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ABSTRACT

CONTROL SYSTEM DESIGN AND IMPLEMENTATION OF A TILT
ROTOR UAV

Cevher, Levent
M.S., Department of Aerospace Engineering

Supervisor: Prof. Dr. Ozan Tekinalp

September 2019, 153 pages

In this thesis, a hybrid vertical take off and landing unmanned air vehicle platform

is designed and developed. The platform uses tricopter configuration for takeoff and

landing while it uses its fixed wings for forward flight. Control algorithms are de-

veloped for the VTOL aircraft. For this purpose, first nonlinear simulation code is

developed in Matlab/Simulink environment. The simulation uses the wind tunnel ex-

perimental data for the propellers and aerodynamic data obtained from a package pro-

gram XFLR 5 that uses panel method. The controller uses Linear Quadratic Tracking

(LQT) algorithms for vertical takeoff, transition and forward flight cases. For dif-

ferent flight phases, trim flight conditions are obtained and controllers are designed.

During transition, weighted pseudo inverse and blended inverse control allocation

methods are employed and simulation results are compared. The obtained controller

gains are tuned in the lab test setup and flight tests are performed for vertical takeoff

and landing flight, demonstrating acceptable flight performance.

Keywords: Tricopter, tilt-rotor, unmanned air vehicle, attitude control, linear quadratic
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ÖZ

DÖNER ROTORLU İHA KONTROL SİSTEM TASARIMI VE 
UYGULAMASI

Cevher, Levent

Yüksek Lisans, Havacılık ve Uzay Mühendisliği Bölümü

Tez Yöneticisi: Prof. Dr. Ozan Tekinalp

Eylül 2019 , 153 sayfa

Bu tez çalışmasında, hibrit bir dikey kalkış ve iniş yapabilen insansız hava aracı plat-

formu tasarlanmış ve geliştirilmiştir. Platform, kalkış ve iniş için üç motorlu/pervaneli 

hava aracı (tricopter) konfigürasyonunu kullanırken, ileri uçuş için sabit kanatlarını 

kullanır. Dikey kalkış ve iniş yapabilen uçak için kontrol algoritmaları geliştirilmiş-

tir. Bu amaçla, ilk doğrusal olmayan simülasyon kodu, Matlab/Simulink ortamında 

oluşturulmuştur. Simülasyon, pervaneler için rüzgar tüneli deney verilerini ve panel 

yöntemini kullanan bir paket program olan XFLR 5’ten elde edilen aerodinamik veri-

leri kullanmaktadır. Kontrolcü, dikey kalkış, geçiş ve ileri uçuş durumları için Doğru-

sal Kuadratik İzleme (LQT) algoritmalarını kullanır. Farklı uçuş aşamaları için uçuş 

denge noktası koşulları elde edilmiş ve kontrolcüleri tasarlanmıştır. Geçiş sırasında, 

weighted pseudo inverse ve blended inverse kontrol tahsis yöntemleri kullanılmış ve 

simülasyon sonuçları karşılaştırılmıştır. Elde edilen kontrolcü kazançları, laboratuar 

test düzeneğinde ayarlanmış ve kabul edilebilir uçuş performansını gösteren dikey 

kalkış ve iniş için uçuş testleri gerçekleştirilmiştir.

Anahtar Kelimeler: Üç motorlu/pervaneli hava aracı, döner rotor, durum kontrolü,
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 doğrusal kuadratik izleme, uçuş testi
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Objectives

The scope of this thesis is to develop a vertical take-off and landing (VTOL) air vehi-

cle and design an attitude controller. It is aimed to implement flight tests to observe

the performance of the platform. VTOL system can take-off and land vertically by

thrust vectoring of motors and it tilts front motors to enable wing and control surfaces

to create lift and sustain control on platform to hold desired forward flight regime.

The platform can be used as a test-bed by providing configuration choices for both

tricopter and winged assembly. Therefore, developments for platform approaches

conducted firstly on tricopter and then for the winged VTOL configuration. Beside

tricopter mode attitude controller and plane mode forward flight controller design,

transition control methodology also requires detailed analysis [28].

In this chapter, brief information about UAVs and UAV types are given. Thus detailed

information about VTOL concepts and recent development approaches are presented.

Comparison between rotary and fixed wing UAVs and VTOL concepts are discussed

and advantages of VTOL systems are highlighted.

1.2 UAV Literature Survey

UAV is a flying vehicle without a pilot, which can be remotely controlled from a

ground control station. It gives the ability of semi or full autonomous capabilities

[12]. It is equipped with electronic sensors and control devices. UAV provides flexi-

bility in mobility and response time, and eliminates safety concerns. Its contribution
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emerges as lower mission costs and enables acquisition of information in a shorter

time frame [32]. UAVs are being used for surveying, delivering goods to customers,

conducting inspection at hard-to-reach places, traffic monitoring, disaster monitoring

and mitigation, as well as for search and rescue operations.

UAV systems are mostly used for military purposes and have tended to be driven by

military applications, which is also true for many technology areas such that civilian

practices tends to follow the development and testing had been carried out in mil-

itary [25]. Their advantages come in sight depending on the vitality of task. For

instance, long hours of surveillance can be tiring for the aircrew, which can lead to

loss of effectiveness of given task. Monitoring chemical and nuclear pollution, and

crop-spaying with chemicals without putting aircrew into risk is another advantage

of UAVs. They are also advantageous in military usages as they are more difficult

to detect due to their smaller size and stealth capabilities. During mission, valuable

avionics and payloads may be damaged, but beside these pilots do not need to think

about the consequences of their choices which leads to stress. Thus, they can focus

only on the task in hand [4].

1.2.1 UAV Types

Differentiation in UAV types emerged due to mission requirements of a desired task.

Therefore, it is more useful to categorize UAVs according to their mission types.

Considering this UAVs can be classified as fixed-wing horizontal takeoff landing

(HTOL), Rotory-wing VTOL and hybrid configurations (tilt-wing, tilt-rotor, tilt-body

and ducted fun) and unconventional.

HTOL UAVs are categorized into four subtypes such as tailplane-aft, tailplane for-

ward, tail-aft on booms, and tailless or flying wing UAVs. Lift is generated by wing

and as the name suggest these UAVs mainly require a runway to take-off and land.

They are advantageous on long range and endurance capabilities. Due to their design

characteristics, they have simpler mechanism and consume less energy than rotory-

wings UAVs.

Rotary-wing VTOL configurations can be seen in many different provisions. Single
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main rotor with tail rotor helicopter is the well known type of it. Other configurations

are mainly driven by counter-action rotor torque. Beside helicopters, rotary-wing

configurations can be categorized as co-axial rotor, tandem rotor and multi rotor con-

figurations (tricopter, quadcopter, hexacopter, etc.). These type of UAVs do not re-

quire runways. Thus they can hang in the air for desired altitude, which is important

for monitoring and surveillance. They are not as fast as fixed wing configurations,

and can not stay in the air for a long time.

Those winged UAVs enjoy longer flight time and endurance and they have a capability

to carry heavier payload. On the other hand, helicopters are good for hovering over a

location for a long time, and takeoff and land vertically. Similarly, multi-copters can

also take-off and land vertically, with lower flight efficiency than helicopter. However,

they are simpler to construct. Vertical take-off and landing fixed winged UAVs such

as tilt-rotor, tilt-duct, tilt-wing configurations offer advantages of helicopters in terms

of operational flexibility and winged aircraft in terms of reaching longer ranges, and

capacity to carry heavier payload [27], [3].

Recent studies mainly focus on combining best parts of rotary-wing and fixed-wing

configurations. Hybird VTOL configurations are categorized into tilt-rotor, tilt-wing,

tilt-body, and ducted fan UAVs [14, 4]. Tilt rotor VTOLs work in vertical position

for take-off and landing; but in forward flight main rotors tilt 90 degrees, till they

are positioned horizontally. Moreover, in tilt-wing configuration logic is the same

with tilt-rotor configurations, but they tilt the wing instead of motors. It is stated

that tilt-rotors are efficient in hover flight whereas tilt-wing configurations are more

successful in forward flight [14]. Tilt-body UAV is a combination of previous two

configurations. This type can change incidence angle through rotating around shaft.

Ducted fan UAVs has enclosed thrust regions which are composed of most likely

contra-rotating mounts to eliminate reactive torque effect on the body. Approaches

and examples of some hybrid VTOL platforms can be seen in Figure (1.1)
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(a) Cypher II [6] (b) Scorpion Model 100 [31]

(c) NASA GL-10 Greased Lightning [1] (d) The Lilium Jet five-seat VTOL aircraft

[18]

(e) AeroVironment SkyTote [13] (f) Bell Eagle Eye [7]

Figure 1.1: Hybrid VTOL UAV examples

1.3 Thesis Content

In this thesis, modelling and transition flight control of a tilt-rotor UAV is addressed.

It consists of a tricopter configuration with fixed flying wing. A mathematical model

and a non-linear simulation code for all three phases of flight are developed. Trim-

ming and linearization are carried out for hover and forward flight conditions. Transi-

tion is controlled by tilting front motors to the horizontal position and activating aero-

dynamic control surfaces to achieve a stable forward flight. Following chapters de-

scribe the platform operation. In Chapter 2, dynamic model of the motor and platform
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is described and propulsion, aerodynamic and flight mechanics model are presented.

In Chapter 3, trimming and linearization methodologies are presented. In Chapter 4,

the flight controller, control allocation strategies for both tricopter and VTOL config-

urations are presented. Flight management system state-flow charts are presented. In

Chapter 5, simulations results for tricopter mode attitude control flight, transition and

plane mode forward flight are given. In Chapter 6, system avionic components and

software development environment are explained. Developed and modified software

components are highlighted. In Chapter 7, lab and flight test results are presented

which validate simulation tests and describes how system is emerged. Finally, the

conclusion and future work are explained for system evaluation.
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CHAPTER 2

DYNAMIC MODEL

2.1 Introduction

Tilt rotor tricopter-VTOL consists of two main parts, tricopter and wing. Tricopter

have three motors, such that front motors are positioned on the same shaft and they

are tilted by front tilt servo. Aft motor is tilted by aft servo motor. Wing have two

elevons and two rudders. In this chapter, dynamic model of a tilt rotor tricopter

VTOL platform is described. Simulation model includes platform aerodynamics,

front and aft propeller dynamics, and gravity model. These models are developed

in Matlab-Simulink environment with use of built-in 6-Degree of Freedom (DoF)

equation model. Simulation model also includes control equation blocks, pilot input

signal generation blocks, logger blocks to observe and understand system responses.

Aerodynamic sub-system model includes wing static coefficients. Propulsion sub-

system model includes lookup tables which are obtained from experimental test data.

Since front and aft motors and propellers are same, same lookup tables are used for

each of them. Propulsion model is used to get RPM, thrust and torque outputs for

given tilt position and instant velocity for desired collective inputs for each motor.

2.2 Propulsion System Model

Propulsion system characteristics should be defined in order to find thrust and moment

relations of tricopter. In tricopter frame, all three motor-propeller combinations are

the same, so that set-up constructed according to one motor. Tests are performed

in the wind tunnel of METU Aerospace Engineering Department as it is shown in
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Figure (2.1a). Besides motor and propeller, experimental setup contains electrical

speed controller (ESC), optical revolutions per minute (RPM) sensor, load-cell, power

supply and throttle command control card as shown in Figure (2.1b).

ESC is used to drive motor according to the pulse width modulation (PWM) signal

generated by Pixhawk microcontroller which is configured as a command control

card. It monitors throttle input percentage coming from the radio controller. Op-

tical RPM sensor is used to measure the angular speed of rotor for given throttle

input position. Load-cell is used to measure the thrust and moments generated by

rotor in three axes. According to commanded throttle input corresponding, thrust,

torque and RPM values are collected. For motor-propeller combination Scorpion SII-

3020-780Kv motor and 11x5.5 APC propellers are used. Mathematical model can

be derived for thrust, torque, throttle and rotation speed of motor using experimental

data.
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(a) Wind Tunnel (b) Experimental Setup

Figure 2.1: Wind Tunnel test setup

Real platform will be driven by control card which converts controller output to throt-

tle command, in other words PWM. Moreover, experiments are conducted at different

air speed and rotor axis tilt angles based on throttle command values. Desired airspeed

generated by wind tunnel. The torque, thrust and angular speed data are recorded.

Wind tunnel tests are performed based on five tilt position [ 90◦, 70◦, 50◦, 30◦, 0◦],

and for each tilted position five wind tunnel speeds [0, 5, 10, 15, 20](m/s) are applied.

Thus, for each tunnel speed, varying range of throttle commands are given. Surface

fitting data for relevant study is presented in Figure (2.2), Figure (2.3), Figure (2.4),

Figure (2.5) and Figure (2.6).
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(a) RPM vs. throttle and wind speed plot

(b) Thrust vs RPM and wind speed plot

(c) Torque vs. RPM and wind speed plot

Figure 2.2: Experimental results for 90 [deg] propeller axis
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(a) RPM vs. throttle and wind speed plot

(b) Thrust vs RPM and wind speed plot

(c) Torque vs. RPM and wind speed plot

Figure 2.3: Experimental results for 70 [deg] propeller axis
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(a) RPM vs. throttle and wind speed plot

(b) Thrust vs RPM and wind speed plot

(c) Torque vs. RPM and wind speed plot

Figure 2.4: Experimental results for 50 [deg] propeller axis
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(a) RPM vs. throttle and wind speed plot

(b) Thrust vs RPM and wind speed plot

(c) Torque vs. RPM and wind speed plot

Figure 2.5: Experimental results for 30 [deg] propeller axis
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(a) RPM vs. throttle and wind speed plot

(b) Thrust vs RPM and wind speed plot

(c) Torque vs. RPM and wind speed plot

Figure 2.6: Experimental results for 0 [deg] propeller axis

14



Data obtained from the tests is used to create look-up table in simulation block as

given in Figure (2.7) below:

(a) Throttle to RPM conversion block (b) Throttle to RPM lookup table

Figure 2.7: Throttle to RPM conversion block

As it is suggested in [17], blade element theory can not predict accurately the changes

in rotor loads generated due to free stream velocity; multi-variable polynomial func-

tions are used to fit the test data. The curve fitting is used to generate second order

functions. Additional to the reference, rotational speed variation due to given throttle

input is also obtained for simulation environment. Therefore, surface fit functions at

given tilt angle configuration for force and moment can be defined as follows:

F P (Vw,Ω) = a0(σ) + a1(σ)Vw + a2(σ)Ω + a3(σ)V 2
w + a4(α)VwΩ + a5(σ)Ω2

(2.1)

MP (Vw,Ω) = b0 + b1Vw + b2Ω + b3V
2
w + b4VwΩ + b5Ω2 (2.2)

Ω(Vw, δth) = c0(σ) + c1(σ)Vw + c2(σ)δth + c3(σ)V 2
w + c4(σ)Vwδth + c5(σ)δth

2

(2.3)

Motor characterization will be defined for given surface fit function that meets the

closest to experimental data combinations. For thrust and torque models, second or-

der multivariable polynomial is selected, where function parameters are defined as
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angular speed [RPM], Ω and wind tunnel velocity [m/s], Vw. Second order polyno-

mial fits better to the experimental data. Throttle command and angular velocity of

motor relation are also required in order to understand controller output of autopilot

system on plant. Function variables were chosen as angular speed and wind tunnel

speed since motor-propeller generated forces and moments are direct results of angu-

lar speed, and wind speed which can be implemented in 6 DoF model of tricopter and

hybrid VTOL platforms. Coefficients that are used in Function (2.1), Function (2.2)

and Function (2.3) are given in Appendix E.

Fitness quality are defined by the r-squared values of function outputs which are de-

fined in Equation (2.1), Equation (2.2) and Equation (2.3). Results can be seen in

table as follows:

Thrust vs RPM, V Torque vs RPM, V RPM vs Throttle, V

90 [deg] tilt 0,9948 0,9963 0,9884

70 [deg] tilt 0,9963 0,9969 0,9906

50 [deg] tilt 0,9984 0,9986 0,9931

30 [deg] tilt 0,9971 0,9985 0,9947

0 [deg] tilt 0,9985 0,9987 0,9949

Table 2.1: Fitness quality of surface data

Besides surface model, simplified relation is required for the controller part. Consid-

ering fixed pitch rigid propellers angular velocity and thrust relation, at hover flight,

relation can be taken, using the linear least squares curve fits as shown in Figure (2.8),

and can be expressed as below [8, 16]:

Fi = k.Ωi
2[N ] (2.4)

Relation between angular velocity and torque relation can be given as follows:

Qi = l.Ωi
2 (2.5)

Where Ωi is the angular velocity of the ith motor. Thrust and torque are represented

as Fi and Qi respectively. Squared input of angular speed motor is related to force by

thrust coefficient k [N/rpm2] and to torque by drag coefficient l [N.m/rpm2]
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(a) Surface fit for rpm data (b) Experimental vs. Derived throttle function

Figure 2.8: 0 [deg] tilted motor test data and curve fit function of Scorpion SII-3020-

780Kv motor and 11x5.5 APC combination

Table 2.2: Thrust vs Angular speed of motor relation at vertical position for F [N ] =

k.Ωi
2

Vertical Position - 0◦ tilt

Wind Speed [m/s] 0 5 10 15 20

k [N/rpm2] -3.24e-09 -3.44e-09 -3.60e-09 -3.82e-09 -4.13e-09

r-squared 0.9962 0.9970 0.9989 0.9961 0.9936

Table 2.3: Torque vs Angular speed of motor relation at vertical position for F [N ] =

l.Ωi
2

Vertical Position - 0◦ tilt

Wind Speed [m/s] 0 5 10 15 20

l [N.m/rpm2] 1.817e-07 1.826e-07 1.905e-07 2.061e-07 2.278e-07

r-squared 0.9719 0.9821 0.9897 0.9971 0.9969

The same approach is used for forward flight, as wind speed increased over propeller,

it is observed that relations between angular velocity and thrust/torque can be taken

as linear. Figure (2.9) shows the functional dependency over test data as follows:
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(a) Surface fit for rpm data (b) Experimental vs. Derived throttle function

Figure 2.9: 90 [deg] tilted motor test data and curve fit function of Scorpion SII-3020-

780Kv motor and 11x5.5 APC combination

Considering linear curve fit results in Table (2.4) and Table (2.5), linear least squares

curve fits as it is shown in Figure (2.9). Thus, it can be defined for force/torque and

angular speed of the motor as given below:

F = k1.Ω + k0 (2.6)

Q = l1.Ω + l0 (2.7)

Table 2.4: Linear curve fit parameter values for motor-prop thrust at 90◦ tilt position

Horizontal Position - 90◦ tilt

Wind Speed [m/s] k1 k0 r-squared

10 0.0029684 -13.826 0.9870

15 0.0034373 -20.3181 0.9940

20 0.0039157 -27.5488 0.9899
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Table 2.5: Linear curve fit parameter values for motor-prop torque at 90◦ tilt position

Horizontal Position - 90◦ tilt

Wind Speed [m/s] l1 l0 r-squared

10 -6.1412e-05 0.27608 0.9919

15 -7.5508e-05 0.41198 0.9984

20 -9.2266e-05 0.59372 0.9979

Throttle is defined as a second degree multivariable polynomial with RPM and wind

velocity inputs. As the curve fit data indicates ,which is given in Figure (2.10), throttle

- RPM relations show similar behaviours, such that wind speed may be negligible, and

this relation can be used for RPM to throttle conversions in autopilot algorithms. In

other words, angular velocity output of controller for each motor can be converted into

PWM signal which is used to drive motors through ESC. Conversion is established

by scaling throttle percentage into corresponding PWM range.

(a) Experimental vs. Derived function for 0[deg] tilt (b) Experimental vs. Derived function for 90[deg] tilt

Figure 2.10: Throttle vs rpm curve fit function Scorpion SII-3020-780Kv motor and

11x5.5 APC combination at hover

In Figure (2.10), it is shown that derived function in second degree polynomial over

varying airspeed acting on propeller fits.
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δth = c10Ω2 + c01Ω + c00 (2.8)

Fit quality of the Equation (2.8) with parameter constants are presented in Table (2.6)

and Table (2.7).

Table 2.6: Second degree polynomial model for rpm to throttle command - Scorpion

SII-3020-780Kv motor and 11x5.5 APC combination at 0[deg] tilt position

90◦ tilt position

Wind Speed

[m/s]
c10 c01 c00 r-squared

0 6.5881e-07 0.0044649 0.0044649 0.9945

5 6.4613e-07 0.0046649 0.0046649 0.9946

10 6.4759e-07 0.0044468 0.0044468 0.9944

15 5.9369e-07 0.0050027 0.0050027 0.9950

20 5.4105e-07 0.0057464 0.0057464 0.9949

Table 2.7: Second degree polynomial model for rpm to throttle command - Scorpion

SII-3020-780Kv motor and 11x5.5 APC combination at 90[deg] tilt position

0◦ tilt position

Wind Speed

[m/s]
c10 c01 c00 r-squared

10 -1.187e-07 0.016417 0.016417 0.9932

15 -1.185e-07 0.035533 0.035533 0.9895

20 -2.107e-07 0.054492 0.054492 0.9868

2.3 Reference Frames and Transformations

Before writing equations to define dynamics, reference frames must be specified to

find relative forces, velocities and moments. The equations of motion should be spec-

ified such that specific observer can be formulated to transform one frame to another.

In the thesis, body fixed frame, FB and earth fixed frame FE will be used.
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2.3.1 Wind Frame from Body-Fixed Frame

Aerodynamic forces generated by wing contribute to all three axes of body fixed

frame. Contribution of lift, drag and side forces to body fixed frame related by α,

angle of attack and β, angle of side-slip. Transformation matrix can be defined as

follows [20]:

LWB =


cos(β) sin(β) 0

−sin(β) cos(β) 0

0 0 1

 .

cos(α) 0 sin(α)

0 1 0

−sin(α) 0 cos(α)

 (2.9)

2.3.1.1 Derivation of Velocity Angles

Angles between body-fixed coordinate system and its relative velocities are angle of

attack α , and angle of side-slip β can be derived from following equations [15]:

α = arctan(wB/uB) (2.10)

V∞ =
√
vB2 + uB2 + wB2 (2.11)

β = arcsin(vB/V∞) (2.12)

Relative velocity equations for tricopter mode attitude control introduces problems

due to small changes in relative velocity vector angles. Workaround solution is intro-

duced in the model environment such that angle of attack and angle of side-slip are

assumed to be 0 when V∞ is below 5[m/s].

2.4 Forces and Moments

In the following sections, force and moment derivations are explained. Dynamic mod-

els for the effective forces and moments are defined. Moreover, force and moment

equations is expressed in body fixed frame(FB).
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2.4.1 Aerodynamic Forces

Wing is modelled for transition and forward flight phases, and flying wing concept is

chosen since it is a simpler configuration to adapt to the system. Moreover, it does

not require additional frame. The airfoil section is chosen as MH60 profile for the

wing and the airfoil cross section on the winglets is chosen as NACA008. Aerody-

namic model is designed in XFLR5 which uses 3D panel method [5]. Panel method

analysis is applied on wing surfaces to obtain aerodynamic coefficients. Control de-

flection limits are used for analysis constraints.Analyses are applied separately for

each control control surfaces with varying angle of attack angles.

Figure 2.11: Tricopter - Tilt Rotor VTOL configuration

Figure 2.12: 3D Panel method solution for flying wing model

Nondimensional aerodynamic force and moment coefficients in the body fixed frame
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according to point on which aerodynamic loads act may be expressed as following

[30]:

CL = CL0 + CLαα + CLδelev δelev
(2.13)

where CL is lift coefficient and CL0 is lift coefficient with zero angle of attack. Vari-

ation of lift coefficient with respect to angle of attack is given as CLα and variation of

lift coefficient with respect to δelev, elevator deflection angle is given as CLδelev .

CY = CYββ + CYδrudδrud
(2.14)

where CYβ is variation of side force coefficient with respect to β, side slip angle and

CYδrud is variation of side force with respect to δrud, rudder deflection angle.

CD = CD0 + CDαα + CDα2α
2 + CDββ + CDδailδail + CDδrudδrud + CDδelev δelev

(2.15)

where CD0 is drag force coefficient for zero angle of attack. CDα and CDα2 are varia-

tions of drag force coefficient with respect to angle of attack. CDβ is variation of drag

coefficient with respect to side slip angle. CDδail , CDδrud and CDδelev are variations of

drag coefficients with respect control surface deflections, which are aileron, elevator

and drag respectively.

Cl = Clδailδail + Clδrudδrud + Clpp (2.16)

where Clδail and Clδrud are variations of rolling moment coefficients with respect to

control surface deflections, aileron and rudder respectively.

Cm = Cmαα + Cmδelev δelev
(2.17)

where Cmαα is variation of pitch moment coefficient with respect to angle of attack

and Cmδelev is variation of pitch moment coefficient with respect to elevator deflection

angle

Cn = Cnββ + Cnδrudδrud + Clrr (2.18)

where Cnββ is variation of yaw moment coefficient with respect to side slip angle and

Cnδrud is variation of yaw moment coefficient with respect to rudder deflection
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Figure 2.13: Aerodynamic forces and moments model

Forces and moments generated by the wing are given in wind coordinate system. In

order to present them in body fixed frame, FA
B transformation matrix, which is defined

in Equation (2.9), is used [10]:

FA
B =


cos(β)cos(α) −cos(α)sin(β) −sin(α)

sin(β) cos(β) 0

sin(α)cos(β) −sin(α)sin(β) cos(α)

 .12ρV 2
∞S



−CD

CY

−CL


(2.19)

F aero
B =

1

2
ρV 2
∞S



CX

CY

CZ


(2.20)

Where S stands for wing area and ρ, local density of atmosphere and V∞, airspeed of

platform measured by pitot tube. Moments generated by wing using Equation (2.16),
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Equation (2.17) and Equation (2.18) yields as follows:

MA
B =



1

2
ρV 2
∞SbCl

1

2
ρV 2
∞ScCm

1

2
ρV 2
∞SbCn


(2.21)

Where b presents wing span and c presents mean aerodynamic chord.

2.4.2 Gravitational Force

Force acts on tricopter due to gravity is expressed in earth fixed frame since it is

obvious that mg[kg.m/s2] is directed along zE axis on FE frame. For the thesis,

gravity acceleration is taken as constant with parameter value of g = 9.81[m/s2] and

gravitational force in earth fixed frame may be expressed as follows:

F grav
E = m.


0

0

g

 (2.22)

Using transformation matrixLBE , relative force can be expressed in body fixed frame,

FB as follows [11]:

FG
B = LBE.


0

0

mg



=


−mgsin(θ)

mg.cos(θ).sin(φ)

mg.cos(θ).cos(φ)


(2.23)

2.5 Propeller Forces on Body Center of Mass

Forces acting on body are F1, F2 and F3, which are respectively the front left, front

right and aft motor. σ is the front tilt angle of front motors and its direction is in pitch
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axis. When σ is zero, it means that front motors are perpendicular to x-axis of body

fixed frame. γ is tilt angle of aft motor, of which direction in roll axis. When α is

zero, aft motor is in vertical position. Forces acting by each motor on body axes may

be given as below [8]:

F P
1 =


F1.sin(σ)

0

−F1.cos(σ)



F P
2 =


F2.sin(σ)

0

−F2.cos(σ)



F P
3 =


0

F3.sin(γ)

−F3.cos(α)



(2.24)

Forces generated by the propellers in the body fixed frame F P
B , using Equation (2.24),

yields as follows:

F P
B =


(F1 + F2).sin(σ)

F3.sin(γ)

−(F1 + F2).cos(σ) − F3.cos(γ)

 (2.25)

2.6 Propeller Moments on Body Center of Mass

Using Equation (2.24), expression of moment generated by motors is given as follows

[8]:

MB =
3∑
i=1

rixF
P
i +

3∑
i=1

τi (2.26)

Where, ri is the position vector of ith motor in the body fixed frame and τi is the

induced moment generated by ith motor. Moment arm of ith motor is composed of

distances in x, y and z directions according to Center of Gravity (CG) of the platform.

Position vector of each motor is given in Appendix E. Position vector ri can be defined
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as below:

ri =


rx,i

ry,i

rz,i

 (2.27)

By using the Equation (2.26) and Equation (2.27), propeller forces acting on the body

are expressed as torque, according to axis of rotation, and relative torque equations

are calculated as given below:


MP

x

MP
y

MP
z

 = [r1xF
P
1 ] + [r2xF

P
2 ] + [r3xF

P
3 ]

=


−F1cos(σ)ry,1 − F2cos(σ)ry,2 − F3cos(γ)ry,3 − F3sin(γ)rz,3

F1sin(σ)rz,1 + F1cos(σ)rx,1 + F2sin(σ)rz,2 + F2cos(σ)rx,2 + F3cos(γ)rx,3

−F1sin(σ)ry,1 − F2sin(σ)ry,2 + F3sin(γ)rx,3


(2.28)

Rotating machines always create equal/opposite reactive torques on stationary parts

reactive torques generated by motors. Such reaction moments may be written as

below:

τ1 =


−Q1.sin(σ)

0

Q1.cos(σ)



τ2 =


Q2.sin(σ)

0

−Q2.cos(σ)



τ3 =


0

−Q3.sin(γ)

Q3.cos(γ)



(2.29)

Induced moments generated by propeller in body frame MR
x , MR

y and MR
z according

to Equation (2.24) yields as follows:
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MR

x

MR
y

MR
z

 =
3∑
i=1

τi =


(Q2 −Q1).sin(σ)

−Q3.sin(γ)

(Q1 −Q2).cos(σ) +Q3.cos(γ)

 (2.30)

In Equation (2.30), moments generated by reactive torque of each motor is defined.

MR
x is the differential induced moment between left and right motor in the xB direc-

tion. Thus, MR
y is induced moment of aft motor in the yB direction, whereas MR

z is

the differential induced moment between all three motors in the zB direction.

2.7 Dynamic Model

Newton’s second law for translational motion in body frame is presented for all ex-

ternal forces acting on the body frame can be expressed as follows:

F ext
B = m.(

dVB
dt

+ ωBxVB) (2.31)

Where ωB is angular velocity of the platform, relative to the body frame, is presented

as follows:

ωB =
[
p q r

]T
(2.32)

Furthermore, when it is expressed in coordinates, body velocities and their relative

rate of change parameters can be written as follows:

VB =
[
uB vB wB

]
(2.33)

dVB
dt

= V̇B =


u̇B

v̇B

ẇB

 (2.34)

Angular velocity, defined according to body fixed frame, represents the particles’

velocities. This means that time derivative of euler angles do not directly refer to

angular velocity. In order to sustain it, proper coordinate frame conversions must

be derived. Recall from the notational convention that yaw, pitch and roll represent

sequential rotations about inertial frame. Thus, z, y and x axes euler angles are used
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to describe the rotation of platform. The relation between euler angles and angular

velocity vector can be described as follows [11]:
p

q

r

 =


1 0 −sin(θ)

0 cos(φ) sin(φ).cos(θ)

0 −sin(φ) cos(φ).cos(θ)

 .

φ̇

θ̇

ψ̇

 (2.35)

Inverting the Equation (2.35), euler rates are represented as follows:
φ̇

θ̇

ψ̇

 =


1 sin(φ).tan(θ) cos(φ).tan(θ)

0 cos(φ) −sin(φ)

0 sin(φ).sec(θ) cos(φ).sec(θ)

 .

p

q

r

 (2.36)

External forces include, gravitation, propulsive and aerodynamic forces. Thus, F ext
B

can be expressed also as follows:

F ext
B = FG

B + F P
B + FA

B
(2.37)

By substituting Equation (2.23), Equation (2.25) and Equation (2.20) into Equation

(2.37) , F ext
B yields as follows:

F ext
B =


−mgsin(θ)

mg.cos(θ).sin(φ)

mg.cos(θ).cos(φ)

 +


(F1 + F2).sin(σ)

F3.sin(γ)

−(F1 + F2).cos(σ) − F3.cos(γ)

 +



1

2
ρV 2
∞SCX

1

2
ρV 2
∞SCY

1

2
ρV 2
∞SCZ


(2.38)

2.7.1 Rotational Motion

Moment generated by rotational motion of platform can be expressed in body fixed

frame as below:

M ext
B =

dHB

dt
+ ωBxHB (2.39)

Where HB is angular momentum calculated as a dot product of I , moment of plat-

form’s inertia and ωB, angular velocity in body fixed frame.

HB =


Ix 0 0

0 Iy 0

0 0 Iz

 .

p

q

r

 (2.40)
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Derivative of HB is derived using time derivative of angular velocity ω̇B and I . Using

the property ωBxωB = 0, applying this information and Equation (2.40) into Equation

(2.39), total moment can be expressed as follows[11]:

HB =


Ix 0 0

0 Iy 0

0 0 Iz

 .

ṗ

q̇

ṙ

 +


p

q

r

x


Ix 0 0

0 Iy 0

0 0 Iz

 .

ṗ

q̇

ṙ


 (2.41)

Total moments acting on body fixed frame are generated by forces acting on axis

rotation and reactive torques. Since gravity acts on CG, no moments are produced

by the gravitational forces. Total moments can be expressed of summation of MP

body moments generated by propeller forces, MR reactive torques due resistance to

rotation of rotors andMA moments generated by wing, which are defined in Equation

(2.30), Equation (2.28) and Equation (2.21) respectively. External moments apply on

body fixed frame can be represented as follows:
LT

MT

NT

 =


MP

x +MR
x +MA

x

MP
y +MR

y +MA
y

MP
z +MR

z +MA
z

 (2.42)

Using Equation (2.41) and Equation (2.42), ω̇B can be reexpressed as following:
ṗ

q̇

ṙ

 =


(Iy − Iz).q.r/Ix

(Iz − Ix).p.r/Iy

(Ix − Iy).p.q/Iz

 +


LT/Ix

MT/Iy

NT/Iz

 (2.43)

Inertia parameters for tricopter and winged VTOL configurations are given in Ap-

pendix E.

2.7.2 Forces and Moments in Hover Flight

Control allocation of the system is designed based on simplified model for rotational

and translational dynamics obtained. Recalling relations between angular velocity of

motor and thrust stated in Equation (2.4), and angular velocity of motor and torque

stated in Equation (2.5), external force and moment can be expressed.

Substituting Equation (2.4) and Equation (2.5) into total external force equation de-

fined in Equation (2.38), forces acting on body fixed frame can be reexpressed as
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follows:

F ext
B =


−mgsin(θ)

mg.cos(θ).sin(φ)

mg.cos(θ).cos(φ)

 +


k.(Ω1

2 + Ω2
2).sin(σ)

k.Ω3
2.sin(γ)

−k.(Ω1
2 + Ω2

2).cos(σ) − k.Ω3
2.cos(γ)



+



1

2
ρV 2
∞SCX

1

2
ρV 2
∞SCY

1

2
ρV 2
∞SCZ



(2.44)

Substituting Equation (2.4) and Equation (2.5) into Equation (2.28) and Equation

(2.30) respectively to reexpress total moment, MP as following:

k


−Ω1

2cos(σ)ry,1 − Ω2
2cos(σ)ry,2 − Ω3

2(cos(γ)ry,3 + sin(γ)rz,3)

Ω1
2(sin(σ)rz,1 + cos(σ)rx,1) + Ω2

2(sin(σ)rz,2 + cos(σ)rx,2) + Ω3
2cos(γ)rx,3

−Ω1
2sin(σ)ry,1 − Ω2

2sin(σ)ry,2 + Ω3
2sin(γ)rx,3


(2.45)

MR =


l(Ω2

2 − Ω1
2)sin(σ)

−lΩ3
2.sin(γ)

l(Ω1
2 − Ω2

2).cos(σ) + lΩ3
2.cos(γ)

 (2.46)

When the tricopter/VTOL configuration is in hover position, front motors should be

positioned vertically, such that σ is zero. At hover position, it is assumed that wing

does not generate forces, due to the reason that the aerodynamic forces are assumed

to be zero. Forces acting on the body fixed frame are given in Equation (2.44) in

hover flight can be expressed as below:

F ext
Bhover

=


−mgsin(θ)

mg.cos(θ).sin(φ)

mg.cos(θ).cos(φ)

 +


0

kΩ3
2.sin(γ)

−k(Ω1
2 + Ω2

2) − kΩ3
2cos(γ)

 (2.47)

Moments acting on the body, generated by propellers are given in Equation (2.45)
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and Equation (2.46) becomes as following:

MP
hover =


−kΩ1

2ry,1 − kΩ2
2ry,2 − kΩ3

2(cos(γ)ry,3 + sin(γ)rz,3)

k.Ω1
2rx,1 + kΩ1

2rx,2 + kΩ3
2cos(γ)rx,3

kΩ3
2sin(γ)rx,3

 (2.48)

MR
hover =


0

−lΩ3
2.sin(γ)

l(Ω1
2 − Ω2

2) + lΩ3
2.cos(γ)

 (2.49)

2.7.3 Forces and Moments in Forward Flight

When the VTOL configuration is at forward flight, front motors are positioned hori-

zontally, such that σ is 90 [deg]. Aft motor will not generate force, also it is positioned

vertically. Lift is sustained in this mode by wing, which is defined in F ext
Bf

. Moreover,

attitude control is sustained by wing generated moments which is obtained by control

surfaces. More information about F ext
Bf

and M ext
Bf

will be given in Chapter 3. Recall-

ing relation between angular velocity of motor and thrust, which is stated in Equation

(2.6), and relation between angular velocity of motor and torque, which is stated in

Equation (2.7), external force and moment can be expressed.

Substituting Equation (2.6) and Equation (2.7) into Equation (2.38), total external

force equation can be defined as following:

F ext
Bf

= mg


−sin(θ)

cos(θ).sin(φ)

cos(θ).cos(φ)

 +



1

2
ρV 2
∞SCX

1

2
ρV 2
∞SCY

1

2
ρV 2
∞SCZ



+


2(k1Ω1,2 + k0)sin(σ)

(k1Ω3 + k0)sin(γ)

−2(k1Ω1,2 + k0)cos(σ) − (k1Ω3 + k0)cos(γ)



(2.50)

Substituting Equation (2.6) into Equation (2.28) to reexpress moments generated by
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propellers, MR
f can be defined as following:

−(k1Ω1,2 + k0)cos(σ)(ry,1 + ry,2) − (k1Ω3 + k0)(sin(γ)rz,3 + cos(γ)ry,3)

(k1Ω1,2 + k0)(cos(σ)(rx,1 + rx,2) + sin(σ)(rz,1 + rz,2)) + (k1Ω3 + k0)cos(γ)rx,3

−(k1Ω1,2 + k0)sin(σ)(ry,1 + ry,2) + (k1Ω3 + k0)sin(γ)rx,3


(2.51)

It should be noted that in forward flight, front motors will rotate at same RPM. More-

over, reactive torques generated by front motors will omit each other. Also it is as-

sumed that aft motor will not generate thrust and wind-mill effect is neglected. Con-

sidering these assumptions, reactive torque in forward flight can be reexpressed by

substituting Equation (2.7) into Equation (2.30) as following:

MR
f =


0

0

0

 (2.52)

According to forces acting on the body fixed frame, given in Equation (2.50), forward

flight external forces can be expressed as following:

F ext
Bf

= mg


−sin(θ)

cos(θ).sin(φ)

cos(θ).cos(φ)

 +


2(k1Ω1,2 + k0)

0

0

 +



1

2
ρV 2
∞SCX

1

2
ρV 2
∞SCY

1

2
ρV 2
∞SCZ


(2.53)

Moments acting on the body that are generated by propellers and wing in forward

flight are expressed in Equation (2.51), Equation (2.52) and Equation (2.21) respec-

tively. Considering Equation (2.42), moments can be expressed as following:

MP +MR +MA =


0

(k1Ω1,2 + k0)(rz,1 + rz,2)

−(k1Ω1,2 + k0)(ry,1 + ry,2)

 +
1

2
ρV 2
∞S



bCl

cCm

bCn


(2.54)
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CHAPTER 3

TRIMMING AND LINEARIZATION

3.1 Introduction

Trimming approach which is applied for hover and forward flight is chosen as fmin-

con, the function of Optimization Toolbox of MATLAB. This is used to find minimum

value of bounded parameters of multi-variable function. Initial values of parameters

are passed, upper and lower boundary values of parameters are given to function so

that it tries to minimize function within constrained region with specified iteration

trials.

3.2 Trimming Approach for Hover Position

It is desired for hover case that the platform holds in the air steady and straight, so

that ground speed is zero and it is not accelerating in any directions [20]. Considering

these circumstances, it can be assumed that:

Φ̇0 = u0 = v0 = w0 = p0 = q0 = r0 = u̇0 = v̇0 = ẇ0 = ṗ0 = q̇0 = ṙ0 = 0 (3.1)

Simplified equations can be obtained by applying conditions given in Equation (3.1)

with perturbations. Before applying perturbed values, unknown trim values in the

equations should be obtained. For the rest of parameter values, equations can be

written using trim conditions, such that Equation (2.43) simply becomes as below:
ṗ0

q̇0

ṙ0

 =


(Iy − Iz).(q0.r0)/Ix

(Iz − Ix).(p0.r0)/Iy

(Ix − Iy).(p0.q0)/Iz

 +


LT0/Ix

MT0/Iy

NT0/Iz

 (3.2)
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Applying assumptions in Equation (3.1) into the Equation (2.48) and Equation (2.49),

total moment equation becomes as following:
LT0

MT0

NT0


σ=0

=


−kΩ0,1

2ry,1 − kΩ0,2
2ry,2 − kΩ0,3

2(cos(γ0)ry,3 + sin(γ0)rz,3)

k.Ω0,1
2rx,1 + kΩ0,1

2rx,2 + kΩ0,3
2cos(γ0)rx,3 − lΩ0,3

2.sin(γ0)

kΩ0,3
2sin(γ0)rx,3 + l(Ω0,1

2 − Ω0,2
2) + lΩ0,3

2.cos(γ0)


(3.3)

Applying assumptions, u̇ = v̇ = ẇ = 0 in Equation (3.1) and substituting Equation

(3.3)into Equation (2.31), the equation becomes as following:

m.


u̇0

v̇0

ẇ0


σ=0

=


0

0

0

 = LEB.


0

kΩ0,3
2.sin(γ0)

−kΩ0,1
2 − kΩ0,2

2 − kΩ0,3
2.cos(γ0)

 +


0

0

mg


(3.4)

Right sight of the Equation (3.3) and Equation (3.4) are used to construct function F

such that, minimum of the function subject to constraints for given limits. Function

minimized in a circle with a value cmin given as below:

cmin = F.F ′ (3.5)

Solving equation for characteristics of Scorpion 3020-780kv motor and APC 11x5.5

propeller combination gives results as following:

Table 3.1: Trim values for hover with Scorpion 3020-780kv motor and APC 11x5.5

combination

Φ0 [deg] Θ0 [deg] Ψ0 [deg] γ0 [deg] Ω0,1 [rpm] Ω0,2 [rpm] Ω0,3 [rpm]

0.604 2.732e-09 0.0246 -1.8127 7445 7436 7489

3.3 Linearization of Hover Flight Equations

Assumptions given in Equation (3.1) are combined with derived trim values as given

in Table (3.1). Moreover, small perturbation is applied to relative parameters, such
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that equations can be linearized around trimmed values. Perturbations are so small

that any product of perturbed variables of two parameters are zero [11]. In transforma-

tion matrices, trigonometric functions, cosine and sine can be presented by following

notations:

sin(γ0 + ∆γ) + sin(γ0) + ∆γcos(γ0)

cos(γ0 + ∆γ) + cos(γ0) − ∆γsin(γ0)
(3.6)

Considering the given information, Equation (2.43) and Equation (2.36) can be ex-

pressed as following: 
∆φ̇

∆θ̇

∆ψ̇

 =


1 0 0

0 1 −Φ0

0 Φ0 1

 .


∆p

∆q

∆r

 (3.7)


∆ṗ

∆q̇

∆ṙ

 =


∆LT/Ix

∆MT/Iy

∆NT/Iz

 (3.8)

3.4 Trimming Approach for Forward Flight

In aircraft mode, platform is trimmed for straight, symmetric and wing level flight

conditions. Time derivatives of all parameters are taken zero in equations of motion.

As a result of it, angular velocities also become zero. It is assumed that there is no

side slip manoeuvre and bank angle. Besides all time derivatives, trimmed values for

rest of the parameters may be given as follows:

Φ0 = Ψ0 = β0 = v0 = p0 = q0 = r0 = 0 (3.9)

3.5 Simplication of Aerodynamic Coefficients

Aerodynamic forces and moments obtained from different angle of attack, angle of

side slip and deflected control surface input results are analysed. Assumption from

this analysis was made that rate of change for varying parameters may be taken con-

stant, such that when applying it into Equation (2.20) and Equation (2.21), aerody-
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namic coefficients CX , CY , CZ , Cl, Cm and Cn may be presented in following equa-

tions. Thus, coefficients that are defined for each equation is presented in Appendix

E.

CXd = CX0 +
∆CX
∆δelev

δelev +
∆CX
∆δail

δail +
∆CX
∆α

α +
∆CX
∆α2

α2 (3.10)

CYd =
∆CY
∆β

β (3.11)

CZd = CZ0 +
∆CZ
∆δelev

δelev +
∆CZ
∆α

α (3.12)

Cld =
∆Cl
∆δail

δail +
∆Cl
∆β

β (3.13)

Cmd = Cm0 +
∆Cm
∆δelev

δelev +
∆Cm
∆α

α (3.14)

Cnd =
∆Cn
∆δrud

δrud +
∆Cn
∆β

β (3.15)

Forces acting on body for trimmed forward flight which is defined in Equation (2.53)

can be rewritten using trim conditions which are stated in Equation (3.9) as following:

FB0f =


−mgsin(θ0)

0

mgcos(θ0)

 +


2(k1Ω1,20 + k0)

0

0



+
1

2
ρV 2
∞S





CX0

0

CZ0


+



∆CXδail ∆CXδelev 0 ∆CXα ∆CXα2

0 0 0 0 0

0 ∆CZδelev 0 ∆CZα 0





δail0

δelev0

δrud0

α0

α2
0




(3.16)

Moments acting on body for trimmed forward flight which are defined in Equation

(2.51) and Equation (2.21) can be rewritten using assumptions that are given in Equa-
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tion (3.9) as follows:

MB0f =
1

2
ρV 2
∞S

[
b c̄ b

]

.





0

CM0

0


+



∆Clδail 0 0 0

0 ∆Cmδelev 0 ∆Cmα

0 0 ∆Cnδrud 0




δail0

δelev0

δrud0

α0




(3.17)

Equation (3.16) and Equation (3.17) are used to find local minimum such that trim-

ming constraints for level flight are met. Results for trimmed values are given in

Table (3.2). Trimmed results showed that to hold platform in forward flight, elevator

control deflection should be applied heavily for relatively low speeds, and required

aileron and rudder control deflections are close to zero. Cruise speed of the VTOL

platform is chosen as 20 [m/s] and related trimmed results for that airspeed are used

for linearization of the system.

Table 3.2: Trim flight results for forward flight

V∞ [m/s] Ω1,20 [rpm] δelev0 [deg] Θ0 [deg] Max Error

19 5777.35 -15.83 9.89 2.0692e-11

20 6199.99 -14.22 8.85 1.4643e-11

21 6602.54 -12.84 7.95 1.008e-11

22 6989.01 -11.65 7.16 1.0096e-11

23 7362.32 -10.63 6.47 1.3404e-11

24 7724.65 -9.74 5.86 1.0495e-11

25 8077.64 -8.97 5.33 9.9884e-12

26 8422.56 -8.30 4.85 9.8505e-12

27 8760.44 -7.72 4.42 9.2089e-12

28 9092.07 -7.21 4.04 9.5578e-12

Applying the trim results given in Table (3.2), Equation (2.36) can be expressed as
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follows for the forward flight:
∆φ̇

∆θ̇

∆ψ̇

 =


1 0 Θ0

0 1 −Φ0

0 Φ0 1

 .


∆p

∆q

∆r

 (3.18)

Angular rate change will be derived from perturbed moments as it is defined in Equa-

tion (3.8), perturbed motion of moment generated by control deflections can be de-

rived by substituting Equation (3.9) and function output of Equation (3.5) according to

desired control surface deflection combinations into relevant parts to hold the system

in desired level trim condition. Motor reactive torque has no effect on total moment,

since rotation speed of front motors are the same. Thus, constant parts of the each

equations are neglected. After simplification, function becomes as following:


∆ṗ

∆q̇

∆ṙ

 =



ρV 2
∞Sb∆Clδail

2Ix
0 0

0
ρV 2
∞Sc̄∆Cmδelev

2Iy
0

0 0
ρV 2
∞Sb∆Cnδrud

2Iz




∆δail

∆δelev

∆δrud

 (3.19)
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CHAPTER 4

CONTROL METHODS

4.1 Introduction

In this chapter, control strategies and control algorithms are proposed to handle plat-

form configurations. Control strategy is proposed to define control allocation of the

system, such that states, inputs and outputs can be related to each other. Controller

outputs for tricopter attitude control case are designated by motor outputs and aft

angle command. Thus, controller outputs for forward flight are designated by wing

control surface deflections and front motor outputs. Considering control strategy, al-

gorithms can be derived for transition methodology between tricopter attitude control

and forward flight regimes. LQT controller is explained and formulated for these

purposes. Previous studies for attitude and speed controller are also mentioned in

Appendix A. LQT and LQR with integral action controllers are explained and formu-

lated also for proposed approaches in Appendix A.

4.2 Tricopter Attitude Control Strategy

Tricopter control is sustained by differential thrust of motors and aft motors tilt posi-

tion. Control is divided into roll, pitch, yaw and throttle control. Control commands

are given by pilot through Radio Frequency (RF) controller stick commands. Com-

mands are converted into allocated commands as input to controller. Autopilot con-

troller stabilizes stick commands and designates the desired flight regime. When pilot

wants to pitch-up (Θcmd) the system, longitudinal command, δlon is given as shown

in Figure (4.1)(a).
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(a) Pitch command (b) Roll command

(c) Heading rate command (d) Aft motor position effect on heading control

(e) Throttle command

Figure 4.1: Tricopter attitude control allocation

When it is desired to turn system left or right (Φcmd), latitude command is directed by

42



δlat as shown in Figure (4.1)(b). Frame gains altitude by increasing angular velocity

of all three motors using throttle command, δth shown in Figure (4.1)(e).

Yaw control is sustained as heading hold, such that when pilot does not give any

pedal command δped controller holds the heading in current position. When pilot gives

rudder command in desired direction, ∆Ψcmd reference heading settles around current

navigation heading with varying rate change, Ψnav ± ∆Ψcmd as shown in Figure

(4.1)(c) and Figure (4.1)(d) with logic presented in Figure (4.2). Aft servo motor

plays an important role in this scenario. It tilts the aft motor in opposite direction of

rotation.

Figure 4.2: Heading control allocation

Using all the information for control strategy for state, input and output information

the attitude control approach for control can be presented as shown in Figure (4.3)

Figure 4.3: Attitude control allocation for tricopter mode flight
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4.3 Forward Flight Control Strategy

Plane control is sustained by front motors and control surfaces. Inputs can be divided

into roll, pitch, yaw and throttle control commands. These are given by pilot through

RF controller stick commands. Autopilot controller stabilizes stick commands and

designates the desired forward flight regime. When pilot wants to nose-down (Θcmd)

the system, longitudinal command, δlon is given as shown in Figure(4.5)(a). When

it is desired to turn system left or right (Φcmd), latitude command is directed by δlat

as shown in Figure (4.5)(b). Heading control is sustained by rate command, such

that when pilot does not give any pedal command δped controller holds the heading

in current position. When pilot gives rudder command in desired direction, ∆Ψcmd

reference heading settles around current navigation heading with varying rate change

as shown in Figure (4.5)(c). Control logic is same as it is presented in Figure (4.2).

Forward flight controller does not produce throttle command. When pilot gives the

collective input δcol, plane gains altitude by increasing angular speed of front motors

(Ω1 and Ω2) at same amount and wing generates more lift for the level flight regime.

Using control strategy for given state, input and output information the forward flight

approach for control can be presented as shown in Figure (4.4) :

Figure 4.4: Attitude control allocation for forward flight
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(a) Lateral command

(b) Longitudinal command

(c) Pedal command

Figure 4.5: Forward flight control allocation

4.4 Control Design Approach

It is stated in the introduction that LQT is used for the controller design. Since it

is a linear controller, linear state space approach is needed to be followed. Control

approach is implemented in embedded system, so that discrete time domain is cho-

sen as design approach. As control strategy guided, attitude commands are fed into

attitude controller to hold system in desired states. The state space approach used for

linearized solutions obtained in Equation (3.7) and Equation (3.8), states and inputs
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of the system at tricopter attitude control can be defined as follows:

∆x =
[
∆p ∆q ∆r ∆Φ ∆Θ ∆Ψ

]′
(4.1)

∆uh =
[
∆L ∆M ∆N

]′
(4.2)

Linearized solutions obtained for forward flight from Equation (3.18) and Equation

(3.19) showed that states for forward flight can be defined as proposed in tricopter

attitude control state vector which is given in Equation (4.1). Since throttle stick

command is directed by the pilot, input vector for forward flight can be defined as

follows:

∆uf =
[
∆δail ∆δelev ∆δrud

]′
(4.3)

Discretization applied on dynamic equations result as below:

∆ẋ(t) = Ad∆x(t) +Bd∆u(t)

∆y(t) = Cd∆x(t) +Dd∆u(t)
(4.4)

4.4.1 Linear Quadratic Tracker (LQT) Control

Linear quadratic controller is chosen to get desired output with minimum control

energy. As it is proposed in Equation (4.4), x(t) is a [nx1] state vector, u(t) is a [mx1]

control vector, and y(t) is a [kx1] output vector. Desired trajectory, z(t) has the same

dimension as output vector. The aim is to follow/track desired output as much as

possible with system output during flight.

The error between desired output and system output is tried to be controlled and

minimized to hold system in desired attitude.

∆eh(t) = ∆z(t) − Cd∆x(t) (4.5)

Performance index is chosen for infinite time case such that there is no terminal cost

is given as specified in [23, 33].

Jd =
1

2

∞∑
t=t0

{[
∆z(t) − Cd∆x(t)

]T
Q
[
∆z(t) − Cd∆x(t)

]
+
[
∆u(t)

]T
R
[
∆u(t)

]}
(4.6)
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where Q is positive semi-definite [kxk] state weight matrix, R is positive definite

[mxm] control weight matrix. Stability of system is sustained using optimal weight

matrices. Solution to the linear quadratic tracker is constructed using stable eigenvec-

tors of Hamiltonian form. The optimal control obtained from this approach is given

as following:

u∗(t) = −R−1BTλ∗(t) (4.7)

State and optimal costate equation are related as following:

λ∗(t) = Px∗(t) − g(t) (4.8)

Equation (4.8) is satisfied by eliminating the costat, by P (t) square matrix as a solu-

tion to the matrix differential ricatti equation and g(t) vector as a solution to vector

differential equation.

0 = −PAd − ATdP + PBR−1BT
d P − CT

d QCd (4.9)

0 = [P (t)E − ATd ]g(t) +Wz(t) (4.10)

WhereE = BdR
−1BT

d andW = CT
d Q. Applying Equation (4.9) and Equation (4.10)

into optimal control Equation (4.7) eliminates costate λ∗(t), and function becomes as

following:

u∗(t) = −R−1BT
d

[
Px(t) − [PE − ATd ]−1Wz(t)

]
(4.11)

Controller gains can be group into corresponding vectors as follows:

u∗(t) = −Kx(t) +Kzz(t)

K = R−1BT
d P

Kz = R−1BT
d

[
PE − ATd

]−1

W

(4.12)

4.4.1.1 Tricopter Mode Attitude Control Approach

Using Equation (4.4), attiude control can be defined also as follows, where state and

input vectors are Equation (4.1) and Equation (3.8) respectively. The command atti-
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tudes are converted into roll, pitch and yaw moments.

∆ẋh(t) =
[
Ahd

]


∆p(t)

∆q(t)

∆r(t)

∆Φ(t)

∆Θ(t)

∆Ψ(t)


+
[
Bhd

]
∆L(t)

∆M(t)

∆N(t)

 (4.13)

LQT optimal control approach for tricopter attitude control case can be derived by

applying Equation (4.12) into Equation (4.13) as follows:

uh(t) =


∆L(t)

∆M(t)

∆N(t)

 =
[
−KH

]


∆p(t)

∆q(t)

∆r(t)

∆Φ(t)

∆Θ(t)

∆Ψ(t)


+
[
KzH

]
∆Φ(t)

∆Θ(t)

∆Ψ(t)

 (4.14)

Using moment and force equations, Equation (2.45), Equation (2.46) and Equation

(2.44), respectively for tricopter frame, relation between control inputs and motors

and aft servo parameters can be derived:
L

M

N

Z

 =


−kcos(σ)ry,1 − lsin(σ) −kcos(σ)ry,2 + lsin(σ) −kry,3 −krz,3
k(sin(σ)rz,1 + cos(σ)rx,1) k(sin(σ)rz,2 + cos(σ)rx,2) krx,3 −l
−ksin(σ)ry,1 + lcos(σ) −ksin(σ)ry,2 − lcos(σ) l krx,3

−kcos(σ) −kcos(σ) −k 0



.


Ω1

2

Ω2
2

Ω3
2cos(γ)

Ω3
2sin(γ)


(4.15)

Pilot’s collective input is converted to relative force value; such that when full stick

input for δcol is given, corresponding Z force is obtained as maximum force that all
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three motors can be produced.
Ω1

2

Ω2
2

Ω3
2cos(γ)

Ω3
2sin(γ)

 =
[
TC2M

]

L

M

N

Z

 (4.16)

where TC2M is a [4x4] transformation matrix. Aft servo angle is derived from vecto-

rial force components of aft motor, of which is a result of change in aft servo angle:

γ = atan(
Ω3

2sin(γ)

Ω3
2cos(γ)

) (4.17)

The gain matrices for attitude control are given in Appendix C.

4.4.1.2 Forward Flight Attitude Control Approach

From Equation (4.4), forward flight attitude control, where state and input vectors are

stated in Equation (4.1) and Equation (4.3) respectively. Pilot’s collective input δcol is

fed as throttle input to front motors. As collective input increases, due to generated

lift force, platform gains altitude. If the pitch attitude is hold as throttle increases,

speed of the platform also increases.

∆ẋl(t) =
[
Adf

]


∆p(t)

∆q(t)

∆r(t)

∆Φ(t)

∆Θ(t)

∆Ψ(t)


+
[
Bdf

]
∆δail(t)

∆δelev(t)

∆δrud(t)

 (4.18)

LQT optimal control approach for forward flight case can be derived by applying

Equation (4.12) into Equation (4.18) as follows:

ul(t) =


∆δail(t)

∆δelev(t)

∆δrud(t)

 =
[
−KF

]


∆p(t)

∆q(t)

∆r(t)

∆Φ(t)

∆Θ(t)

∆Ψ(t)


+
[
KzF

]
∆Φ(t)

∆Θ(t)

∆Ψ(t)

 (4.19)

The gain matrices for forward flight control are given in Appendix C.
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4.5 Transition Control Allocation Methods

4.5.1 Weighted Moore-Penrose Pseudo Inverse

Attitude control is sustained using controller gains to hold system in desired state

determining the required control inputs. At tricopter mode, this is sustained by using

motors and aft motor. However, in forward flight transition case, platform gains speed

in order to use wing as a lift source. Control approach for the forward flight transition

is using the attitude controller for tricopter mode. At early stages, when speed of

platform is small, motors and aft servo angle becomes more effective. Increment in

speed of the platform makes change in control surface deflections and makes them

more important.

The thrust and control surface allocation block decides how the controller is divided

amongst control surfaces and motors as follows:

v = Tauout (4.20)

Where v is allocated control input and uout controller output. In tricopter mode at-

titude control flight, front motors are positioned vertically, thus relation of angular

velocity between thrust and torque have a quadratic relation as proposed in Equa-

tion (2.4) and Equation (2.5). Thus, it is assumed that relations apply the same for

all three motors. Using the information given in Equation (4.20), transition from

tricopter mode to plane mode can be defined as following:


L

M

N

Z

 =
[
Tatri

]



Ω1
2

Ω2
2

Ω3
2cos(γ)

Ω3
2sin(γ)

δail

δelev

δrud


(4.21)

In forward flight, front motors are positioned horizontally, thus relation of angular

velocity, using curve fit simplifications between thrust and torque relation at forward

flight shows that these relations are linear as proposed in Equation (2.6) and Equation
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(2.7), and it is assumed that relations apply the same for all three motors. Control

allocation is carried out for forward flight between the control surface deflections,

propeller thrusts, front and aft propeller tilt angles can be represented as follows:


L

M

N

Z

 =
[
Tafwd

]



Ω1

Ω2

Ω3cos(γ)

Ω3sin(γ)

δail

δelev

δrud


(4.22)

Where Ta is control out arrangement matrix and it is shown in Equation (4.24).

Ta =
[
Ta1 Ta2

]
(4.23)

Ta1 =


−kcos(σ)ry,1 − lsin(σ) −kcos(σ)ry,2 + lsin(σ) −kry,3 −krz,3
k(sin(σ)rz,1 + cos(σ)rx,1) k(sin(σ)rz,2 + cos(σ)rx,2) krx,3 −l
−ksin(σ)ry,1 + lcos(σ) −ksin(σ)ry,2 − lcos(σ) l krx,3

−kcos(σ) −kcos(σ) −k 0



Ta2 =



1

2
ρV 2
∞Sb∆Clδail 0 0

0
1

2
ρV 2
∞Sc̄∆Cmδelev 0

0 0
1

2
ρV 2
∞Sb∆Cnδrud

0
1

2
ρV 2
∞S∆CZδelev 0


(4.24)

Equation (4.24) represents undetermined set of equations so that there are many pos-

sible solutions that satisfies it. Ta matrix is used for both plane and tricopter transition,

and k and l constants assumed to be same for all three motors. For forward flight, k

and l constants are taken from Table (2.4) and Table (2.5) respectively for 20 [m/s]

airspeed. For tricopter attitude control, k and l constants, are taken from Table (2.2)

and Table (2.3) respectively for hover condition. Approach is chosen as minimum

norm [22] to find the solution and it requires Moore-Penrose generalized inverse of

Ta which is defined as Ta∗. However, Moore-Penrose generalized inverse technique

is not be sufficient to handle control, since it is desired to increase effectiveness of
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control surfaces as speed increases and lift generated by the wing. An approach to

this technique is adding weight to each output:

TW
∗ = W−1Ta

T (TaW
−1Ta

T )
−1 (4.25)

Where W is the cost matrix, such that as the cost increases, output effect decreases.

Weights are selected to meet transition conditions, such that as front servo tilts and

platform gains speed, aft motor and aft servo effectiveness should decrease, whereas

control surface deflections become more effective.

W =



e1wΩ1

e1wΩ2

e1wΩ3cos(γ)

e1wΩ3sin(γ)

e2wδail

e2wδelev

e2wδrud


(4.26)

Where e1 and e2 are dynamically changed values according to V∞ and relation be-

tween them is given in Equation (4.27).

e1 = ce1 +
V 2
∞

V 2
limit

ce2

e2 = 1 − e1 + ε

(4.27)

Where ε is a small value, and ce1 and ce1 constants, which are used as weighting

factors, to avoid singularities due to matrix inversion. Vlimit is the reference airspeed

limit such that V∞ ≤ Vlimit. Thus, w represents the the normalized scalar value of

allocated control inputs, v which is given in Equation (4.28).

w =
1

v2
max

(4.28)

By applying control allocation inputs given in right side of the Equation (4.22) and

Equation (4.21) to the Equation(4.28), respectively Equation (4.29) and Equation

(4.30) are obtained.

wtri = diag(
1

Ω4
1max

,
1

Ω4
2max

,
1

Ω4
3maxcos(γ)2

,
1

Ω4
3maxsin(γ)2

,
1

δ2
ailmax

,
1

δ2
elevmax

,
1

δ2
rudmax

)

(4.29)
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wfwd = diag(
1

Ω2
1max

,
1

Ω2
2max

,
1

Ω2
3maxcos(γ)2

,
1

Ω2
3maxsin(γ)2

,
1

δ2
ailmax

,
1

δ2
elevmax

,
1

δ2
rudmax

)

(4.30)

Weight costs for both transition to plane mode and transition to tricopter mode are

given in Appendix C. If the weight costs are selected equal, Equation (4.32) becomes

pseudo inverse matrix. Such that weight can be represented as W = cwI , where I is

identity matrix and cw is cost coefficient.

Ta
∗ = cwTa

T (TaTa
T )
−1 (4.31)

4.5.2 Blended Inverse

Blended Inverse approach is proposed to handle steering control allocation problems

[34]. Desired control outputs are used to weight required control inputs to hold system

in desired states. Required control inputs may be used for system allocation using

controller generated moments and user defined thrust force to generate motor, control

surface and tilt commands. Algorithm can be defined as follows:

vbl = [qInxn + Ta
TRTa]

−1[qvdes + Ta
TRuout] (4.32)

Where vbl is the allocated control input vector for actual system, q is smoothing coef-

ficient which is chosen as scalar, and uout is controller output. Desired control input is

chosen as trimmed values as suggested in [36] for desired flight regime within varying

front tilt angle range. Moreover, desired control input values are assigned dynami-

cally such that each control input is a function of V∞. R matrix weights moments and

thrust values. Thus, n is equal to the number of rows in uout vector. Equation (4.32)

is reexpressed as following:

vbl = [Wq + Ta
TRTa]

−1
[Wqvdes + Ta

TRuout]

= [q +W−1Ta
TRTa]

−1
[qvdes +W−1Ta

TRuout]
(4.33)

Where W is the cost matrix, as defined in Equation (4.26). R matrix is chosen as an

identity matrix for this study and Equation (4.33) becomes as following:

vbl = [qInxn +W−1Ta
TTa]

−1[qvdes +W−1Ta
Tuout] (4.34)

Desired input vectors and smoothing coefficients for both transition to plane mode

and transition to tricopter mode are given in Appendix C.

53



4.6 Flight Management Overview

In order to be directed by pilot, platform is required to handle attitude control as it

takes-off, holds attitude commands and transits to forward flight in tricopter mode;

and whereas it flies with wing generated lift in forward flight and transit to tricopter

mode attitude control in plane mode. Since control approach is chosen such that it

is capable of handling the tricopter attitude control, forward flight and control allo-

cation for transition stages from and to forward/tricopter attitude control flight, linear

quadratic controller method is sufficient. Control strategy is planned according to

phases using change of controller states and inputs. Phase changes occur for given

conditions in predefined time limits. Considering platform, control modes separated

into Tricopter and Plane modes, where each of them has two flight phases as it is

proposed in Figure (4.6).

Figure 4.6: Modes and Phases
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Figure 4.7: Plane mode - phase transition flow chart
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Figure 4.8: Tricopter mode - phase transition flow chart
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CHAPTER 5

MODEL ENVIRONMENT AND SIMULATION RESULTS

5.1 Introduction

In the previous chapter, controllers are introduced for attitude control of tricopter and

plane modes. In this section, simulation results is obtained and controller outputs are

compared. Equations for platform dynamics, obtained in Chapter 2, are modelled.

Forces and moments generated by motors are defined as lookup tables as obtained

from wind tunnel test results. LQT controller disturbance rejection is performed and

analysed.

5.2 Simulation Specifications

Controller methodologies derived in Chapter 4 are applied to the models and gain

corrections is made around trimmed system. The aim of the simulations mentioned

in this chapter is to test and analyse the system performance for given reference com-

mands against dynamics. System model runs at 50Hz and test scenarios are created

to observe LQT controller performance.

According subsystem models defined in Chapter 2, the overall picture of the system

model is shown in Figure 5.1.
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Figure 5.1: Simulation block - Dynamic model of platform
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5.3 Tricopter Platform Attitude Control Simulations

5.3.1 Roll Control

Attitude controller simulation results for 10 [deg] roll command with 75% collective

input and response of the tricopter frame are given in the following figures. In the

Figure (5.2), it is observed that tricopter tracks the given rolling commands while

sustaining zero pitch and yaw commands as in the Figure (5.3.a) and Figure (5.3.b).

It is also observed in the Figure (5.3.c) that differential thrust of front motor outputs

creates rolling moment as intended.

Figure 5.2: LQT control result for given roll command
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(a) LQT control result for the given zero pitch command

(b) LQT control result for the given zero yaw command

(c) Throttle outputs of front motors for the given roll command

(d) Throttle output of aft motor for the given roll command

(e) Aft servo angle output for the given roll command

Figure 5.3: Tricopter frame responses for LQT controller for given roll command
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5.3.2 Pitch Control

Attitude controller simulation results for 10 [deg] pitch command with 75% collective

input and response of the tricopter frame are given in the following figures. In the

Figure (5.4), it is observed that tricopter tracks the given pitching commands while

sustaining to hold zero roll and yaw commands as it is shown in the Figure (5.5.a) and

Figure (5.5.b). It is also observed in the Figure (5.5.c) and Figure (5.5.d) that front

motors characteristics are similar such that differential thrust of front and aft motors’

output creates pitching moment as intended.

Figure 5.4: LQT control result for given pitch command
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(a) LQT control result for the given zero roll command

(b) LQT control result for the given zero yaw command

(c) Throttle outputs of front motors for the given pitch command

(d) Throttle output of aft motor for the given pitch command

(e) Aft servo angle output for the given pitch command

Figure 5.5: Tricopter frame responses for LQT controller for given pitch command
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5.3.3 Yaw Control

Attitude controller simulation results for 5.73 [deg/s] yaw rate command with 75%

collective input and response of the tricopter frame are given in the following figures.

In the Figure (5.6), it is observed that tricopter tracks the given yawing commands

while sustaining to hold zero roll and pitch commands as shown in the Figure (5.7.a)

and Figure (5.7.b). It is also observed in the Figure (5.7.c), Figure (5.7.d) and Figure

(5.7.e) with the help of front motors’ differential thrust, aft servo directs aft motor to

track the given yawing moment as intended.

Figure 5.6: LQT control result for the given yaw command

63



(a) LQT control result for the given zero roll command

(b) LQT control result for the given zero pitch command

(c) Throttle outputs of front motors for the given yaw command

(d) Throttle output of aft motor for the given yaw command

(e) Aft servo angle output for the given yaw command

Figure 5.7: Tricopter frame responses for LQT controller for given yaw command
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5.4 VTOL Platform Tricopter Attitude Control Simulations

5.4.1 Roll Control

Attitude controller simulation results for 5 [deg] roll command with 75% collective

input and response of the VTOL frame are given in the following figures. In the Figure

(5.8), it is observed that VTOL tracks the given rolling commands with some over-

shoot while it tries to sustain zero pitch and yaw commands as in the Figure (5.9.a)

and Figure (5.9.b). Theta response drifts away from desired command, comparing

with tricopter simulation results given in Figure (5.3,a), it is due to wing aerodynamic

effects. In Figure (5.9.a), it can be seen that rolling motion causes small pitch vari-

ances. It is also observed in the Figure (5.9.c) that differential thrust of front motor

outputs creates rolling moment as intended.

Figure 5.8: LQT control result for the given roll command
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(a) LQT control result for the given zero pitch command

(b) LQT control result for the given zero yaw command

(c) Throttle outputs of front motors for the given roll command

(d) Throttle output of aft motor for the given roll command

(e) Aft servo angle output for the given roll command

Figure 5.9: VTOL frame responses for LQT controller for the given roll command
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5.4.2 Pitch Control

Attitude controller simulation results for 5 [deg] pitch command with 75% collective

input and response of the VTOL frame are given in the following figures. In the

Figure (5.10), it is observed that VTOL tracks the given pitching commands while

sustaining to hold zero roll and pitch commands as shown in the Figure (5.11.a) and

Figure (5.11.b). It is also observed in the Figure (5.11.c) and Figure (5.11.d), front

motors characteristics are similar such that differential thrust of front and aft motors’

output creates pitching moment as intended. Theta response drifts away from desired

command, comparing with tricopter simulation results given in Figure (5.4), it is due

to the wing aerodynamic effects.

Figure 5.10: LQT control result for the given pitch command
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(a) LQT control result for the given zero roll command

(b) LQT control result for the given zero yaw command

(c) Throttle outputs of front motors for the given pitch command

(d) Throttle output of aft motor for the given pitch command

(e) Aft servo angle output for the given pitch command

Figure 5.11: VTOL frame responses for LQT controller for the given pitch command
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5.4.3 Yaw Control

Attitude controller simulation results for 5.73 [deg/s] yaw rate command with 75%

collective input and response of the VTOL frame are in the following figures. In the

Figure (5.12), it is observed that VTOL tracks the given yawing commands while

sustaining to hold zero roll and pitch commands as shown in the Figure (5.13.a) and

Figure (5.13.b). It is also observed in the Figure (5.13.c), Figure (5.13.d) and Figure

(5.13.e) with the help of front motors’ differential thrust, aft servo directs aft motor

to track the given yawing moment as intended.

Figure 5.12: LQT control result for the given yaw command
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(a) LQT control result for the given zero roll command

(b) LQT control result for the given zero pitch command

(c) Throttle outputs of front motors for the given yaw command

(d) Throttle output of aft motor for the given yaw command

(e) Aft servo angle output for the given yaw command

Figure 5.13: VTOL frame responses for LQT controller for given yaw command
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5.5 VTOL Platform Transition to Forward Flight Control Simulations

5.5.1 Transition Control

Forward flight transition is controlled by given 5 [deg] pitch command and by holding

platform at level flight and sustaining current heading. Control allocation is applied

at transition phase. During transition front motors tilt from vertical position, σ = 0

[deg] to σ = 40 [deg] as specific in flight management tricopter mode in Figure

(4.8). Tricopter attitude control is active till transition phase ends. Starting from

transition phase, control surface deflections become active. In simulation, transition

pulse is triggered at 15 seconds. It may observed from the results that as the system

gains speed, wing creates more lift, and control surfaces become effective then, and

aft motor output is not required. Consequently, front motors output characteristics

become the same. Simulations results showed that both weighted pseudo inverse

(WPI) and blended inverse (BI) transition responses are enough to hold system stable.

During transition phase front motors’ throttle outputs increase and aft motor’s throttle

output decreases gradually. Transition ends at 21 seconds and it may observed that

during the transition phase both of the control allocation approaches hold the system

almost at the same altitude as shown in Figure (5.20). Although WPI and BI response

characteristics for theta command are different, system can hold the desired roll and

yaw commands with some small variations for both approaches as shown in Figure

(5.18).
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Figure 5.14: Throttle outputs - Weighted pseudo inverse allocation

Figure 5.15: Throttle outputs - Blended inverse allocation
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Figure 5.16: Theta Response - Weighed Pseudo Inverse allocation

Figure 5.17: Theta Response - Blended Inverse allocation

(a) Phi response - Weighted pseudo inverse allocation (b) Phi response - Blended inverse allocation

(c) Psi response - Weighted pseudo inverse allocation (d) Psi response - Blended inverse allocation

Figure 5.18: Commands and platform response histories for transition to forward

flight attitude control phase
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Figure 5.19: Front tilt servo command history during transition to forward flight atti-

tude control phase

(a) Ground Position - Weighted pseudo inverse allocation

(b) Ground Position - Blended inverse allocation

Figure 5.20: Ground position change histories for transition to forward flight attitude

control phase

74



(a) Aileron command - Weighted pseudo inverse alloca-

tion

(b) Aileron command - Blended inverse allocation

(c) Elevator command - Weighted pseudo inverse allo-

cation

(d) Elevator command - Blended inverse allocation

(e) Rudder command - Weighted pseudo inverse alloca-

tion

(f) Rudder command - Blended inverse allocation

(g) Aft servo command - Weighted pseudo inverse allo-

cation

(h) Aft servo command - Blended inverse allocation

Figure 5.21: Actuator command histories for transition to forward flight attitude con-

trol phase
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Figure 5.22: Body Velocities - Weighted pseudo inverse allocation

Figure 5.23: Body Velocities - Blended inverse allocation
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5.6 VTOL Platform Forward Flight Control Simulations

Simulations are carried out in the forward flight mode for attitude commands. Figure

(5.24), Figure (5.27) and Figure (5.30) shows attitude command and responses.

5.6.1 Roll Control

Attitude controller simulations are carried out for 15 [deg] roll command with 45%

collective input where theta and yaw commands are zero. Response of the platform

is given in Figure (5.24) for positive and negative roll commands. Simulation results

show that aileron deflection command can hold system in desired state which is shown

in the Figure (5.25). The success of the controller is evident in these simulations

Figure 5.24: Roll command and roll angle response during forward flight

Figure 5.25: Aileron deflection command due to given roll command
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(a) LQT control result for given zero pitch command

(b) LQT control result for elevator deflection

(c) LQT control result for given zero yaw command

(d) LQT control result for rudder deflection

Figure 5.26: VTOL frame responses during 15 [deg] roll command in forward flight
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5.6.2 Pitch Control

Attitude controller simulations are carried out for 15 [deg] pitch command with 45%

collective input where roll and yaw commands are zero. Response of the platform is

given in Figure (5.27) for positive and negative pitch commands. Simulation result

shows that elevator deflection command can hold system in desired state with offset

which is shown in the Figure (5.27).

Figure 5.27: Pitch command and pitch angle response during forward flight

Figure 5.28: Elevator deflection command due to pitch command forward flight
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(a) LQT control result for given zero roll command

(b) LQT control result for aileron deflection

(c) LQT control result for given zero yaw command

(d) LQT control result for rudder deflection

Figure 5.29: VTOL frame responses during 15 [deg] pitch command in forward flight
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5.6.3 Yaw Control

Attitude controller simulations are carried out for yaw commands where roll and yaw

commands are zero. Response of the platform is given in Figure (5.30) for yaw com-

mand gradually increasing to 50 degrees with 45% collective input. Simulation result

shows that rudder deflection command can follow desired state

Figure 5.30: Yaw command and yaw angle response during forward flight

Figure 5.31: Rudder deflection command due to yaw command during forward flight
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(a) LQT control result for given zero roll command

(b) LQT control result for aileron deflection

(c) LQT control result for given zero pitch command

(d) LQT control result for rudder deflection

Figure 5.32: VTOL frame responses during heading commands in forward flight
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5.7 VTOL Platform Transition to Tri-coper Mode Attitude Control Simula-

tions

5.7.1 Transition Control

Forward flight transition is controlled by given gradually increasing pitch command

from current reference to 45 [deg]. The reason to give positive gradually increasing

pitch command is to decrease speed, since the system is controlled only by attitude

controller. This command directs the system to lose lift and airspeed while it tries to

hold pitch command.

Transition pulse is triggered at 15 seconds and during transition front motors tilt from

horizontal position, σ = 90 [deg] to σ = 30 [deg] as specific in flight manage-

ment tricopter mode in Figure (4.7). Transition has two phases. First phase involves

front tilt range from σ = 90 [deg] to σ = 50 [deg]. At this phase forward flight

controller is still active and it tries to sustain attitude commands. Front motors pro-

duce same amount of throttle output, control surface deflections are active, and aft

motor and aft tilt servo are inactive. Second phase starts when front tilt reaches to

σ = 50[deg] and control allocation is activated. Aft motor and aft tilt servo becomes

also active in this phase. Front tilt servo continues to tilt to σ = 30[deg]. Tricopter

mode attitude control becomes active when transition phase ends, such that airspeed

of the system decreases below 15 [m/s]. Observation may be made from the results

that as the system loses speed while controller tries to hold platform at desired pitch

attitude, elevator deflection command decreases as shown in Figure (5.40). Simula-

tions results showed that both weighted pseudo inverse (WPI) and blended inverse

(BI) transition responses are enough to hold system stable. During the second phase

front motors’ and aft motor’s throttle outputs increase. Control allocation starts at 22

seconds and it may observed that during the transition phase both of the control allo-

cation approaches leads system to gain altitude as shown in Figure (5.39). WPI and

BI response characteristics for theta command are similar, but BI performs smoother

theta response as it may be seen comparing Figure (5.35) with Figure (5.36). Beside

that, system can hold the desired roll and yaw commands with some small variations

for both approaches as shown in Figure (5.37). Another difference is that aft mo-
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tor’s throttle output gradually increases in BI control allocation, whereas WPI control

allocation starts with sudden increment in aft motor’s throttle output.

Figure 5.33: Throttle outputs - Weighted pseudo inverse allocation

Figure 5.34: Throttle outputs - Blended inverse allocation
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Figure 5.35: Theta Respose - Weighed Pseudo Inverse allocation

Figure 5.36: Theta Response - Blended Inverse allocation

(a) Phi response - Weighted pseudo inverse allocation (b) Phi response - Blended inverse allocation

(c) Psi response - Weighted pseudo inverse allocation (d) Psi response - Blended inverse allocation

Figure 5.37: Commands and platform response histories for transition to tricopter

attitude control phase
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Figure 5.38: Front tilt servo command history during transition to tricopter attitude

control phase

(a) Ground Position - Weighted pseudo inverse allocation

(b) Ground Position - Blended inverse allocation

Figure 5.39: Ground position change histories for transition to tri-coper mode attitude

control phase
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(a) Aileron command - Weighted pseudo inverse alloca-

tion

(b) Aileron command - Blended inverse allocation

(c) Elevator command - Weighted pseudo inverse allo-

cation

(d) Elevator command - Blended inverse allocation

(e) Rudder command - Weighted pseudo inverse alloca-

tion

(f) Rudder command - Blended inverse allocation

(g) Aft servo command - Weighted pseudo inverse allo-

cation

(h) Aft servo command - Blended inverse allocation

Figure 5.40: Actuator command histories for transition to tricopter attitude control

phase
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Figure 5.41: Body Velocities - Weighted pseudo inverse allocation

Figure 5.42: Body Velocities - Blended inverse allocation
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CHAPTER 6

HARDWARE COMPONENTS AND SOFTWARE ENVIRONMENT

6.1 Avionics

This chapter presents the avionic hardware and software components that are used to

build up the tilt-rotor tricopter VTOL platform during thesis studies. Development

platform is chosen for autopilot implementation is Pixhawk 2.1 board. Platform pro-

vides shared libraries that include sensor drivers, attitude and position estimation and

controllers. Software components are modular and provide flexibility for changes.

For the scope of this thesis, motor library is changed and controller libraries are re-

moved to implement LQT controller. GPS module is used for correction and cali-

bration of position, velocity and angular orientation with the use of filter libraries.

Pixhawk board drives front and aft motors via ESCs, tilt and control surface ser-

vos. Board takes pilot control commands to control vehicle movement (throttle, yaw,

pitch, roll and safety-switch) and flight mode control (transition between tricopter

and plane modes) via receiver. Thus, it communicates with ground control station

through telemetry to observe flight data. Detailed information about hardware and

software components will explained in the following sections. General scheme of

avionic setup is shown in Figure (6.1).
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Figure 6.1: Avionic Setup

6.1.1 Autopilot Platform

Pixhawk 2.1 is an open hardware project that it is aimed to provide hardware en-

vironment for developers, academics and industry with low costs sustaining many

peripheral support [29]. It is shown in Figure (6.2).

Figure 6.2: Pixhawk board

Pixhawk 2.1 is using 32bit STM32 Cortex MF4 core with 168MHZ clock frequency.

It has Floating Point Unit (FPU) such that complex trigonometric algorithms can
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be handled without latency. On-board 2MB flash stores configuration parameters,

mission database and logger data. Board has 256 KB RAM such that it gives enough

space for programme variables and temporary data.

Power module is triple redundant such that it can be supplied from power module

input, servo pinout port and USB port at the same time. Thus, its operating range is

limited 4.8V to 5.4V.

Pixhawk 2.1 has a gyroscope, accelerometer - magnetometer, barometric pressure

sensor and additional 3-axis gyroscope-accelerometer. ST Micro L3GD20H gyro-

scope can measure three-axis angular rate with 16 bit resolution and it consumes low

power and it is resistant to high shocks. ST Micro LSM303D accelerometer/mag-

netometer can measure 3D linear motion and magnetic field with 16 bit resolution.

MEAS MS5611 is barometer with a 24 bit resolution. Barometric pressure sensor

has augmented precision capability for measurements with 10 [cm] resolution. In-

venSense MPU 6000 is a motion tracking system with three axis accelerometer and

three axis gyroscope. Besides its internal sensors, it accepts external three-axis mag-

netometer data which enable on-board fusion. It can track both fast and slow motions

precisely.

System has hardware interfaces to communicate with external sources ,such as sen-

sors, receiver, servos and telemetry. It has a support for serial bus communication

(SBUS) using one channel for receiver that comes from user stick commands. More-

over, this can also be accomplished by using external PPM encoder which is used to

convert multiple PWM inputs into one PPM signal. For serial communication, five

UART ports and additionally I2C and SPI ports exist. Analogue input port can be fed

from 3.3V up to 6.6V.

6.1.2 Telemetry

Communication between tricopter and ground control is implemented using teleme-

try. There are several approaches to do data transmission, such as radio, satellite and

GSM/LTE modems. Among these, 3DR - 433 MHz radio modem set is chosen, since

its performance is accepted and it is an affordable solution. There are two units in a
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set, one for ground and one for air platform, both can be replaceable for each others

role. They allow wireless transfer such that operator monitors and ground control

software logs flight data from tricopter and operator can send tuning commands. Air

modem connects to Pixhawk via UART port.

6.1.3 GPS Module

Global positioning system is a satellite aided radio navigation system which provides

estimated real world location of a receiver. Location is commonly referred as latitude,

longitude and elevation. System works independently without requiring any request

of data. Here+ NEO-M8N GPS and compass module are chosen since it is config-

ured for multi-rotor and fixed-wing platforms. It is shown in Figure (6.3). It is critical

Figure 6.3: GPS+Mag module

for autopilot to control heading, such that receiving clean signal from source is im-

portant. Board has HMC5883l compass which is designed to measure both direction

and magnitude of magnetic fields with accuracy of 1◦ to 2◦, which is well enough

for reference input. Compass is mounted on GPS board, and module is placed closer

to front shaft, so that it is away both from other electronic sources and blades which

generate magnetic and spinning interferences respectively. Position and magnetic di-

rection obtained from GPS module are used as parameter input to Extended Kalman

Filter(EKF) algorithm sustained by autopilot software to estimate position, velocity

and attitude of tricopter additional to on board sensors.
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6.2 Software Development Environment and Architecture

Ardupilot is a ready to fly, open source autopilot system [2]. It has been developed for

years by growing society. It has a wide range of application areas varying from heli-

copter, multicopters, planes, boats, ground vehicles and submarines. It is compatible

with Pixhawk hardware. With many peripheral support, many sensors can be inte-

grated as plug-in and use method. Besides its autopilot code, ground control station

software is also open source, such that desired functionality may be edited to both au-

topilot and ground control station code to work as it is intended. APM Copter-3.5.0

stable version is used development for activities.

Autopilot code is written in C++, and development environment is QT Creator IDE.

QT Creator is a cross platform development kit to develop applications for embedded,

desktop, and mobile systems [35]. To build the code necessary environment variables

are linked. Ardupilot code is imported to the IDE and ArduCopter module is selected

as an active working platform. The code with classes related to arming, channel

assignment, parameter configuration is modified for VTOL platform. Attiude Con-

trollers are written in UserCode.cpp file and its functions are decelerated in Copter.h.

All the previous control algorithms are removed. Similar to Matlab/Simulink model

running frequncy, controller function is added to run for 50Hz. Main motor class AP_

Motor.cpp, is modified and new derived class AP_ MotorsVTOL.cpp is added. Motor

class function is designed just to drive servos and ESCs. Channel assignments are

selected to control platform both for tricopter mode using there motors and aft angle

control, and for forward flight mode using front motors, wing deflection surface ser-

vos. Transition from tricopter attitude control to level flight mode is implemented by

additional front tilt servo output. Channel parameter values assigned directly from

UserCode.cpp, controller outputs scaled to valid PWM range and updated with main

function call.

93



Figure 6.4: Pixhawk board
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CHAPTER 7

SYSTEM CONFIGURATION TESTS

7.1 Introduction

In Chapter 5, simulation results are represented. In Chapter 6, avionics are defined

and software approach for design is presented. According to simulation results, con-

troller gains are embedded with developed codes. Prior to the flight tests, laboratory

experiments are performed to test and validate the simulation results. Tests for tri-

copter and dummy-wing configurations are carried out using telescopic bars of which

are hanging from ceiling and attached to the CG of the configuration. Controller

gains in simulation environment tuned after recorded data evaluation. Flight tests are

performed after sufficient performance is demonstrated in the laboratory.

7.2 Lab Tests and Results

Test setup in laboratory environment is employed by telescopic bars hanging from

ceiling and and it is assisted with a metal cable that is attached to the CG of the

frame. This setup helps to observe the controller outputs with varying throttle com-

mand inputs and platform reaction according to given inputs. It helps for tuning the

controller gains and avoided possible harm to platform. Telescopic bars are assisted

with metal cable suspended enables platform to swing freely, so that all attitude con-

trol inputs to throttle outputs can be observed. Dummy-Wing solution is emerged

from the concern that VTOL frame can not be tested in laboratory environment due

to the fact that the wing can be broken in trials and movement of free-swing effect

can not be sustained due to wing sizing.

95



7.2.1 Tricopter Lab Tests

The controller gains verified through simulations are hard-coded to Pixhawk micro-

controller to validate the simulation results. Test is started after steady condition for

free hanging state is sustained. Thus, test data is evaluated after platform gained

enough lift to carry out attitude commands. Pilot input throttle command is shown in

Figure (7.5). Attitude commands and throttle command are given through RC Trans-

mitter to observe reaction of tricopter platform.

Figure 7.1: Tricopter lab test result for the given roll command

Figure 7.2: Tricopter lab test photo
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Figure 7.3: Tricopter lab test result for the given theta command

Figure 7.4: Tricopter lab test result for the given yaw command

Figure 7.5: Tricopter lab test - throttle input command
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Figure 7.6: Tricopter lab test throttle responses of motors

The platform responses are shown in Figure (7.1), Figure (7.3), and Figure (7.4).

Platform throttle responses relative to given pilot commands are shown in Figure

(7.6). Test results show that the pilot commands are followed by the platform and

the idle state commands for roll and pitch commands followed by the controller as

steady state reference. Heading command for idle input state can be observed from

test results that platform retains its current heading.

7.2.2 Dummy-Wing VTOL Configuration Lab Tests

In order to test the VTOL configuration for safe conditions, dummy-wing is designed

with same inertia properties as the flying wing. Dummy-wing dimensions are cal-

culated according to base XPS material and carbon tube specifications [24]. Carbon

tube is used as a backbone to attach the dummy-wing to the tricopter frame and in-

creases the strength of XPS prism. Function is derived from inertia of the wing,

maximum and minimum limitation in dimensions for XPS and length for carbon tube

are defined. Additional mass required to meet the inertia properties of wing is also

calculated. Wheel balance weights are used for additional mass and located to the

edges of XPS as function outcome indicated. Dummy-wing is located to point where

CG of wing should be. Thus, wing inertia is moved to CG of tricopter frame, which

is also the point where aerodynamic forces acting on the wing, by using parallel-

axis theorem. Detailed information about dummy-wing calculations can be found in

Appendix-B. Before trying the VTOL tricopter mode attitude control flight, it is re-

quired to validate calculations and simulation results. Tests are carried out with freely
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swinging configuration in the laboratory environment.

Figure 7.7: Dummy-Wing configuration lab test photo

Figure 7.8: Dummy-Wing configuration lab test result for the given roll command

Figure 7.9: Dummy-Wing configuration lab test result for the given theta command
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Figure 7.10: Dummy-Wing configuration lab test result for the given yaw command

Figure 7.11: Dummy-Wing configuration lab test - throttle input command

Figure 7.12: Dummy-Wing configuration lab test - throttle responses of motors

The platform responses are shown in Figure (7.8), Figure (7.10), and Figure (7.10).

Pilot input throttle command is shown in Figure (7.11) and platform motor outputs

relative to given pilot commands are shown in Figure (7.12). During the lab tests,

it is observed that dummy-wing configuration is oscillating independent from main
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frame especially against counter input commands. It may be due to the increment of

mass and effect of wing inertia at the aft frame which causes twisting like movements

at back. These effects can be observed most likely in the roll commands in Figure

(7.8) between 37[sec] and 43[sec] duration. Beside these results, it is observed that

dummy-wing configuration gives enough information about handling capabilities of

VTOL configuration, such that flight tests can be performed. Dummy-wing configu-

ration flight tests are also performed but due to reactive effect of dummy-wing, it is

decided to move on VTOL configuration for flight tests, since both lab and flight tests

give enough confidence that controller performs as intended.

7.3 Flight Tests and Results

Flight tests are performed with the same platform configurations and validated con-

troller gains that are used in laboratory tests. In the following sections tricopter and

VTOL configurations’ flight results can be examined.

7.3.1 Tricopter Flight Tests

Tricopter frame is tested outside covering all control commands. It is observed during

the flight that pilot commands are followed easily by the system, and the pilot stated

that it is agile. Flight log is examined to confirm the flight observation.
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Figure 7.13: Tricopter flight test photo

Figure 7.14: Tricopter flight test result for the given roll command

Figure 7.15: Tricopter flight test result for the given theta command
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Figure 7.16: Tricopter flight test result for the given yaw command

Figure 7.17: Tricopter flight test - throttle input command

Figure 7.18: Tricopter flight test - throttle responses of motors

The flight test results for tricopter frame are presented in Figure (7.14), Figure (7.15)

and Figure (7.16) which show that the tricopter tracks commands as close as possible.

Results also indicate that pilot can achieve to lift the tricopter above 60% throttle

input as shown in Figure (7.17). Motor outputs also vary around the reference throttle
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percentage which are given in Figure (7.18). Handling capabilities and stability of the

controller give confidence to move on to the winged tricopter VTOL configuration

which is examined in the following sub-section.

7.3.2 VTOL Configuration Flight Tests

After performing flight test of tricopter and laboratory test of dummy-wing configu-

ration, wing is replaced with dummy-wing and tests are performed with VTOL con-

figuration. Beside dummy-wing, desired configuration frame is aligned with tricopter

main frame, so that during tests no aft body oscillations are observed.

Figure 7.19: VTOL tricopter mode attitude control flight test photo
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Figure 7.20: VTOL tricopter mode attitude control flight test result for the given roll

command

Figure 7.21: VTOL tricopter mode attitude control flight test result for the given theta

command

Figure 7.22: VTOL tricopter mode attitude control flight test result for the given yaw

command
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Figure 7.23: VTOL tricopter mode attitude control flight test - throttle input command

Figure 7.24: VTOL tricopter mode attitude control flight test - throttle responses of

motors

The tricopter mode attitude control flight test results for VTOL configuration are pre-

sented in Figure (7.20), Figure (7.21) and Figure (7.22) which show that the VTOL

tracks the pilot commands for all given commands with some offset. However, the

platform is controllable and responses to all commands. Results also indicate that pi-

lot can achieve to lift the tricopter above 80% throttle input as shown in Figure (7.23).

Motor outputs also varies around the reference throttle percentage which are given in

Figure (7.24). Pilot observed that heading control of platform can be enhanced but it

is not a drawback, and system is stable enough.
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CHAPTER 8

CONCLUSION

Aviation plays an important role on civilian and military areas and UAVs are becom-

ing important players with their growing diverse capabilities. Hybrid VTOL aircrafts

are designed to meet the need for effective VTOL and cruise flight capabilities with

improved performance. In this thesis, tilt-rotor approach with flying wing configura-

tion is proposed. Concept is to control take-off with differential thrust of three motors

with the help of aft tilt mechanism to sustain stability. After take-off platform gains

speed with all three motors and during transition to forward flight stage front motors

smoothly tilt and as the platform gains speed, wing surfaces become active for both

creating lift and attitude control. In order to model the proposed concept, wind tunnel

tests were performed to get motor-propeller characteristics, and test data is analysed.

Non-linear mathematical equations, aerodynamic and propulsion models are applied

to simulation environment.

In order to reduce complexity and increase the awareness of the each added features

and their outcomes, development stage is separated into tricopter and VTOL config-

urations. Model trim conditions are defined and MATLAB scripts for this purposes

are created. According to linearized equations, controller is designed. Control modes

(copter and plane), flight phases (tricopter attitude control, transition to forward flight,

forward flight, transition to tricopter attitude control), and methodologies are defined.

Blended inverse and weighted pseudo inverse approaches are applied for transition

control. Due to simulation results, both blended inverse and weighted pseudo inverse

control allocations performs well in transition to plane mode. However, blended in-

verse control allocation performs more smooth transition characteristics for transition

to tricopter mode, considering stability of the platform. For the tricopter attitude con-
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trol and forward flight controllers LQT and LQR-I are designed. Simulation tests are

performed to find the controller gains that meet desired attitude control outputs. In

order to avoid crushes, a freely-swinging setup is used for lab tests to validate model

results. After many failures, lab tests showed that proposed solution for the simu-

lation side does not completely reflects real-world conditions as expected. As test

results are analysed, responsiveness of motors are decreased and optimum gains are

obtained. After each successful lab test, flight tests are performed. First, using pre-

vious platform and its motor-propeller wind tunnel test results, as proposed in [26],

new LQT controller is designed as described in Appendix A. Lab and flight tests are

performed successfully. Speed hold controller is designed to be used both for alti-

tude control and transition control. However, flight test resulted in crush. Due to the

difficulty in purchasing same motors, a new motor and a propeller combination is se-

lected and wind tunnel tests are performed. Control strategy is differentiated from the

previous study and LQR-I approach is left due to unforeseeable outcomes of integral

wind-ups. Current controller tests are performed for attitude controller in tricopter,

dummy-wing and winged VTOL configurations successfully. Hardware selected for

the studies gives flexibility to develop and implement controller. Since, embedded

platform itself is open source, build-in libraries for sensors and actuators come with

it. The code is written with C++ in QT Creator under Ubuntu. Motor classes are

modified and autopilot source code is eliminated. LQT controller, simulation gains

and design logic are implemented to system.

For the future work, sensor models and motor-actuator responses will be modelled to

obtain simulation results relatively close to real-world. More precise GPS solutions

will be implemented to avoid sensor related control failures in altitude control using

speed control strategy. Forward flight tests will be performed and then transition

control allocation strategy will be tried. These will also enable to implement waypoint

navigation capabilities to system. Furthermore, full-autonomous take-off and landing,

cruise flights, and predefined waypoint actions may be performed during flight.
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[36] Tuğba Ünlü. Flight Control of a Tilt Duct UAV with Emphasis on The Over Ac-

tuated Transition Flight Phase. PhD thesis, Middle East Technical University,

2009.

111



112



Appendix A

A.1 Previous Platform Studies

In this section, previous platform studies are explained. Thesis studies started firstly

using given methodology and then applied to the new platform and developed.

A.1.1 Dynamic Model of Motor

Applying Equation (2.4) and Equation (2.5) to Axi 2826/10 motor and Xoar 11x4

propeller combination, fitting results can be observed in the following figures:

Figure A.1: Torque[N.m] vs. RPM relation with Axi 2826/10 motor and Xoar 11x4

propeller
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Figure A.2: Thrust[N] vs. RPM relation with Axi 2826/10 motor and Xoar 11x4

propeller

In the previous study [26], Torque - RPM, and Thrust - RPM relations were obtained

as shown in Figure (A.1) and Figure (A.2). QPROP model for Axi 2826/10 motor

and Xoar 11x4 propeller combination were tested and for this thesis, proper 2nd order

model was obtained with following thrust and torque coefficients:

kaxi = 1.22e− 07[N./RPM2]

laxi = 2.065e− 09[N.m/RPM2]
(A.1)

RPM-throttle and RPM-torque relations must be defined in order to be used both in

mathematical model of the system and conversions between thrust and torque param-

eters. Extracting from the experimental data as given in the Figure A.3, relation can

be expressed as follows:

RPM = −0.2299δth
2 + 103.2δth + 1907 (A.2)
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Figure A.3: RPM vs. Throttle[%] relation with Scorpion 3020-780kv and APC

11x5.5 propeller combination

A.1.2 Dynamic Model

Referencing Equation (2.31), translational motion can be expressed to find an equa-

tion related to ground speed of tricopter:

V̇E =


u̇E

v̇E

ẇE

 = L̇EB.VB + LEB.V̇B (A.3)

Derivative of LEB as given in Equation (A.3) can be obtained using orthogonality of

matrix LEB as stated in [11]:

L̇EB = ω̃E.LEB (A.4)

ω̃E can expressed as following:

ω̃E =


0 −ω̃z ω̃y

ω̃z 0 −ω̃x
−ω̃y ω̃x 0

 (A.5)

Hence, angular velocity notation can be represented as ω̃E.R = ωExR

Angular velocity transformation from earth fixed to body fixed frame can be ex-
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pressed as following:

ωB = LEB.ωE (A.6)

Using the skew-symmetric property of ω̃B, the expression (LBE.ω̃B)xLEB can be

written as:

ω̃E = LTBE.ω̃B.LBE (A.7)

By substituting Equation (A.7) into Equation (A.4), L̇EB can be represented as fol-

lowing:

L̇EB = LEB.ω̃B (A.8)

From Equation (A.8) and Equation (A.3) using reexpression of L̇EB, V̇B can ex-

pressed as following:

V̇B = LBE.(V̇E − LEB.ω̃B.VB) (A.9)

Substituting Equation (A.9) into Equation (2.31), external forces can be defined as

following:

F ext
B = m.(LBE.V̇E − LBE.LEB.ω̃B.VB + ω̃B.VB)

= m.(LBE.V̇E)
(A.10)

Alternatively using Equation (2.38) and Equation (A.10), forces acting on body fixed

frame can be expressed in terms of earth fixed frame velocity vectors, considering

L−1
BE = LEB.

m.V̇E =


0

0

mg

 + LEB.


(F1 + F2).sin(σ)

F3.sin(γ)

−(F1 + F2).cos(σ) − F3.cos(γ)

 (A.11)

Velocity vector of tricopter in earth fixed inertial frame is represented as VE vector,

so that it can be used to calculate ground speed reference into the system during

simulations.

A.1.3 Trimming Approach for Hover Position

Solving Equation (3.5) for characteristics of AXI 2826/10 motor and Xoar 11x4

wooden propeller combination, trim results for tricopter are obtained as following:
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Table A.1: Trim values for hover with AXI 2826/10 - Xoar 11x4 combination

Φ0 [deg] Θ0 [deg] Ψ0 [deg] γ0 [deg] Ω0,1 [rpm] Ω0,2 [rpm] Ω0,3 [rpm]

-0.7625 2.802e-08 -3.1944 2.2876 9149 7846 8523

A.1.4 Linearization of Hover Flight Equations

Change in angular rates will be derived from perturbed moments as shown in Equation

(3.8). Thus, perturbed motion of moment generated by propellers can be derived

by substituting Equation (3.1) and Equation (3.5) into total moment equation given

by Equation (2.48) and Equation (2.49). After simplification, constant part for each

equation will be neglected. Function becomes as follows:


∆L

∆M

∆N

 =
[
TC2M

]


∆Ω0,1

∆Ω0,2

∆Ω0,3

∆γ

∆σ

 (A.12)

Where TC2M is a [3x5] transformation matrix and functional relations used in TC2M

are defined in Matlab.Considering that, in attitude control front motors are positioned

vertically according to body axes, such that value of σ is zero. In other words, equa-

tions defined in TC2M with σ0 parameter will be taken zero and ∆σ state will be

omitted. Applying these changes angular rates can be represented as following:


∆ṗ

∆q̇

∆ṙ

 =


1

Ix
0 0

0
1

Iy
0

0 0
1

Iz


[
THC2M

]


∆Ω0,1

∆Ω0,2

∆Ω0,3

∆γ

 (A.13)

Derivation of dynamic model for translational motion is given in Equation (A.11).

Linearizations of the equations are obtained by applying assumptions in Equation

(3.1) on body fixed to earth fixed frame LEB. Propeller forces acting on body axes

are replaced by relative trim and perturbed portions. Also it is assumed that platform
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is in hover. When given information applied into Equation (A.11), following equation

is obtained:

m.


∆u̇

∆v̇

∆ẇ

 =
[
TC2V

]


∆Φ

∆Θ

∆Ψ

∆F Prop
XB

∆F Prop
YB

∆F Prop
ZB


+
[
CC2V

]
+


0

0

mg

 (A.14)

Where TC2V is a [3x6] transformation matrix and CC2V is a [3x1] constant vector.

Results showed that sum of vector CC2V and gravitational force acting on body are

negligibly small:

0 ∼=
[
CC2V

]
+


0

0

mg

 (A.15)

For attitude control case, equations defined in TC2V with σ0 parameter will be re-

placed by zero, such that there will be no propeller force acting on (XB), x-axis of

body fixed frame. Moreover, linearization results also showed that rate of change in Ψ

has almost no effect on variations in ground speed, so ∆Ψ command will be omitted.

Applying these changes angular rates can be represented as:


∆u̇

∆v̇

∆ẇ

 =
1

m

[
THC2V

]


∆Φ

∆Θ

∆F Prop
YB

∆F Prop
ZB

 (A.16)

A.1.5 Linear Quadratic Tracking Control

LQT and LQR-I are chosen to be used for the controller design. Since both of them

are linear controllers, linear state space approach is required to be used. As control

strategy guided, attitude commands is used to hold system in desired attitude.

The state space approach used for linearized solutions obtained in Equation (3.7),

(3.8) and Equation (A.13), states and inputs of the system for attitude control can be
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defined as follows:

∆x =
[
∆p ∆q ∆r ∆Φ ∆Θ ∆Ψ

]′
(A.17)

∆uh =
[
∆Ω1 ∆Ω2 ∆Ω3 ∆γ

]′
(A.18)

Linearized solution for states and inputs for ground-speed control can be defined as

follows:

∆xs =
[
∆u ∆v ∆w

]′
(A.19)

∆us =
[
∆Φ ∆Θ ∆F Prop

Y ∆F Prop
Z

]′
(A.20)

A.1.5.1 Linear Quadratic Tracking (LQT) Controller

A.1.5.1.1 LQT Controller - Attitude Control

From Equation (4.4), attitude control, where state and input vectors which are given

in Equation (A.17) and Equation (A.18) respectively, can be represented as follows:

∆ẋh(t) =
[
Ad

]


∆p(t)

∆q(t)

∆r(t)

∆Φ(t)

∆Θ(t)

∆Ψ(t)


+
[
Bd

]


∆Ω1(t)

∆Ω2(t)

∆Ω3(t)

∆γ(t)

 (A.21)

LQT optimal control approach for attitude control case can be derived by applying

Equation (4.12) into Equation (A.21) as follows:

u(t) =


∆Ω1(t)

∆Ω2(t)

∆Ω3(t)

∆γ(t)

 =
[
−KH

]


∆p(t)

∆q(t)

∆r(t)

∆Φ(t)

∆Θ(t)

∆Ψ(t)


+
[
KzH

]
∆Φ(t)

∆Θ(t)

∆Ψ(t)

 (A.22)

The gain matrices for attitude control are given in Appendix D.
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A.1.5.1.2 LQT Controller - Ground Speed Control

Ground speed control state space representation can be derived by applying Equation

(A.16) into Equation (4.4), where state and input vectors are Equation (A.19) and

Equation (A.20) can respectively be represented as follows:

∆ẋh(t) =
[
Ad

]
∆u(t)

∆v(t)

∆w(t)

 +
[
Bd

]


∆Φ(t)

∆Θ(t)

∆F Prop
Y (t)

∆F Prop
Z (t)

 (A.23)

LQT optimal control approach for ground speed control case can be derived by ap-

plying Equation (4.12) into Equation (A.23) as follows:

u(t) =


∆Φ

∆Θ

∆F Prop
Y

∆F Prop
Z

 =
[
−KH

]
∆uEnav(t)

∆vEnav(t)

∆wEnav(t)

 +
[
KzH

]
∆uEd(t)

∆vEd(t)

∆wEd(t)

 (A.24)

The gain matrices for ground speed control are given in Appendix D.

A.1.5.2 Linear Quadratic Regulator Control with Integral Action (LQR-I)

Linear quadratic controller is chosen to get desired output not just by controlling

desired states, but also minimizing steady state tracking errors. LQR approach tends

to hold outputs in desired reference, but in some cases it is unavoidable to reach zero

steady state error. More robust approach is to add external control that is defined

as integral action, such that even disturbances and model uncertainties exist in the

model. In order to use external loop output, error vector is needed to be defined. Let’s

define error using the notation as follows [19, 9]:

∆e(t) = ∆ud(t) − Cd∆x(t)

∆ż(t) = ∆e(t)
(A.25)

Where ud(t) is a [mx1] output setpoint vector and x(t) is a [nx1] state vector. Integral

feedback is given such that error integrator provides zero steady state as an input.
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Dynamic equation with new states can be defined as follows:

∆x(t) =
[
∆x(t) ∆z(t)

]
(A.26)

Where, x(t) is a [(n+m)x1] state vector. Equation (4.4) becomes:

ẋ(t) = Adx(t) +Bdu(t) + Edud(t)

y(t) = Cdx(t)
(A.27)

State, input and output matrices in Equation (A.28) can be represented as follows:

ẋ(t) =

 A 0

−C 0

x(t) +

B
0

u(t) +

 0

Im

ud(t)
y(t) =

[
C 0

]
x(t)

(A.28)

Augmented system applied in quadratic performance index is chosen for infinite time

case and it can be defined as follows:

Jd =
1

2

∞∑
t=t0

{
∆x(t)TQ∆x(t) + ∆u(t)TR∆u(t)

}
(A.29)

Where Q is positive semi-definite [(n+m) x (n+m)] state weight matrix, R is positive

definite [mxm] control weight matrix. The optimal control obtained from Hamilto-

nian form is given as

u∗(t) = −R−1B
T

d λ
∗(t) (A.30)

States are related to optimal costate by a transformation as follows:

λ∗(t) = Px∗(t) (A.31)

Equation (A.31) is satisfied by eliminating the costate, by P which is a Riccatti coef-

ficient matrix that satisfies the following differential Ricatti equation:

0 = −PAd − A
T

dP + PBdR
−1B

T

dP −Q (A.32)

Applying Equation (A.32) and Equation (A.31) into optimal control equation (A.30)

eliminating costate λ∗(t), optimal control becomes as follows:

u∗(t) = −R−1B
T

dPx(t) (A.33)
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Where Kalman gain K = R−1B
T

dP can be grouped into corresponding state and

error output vectors as follows:

K =
[
K −KI

]
u = −

[
K∆x(t) −KI∆z(t)

] (A.34)

where K is state control gain and KI is integral term.

A.1.5.2.1 Attitude Controller

LQR-I control approach for attitude control can be derived by applying Equation

(A.34) into Equation (A.21) where state and input vectors are Equation (4.1) and

Equation (4.2) respectively:

∆u(t) =


∆Ω1(t)

∆Ω2(t)

∆Ω3(t)

∆γ(t)

 =
[
−KH

]


∆p(t)

∆q(t)

∆r(t)

∆Φ(t)

∆Θ(t)

∆Ψ(t)


+
[
KIH

]
∆z(t) (A.35)

∆z(t) = ∆z(t− 1) + ∆e(t)∆t

∆e(t) =


∆Φd(t)

∆Θd(t)

∆Ψd(t)

−


∆Φnav(t)

∆Θnav(t)

∆Ψnav(t)

 (A.36)

The gain matrices for attitude control are given in Appendix D.

A.1.6 Control Allocation Approach

Simulations tests are based on two approaches. First approach is using controller

output as presented in Equation (A.18) and converting RPM commands to throttle

commands from deriving Equation (A.2).

Second approach is used for ground speed hold controller as a conversion approach,

which produces roll and pitch commands and beside that, it also produces force devi-

ations in x and y axis to hold the desired speeds as given in Equation (A.18). Attitude
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controller takes roll, pitch and yaw commands and creates control outputs as stated

in Equation (A.20). In order to apply the force deviations to attitude control out-

puts, control allocation equations are derived. Attitude controller outputs in Equation

(A.18) are converted to force and moments required to hold the system in desired

attitude by applying to the Equation (2.28), Equation (2.29) and Equation (2.26).

Total-moment outputs of controller are defined as LTC , MTC and NTC for roll, pitch

and yaw moments respectively. Thus, force outputs of controller are defined F P
YC

and

F P
ZC

for y and z body-axis respectively. Thrust generated in x-axis is omitted. In

hover position, motors do not create force in x-axis direction. Using the information

given for second approach, forces and moments required to hold tricopter in desired

states is given as below: 

FYd
P

FZd
P

LTd

MTd

NTd


=



FYC
P

FZC
P

LTC

MTC

NTC


+



∆FYB
P

∆FZB
P

0

0

0


(A.37)

Relation between Equation (A.37) and control inputs can be obtained using moment

and force equations, Equation (2.45), Equation(2.46) and Equation (2.44) respec-

tively, for tricopter frame as following:

Y

Z

L

M

N


=



0 0 0 k

−kcos(σ) −kcos(σ) −k 0

−kcos(σ)ry,1 − lsin(σ) −kcos(σ)ry,2 + lsin(σ) −kry,3 −krz,3
k(sin(σ)rz,1 + cos(σ)rx,1) k(sin(σ)rz,2 + cos(σ)rx,2) krx,3 −l
−ksin(σ)ry,1 + lcos(σ) −ksin(σ)ry,2 − lcos(σ) l krx,3



.


Ω1

2

Ω2
2

Ω3
2cos(γ)

Ω3
2sin(γ)


(A.38)

Total forces and moments are required to hold system in desired states are given in

Equation (A.38). Thus conversion between desired force and moment outputs can be
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converted to control inputs as below:


Ω1

2

Ω2
2

Ω3
2cos(γ)

Ω3
2sin(γ)

 =
[
TC2M

]


Y

Z

L

M

N


(A.39)

where TC2M is a [5x4] transformation matrix. Aft servo angle will be derived from

vectorial force components of aft motor, of which is a result of change in aft servo an-

gle as it is presented in Equation (4.17) Aft servo angle will be derived from vectorial

force components of aft motor as proposed in Equation (4.17)

A.1.7 Simulation Tests and Results

In this sub-section laboratory test results for previous platform are presented. Period

of Inner loop controllers were taken 50Hz, whereas outer loop control runs at 10Hz.

Test scenarios are created to observe LQT and LQR-I controllers’ performance. Dy-

namic and system models shown in Figure (A.4) and Figure (A.5) respectively.
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Figure A.4: Dynamic model of tricopter
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Figure A.5: System model of ground speed hold and attitude controllers
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A.1.7.1 Tricopter Roll Control

(a) LQT control result for the given roll command (b) LQR-I control result for the given roll command

(c) LQT control result for the given zero pitch command (d) LQR-I control result for the given zero pitch com-

mand

(e) LQT control result for the given zero yaw command (f) LQR-I control result for the given zero yaw command

(g) LQT - Throttle output of motors for the given roll

command

(h) LQR-I - Throttle output of motors for the given roll

command

(i) LQT - Aft servo output for the given roll command (j) LQR-I - Aft servo output for the given roll command

Figure A.6: Simulation results of LQT and LQR-I controllers for roll command
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A.1.7.2 Tricopter Pitch Control

(a) LQT control result for the given pitch command (b) LQR-I control result for the given pitch command

(c) LQT control result for the given zero roll command (d) LQR-I control result for the given zero roll command

(e) LQT control result for the given zero yaw command (f) LQR-I control result for the given zero yaw command

(g) LQT - Throttle output of motors for the given pitch

command

(h) LQR-I - Throttle output of motors for the given pitch

command

(i) LQT - Aft servo output for the given pitch command (j) LQR-I - Aft servo output for the given pitch command

Figure A.7: Simulation results of LQT and LQR-I controllers for pitch command
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A.1.7.3 Tricopter Yaw Control

(a) LQT control result for the given yaw command (b) LQR-I control result for the given yaw command

(c) LQT control result for the given zero roll command (d) LQR-I control result for the given zero roll command

(e) LQT control result for the given zero pitch command (f) LQR-I control result for the given zero pitch com-

mand

(g) LQT - Throttle output of motors for the given yaw

command

(h) LQR-I - Throttle output of motors for the given yaw

command

(i) LQT - Aft servo output for the given yaw command (j) LQR-I - Aft servo output for the given yaw command

Figure A.8: Simulation results of LQT and LQR-I controllers for yaw command
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A.1.7.4 Tricopter Ground Speed Hold Control

Ground speed hold controller simulations are carried out for zero velocity commands.

Controller is activated at 6 [sec] in simulation. Before ground speed controller is

activated, attitude controller is active feed with zero reference commands. Speed

controller produces roll and pitch commands and differential forces required to hold

speed. Period of inner loop attitude controller is 50 [Hz], and for outer loop, ground

speed hold control is 10 [Hz]. Attitude controller outputs converted by control al-

location block to drive motors and aft servo. Response of the platform is given in

Figure (A.9) for given speed commands. Simulation result shows that system hold

desired states with small offsets. Due to small offsets drifts in ground positions can

be observed in Figure (A.10).

Figure A.9: LQT-Tricopter ground velocity responses for given reference commands

Figure A.10: LQT-Tricopter ground position changes for given reference commands

130



(a) LQT - Response for roll command by ground speed controller

(b) LQT - Response for pitch command by ground speed controller

(c) LQT - Response for yaw command by ground speed controller

(d) LQT - Aft servo output for given attitude commands

(e) LQT - Throttle output of motors for given attitude commands

Figure A.11: Simulation results of LQT ground speed hold and attitude controllers

for given speed commands
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A.1.8 Flight Tests and Results

In this sub-section, flight test results for previous platform with LQT controller ap-

proach are presented. Period of inner loop controller is run at 50Hz.

A.1.8.1 Tricopter Flight Tests

Tricopter frame was tested outside covering all control commands. It was observed

during the flight that pilot commands were followed by the system and the platform

was responsive to the control inputs. Flight log was examined to compare how con-

troller was performed during flight test.

Figure A.12: Tricopter (Axi-Xoar configuration) flight test photo
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A.1.8.1.1 LQT Tri-coper Attitude Controller - Approach-1

Flight tests were performed according to first approach as suggested in subsection

(A.1.6), and its results are given as following:

Figure A.13: Tricopter flight test result for given roll command

Figure A.14: Tricopter flight test result for given pitch command

Figure A.15: Tricopter flight test result for given yaw command
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Figure A.16: Tricopter flight test - throttle input command

Figure A.17: Tricopter flight test - throttle responses of motors

The flight test results for tricopter frame are presented in Figure (A.13), Figure (A.14)

and Figure (A.15) which show that the tricopter tracks commands as intended. Results

also indicate that pilot can achieve to lift the tricopter with approximately 50% throttle

input as shown in Figure (A.16). Motor outputs also vary around the reference throttle

percentage which are given in Figure (A.17).

A.1.8.1.2 LQT Tricopter Attitude Controller - Approach-2

Flight test were performed according to second approach as given in subsection (A.1.6),

and its results are given as following:
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Figure A.18: Tricopter flight test result for given roll command

Figure A.19: Tricopter flight test result for given pitch command

Figure A.20: Tricopter flight test result for given yaw command
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Figure A.21: Tricopter flight test - throttle input command

Figure A.22: Tricopter flight test - throttle responses of motors

The flight test results for tricopter frame are presented in Figure (A.18), Figure (A.19)

and Figure (A.20) which show that the tricopter tracks commands as intended. Results

also indicate that pilot can achieve to lift the tricopter with approximately 50% throttle

input as shown in Figure (A.21). Motor outputs also vary around the reference throttle

percentage which are given in Figure (A.22).

During attitude control, only attitude control outputs are converted to forces and mo-

ments as an input to control allocation block as it is suggested in Equation (A.37),

and ground speed hold control output parameters are given as zero. Results prove

that control allocation presented in subsection (A.1.6) works as intended. Ground

speed hold controller had been activated during this flight test, but it did not work

and the tricopter crushed. It is evaluated that both controller gains and ground speed

source device may be the reason for crush. Controller gains were tested for the first

time, since laboratory test environment is not eligible for tests. Thus, controller gains
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may be too responsive to control the tricopter. GPS, ground speed source device, does

not guarantee accuracy for sensor results. There are GPS receivers with Real-Time-

Kinematic (RTK) capability to achieve centimetre level correction and positional ac-

curacy, which can give more accurate ground speed results. Tests may continue with

RTK-GPS and outdoor test stand may be required before performing flight tests.
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Appendix B

B.2 Dummy-wing Mass and Inertia Calculation

Figure B.23: Dummy-wing configuration layout

B.2.1 Mass Moment of Inertia of Prism

Mass moment of inertia of rectangular prism is calculated according to Equation

(B.40) is given below [24]:

Ixpsx =
mxps(z

2
xps + y2

xps)

12

Ixpsy =
mxps(z

2
xps + x2

xps)

12

Ixpsy =
mxps(x

2
xps + y2

xps)

12

(B.40)

Where Ixpsx , Ixpsy , Ixpsz presents the mass moment of inertia about x, y and z axes

respectively. Mass of prism is presented as mxps. Thus, dimensions of the prism

are presented as xxps, yxps, zxps. Density is calculated according to sample XPS

prism’s weight and dimension of which same radii properties used for dummy-wing

construction. Due to material dimensional restrictions, its length yxps is predefined
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before the calculations. Although the material itself is non-uniform, for simplicity

and considering its weight and inertia contribution onto overall construction, it is

assumed to be uniform.

B.2.2 Dummy Weights

Weights and inertias of XPS prism and carbon tube are not enough to meet the wing

mass and inertia properties. Due to that reason, identical dummy masses are required.

Each of the masses are predefined and chosen as 95 [gr]. Dummy mass is presented

as mdummy and they are located on the edges of XPS prism. Mass moment of inertia

is calculated for each of the dummy masses according to equations given in [21]

considering the positions according to body fixed frame as shown in Figure (B.23).

B.2.3 Mass Moment of Inertia of Hollow Cylinder

Mass moment of inertia of hollow cylinder is calculated according to equation (B.41)

as given below [24]

Ictx =
mct

12
(3(R2

1 +R2
2) + h2

ct)

Icty =
mct

12
(3(R2

1 +R2
2) + h2

ct)

Ictz =
mct

2
(R2

1 +R2
2)

(B.41)

Where Ictx , Icty , Ictz presents the mass moment of inertia about x, y and z axes respec-

tively. Mass of carbon tube is presented as mct. Inner and outer radii are presented as

R1 and R2 respectively. Thus, length of the carbon tube is presented as hct. Mass of

carbon tube is calculated as given equation (B.42) below:

mct = dct[kg/m].hct[m] (B.42)

Where dct presents linear density of tube. Density is calculated according to sam-

ple tube’s weight and length of which same radius properties used for dummy-wing

construction. Furthermore, it is assumed to be uniform.

140



Appendix C

In this appendix, LQT control weight matrices, controller gains and eigen vectors

of closed loop state matrix is given for Scorpion SII-3020-780Kv motor and 11x5.5

APC configuration of tilt rotor tricopter VTOL platform. Moreover, transition weight

matrices are given both weighted pseudo inverse and blended inverse approach.

C.3 LQT - Weighting Matrices and Gains for Tricopter Attitude Control

Rtricopterv2 =


0.1920 0 0

0 0.0979 0

0 0 0.04496

 (C.43)

Qtricopterv2 =


5.1876 0 0

0 5.1876 0

0 0 1.0537

 (C.44)

Ktricopterv2 =


1.1671 0 0 5.1876 0 0

0 2.1317 −0.0042 0 5.1876 0.0462

0 −0.0146 1.1368 0 −0.1514 4.8407

 (C.45)

KZtricopterv2
=


5.1876 0 0

0 5.1876 0.0462

0 −0.1514 4.8407

 (C.46)
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eig(Atriv2closedloop) =



−4.4534 + 4.4534i

−4.4534 − 4.4534i

−3.5192 + 3.5192i

−3.5192 − 3.5192i

−3.4126 + 3.4126i

−3.4126 − 3.4126i


(C.47)

C.4 LQT - Weighting Matrices and Gains for Forward Flight Control

Rplane =


0.01 0 0

0 0.0003 0

0 0 0.0004

 (C.48)

Qplane =


29.1805 0 0

0 29.1805 0

0 0 3.0396

 (C.49)

Kplane =


5.0278 0 0.3656 53.6200 0 −2.1150

0 −13.4263 0 0 −341.6460 0

−1.8312 0 −13.5750 −31.0836 0 −82.0886


(C.50)

KZplane =


53.6200 0 −2.1150

0 −341.6460 0

−31.0836 0 −82.0886

 (C.51)
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eig(Aplaneclosedloop) =



−10.7535 + 10.7535i

−10.7535 − 10.7535i

−6.2210 + 6.2210i

−6.2210 − 6.2210i

−25.4461 + 25.4461i

−25.4461 − 25.4461i


(C.52)

C.5 Weighted Pseudo Inverse - Transition to Forward Flight Control

WWPIt2p =



e1
96504

e1
96504

e1
96504

e1
96504sin(pi/4)2

0.5e2
202

0.5e2
202

0.5e2
202


(C.53)

e1 = 0.1 +
V∞

2

3020.9
(C.54)

e2 = 1 − e1 (C.55)

C.6 Blended Inverse - Transition to Forward Flight Control

qt2p = I7x7 (C.56)

WBIt2p =



1
96504

1
96504

6
96504cos(pi/12)2

6
96504sin(pi/4)2

0.5
202

1
302

0.5
202


(C.57)
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Ω1t2p [RPM ] = 21.51V∞
2 − 597.1V∞ + 1.087e+ 04

Ω2t2p [RPM ] = 21.33V∞
2 − 592.2V∞ + 1.084e+ 04

Ω3t2p [RPM ] = 122.5V∞
2 − 2943V∞ + 2.026e+ 04

γt2p[deg] = −0.03182V∞
2 + 0.8568V∞ − 5.564

δelevt2p [deg] = 0.1829V∞
2 − 5.251V∞ + 21.69

udest2p =



Ω2
1t2p

Ω2
2t2p

Ω2
3t2p

cos(γt2p)

Ω2
3t2p

sin(γt2p)

0

δelevt2p

0



(C.58)

C.7 Weighted Pseudo Inverse - Transition to Tricopter Attitude Control

WWPIt2p =



e1
96502

e1
96502

6e1
96502cos(pi/12)2

6e1
96502sin(pi/12)2

e2
202

e2
202

e2
302


(C.59)

e1 = 0.01 +
V∞

2

3020.99
(C.60)

e2 = 1 − e1 + 0.001 (C.61)

C.8 Blended Inverse - Transition to Tricopter Attitude Control

qp2t = I7x7 (C.62)

144



WBIp2t =



e1
96502

e1
96502

6e1
96502cos(pi/12)2

6e1
96502sin(pi/4)2

0.5e2
202

e2
302

0.5e2
202


(C.63)

Ω1p2t [RPM ] = 18.47V∞
2 − 515.1V∞ + 1.034e+ 04

Ω2p2t [RPM ] = 18.47V∞
2 − 515.1V∞ + 1.034e+ 04

Ω3p2t [RPM ] = −13.52V∞
2 + 729.1V∞ − 7678

γp2t[deg] = 0.0002251V∞
2 − 0.008322V∞ + 0.07551

δelevp2t [deg] = 0.1779V∞
2 − 5.119V∞ + 15.82

udesp2t =



Ω1p2t

Ω2p2t

Ω3p2tcos(γp2t)

Ω3p2tsin(γp2t)

0

δelevp2t

0



(C.64)
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Appendix D

In this appendix, weight matrices, controller gains and eigen vectors of closed loop

state matrix of LQT and LQR-I controllers are given for AXI 2826/10 motor - Xoar

11x4 propeller configuration of tricopter platform.

D.9 LQT - Weighting Matrices and Gains for Tricopter Attitude Control

Rlqtv1 =


5.64e− 6 0 0 0

0 5.64e− 6 0 0

0 0 5.64e− 6 0

0 0 0 0.1862

 (D.65)

Qlqtv1 =


12.7324 0 0

0 19.0986 0

0 0 7.1620

 (D.66)

Klqtv1 =


118.077 114.870 5.050 1011.244 737.389 46.737

−132.231 126.988 −15.666 −1102.118 767.173 −79.579

−5.0116 −240.529 9.0150 −70.890 −1499.780 23.137

0.047 −0.023 −0.708 0.654 −0.301 −6.180


(D.67)

KZlqtv1
=


1011.244 737.389 46.737

−1102.118 767.173 −79.579

−70.890 −1499.780 23.137

0.654 −0.301 −6.180

 (D.68)
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eig(Alqtv1closedloop) =



−8.8925 + 8.8925i

−8.8925 − 8.8925i

−8.3203 + 8.3203i

−8.3203 − 8.3203i

−6.2118 + 6.2118i

−6.2118 − 6.2118i


(D.69)

D.10 LQR-I - Weighting Matrices and Gains for Attitude Control

Rlqriv1 =


0.0043 0 0 0

0 0.0043 0 0

0 0 0.0043 0

0 0 0 47.7465

 (D.70)

Qlqriv1 =



0.25 0 0 0 0 0 0 0 0

0 0.25 0 0 0 0 0 0 0

0 0 0.25 0 0 0 0 0 0

0 0 0 0.5 0 0 0 0 0

0 0 0 0 0.25 0 0 0 0

0 0 0 0 0 0.5 0 0 0

0 0 0 0 0 0 32.8 0 0

0 0 0 0 0 0 0 73.9 0

0 0 0 0 0 0 0 0 8.9



(D.71)

Klqriv1 =


28.7782 32.6318 1.1965 58.3043 52.7302 2.3514

−32.6125 36.3399 −4.3948 −63.7028 53.8004 −4.6397

−0.8668 −68.5734 2.7655 −3.9406 −106.2715 1.7501

0.0184 −0.0125 −0.1989 0.0905 −0.0662 −0.4277


(D.72)
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KZlqriv1
=


58.3043 52.7302 2.3514

−63.7028 53.8004 −4.6397

−3.9406 −106.2715 1.7501

0.0905 −0.0662 −0.4277

 (D.73)

D.11 LQT - Weighting Matrices and Gains for Tricopter Ground Speed Hold

Control

RV holdv1 =


146.4225 0 0 0

0 146.4225 0 0

0 0 1.0963 0

0 0 0 0.0470

 (D.74)

QV Holdv1 =


4 0 0

0 8 0

0 0 10

 (D.75)

KV holdv1 =


0 0.2145 −0.0006

−0.1653 0 0

0 1.0729 −0.0199

0 0.0637 14.5890

 (D.76)

KZV holdv1 =


0 0.2145 −0.0006

−0.1653 0 0

0 1.0729 −0.0199

0 0.0637 14.5890

 (D.77)

eig(AV holdclosedloop) =


−1.6216

−5.3586

−2.4976

 (D.78)
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Appendix E

E.12 Coefficients of Motor-Propeller Surface Fit Equations

Table E.2: Coefficients of Force Surface Fit Equations

σ [deg] a0 a1 a2 a3 a4 a5

90 1.912 -0.09383 -0.0008031 -0.01711 7.427e-06 2.48e-07

70 1.915 -0.03305 -0.0009265 -0.01537 4.467e-07 2.647e-07

50 1.641 -0.04156 -0.0007519 -0.009203 3.486e-06 2.492e-07

30 1.703 -0.1408 -0.0006502 5.586e-06 1.575e-05 2.319e-07

0 0.5811 -0.1043 -0.0002887 -0.006627 1.553e-05 2.056e-07

Table E.3: Coefficients of Torque Surface Fit Equations

σ [deg] b0 b1 b2 b3 b4 b5

90 -0.07316 0.0009318 3.35e-05 0.0002711 -4.82e-07 -6.15e-09

70 -0.05737 0.0004911 2.80e-05 0.0002637 -4.33e-07 -5.81e-09

50 -0.05253 0.0001433 2.57e-05 0.0001469 -3.62e-07 -5.55e-09

30 -0.0481 -0.0002621 2.54e-05 6.695e-05 -2.91e-07 -5.51e-09

0 -0.04425 0.0008161 2.35e-05 -3.198e-05 -3.88e-07 5.38e-09

Table E.4: Coefficients of RPM Surface Fit Equations

σ [deg] c0 c1 c2 c3 c4 c5

90 2217 -26.42 103.4 6.774 -1.646 -0.1651

70 1833 57.04 91.7 2.592 -1.195 -0.108

50 1887 25.24 102.1 1.288 -0.6223 -0.2128

30 1783 12.67 106.1 -0.6159 -0.1332 -0.2615

0 1735 -18.3 113 -0.6369 0.2276 -0.3325
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E.13 Aerodynamic Coefficients

Aerodynamic coefficients that are given below are multiplied with relative control

surface deflections, α and β values. Unit of these parameters is degree.

Table E.5: CX aerodynamic coefficients

CX0 ∆CXδelev ∆CXδail ∆CXα ∆CXα2

-0.0299 0.003 -0.0028 7.1703e-04 4.9220e-04

Table E.6: CY aerodynamic coefficient

∆CYβ -0.0035

Table E.7: CZ aerodynamic coefficients

CZ0 ∆CZδelev ∆CZα

-0.0657 -0.0162 -0.0523

Table E.8: Cl aerodynamic coefficients

∆Clδail ∆Clβ

0.0053 -9.8137e-04

Table E.9: Cm aerodynamic coefficients

Cm0 ∆Cmδelev ∆Cmα

-0.0548 -0.0248 -0.0398

Table E.10: Cn aerodynamic coefficients

∆Cnδrud ∆Cnβ

-0.0017 0.0012
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E.14 VTOL and Tricopter Parameters

Ivtol =


0.2995 −0.0004 0.0096

−0.0004 0.3756 0.0004

0.0096 0.0004 0.4238

 [kg.m2] (E.79)

mvtol = 4 [kg] (E.80)

Itri =


0.1310 −0.0004 0.0020

−0.0004 0.3121 0.0004

0.0020 0.0004 0.1958

 [kg.m2] (E.81)

mtri = 3 [kg] (E.82)

Table E.11: Position vectors of each motor according to Center of Gravity (CG)

x y z

r1 0.2700 -0.4450 -0.0384

r2 0.2700 0.4450 -0.0384

r3 -0.5400 0 -0.0384

The unit of measurement that is given in Table (E.11) is meter.
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