h
K = lim K = lim X;f(yj)Ajz
]:

h— 00
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exists when mesh(t,) — 0 and K is independent from the partitions of T, then K is

defined as the Riemann-Stieltjes integral of f with respect to z on the given interval

e, d].

If we consider the integral that we try to solve, some questions may rise from the def-
inition of R-S integral. One of the questions is that when the ff f(t)dz(t) exists and
is it possible to replace dz(t) with dB(t) on the interval [a, b]. For these questions,
the answer is fab f(t)dz(t) exists if for the functions f and z there have no disconti-
nuities at the same points on [a, b] and f is continuous and z has bounded variation.
Due to the unbounded variations of B(t), it is not possible to say that R-S integral
for f; f(t)dB(t) exists. The following theorem provides the conditions where the
integral fab f(t)dB(t) exists in terms of R-S sense.

Theorem 2 [37] Assume f is a deterministic function or the sample path of a stochas-
tic process. If f is differentiable and has bounded derivative on |c, d| then the Riemann-

Stieltjes integral fcd f(t)dB(t) exists for each Brownian sample path.

Actually, the theorem given above is helpful to show the presence of following inte-

grals
b b
/ etdB(t),/ t*dB(t),k > 0

because, derivatives are bounded on the interval [a, b]. Although, the answer of the
existence of the integral is obtained in R-S, it does not mean that we obtain the so-
lution of the integral in terms of Bm. The integral in terms of Bm is solved by Itd
integral. Moreover, the theorem given above is not enough for the existence of the

integrals in the Equation (ZT6). Itd integral is defined in an intuitive manner.

/ BB 2.16)

Let K, = Y By, [ A;BbeaR-Ssum, 7, : 0 =ty < t; < .. <t, =tisany
partition of the interval [0, ¢, A, B = B;, — B;,_, is a corresponding Brownian motion

increments and A; = t; — t;_1. Let write the K, in the following way;

n

1 1 1 1
K,=-B>—— A;B)? = =B* — —U,(1).

i=1
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It is known that the Brownian motion has such important properties as independent
and stationary increments. Therefore, using these properties
0 if i=j,
E(A;BA;B) = (2.17)

is obtained and .
E(Ua(t)) = ZE(AiB)Q =i A=t
i=1

Also, by using the variance formula,
Var(Uy(t)) = ) Var[(AB)?] = > E(A)* — AL,
i=1 i=1
If Z ~ N(0, 1), then the result of the E(A;)? is found by using the moments of

standard normal distribution.

n

Var(Uy(t) = Y (3A7 — A}) = 2iA§.

i=1
Var(U,(t)) < 2 mesh(7,) i A; = 2t mesh(7,) — 0
i=1
is obtained. It is said that U, (¢) converges to ¢ in mean square sense because of
Var(U,(t)) = E(Uy(t) —t)* — 0. As a result of these, K,, = 0.5[B2(t) — U,(t)]
converges to the 0.5[B?(t) —t]. Actually, the answer of the integral is f(f B(s)dB(s) =
0.5[B?(t) — t]. This result gives us information on how to obtain the Bm integral
which is not obtained in the sense of R-S integral. After the intuitive definition, we

now present the properties.
1. The stochastic process [;(X) = fot XsdBs,t € [0,T], is a martingale with
respect to Brownian filtration (F;, ¢t € [0, T]).
2. Its expected value is zero.
3. It has isometry property E( [} X,dB,)? = [ EX2ds,t € [0,T7.

4. For constants a;, a and X', X? are processes on [0, T'], it has linearity fOT [y X1+
4 X2dB, = [, a1 X dB, + [} axX2dB,
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After obtaining f(f B.dBs; = 0.5[B? — t] in mean square sense, the important step
is obtaining the solution of this type of integral in terms of Brownian motion. How-
ever, [t6 Lemma, the chain rule for It6 stochastic integral is proposed by the integral
f(f B.dB, = 0.5[B? — t] due to the the effect of the second order term. This is not

negligible due to the non-differentiability of the Brownian sample paths.

2.4 Solution of SDEs

In this section, the aim is to obtain the solution of SDEs specifically the Equation
(Z6) and make predictions about the future. To solve the SDE in the Equation (I-6),
it is necessary to solve the integral Equation (27). If the stochastic process X satisfies
the Equation (ZZ6) where 17/ (¢) is Bm, the solution of given SDE is X. There exists
a filtration to which W (¢) is adapted. Considering the Equation (Z77) it is clear that
adaptation to the same filtration for X exists. There are two type of solutions for
an SDE. One of them is strong solution and the other one is weak solution. Before

solving SDE, it is important to give stochastic chain rule.

Theorem 3 [ll] Consider an SDE which has the form in the Equation (Z8) and a

function F'(t, x) has continuous derivatives. Ité Lemma is defined as

dF(t,x) = (dFC(;’ ?) + f(t,x)dFCgéx) %f(u@f%)dt
+alt, a:)dFO(li’ “) aw (t).

By the above equation not all but some SDEs are solved analytically. Black-Scholes

(B-S) is an SDE that is solved analytically and is very well known in finance.
dX(t) = aX(t)dt + s X (t)dW (t) (2.18)

where X (0) = zo, f(t,X(t)) = aX(t) and g(t, X (t)) = sX(t) are coefficient
functions. Each side of the Equation (Z-IR) is divided by X (¢) term, left-hand side of

the equation obtained is similar to the derivation of In X (¢). Therefore, Itd Lemma is
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applied by letting K (¢, x) = In (X (¢)).

din (X (1)) = aX(t)%dt + %SQXQ(t))_(—idt + sX (8 (#)

similarly,

/Otdln (X (1) = /Ot(a _ 0.532)dt+/0t sdV (1)

when we solve the integral, following equation is obtained.

X(t) = Xpexp(a — %2)15 + sW(t) (2.19)
The Equation (2-19) is solution of the Equation (2Z-IR). In the Equation (Z-19) analyti-
cal solution or closed form solutions are obtained. However, many of SDEs’ solutions
is not obtained in closed form [427]. Therefore, utilising numerical approximation
techniques to get the solution of an SDE is needed. In this study, Euler-Maruyama,

one of the well known approximation techniques is discussed.

24.1 Euler-Maruyama Numerical Solution

The Equation (220) includes Riemann and It0 integral. In this part of the thesis, we
are interested in solving the integral in the Equation (ZZ20). It is known that many of
SDEs do not have closed-form solution [42], so numerical approximation techniques

are applied to get the solution.

X(t)=X(0)+ /Ot f(X(s),s;0)ds + /Otg(X(s), $;0)dW (s). (2.20)

In the Equation (Z20) f and g are numeric functions, X (0) is an initial value and
second integral is taken with respect to Bm. We do not obtain direct solution like in
the ordinary differential equation. We introduce a numerical method in order to solve
this SDE and the solution X (¢) that we obtain is the random variable that comes in
view when we take zero step size limit in the numerical method. The Equation (2220)

is usually rewritten in the DE form as below;

dX (1) = F(X (1), 8 0)dt + g(X(t), t;0)dW (2). 2.21)
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To show solution of the Equation (Z20) numerically, the Equation (Z221)) is utilised.

AW (1)

Consider that g

is not permitted due to non differentiability of Bm. In order to
apply numerical method for the Equation (ZZZT) over [0, T, this interval is discretized
firstly anditisas 0 < 79 < 71 < ... < 7; < Tj41 = T'where 0 < 7 < N. Let
At = T/N be the step size and it is defined as At = 7,44 — 7; for N > 0, and
7; = jAt. X; denotes the numeric approximation to X, . Then, the E-M method

takes the form;

Xj = XTj*l + f(’rjfla X‘rj—l)At + 9(7'3417 X‘rjfl)(W(Tj) N W(T];l))
j=1,2,....,N. (222)

To get the sense where the Equation (Z22) comes from, we will set ¢ = 7;,,,a = 0,1

in the Equation (Z20).
X(t) = Xo —i—/o f(X(s),s)ds +/D g(X(s),s)dW (s)

then, for a=0,

X(r)) = Xo + / " F(X(s), 8)ds + / " g(X (s), 5)dW (s)

and for a=1,

X = Yot [ 7X@+ [ o(X ()W (o)

thus,

X (1) — X(ry) = / T X (s), )ds + / T G(X (), 5)dW (s)

that is,
Tj+1 Tj+1
X(re) = X()+ [ FXGLds+ [ X (s (s)
’Tj Tj
Both integrals are approximated as follows:

[ s [ sy = s [

J J J

Q

/Tj+l 9(X(s),s)dW(s) 9(X(75), 73) W (7j41) — W (1))

J
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Hence, the integral form of the Equation (Z222) is

X(r)) = X(rj_1) + / F(X(s), 5)ds + / T (X(s), AW (s)  (223)

j j—
The Equation (Z222) gives approximation of corresponding terms in the Equation
(23). Increments AW (1;) = W(r;) — W(7;_1) which are determined by normal
random number generator are utilised to model Bm [42]. The computation of random
increments is AW (7;) = m;+/A7; where m; ~ N(0,1).

Now, we evaluate the accuracy of numerical solution. This is done by using two dif-
ferent criterias, namely strong and weak convergence. These two criteria are based on
the mean difference of numerical solution and exact solution. Strong convergence is
achieved by using the mean of error whereas weak convergence is achieved by using
error of means of numeric and analytic solution. By the way, the difference between
exact and numeric solution is called as error. At time 7', we obtain a random value
from each approximate solution path because it is random variable. Error is a random
variable due to this. A discrete time approximation strongly converges to the solution

X (t) at time 7' if the condition given below is satisfied;

lim E{|X(T) —za(T)|} =0 (2.24)

At—0
where x a7 (T') is approximate solution at time 7" computed with constant stepsize At
and F denotes the expected value [272].

When the condition below is satisfied

lim E{f(X(T))} = E{f(za(T))} (2.25)

At—0
where f is any continuously differentiable function, then it weakly converges to the

solution [47].

2.4.2 Application of Euler-Maruyama to B-S SDE

In this part of the thesis, it is aimed to show the solution of an SDE obtained by using
numerical approximation technique, Euler-Maruyama, is approaching to the exact

solution. Recall that B-S is in the following form;

dX = pXdt + o XdW,, X(0)= X,. (2.26)
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In the above equation ;4 and o are fixed. We present the analytic solution previously
and it is given in the Equation (2227).

X(t) = Xoexp(p — %2)15 + oW (t). (2.27)
For the application of Euler-Maruyama solution of the Equation (ZZ26) over the in-
terval [0, 1], this interval is discretised and 0 < 79 < 74 < ..... < Tj4+1 = 1. In this
simulation study, we take At = T'/N = 1/1000 as the step size and it is defined as
At =741 —7; = (j +1)/1000 — (5)/1000 = 1/1000 for N = 1000 and 7; = jAL.

Then, the numerical approximation of this;
Xo = X0, +pXe, (At +0X,, AT, j=1,2,.... , 1000 (2.28)

where 1 = 0.2, Xy = 1,1; ~ N(0,1) and o = 1. In the Figure I3 analytic solution
and numeric solution are presented. In the Figure 73, red line represents the analytic
solution given in the Equation (ZZ27) and black line represents the numeric solution
given in the Equation (ZZ28). By examining the Figure I3, it is said that the analytic
solution and numeric solution overlap. This means that in case of not obtaining the
analytic solution which is common situation for many SDEs, numeric solution is used
as an alternative approach. In the Figure 4, ;4 = —0.2 and o = 0.3 are used but all
other parameters kept same. By the Figure D74, it is said that analytic solution and
numeric solution overlap. Notice also that in both figures the fluctuations are affected

by value of o.
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Figure 2.3: Application of Euler-Maruyama technique 4 = 0.2,0 = 1
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Figure 2.4: Application of Euler-Maruyama technique ¢t = —0.2,0 = 0.3

For to get the logic of convergence, using different At values are needed. In the
Table T different At values and their respective average errors which are mean of
difference between analytic solution and numeric solution at time 7' are given. As
we examine the Table I, it is seen that the mean error is approaching to zero as the
intervals become narrower. The Table 1 shows that analytic solutions obtained by
Euler-Maruyama is applicable when closed-form of SDEs are not obtained since the

mean error of solutions are approaching to zero.

22



Table 2.1: Mean error of analytic and numeric solutions for different values of N

N | At Mean(Error)
25 1 1/25 | 0.0887

201 1/25 10.0197

27 1 1/2" 10.0196

28 1 1/2% 10.0396

29 11/2° 10.0106
210°11/210 1.0.0087

2111 1/21 1 0.0069
21211/212 1 0.0029

2131 1/213 1 0.00018
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CHAPTER 3

MODEL CONSTRUCTION

In this section, it is aimed to model with a stochastic differential equation. To achieve
this aim, some steps are necessary such as model building, assumption checking,
goodness of fit and evaluation of model performance. Modelling with SDEs are simi-
lar to the modelling with ODEs. In general, most of SDE models are developed by the
following way. Firstly, the potential changes of dependent variable with their transi-
tion probabilities are obtained in a small time interval At. Secondly, expectation and
covariance of the change are obtained. Thirdly, with this information an SDE model
is built for the dynamical system. Let S be a dynamic system, S(t) be the value at
t and AS be the change at At for the system .S. Suppose that changes in the S are
AS =\, AS = —Xand AS = 0 respectively. Let b, (t, z) and b(t, z) be transition
densities. Possible changes and corresponding transition probabilities are given in the

Table B

Table 3.1: Potential changes with respective probabilities

Changes Probabilities

ASl =\ P1 = bl(t, Z)At
AS2 = -\ P2 = bg(t, Z)At
AS3=0 |ps=1—(p1+p2)

By using information in the Table Bl, expected change and second moment around
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origin is calculated in the following way;

3
E(AS) =" piAS; = N by(t, 2) At — A by(t, 2) At o
i=1 .

and

3
E[(AS)?] = pi(AS)? = N s by(t, 2) At + A\ # by(t, z) At
im1 (3.2)

= (by + ba) A\2At.

E(AS)
At

E[(AS)?]
At

and variance 02 =

Now, expectation, y = are defined. Probability

density of S at time ¢ is p(t, z) and by considering information in the Table B,

p(t+ At,z) = p(t, 2)[1 — (p1 + p2)] + ba(t, 2 — A)p(t, 2 — N)
At +by(t, 2+ Np(t, z + N)At. (3.3)

In the Equation (B3), when the second and third terms are expanded out about the

point (¢, z) by using Taylor series, following equations

dpb, 1 d%pb,

bi(t,z — Np(t,z — \) = phy 7 A+ 5 .2 A (3.4)
and
dpbg 1 d2pb2 9
bo( t ~ pb = .
2(t, 2 + A)p(t, 2+ X) & pby + == A+ 5= A (3.5)

are obtained. When we rewrite the Equation (B83) by utilising these two equations

p(t+ At, z) = p(t, 2) — p(t, 2)by At — p(t, 2)dAt + pby At — dpby PYAY
z
(3.6)
1 dzpbl 2 dpbg 1 d2pb2 2
+§ 77 ANAtL + pby At + E)\At + 3.7 N AL

is obtained. It is seen that Fokker-Planck equation is solved approximately by p(¢, z)
by assuming At and A are small [[I]. This means that rearranging the Equation (B-6)
leads to the Equation (B77)

E(t’ )= dz

1d2((by + by)A2p)
o)+ 53—tz G
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In fact, the probability distribution p(¢, z) suffices the Equation (B72) is similar to the
distribution of solutions to the SDE system in the Equation (B-8) [[].

dz(t) = p(t)dt + o(t)dB(t), z(to) = 0. (3.8)

By using the Equation (B=8), the dynamic system is modelled. Moreover, the drift and
diffusion terms of an SDE are equal to the division of expected change by At and
division of the square root of variance by At which are obtained from the discrete
stochastic model. As a result, there are three necessary steps in order to build an SDE

for a dynamic process.

In this study, we draw the graph of the process that we try to build stochastic model
in order to determine the ;o and o. This means that if the graph shows that there exist
high trend and fluctuations, these coefficients should be determined to represent these
patterns. In the Figure B, the population data given in [I] is considered to build
model. In the Equation (B9), the model constructed to this data is given. By looking
at the Figure B, it is said that there exist trend and small fluctuations in the data.
Therefore, In the Equation (B-9), the deterministic part is representative for this trend.

For the fluctuations, the second term in the Equation (B3:9) with Bm is representative.
dY (t) = oY (t)dt + /BY (t)dW (1) (3.9)

In the Equation (B3), the stochastic process to construct model is Bm. This means
that the noise term in the SDE is represented by Bm. Before estimating parameters,
it is necessary to check whether Bm assumptions are satisfied or not. In the Equation
(B39), it is not known that whether the closed form solution of this SDE exists or not.
From the Chapter [, it is known that E-M solution is used to obtain solution when the
closed form solution of an SDE is not obtained. Therefore, it is necessary to obtain

the difference Y; — Y;_; where ¢ = 1,2, .., 47 in order to check the Bm assumption.
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Figure 3.1: Buffalo population from year 1939 to 1985

After model construction and model assumption checking are mentioned, model vali-
dation and model performance for forecast are mentioned. Goodness of fit test proce-
dure for the model validation is mentioned. For the model performance mean absolute

percentage error(MAPE) method is mentioned.

3.1 Assumption Checking

Before the data is tested for Bm, any seasonal variation should be removed from the
data. One can see [B5] for the detail information about removing seasonal varia-
tion. Considering the properties of Brownian motion, there are three properties to be
checked [40]:

1. Stationarity

2. Normality

3. Independence of increments

28



3.1.1 Stationarity

In order to test the correlational structure of time series, stationarity is the vital prop-
erty. For the stationary process, the properties of stochastic process are constant over
time [?3]. "When the joint distribution of any part of the series of Z;,, Zy,, ..., Zy,
have same distribution with any other part of the series Z;, ., , Z, ..., Z4,.,, Where
k is any integer, time series (21, Za, ..., ) is stationary" is stated by Kadilar (2005) in
his book [30]. It is meant that series distribution is not affected by shifting the time
series.

In our study, we are looking for the stationarity of (Y; — Y;_1). When this difference
is not stationary, variance of the process is not constant and it changes in time ¢. In
our study, two well-known tests are used. One of them is KPSS test [33] and the other

one is ADF test [7].

KPSS test:
Non-stationarity is shown by unit root presence in the series [25]. One of the most

powerful tools to test unit root is KPSS test. Hypothesis for this test is constructed as

1. Hy: Y; is stationary

2. Hy:Y; 1s a unit root process.

If test statistics is large, the rejection of Hj occurs . For a detailed information about
the test statistics and its calculation, [8] is applicable.

ADF test:

Another commonly known unit root test is ADF test. For this test, the construction
of the hypothesis is vice versa of the construction of the hypothesis of the KPSS test.

Hypothesis of this test is constructed as

1. Hy: Y; is a unit root process

2. H,:Y, is stationary.
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When the critical value is bigger than the test statistics, the rejection of H, does not

occur.

3.1.2 Normality

Plotting the histogram of difference of data obtained by E-M and comparing it to a
normal distribution plot is an easiest way to check normality. But this only supports
visiual detection. Therefore, statistical test for normality should be conducted. In this
study two of the normal tests are utilised. One of them is Shapiro-Wilk and tho other

one is Jarque-Bera test. The hypothesis for these tests are same. That is,

1. Hy: Distribution is normal

2. H;: Distribution is not normal

and decision is taken by considering the test p-value. When it is bigger than the spec-

ified level of significance (p-value> «), then the H is not rejected.

3.1.3 Independence of increments

Investigating whether the increments are independent or not is necessary to build an
appropriate model. Plotting the auto-correlation is an easiest way to detect the inde-
pendence. However, it supports visual results and it may not be reliable. Therefore,
Box-Ljung or Box-Pierce is used to test. For the detail information about the test

procedure, [30] can be applicable. For this test, hypothesis is constructed as

1. Hy: Auto-correlation coefficients for all lags are equal to zero

2. H;: One is different from zero

and if p-value is greater than specified level of significance (p-value> «), the Hj is

not rejected and is said that independence of increments is satisfied.
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3.2 Goodness of fit of SDE

After developing an SDE model, checking whether the proposed model is fitting to
the data or not is necessary. For this aim, we use a method called as GOF test which is
easy to apply to test the model fit to the data in this part. For this test, the core idea is
to obtain Monte-Carlo simulations of trajectories between consecutive observations
and compare these observations with original data at each point. Based on compar-
ing the original data and simulated observations at each point, ranks are obtained and

depending on these ranks test statistics is observed [3].

o)
o | D obsemations|
& simulations

Time (t)

Figure 3.2: Simulated trajectories for ¢ € [1, 2] and original data values

Suppose that the process Y (t), ¢ > 0 is observed at time points t1, t5, .., ty and Y7, Y3, ... Yy
be observations. M Simulated values for each t; where + = 2, ..., N are obtained be-
tween t,_; and t; beginning from Y;_;. After this, let r; be the rank values of each Y;
when compare to the M simulated values. In the Figure for ¢ = 2 there exist 4
simulated values represented by black triangle box and also original data value repre-
sented by red rectangular box. When we compare these in the Figure B2, we observe
that the original data value is bigger than two of the M th simulated values and smaller
than two of these. That is, 7o = 3. Under H| it is expected that by considering 7, is
a stochastic observations P(r; = k) = py, = ﬁ where k = 1,2,....., M + 1 and
t = 2,3,...N. Usually, it is of interest that p;; is dependent on ¢ and k or not. On

the other hand, only one observation is available and therefore, it should be assumed
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that p; is not dependent of time. Actually, the core idea of the test is that ranks are
taking values between 1 to M + 1 with equal probability and under the null hypoth-
esis x? GOF test is used [BT]. In order to apply this, it is necessary to find observed
and expected frequencies and 1 < r, < M + 1foreacht = 2,..., N. Let I, ;, be an

indicator function that I, = 1if r, = k I, = 0 otherwise. Observed frequency is

Qr and Q(k) = Zi\i 5 Iy . Under the null hypothesis the expected frequency is J\]\é_:-ll
due to M4 Q(k) = N — 1. Thus, test statistics is
M N-1)2
(k) - 351)
(M) =>" s (3.10)
k=1 M+1

When large value of test statistics is obtained, it is the signal of lack of fit. Small
expected frequency under the null hypothesis leads to failure of y? approximation
[31]. Also, this is useful for determining the number of simulations, M. In fact,

expected frequency should be at least 5, and by applying ﬁ—fl >oM < @. This

(N-6)

—. In addition

means that the number of simulations should be at most equal to
to test whether there exists lack of fit or not, this test is useful to select the best
model amongst others. The test value obtained by using the Equation (B-10) should
be compared for each model in order to select the best model. Model which gives the
smallest test value is the best model that fits to the data. In other words, the smallest
test value means that there is compatibility between the model and the data, because

there is not much deviance of observed frequency from the expected frequency.

3.3 Model Performance Evaluation

After construction of the model, it is important to measure prediction accuracy of the

model. In this part of the study, MAPE is presented to achieve this aim.

Mean Absolute Percentage Error: It is used to measure the accuracy of prediction

for different models or for different time. This is calculated by using

k

1
MAPE = E(Z

Jj=1

|A;j — F}
A,

J

).100 3.11)
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where £ is the observation number, A; is observed values and Fj is the forecast value
from the model. Interpretations of different MAPE values are given in the Table
in [19].

Table 3.2: Interpretation of MAPE values

Value Interpretation

MAPFE < 0.1 Perfect forecast
01 < MAPFE < 0.2 Good forecast
0.2 < MAPFE < 0.5 | Reasonabe forecast

MAPE > 0.5 Imperfect forecasting
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CHAPTER 4

PARAMETER ESTIMATION

It is aimed to present the parameter estimation techniques which are vital for SDE
in this part. SDE having form of dY'(t) = f(¢,Y(t);0)dt + g(t,Y (t);0)dW () is
used to model the problem in our study. That is, we try to model the change in
our variable with respect to time by using this equation. In this equation § € R™ is
unknown parameter vectors. There is an assumption that vy, 1, ...., Y are observance
of Y(¢) and they are observed in the equally distributed times ¢; = jAt¢ where j =
0,1,...,N and At = %. In this study, the core idea is to estimate the 6 vector by
using data to model the problem in which we are interested. In this section, two
estimation methods are presented. One is maximum likelihood estimation (MLE)

method, and the other is generalized method of moments (GMM) which is a non-

parametric estimation technique.

4.1 Maximum Likelihood Estimation Technique

An SDE having the following form
dY (t) = f(t,Y(t);0)dt + g(t,Y (t); 0)dW (¢) 4.1)

is taken into consideration. In the Equation () we try to estimate the § € R™ vector
by using maximum likelihood approximation technique. For a detailed mathematical
explanation and proof of this technique, please refer to [IT], [15], [T7], [27], and [29].
For to estimate parameters in the Equation (1) by using MLE technique, construc-

tion of the likelihood function is essential. For this reason, knowing the transition
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probability density function (pdf) is necessary. When the Equation (E1) is solved, Y
is obtained. Let vy, v1,,,yn be observed values obtained at uniform time intervals.
Let p(t;,y;|tj—1,y;j—1;0) be the transition pdf of (¢;,y;) starting from (¢;_1,y,;_1),
given 0 and py(yo|0) as the initial state density. For the MLE of parameters, the joint
density
N
H(0) = po(yo|f) Hp ti xjlti—1,xi—1;0) 4.2)
j=1
is maximized over # € R™. However, it is easy to minimize the function —In(H (0)),
that is the logarithm of H (0). If we write the likelihood function by using —in(H (6))

instead of H(6), we have the following form

=z

—In(H()) = —In(po(yo|0)) Z p(ty, 2]t 1, 25-1;0)) (4.3)

which is minimized over # € R™. The basic step to write the Equation (E3) is to
obtain the transition pdf of the process, but it is not easy to obtain the transition pdf
due to the lack of closed form solutions for many SDEs. Therefore, one of the diffi-
culties of this technique is obtaining transition pdf of process. In order to deal with
this difficulty, one may use discrete maximum likelihood (DML) estimation rather
than exact maximum likelihood estimation. In the DML approach, the core idea is
to approximate the transitional pdf by using the Euler-Maryuama approach with one
step of increment A = (¢; — ¢;_). In order to generate approximate solution for the

transition pdf with E-M technique, it is
Vi & yj1 + f(tj-1,yj-1;0) At + g(tj-1, y;-1;0)V Atn; (4.4)

where 7; ~ N(0, 1). From the Equation (&4), it is concluded that the transition pdf

of Y is approximately equal to normal distribution with the following parameters

pi = yj—1+ f(tj—1,yj-1;0)At
O'j = g(tjfl, yjfl; 6) V At

This means that the transition pdf p(t;, y;|t;—1,y;-1;0) ~ N (u;,0;) has the follow-

ing form
2

—(y; — 1y) ). (4.5)

2
20]-

1
p(tj, y;;0) ~ exp(

2
27r0j
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In this method, another difficulty is to compute optimal # obtained by minimizing the
likelihood function —in(H (6)). To deal with this difficulty, Nelder-Mead numerical
optimization algorithm is used. For a detailed information for this method, [39] could
be followed.

An example given in [[I] for fitting population data to an SDE is useful in order to
understand the underlying mathematics of MLE method. In this example, for Buffalo
population from 1939 to 1985, following SDE model to the data

dY (t) = oY (t)dt + /BY (£)dW (t) (4.6)

is fitted. In this model, Y (¢) is the population size, the initial value is Y (0) = 18,
and «, § are unknown parameters. Firstly, E-M schema should be formed to find the

transition pdf by the following way;

Yj ~ Yj—l + OZY]‘_lAt + v/ 5}/3'_1At77j (47)
where 1; ~ N(0,1) and At = 1. This implies that p(¢;,Y;|t;_1,Y;_1;a, 3
7; Y 35 Yijlts-

N (p;,05) where pi; = Y;—1 +aY;_1At and 0; = /FY;_1At. If this is utilised in the
likelihood function, then

N

(o, 8) = po(unlo ) [ ] o exp(— 1)

2
2mo? 20]’

J

—In(H(a, ) = — In(po(Yola, ) + 3 % In(2m) + 3 %(m 8Y; 1)

J=1

X (Y=Y —aY) )’
ey
i=1 U

the Equation (EX) is obtained. Minimizing the likelihood function is obtained by
taking the derivative of the Equation (2R) in terms of «, 5 respectively and setting

them equal to zero as follows.

N
(Y; =Y —aYjAl),
; Y 1At)) I )=0
XYY =Y (Y - Y)
4= st _ 2l | (4.9)
> i1 (V1Y 1At) > i1 (Yi-1AY)
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dH (o, ) _ i( Vo | 1 (G=Yia—a¥aAn,
2Y; 18 22 YAt
S (Y = Vi1 — Y At

. 4.10
S (VA (10

4.2 Generalized Method of Moments

In the GMM, the core idea is to specify the moment conditions. When the GMM is
utilised to estimate parameters , there are many ways to obtain moment conditions.
In this part of thesis, first order E-M discretization of SDE is used to derive a set of
approximate moment conditions. This method was used by Chan, Karolyi, Longstaff
and Sanders (1992) in [9]. Another method is to derive moment conditions based on
using the infinitesimal generator proposed by Hansen and Scheinkman [?4]. For de-
tailed information and methods about deriving moment conditions [200] and [[3] are

applicable.

Firstly, E-M schema of the process is obtained to obtain GMM estimator by using
the E-M method. In the Equation (811]) the schema is

Y= Yio + f(timr, Yioi;0)At + g(ti1, Yir; )V A, @.11)

where At = L and i = 1,2,..N. From the Equation (BE1), Y¥; ~ N(Yi_; +

ftii1,Yii1; 0)At, g*(ti_1, Yi_1;0)At). According to the Equation (E-IT) two mo-
ment conditions are derived as,

0 (Y;0) ElY; =Y — f(tio1,Yi1;0)At] =0

Go(Y50) : E[(Y; = Yioy — f(tisy, Yii1;0)A)? — ¢*(ti1, Yi1;0)At] = 0.

(4.12)

The core idea is to specify a number of moment conditions’ number which should
be equal to parameter numbers [J9]. At least, these should be equal to number of
parameters which one tries to estimate. When parameters of an SDE are obtained
from the two dimensional parameter space (/ € R?), the Equation (E12) is used
for estimation of parameters. For higher dimensional cases (¢ € R? where p > 2)

some extra terms should be added to the Equation (8172). The following equations
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for higher dimensional cases
Paj+1(Y:0) = 1 (Y Q)Yj
Paj+a(Y:0) = o(Y; Q)Yj

(4.13)

where j = 1,2, ....
¢3(Y;0) - E[(Y; = Yioa — f(tiy, Yi1;0)A1)Y] = 0
$a(Y30) : E[(((Y; — Vi1 — f(tim, Yi1; 0)A)%)Y;  (4.14)
—g*(tio1, Yi1;0)At)Y;] = 0.

are used.

Unlike the parametric approach, this method is easier to implement and there is no
distributional. In other words, there is no distributional assumption such as normal-
ity about the changes. The only requirement is that the change should be stationary
[9]. Previous example given in [[] for fitting population data to an SDE is useful to
understand the mathematics underlying GMM method. In this example, for Buffalo
population from 1939 to 1985, following the SDE model

dY (t) = aY (t)dt + /BY (t)dW (t) (4.15)
is fitted to the data. Firstly, E-M schema should be formed to derive moment condi-
tions by;

Y; & Y+ aY; At 4 \/BY; At (4.16)
where 7; ~ N(0,1) and At = 1. From the Equation (16) two moment conditions
are derived and estimator of parameters are obtained as follows;

01 (Yia): E[(Y; = Yo — f(tio1, Y )A)] = 0

02(Y;8) : BI((Yi — Yic1 — f(tioy, Yioy; @) At)? (4.17)

—g*(ti1, Yie1; B)AL)] = 0.
When f and g functions are placed in the Equation (E-I'7), we observe

Z?&(YQ —Yi1)
S Y
S (Y — Vi — aYi)?
S Y '

a =

(4.18)

>
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CHAPTER 5

APPLICATION

In this section, it is aimed to show how to apply modelling with SDEs step by step.
For this purpose, firstly, example given in Chapter B is used. For this first example,
we show how to check assumptions, obtaining estimation of parameters both using
MLE and GMM methods and how to check model lack of fit by using Goodness of
Fit. Also, selecting the best model among the constructed models is shown. To show

the model selection, goodness of fit is used.

5.1 Buffalo Population Example

An example given in [[I] for fitting population data to an SDE is useful to understand
the steps for modelling. In this example, for Buffalo population from 1939 to 1985,
following SDE model

dY (t) = oY (t)dt + \/BY ()dW (1) (5.1)

is fitted. Y (¢) represents the population size with initial value Y (0) = 18 and «, /5 are

unknown parameters. Firstly, E-M schema should be formed;

Y} ~ Y}fl + CYY;‘,lAt + \/ ﬁY;‘flAtﬁj (52)
where n; ~ N(0,1) and At = 1. This implies that p(¢;, Y;|t;—1,Yj-1;, 3) ~
/\f(,uj, O'j) where Hi = Y;‘,l + CMY;',lAt and 0 = \/ﬁnflAt.

Before estimating the parameters, assumption checking should be done. Assump-

tion checking is applied to Y; — Y;_; series. In other words, we test that n; =
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Yj—Yj1—aYj 1At
NGy N(0,1).

Stationarity

Table 5.1: Result of KPSS and ADF Test

Tests | P-value Result

KPSS 0.1 0.1>0.05
ADF 0.01 |0.01<0.05

From the Table B, it is observed that the series are stationary. P-value of KPSS test
is greater than specified level of significance and thus the hypothesis of stationary
series is not rejected. The same result that is the reverse hypothesis in ADF test is
obtained. This means that the hypothesis of the series have a unit root that leads to
break stationarity is rejected because ADF test p-value is smaller than the specified

level of significance. As a result series are stationary.

Normality

Table 5.2: Result of Shapiro-Wilk and Jarque-Bera Test

Tests P-value Result

Shapiro-Wilk | 0.44 | 0.44>0.05
Jarque-Bera 0.81 0.81>0.05

From the Table B2, it is observed that there is no evidence against that the series are
not normal. P-value of S-W test is greater than the specified level of significance, and
thus, the null hypothesis that the series are normal is not rejected. The same result is

seen in the Jarque-Bera test and so the hypothesis of normality is not rejected.
From the Table B3, it is observed that there is no auto-correlation. That is, auto-

correlation coefficients for all lags are not different from zero. P-value of Box-Pierce

test is bigger than the specified level of significance and thus, the hypothesis of auto-
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correlation coefficients for all lags are zero is not rejected.

Independence of Increments

Table 5.3: Result of Box-Pierce Test

Test P-value Result

Box-Pierce | 0.808 | p-value > « value(0.05)

In Chapter B, MLE and GMM techniques are mentioned and an example is given to
understand the mathematics underlying these techniques. When we use MLE and
GMM techniques to estimate the parameters of SDE given in the Equation (&),
estimators are found in the Equation (83) and the Equation (84) for both techniques,

respectively.

ST (Y~ V)

a == =0.0361
> (Yim1At) (5.3)
. Z?L(Yj — Y1 — oY At)?
B = = = 0.529.
Zj:1(yj—1At>
46
6 (v, — v,
& = Zwigm - D _ 0.0361
i= i—1
S o9
=== = 0.529.

2?21 }/;—1

As we examine the estimators of parameters, it is observed that estimators are same
if the assumptions are satisfied. This implies that series (Y; — Y;_;) satisfy the as-
sumptions which are stationary, normal and independent increments, estimators of
parameters are same for both techniques. As we utilise the estimate of the parameters

in the Equation (&), the following Equation (83) is obtained.

dY (t) = 0.0361Y (t)dt + 1/0.529Y (£)dW (t) (5.5)
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For this problem, another model is given in the following form in [[I]

dY@%:Y;wdﬁ+Y§w

AW (1) (5.6)

where Y'(¢) is the population size, «, £ are unknown parameters and Y (0) = 18 is the
initial value. The parameters are estimated using MLE. Before estimating parameters,
E-M schema is obtained to get transition pdf for the likelihood function. The E-M
schema of the Equation B is obtained as follows

nzm4+w Y2v tn; (5.7)
J—

where 7; ~ N(0,1). From the Equation (57) it is inferred that the transitional pdf of

Y is approximately normal distribution with the following parameters

B 5
oj = }/}Q_IVAt.

When we utilise these in the likelihood function,

H(a, 8) = polyola, 8 H eXp (yj_ﬂj)z)

~tn(H(a, B)) = ~ W(po(¥ola, B)) + 3 % In(2r) + 3 2 (n(5))

+§]‘ ) (3

The Equation (5R) is obtained. Minimizing the likelihood function is obtained by
taking the derivative of the Equation (B8) in terms of «, (3 respectively and equate the

obtained equations to zero results in

OH(0,B) _ N~ (g 0y gy 0 71~ 7 AY
IHP) N2 At — —0
da ~ 22 )M A
L WYE -YE)
o= 16 = 3510. (5.9
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and

OH (0, ) _ i(l - VLY - Y y;l)z) Y
05 5 2
N YA (Y=Y - 55)?
~ J—=1\"J J Yz
B=\1> o = 13500 (5.10)
j=1

As we utilise the estimate of parameters in the Equation 586, the following Equation
61T is obtained.
~ 3510 13500

Y (1) = YQ—(t)ﬁt + YQ—(t)ﬁVV(t) (5.11)

After developing an SDE model, it is necessary to check whether the proposed model
is fitting to the data or not. In order to achieve this aim, goodness of fit test in Chap-
ter B is applied. For application of this test, Monte-Carlo simulations of trajectories
between consecutive observations are obtained, and these observations are compared

with original data at each point.

Population
30 40 50 60 70 80
1 I 1

20
I

T rTTrTrrrr T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T TTTT
DO NOFWNOM0 DO (NEIT OB (NI T WO F-00MO—MNOT O ~0 MO — NI
IS S NN NS S D WO WO WD DS LG (00 O (0D (000 00 O~ PP~ P~ P~ P~ -~ - 00 0 00 0O ©
DD HBHHBHHHOHDHHRHH HH DD DO DD DO HR DHDHH DO HDHH HEHHDDH D0

Year

Figure 5.1: Original Data Values from 1939 to 1985

In Figure BT the original data values in example are drawn. To apply GOF test it
is important to make Monte-Carlo simulations for each data. In the simulation, ob-
servation obtained in 1939 is initial value and simulated values are obtained from
1940 to 1985. For this data at most 8 simulated values for each points are done and

ranks are obtained according to this.
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In Figure B2, simulated and original data values are drawn. Black stars represent the
simulated values and red circles represent the original data values. Using the Figure
B, it is obtained that there is no lack of fit due to the ranks which are obtained by
comparing original and simulated values that are close to each other. This means that
if there exists lack of fit, then it could have deviated from the expected ranks, and it
may have led to increase in the test statistics which results in rejection of null hypoth-

esis.

Population
30 40 50 60 70 80
1 1 1 1 1

20

1940 1950 1960 1970 1980

Year

Figure 5.2: Simulated and Original Data

Actually, the Figure is visual detection of lack of fit. To understand clearly the
lack of fit, GOF is used and the Table 54 presents the rank values. The Table &4
suggests that only one of the original data is bigger than all the simulated values, and
this is seen in the Figure B72. This refers to the observation obtained in 1943. To ex-
plain the Table 54 clearly, it is said that ranks values do not deviate from the expected
values (]J\\;—jrll = 46/9 = 5.11) and test statistics given in Chapter B is obtained 7.218.
Because of the estimation of («, /) from the data, the degrees of freedom is equal to
(M —2). The p-value is P(x*(M —2) > 7.218) = 0.69 and is greater than o = 0.05.
According to the test result, the null hypothesis that there is no lack of fit between

model and the data is not rejected due to p — value > a.
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Table 5.4: Result of GOF test

Ranks | Values
k=1 4
k=2 6
k=3 4
k=4 9
k=5 6
k=6 6
k=17 5
k=38 5
k=9 1

Another model in the Equation (B6) is proposed for this data. After estimating pa-
rameters in this model, it is necessary to check whether the model is fitting the data
or not. In order to achieve this aim, it is necessary to use GOF test. Before applying
to this test, the lack of fit is visually determined from the Figure 53. As we examine
the Figure (83), it is said that the rank values are deviated from the expected values
2= =511

Also, the lack of fit is determined by using this test. When we use this test, test statis-
tics given in Chapter B is obtained 14.63342. The test p-value is P(x*(M — 2) >
14.63342) = 0.023 and is less than oz = 0.05. According to the result of the test, the
null hypothesis that there is no lack of fit between model and the data is rejected due
to p — value < a.

If we did not reject the model given in the Equation (B:6) at 0.05 significance level,
we could have selected the best models with having smallest test values. However,
since the model given in the Equation (5:6) shows the lack of fit, first model given in

the Equation (BT) is selected to this data.
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Figure 5.3: Simulated and Original Data

5.2 Real Data example

It is aimed to model the mandarin quantity between 1980 and 2014 in Turkey. This
data is collected by Turkish Statistical Institute. We draw the graph of process that we
try to build stochastic model in order to determine trend and diffusion. In the Figure
B4, there exist trend and small fluctuations in the data. To represent the trend, the
deterministic part in the following equations is representative. For the diffusion part,
two different terms with Bm is representative. After model construction is completed,
model assumptions are checked and result is given in tables from the Table B3 to Ta-
ble B71. When we look at the tables, all assumptions are satisfied and thus, we use
only MLE techniques to estimate parameters. Note that under the satisfied assump-
tion, both estimation techniques give same estimators for parameters. In the Equation
(B12) and the Equation (813), ()(¢) represents mandarin production at time ¢, and
where o and § are unknown parameters. To estimate parameters and to apply GOF
procedure observations, data between 1980 and 2014 are used. This means that 35
observations are utilised for estimation and GOF procedure. Observations obtained

from 2015 to 2019 are utilised for the model performance evaluation.
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Figure 5.4: Mandarin quantity between 1980 and 2014

dQ(t) = aQ(t)dt + /LQ(t)dW (t)

dQ(t) = aQ(t)dt + Q(t)’dW (t)

(5.12)

(5.13)

E-M schema is obtained as in the following equations for the Equation (512) and the
Equation (E13),

and

Q; ~ Q-1+ aQ; 1At + /BQj_1Atn;

Q; ~ Qi1 + aQ; At + Q7 VA,

where 1; ~ N(0,1) and At = 1.
The Equation (514) implies that p(t;, Q;|t;—1, Qj-1; &, ) ~ N (p;,0;) where p; =
Qj_l + O[Qj_lAt and 05 = 4/ 5Qj_1At.
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The Equation (513) implies that p(t;, Q;|t;—1, Qj—1; v, ) ~ N (15, 0;) where ji; =
Qj71 + OéijlAt and 0; = fol v At.

After forming E-M schema, it is necessary to check (); — (),;_; series are satisfied

with assumptions.

Stationarity

Table 5.5: Result of KPSS and ADF Test

Tests | P-value Result

KPSS | 0.083 | 0.083>0.05
ADF 0.01 0.01 <0.05

From the Table B, it is obtained that the series are stationary. In the Table B3, it is
seen that the null hypothesis for KPSS test is not rejected since p-value is greater than
specific significance level. The similar result is seen in the ADF test which has reverse

hypothesis. As aresult, both tests provide that the stationarity of the series (); —Q);_1.

Normality

Table 5.6: Result of Shapiro-Wilk and Jarque-Bera Test

Tests P-value Result

Shapiro-Wilk | 0.2796 | 0.2796 > 0.05
Jarque-Bera | 0.8303 | 0.8303 > 0.05

From the Table &6, the hypothesis of normality is not rejected according to both test
results. In the Table 5.6, the normality of the series (); —();_ is not rejected, because
p-value is greater than specific significance level. As a result, both tests provide the

normality of series (); — ;1.
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Independence of Increments

Table 5.7: Result of Box-Pierce Test

Test P-value Result

Box-Pierce | 0.1966 | p-value > 0.05

From the Table 872, the hypothesis of auto-correlation coefficients for all lags are zero

is not rejected, because p-value is greater than specific significance level.

After estimating parameters using the procedure given in Appendix [A, estimates of

parameters are put into equations and following equations are obtained.

dQ(t) = 0.049Q(t)dt + /3752Q(t)dW (¢) (5.16)
and
dQ(t) = 0.055Q(t)dt + Q"% (t)dW (t). (5.17)

After developing SDE models, it is necessary to check whether the proposed models
are fitting to the data or not. In two models, simulations of trajectories between con-
secutive observations are obtained and these are compared with original data at each
point. In the simulation, observation in 1980 is initial value and simulated values are
obtained from 1981 to 2014. 5 simulated values are obtained for each point and ranks
are obtained according to these. It is expected that as a result of comparison between
simulated and original values, 6 situations come in view. In fact, 6 ranks appear for

each data point. Expectation of each ranks is equal to 5.67.

In the Figure B, it is seen that there does not exist lack of fit between model and
data. This means that ranks obtained by comparing original and simulated values
do not deviate from expected ranks. This is visual detection for lack of fit. If we
look at the GOF test result, then test statistics is obtained 3.763. The p-value is
P(x*(M —2) > 3.763) = 0.28 and is greater than o = 0.05. According to the result
of the test, the hypothesis that there is no lack of fit between model and the data is not

rejected due to p — value > a.
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Figure 5.5: Simulated and Original Data for model in the Equation (5T6)

In the Figure B, it is observed that there exists lack of fit between model and data.
If we look at the GOF test result, test statistics is obtained as 9.406. The p-value is
P(x*(M —2) > 9.406) = 0.024 and is less than o = 0.05. Therefore, the hypothesis

that there is no lack of fit between model and the data is rejected due to p—value < a.
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Figure 5.6: Simulated and Original Data for model in the Equation (B17)
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Actually, proposed model in the Equation (B-16) is compatible with data. When we
look at the test statistics, it is seen that model in the Equation (BT6) gives smallest
test statistics. Obtaining small test statistics means that expected ranks and simulated
ranks are close to each other and thus, the null hypothesis of no lack of fit between
model and data is not rejected. Model in the Equation (517) does not fit to the data.
Large test statistics is obtained since expected ranks and simulated ranks are not close
to each other. Therefore, the null hypothesis that no lack of fit is rejected. In the Table
(BR), rank values obtained by comparing models are given. In this table, the source
for low and high test statistics for models in the Equation (516) and the Equation
(BT7) may be clearly detected. In fact, ranks of simulations obtained from proposed
model in the Equation (5-16) are close to expected ranks, while those from proposed

model in the Equation (517) are deviated from expected ranks.

Table 5.8: Comparison ranks from proposed models

Ranks | Values for Modell | Values for Model2
k=1 7 7
k=2 6 8
k=3 8 10
k=4 6 5
k=5 5 2
k=6 2 2

After construct model, check assumptions, estimate parameters and check model fit,
we forecast future values from 2015 to 2019. In the Table B9, we forecast future
values by using 100000 simulations from the proposed model. In the Table 5, real
values and expected values from the simulations for each year from 2015 to 2019 and
their 99% confidence level are given. The proposed model performance for prediction
is evaluated by utilising MAPE value. When we calculate MAPE value, it is equal to
17.62% and according to the Table B2 in Chapter B, the proposed model in Equation

(BI8) provides good forecast performance.
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Table 5.9: Forecast values from 2015 to 2019

Year | Observed values | Forecast | Confidence Level (99 %)

2015 1156365 1098201 | (935913.9, 1259962.7)
2016 1337037 1152040 (918365, 1392632)

2017 1550469 1208525 | (917613.8, 1519234.5)
2018 1650000 1267483 | (924330.8, 1644972.9)
2019 1750000 1329869 | (934341.6, 1771296.2)

In the Figure B4, we draw the graph of forecast values with their 99% confidence
level from the model in the Equation (816). From the Figure B77, it is said that
observed values are close to the upper limit of our forecast and they deviate from
forecast values. Deviations of observed values from forecast values are calculated as
17.62% by using the MAPE value and it provides good forecast. In fact, the Table B9
and the Figure B77 provide good result for this model which is fitted to the data. Also,
they are supported by MAPE value.

— Original Values
-- Forecast Values
Lower Limit
''''' Upper Limit

1000000 1500000
1

Mandarin Production

500000

Figure 5.7: Mandarin production original and forecast values
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CHAPTER 6

CONCLUSION

We concentrate on proposing two estimation methods for the unknown parameters in
SDEs which are driven by Bm. These estimation techniques are MLE and GMM esti-
mation techniques. When assumptions for Bm are satisfied, both techniques give the
same estimators. Knowing the distribution is necessary to use MLE technique while
it is not necessary to use GMM technique. In our study, we aim to give the basis of

these techniques to estimate the unknown parameters in SDEs.

In the first section of this thesis, we introduce the SDE by starting with ODE. In
the scope of ODE, the field mice population in the absence of predators is considered,
and its increase is modelled proportional to current population. However, in reality,
the system such as in the example of field mice population in Chapter [l may not
support our expectations due to some environmental effects. Thus, it is necessary to
modify the ODE to represent these bothering effects. In fact, SDEs are used to rep-
resent more realistic models. Generally, SDEs are obtained by adding randomness to
the coefficients in DEs. Randomness comes from adding noise and it is usually taken
as a White noise which is officially regarded as the derivative of a Bm. The source of
randomness is not only adding noise to the coefficients but also due to measurement

errors [38].
After introducing SDEs, we mention stochastic processes, stochastic integrals and

solution of SDEs in the second section. After giving definition of stochastic process,

Bm is given with its properties. Due to unbounded variations and non-differentiable
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sample paths of Bm, the solution of SDE is not obtained. To deal with this prob-
lem, the stochastic integral is given. In this concept, fot B,dB; integral is intuitively
solved and 0.5[B? — t] is obtained. 1t Lemma is presented due to the second order
effect that is not negligible because of non-differentiability of Bm sample paths. To
present how to solve SDEs, we give B-S equation as an example in Chapter . We
obtain the analytic solution of B-S in the Equation (ZZI9). On the contrary, many of
SDEs’ solutions are not obtained explicitly [42]. Thus, we utilise E-M which is one
of numeric solution techniques that is common and easy to apply. The Figure I3 and
the Figure 4 show that analytic solution and numeric solution overlap. Also, these
figures are supported by the Table 2-1l. As we examine the Table 1], it is observed
that the mean error, mean of difference between analytic and numeric solution at time

T, is approaching to zero when the step size At decreases.

In the third section, we start with model construction and present how to determine
the 1 and o functions in the Equation (B8). For to show the determination of these
functions, we propose to draw the graph of data. In the Figure B, the population
data given in [I] is considered to model. In the Equation (B9), the model constructed
to this data is given. Afterwards, we examine the assumption checking for Bm. Sta-
tionarity, normality and independence of increments are checked. Then, we propose
a method to check whether the proposed model is fitting to the data or not. For this
aim, we utilise goodness of fit test which is based on comparing the rank values that
are obtained from the simulations and data. In this part, we draw the Figure and
obtain the test results for the model in the Equation (39) given in [I]. According to
both visiual detection and test results, it is observed that there is compatibility be-
tween the model and data. Also, this test is used to select best model among other
models. In other words, best model among others is determined by comparing test

values, and the smallest one is the best for the data.
In the fourth section, we present two estimation techniques. For the first technique,

it is necessary to know the transition pdf of process for each transition to construct

likelihood function. However, many SDEs’ solutions are not obtained explicitly, thus,
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obtaining transition pdf to construct likelihood function is not easy. We propose to
deal with this problem by using E-M method due to supporting approximation when
exact solution does not exist. After mathematical explanation, we utilise the Equation
(B9) given in [1] to obtain estimators for o and [ by using MLE. We also propose
GMM techniques. Unlike MLE technique, GMM technique does not require informa-
tion of distribution. The only requirement is stationarity of change. This technique is
based on specifying moment conditions and is driven by using E-M. Again, we utilise
the Equation (B89) given in [1]] to obtain estimators for « and 3 by using GMM. Both
estimators are same when assumptions for Bm are satisfied and the results are given

in Chapter &.

In the application part, two examples are presented. In the first example, parame-
ters are estimated by using MLE and MME techniques. Under the assumptions, it is
obtained that estimators found by utilising MLE and MME are same. After model is
constructed, the model fit is evaluated by utilising GOF procedure. Test result shows
that there is no lack of fit between proposed model in the Equation (53) and the data.
In the second example, we try to build model for the mandarin quantity in Turkey be-
tween 1980 and 2014. Only, MLE methods are used to estimate parameters since all
assumptions are satisfied. Test result shows that the proposed model in the Equation
(BT18) is compatible with data. Also, we obtain that simulated ranks do not deviate
from the expected ranks and thus, small test statistic is obtained. Alternative model is
proposed for this data. After estimating parameters and applying GOF procedure, it is
obtained that the proposed model in the Equation (5-17) is not compatible with data.
We obtain that simulated ranks deviate from the expected ranks and thus, it leads to
lack of fit between model and data. After fitting model to the data, we forecast values
from 2015 to 2019 to evaluate performance of the model. MAPE value is calculated
as 17.62% by utilising forecast values and observed values. It shows that the proposed

model in the Equation (B16) provides good forecast.

As a conclusion, if we model the data with SDE which do not have closed form

solutions, we get a numeric solution by using E-M technique. E-M is also useful to
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obtain transition density which is necessary for likelihood function and drive moment
conditions for GMM. Estimators obtained by MLE and GMM techniques are same
under the assumptions for Bm. When only stationary assumption is satisfied, GMM
technique may be useful. For future study, other numeric solution techniques, such as
Milstein method, Runge Kutta method, etc., my be useful rather than E-M technique.

Also, SDEs driven by other stochastic processes may be explored for future analysis.
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APPENDIX A

APPENDIX A

Here the R codes for given figures, table results, estimation and GOF are presented.

% The following codes generate Figures and and Tables in Chapter . When mu=-0.2

and sig=0.3 are given in the below code, Figure can be obtained.

set.seed(007)

T=1

mu=0.2

sig=1

xzero=1

S=1000

ds=1/S

M=10

da=matrix(0,S,M)
a=matrix(0,5,M)

for(m in 1:M){
da[,m]=sqrt(ds)*rnorm(S) }
for(m in 1:M){
a[,m]=cumsum(dal[,i]) }
k=matrix(seq(da,T,da),S,1)
xtrue=matrix(0,S,M)

for(s in 1:S){

for(m in 1:M){

xtrue[s,m]=xzero*exp((mu-0.5*sig"2)*(k[s,1])+sig*w[s,m])} }
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U=10

Da=U*ds

F=S/U

winc=matrix(0,F,M)

for(m in 1:M){

for(lin 1:F){

winc[l,m]=sum(dw[(U*(1-1)+1):(U*I),m])} }

xem=matrix(0,F,M)

for(m in 1:M) {

xem[1,m]=xzero }

for(m in 1:M) {

for(l in 2:F){

xem[m,l]=xem[m-1,l]+Da*mu*xem[m-1,1]+sig*xem[m-1,]]*winc[m-1,1] } }

plot(seq(ds, T,ds),xtrue[,1],type="1",col="red",ylab="sample
path",xlab="time",font.lab=2,font.axis=2,font.sub=1.5,cex.lab=1)
points(seq(ds,T,Da),xem[,1],type="0",Ity=5,col="black",ylab="sample path",xlab="time")
legend("topright", legend=c("analytic solution", "numeric solution"),col=c("red", "black"),

lty=1:2, cex=0.8,bg="white’)

set.seed(007)

T=1

mu=0.2

sig=1

xzero=1

S=2"13

ds=1/S

M=10
dw=matrix(0,S,M)
w=matrix(0,S,M)
for(m in 1:M) {
dw[,m]=sqrt(ds)*rnorm(S) }
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for(m in 1:M) {

w[,m]=cumsum(dw[,m]) }
k=matrix(seq(ds,T.ds),S,1)
xtrue=matrix(0,S,M)

for(s in 1:S){

for(m in 1:M){
xtrue[s,m]=xzero*exp((mu-0.5*sig"2)*(k[s,1])+sig*w([s,m])}}
U=1

Da=U*ds

F=S/U

winc=matrix(0,F,M)

for(m in 1:M){

for(lin 1:L){
winc[l,m]=sum(dw[(U*(1-1)+1):(U*1),m])} }
xem=matrix(0,F,M)

for(m in 1:M){

xem|[1,m]=xzero }

for(m in 1:M){

for(lin 2:L){
xem[l,m]=xem[l-1,m]+Da*mu*xem[m-1,l]+sig*xem[m-1,I]*winc[m-1,1]} }
b=numeric(10)

for(m in 1:10){

b[m]=xtrue[6,m]-xem[6,m]}

abs(mean(b))

9% The following codes generate Figures and Table in Chapter B. Also, x contains

original data values in the following code.
z1=matrix(0,46,8)

z2=matrix(0,46,8)
z3=matrix(0,46,8)
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z4=matrix(0,46,8)

for(m in 1:46){

for(n in 1:8){

z1[m,n]=x[m]+0.0361*x[m]+sqrt(0.529*x[m])*rnorm(1) } }

for(m in 1:46){

for(n in 1:8){
z2[m,n]=z1[m,n]+0.0361*z1[m,n]*1/2+sqrt(0.529*z1[m,n])*sqrt(1/2)*rnorm(1) } }
for(m in 1:46){ for(n in 1:8){

z3[m,n]=z2[m,n]+0.0361*z2[m,n]* 1/3+sqrt(0.529*z2[m,n])*sqrt(1/3)*rnorm(1) } }
for(m in 1:46){

for(n in 1:8){

7z4[m,n]=z3[m,n]+0.0361*z3[m,n]* 1/4+sqrt(0.529*z3[m,n])*sqrt(1/4)*rnorm(1) } }
plot(veriYear, z,lty = 3, pch = 10, col = "red”, xlab = "Year”,ylab =" Population”)
lines(veriYear,x,lty=1,col="red")

points(seq(1940,1985,1), z4[,1], col="black", pch="*")

points(seq(1940,1985,1), z4[,2], col="black", pch="*")

points(seq(1940,1985,1), z4[,3], col="black", pch="*")

points(seq(1940,1985,1), z4[,4], col="black", pch="*")

points(seq(1940,1985,1), z4[,5], col="black", pch="*")

points(seq(1940,1985,1), z4[,6], col="black", pch="*")

points(seq(1940,1985,1), z4[,7], col="black", pch="*")

points(seq(1940,1985,1), z4[,8], col="black", pch="*")

d=matrix(0,46,8)

for(n in 1:46){

for(m in 1:8){

if(x[n+1]>=z4[n,m]) {d[n,m]=1} else {d[n,m]=0}}}

M=numeric(46)

for(m in 1:46){

M[m]=sum(d[m,])}

sort(M)

table(M)
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z1=matrix(0,46,8)

z2=matrix(0,46,8)

z3=matrix(0,46,8)

z4=matrix(0,46,8)

for(m in 1:46){

for(n in 1:8){

z1[m,n]=x[m]+(3510)/(x[m]*2)+13500/(x[m]"2)*rmorm(1)} }

for(m in 1:46){

for(n in 1:8){

z2[m,n]=z1[m,n]+(3510/(z1[m,n]*2))*1/2+(13500/(z1 [m,n]*2))*sqrt(1/2)*rnorm(1) } }
for(m in 1:46){

for(n in 1:8){
z3[m,n]=z2[m,n]+(3510/(z2[m,n]*2))*1/3+(13500/(z2[m,n]"2))*sqrt(1/3)*rnorm(1) } }
for(m in 1:46){

for(n in 1:8){
z4[m,n]=z3[m,n]+(3510/(z3[m,n]*2))*1/4+(13500/(z3[m,n]*2))*sqrt(1/4)*rnorm(1) } }
plot(veriYear, z, lty = 3, pch = 10, col = "red”, xlab = "Year”,ylab =" Population”)
lines(veriYear,x,lty=1,col="red")

points(seq(1940,1985,1), z4[,1], col="black", pch="*")

points(seq(1940,1985,1), z4[,2], col="black", pch="*")

points(seq(1940,1985,1), z4[,3], col="black", pch="*")

points(seq(1940,1985,1), z4[,4], col="black", pch="*")

points(seq(1940,1985,1), z4[,5], col="black", pch="*")

points(seq(1940,1985,1), z4[,6], col="black", pch="*")

points(seq(1940,1985,1), z4[,7], col="black", pch="*")

points(seq(1940,1985,1), z4[,8], col="black", pch="*")

9 The following codes are used to check assumption, parameter estimation, GOF
procedure, MAPE value calculation in Chapter B. Before using the codes, we install

necessary packages in R.
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library(Sim.DiffProc)
library(tseries)

% x contains mandarin data from year 1980 to 2014 in the following code.

thetal=1

theta2=1

xs=ts(x,1980,2014)

fx <- expression((theta[1])*(xs))

gx <- expression(sqrt(theta[2]*(xs)))

fitmod <- fitsde(data = xs, drift = fx, diffusion = gx, start = list(thetal=1, theta2=1),pmle="euler")
summary(fitmod)

z1=matrix(0,34,5)

z2=matrix(0,34,5)

z3=matrix(0,34,5)

z4=matrix(0,34,5)

for(j in 1:34){

for(iin 1:5){

z1[3,1]=x[j]+0.049*(x[j])+sqrt(x[j]*3752)*rnorm(1) } }

for(j in 1:34){

for(iin 1:5){

72[j,1]=z1[j,1]+0.049*(z1[j,i])*1/2+sqrt(z1[j,1]*3752) *sqrt(1/2) *rnorm(1) } }
for(j in 1:34){

for(iin 1:5){

73[j,1]=22[},1]+0.049*(z2[j,i]) * 1/3+sqrt(z2[j,1]*3752) *sqrt(1/3) *rnorm(1) } }
for(j in 1:34){

for(iin 1:5){

741(j,1]=23[},1]+0.049*(z3[j,i]) * 1/4+sqrt(z3[j,1] *3752) *sqrt(1/4)*rnorm(1) } }
d=matrix(0,34,5)

for(iin 1:34){

for(j in 1:5){

if(x[i+1]>=z4[1j]) {d[i,j]=1} else {d[i,j]=0}}}
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M=numeric(34)

for(j in 1:34){

M{[jl=sum(dj,}))

sort(M)

table(M)

r=c(rep(5.67,6))

u=matrix(c(table(M),r),6,2)

k=numeric(6)

for(i in 1:6){k[i]=(((u[i,1]-u[i,2])"2)/5.67)}
1-pchisq(sum(k),3)

sum(k)
plot(seq(1980,2014,1),x,lty=3,pch=10,col="red",xlab="Year" ,ylab="Mandarin Produc-
tion")

lines(seq(1980,2014,1),x,Ity=1,col="red")
points(seq(1981,2014,1), z4[,1], col="black", pch="*")
points(seq(1981,2014,1), z4[,2], col="black", pch="*")
points(seq(1981,2014,1), z4[,3], col="black", pch="*")
points(seq(1981,2014,1), z4[,4], col="black", pch="*")
points(seq(1981,2014,1), z4[,5], col="black", pch="*")

9 The following codes are utilised for alternative model for mandarin quantity.

fx <- expression((theta[1])*(xs))

gx <- expression(((xs”theta[2])))

fitmod <- fitsde(data = xs, drift = fx, diffusion = gx, start = list(thetal=1, theta2=1),pmle="euler")
summary(fitmod)

z1=matrix(0,34,5)

z2=matrix(0,34,5)

z3=matrix(0,34,5)

z4=matrix(0,34,5)

for(j in 1:34){
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for(iin 1:5){

z1[3,1]=x[j]+0.055*(x[jD+(x[j] "0.82)*rnorm(1)} }

for(j in 1:34){

for(i in 1:5){

72[j,1]=z1[j,1]+0.055*(z1[j,i]) *1/2+(z1[j,1]"0.82) *sqrt(1/2) *rnorm(1) } }
for(j in 1:34){

for(i in 1:5){ z3[j,i]=22[j,i]+0.055*(z2[j,i])* 1/3+(z2[},1]"0.82)*sqrt(1/3)*rnorm(1) } }
for(j in 1:34){

for(iin 1:5){

74(j,1]=23[},1]4+0.055*(z3[j,i]) * 1/4+(z3[],i]0.82) *sqrt(1/4) *rnorm(1) } }
d=matrix(0,34,5)

for(iin 1:34){

for(j in 1:5){

if(x[i+1]>=z4[i,j]) {d[i,j]=1} else {d[i,j]=0}}}

M=numeric(34)

for(j in 1:34){

M[jl=sum(d[j.])}

sort(M)

table(M)

r=c(rep(5.67,6))

u=matrix(c(table(M),r),6,2)

k=numeric(6)

for(i in 1:6){k[i]=(((u[i,1]-u[i,2])"2)/5.67)}

1-pchisq(sum(k),3)

sum(k)
plot(seq(1980,2014,1),x,lty=3,pch=10,col="red",xlab="Year",ylab="Mandarin Produc-
tion")

lines(seq(1980,2014,1),x,Ity=1,col="red")

points(seq(1981,2014,1), z4[,1], col="black", pch="*")
points(seq(1981,2014,1), z4[,2], col="black", pch="*")
points(seq(1981,2014,1), z4[,3], col="black", pch="*")

70



points(seq(1981,2014,1), z4[,4], col="black", pch="*")
points(seq(1981,2014,1), z4[,5], col="black", pch="*")
x1=c(1156365,1337037,1550469,1650000,1750000)
z101=matrix(0,6,100000)

for (i in 1:100000){z101[1,i]=x[35]}

for(j in 1:5){

for(i in 1:100000){
z101[j+1,1]=2101[},1]4+0.049*(z101[j,i])+sqrt(z101[j,1]*3752)*rnorm(1) } }
f=apply(z101,1,mean)[-1]

100*(sum(abs(x1-f)/x1)/5)
apply(z101,1,bconfint,level=0.95)
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