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ABSTRACT 

 

MODELING OF REACTION AND DEGRADATION MECHANISMS IN 

LITHIUM-SULFUR BATTERIES 

 

Erişen, Nisa 

Master of Science, Chemical Engineering 

Supervisor: Prof. Dr. Görkem Külah 

Co-Supervisor: Asst. Prof. Dr. Damla Eroğlu Pala 

 

June 2019, 136 pages 

 

Lithium-sulfur batteries are promising alternatives for the energy storage systems 

beyond Li-ion batteries due to their high theoretical specific energy (2567 Wh/kg) in 

addition to the natural abundancy, non-toxicity and low cost of sulfur. The reaction 

and degradation mechanisms in a Li-S battery include various electrochemical and 

precipitation/dissolution reactions of sulfur and polysulfides; however, the exact 

mechanism is still unclear. In this study, the effect of critical cathode design 

parameters such as carbon to sulfur (C/S) and electrolyte to sulfur (E/S) ratios in the 

cathode, on the electrochemical performance of a Li-S battery is modeled by defining 

each of the two discharge plateaus with a single electrochemical reaction. In the first 

part, a 1-D, concentration-independent model is developed which estimates the 

electrochemical performance through the cell voltage at 60% depth of discharge 

(corresponds to the low voltage plateau) and validated with experimental results. In 

the second part, a 1-D, concentration-dependent, spatiotemporal model is developed 

to predict the entire discharge behavior of the Li-S cell. As the C/S ratio increases, cell 

voltage of the Li-S battery also increases up to a certain limit. While further increase 

in the C/S ratio causes no change in the cell voltage, it slightly decreases the capacity 

due to the reduction in the active material. The increase in the E/S ratio in the cathode 
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ends up with a significant increase in the cell voltage and capacity. Due to limited 

active material utilization, the discharge capacity becomes very low at low E/S ratios. 

Finally, a sensitivity analysis is performed to understand the effect of diffusion 

coefficients of the species, electrochemical reaction kinetics and 

precipitation/dissolution kinetics on the predicted discharge curve. 

 

Keywords: Lithium-Sulfur Battery, Electrochemical modeling, Carbon to sulfur ratio 

in the cathode, Electrolyte to sulfur ratio in the cathode  
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ÖZ 

 

LİTYUM-SÜLFÜR PİLLERİNDEKİ REAKSİYON VE BOZUNMA 

MEKANİZMALARININ MODELLENMESİ 

 

Erişen, Nisa 

Yüksek Lisans, Kimya Mühendisliği 

Tez Danışmanı: Prof. Dr. Görkem Külah 

Ortak Tez Danışmanı: Dr. Öğr. Üyesi Damla Eroğlu Pala 

 

Haziran 2019, 136 sayfa 

 

Lityum-Sülfür bataryalar, yüksek teorik özgül enerjileri (2567 Wh / kg) ve sülfürün 

doğal bolluğu, toksik olmaması ve düşük maliyeti gibi avantajları nedeniyle post Li-

iyon batarya enerji depolama sistemleri için en iyi alternatiflerden biridir. Li-S 

pilindeki reaksiyon ve bozunma mekanizmaları çeşitli elektrokimyasal ve 

çökeltme/çözünme reaksiyonlarını içermektedir. Bu çalışmada, her iki deşarj 

platosunu da tek bir elektrokimyasal reaksiyonla temsil ederek, katotta karbonun 

sülfüre (C/S) ve elektrolitin sülfüre (E/S) oranları gibi kritik katot tasarım 

parametrelerinin, Li-S pillerinin elektrokimyasal performansı üzerine etkileri 

modellenmiştir. İlk bölümde, %60 deşarj derinliğinde (düşük voltaj platosuna karşılık 

gelen) hücre voltajı vasıtasıyla elektrokimyasal performansı tahmin eden ve deneysel 

sonuçlarla doğrulanan tek-boyutlu, konsantrasyondan bağımsız bir model 

geliştirilmiştir. İkinci bölümde ise, tek-boyutlu, zamana ve pozisyona bağlı, 

konsantrasyon değişimini hesaba katan bir model geliştirilmiş ve tüm deşarj eğrisi 

öngörülmüştür. C/S oranı arttıkça, Li-S pilinin hücre voltajı da belli bir limite kadar 

yükselmektedir. C/S oranında ilave bir artış ise hücre voltajında bir değişikliğe neden 

olmamakla birlikte, aktif malzemedeki azalma nedeniyle kapasiteyi hafifçe 

azaltmaktadır. Katotta E/S oranının artması, hücre voltajını ve kapasiteyi önemli 
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ölçüde arttırmaktadır. Aktif malzeme kullanımının sınırlandırılmasından dolayı, 

deşarj kapasitesi, düşük E/S oranlarında çok az olmaktadır. Son olarak, difüzyon 

katsayılarının, elektrokimyasal reaksiyon kinetiğinin ve çökelme/çözünme kinetiğinin 

etkilerini anlamak için modelde bir duyarlılık analizi yapılmıştır. 

 

Anahtar Kelimeler: Lityum-Sülfür pilleri, Elektrokimyasal modelleme, Katotta 

karbonun sülfüre oranı, Katotta elektrolitin sülfüre oranı 
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CHAPTER 1  

 

1. INTRODUCTION 

 

Electrical energy is a crucial requirement worldwide, which is provided mainly by 

fossil fuels. However, alternative energy generation systems should be implemented 

due to not only the fossil fuel depletion but also their negative effect on the 

environment such as harmful gas emissions and global warming. Although energy 

production from renewable energy sources like solar, wind, hydropower and 

geothermal is gaining significant attention, high energy density and low cost energy 

storage systems are also required for the efficient use of these renewable sources [1]. 

Secondary or rechargeable batteries are highly promising as energy storage systems. 

With the introduction of Li-ion batteries in 1991, they became a part of portable 

electronic devices and electric vehicle systems. However, Li-ion batteries have been 

improved significantly since then and almost reached their maximum energy density 

level, which may not be enough to meet the demands of markets expecting higher 

capacities for the long-range operation. Thus, the need of new energy storage systems 

with new chemistries has arisen [1,2]. 

Lithium-sulfur (Li-S) batteries are one of the most promising candidates in energy 

storage systems beyond Li-ion batteries due to their advantageous properties like high 

theoretical specific energy (2567 Wh/kg) and sulfur’s natural abundancy, non-toxicity 

and low cost [2–5]. Although Li-S cells were first developed in the late 1960s, they 

have regained attention in the recent years due to their superior properties [1,6].  

The schematic of the Lithium-Sulfur battery can be seen in Figure 1.1 [7]. Li-S cells 

are composed of a lithium metal at the anode, sulfur, carbon, binder and organic 

electrolyte at the cathode and a porous separator in between. Both lithium and sulfur 
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have high theoretical specific capacity, which are 3860 and 1675 mAh g-1, respectively 

[1,8]. 

 

Figure 1.1. The schematic of the Lithium-Sulfur battery [7] 

 

The overall redox reaction of the Li-S battery with a standard potential of U0 = 2.2 V 

(vs Li/Li+) is given in Equation (1.1) [3–5,9]. 

16 𝐿𝑖+ 𝑆8 ↔ 8 𝐿𝑖2𝑆 (1.1) 

The discharge curve of the Li-S battery consists of two distinct regions, which are the 

high and the low voltage plateaus, separated by a local voltage minimum [10]. During 

discharge, Li metal at the anode oxidizes into Li+ ions, which are transferred to the 

cathode through the separator and react with the elemental sulfur. The oxidation 

reaction of Li metal is shown in Equation (1.2). 

𝐿𝑖 ↔ 𝐿𝑖+ + 𝑒− (1.2) 

In the cathode during discharge, sulfur reduces into lithium polysulfides (Li2Sx) and 

eventually to lithium sulfide (Li2S), the end discharge product. In the high voltage 
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plateau (2.4-2.1 V), the solid sulfur, S8 reduces into soluble Li2S8, Li2S6 and Li2S4 

subsequently. While Li2S8 and Li2S6 are identified as high-order polysulfides, Li2S4 

and lower orders are identified as low-order polysulfides. Thus, in the high voltage 

plateau, transition from the solid-state sulfur to liquid-state Li2S4 with formation of 

the intermediate liquid-state polysulfides occurs, which corresponds to a theoretical 

capacity of 418 mAh g-1. The potential of the high voltage region decreases 

continuously and forms a local minimum when Li2S precipitation starts. In the low 

voltage plateau (2.1-1.5 V), further reduction of liquid-state Li2S4 into solid-state Li2S2 

and Li2S occurs. The transition in the low-voltage plateau leads to a theoretical 

capacity of 1254 mAh g-1 making the major contribution to the discharge capacity of 

the cell, depending on the polysulfide products. The multistep electrochemical 

reactions in the cathode of the Li-S cell are shown in Equation (1.3)-(1.7).  

1

2
𝑆8

0 + 𝑒− ↔
1

2
𝑆8

2− (1.3) 

3

2
𝑆8

2− + 𝑒− ↔ 2𝑆6
2−

 (1.4) 

𝑆6
2− + 𝑒− ↔

3

2
𝑆4

2− (1.5) 

1

2
𝑆4

2− + 𝑒− ↔ 𝑆2
2− (1.6) 

1

2
𝑆2

2− + 𝑒− ↔ 2𝑆2− (1.7) 

The precipitation/dissolution reactions shown in Equation (1.8)-(1.13). 

𝑆8(𝑠) ↔ 𝑆8
0  (1.8) 

2𝐿𝑖+ + 𝑆8
2− ↔ 𝐿𝑖2𝑆8  (1.9) 

2𝐿𝑖+ + 𝑆6
2− ↔ 𝐿𝑖2𝑆6 (1.10) 



 

 

 

4 

 

2𝐿𝑖+ + 𝑆4
2− ↔ 𝐿𝑖2𝑆4 (1.11) 

2𝐿𝑖+ + 𝑆2
2− ↔ 𝐿𝑖2𝑆2 (1.12) 

2𝐿𝑖+ + 𝑆2− ↔ 𝐿𝑖2𝑆 (1.13) 

The charge curve of the Li-S battery consists of continuous steps with two overlapping 

voltage regions [1,8,11]. Solid-state Li2S2 and Li2S oxidizes into intermediate 

polysulfides and eventually into S8. The representative charge-discharge curve is 

shown in Figure 1.2 [8]. 

 

 

Figure 1.2. The representative charge-discharge curve of a Li-S Battery [8] 

 

Although Li-S batteries are advantageous, there are certain challenges which limit 

their capacities and cycle lives. Firstly, the precipitation of the insulating materials 

(sulfur, Li2S) in the cathode surface reduces the electronic conductivity and leads to 

poor active material utilization. Secondly, the soluble polysulfides produced at the 

cathode during charge can migrate to the anode forming lower-order polysulfides and 
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either precipitate on the anode surface or migrate back to cathode and be reoxidized 

again. This process is called the polysulfide shuttle mechanism and it leads to rapid 

capacity fading and Li anode corrosion. Thirdly, due to the instability of the Li metal, 

the anode can be exposed to morphological changes leading to a surface area increase 

and eventually to Li/ electrolyte depletion. Lastly, the volume change in the cathode 

due to the difference in the densities of sulfur and end product Li2S causes the 

pulverization of the cathode and loss of electrical contact between the insulating 

materials and conductive carbon, which leads to rapid capacity fade [1–5,8,9]. 

As a consequence of the complex cathode kinetics in Li-S cells, cell design has an 

important role in both electrochemical performance and systems-level specific energy 

and energy density of the battery [3,4]. Carbon to sulfur (C/S) ratio in the cathode is 

one of these critical design parameters [3,4,12–17]. Since both the sulfur and the end-

product Li2S have an insulating nature, carbon must be added into the cathode to 

enhance the electrochemically active area and electronic conductivity [4]. However, 

too much increase in the C/S ratio ends up with a reduced systems-level energy density 

since carbon is an inactive material in the cell. Electrolyte to sulfur (E/S) ratio in the 

cathode is another critical design parameter [4,5,15,16,18–23]. E/S ratio defines the 

polysulfide electrolyte concentration which controls the precipitation/dissolution 

reactions and shuttle mechanism, and it determines the active material utilization at 

the cathode [4]. Increasing E/S ratio enhances the discharge capacity and cycle life of 

the battery by improving the cathode kinetics. However, using excess electrolyte in 

the cell ends up with lower systems-level energy density [5]. Thus, electrochemical 

performance and systems-level specific energy and energy density of the battery 

strongly depends on these two critical design parameters. 

Electrochemical modeling of the reaction and shuttle mechanisms in the Li‐S battery 

has been studied previously [10,24–37]. Since Li-S battery chemistry consists of a 

complicated multistep reaction mechanism, which is not completely agreed upon, 

there is a variety of approaches to model the system. While some of these models use 

comprehensive reaction mechanisms [10,25,26,29-35,37], there are others using a 
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simplified reaction mechanism including a single reaction for each of the discharge 

plateaus [24,27,36].  Moreover, while polysulfide shuttle mechanism is taken into 

account in some of the models [24,27,33,36,37], it is neglected in other studies 

[10,25,26,28–32,34,35]. As mentioned previously, C/S and E/S ratios in the cathode 

are critical design parameters; however, there are limited number of models 

investigating the effect of these parameters on the electrochemical performance of the 

Li-S cell. 

1.1. Scope of the Current Work 

Due to the complex and multistep cathode reactions, Li-S cell design has a crucial 

effect on the electrochemical performance as well as the systems-level specific energy 

and energy density [3,4]. One of these critical design parameters is carbon to sulfur 

ratio in the cathode [3,4,12–17]. As the incorporated carbon amount in the cathode 

increases both the electrochemically active area and the electronic conductivity are 

enhanced, while further increase in C/S ratio leads to the reduction in the systems-

level performance. The other critical design parameter is electrolyte to sulfur ratio in 

the cathode [4,5,15,16,18–23]. While increasing E/S ratio, which defines the 

polysulfide electrolyte concentration, enhances the cathode kinetics, too much 

increase leads to the reduction in the systems-level performance. Therefore, 

investigating the effect of carbon to sulfur and electrolyte to sulfur ratios in the cathode 

is essential for the Li-S cell design. A detailed literature survey about the effect of C/S 

and E/S ratios on the electrochemical performance and the electrochemical modeling 

studies of Li-S cell are given in Chapter 2. However, the modeling studies 

investigating the effect of these critical cathode design parameters are limited in the 

literature.  

The scope of this work is to develop a model for determining the effects of C/S and 

E/S ratios on the discharge behavior of the Li-S cell. Since developing a complicated 

model requires too many assigned model parameters and computational work, the aim 

is to develop the electrochemical model as simple as possible. Thus, the multistep 
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cathode redox reaction mechanism is simplified into only two electrochemical 

reactions, one for high voltage plateau and one for low voltage plateau. This simplified 

reaction mechanism in the cathode used in this study allows the usage of a single 

kinetic parameter for each discharge region, the cathode exchange current density, 

which can be estimated by comparing the model predictions for cell resistance with 

the experimentally measured impedances. Consequently, this model allows for the 

direct comparison of the model predictions with the experimental results. In addition, 

investigating the effect of C/S and E/S ratio on the electrochemical performance of 

the Li-S cell via this simple model enables to predict the performance of the Li-S 

battery, which provides a useful interpretation for the cell design.  

In the first part of this study, a 1-D, concentration-independent model is developed to 

estimate the electrochemical performance through the cell voltage at 60% depth of 

discharge for a given current density. 60% DOD is chosen due to the relatively 

constant voltage in the lower discharge plateau [10,11,26,30]. By comparing the 

experimental resistance data with the estimations of area-specific impedance of the 

cell, the only kinetic parameter at the corresponding DOD, the cathode exchange 

current density is predicted. Therefore, the effect of C/S ratio on the electrochemical 

performance is investigated via this model [4] and the model predictions are compared 

with the experimental data [12,14,17].  

In the second part of this study, the previous model is improved by considering the 

concentration variations along the cathode and a 1-D, concentration-dependent, 

spatiotemporal model is developed, based on the study of Kumaresan et al. [10], to 

estimate the entire discharge profile and investigate the effect of C/S and E/S ratios on 

the electrochemical performance of the Li-S cell. Each variable’s spatiotemporal 

variations along the cathode and the discharge profile of Li-S cell for 1C discharge 

rate are found by using a block tri-diagonal matrix algorithm in FORTRAN 

programming language [38]. The detailed explanations of the developed models and 

the results of effect of critical design parameters on the electrochemical performance 

are given in Chapters 3 and 4, respectively.  
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Finally, a sensitivity analysis is performed in order to analyze the effect of assumed 

parameters in the model. These parameters are the diffusion coefficients of the species, 

the exchange current densities of the electrochemical reactions, the solubility products 

of the precipitates and the rate constants for the precipitation/dissolution reactions. 

The results and discussion of the sensitivity analysis are presented in Chapter 4. 
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CHAPTER 2  

 

2. LITERATURE REVIEW  

 

In this chapter, previous studies on the Lithium-Sulfur battery literature are explained, 

which are grouped as; studies investigating the effect of carbon to sulfur (C/S) ratio 

on the electrochemical performance of Li-S battery, studies investigating the effect of 

electrolyte to sulfur (E/S) ratio on the electrochemical performance of Li-S battery 

and studies of electrochemical modeling of reaction mechanisms in Li-S battery. 

2.1. Previous Studies Investigating the Effect of Carbon to Sulfur (C/S) Ratio on 

the Electrochemical Performance of a Li-S Battery  

Previous studies in the literature that are related to the effect of the carbon to sulfur 

ratio on the electrochemical performance are explained below in chronological order.  

In the study of Shim et al. [13], the effect of sulfur content in the Li-S cell is 

investigated by keeping the carbon to binder ratio constant at 2. The cells contain 50, 

60, 70 and 80 wt% sulfur and 70% sulfur containing electrode gives the highest 

capacity. In addition, the average capacity loss rate is investigated to characterize the 

cycling behavior of the cells. It is found that varying the sulfur content while keeping 

the ratio of carbon to binder constant at 2 does not affect the capacity loss rate. They 

concluded that starting from the 25th cycle, the increase in the carbon content ends up 

with an increase in the low-voltage plateau without affecting the high-voltage plateau, 

independent of the sulfur content.  

Gao & Abruña [14] investigated the effect of sulfur loading or equivalently carbon to 

sulfur ratio on the electrochemical performance of the Li-S battery through both 

experimental and modeling efforts. They performed discharge-charge tests to different 

cells with 50, 70, 80 and 90% of sulfur loading and developed a simple model to 

estimate the cell-level energy density. As the sulfur loading percentage decreases, or 
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C/S ratio increases, the discharge capacity normalized to the mass of sulfur 

significantly increases. However, if the discharge capacity is normalized to the mass 

of both sulfur and carbon, the cell containing 70% sulfur loading ends up with the 

highest capacity. Furthermore, the increase in the cell voltage is not obvious for the 

highest C/S ratios. Moreover, they estimated both the gravimetric and the volumetric 

energy densities of the cells and found that the effect of sulfur loading on the 

volumetric energy density of the Li-S cell is more significant compared to the 

gravimetric energy density. They concluded that only the Li-S cells with sulfur loading 

percentages higher than 70% can exceed the volumetric energy density of a Li-ion 

cell. 

In the study of Brückner et al. [15], four different cells with sulfur percentages of 20, 

40, 60 and 80 wt% are prepared and the discharge capacity and sulfur utilization in 

the cell are investigated. As the sulfur content increases up to 60 wt%, or as the C/S 

ratio decreases in other words, the useable discharge capacity also increases. The 

reason for that behavior is the decrease in the carbon amount in the cell; since carbon 

is an inactive material, too much carbon increases the electrode mass unnecessarily. 

However, at 80 wt% sulfur content, the discharge capacity sharply decreases. Since 

the electrode including 80 wt% sulfur has the lowest carbon amount, the sulfur cannot 

be utilized efficiently. 

In the study of Ding et al. [16], five different cells are prepared with varying C/S ratios 

(w/w) as 1:3, 1:2, 1:1, 2:1 and 3:1. At the lowest C/S ratio, only about 27.9% of the 

theoretical discharge capacity is obtained, which is low mainly due to the second-

plateau discharge capacity. It is stated that low carbon amounts cannot provide a 

sufficient utilization for the precipitation of Li2S2(s) and Li2S(s). At the C/S ratio of 1:2, 

more than 2 times increase in the second-plateau discharge capacity is observed. The 

capacity increases further with the ratio of 1:1. With an increase in the C/S ratio from 

1:1 to 1:3, the first and the second-plateau capacities started to decrease. This may be 

explained by the increasing self-discharge rate due to the polysulfide shuttle 

phenomenon and Li2S(s) precipitation on the anode surface. When the useable specific 
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capacities of these five cells are investigated, it is found that the C/S ratio of 1:2 

provides the highest capacity among the others; a significant decrease in the useable 

specific capacity is observed beyond this point.  

In the study of Xu et al. [17], the effect of C/S ratio on the electrochemical 

performance of the Li-S battery is investigated to determine the lowest possible carbon 

amount at the cathode which gives an efficient cell-level performance. They prepared 

three different cathodes containing 50/50, 60/40 and 70/30 weight ratios of 

sulfur/carbon. The decrease in the carbon content leads to a decrease in the coulombic 

efficiency due to an early start of the polysulfide shuttle phenomenon. When the 

discharge profiles and cycling behavior for 100 cycles are observed, all of three cells 

show a stable behavior in capacity after 30 cycles. They concluded that to get an 

optimum performance from the cell, a minimum of 30 wt% carbon is required. To sum 

up, previous studies in the literature suggest that there is an optimum C/S ratio in the 

cell which maximizes the energy density by improving the capacity and cycle life of 

the Li-S cell. 

2.2. Previous Studies Investigating the Effect of Electrolyte to Sulfur (E/S) Ratio 

on the Electrochemical Performance of a Li-S Battery  

Previous studies in the literature on the effect of the electrolyte to sulfur ratio on the 

electrochemical performance are explained below in chronological order.  

In the study of Choi et al. [18], the discharge-charge tests are performed to the Li-S 

cells which have 30, 12 and 4 µL of electrolyte. The decrease in the electrolyte amount 

leads to a decrease in the initial discharge capacity. The cell containing 30 µL of 

electrolyte gives the highest initial discharge capacity but in subsequent cycles up to 

20, the discharge capacity decreases rapidly to 20.5% of the initial value due to 

irreversible cell reactions. Lower electrolyte contents lead to a less but more stable 

discharge capacity throughout 20 cycles. The cell containing 4 µL of electrolyte shows 

a very low discharge capacity since the electrode wetting and charge carriers are 

insufficient. They stated that the optimum result is obtained from the cell containing 
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12 µL of electrolyte. Although the initial discharge capacity is still lower from the 30 

µL of electrolyte added cell, it shows a stable discharge capacity up to 70 cycles.  

In the study of Zhang et al. [19], the importance of E/S ratio, which determines the 

polysulfide concentration in the electrolyte, is emphasized since it is one of the crucial 

parameters that controls the Li-S cell performance. The cells containing three different 

E/S ratios as 6.5, 10 and 13.3 mL g-1 are prepared, of which electrolyte amounts are 

specified as insufficient, appropriate and excess, respectively. Although the increase 

in the E/S ratio facilitates the sulfur and polysulfide reactions, it also ends up with the 

enhanced polysulfide shuttling and consequently limited cycle life. Thus, E/S ratio 

should be an optimum that balances these counter-effects. As a conclusion, the cell 

containing 10 mL g-1 of electrolyte has a high specific capacity and good capacity 

retention.  

Zheng et al. [20] analyzed the discharge capacities and the cycle behavior of the cells 

having sulfur to electrolyte ratios of 15, 20, 30, 50, 75, 100 g/L. As the S/E ratio 

increases from 15 to 30 g/L (as the E/S ratio decreases), the coulombic efficiency 

increases because the reduced electrolyte amount decreases the polysulfide migration 

and thus the polysulfide shuttling through the anode. From the cycling results, it is 

seen that the cell containing 50 g/L of S/E ratio shows the most stable behavior. 

Further increase in the S/E ratio (lowest electrolyte amount) lowers the discharge 

capacity since sufficient wetting of the electrode cannot be provided. When the rate 

capability of the cells is investigated, S/E ratio of 30 g/L gives the most promising 

result among others.  

Brückner et al. [15] investigated the effect of electrolyte together with the sulfur 

content and C-rate. Four different cells with sulfur percentages of 20, 40, 60 and 80 

wt% are prepared and 20 µL of electrolyte added to each cell. They concluded that the 

cell having low sulfur content, excess electrolyte and high C-rate shows the lowest 

degradation and good cycle stability among 200 cycles. However, they emphasized 
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that using excess amount of electrolyte reduces the cell-level energy density of the 

battery. 

Hagen et al. [21] stated that the previous studies mainly focuses on the effect of 

electrolyte to sulfur ratio by concerning the sulfur utilization and cycling. However, 

the applicability of the Li-S cell in terms of the energy density should also be 

investigated. They prepared cells with different E/S ratios of 2:1 to 8:1. As the E/S 

ratio increases, the discharge capacity also increases and thus, excess electrolyte 

amount is generally preferred in Li-S cells. However, in order to achieve high energy 

density and compete with the commercially available battery systems, the E/S ratios 

of 3 or lower should be used in the cell; unfortunately, these low E/S ratios have a 

significant drawback of low sulfur utilization.  

Ding et al. [16] investigated the effect of E/S ratio by preparing cells with 20, 40 and 

80 µL of electrolyte. The increase in the electrolyte volume from 20 to 40 µL, results 

in an increase in the discharge capacity due to improved wetting and faster kinetics 

via more polysulfides dissolution. The cell including 80 µL of electrolyte shows an 

elevated discharge capacity especially in the second-plateau. However, as the 

electrolyte volume increases, the cell-level energy density decreases, as expected. 

Also, at the highest electrolyte volume, the cell suffers from a low cycling stability. 

While the cells with 20 and 40 µL of electrolyte show stable capacities along 25 

cycles, the cell with 80 µL of electrolyte shows a decreasing capacity behavior at the 

initial cycles due to enhanced polysulfide shuttle mechanism.  

In the study of Urbonaite et al. [22], the parameters related with the electrolyte, which 

are the amount, the salt concentration and the electrolyte additive, are investigated. 

The cells are prepared by adding 30, 50 and 100 µL electrolyte. They investigated the 

impact of the electrolyte amount in the presence of different binders such as PEO and 

Kynar; as the amount of the electrolyte increases, the practical discharge capacity 

reduces over 100 cycles regardless of the electrolyte additive type. The cell containing 

100 µL of electrolyte showed significantly poor discharge capacity, related with the 
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excess amount of electrolyte. They concluded that the highest discharge capacity and 

coulombic efficiency is demonstrated in the cell containing 30 µL of electrolyte. 

Kim et al. [23] prepared different cells with varying electrolyte to sulfur ratios as 10, 

20, 30 and 40 µL/mg sulfur, as well as varying cathode thicknesses as 20, 28, 44 and 

66 µm. During the first 50 cycles, they investigated the variation of the discharge 

capacities of these cells. They stated that for all cathode thicknesses, the cell having 

an E/S ratio of 20 µL/mg sulfur is sufficiently wet, and thus, gives a better cycling 

behavior. As the E/S ratio decreases further, sufficient wetting cannot be provided so 

capacity fades rapidly in the cells having 10 µL/mg sulfur. To sum up, previous studies 

in the literature discuss that there is an optimum E/S ratio in the cell because too low 

E/S ratios limit the discharge capacity significantly whereas too high E/S ratios 

worsens the capacity retention via enhanced polysulfide shuttling and decrease the 

energy density considerably. 

2.3. Previous Studies on the Electrochemical Modeling of Reaction Mechanisms 

in a Li-S Battery 

There are various modeling studies for Lithium-Sulfur batteries available in the 

literature. These studies are explained below in chronological order. The reactions 

considered in each model are demonstrated in Table 2.1. 

Mikhaylik & Akridge [24] developed the first model, which takes into account the 

polysulfide shuttle mechanism. They simplified the multistep cathode reaction 

mechanism into only two reactions; one for the high voltage plateau and one for the 

low voltage plateau. By using Nernst equation for the two discharge plateaus and a 

basic shuttle equation by defining a shuttle constant, ks, they were able to estimate the 

charge and discharge profiles of the Li-S cell including overcharge, thermal effects 

and self-discharge. They evaluated the shuttle constants of the cells, whose electrolyte 

concentrations of 0.5, 1.85 and 2.5 m, by performing charge, discharge and self-

discharge experiments sequentially. One of their major findings is that shuttle 

constant, ks, depends on the concentration and chemical properties of the electrolyte. 
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As the charge current increases, shuttle constant increases and high voltage plateau 

capacity of the cell decreases for the lower electrolyte concentrations because shuttle 

leads to self-heating in the cell. Although the exact effect of the concentration is not 

determined, as the salt concentration in the electrolyte increases, shuttle constant 

decreases. Although this model provides a description of polysulfide shuttle 

mechanism, it has some limitations while predicting the cell performance because they 

did not include the ion transport, which causes concentration overpotential, and 

neglect activation overpotential and precipitation/dissolution reactions. 

Kumaresan et al. [10] developed a 1-D, spatiotemporal and more comprehensive 

model which considers six electrochemical and five precipitation/dissolution reactions 

and ion transport phenomena. By using Nernst-Planck equation for dilute electrolyte 

and Butler-Volmer equation for the current density, they incorporated the 

concentration and activation overpotentials to the system. With the addition of the 

porosity and electrochemically active area variation, they found the concentration 

profiles of the species, the change of the precipitates’ volume fraction and porosity 

and simulated the discharge curve of a Li-S cell at a low constant current discharge 

rate of C/57.7 (0.394 A m-2). Their qualitative analysis provided a link between the 

variation of concentration profiles of species and characteristics of the discharge 

behavior. At the early stages of discharge, solid sulfur continuously dissolves and S8
2-

, S6
2- and S4

2- ions are produced subsequently. When solid sulfur is no longer 

remaining in the cathode, the voltage starts to decrease until Li2S formation. Also, 

they investigated the effect of precipitation rate constants to the discharge behavior of 

the Li-S cell. The decrease in the precipitation/dissolution reaction rate of S8(s) leads 

to early formation of S2- ion and Li2S(s) thus, the high voltage plateau falls steeply. The 

increase in the precipitation/dissolution reaction rate of Li2S2(s) leads to low discharge 

capacity since there are no S2
2- ions existing in the electrolyte to reduce to S2- ions. 

In Neidhardt and his co-workers’ study [25], which is based on Kumaresan et al [10], 

multi-phase management is included for different battery systems as lithium-sulfur 

and lithium-oxygen and fuel cell systems as solid oxide fuel cell and polymer 



 

 

 

16 

 

electrolyte membrane fuel cell. Their reaction mechanism for the Li-S cell includes 

six electrochemical reactions and two precipitation/dissolution reactions with the end 

product of Li2S only. They considered ion transport via Nernst-Planck equation and 

electrochemical reactions via mass-action kinetics instead of Butler-Volmer kinetics. 

Also, they used the concentrated solution theory in the liquid electrolyte for the charge 

transfer. They operated their simulation at C/50 discharge rate with 0.34 A/m2 current 

density. They projected the concentration variation of the ions in the system including 

the volume fractions of Li2S and S8(s) and discharge profile of Li-S cell, which is 

consistent with the study of Kumaresan et al [10]. According to their results, the 

discharge curve consists of two distinct discharge plateaus as well as the voltage dip 

in between, which is consistent when compared with the experimental study of 

Marmorstein et al. [39]. They also specified that, the discharge curve of a Li-S cell 

and voltage minimum in between the plateaus cannot be reproduced unless the multi-

phase management is included.  

In the study of Fronczek & Bessler [26], which is based on Kumaresan et al. [10], a 

1-D model including electrochemistry, transport, and phase management is developed. 

Their reaction mechanism is the same as the study of Neidhardt et al [25]. The ion 

transportation is taken into account with Nernst-Planck equation and electrochemical 

reactions with elementary kinetic approach. They used the dilute solution theory in 

the liquid electrolyte for mass and charge transport. They investigated the discharge 

behavior of the Li-S cell with different C-rates of 1C, 0.1C and 0.01C, the cycling 

with a discharge rate of 0.02C and electrochemical impedance. The typical discharge 

curve is obtained at all discharge rates however the particular voltage dip in between 

the high and low voltage plateau is observed only in low currents. They also stated 

that the characteristics of the discharge behavior is related with the solid sulfur and 

Li2S existence in the system as well as the dissolved intermediate ions. The cycling 

results suggest asymmetric profiles due to assumed kinetic parameters in the system. 

Hofmann et al. [27] stated that complicated multi-step reaction mechanism of the Li-

S battery system causes a challenge for modeling because too many assigned 
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parameters are required since the thermodynamic characteristics of all of the 

polysulfides’ are still unknown. Therefore, they used a simplified reaction mechanism 

with two-step reduction of S8
0 into S2- in their model. They also introduced the 

polysulfide shuttle effect by inserting a high order polysulfide redox reaction in the 

anode and allowing the precipitation of Li2S on the anode surface, instead of using a 

shuttle constant like in Mikhaylik & Akridge [24]. Other than the reaction system and 

shuttle phenomenon addition, they used the same methodology in Fronczek & Bessler 

[26]. They investigated the charge and discharge behavior of the Li-S cell including 

battery cycling and capacity fade. With five different discharge rates (from 0.046C to 

2.245C), they simulated the discharge curves of a Li-S cell and made a comparison 

between the experimental results of Cheon et al. [40]. Although some mismatches are 

observed, the results are in good agreement. Thus, it has been stated that this simple 

model can capture the discharge behavior. In addition, battery cycling results for 10 

cycles show that the capacity and coulombic efficiency decrease as the cycle number 

increases due to the loss of active material from the cathode to the anode. 

The study of Risse et al. [28] differs from all the models explained above since they 

developed a stochastic model instead of an electrochemical model. Their model is 

developed using Markov chain process with linear four state model, which consists of 

three different phases as living, sleeping and dead and transition rates in between. 

They simulated the capacity curves of the Li-S batteries with respect to different 

additional cathode materials, which are carbon, metal oxide and metal, and stated that 

the model captures the experimental data with a good agreement. According to their 

results, metal oxide and metal used cathodes are the most promising candidates for 

further applications of Li-S cells rather than carbon used cathodes. 

Ghaznavi & Chen [29–31] made a detailed sensitivity analysis in order to both 

investigate the parameters’ effect on the electrochemical performance of the Li-S 

battery and define the limitations of the model developed by Kumaresan et al. [10] 

with the same reaction mechanism and methodology. In the first part [29], they 

investigated the effect of the discharge current rate and cathode conductivity. Varying 
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the discharge current rate from 0.02C to 7C coupling with a detailed analysis of which 

electrochemical reactions occur simultaneously or subsequently, they stated that the 

discharge behavior of Li-S cell strongly depends on the applied current rate. In the 

cathode conductivity analysis, they concluded that the conductivity of the cathode 

matrix should exceed a minimum value, which depends on the applied current rate, in 

order for the cell to be operated. Beyond that point, any further capacity improvement 

cannot be observed. In the second part [30], they investigated the effect of the 

precipitation reaction kinetics and sulfur content. By varying the rate constants of the 

five precipitation/dissolution reactions, they made a detailed analysis of the cell 

voltage and concluded that the discharge behavior strongly depends on these rate 

constants, especially the precipitation/dissolution rate constant of the elemental sulfur. 

In addition, they analyzed the discharged capacity of the cell and found that the sulfur 

content has an upper limit for the optimum performance. In the third part [31], they 

investigated the effect of the electrochemical reaction rates, transport properties, 

cathode thickness and charging of the battery. They simulated the cell with a various 

exchange current density for each electrochemical reaction and concluded that among 

all of the electrochemical reactions, the reductions of S8(l) to S8
2- and S2

2- to S2- have 

the most significant effect on the electrochemical performance. When they analyzed 

the effect of diffusion coefficients of the species in the system, it has been stated that 

low diffusion coefficients lead to large concentration gradients of the species and non-

uniform distributions of the precipitates. In addition, increasing the diffusion 

coefficients beyond a certain point has not a significant effect to the voltage and the 

capacity of the cell. Finally, they investigated the charging of Li-S cell and found that 

unless the solubility product of Li2S is increased by a factor of 107, the typical charging 

behavior of the Li-S cell cannot be observed, although the available data state low 

solubility for low order polysulfides. 

In the study of Zhang et al. [32], a lumped mechanistic model is developed by 

considering the electrolyte resistance evolution during discharge due to concentration 

dependent electrolyte conductivity and ionic concentration variations resulting from 
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the precipitation of Li2S. Their reaction mechanism includes six electrochemical 

reactions and one precipitation reaction. However, they did not consider the 

polysulfide shuttle mechanism and mass transport in their zero-dimensional model, 

thus less assumed parameters are required to operate the simulations when compared 

to the existing comprehensive models. It has been measured that, the electrolyte 

resistance increases in the high voltage plateau, makes a peak in the transition state, 

and then decreases in the low voltage plateau, which is not captured in the simulations 

of Kumaresan et al. [10]. However, the model can reflect the expected behavior when 

the electrolyte resistance variation is introduced into the model. They also stated that 

the higher the discharge current, the higher the peak of transition state between the 

high and low voltage plateaus due to an increase in the concentrations of Li+ and S2-. 

Additionally, they concluded that the activation overpotential in the low voltage 

plateau increases due to the precipitation of Li2S which decreases the 

electrochemically active surface area. 

In the study of Yoo et al. [33], which is modified based on the study of Kumaresan et 

al. [10], a 1-D model is developed with six electrochemical reactions and three 

precipitation/dissolution reactions (later, they decided to eliminate one 

precipitation/dissolution reaction) including the polysulfide shuttle mechanism. They 

performed an analysis to clarify which solids precipitate during the operation of the 

Li-S battery, since there is a contradiction in the literature about what the precipitate 

is, i.e. Li2S or Li2S2, or both. When the experimental and simulation results are 

compared, it has been found that the case with only Li2S precipitation gives the most 

acceptable result to determine the electrochemical performance of the Li-S battery. 

Except from the potential barrier at the beginning of charge process which is resulted 

from high electronic resistivity and low Li+ diffusivity in Li2S, the charge/discharge 

behavior is captured successfully. They investigated the charge profile of a Li-S cell 

by varying the reduction reaction rate of polysulfides on the anode; increasing it causes 

an overcharge problem. They also suggested that lowering the polysulfide diffusivity 
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and reduction reaction rate of high-order polysulfides on the anode improves the 

cycling performance of the Li-S cell. 

Ren et al. [34] improved the Li2S precipitation analysis by introducing rate-dependent 

precipitation phenomenon. With four electrochemical reactions (three for high voltage 

plateau and one for low voltage plateau) including the surface nucleation and growth 

dynamics, a 1-D, spatiotemporal model is developed. They concluded that increasing 

the C-rate leads to smaller and more uniform Li2S particle size distribution and limits 

the active material utilization, which is also seen from the experimental observations 

of the precipitation morphology. They also stated that the decrease the initial 

nucleation rate and optimization of the amount of initial nucleation sites can enhance 

the discharge capacity of Li-S cell. 

Zhang et al. [35] developed a model based on the study of Kumaresan et al. [10] and 

introduced transport limitations by decreasing the effective ionic diffusion coefficients 

on the order of 10-12 m2 s-1. The ionic transport is described via Nernst-Planck 

equation with dilute solution theory. They simulated the discharge behavior of Li-S 

cell at 0.2C, 0.5C and 1C discharge rates. Unlike previous models, as discharge rate 

increases, the low voltage plateau capacity decreases significantly, which an expected 

trend is observed in experimental discharge curves. When the simulated and measured 

discharge curves of Li-S cell are compared, only qualitative agreement is observed 

with greater deviations at higher discharge currents. They stated that, this behavior 

may arise due to dilute solution assumption which does not consider the electrolyte 

resistance variations. However, concentration-dependent transport properties are 

absent in the literature and they bring complexity to the model if they would be 

available. In addition, relaxation of the cell of 1 hour leads recovering the lost 

discharge capacity at high discharge rates. Since they allow only Li2S precipitation, 

the capacity regain is occurred due to transport of trapped polysulfides to the cathode 

during the relaxation of the cell. Moreover, they stated that improving the rate 

capability of Li-S cell requires both optimization of E/S ratio and enhancement in the 

ionic transport property of the electrolyte. 
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In the study of Marinescu et al. [36], a zero-dimensional model is developed by 

representing each of the discharge plateaus only with one reaction and including the 

shuttle mechanism by a shuttle constant, as in the study of Mikhaylik & Akridge [24]. 

This zero-dimensional model requires both less assumed parameters in the system and 

lower computational power. Introducing kinetic limitations via Butler-Volmer 

kinetics and the effect of precipitation, the discharge behavior, which is the flat low 

voltage plateau and a voltage dip in between the two plateaus, and the charge behavior 

are captured successfully. 

Al-Mahmoud et al. [37] investigated the initial self-discharge behavior of the Li-S 

cells by developing a simple model.  Unlike inserting a basic shuttle constant in the 

study of Mikhaylik & Akridge [24], they analyzed the shuttle mechanism in detail 

including the diffusion of polysulfides between the anode and the cathode. They stated 

that while the sulfur reduction reaction occurs, the formation of soluble polysulfides 

with varying chain lengths is observed, which are denoted as Li2Sn. These polysulfides 

can diffuse to the anode and form shorter chain polysulfides, denoted as Li2Sm having 

the m value greater than 2. Li2Sm have high diffusivity so that they can diffuse back 

to the cathode and form Li2S. They investigated the rate of self-discharge with varying 

separator thicknesses and carbon content. The increase in the separator thickness 

decreases the self-discharge rate due to increasing transport distance of sulfur and 

polysulfides. The existence of carbon leads to lower polysulfide concentration at the 

electrode and slows down the open circuit potential decrease with time. To sum up, 

there is a variety of modeling studies available in the literature; however, they do not 

include the investigation of critical cell design parameters on the electrochemical 

performance of the Li-S cell. 

In consideration of the missing information in literature, developing a simple model 

that predicts the effect of critical cell design parameters on the performance can 

facilitate the future Li-S cell design. 
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CHAPTER 3  

 

3.  MODEL DEVELOPMENT 

 

3.1. Concentration-Independent One-Dimensional Electrochemical Model for a 

Li-S Cell [4] 

The objective of this part of the study is estimating the effect of carbon to sulfur ratio 

on the electrochemical performance of a Li-S cell by developing a simple model. The 

modeling domain of this study composed of a Li-metal anode, a porous separator and 

a porous composite cathode including sulfur, carbon, binder and electrolyte.  

In this model, the multistep electrochemical reactions in the cathode is simplified into 

one step in each of the two voltage plateaus to require less assumed model parameters. 

Based on this simplification, the cathode kinetics in each of the two voltage plateaus 

is described with a single apparent kinetic parameter, the cathode exchange current 

density, which can be estimated by comparing the model estimations with the 

experimental impedance measurements. Thus, using this single apparent kinetic 

parameter makes it possible to compare the model predictions with the experimental 

results. The assumptions of the model are shown below. 

Assumptions: 

1. A 1-D, concentration-independent electrochemical model is developed.  

2. The Li-S cell is discharged isothermally at 298 K. 

3. The model is developed at constant current discharge. 

4. There is a single electrochemical reaction in the lower discharge plateau of Li-

S cell which is shown in Equation (3.8). 

5. The model parameters related to the binder, carbon and electrolyte are chosen 

according to the most typical ones in the literature and assumed constant in 
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this study since the scope of the current work does not include investigating 

their effects.  

6. The concentration variations over position and time in the lower discharge 

plateau (< 80% DOD) are neglected in the model based on the assumption that 

at low discharge rates, the polysulfide concentration profiles are uniform and 

constant in the low voltage plateau [10,11,26,30].  

7. Double layer charging is neglected. 

8. The polysulfide shuttle mechanism is not taken into account in the model. 

9. The electrochemically active area in the cathode is defined as a function of the 

carbon volume fraction in the cathode which is shown in Equation (3.14). 

10. The discharge-charge reactions in the anode and the cathode are assumed 

symmetric, thus the transfer coefficients of anodic and cathodic reactions in 

the anode and the cathode are taken as 0.5.  

11. The effective ionic and electronic conductivities are calculated by taking the 

Bruggeman coefficient as 1.5. 

The overall redox reaction of a Lithium-Sulfur battery with a standard potential of U0 

= 2.2 V (vs Li/Li+) is given in Equation (3.1). 

16 𝐿𝑖+ 𝑆8 ↔ 8 𝐿𝑖2𝑆 (3.1) 

For this model, the anode, the porous separator and the porous cathode are taken into 

account separately before calculating the total overpotential and the cell voltage of the 

cell. 

In the anode during discharge, the deposition/dissolution reaction of the Li metal takes 

place as given in Equation (3.2). 

𝐿𝑖+ + 𝑒− ↔ 𝐿𝑖0 (3.2) 

The anode overpotential is calculated via Butler Volmer kinetics, which is one of the 

fundamental equations in electrochemistry relating current density to the 

overpotential, and it is shown in Equation (3.3): 
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𝐼 = 𝑖𝑜,𝑛𝑒 [exp (
𝛼𝑛𝑒,𝑎𝐹

𝑅𝑇
𝜂𝑛𝑒) − 𝑒𝑥𝑝 (

−𝛼𝑛𝑒,𝑐𝐹

𝑅𝑇
𝜂𝑛𝑒)] (3.3) 

where 𝐼 is the current density in A cm-2, 𝑖𝑜,𝑛𝑒 is the anode exchange current density in 

A cm-2, 𝛼𝑛𝑒 is the transfer coefficient, 𝐹 is the Faraday’s constant in C mol-1, 𝑅 is the 

universal gas constant in J mol-1 K-1, 𝑇 is temperature in K and 𝜂𝑛𝑒 is the anode 

overpotential in V. 

The area-specific impedance is a combination of resistances resulting from the 

transport processes and charge transfer within the cell. The area-specific impedance 

of the anode is shown in Equation (3.4): 

𝐴𝑆𝐼𝑛𝑒 =
𝜂𝑛𝑒

𝐼
 (3.4) 

where 𝐴𝑆𝐼𝑛𝑒 is the area-specific impedance of the anode in Ω cm2. 

In the porous separator, the transfer of the Li+ ions cause Ohmic losses in the system 

leading to the separator overpotential, which is calculated via Ohm’s Law in Equation 

(3.5): 

𝜂𝑠𝑒𝑝 = 𝐴𝑆𝐼𝑠𝑒𝑝 × 𝐼 (3.5) 

where 𝜂𝑠𝑒𝑝 is the separator overpotential in V and 𝐴𝑆𝐼𝑠𝑒𝑝 is the area-specific 

impedance of the separator in Ω cm2. 

The area-specific impedance of the separator is shown in Equation (3.6): 

𝐴𝑆𝐼𝑠𝑒𝑝 =
𝐿𝑠𝑒𝑝

𝜅𝑒𝑓𝑓,𝑠𝑒𝑝
 (3.6) 

where 𝜅𝑒𝑓𝑓,𝑠𝑒𝑝  is the effective ionic conductivity in S cm-1 and 𝐿𝑠𝑒𝑝 is the thickness 

of the separator in cm. 
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The electrochemical reactions in the high and low voltage plateaus in the cathode 

during discharge are shown in Equations (3.7) and (3.8), respectively [24]. 

1

4
𝑆8

0 + 𝑒− ↔
1

2
𝑆4

2−
 (3.7) 

1

4
𝑆4

2− + 𝑒− ↔
1

2
𝑆2− +

1

4
𝑆2

2− (3.8) 

The calculation for the porous cathode overpotential based on the model by Newman 

and Tobias [41] is shown in Equation (3.9): 

𝜂𝑝𝑒 = 𝜙1 − 𝜙2 (3.9) 

where 𝜙1 is the solid-phase potential in V and 𝜙2 is the liquid-phase potential in V. 

The solid-phase current density is calculated via Ohm’s law and given in Equation 

(3.10): 

𝑖1 = −𝜎𝑒𝑓𝑓

𝑑𝜙1

𝑑𝑥
 (3.10) 

where 𝑖1 is solid-phase current density in A cm-2 and 𝜎𝑒𝑓𝑓 is the cathode effective 

electronic conductivity in S cm-1. 

The liquid-phase current density is calculated via Equation (3.11): 

𝑖2 = −𝜅𝑒𝑓𝑓

𝑑𝜙2

𝑑𝑥
 (3.11) 

where 𝑖2 is liquid-phase current density in A cm-2 and 𝜅𝑒𝑓𝑓 is the effective ionic 

conductivity in S cm-1. 

According to the conservation of charge principle, which is shown in Equation (3.12), 

the charge leaving one phase should enter the other phase. 

𝑑𝑖1

𝑑𝑥
+

𝑑𝑖2

𝑑𝑥
= 0 (3.12) 
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The charge in the liquid-phase, which can enter or leave, are determined by the 

electrochemical reactions at the solid/liquid interface in the cathode as shown in 

Equation (3.13): 

𝑑𝑖2

𝑑𝑥
= 𝑎 𝑖𝑛 (3.13) 

where 𝑎 is the electrochemically active area in the cathode in cm-2 cm3 and 𝑖𝑛 is the 

transfer current density in the cathode in A cm-2. 

In the model, the electrochemically active area in the cathode is defined as a function 

of the carbon volume fraction in the cathode as in Equation (3.14) [3].  

𝑎 = 650000 𝑐𝑚2𝑔−1 ∙ 𝜌𝐶 ∙ 휀𝐶 (3.14) 

where 650000 𝑐𝑚2𝑔−1 is the BET surface area of Super P carbon black, 𝜌𝐶 is the 

density of carbon in the cathode in g cm-3 and  휀𝐶 is the volume fraction of carbon in 

the cathode. 

The current-voltage relationship in the cathode is described with either Tafel or Linear 

kinetics. The condition for the Tafel kinetics is shown in Equation (3.15): 

|𝐼| > 𝑎 𝑖0,𝑝𝑒𝐿𝑝𝑒 (3.15) 

where 𝑖0,𝑝𝑒 is the cathode exchange current density in A cm-2 and 𝐿𝑝𝑒 is the thickness 

of the cathode in cm. 

After introducing the following dimensionless parameters as  𝛽 =
𝛼𝑝𝑒,𝑐𝐹

𝑅𝑇
, 𝛿 =

𝐿𝑝𝑒|𝐼|𝛽 (
1

𝜅𝑒𝑓𝑓
+

1

𝜎𝑒𝑓𝑓
), 𝜖 =

𝐿𝑝𝑒|𝐼|𝛽

𝜅𝑒𝑓𝑓
 to the polarization equation for Tafel kinetics, the 

analytical solution of the cathode overpotential for the Tafel kinetics is obtained and 

shown in Equation (3.16): 

𝜂𝑝𝑒 =
1

𝛽
{(𝛿 − 𝜖 ) [

𝜖

𝛿
+

2

𝛿
𝑙𝑛𝑠𝑒𝑐(𝜃 − 𝜓)] +

2𝜖

𝛿
𝑙𝑛𝑠𝑒𝑐𝜓 + 𝑙𝑛 (

2|𝐼|𝜃2

𝑎𝑖0,𝑝𝑒𝐿𝑝𝑒𝛿
)}    (3.16) 
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where 𝜂𝑝𝑒 is the cathode overpotential in V, 𝜃 = 𝑎𝑟𝑐𝑡𝑎𝑛
2𝛿𝜃

4𝜃2−𝜖(𝛿−𝜖)
  and  𝜓 =

𝑎𝑟𝑐𝑡𝑎𝑛
𝜖

2𝜃
.  

The condition for the Linear kinetics is shown in Equation (3.17): 

|𝐼| < 𝑎 𝑖0,𝑝𝑒𝐿𝑝𝑒 (3.17) 

After introducing the following dimensionless parameter as 𝜈2 = (𝛼𝑝𝑒,𝑎 +

𝛼𝑝𝑒,𝑐)
𝐹×𝑎×𝑖0,𝑝𝑒 ×𝐿𝑝𝑒

2

𝑅𝑇
(

1

𝜅𝑒𝑓𝑓
+

1

𝜎𝑒𝑓𝑓
), the analytical solution of the cathode overpotential 

for the Linear kinetics is obtained and shown in Equation (3.18): 

𝜂𝑝𝑒 =
𝐼 × 𝐿𝑝𝑒

𝜅𝑒𝑓𝑓 + 𝜎𝑒𝑓𝑓
[1 +

2 + (
𝜎𝑒𝑓𝑓

𝜅𝑒𝑓𝑓
+

𝜅𝑒𝑓𝑓

𝜎𝑒𝑓𝑓
) 𝑐𝑜𝑠ℎ𝜈

𝜈𝑠𝑖𝑛ℎ𝜈
] (3.18) 

The area-specific impedance of the cathode is shown in Equation (3.19): 

𝐴𝑆𝐼𝑝𝑒 =
𝜂𝑝𝑒

𝐼
 (3.19) 

where 𝐴𝑆𝐼𝑝𝑒 is the area-specific impedance of the cathode in Ω cm2. 

The total area-specific impedance and the total overpotential of the cell are shown in 

(3.20) and (3.21), respectively. 

𝐴𝑆𝐼𝑐𝑒𝑙𝑙 = 𝐴𝑆𝐼𝑛𝑒 + 𝐴𝑆𝐼𝑠𝑒𝑝 + 𝐴𝑆𝐼𝑝𝑒 (3.20) 

𝜂𝑐𝑒𝑙𝑙 = 𝜂𝑛𝑒 + 𝜂𝑠𝑒𝑝 + 𝜂𝑝𝑒 (3.21) 

where 𝐴𝑆𝐼𝑐𝑒𝑙𝑙 is the total cell area-specific impedance in Ω cm2 and 𝜂𝑐𝑒𝑙𝑙  is the total 

cell overpotential in V. 

The cell voltage is calculated using Equation (3.22): 

𝑉𝑐𝑒𝑙𝑙 = 𝑈 − 𝜂𝑐𝑒𝑙𝑙 (3.22) 
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where 𝑉𝑐𝑒𝑙𝑙 is the cell voltage in V and 𝑈 is the thermodynamic cell voltage in V. The 

equations are solved using Visual Basic for Applications in Excel. 

To sum up, the developed model predicts the electrochemical performance for a given 

current density through calculating the discharge voltage at a specific DOD. In this 

study, we predict the cell voltage at 60% discharge depth since it corresponds to the 

voltage in the lower plateau, which is relatively constant. In addition, the cathode 

exchange current density at this DOD can be estimated simply by comparing the 

model predictions for the 𝐴𝑆𝐼𝑐𝑒𝑙𝑙 with the experimental resistance data. Thus, 

investigation of the effect of carbon to sulfur ratio on the electrochemical performance 

of Li-S cell and comparison of the model predictions with the experimentally available 

data in the literature [14,17] are possible with this simple model. The parameters used 

in the concentration-independent model are shown in Table 3.1. 

 

Table 3.1. Parameters in the concentration-independent electrochemical model 

Thermodynamic Cell Voltage, 𝑈 (V) 2.2 

Temperature, 𝑇 (K)   298 

Current Density, 𝐼 (mA cm-2)    0.1 – 1.0 

Carbon to Sulfur wt% in the Cathode (wt%)a 10:80 – 67.5:22.5 

C to S Ratio in the Cathode  0.125 – 3 

Electrolyte vol% in the Cathode (vol%) 90 

E to S ratio in the Cathode (mL g S-1)b 0.86 – 16.25 

Cathode Thickness, 𝐿𝑝𝑒 (µm) 50 

Exchange Current Density for S reaction, 

𝑖0,𝑝𝑒 (A cm-2) 
6.28 × 10-7 
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Table 3.1. Parameters in the concentration-independent electrochemical model 

(continued) 

Transfer Coefficient for S reaction, 𝛼𝑝𝑒,𝑎, 𝛼𝑝𝑒,𝑐 0.5 

Cathode Electrochemically Active Area, 

𝑎 (cm-2 cm3)c 

𝑎 = 650000
𝑐𝑚2

𝑔
∙ 𝜌𝐶 ∙ 휀𝐶  

Cathode Effective Ionic Conductivity, 

𝜅𝑒𝑓𝑓  (S cm-1)d [42,43] 
𝜅𝑒𝑓𝑓 =  𝜅 ∙ 휀1.5 

Cathode Effective Electronic Conductivity 

𝜎𝑒𝑓𝑓 (S cm-1)d [43] 
𝜎𝑒𝑓𝑓 =  𝜎 ∙ 휀𝐶

1.5 

Exchange Current Density for Li 

Deposition/Dissolution, 𝑖0,𝑛𝑒 (A cm-2) [1] 
10-3 

Transfer Coefficient for Li 

Deposition/Dissolution, 𝛼𝑛𝑒,𝑎, 𝛼𝑛𝑒,𝑐 [44] 
0.5 

Separator Thickness, 𝐿𝑠𝑒𝑝 (µm) 20 

Separator Effective Ionic Conductivity, 

𝜅𝑒𝑓𝑓,𝑠𝑒𝑝  (S cm-1) [3] 
6.5 × 10-4 

a The cathode contains 10 wt% binder. 

b In the model, E/S ratio and electrolyte volume fraction in the cathode are related 

through 
𝐸

𝑆
 𝑟𝑎𝑡𝑖𝑜 =  

𝑠×𝜌𝑠
. 

c In the model, 𝑎 is defined as a function of the BET surface area (650000 cm2 g-

1), density (𝜌𝐶) and volume fraction of the carbon (휀𝐶) in the cathode. 

d Effective ionic and electronic conductivities for the porous cathode are 

determined using Bruggeman’s expression. 
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Next, the proposed model is applied to an experimental study in collaboration with 

Dr. Koenig’s group at University of Virginia as presented in Michaelis et al. [12]. The 

mentioned experimental work investigates the effect of the relative sulfur loading or 

equivalently carbon to sulfur ratio on the electrochemical performance of the Li‐S 

cells. As a part of this thesis work, the experimental cell voltage at 60% DOD 

corresponding to the low voltage plateau region measured by our collaborators, is 

compared with the cell voltage estimated by the developed model. The model is fed 

with the experimental parameters of five different cells with different loadings as 

shown in Table 3.2.  

 

Table 3.2. Parameters used in the electrochemical model for validation with the 

experimental study of Michaelis et al. [12] 

Cell Open-Circuit Voltage, 𝑈 (V) 2.2 

Temperature, T (K) 298 

Current Density at a rate of 0.1 C,                  

𝐼 (mA cm-2)* 
0.31 0.20 0.13 0.09 0.05 

Carbon to Sulfur wt% in the Cathode 

(wt%)*,a 
22:53 39:35 51:23 57:18 66:9 

C to S Ratio in the Cathode* 0.41 1.1 2.2 3.2 7.5 

Sulfur Loading in the Cathode (mg cm-2)* 1.9 1.2 0.8 0.5 0.3 

Electrolyte vol% in the Cathode (vol%)* 86 82 74 73 75 

E to S Ratio in the Cathode (mL g S-1)* 6.1 6.7 6.8 8.2 18.4 

Cathode Thickness, 𝐿𝑝𝑒 (µm)* 114 78 49 38 52 

Cathode Exchange Current Density,         

𝑖0,𝑝𝑒 (A cm-2) 
0.5 × 10-8, 1.0 × 10-8 
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Table 3.2. Parameters used in the electrochemical model for validation with the 

experimental study of Michaelis et al. [12] (continued) 

Cathode Electrochemically Active Area, 

𝑎 (cm-2 cm3)b 
𝑎 = 620000

𝑐𝑚2

𝑔
∙ 𝜌𝐶 ∙ 휀𝐶  

Cathode Ionic Conductivity, 𝜅 (S cm-1) 0.01 

Cathode Effective Ionic Conductivity, 

𝜅𝑒𝑓𝑓  (S cm-1)c 
𝜅𝑒𝑓𝑓  =  𝜅 ∙ 휀1.5 

Cathode Electronic Conductivity,          

𝜎 (S cm-1) 
100 

Cathode Effective Electronic Conductivity, 

𝜎𝑒𝑓𝑓 (S cm-1)d 
𝜎𝑒𝑓𝑓  =  𝜎 ∙ 휀𝐶

1.5 

Anode Exchange Current Density,      

𝑖0,𝑛𝑒 (A cm-2) 
10-3 

Separator Thickness, 𝐿𝑠𝑒𝑝 (µm) 25 

Separator Effective Ionic Conductivity, 

𝜅𝑒𝑓𝑓,𝑠𝑒𝑝 (S cm-1) 
6.5 x 10-4 

* Experimental parameters in Michaelis et al. [12]. 

a The cathode contains 25.5 wt% binder. 

b In the model, 𝑎 is defined as a function of the BET surface area (620000 cm2 g-1), 

density (𝜌𝐶) and volume fraction of the carbon (휀𝐶) in the cathode. 

c,d Effective conductivities for the porous cathode are determined using Bruggeman’s 

expression.  

 

 



 

 

 

35 

 

3.2. Concentration-Dependent One-Dimensional Electrochemical Model for a 

Li-S Cell 

The objective of this part of the study is to improve the previous model in Section 3.1 

by introducing the spatiotemporal concentration variations, estimate the entire 

discharge curve of Li-S cell and investigate the effect of critical design parameters, 

which are carbon to sulfur ratio and electrolyte to sulfur ratio in the cathode, on the 

electrochemical performance of a Li-S cell.  

In literature review part, it has been stated that Kumaresan et al. [10] developed a 

comprehensive model and many of the studies, which are conducted subsequently, 

used their methodology in their models. Therefore, we decided to develop our model 

based on the study of Kumaresan et al. [10]. Our modeling domain consists of the 

porous cathode only. The reason of this simplification is to avoid complicating the 

model and require less assumed model parameters [27,36]. There are other studies in 

the literature which investigates the porous cathode solely since typically the cathode 

dominates the cell overpotential [24,36]. The modeling domain of the concentration-

dependent electrochemical is given in Figure 3.1. 

 

Figure 3.1. Modeling domain of the concentration-dependent electrochemical model 
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The assumptions of the model are shown below. 

Assumptions: 

1. Like the previous modeling studies shown in Table 2.1, a 1-D, concentration- 

and time-dependent electrochemical model is developed. 

2. Although Li-S battery operation is temperature dependent, the assumption of 

isothermal operation is used by various studies [10,25–37] in order to prevent 

complication. Thus, it is assumed that the Li-S cell is operated isothermally at 

298 K. 

3. A reaction mechanism in which each of the high and low voltage plateaus are 

represented by a single electrochemical reaction is used [4,24,27,36]. 

4. The anode can supply unlimited amount of Li. 

5. Unlike Kumaresan et al. [10], it is assumed that the only polysulfide that can 

precipitate at the end of the discharge is Li2S [25–27,32–36]. 

6. No side reactions take place in the cell. 

7. The polysulfide shuttle mechanism is not taken into account in the system. 

8. Unlike Kumaresan et al. [10], the electrochemical active area in the cathode is 

defined as a function of the carbon volume fraction [4]. 

9. Dilute solution theory is used to model the transport in the electrolyte. 

10. The positive current density represents battery discharge [36]. 

11. The anode and separator overpotentials are ignored in the model since they do 

not have a significant effect on the cell voltage [36]. 

12. The discharge-charge reactions in the cathode are assumed symmetric, thus the 

transfer coefficients of anodic and cathodic reactions in the cathode are taken 

as 0.5.  

In this model, the reaction mechanism given in Equation (3.23) to (3.26) is used. 

1

4
𝑆8

0 + 𝑒− ↔
1

2
𝑆4

2−
 (3.23) 
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1

6
𝑆4

2− + 𝑒− ↔
2

3
𝑆2− (3.24) 

𝑆8(𝑠) ↔ 𝑆8
0
 (3.25) 

2𝐿𝑖+ + 𝑆2− ↔ 𝐿𝑖2𝑆(𝑠) (3.26) 

Like the previous model, the electrochemical reactions of high and low voltage 

plateaus are shown in Equations (3.23) and (3.24), respectively [27]. In addition, the 

precipitation/dissolution reactions of elemental sulfur (S8(s)) and Li2S(s), which is the 

only allowable polysulfide that precipitates, in the cathode are inserted to the model 

and given in Equation (3.25) and (3.26), respectively. 

Therefore, according to the reaction mechanism considered in the model, the species 

present in the electrolyte in the cathode during discharge are Li+, S8
0
, S4

2−
, S2−, A−. 

These species are denoted with a subscript i in the governing equations shown below. 

The electrochemical reactions in Equation (3.23) and (3.24) are denoted with a 

subscript j. While j=1 represents the first electrochemical reaction shown in Equation 

(3.23), j=2 represents the second electrochemical reaction shown in Equation (3.24). 

The precipitates are Li2S(s) and S8(s) and they are denoted with a subscript k.   

For each species i, the material balance is described via Nernst-Planck equation as 

shown in Equation (3.27):  

𝜕휀𝐶𝑖

𝜕𝑡
= −∇. 𝑁𝑖 + 𝑟𝑖 − 𝑅𝑖 (3.27) 

where 휀 is porosity (electrolyte volume fraction in other words) in the cathode, 𝐶𝑖 is 

concentration of species i in mol m-3, 𝑁𝑖 is flux of species i in mol m-2 s-1, 𝑟𝑖 is 

production/consumption rate of species i due to electrochemical reactions in mol m-3 

s-1, 𝑅𝑖 is production/consumption rate of species i due to precipitation/dissolution 

reactions in mol m-3 s-1.  
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Flux of species i, which is the first term in Equation (3.27), is calculated based on the 

dilute solution theory that considers both diffusion (first term) and migration (second 

term) as given in Equation (3.28):  

𝑁𝑖 = −𝐷𝑖∇𝐶𝑖 − 𝑧𝑖

𝐷𝑖

𝑅𝑇
𝐹𝐶𝑖∇𝜙𝑒 (3.28) 

where 𝐷𝑖 is the diffusion coefficient of species i in m2 s-1, 𝑧𝑖 is the charge number of 

species i, 𝑅 is the universal gas constant in J mol-1 K-1, 𝑇 is temperature in K, 𝐹 is 

Faraday’s constant in C mol-1 and 𝜙𝑒 is liquid phase potential in V.  

Diffusion coefficient of species i, which is corrected for porosity and tortuosity, is 

calculated through Bruggeman’s expression and shown in Equation (3.29): 

𝐷𝑖 = 𝐷𝑖,0 × 휀𝑏 (3.29) 

where 𝐷𝑖,0 is bulk diffusion coefficient of species i in m2 s-1, 휀 is the cathode porosity 

and 𝑏 is the Bruggeman’s coefficient, which is taken as 1.5 in this study.  

The charge number, bulk diffusion coefficient and reference concentration values of 

species i are shown in Table 3.3. 

 

Table 3.3. The charge number, bulk diffusion coefficient and reference concentration 

values of species i in the reaction system 

Species i 𝒛𝒊 𝑫𝒊,𝟎 (m2 s-1) 𝑪𝒊,𝒓𝒆𝒇 (mol m-3)[10] 

𝐿𝑖+ 1 1.0 × 10-12 1001.04 

𝑆8
0
 0 1.0 × 10-11 19.0 

𝑆4
2−

 -2 1.0 × 10-12 0.02 

𝑆2− -2 1.0 × 10-12 8.267 × 10-10 

𝐴− -1 4.0 × 10-12 1000 
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Production/consumption rate of species i due to electrochemical reactions, which is 

the second term in Equation (3.27), is given in Equation (3.30): 

𝑟𝑖 = −𝑎 ∑
𝑠𝑖,𝑗 × 𝑖𝑗

𝑛𝑗 × 𝐹
𝑗

 (3.30) 

where 𝑎 is the electrochemically active surface area of the cathode in m2 m-3, 𝑠𝑖,𝑗 is 

stoichiometric coefficient of species i due to electrochemical reaction j, 𝑖𝑗 is the current 

density due to electrochemical reaction j in A m-2 and 𝑛𝑗  is the number of electrons 

transferred in electrochemical reaction j which are 1 in our system. The stoichiometric 

coefficients of the species i in electrochemical reaction j are defined by writing the 

electrochemical reaction as in Equation (3.31a): 

∑ 𝑠𝑖

𝑖

𝑀𝑖
𝑧𝑖 ⇋ 𝑛𝑒− (3.31a) 

The stoichiometric coefficient values of the species in Equation (3.23) is shown in 

Equation (3.31b) and the remaining stoichiometric coefficients of species i in this 

model are shown in Table 3.4. 

−
1

4
𝑆8

0 +
1

2
𝑆4

2− ⇋ 𝑒− (3.31b) 
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Table 3.4. The stoichiometric coefficient of the species i in electrochemical reaction j 

 𝒔𝒊,𝒋 

Subscript j 1 2 

Subscript i 

𝑳𝒊+ 0 0 

𝑺𝟖
𝟎
 -1/4 0 

𝑺𝟒
𝟐−

 1/2 -1/6 

𝑺𝟐− 0 2/3 

𝑨− 0 0 

 

Specific surface area of the cathode varies according to Equation (3.32): 

𝑎 = 𝐴 ∙ 𝜌𝐶 ∙ 휀𝐶 ∙ (
휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

𝜉

 (3.32) 

where 𝐴 is initial specific surface area of the cathode in m2 g-1, 𝜌𝐶 is the density of 

carbon in the cathode in g m-3, 휀𝐶 is the volume fraction of carbon in the cathode, 

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙 is the initial pore volume fraction of the cathode and 𝜉 is an empirical 

morphology parameter of the precipitate, which is taken as 1.5 in this study. 

The current density, which is described by Butler-Volmer equation, due to 

electrochemical reaction j is given in Equation (3.33): 

𝑖𝑗 = 𝑖𝑜,𝑗𝑟𝑒𝑓 {∏ (
𝐶𝑖

𝐶𝑖,𝑟𝑒𝑓
)

𝑝𝑖,𝑗

𝑖

exp (
𝛼𝑎𝑗 × 𝐹

𝑅𝑇
𝜂𝑗)

− ∏ (
𝐶𝑖

𝐶𝑖,𝑟𝑒𝑓
)

𝑞𝑖,𝑗

𝑖

exp (−
𝛼𝑐𝑗 × 𝐹

𝑅𝑇
𝜂𝑗)} 

(3.33) 
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where 𝑖𝑜,𝑗𝑟𝑒𝑓 is the exchange current density of electrochemical reaction j in A m-2, 

𝐶𝑖,𝑟𝑒𝑓 is reference concentrations of species i in mol m-3, 𝛼𝑎𝑗 is the transfer coefficient 

of anodic reaction, 𝛼𝑐𝑗 is the transfer coefficient of cathodic reaction, 𝜂𝑗 is the 

overpotential for electrochemical reaction j in V, 𝑝𝑖,𝑗 is the anodic reaction order of 

species i in electrochemical reaction j and 𝑞𝑖,𝑗 is the cathodic reaction order of species 

i in electrochemical reaction j. 𝑝𝑖,𝑗 and 𝑞𝑖,𝑗 are found from the sign of the 

stoichiometric coefficient of the species i in electrochemical reaction j from Table 3.4, 

and shown in Table 3.5. 

 

Table 3.5. Anodic and cathodic reaction orders of species i in electrochemical 

reaction j 

 

 

 

 

 

 

 

 

 

The overpotential for electrochemical reaction j is shown in Equation (3.34): 

𝜂𝑗 = 𝜙𝑠 − 𝜙𝑒 − 𝑈𝑗,𝑟𝑒𝑓 (3.34) 

 𝒑𝒊,𝒋 𝒒𝒊,𝒋 

Subscript j 1 2 1 2 

Subscript i 

𝑳𝒊+ 0 0 0 0 

𝑺𝟖
𝟎
 0 0 1/4 0 

𝑺𝟒
𝟐−

 1/2 0 0 1/6 

𝑺𝟐− 0 2/3 0 0 

𝑨− 0 0 0 0 
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where 𝜙𝑠 is solid phase potential in V, 𝜙𝑒 is liquid phase potential in V and 𝑈𝑗,𝑟𝑒𝑓 is 

the open-circuit potential (OCP) of electrochemical reaction j in V. 

The open-circuit potential (OCP) for electrochemical reaction j is given in Equation 

(3.35): 

𝑈𝑗,𝑟𝑒𝑓 = 𝑈𝑗
0 −

𝑅𝑇

𝑛𝑗𝐹
∑ 𝑠𝑖,𝑗  𝑙𝑛

𝑖

[
𝐶𝑖,𝑟𝑒𝑓

1000
] (3.35) 

where 𝑈𝑗
0 is the standard open-circuit potential of electrochemical reaction j in V. 

Reference concentrations are divided by 1000 to provide the unit conversion from mol 

m-3 to mol L-1. 

The liquid-phase current density, due to charged species inside the electrolyte, is 

shown in Equation (3.36): 

𝑖𝑒 = 𝐹 ∑ 𝑧𝑖𝑁𝑖

𝑖

    (3.36) 

where 𝑖𝑒 is the liquid-phase current density in A m-2. 

The solid-phase current density is calculated via Ohm’s law and given in Equation 

(3.37): 

𝑖𝑠 = −𝜎 ∇𝜙𝑠 (3.37) 

where 𝑖𝑠 is the solid-phase current density in A m-2 and 𝜎 is the cathode conductivity 

in  S m-1. 

To create a considerable charge separation in a volume selected in the porous cathode, 

a significant electric force is needed. Therefore, electroneutrality principle is 

considered in the liquid-phase at any point in the cathode [45] as shown in Equation 

(3.38): 

∑ 𝑧𝑖𝐶𝑖 = 0

𝑖

 (3.38) 
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The charge in the liquid-phase, which can enter or leave, are determined by the 

electrochemical reactions at the solid/liquid interface in the cathode as shown in 

Equation (3.39): 

∇. 𝑖𝑒 = 𝑎 ∑ 𝑖𝑗
𝑗

 (3.39) 

According to the conservation of charge principle, the charge leaving one phase should 

enter the other phase as given in Equation (3.40): 

∇. 𝑖𝑠 + ∇. 𝑖𝑒 = 0 (3.40) 

Production rate of species i due to the precipitation/dissolution reactions, which is the 

third term in Equation (3.27), is given in Equation (3.41): 

𝑅𝑖 = ∑ 𝛾𝑖,𝑘 × 𝑅𝑘
′

𝑘

 (3.41) 

where 𝛾𝑖,𝑘 is the number of ionic species i in precipitate k due to dissociation and 𝑅𝑘
′  

is production rate of precipitate k in mol m-3 s-1. In Table 3.6, the number of ionic 

species i in the precipitate k due to dissociation are given. 

 

Table 3.6. The number of ionic species i in the precipitate k due to dissociation 

 𝜸𝒊,𝒌 

Subscript k Li2S(s) S8(s) 

Subscript i 

𝑳𝒊+ 2 0 

𝑺𝟖
𝟎
 0 1 

𝑺𝟐− 1 0 
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Production rate of precipitate k is given in Equation (3.42): 

𝑅𝑘
′ = 𝑘𝑘휀𝑘 (∏ 𝐶𝑖

𝛾𝑖,𝑘 − 𝐾𝑠𝑝,𝑘

𝑖

) (3.42) 

where 𝑘𝑘 is precipitation rate constant of k in varying units as shown in Table 3.6, 휀𝑘 

volume fraction of precipitate k in cathode and 𝐾𝑠𝑝,𝑘 is solubility product of precipitate 

k in varying units as shown in Table 3.7.  

Porosity of the cathode varies due to the precipitation and dissolution reactions taking 

place in the cathode during discharge according to Equation (3.43): 

𝜕휀

𝜕𝑡
= − ∑ �̃�𝑘

𝑘

× 𝑅𝑘
′  (3.43) 

where �̃�𝑘is molar volume of precipitate k in m3 mol-1. The precipitation/dissolution 

rate constant, solubility product and molar volume parameters used in the model are 

given in Table 3.7. 

Table 3.7. Precipitation/dissolution parameters 

Precipitate k 𝒌𝒌 𝑲𝒔𝒑,𝒌 �̃�𝒌 

Li2S(s) 137.5×10-5 m6 mol2 s-1 3.0×10-3 mol3 m 2.4×10-5 m3 mol-1 

S8(s) 10.0 s-1 19.0 mol m-3 1.239×10-4 m3 mol-1 

 

The volume fraction of precipitate k varies with discharge depth according to Equation 

(3.44): 

𝜕휀𝑘

𝜕𝑡
= �̃�𝑘 × 𝑅𝑘

′  (3.44) 

Cell voltage of the Li-S battery modeled in this study is given in Equation (3.45): 

𝐸𝑐𝑒𝑙𝑙 = 𝜙𝑠(𝐿) − 𝜙𝑒(0) (3.45) 
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where 𝜙𝑠(𝐿) is the solid-phase potential at x=L in V and 𝜙𝑒(0) is the liquid-phase 

potential at x=0 in V. 

As a result, there are 14 variables in the model, which are 

𝐶𝐿𝑖+ , 𝐶𝑆8
0 , 𝐶𝑆4

2− , 𝐶𝑆2− , 𝐶𝐴− , 𝑖1, 𝑖2, 𝜙𝑠 , 𝜙𝑒 , 𝑖𝑠, 𝑖𝑒 , 휀, 휀𝐿𝑖2𝑆 and 휀𝑆8(𝑠)
. In order to investigate 

the change of these 14 parameters with respect to time and position in the cathode, the 

governing equations given in Equation (3.46) to (3.59) are used. 

𝜕휀𝐶𝐿𝑖+

𝜕𝑡
= −

𝜕

𝜕𝑥
[−(𝐷𝐿𝑖+,0 ∗ 휀𝑏)

𝜕𝐶𝐿𝑖+

𝜕𝑥
− 𝑧𝐿𝑖+

(𝐷𝐿𝑖+,0 ∗ 휀𝑏)

𝑅𝑇
𝐹𝐶𝐿𝑖+

𝜕𝜙𝑒

𝜕𝑥
]

− 𝛾𝐿𝑖+,𝐿𝑖2𝑆 ∗ {𝑘𝐿𝑖2𝑆 ∗ 휀𝐿𝑖2𝑆 ∗ [(𝐶𝐿𝑖+
𝛾

𝐿𝑖+,𝐿𝑖2𝑆) ∗ (𝐶𝑆2−
𝛾

𝑆2−,𝐿𝑖2𝑆) − 𝐾𝑠𝑝,𝐿𝑖2𝑆]} 

(3.46) 

𝜕휀𝐶𝑆8
0

𝜕𝑡
= −

𝜕

𝜕𝑥
[−(𝐷𝑆8

0,0 ∗  휀𝑏)
𝜕𝐶𝑆8

0

𝜕𝑥
− 𝑧𝑆8

0

(𝐷𝑆8
0,0 ∗ 휀𝑏)

𝑅𝑇
𝐹𝐶𝑆8

0

𝜕𝜙𝑒

𝜕𝑥
]

+ {−𝑎0 (
휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

𝜉

∗ [
−

1
4 ∗ 𝑖1

𝐹
]} − 𝛾𝑆8

0,𝑆8(𝑠)

∗ {𝑘𝑆8(𝑠)
∗ 휀𝑆8(𝑠)

∗ [(𝐶𝑆8
0

𝛾
𝑆8

0,𝑆8(𝑠) ) − 𝐾𝑠𝑝,𝑆8(𝑠)
]} 

(3.47) 

𝜕휀𝐶𝑆4
2−

𝜕𝑡
= −

𝜕

𝜕𝑥
[−(𝐷𝑆4

2−,0 ∗ 휀𝑏)
𝜕𝐶𝑆4

2−

𝜕𝑥

− 𝑧𝑆4
2−

(𝐷𝑆4
2−,0 ∗ 휀𝑏)

𝑅𝑇
𝐹𝐶𝑆4

2−

𝜕𝜙𝑒

𝜕𝑥
]

+ {−𝑎0 (
휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

𝜉

∗ [

1
2 ∗ 𝑖1 −

1
6 ∗ 𝑖2

𝐹
]} 

(3.48) 
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𝜕휀𝐶𝑆2−

𝜕𝑡
= −

𝜕

𝜕𝑥
[−(𝐷𝑆2−,0 ∗ 휀𝑏)

𝜕𝐶𝑆2−

𝜕𝑥
− 𝑧𝑆2−

(𝐷𝑆2−,0 ∗ 휀𝑏)

𝑅𝑇
𝐹𝐶𝑆2−

𝜕𝜙𝑒

𝜕𝑥
] 

+ {−𝑎0 (
휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

𝜉

∗ [

2
3 ∗ 𝑖2

𝐹
]} − 

𝛾𝑆2−,𝐿𝑖2𝑆 ∗ {𝑘𝐿𝑖2𝑆 ∗ 휀𝐿𝑖2𝑆 ∗ [(𝐶𝐿𝑖+
𝛾

𝐿𝑖+,𝐿𝑖2𝑆) ∗ (𝐶𝑆2−
𝛾

𝑆2−,𝐿𝑖2𝑆) − 𝐾𝑠𝑝,𝐿𝑖2𝑆]} 

(3.49) 

𝐶𝐴− = 𝐶𝐿𝑖+ − 2𝐶𝑆4
2− − 2𝐶𝑆2−  

(3.50) 

𝑖1 = 𝑖0,1𝑟𝑒𝑓 {(
𝐶𝑆4

2−

𝐶𝑆4
2−,𝑟𝑒𝑓

)

1
2

exp (
𝛼𝑎1𝐹

𝑅𝑇
𝜂1)

− (
𝐶𝑆8

0

𝐶𝑆8
0,𝑟𝑒𝑓

)

1
4

exp (−
𝛼𝑐1𝐹

𝑅𝑇
𝜂1)} 

(3.51) 

𝑖2 = 𝑖0,2𝑟𝑒𝑓 {(
𝐶𝑆2−

𝐶𝑆2−,𝑟𝑒𝑓
)

2
3

exp (
𝛼𝑎2𝐹

𝑅𝑇
𝜂2)

− (
𝐶𝑆4

2−

𝐶𝑆4
2−,𝑟𝑒𝑓

)

1
6

exp (−
𝛼𝑐2𝐹

𝑅𝑇
𝜂2)} 

(3.52) 

𝑖𝑠 = −𝜎 
𝜕𝜙𝑠

𝜕𝑥
 

(3.53) 
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𝑖𝑒 = 𝐹 ∗ {{𝑧𝐿𝑖+ ∗ [−(𝐷𝐿𝑖+,0 ∗ 휀𝑏)
𝜕𝐶

𝐿𝑖+

𝜕𝑥
− 𝑧𝐿𝑖+

(𝐷
𝐿𝑖+,0

∗ 𝑏)

𝑅𝑇
𝐹𝐶𝐿𝑖+

𝜕𝜙𝑒

𝜕𝑥
]} +

{𝑧𝑆8
0 ∗ [−(𝐷𝑆8

0,0 ∗  휀𝑏)
𝜕𝐶

𝑆8
0

𝜕𝑥
− 𝑧𝑆8

0

(𝐷
𝑆8

0,0
∗ 𝑏)

𝑅𝑇
𝐹𝐶𝑆8

0
𝜕𝜙𝑒

𝜕𝑥
]} +

{𝑧𝑆4
2− ∗ [−(𝐷𝑆4

2−,0 ∗ 휀𝑏)
𝜕𝐶

𝑆4
2−

𝜕𝑥
− 𝑧𝑆4

2−

(𝐷
𝑆4

2−,0 
∗ 𝑏)

𝑅𝑇
𝐹𝐶𝑆4

2−
𝜕𝜙𝑒

𝜕𝑥
]} +

{𝑧𝑆2− ∗ [−(𝐷𝑆2−,0 ∗ 휀𝑏)
𝜕𝐶

𝑆2−

𝜕𝑥
− 𝑧𝑆2−

(𝐷
𝑆2−,0 

∗ 𝑏)

𝑅𝑇
𝐹𝐶𝑆2−

𝜕𝜙𝑒

𝜕𝑥
]} +

{𝑧𝐴− ∗ [−(𝐷𝐴−,0 ∗ 휀𝑏)
𝜕𝐶𝐴−

𝜕𝑥
− 𝑧𝐴−

(𝐷𝐴−,0∗ 𝑏)

𝑅𝑇
𝐹𝐶𝐴−

𝜕𝜙𝑒

𝜕𝑥
]}}  

(3.54) 

𝑖𝑠 + 𝑖𝑒 = 𝐼𝑎𝑝𝑝𝑙𝑖𝑒𝑑 (3.55) 

𝜕𝑖𝑒

𝜕𝑥
= 𝑎0 (

휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

𝜉

∗ (𝑖1 + 𝑖2) 
(3.56) 

𝜕휀

𝜕𝑡
= − {�̃�𝐿𝑖2𝑆 ∗ 𝑘𝐿𝑖2𝑆 ∗ 휀𝐿𝑖2𝑆 ∗ [(𝐶𝐿𝑖+

𝛾
𝐿𝑖+,𝐿𝑖2𝑆) ∗ (𝐶𝑆2−

𝛾
𝑆2−,𝐿𝑖2𝑆) − 𝐾𝑠𝑝,𝐿𝑖2𝑆]

+ �̃�𝑆8(𝑠)
∗ 𝑘𝑆8(𝑠)

∗ 휀𝑆8(𝑠)
∗ [(𝐶𝑆8

0

𝛾
𝑆8

0,𝑆8(𝑠) ) − 𝐾𝑠𝑝,𝑆8(𝑠)
]} 

(3.57) 

𝜕휀𝐿𝑖2𝑆

𝜕𝑡
= �̃�𝐿𝑖2𝑆 ∗ 𝑘𝐿𝑖2𝑆 ∗ 휀𝐿𝑖2𝑆 ∗ [(𝐶𝐿𝑖+

𝛾
𝐿𝑖+,𝐿𝑖2𝑆) ∗ (𝐶𝑆2−

𝛾
𝑆2−,𝐿𝑖2𝑆) − 𝐾𝑠𝑝,𝐿𝑖2𝑆] 

(3.58) 

휀𝑆8(𝑠)
= 1 − 휀 − 휀𝐿𝑖2𝑆 − 휀𝑐𝑎𝑟𝑏𝑜𝑛 − 휀𝑏𝑖𝑛𝑑𝑒𝑟 (3.59) 

3.2.1. Initial Conditions 

The initial concentration of species i are assumed to be equal to the reference 

concentrations throughout the cathode. It is assumed that only the high voltage plateau 

reaction dominates initially [36] and the initial conditions for 𝑖1and 𝑖2 are derived 
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accordingly as shown in Table 3.8. The initial conditions for 𝜙𝑠, 𝜙𝑒 , 𝑖𝑠 and 𝑖𝑒 are 

derived using the assumption that initially there are no concentration gradients within 

the cell. The initial values for 휀, 휀𝐿𝑖2𝑆 and 휀𝑆8(𝑠)
 are also shown in Table 3.8. 

 

Table 3.8. Initial conditions for the model variables 

Variable Initial Conditions 

1 𝐶𝐿𝑖+  𝐶𝐿𝑖+ = 𝐶𝐿𝑖+,𝑟𝑒𝑓 

2 𝐶𝑆8
0 𝐶𝑆8

0 = 𝐶𝑆8
0,𝑟𝑒𝑓 

3 𝐶𝑆4
2− 𝐶𝑆4

2− = 𝐶𝑆4
2−,𝑟𝑒𝑓 

4 𝐶𝑆2−  𝐶𝑆2− = 𝐶𝑆2−,𝑟𝑒𝑓 

5 𝐶𝐴− 𝐶𝐴− = 𝐶𝐴−,𝑟𝑒𝑓 

6 𝑖1 𝑖1 = −
𝐼𝑎𝑝𝑝

𝑎0𝐿
 

7 𝑖2 𝑖2 = 0 

8 𝜙𝑠 𝜙𝑠 = −
𝐼𝑎𝑝𝑝

2𝜎𝐿
𝑥2 

9 𝜙𝑒 𝜙𝑒 = 𝜙𝑠 − 𝑈2,𝑟𝑒𝑓 +
𝑅𝑇

𝛼𝑐𝐹
 ln (

𝐼𝑎𝑝𝑝

𝑎0𝐿𝑖𝑜,2𝑟𝑒𝑓
) 

10 𝑖𝑠 𝑖𝑠 = 𝐼𝑎𝑝𝑝 − 𝑖𝑒 

11 𝑖𝑒 𝑖𝑒 = 𝐼𝑎𝑝𝑝 (1 −
𝑥

𝐿
) 

12 휀 휀 = 휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙 

13 휀𝐿𝑖2𝑆 휀𝐿𝑖2𝑆 = 휀𝐿𝑖2𝑆𝑖𝑛𝑖𝑡𝑖𝑎𝑙
 

14 휀𝑆8(𝑠)
 휀𝑆8(𝑠)

= 휀𝑆8(𝑠)𝑖𝑛𝑖𝑡𝑖𝑎𝑙
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3.2.2. Boundary Conditions 

The boundary conditions for the separator/cathode interface (x = 0) are given in 

Equation (3.60)-(3.67): 

𝐶𝐿𝑖+ = 𝐶𝐿𝑖+,𝑟𝑒𝑓 (3.60) 

𝐶𝑆8
0 = 𝐶𝑆8

0,𝑟𝑒𝑓 (3.61) 

𝐶𝑆4
2− = 𝐶𝑆4

2−,𝑟𝑒𝑓 (3.62) 

𝐶𝑆2− = 𝐶𝑆2−,𝑟𝑒𝑓 (3.63) 

𝐶𝐴− = 𝐶𝐴−,𝑟𝑒𝑓 (3.64) 

𝜙𝑠 = 0 (3.65) 

𝑖𝑠 = 0 (3.66) 

𝑖𝑒 = 𝐼𝑎𝑝𝑝 (3.67) 

 

The boundary conditions for the cathode/current collector interface (x = L) are given 

in Equation (3.68)-(3.74): 

𝑁𝐿𝑖+ = 0 (3.68) 

𝑁𝑆8
0 = 0 (3.69) 

𝑁𝑆4
2− = 0 (3.70) 

𝑁𝑆2− = 0 (3.71) 

𝑁𝐴− = 0 (3.72) 

𝑖𝑒 = 0 (3.73) 

𝑖𝑠 = 𝐼𝑎𝑝𝑝 (3.74) 
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The model is developed using a block tri-diagonal matrix algorithm in FORTRAN 

[38] by using 501 node points and 0.1 s time-step size. Doubling the node points and 

halving the time-step size ends up with a negligible change. Run times of each Li-S 

cell simulation lasts 30 min approximately. 

The linearization procedure is applied to the governing equations from Equation (3.46) 

to (3.59) and the boundary conditions from Equation (3.60) to (3.74), as indicated in 

Equation (3.75) and (3.76), respectively. 

∑
𝑎𝑖,𝑘(𝑥)(𝑑2𝑐𝑘)

𝑑𝑥2

𝑛

𝑘=1

+ 𝑏𝑖,𝑘(𝑥)
𝑑𝑐𝑘

𝑑𝑥
+ 𝑑𝑖,𝑘(𝑥)𝑐𝑘 = 𝑔𝑖(𝑥) (3.75) 

∑ 𝑝𝑖,𝑘

𝑑𝑐𝑘

𝑑𝑥

𝑛

𝑘=1

+ 𝑒𝑖,𝑘𝑐𝑘 = 𝑓𝑖 (3.76) 

where the subscripts i and k shows the equation number and variable number (in Table 

3.8), respectively. 

The coefficients of 𝑎𝑖,𝑘(𝑥), 𝑏𝑖,𝑘(𝑥), 𝑑𝑖,𝑘(𝑥), 𝑔𝑖(𝑥), 𝑝𝑖,𝑘, 𝑒𝑖,𝑘 ve 𝑓𝑖 for each equation and 

variable are found. A sample linearization procedure is shown in Appendix A. 

Consequently, the coefficients are inserted to FORTRAN code, which is given in 

Appendix B and a one- dimensional, spatiotemporal electrochemical model is 

developed. The parameters used in the concentration-dependent electrochemical 

model is shown in Table 3.9. 
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Table 3.9. Parameters in the concentration-dependent electrochemical model 

*The parameters used by Kumaresan et al. [10] 

a The cathode contains 10 wt% binder. 

b In the model, the cathode electrochemically active area equation suggested by the 

Kumaresan et al. [10] is modified and defined as a function of carbon volume 

fraction, 휀𝐶 [4,12]. 

High Voltage Plateau Standard Potential, 𝑈1
0(V) 2.35 

Low Voltage Plateau Standard Potential, 𝑈2
0 (V) 2.0 

Exchange Current Density of First Electrochemical 

Reaction, 𝑖𝑜,1𝑟𝑒𝑓 (A cm-2) 
1.0 × 10-6 

Exchange Current Density of Second 

Electrochemical Reaction, 𝑖𝑜,2𝑟𝑒𝑓 (A cm-2) 
0.5 × 10-6 

Temperature, T (K) 298 

Current Density at a rate of 1C, 𝐼 (mA cm-2)* 2.275 

Carbon to Sulfur wt% in the Cathode (wt%)a 45:45 

C to S Ratio in the Cathode 1 

Initial Electrolyte Volume Fraction in the 

Cathode, 휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
 

0.90 

E to S Ratio in the Cathode (mL g S-1) 10.48 

Cathode Thickness, 𝐿𝑝𝑒 (µm)* 41 

Transfer Coefficients, 𝛼𝑎, 𝛼𝑐  * 0.5 

Cathode Electronic Conductivity, 𝜎  (S m-1) [36] 1.0 

Cathode Electrochemically Active Area, 𝑎 (cm2 cm-3)b 𝑎 = 𝐴 ∙ 𝜌𝐶 ∙ 휀𝐶 (
휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

1.5

 

Initial Li2S Volume Fraction in the Cathode, 

휀𝐿𝑖2𝑆𝑖𝑛𝑖𝑡𝑖𝑎𝑙
 [26] 

1.0 × 10-4 
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Based on concentration-dependent electrochemical model, the estimation of the 

discharge profile of Li-S cell and the investigation of the effects of key cathode design 

parameters as C/S and E/S ratios and sulfur loading on the discharge voltage profile 

of Li-S cell are performed. In Table 3.10, the parameters used in the concentration-

dependent electrochemical model for the investigation of the effect of C/S ratio on the 

electrochemical performance of a Li-S cell is given. 

 

Table 3.10. Parameters used in the concentration-dependent electrochemical model 

for investigating the effect of C/S ratio 

High Voltage Plateau Standard 

Potential, 𝑈1
0 (V) 

2.35 

Low Voltage Plateau Standard 

Potential, 𝑈2
0 (V) 

2.0 

Exchange Current Density 

of First Electrochemical 

Reaction, 𝑖𝑜,1𝑟𝑒𝑓 (A cm-2) 

1.0 × 10-6 

Exchange Current Density of 

Second Electrochemical 

Reaction, 𝑖𝑜,2𝑟𝑒𝑓 (A cm-2) 

0.5 × 10-6 

Temperature, T (K) 298 

Current Density at a rate of 1C, 

𝐼 (mA cm-2)* 
2.275 

Carbon to Sulfur wt% in the 

Cathode (wt%)a 
10:80 30:60 45:45 60:30 70:20 75:15 

C to S Ratio in the Cathode 0.125 0.5 1 2 3.5 5 
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Table 3.10. Parameters used in the concentration-dependent electrochemical model 

for investigating the effect of C/S ratio (continued) 

Initial Electrolyte Volume 

Fraction in the Cathode, 휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙 
0.90 

Cathode Thickness, 𝐿𝑝𝑒 (µm)* 41 

Cathode Electrochemically 

Active Area, 𝑎 (cm2 cm-3)b 
𝑎 = 𝐴 ∙ 𝜌𝐶 ∙ 휀𝐶 (

휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

1.5

 

* The parameters used by Kumaresan et al. [10]  

a The cathode contains 10 wt% binder. 

b In the model, the cathode electrochemically active area equation suggested by the 

Kumaresan et al. [10] is modified and defined as a function of carbon volume fraction, 

휀𝐶 [4,12]. 

In Table 3.11, the parameters used in the concentration-dependent electrochemical 

model for the investigation of the effect of E/S ratio on the electrochemical 

performance of a Li-S cell is given. 

Table 3.11. Parameters used in the concentration-dependent electrochemical model 

for investigating the effect of E/S ratio 

High Voltage Plateau Standard Potential, 

𝑈1
0 (V) 

2.35 

Low Voltage Plateau Standard Potential, 𝑈2
0 

(V) 
2.0 

Exchange Current Density of First 

Electrochemical Reaction, 𝑖𝑜,1𝑟𝑒𝑓 (A cm-2) 
1.0 × 10-6 

Exchange Current Density of Second 

Electrochemical Reaction, 𝑖𝑜,2𝑟𝑒𝑓 (A cm-2) 
0.5 × 10-6 
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Table 3.11. Parameters used in the concentration-dependent electrochemical model 

for investigating the effect of E/S ratio (continued) 

Temperature, T (K) 298 

Current Density at a rate of 1C, 𝐼 (mA cm-2)* 2.275 

Carbon to Sulfur wt% in the Cathode (wt%)a 3.8: 

86.2 

5.7: 

84.3 

11.5: 

78.5 

23.5: 

66.5 

0.4: 

0.5 

C to S Ratio in the Cathode 0.04 0.07 0.15 0.35 0.80 

Initial Electrolyte Volume Fraction in the 

Cathode, 휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙 
0.7   0.8   0.9   0.95  0.97 

E to S ratio in the Cathode (mL g S-1) 1.34   2.35  5.73  14.52  33.64 

Carbon Volume Fraction in the Cathode 0.0128 

Cathode Thickness, 𝐿𝑝𝑒 (µm) 21 32 70 168 381 

Sulfur Loading (mg cm-2) 1.1 

Cathode Electrochemically Active Area, 

𝑎 (cm2 cm-3)b 
𝑎 = 𝐴 ∙ 𝜌𝐶 ∙ 휀𝐶 (

휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

1.5

 

* The parameters used by Kumaresan et al. [10] 

a The cathode contains 10 wt% binder. 

b In the model, the cathode electrochemically active area equation suggested by the 

Kumaresan et al. [10] is modified and defined as a function of carbon volume fraction, 

휀𝐶 [4,12]. 

 

In Table 3.12, the parameters used in the concentration-dependent electrochemical 

model for the investigation of the effect of sulfur loading on the electrochemical 

performance of a Li-S cell is given. 
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Table 3.12. Parameters used in the concentration-dependent electrochemical model 

for investigating the effect of sulfur loading 

High Voltage Plateau Standard Potential, 𝑈1
0 (V) 2.35 

Low Voltage Plateau Standard Potential, 𝑈2
0 (V) 2.0 

Exchange Current Density of First 

Electrochemical Reaction, 𝑖𝑜,1𝑟𝑒𝑓 (A cm-2) 
1.0 × 10-6 

Exchange Current Density of Second 

Electrochemical Reaction, 𝑖𝑜,2𝑟𝑒𝑓 (A cm-2) 
0.5 × 10-6 

Temperature, T (K) 298 

Current Density at a rate of 1C, 𝐼 (mA cm-2)* 2.275 

E to S Ratio in the Cathode (mL g S-1) 10.48 

Initial Electrolyte Volume Fraction in the 

Cathode, 휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
 

0.9 

C to S Ratio in the Cathode 1 

Carbon Volume Fraction in the Cathode, 휀𝑐𝑎𝑟𝑏𝑜𝑛 0.0128 

Cathode Thickness, 𝐿𝑝𝑒 (µm) 40 70 100 120 150 

Sulfur Loading (mg cm-2) 0.34 0.60 0.86 1.03 1.29 

Cathode Electrochemically Active Area, 

𝑎 (cm2 cm-3)a 
𝑎 = 𝐴 ∙ 𝜌𝐶 ∙ 휀𝐶 (

휀

휀𝑖𝑛𝑖𝑡𝑖𝑎𝑙
)

1.5

 

* The parameters used by Kumaresan et al. [10] 

a In the model, the cathode electrochemically active area equation suggested by the 

Kumaresan et al. [10] is modified and defined as a function of carbon volume fraction, 

휀𝐶 [4,12]. 
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CHAPTER 4  

 

4. RESULTS AND DISCUSSION 

 

In this chapter, the results and discussion for the modeling of the effect of key cathode 

design parameters on the electrochemical performance of a Li-S cell is presented. The 

impact of critical design parameters on the electrochemical performance of a Li-S cell 

is first discussed through predicting the cell voltage at a specific discharge depth by 

the concentration-independent model. Next, a more comprehensive concentration-

dependent model is demonstrated to project the effect of these critical design factors 

on the entire discharge profile and the capacity of the Li-S cell. 

4.1. Results of the Concentration-Independent Electrochemical Model 

4.1.1. The Effect of Carbon to Sulfur Ratio on the Electrochemical Performance 

of a Li-S Cell 

High carbon to sulfur (C/S) ratios are required in the Li-S cathode because sulfur has 

an insulating nature. To increase the electronic conductivity and the electrochemically 

active surface area in the cathode, higher carbon amounts should be used in the 

cathode, which also increases the active material utilization and useable specific 

capacity of the cell significantly. However, according to a previous technoeconomic 

analysis of the Li‐S battery, the C/S ratio in the cathode has an optimum value to 

maximize the energy density and minimize the cost at the systems level [3]. The 

increase in the C/S ratio up to this certain level leads to enhanced useable specific 

capacity and consequently to a higher systems‐level energy density. However, when 

the cathode is not kinetically limited anymore, any further increase in the C/S ratio 

decreases the systems‐level energy density in the cell, which results from the increase 

in the amount of inactive materials. As a result, the C/S ratio is one of the most critical 
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cathode design parameters, which affects both the electrochemical performance of the 

cell and the systems‐level performance of the battery.  

In the proposed model, the complex reaction mechanism of the Li-S chemistry is 

simplified into a single step for both the high and the low voltage plateaus as 

mentioned in the Model Development chapter. Thus, the cathode kinetics in each of 

the voltage plateau are defined with a single kinetic parameter, the cathode exchange 

current density, which can be estimated by the comparison of the model ASI 

predictions with the experimental cell resistance data. Consequently, the variation in 

the cathode exchange current density in the model can capture the cathode 

characteristics such as the passivation of the cathode surface or transport and charge 

transfer resistances due to the polysulfide shuttling, which would change the total cell 

resistance. Therefore, the effects of critical cathode design parameters such as the 

carbon to sulfur ratio, electrolyte to sulfur ratio, and the sulfur loading can be 

investigated by using this simple model.  

In this study, the effect of the C/S ratio in the cathode on the cathode kinetics is 

investigated for different current densities and the result is shown in Figure 4.1. 
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Figure 4.1. The effect of carbon to sulfur ratio in the cathode on the calculated cell 

voltage at 60% depth of discharge of the Li‐S cell for different current densities. The 

electrolyte vol% is 휀 = 90%, and the cathode exchange current density is            

𝑖0,𝑝𝑒= 6.28 × 10-7 A cm−2 for all results 

 

In Figure 4.1, cell voltage variation of the Li‐S cell as a function of C/S ratio is 

presented for different current densities from 0.1 to 1 mA cm−2. Electrochemical 

performance of the cells is investigated by calculating the cell voltages at 60% depth 

of discharge, which corresponds to the low voltage plateau of the Li-S cell. It is 

concluded from the figure that, the increase in C/S ratio in the cathode up to 1 

significantly increases the cell voltage. However, beyond that point, cell voltage is 

slightly increased. This behavior is observed for all applied current densities but less 

change in the cell voltage is seen at low current densities, which is an expected result. 
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In the proposed model, the effect of C/S ratio on the electrochemical performance of 

a Li-S cell is captured by defining the electrochemically active area and electronic 

conductivity as a function of the carbon volume fraction. Thus, without changing the 

single kinetic model parameter (𝑖0,𝑝𝑒), the increase in the C/S ratio up to 1 increases 

the electrochemically active area and electronic conductivity that leads to an increase 

in the cell voltage. Further increase in the C/S ratio has no effect on the cell voltage 

when the kinetic limitations are no longer present. This behavior of the effect of the 

C/S ratio in the cathode on the cell voltage predicted by the model is consistent with 

the previous experimental observations [14,17] and simulated behaviors [30]. 

4.1.2. Comparison of Experimental Results with the Concentration-Independent 

Model Predictions 

In order to validate the developed model, the calculated cell voltages at 60% DOD as 

a function of C/S ratio in the cathode are compared with two different experimental 

data in the literature, which is Figure 1 in both Xu et al. [17] and Gao and Abruña [14]. 

By feeding the model with the available experimental parameters such as the current 

density and C/S and E/S ratios in the cathode, the cell voltages are estimated and 

compared with the experimentally measured cell voltages at the 60% DOD. The 

comparison of the experimental and simulated cell voltages is shown in Figure 4.2. 
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Figure 4.2. Cell voltages calculated at 60% depth of discharge versus experimentally 

measured cell voltages (Figure 1 in Xu et al. [17] and Gao and Abruña [14]) as a 

function of C/S ratio in the cathode. The electrolyte vol%, current density, cathode 

thickness, and cathode exchange current density are taken as 휀 = 90%, I = 0.2, or 0.4 

mA cm−2 (black vs red line), 𝐿𝑝𝑒 = 20 μm, and 𝑖0,𝑝𝑒= 6.28 × 10−7 A cm−2 for all 

results 

 

As it can be seen in Figure 4.2, the model and the experimental results show a good 

agreement. In the model, the electrochemically active area, 𝑎, is defined as a function 

of the carbon volume fraction in the cathode, as previously mentioned in Model 

Development section. As a result, the effect of C/S ratio on the cathode kinetics can 

be captured by the developed model by accounting for the change in the reaction area 

in the cathode without changing the kinetic model parameter, cathode exchange 

current density, 𝑖0,𝑝𝑒. 
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Next, the proposed model is used on the experimental study of our collaborators, Dr. 

Koenig’s group at University of Virginia. As presented in Michaelis et al. [12], the 

mentioned experimental work investigates the effect of the relative sulfur loading or 

equivalently carbon to sulfur ratio on the electrochemical performance of the Li‐S 

cells. The measured experimental cell voltage at 60% DOD corresponding to the low 

voltage plateau region, is compared with the cell voltage estimated by the developed 

model.  

As previously mentioned, the single kinetic parameter in the cathode, 𝑖0,𝑝𝑒 is not a 

function of C/S ratio in the model. However, the electrolyte volume fraction in the 

cathode has a significant impact on this kinetic parameter as the electrolyte amount 

defines the reaction and polysulfide shuttle kinetics [4,5]. To capture the kinetics in 

this study, two different 𝑖0,𝑝𝑒  values were used in the calculations for the first two and 

last three electrodes, according to their similar electrolyte volume percentages. For the 

first two data points, which have high sulfur loadings, 𝑖0,𝑝𝑒  was taken as 0.5 × 10−8 A 

cm−2 whereas for the last three data points, which has higher C/S ratios, 𝑖0,𝑝𝑒  was 

assumed as 1 × 10−8 A cm−2. These cathode exchange current density values were 

reasonable when compared with the previous studies in the literature [3]. The 

comparison of the experimental and simulated cell voltages is shown in Figure 4.3.  
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Figure 4.3. The cell potential at 60% depth of discharge (DOD) extracted from 

experimental cycling data (red squares) [12] and the one‐dimensional model (black 

circles) 

 

As can be seen in Figure 4.3, the simulated and the experimental cell voltages at the 

60% DOD with 0.1 C discharge current rate show a good agreement. The transition in 

behavior in the cell containing C/S ratio of approximately 2 or 23.2 wt% sulfur is 

captured. As the C/S ratio in the cathode gets lower, the decrease in the cell voltage 

gets more dramatic, due to higher polarization and lower capacity at the two highest 

sulfur loadings in the experimental observations. As shown in Table 3.2, this observed 

trend is captured in the model by defining the electrochemically active surface area 

and electronic conductivity in the cathode as a function of the carbon volume fraction. 

At higher C/S ratios (lower S loadings), the cathode kinetics were enhanced by both 

increasing electrochemically active area and 𝑖0,𝑝𝑒. The reason for this enhancement 

can be explained by the results of the sulfur distribution at the electrode surface in the 
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study. At high sulfur loadings (first two data points), sulfur agglomeration and 

accumulation on the cathode surface can be observed experimentally [12], which 

passivates the active surface area in the cathode. This passivation is taken into account 

in the model by decreasing 𝑖0,𝑝𝑒. Therefore, it can be concluded that complicated 

experimental trends can be captured in the model by varying the only kinetic 

parameter in the model, 𝑖0,𝑝𝑒 .  

In Figure 4.3, for higher C/S ratios (lower sulfur loadings), the experimental cell 

voltage variation at 60% DOD shows a flat behavior whereas the simulated cell 

voltage variation shows a slightly increasing behavior. A qualitative agreement is 

observed in this part on the lower polarization with increasing C/S ratios relative to 

the high sulfur loading electrodes. However, there is a quantitative deviation between 

the experiment and the model results. This deviation can be due to using the same 

cathode kinetic parameter for first two and last three data points, according to their 

similar electrolyte volume fractions. This assumption may oversimplify the system to 

reflect all the characteristics along the discharge of the battery. For instance, although 

the electrolyte volume fractions were similar in the low S loading group, the 

electrolyte to sulfur ratio is considerably higher in the cell containing the lowest S 

loading. Significantly high E/S ratios may result in a decrease in the kinetic parameter 

because of low polysulfide concentration at the cathode surface or enhanced 

polysulfide shuttle rate. To conclude, this one-dimensional, concentration-

independent model successfully estimates the electrochemical performance of the cell 

via cell voltage as a function of C/S ratio.  

4.2. Results of the Concentration-Dependent Electrochemical Model 

In this section, the results of the concentration-dependent model are presented. As 

mentioned in the Model Development section, there are 14 variables in the model, 

which are 𝐶𝐿𝑖+ , 𝐶𝑆8
0 , 𝐶𝑆4

2− , 𝐶𝑆2− , 𝐶𝐴− , 𝑖1, 𝑖2, 𝜙𝑠, 𝜙𝑒 , 𝑖𝑠, 𝑖𝑒 , 휀, 휀𝐿𝑖2𝑆 and 휀𝑆8(𝑠)
. The 

parameters in the concentration-dependent electrochemical model for this simulation 
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is shown in Table 3.9. The variation of each of these 14 parameters with respect to 

time and position are predicted by the model as discussed next. 

 

 

Figure 4.4. The concentration variation of Li+ across the cathode at different 

discharge times at 1C discharge rate 

 

In Figure 4.4, the concentration variation of Li+ across the cathode at different 

discharge times is shown. As can be seen from Figure 4.4, Li+ concentration increases 

from the beginning of the discharge until t = 0.11 hr because the precipitation of Li2S(s) 

has not started yet and Li+ and soluble polysulfides are continuously produced at this 

state. However, as the discharge proceeds further, Li+ concentration starts to decrease. 

The reason for this behavior is that Li2S(s) precipitation starts and Li+ begins to be 

consumed in the cathode. Eventually Li+ concentration reaches to approximately 300 

mol m-3 at the end of the discharge. Apart from that, for all discharge times, the 

concentration gradient significantly decreases going from the separator/cathode 
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interface to the cathode/current collector interface since it is assumed that the anode 

can supply unlimited amount of Li in the model. In the study of Kumaresan et al. [10], 

there is no Li+ concentration gradient predicted in the cathode. This may be explained 

by that the concentration gradients are negligible at the low discharge rate (C/57.7) 

taken in their model. However, we use a much higher discharge rate (1C) and 

significantly lower diffusion coefficients (10-12 vs 10-10) in our model. This may be the 

possible reason of the different trends observed in the two models. 

 

 

Figure 4.5. The concentration variation of 𝑆8
0
 across the cathode at different 

discharge times at 1C discharge rate 

 

In Figure 4.5, the concentration variation of 𝑆8
0
 across the cathode at different 

discharge times is given. As it can be seen from Figure 4.5, 𝑆8
0
 concentration starts to 

decrease from the beginning of the discharge. Although solid sulfur still exists, the 

dissolved sulfur, 𝑆8
0
 is immediately consumed by the first electrochemical reaction. 
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From t = 0.11 hr, 𝑆8
0
 concentration decreases significantly and reaches almost zero at 

the deep of the cathode. For all the remaining discharge times, the concentration of 

𝑆8
0
 is maximum at the separator/cathode interface and reaches to zero throughout the 

cathode. 

 

 

Figure 4.6. The concentration variation of 𝑆4
2−

across the cathode at different 

discharge times at 1C discharge rate 

 

In Figure 4.6, the concentration variation of 𝑆4
2− across the cathode at different 

discharge times is shown. From Figure 4.6, it can be seen that 𝑆4
2−

concentration starts 

to increase from the beginning of the discharge since dissolved sulfur, 𝑆8
0
 reduces 

into 𝑆4
2−

 by the first electrochemical reaction. As the discharge continues, 𝑆8
0
 is 

present only in the separator/cathode interface while all 𝑆8
0
 is consumed at the deep 

of the cathode, which can be seen from Figure 4.5. Thus, the concentration profile of 
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𝑆4
2−

 shows an increasing behavior near the separator/cathode interface and a flat 

behavior at the remaining parts of the cathode. After the second electrochemical 

reaction becomes dominant, 𝑆4
2−

 concentration starts to decrease going towards the 

current collector in the cathode. 

 

 

Figure 4.7. The concentration variation of 𝑆2− across the cathode at different 

discharge times at 1C discharge rate 

 

In Figure 4.7, the concentration variation of 𝑆2− across the cathode at different 

discharge times is represented. As it can be seen from Figure 4.7, at the beginning of 

the discharge, 𝑆2− concentration is very low. It then starts to increase until the 

electrolyte becomes supersaturated with 𝑆2−. From that time on, the precipitation of 

Li2S(s) starts and its concentration decreases dramatically, which is shown at t = 0.17 

hr. As the discharge proceeds further, the concentration profile of 𝑆2− shows a sharp 

peak near the separator/cathode interface, which may arise due to the concentration 
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profile of 𝑆4
2−

. As mentioned in Figure 4.6, 𝑆4
2−

 concentration increases near the 

separator/cathode interface, makes a peak and begins to decrease towards the current 

collector. 

 

 

Figure 4.8. The concentration variation of 𝐴− across the cathode at different 

discharge times at 1C discharge rate 

 

In Figure 4.8, the concentration variation of 𝐴− across the cathode at different 

discharge times is shown. In Figure 4.8, 𝐴− concentration decreases significantly near 

the separator/cathode interface and shows a constant profile along the cathode. The 

reason for this behavior is the electroneutrality principle. At the beginning of the 

discharge, although 𝐿𝑖+ concentration increases, 𝐴− concentration continuously 

decreases due to the increase in the 𝑆4
2−

 concentration, which significantly contributes 

to the anions. After the decrease in the 𝐿𝑖+ concentration due to Li2S(s) precipitation, 
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𝐴− concentration follows a similar trend with 𝐿𝑖+, since 𝐴− is the dominant negative 

ion that compensates the effect of the only cation in the system. 

 

 

Figure 4.9. The current density variation of the first electrochemical reaction across 

the cathode at different discharge times at 1C discharge rate 

 

In Figure 4.9, the current density variation of the first electrochemical reaction across 

the cathode during discharge is shown. It can be concluded from Figure 4.9 that, at the 

initial discharge times, the first electrochemical reaction occurs more homogeneously 

in the cathode due to the more uniform distributions of 𝑆8
0
 and 𝑆4

2−
. However as the 

discharge continues, a more non-uniform behavior is observed due to the 

concentration profile of the reactant, 𝑆8
0
. In Figure 4.5, it is shown that, the 

concentration of 𝑆8
0
 is maximum at the separator/cathode interface and reaches to 

zero throughout the cathode. As expected, the current density for the first 

electrochemical reaction follows a similar trend with the concentration profile. It can 
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be easily seen that, at the end of the discharge this reaction is only dominant at the 

separator/cathode interface. 

 

 

Figure 4.10. The current density variation of the second electrochemical reaction 

across the cathode at different discharge times at 1C discharge rate 

 

In Figure 4.10, the current density variation of the second electrochemical reaction 

across the cathode during discharge is presented. When Figure 4.10 is analyzed, it can 

be seen that similar to the first electrochemical reaction, at the initial discharge times, 

the second electrochemical reaction also occurs more homogeneously in the cathode. 

This is due to the more uniform distributions of 𝑆4
2−

 and 𝑆2−. However, its profile 

varies non-uniformly with further discharge. The second electrochemical reaction is 

dominant near the separator/cathode interface. 
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Figure 4.11. The solid-phase potential variation across the cathode at different 

discharge times at 1C discharge rate 

 

Figure 4.12. The liquid-phase potential variation across the cathode at different 

discharge times at 1C discharge rate 
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In Figure 4.11 and 4.12, the variation for the solid- and liquid-phase potential across 

the cathode during discharge are presented, respectively. It can be seen from these 

figures that, the liquid-phase potential is more significant compared to the solid-phase 

potential. Similarly, the variation of liquid-phase potential is more significant than the 

variation of solid-phase potential. Also, both the solid-and liquid-phase potentials 

become less uniform as the discharge proceeds. 

 

Figure 4.13. The solid-phase current density variation across the cathode at different 

discharge times at 1C discharge rate 
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Figure 4.14. The liquid-phase current density variation across the cathode at 

different discharge times at 1C discharge rate 

 

In Figure 4.13 and 4.14, the solid- and liquid-phase current density variation across 

the cathode during discharge are presented, respectively. As it can be seen from Figure 

4.13, while the solid-phase current density is zero at the separator-cathode interface, 

it is equal to the applied current density, which is 2.275 mA cm-2, at the cathode-

current collector interface. In Figure 4.14, the liquid-phase current density follows the 

conservation of charge principle and while it is equal to the applied current density at 

the separator-cathode interface, it is equal to zero at the cathode-current collector 

interface. The summation of the solid- and liquid-phase current densities are equal to 

the applied current density at any point across the cathode, as defined.  
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Figure 4.15. Electrolyte volume fraction variation across the cathode at different 

discharge times 

 

In Figure 4.15, the variation of the electrolyte volume fraction during the discharge is 

presented. In Figure 4.15, at the initial discharge times, the electrolyte volume fraction 

starts to increase due to the dissolution of the solid sulfur into 𝑆8
0
. At t = 0.11 hr, it 

starts to decrease along the cathode due to Li2S(s) precipitation, as expected. Until the 

end of the discharge, it continues to decrease at the cathode. However, the decrease in 

the porosity is more significant near the separator/cathode interface, compared to the 

deep inside of the cathode. The reason for this behavior is that the concentration of the 

Li+ and 𝑆2− ions are much higher at the separator/cathode interface, as it can be seen 

from the Figures 4.4 and 4.7. Higher concentrations lead to a higher accumulation of 

Li2S(s) in there. Consequently, electrolyte volume fraction decreases near the 

separator/cathode interface. 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.0E+00 1.0E-05 2.0E-05 3.0E-05 4.0E-05

E
le

ct
ro

ly
te

 v
o

lu
m

e 
fr

a
ct

io
n

, 
ε

x (m)

0 hr

0.11 hr

0.22 hr

0.33 hr

0.44 hr

0.56 hr

0.67 hr

0.78 hr

0.89 hr

1 hr



 

 

 

76 

 

 

Figure 4.16. Li2S(s) volume fraction variation across the cathode at different 

discharge times at 1C discharge rate 

 

In Figure 4.16, the variation of the Li2S(s) volume fraction during the discharge is 

shown. As it can be seen from Figure 4.16, from the beginning of the discharge till t 

= 0.11 hr, Li2S(s) volume fraction is almost zero everywhere in the cathode. When the 

electrolyte becomes supersaturated at t = 0.11hr, Li2S(s) precipitation begins. Thus, 

Li2S(s) volume fraction starts to increase. Until the end of the discharge, it increases 

continuously. It then shows a maximum near the separator/cathode interface and 

dramatically decreases towards the current collector. The reason for this behavior is 

the accumulation of Li+ and 𝑆2− close to the separator/cathode interface due to the 

transport limitations in our study. 
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Figure 4.17. S8(s) volume fraction variation across the cathode at different discharge 

times at 1C discharge rate 

 

In Figure 4.17, the variation of the S8(s) volume fraction during the discharge is 

presented. It is found from Figure 4.17 that, S8(s) volume fraction decreases 

continuously from the beginning to the end of the discharge. It follows a similar trend 

with the 𝑆8
0
 concentration profile in Figure 4.5, as expected. While 휀𝑆8(𝑠)

 is maximum 

at the cathode/separator interface, it reaches to zero near the cathode/current collector 

interface indicating that all solid sulfur is consumed. 
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Figure 4.18. Predicted discharge voltage profile of the Li-S cell at 1C discharge rate 

 

Lastly, the discharge curve of the Li-S cell, which is the main output of the model, is 

presented in Figure 4.18. Figure 4.18 presents the two distinct discharge plateaus for 

the Li-S cell. As the discharge begins, elemental sulfur dissolves into 𝑆8
0
 and its 

reduction reaction into 𝑆4
2−

 occurs in the high voltage plateau. Although 𝑆8
0
 is 

consumed continuously due to the first electrochemical reaction, the fast dissolution 

rate keeps 𝑆8
0
 concentration high and the high voltage plateau has a relatively constant 

voltage. As the discharge proceeds, 𝐿𝑖+ and polysulfide concentration continuously 

increase. At approximately t = 0.1 hour, the increase in the concentration of 

𝑆2−exceeds its solubility limit. Consequently, Li2S(s) precipitation and thus the local 

minimum between the two discharge plateaus take place. After that point, the second 

electrochemical reaction dominates the cathode kinetics in the lower-voltage plateau. 

To sum up, the proposed electrochemical model can predict and capture the essential 

characteristics of the discharge profile of a Li-S cell such as the high and the low 
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voltage plateaus successfully by accounting for the concentration gradients within the 

cathode. The effect of the critical cathode design parameters, carbon to sulfur and 

electrolyte to sulfur ratios, on the electrochemical performance of a Li-S cell is 

investigated through the developed concentration-dependent model, which will be 

discussed next. 

4.2.1. The Effect of Carbon to Sulfur Ratio on the Electrochemical Performance 

of a Li-S Cell 

To analyze the effect of carbon to sulfur ratio on the electrochemical performance of 

a Li-S cell, different carbon to sulfur ratios varying from 0.125 to 5 are fed into the 

developed model. The model parameters used in this analysis are given in Table 3.10, 

and the results are shown in Figure 4.19. 

 

 

Figure 4.19. The effect of carbon to sulfur ratio in the cathode on the discharge 

voltage profile of the Li-S cell. For all the results, the electrolyte vol% is 휀 = 90% 

and the discharge rate is 1C. 
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As it can be seen from Figure 4.19, the increase in the C/S ratio up to 2 increases the 

cell voltage significantly. However, further increase in the carbon to sulfur ratio does 

not change the cell voltage. This result is consistent with the results presented in the 

concentration-independent model in the previous part [4,12]. Decreasing C/S ratio up 

to 0.5, increases the discharge capacity, but at the C/S the ratio of 0.125 the discharge 

capacity diminishes significantly since the low carbon amount decreases the sulfur 

utilization. The proposed electrochemical model captures this effect as follows. The 

increase in C/S ratio, which defines the cathode electrochemically active area, 

increases the voltage and capacity up to a certain point by increasing the sulfur 

utilization. However, when the kinetic limitations in the cathode are no longer 

significant, the further increase in the C/S ratio does not affect the cell voltage but 

decreases the capacity slightly due to the reduction in the sulfur amount. These results 

are consistent with the experimental studies in the literature [12,14,17]. As a result, it 

has been found that the proposed model successfully captures the effect of C/S ratio 

on both the cell voltage and discharge capacity. 

4.2.2. The Effect of Electrolyte to Sulfur Ratio on the Electrochemical 

Performance of a Li-S Cell 

In the proposed model, in order to investigate the effect of electrolyte to sulfur ratio 

in the cathode on the cell performance exclusively, both the carbon volume fraction 

and the sulfur loading were kept constant in the analysis. Keeping the carbon volume 

fraction constant cancels the effect of carbon amount on the cell area thus on the 

cathode kinetics. Moreover, the cathode thickness was changed as the electrolyte 

volume increases so that the sulfur loading remained constant. The model parameters 

used in this part are shown in Table 3.11 and the predicted cell voltage curve is shown 

in Figure 4.20. 
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Figure 4.20. The effect of electrolyte to sulfur ratio in the cathode on the discharge 

voltage profile of the Li-S cell. For all the results, sulfur loading in the cathode is 1.1 

mg cm-2 and the discharge rate is 1C. 

 

In Figure 4.20, the cell voltage variation across the cell is presented for different E/S 

ratios varying from 1.37 to 33.64 mL g S-1. As it can be seen from the figure, the 

increase in the E/S ratio up to a certain point increases the cell voltage and capacity 

significantly. The low E/S ratios (1.37 and 2.35 mg g S-1) end up with a low capacity 

by limiting the sulfur utilization. In addition, there is no high voltage plateau in the 

low E/S ratios and it forms as the E/S ratio increases. All of these trends are consistent 

with the experimental studies [21,23]. As a result, it has been concluded that the E/S 

ratio of the proposed model successfully captures the effect on cell voltage and 

capacity. 

 



 

 

 

82 

 

4.2.3. The Effect of Sulfur Loading on the Electrochemical Performance of a Li-

S Cell 

Although keeping the sulfur loading constant is helpful to understand the effect of E/S 

ratio on the cathode kinetics, the capacity decrease is observed at low E/S ratios due 

to the decrease in the sulfur volume fraction. In order to further clarify the capacity 

decrease trend, we simulated the cells with the same C/S and E/S ratios in order to 

have equal sulfur volume fraction in the cathode, however this time sulfur loading 

variation is included in the model via changing the cathode thickness. The parameters 

used for each cell are shown in Table 3.12 and cell voltage variation graph is shown 

in Figure 4.21. 

 

 

Figure 4.21. The effect of cathode thickness (or sulfur loading) on the discharge 

voltage profile of the Li-S cell. For all the results, C/S ratio is 1 and the electrolyte 

vol% is 휀 = 90%. 
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As it can be seen from Figure 4.21, keeping the sulfur volume fraction constant, the 

discharge capacity of the cell increases as the cathode thickness increases. This is an 

expected trend because thicker cathodes have higher sulfur loadings and thus, their 

discharge capacities are higher when compared to the cells having low cathode 

thicknesses. Also, discharge capacity increases both in high and low voltage plateaus 

as the sulfur loading increases, as also expected.  

Here we should emphasize that even though the predicted discharge profiles match 

the experimentally observed trends, the results are only in qualitative agreement with 

the experimental data. For instance, while 1C discharge rate operates the battery only 

for 1 hour in theory, the operation time of the battery is much lower in practice. Or the 

increase in the C/S ratio beyond 1 does not change the cell voltage in the proposed 

model, however this ratio may be different from 1 in practice. Likewise, while the E/S 

ratio of 5.73 mL g S-1 gives the best result among the other E/S ratios in the model 

predictions, it is known from the literature that Li-S cells prepared with this ratio end 

up with low discharge capacities. Thus, quantitative deviations are observed in the 

proposed model, most probably due to the existence of a number of assumed 

parameters in the model which cannot be measured individually. Nevertheless, the 

model can still successfully capture the change in the trends with these design factors. 

In order to further understand the impact of the model parameters on the Li-S 

discharge curve, a detailed sensitivity analysis is conducted next. 

4.2.4. Sensitivity Analysis 

As mentioned previously, to be able to model this system with concentration-

dependency, a number of assumed model parameters are needed. Although, we are 

presenting a simplified version with less reactions, there is still a few parameters that 

should be assumed. Therefore, to understand the effect of each parameter and 

determine the limitations in the model, a sensitivity analysis is conducted. The base 

case is the cell which is explained earlier in the results section. In each run, only the 

designated parameter is altered while keeping the remaining parameters constant. 
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The sensitivity analysis is performed by varying the diffusion coefficients of the 

species, the exchange current densities of the electrochemical reactions, the solubility 

products of the precipitates and the rate constants for the precipitation/dissolution 

reactions. The results of each sensitivity analysis are given below. 

4.2.4.1. Diffusion Coefficients of the Species 

In our baseline case the diffusion coefficients are two orders of magnitude less than 

the model developed by Kumaresan et al. [10] as suggested by Zhang et al. [35]. In 

order to perform the sensitivity analysis, the bulk diffusion coefficients of each five 

species is multiplied by the same specified factor. In Figure 4.22, the effect of 

diffusion coefficient on the discharge voltage curve is presented. 

 

 

Figure 4.22. The discharge plateaus of the Li-S cell with different bulk diffusion 

coefficients at 1C discharge rate 
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In Figure 4.22, as the diffusion coefficient is multiplied by 0.5 and lower, there is a 

significant capacity loss in the cell. The decrease in the diffusion coefficients introduce 

transport limitations in the system due to the slow transport of ions, as explained by 

Kumaresan et al. [10] and Zhang et al. [35]. If the diffusion coefficients are multiplied 

by 2, the capacity is also increased significantly due to faster transport of ions. The 

reason behind this behavior can be deduced from the Li2S(s) volume fraction profiles 

at the end of the discharge of the cells, which have different diffusion coefficient, 

given in Figure 4.23. 

 

 

Figure 4.23. Li2S(s) volume fraction profiles at the end of the discharge of the cells 

with different bulk diffusion coefficients 

 

As it can be seen from Figure 4.23, Li2S(s) volume fraction is the lowest in the cell 

with the lowest diffusion coefficient. Since the low-order polysulfides still exist in 

high amounts in the system, significant capacity reduction is observed in the low 
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voltage plateau. The increase in the diffusion coefficient ends up with a higher Li2S(s) 

volume fraction, showing higher sulfur utilization, therefore the discharge capacity 

becomes higher.  

4.2.4.2. Exchange Current Densities of the Electrochemical Reactions 

In the presented model, to determine the effect of the electrochemical reactions 

individually, exchange current densities of these electrochemical reactions are varied 

independently.  

 

 

Figure 4.24. The discharge voltages of the Li-S cell with different exchange current 

densities of the first electrochemical reaction at 1C discharge rate 

 

In Figure 4.24, the exchange current density of first electrochemical reaction is 

changed and its effect on the discharge voltage profile of a Li-S cell is given. Lower 

𝑖0,1𝑟𝑒𝑓 means the reduction of 𝑆8
0
 to 𝑆4

2−
 is slower. Due to the slower reduction rate, 
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elemental sulfur dissolution into 𝑆8
0
 becomes also slower. As it can be seen from 

Figure 4.24, if 𝑖0,1𝑟𝑒𝑓 is multiplied by 0.1, the high voltage plateau completely 

disappears. In addition, a significant capacity loss is observed for the low voltage 

plateau. Low concentration of 𝑆8
0
, which results from the limited use of the active 

material, causes reduced discharge potential. Since solid sulfur dissolution is slow, 

active material cannot be utilized effectively and the discharge capacity is reduced. If 

𝑖0,1𝑟𝑒𝑓 is multiplied by 5, an elevated discharge voltage is observed as well as a longer 

low voltage plateau with a capacity increase. Higher 𝑖0,1𝑟𝑒𝑓 makes the reduction of 

𝑆8
0
 to 𝑆4

2−
 faster. Thus, the dissolution of sulfur into the electrolyte is faster which 

provides higher active material utilization in the system. The capacity loss in the 

system can be further explained by the Li2S(s) volume fraction profile given in Figure 

4.25. 

 

 

Figure 4.25. Li2S(s) volume fraction profiles at the end of the discharge of the cells 

with different exchange current densities of the first electrochemical reaction 
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As it can be seen from Figure 4.25, Li2S(s) volume fraction profiles at the end of the 

discharge, Li2S(s) volume fraction is the lowest in the cell with the lowest exchange 

current density of the first electrochemical reaction. This explains the limited sulfur 

utilization in the system. As the 𝑖0,1𝑟𝑒𝑓 increases, Li2S(s) volume fraction shows an 

increasing behavior proportionally in the cathode thus more active material is utilized 

in the system and capacity increases. In Figure 4.26(a) and (b), 𝑆8
0
 concentration 

profiles of the cells with different exchange current densities of the first 

electrochemical reaction at 200th sec. and at the end of the discharge are given, 

respectively. 
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Figure 4.26. 𝑆8
0
 concentration profiles of the cells with different exchange current 

densities of the first electrochemical reaction (a) at 200th sec. (b) at the end of the 

discharge 
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As it can be seen from Figure 4.26(a), the case with 𝑖0,1𝑟𝑒𝑓 is multiplied by 0.1 has 

higher 𝑆8
0
 concentration than the other cases which explains the diminishing high 

voltage plateau in Figure 4.24. Moreover, from Figure 4.26(b), it is seen that 𝑆8
0
 is 

still exist in the cathode in higher amount at the lowest 𝑖0,1𝑟𝑒𝑓 at the end of the 

discharge and 𝑆8
0
 concentration decreases as the 𝑖0,1𝑟𝑒𝑓 increases. Thus, the lowest 

discharge capacity is obtained from lowest  𝑖0,1𝑟𝑒𝑓 case. 

 

 

Figure 4.27. The discharge voltages of the Li-S cell with different exchange current 

densities of the second electrochemical reaction at 1C discharge rate 

 

In Figure 4.27, the exchange current density of the second electrochemical reaction is 

altered and its effect on the discharge curve of the cell is given. From Figure 4.27, it 

can be concluded that the variation of the exchange current density of the second 

electrochemical reaction only changes the low voltage plateau and thus the discharge 

capacity of the cell. Since the exchange current density of the first electrochemical 
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reaction is not changed, the high voltage plateau remains constant in these simulations. 

If 𝑖0,2𝑟𝑒𝑓 is multiplied by 10, the accumulation of 𝑆4
2−

 and 𝑆2− ions in the cathode 

causes the capacity decrease in the cell. This can be further understood from the 

concentration variation profiles of 𝑆4
2−

 and 𝑆2− at the end of the discharge given in 

Figure 4.28(a) and (b), respectively. 
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Figure 4.28. The concentration profiles of (a) 𝑆4
2−

 and (b) 𝑆2− of the cells with 

different exchange current densities of the second electrochemical reaction at the end 

of the discharge 
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It is seen from Figure 4.28(a) and (b) that at the highest 𝑖0,2𝑟𝑒𝑓, more 𝑆4
2−

 and 𝑆2− 

exist in the system thus, the insufficient sulfur utilization occurs and low discharge 

capacity is received. However, the discharge capacity change due to varying exchange 

current density of the second electrochemical reaction shown in Figure 4.27 is an 

unexpected result.  

4.2.4.3. Solubility Products of the Precipitates 

If the electrolyte becomes supersaturated and the concentration of an ion exceeds the 

solubility product of the precipitate, the precipitation starts. In this part of the 

sensitivity analysis, the solubility products of S8(s) and Li2S(s) are changed 

individually in order to investigate the effect on the cathode kinetics.  

 

 

Figure 4.29. The discharge voltages of the Li-S cell with different solubility 

products of S8(s) at 1C discharge rate 
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In Figure 4.29, the solubility product of S8(s) is changed and its effect on the discharge 

voltage curve of a Li-S cell is given. At the initial states of discharge, solid sulfur 

continuously dissolves and produced 𝑆8
0
 ions are electrochemically reduced to 𝑆4

2−
. 

However, at the lower 𝐾𝑠𝑝,S8(s)
 values, the electrolyte becomes supersaturated with 𝑆8

0
 

earlier at lower concentrations and an equilibrium between the solid and dissolved 

sulfur is observed; thus, the sulfur utilization is significantly decreased. In Figure 4.29, 

for the simulation of 𝐾𝑠𝑝,S8(s)
 multiplied by 0.9, the significant capacity loss can be 

easily seen. If 𝐾𝑠𝑝,S8(s)
 is multiplied by 2, there is no significant change in the discharge 

voltage, except for the voltage dip in between the two voltage plateaus. As it can be 

seen from Figure 4.29, Li2S(s) precipitation occurs a little earlier as 𝐾𝑠𝑝,S8(s)
 is 

increased. The discharge capacity decrease can be understood from the 

𝑆8
0
concentration profiles at the end of the discharge given in Figure 4.30.  

 

 

Figure 4.30. 𝑆8
0
 concentration profiles at the end of the discharge of the cells with 

different solubility products of S8(s) 
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As it can be seen from 𝑆8
0
concentration profiles at the end of discharge, more 𝑆8

0
 

exists in the cell with the lowest 𝐾𝑠𝑝,S8(s)
 value and 𝑆8

0
concentration decreases as 

𝐾𝑠𝑝,S8(s)
 increases. Since higher 𝑆8

0
 concentration at the end of discharge results in 

lower sulfur utilization, the capacity significantly decreases. 

 

 

Figure 4.31. The discharge voltage curve of the Li-S cell with different solubility 

products of  Li2S(s) at 1C discharge rate 

 

In Figure 4.31, the solubility products of  Li2S(s) is varied and its effect on the 

discharge curve of a Li-S cell is given. As it can be seen from Figure 4.31, the 

multiplication of 𝐾𝑠𝑝, Li2S(s)
 between 0.1 and 107 does not have a significant effect on 

the discharge profiles, except for slight changes in the low voltage plateau and 

discharge times. Thus, it can be concluded that the proposed model is not sensitive to 

the solubility product of  Li2S(s). 
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4.2.4.4. Rate Constants for the Precipitation/Dissolution Reactions 

In this part of the sensitivity analysis, the precipitation/dissolution reaction rate 

constants for S8(s) and Li2S(s) are varied individually to investigate their effect on the 

discharge curve of the Li-S cell. In Figure 4.32, the precipitation/dissolution reaction 

rate constant of S8(s) is changed and its effect on the discharge voltage curve of a Li-

S cell is given. 

 

 

Figure 4.32. The discharge voltage profile of the Li-S cell with different 

precipitation/dissolution rates of S8(s) at 1C discharge rate 

 

As it can be seen from Figure 4.32, at the lowest value of the rate constant of S8(s), 

there is no high voltage plateau formation. Since the dissolution rate of elemental 

sulfur to 𝑆8
0
  is too slow compared to the consumption rate by the first electrochemical 

reaction, its concentration decreases and thus, the voltage decreases rapidly. As the 
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precipitation/dissolution rate constant increases, in which dissolution rate of elemental 

sulfur becomes faster, the high voltage plateau formation is observed because of the 

high concentration of 𝑆8
0
 in the electrolyte. While high voltage plateau is slightly 

decreasing at the intermediate 𝑘S8(s)
 values, it becomes flatter as 𝑘S8(s)

 increases. This 

may be because that higher 𝑘S8(s)
 provides a constant concentration of 𝑆8

0
 until all of 

the solid sulfur dissolves completely, as expected. In addition, decreasing 𝑘S8(s)
 

increases the discharge capacity of the cell. To further understand the high voltage 

plateau variation, 𝑆8
0
 concentration profiles at 200th sec. are plotted and shown in 

Figure 4.33. 

 

 

Figure 4.33. 𝑆8
0
 concentration profiles of the Li-S cell at 200th sec. with different 

precipitation/dissolution rates of S8(s) 

 



 

 

 

98 

 

As it can be seen from Figure 4.33, 𝑆8
0
 concentration along the cathode is the lowest 

in the cell with the lowest 𝑘S8(s)
 value, which confirms the reduced and even 

diminished high voltage plateau seen in Figure 4.32. 𝑆8
0
 concentration shows an 

increasing behavior as 𝑘S8(s)
 increases, which ends up with elevated high voltage 

plateaus. 

 

 

Figure 4.34. The discharge voltage profile of the Li-S cell with different 

precipitation/dissolution rates of Li2S(s) at 1C discharge rate 

 

In Figure 4.34, precipitation/dissolution reaction rate constants of Li2S(s) is changed 

and its effect on the discharge voltage curve of a Li-S cell is given. As it can be seen 

from Figure 4.34, the precipitation/dissolution rate of Li2S(s) is responsible from 

removing the lowest order polysulfide, 𝑆2− in the system. Therefore, it determines the 

voltage dip in between the two plateaus, the low voltage plateau potential and the 
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discharge capacity of the Li-S cell. If 𝑘Li2S(s)
 is multiplied by 10, the voltage dip moves 

left, low plateau voltage increases, and the discharge time proceeds shorter. The reason 

for this behavior is that the earlier production of Li2S(s) due to faster 

precipitation/dissolution rate. The produced 𝑆2− ions via low order electrochemical 

reaction immediately precipitates, thus there is an elevated low voltage plateau. If 

𝑘Li2S(s)
 is multiplied by 0.1, the opposite behavior is observed. Since the precipitation 

delays due to lower rate, there is much more 𝑆2− ions exist in the electrolyte which 

causes lower potential in the cell. However, the change in the discharge capacity of 

the cells by varying 𝑘Li2S(s) is an unexpected result. 

It can be concluded that the predicted discharge curve of the Li-S cell is highly 

sensitive to the assumed parameters in the developed model. 
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CHAPTER 5  

 

5. CONCLUSION 

 

In this thesis, the effect of critical cathode design parameters, which are the carbon to 

sulfur (C/S) ratio and electrolyte to sulfur (E/S) ratio, on the electrochemical 

performance of Lithium-Sulfur batteries are investigated with a simplified reaction 

mechanism which considers only one reduction reaction for each of the discharge 

plateaus. In the first part, a one-dimensional, concentration-independent model is 

developed that predicts the cell voltage at 60% depth of discharge, corresponding to 

the low voltage plateau and validated with the experimental results. The assumption 

of the simplified reaction kinetics enables to use only one kinetic model parameter in 

the low voltage discharge region, the cathode exchange current density. The 

estimation of the cathode exchange current density is done by comparing the cell 

resistance predictions with the experimentally measured impedances. In the second 

part, a 1-D, concentration-dependent, spatiotemporal model is developed that predicts 

the entire discharge behavior of the Li-S cell and the effect of key cathode design 

parameters on the discharge behavior of the cell is investigated. By defining cathode 

kinetics with two electrochemical reactions and two precipitation/dissolution 

reactions, the variation of all variables in the model with respect to time and position 

are predicted at 1C discharge rate. It is found that increasing the carbon to sulfur ratio 

in the cathode, increases the cell voltage of the battery up to a certain limit. However, 

increasing carbon to sulfur ratio beyond that limit does not change the cell voltage and 

slightly decreases the discharge capacity due to inactive material increase. The model 

captured the effect of C/S ratio by defining the electrochemically active area and 

electronic conductivity of the cathode as a function of carbon volume fraction. These 

results are in an agreement with the previous experimental and modeling results. As 

the E/S ratio in the cathode increases, the cell voltage and discharge capacity of the 
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battery significantly increases. The discharge capacity is very low when low E/S ratios 

are used in the cell due to limited active material utilization. To determine the effects 

of assumed model parameters such as the diffusion coefficients, exchange current 

densities of the electrochemical reactions, solubility products of the precipitates and 

precipitation/dissolution rate constants of the precipitates, a sensitivity analysis is 

performed. The decrease in the diffusion coefficients showed transport limitations in 

the model. The increase in the exchange current density of the first electrochemical 

reaction leads to both elevated cell voltage and higher discharge capacity of the cell 

since it increases the sulfur utilization. The increase in the exchange current density 

of the second electrochemical reaction leads to low sulfur utilization due to 

accumulation of 𝑆4
2−

 and 𝑆2−. While the proposed model is not sensitive to the 

solubility product of  Li2S(s), the capacity significantly decreases when the solubility 

product of S8(s) is decreased due to the lower active material utilization. As the 

precipitation/dissolution rate constant of S8(s) decreases, the slower dissolution of S8(s) 

leads to lower 𝑆8
0
 concentration and diminishing high voltage plateau. If the 

precipitation/dissolution rate constant of Li2S(s) is increased, the earlier production of 

Li2S(s) occurs and the voltage dip in the discharge curve moves left. Also, faster 

precipitation rate leads to elevated low voltage plateau. The sensitivity analysis 

concludes that the calculated voltage curves of the Li-S cell are highly sensitive to the 

assumed model parameters. All in all, the developed models can capture the effects of 

critical cathode design parameters on the electrochemical performance and can be 

used to facilitate the Li-S cell design. Yet, the estimation of the exact discharge curves 

as a function of C/S and E/S ratios in the cathode requires some improvements in the 

model, as discussed next. 

As a recommendation for future work of this study, the electrochemical model can be 

expanded to include the concentration variations in the separator so that a more 

realistic estimation of the discharge behavior of Li-S cell can be done. Additionally, 

it can be expanded to include charging also, in which the cycling performance of the 

Li-S battery can be modeled. Also, the shuttle mechanism can be taken into account 
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by introducing a shuttle constant in the model so that the simplicity of the model is 

still preserved and a more predictive model can be developed. In addition, the model 

predictions can be validated by using a systematic experimental work consisting 

variations of C/S and E/S ratios on the cell voltage, thus a more interpretative and 

predictive model can be developed. 
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APPENDICES 

 

A. Sample Linearization Procedure 

In this part, a sample linearization procedure is shown for the Equation (3.45) which 

is the material balance equation of Li+. This procedure is applied to all governing 

equations and boundary conditions in the model. The material balance of Li+ is given 

in Equation (A.1): 

𝜕휀𝐶𝐿𝑖+

𝜕𝑡
= −

𝜕

𝜕𝑥
[−(𝐷𝐿𝑖+,0 ∗ 휀𝑏)

𝜕𝐶𝐿𝑖+

𝜕𝑥
− 𝑧𝐿𝑖+

(𝐷𝐿𝑖+,0 ∗ 휀𝑏)

𝑅𝑇
𝐹𝐶𝐿𝑖+

𝜕𝜙𝑒

𝜕𝑥
]

− 𝛾𝐿𝑖+,𝐿𝑖2𝑆{𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆[(𝐶𝐿𝑖+
𝛾

𝐿𝑖+,𝐿𝑖2𝑆) ∗ (𝐶𝑆2−
𝛾

𝑆2−,𝐿𝑖2𝑆) − 𝐾𝑠𝑝,𝐿𝑖2𝑆]} 

(A.1) 

where 𝛾𝐿𝑖+,𝐿𝑖2𝑆 = 2 and 𝛾𝑆2−,𝐿𝑖2𝑆 = 1. 

The derivations are applied and Equation (A.2) and (A.3) is obtained. 

휀
𝜕𝐶𝐿𝑖+

𝜕𝑡
+ 𝐶𝐿𝑖+

𝜕휀

𝜕𝑡

=
𝜕

𝜕𝑥
(𝐷𝐿𝑖+,0 ∗ 휀𝑏

𝜕𝐶𝐿𝑖+

𝜕𝑥
)

+
𝜕

𝜕𝑥
(𝑧𝐿𝑖+

𝐷𝐿𝑖+,0 ∗ 휀𝑏

𝑅𝑇
𝐹𝐶𝐿𝑖+

𝜕𝜙𝑒

𝜕𝑥
)

− 2{𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆[(𝐶𝐿𝑖+
2 ∗ 𝐶𝑆2−) − 𝐾𝑠𝑝,𝐿𝑖2𝑆]} 

 

(A.2) 
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휀
𝜕𝐶𝐿𝑖+

𝜕𝑡
+ 𝐶𝐿𝑖+

𝜕휀

𝜕𝑡

= 𝐷𝐿𝑖+,0 [𝑏휀(𝑏−1) 𝜕휀

𝜕𝑥

𝜕𝐶𝐿𝑖+

𝜕𝑥
+ 휀𝑏

𝜕2𝐶𝐿𝑖+

𝜕𝑥2
]

+ 𝑧𝐿𝑖+

𝐷𝐿𝑖+,0 

𝑅𝑇
𝐹 [𝑏휀(𝑏−1) 𝜕휀

𝜕𝑥
𝐶𝐿𝑖+

𝜕𝜙𝑒

𝜕𝑥
+ 휀𝑏

𝜕𝐶𝐿𝑖+

𝜕𝑥

𝜕𝜙𝑒

𝜕𝑥

+ 휀𝑏𝐶𝐿𝑖+

𝜕2𝜙𝑒

𝜕𝑥2
] − 2{𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆[(𝐶𝐿𝑖+

2 ∗ 𝐶𝑆2−) − 𝐾𝑠𝑝,𝐿𝑖2𝑆]} 

(A.3) 

In Equation (A.4), Taylor series approximation for the f(x) at x=a is given. 

𝑓(𝑥) = 𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) (A.4) 

The Taylor series approximation shown in Equation (A.4) is applied to all variables 

in Equation (A.3) and given between Equation (A.5) to (A.14) in which the subscript 

prev indicates the previous value of the corresponding variable. 

휀 = 휀𝑝𝑟𝑒𝑣 + ∆휀 (A.5) 

휀𝑏 = 휀𝑝𝑟𝑒𝑣
𝑏 + 𝑏휀𝑝𝑟𝑒𝑣

𝑏−1∆휀 (A.6) 

𝐶𝐿𝑖+ = 𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

+ ∆𝐶𝐿𝑖+  (A.7) 

휀𝑏−1 = 휀𝑝𝑟𝑒𝑣
𝑏−1 + (𝑏 − 1)휀𝑝𝑟𝑒𝑣

𝑏−2∆휀 (A.8) 

𝐶𝐿𝑖+
2 = 𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2 + 2𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
∆𝐶𝐿𝑖+ (A.9) 

𝐶𝑆2− = 𝐶𝑆2−
𝑝𝑟𝑒𝑣

+ ∆𝐶𝑆2− (A.10) 

𝜙𝑒 = 𝜙𝑒𝑝𝑟𝑒𝑣
+ ∆𝜙𝑒 (A.11) 

𝜕𝐶𝐿𝑖+

𝜕𝑡
=

∆𝐶𝐿𝑖+

∆𝑡
 (A.12) 
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𝜕휀

𝜕𝑡
=

∆휀

∆𝑡
 (A.13) 

휀𝐿𝑖2𝑆 = 휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
+ ∆휀𝐿𝑖2𝑆 (A.14) 

The equations given from Equation (A.5) to (A.14) is inserted to the Equation (A.3) 

and Equation (A.15) is obtained.        

  

(휀𝑝𝑟𝑒𝑣 + ∆휀)
∆𝐶𝐿𝑖+

∆𝑡
+ (𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
+ ∆𝐶𝐿𝑖+)

∆휀

∆𝑡

= 𝐷𝐿𝑖+,0 [𝑏(휀𝑝𝑟𝑒𝑣
𝑏−1 + (𝑏 − 1)휀𝑝𝑟𝑒𝑣

𝑏−2∆휀) (
𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕∆휀

𝜕𝑥
) (

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥

+
𝜕∆𝐶𝐿𝑖+

𝜕𝑥
) + (휀𝑝𝑟𝑒𝑣

𝑏 + 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1∆휀) ∗ (

𝜕2𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥2
+

𝜕2∆𝐶𝐿𝑖+

𝜕𝑥2
)]

+ 𝑧𝐿𝑖+

𝐷𝐿𝑖+,0 

𝑅𝑇
𝐹 [𝑏(휀𝑝𝑟𝑒𝑣

𝑏−1 + (𝑏 − 1)휀𝑝𝑟𝑒𝑣
𝑏−2∆휀) (

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕∆휀

𝜕𝑥
)

∗ (𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

+ ∆𝐶𝐿𝑖+) (
𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕∆𝜙𝑒

𝜕𝑥
)

+ (휀𝑝𝑟𝑒𝑣
𝑏 + 𝑏휀𝑝𝑟𝑒𝑣

𝑏−1∆휀) (
𝜕𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕∆𝐶𝐿𝑖+

𝜕𝑥
) (

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕∆𝜙𝑒

𝜕𝑥
)

+ (휀𝑝𝑟𝑒𝑣
𝑏 + 𝑏휀𝑝𝑟𝑒𝑣

𝑏−1∆휀) ∗ (𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

+ ∆𝐶𝐿𝑖+) (
𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2
+

𝜕2∆𝜙𝑒

𝜕𝑥2
)]

− 2𝑘𝐿𝑖2𝑆 ∗ (휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
+ ∆휀𝐿𝑖2𝑆) [(𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2 + 2𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
∆𝐶𝐿𝑖+)

∗ (𝐶𝑆2−
𝑝𝑟𝑒𝑣

+ ∆𝐶𝑆2−) − 𝐾𝑠𝑝,𝐿𝑖2𝑆] 

(A.15) 

 

Nonlinear terms such as (∆휀 ∗ ∆𝐶𝐿𝑖+) are neglected and Equation (A.16) is obtained.  
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휀𝑝𝑟𝑒𝑣

∆𝐶𝐿𝑖+

∆𝑡
+ 𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

∆휀

∆𝑡

= 𝐷𝐿𝑖+,0𝑏(휀𝑝𝑟𝑒𝑣
𝑏−1) (

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕∆𝐶𝐿𝑖+

𝜕𝑥

+
𝜕𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕∆휀

𝜕𝑥
) + 𝐷𝐿𝑖+,0𝑏(𝑏 − 1)휀𝑝𝑟𝑒𝑣

𝑏−2
𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥
∆휀

+ 𝐷𝐿𝑖+,0휀𝑝𝑟𝑒𝑣
𝑏

𝜕2𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥2
+ 𝐷𝐿𝑖+,0휀𝑝𝑟𝑒𝑣

𝑏 ∗
𝜕2∆𝐶𝐿𝑖+

𝜕𝑥2

+ 𝐷𝐿𝑖+,0𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕2𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥2
∆휀

+ 𝛾1𝑏 휀𝑝𝑟𝑒𝑣
𝑏−1 (

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕∆𝜙𝑒

𝜕𝑥

+
𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
∆𝐶𝐿𝑖+ + 𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕∆휀

𝜕𝑥
)

+ 𝛾1𝑏 (𝑏 − 1)휀𝑝𝑟𝑒𝑣
𝑏−2

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
∆휀 + 𝛾1 휀𝑝𝑟𝑒𝑣

𝑏

∗ (
𝜕𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕∆𝜙𝑒

𝜕𝑥
+

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕∆𝐶𝐿𝑖+

𝜕𝑥
)

+ 𝛾1𝑏 휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
∆휀

+ 𝛾1 휀𝑝𝑟𝑒𝑣
𝑏 (𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2
+ 𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕2∆𝜙𝑒

𝜕𝑥2
+

𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2
∆𝐶𝐿𝑖+)

+ 𝛾1𝑏 휀𝑝𝑟𝑒𝑣
𝑏−1𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2
∆휀

− 2𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
(𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2 ∗ 𝐶𝑆2−

𝑝𝑟𝑒𝑣
+ 𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2∆𝐶𝑆2−

+ 2𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝐶𝑆2−
𝑝𝑟𝑒𝑣

∆𝐶𝐿𝑖+ − 𝐾𝑠𝑝,𝐿𝑖2𝑆)

− 2𝑘𝐿𝑖2𝑆 (𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

2 ∗ 𝐶𝑆2−
𝑝𝑟𝑒𝑣

− 𝐾𝑠𝑝,𝐿𝑖2𝑆) ∆휀𝐿𝑖2𝑆 

(A.16) 

where 𝛾1 = 𝑧𝐿𝑖+
𝐷

𝐿𝑖+,0 

𝑅𝑇
𝐹. 
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Finally, Equation (A.16) is rearranged and the linearized material balance equation of 

Li+ is shown in Equation (A.17). 

.(𝐷𝐿𝑖+,0 휀𝑝𝑟𝑒𝑣
𝑏)

𝜕2∆𝐶
𝐿𝑖+

𝜕𝑥2
+ (𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣

𝑏−1 𝜕 𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏
𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
) ∗

𝜕∆𝐶
𝐿𝑖+

𝜕𝑥
+ (−

𝑝𝑟𝑒𝑣

∆𝑡
+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣

𝑏−1 𝜕 𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏 ∗
𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2 −

4𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
𝐶𝑆2−

𝑝𝑟𝑒𝑣
) ∆𝐶𝐿𝑖+ +

(−2𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2) ∆𝐶𝑆2− + (𝛾1휀𝑝𝑟𝑒𝑣

𝑏𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

)
𝜕2∆𝜙𝑒

𝜕𝑥2 +

(𝛾1𝑏휀𝑝𝑟𝑒𝑣
𝑏−1 𝜕 𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏
𝜕𝐶

𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥
)

𝜕∆𝜙𝑒

𝜕𝑥
+

(𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕𝐶
𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣

𝑏−1 ∗ 𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
)

𝜕∆

𝜕𝑥
+

(−
𝐶

𝐿𝑖+
𝑝𝑟𝑒𝑣

∆𝑡
+ 𝐷𝐿𝑖+,0 𝑏(𝑏 − 1) ∗ 휀𝑝𝑟𝑒𝑣

𝑏−2 𝜕 𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝐶
𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕2𝐶
𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥2 + 𝛾1𝑏 ∗ (𝑏 −

1)휀𝑝𝑟𝑒𝑣
𝑏−2 𝜕 𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣

𝑏−1
𝜕𝐶

𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝛾1𝑏휀𝑝𝑟𝑒𝑣
𝑏−1𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2 ) ∆휀 + (−2𝑘𝐿𝑖2𝑆𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

2𝐶𝑆2−
𝑝𝑟𝑒𝑣

+

2𝑘𝐿𝑖2𝑆𝐾𝑠𝑝,𝐿𝑖2𝑆) ∆휀𝐿𝑖2𝑆 = − (𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1 𝜕 𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝐶
𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝐷𝐿𝑖+,0 휀𝑝𝑟𝑒𝑣
𝑏

𝜕2𝐶
𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥2 + 𝛾1𝑏휀𝑝𝑟𝑒𝑣
𝑏−1 𝜕 𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+

𝛾1휀𝑝𝑟𝑒𝑣
𝑏

𝜕𝐶
𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2 −

2𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2𝐶𝑆2−

𝑝𝑟𝑒𝑣
+ 2𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣

𝐾𝑠𝑝,𝐿𝑖2𝑆) 

(A.17) 

 

The linearization coefficients of Equation (3.74), which are 𝑎𝑖,𝑘(𝑥), 𝑏𝑖,𝑘(𝑥), 𝑑𝑖,𝑘(𝑥), 

𝑔𝑖(𝑥) are obtained and given between Equation (A.18) to (A.27). 
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𝑎1,1 = (𝐷𝐿𝑖+,0 휀𝑝𝑟𝑒𝑣
𝑏) (A.18) 

  

𝑏1,1 = (𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏
𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
) (A.19) 

  

𝑑1,1 = (−
휀𝑝𝑟𝑒𝑣

∆𝑡
+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣

𝑏−1
𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏
𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2

− 4𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
𝐶𝑆2−

𝑝𝑟𝑒𝑣
) 

(A.20) 

  

𝑑1,4 = (−2𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2) (A.21) 

  

𝑎1,9 = (𝛾1휀𝑝𝑟𝑒𝑣
𝑏𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
) (A.22) 

  

𝑏1,9 = (𝛾1𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏
𝜕𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥
) (A.23) 

  

𝑏1,12 = (𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣

𝑏−1𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
) (A.24) 
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𝑑1,12 = (−
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

∆𝑡
+ 𝐷𝐿𝑖+,0 𝑏(𝑏 − 1)휀𝑝𝑟𝑒𝑣

𝑏−2
𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥

+ 𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕2𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥2
+ 𝛾1𝑏(𝑏 − 1)휀𝑝𝑟𝑒𝑣

𝑏−2
𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

∗ 𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣

𝑏−1
𝜕𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥

+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣
𝑏−1𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2
) 

(A.25) 

  

𝑑1,13 = (−2𝑘𝐿𝑖2𝑆𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

2𝐶𝑆2−
𝑝𝑟𝑒𝑣

+ 2𝑘𝐿𝑖2𝑆𝐾𝑠𝑝,𝐿𝑖2𝑆) (A.26) 

  

𝑔1 = − (𝐷𝐿𝑖+,0 𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝐷𝐿𝑖+,0 휀𝑝𝑟𝑒𝑣

𝑏
𝜕2𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥2

+ 𝛾1𝑏휀𝑝𝑟𝑒𝑣
𝑏−1

𝜕휀𝑝𝑟𝑒𝑣

𝜕𝑥
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏

∗
𝜕𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣

𝜕𝑥

𝜕𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥
+ 𝛾1휀𝑝𝑟𝑒𝑣

𝑏𝐶𝐿𝑖+
𝑝𝑟𝑒𝑣

𝜕2𝜙𝑒𝑝𝑟𝑒𝑣

𝜕𝑥2

− 2𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
𝐶𝐿𝑖+

𝑝𝑟𝑒𝑣
2𝐶𝑆2−

𝑝𝑟𝑒𝑣

+ 2𝑘𝐿𝑖2𝑆휀𝐿𝑖2𝑆𝑝𝑟𝑒𝑣
𝐾𝑠𝑝,𝐿𝑖2𝑆) 

(A.27) 

The derived coefficients for all governing equations and boundary conditions are 

entered to the FORTRAN code, which is given in Appendix B. 
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B. Fortran Code 

c_____Lithium-sulfur battery-one dimensional, transient, conc. 

dependent model 

c_____with 5 species 

      module common_variables_LiS 

      implicit double precision(a-h,o-z) 

 

      COMMON A(14,14),B(14,14),delC(14,903),D(14,29),G(14),X(14,14), 

     &Y(14,14) 

      common/test/cprev(14,903),dcdx(14),d2cdx2(14) 

      common/misc/delT, xx(1001),time 

      common/intpars/N, NJ, Numbertimesteps 

      

common/small/sma(15,15),smb(15,15),smd(15,15),smg(15),sme(15,15) 

     1,smp(15,15),smf(15) 

 

      end module common_variables_Li 

c___________________________________________________________________

__ 

 module common_variables_discharging_LiS 

 implicit double precision(a-h,o-z) 

 

      parameter (DLi=1.0d-12, DS8=1.0d-11, DS4=1.0d-12, DS=1.0d-12, 

     1DA=4.0d-12, aksi=1.5d0, bb=1.5d0, 

     1zLi=1.0d0, zS8=0.0d0, zS4=-2.0d0, zS=-2.0d0, zA=-1.0d0, 

     1E_ini_cat=0.7d0,E_Li2S_cat=1.0d-3,E_S8_cat=0.2529d0, 

     1CLiref=1001.04d0,CS8ref=19.0d0,CS4ref=0.02d0,CSref=8.267d-10, 

     1CAref=1000.0d0, E_binder=0.0333d0, 

     

1alfaa1=0.5d0,alfaa2=0.5d0,alfaa3=0.5d0,alfac1=0.5d0,alfac2=0.5d0, 

     1alfac3=0.5d0,ai01ref=0.394d0, ai02ref=1.0d-2, ai03ref=0.5d-2, 

     1U10=0.0d0, U20=2.35d0, U30=2.0d0, T=298.0d0,R=8.314d0, 

     1akLi2S=5.0d0*27.5d-5,akS8=10.0d0,aKspLi2S=3.0d-3, 

aKspS8=19.0d0, 

     1VLi2S=2.4d-5, VS8=1.239d-4,F=96485.3d0,E_car=0.0128d0, 

     1a0=3574650.0d0*1.8d0*E_car,aL=2.10d-5,xmax=2.10d-

5,aIapp=22.75d0, 

     1sigma=1.0d0, an1=1.0d0, an2=1.0d0, an3=1.0d0, 

     1gama1=zLi*DLi*F/R/T, gama2=ZS8*DS8*F/R/T, gama3=zS4*DS4*F/R/T, 

     1gama4=zS*DS*F/R/T, gama5=zA*DA*F/R/T, 

     1U1ref=U10-R*T/an1/F*(-1.0d0)*LOG(CLiref/1000.0d0), 

     1U2ref=U20-R*T/an2/F*(-1.0d0/4.0d0*LOG(CS8ref/1000.0d0) 

     1+1.0d0/2.0d0*LOG(CS4ref/1000.0d0)), 

     1U3ref=U30-R*T/an3/F*(-1.0d0/6.0d0*LOG(CS4ref/1000.0d0) 

     1+2.0d0/3.0d0*LOG(CSref/1000.0d0))) 

 

      end module common_variables_discharging_LiS 

c___________________________________________________________________

__ 

      function asurf(E) 

      use common_variables_discharging_LiS 

      asurf=a0*(E/E_ini_cat)**aksi 
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      return 

      end 

 

      function dasurfdE(E) 

      use common_variables_discharging_LiS 

      dasurfdE=a0/(E_ini_cat**aksi)*aksi*E**(bb-1.0d0) 

      return 

      end 

c___________________________________________________________________

__ 

      program main 

      use common_variables_LiS 

      use common_variables_discharging_LiS 

      open(56,file='Lithiumsulfur.out',status='unknown') 

      open(57,file='Vdis.out',status='unknown') 

 

      call read_data(h) 

      call intial_condition(h) 

      time=0.0d0 

 print*, 'main',time 

             do j=1,NJ 

          write(56,15) time,xx(j),cprev(1,j),cprev(2,j),cprev(3,j), 

     &cprev(4,j),cprev(5,j),cprev(6,j),cprev(7,j),cprev(8,j), 

     &cprev(9,j),cprev(10,j),cprev(11,j),cprev(12,j),cprev(13,j), 

     &cprev(14,j),(Cprev(8,j)-Cprev(9,j)-U2ref), 

     &(Cprev(8,j)-Cprev(9,j)-U3ref) 

          if (j.eq.1) then 

            Qe=Cprev(9,j) 

          end if 

          if (j.eq.NJ) then 

            Qs=Cprev(8,j) 

            Vext=Qs-Qe 

            write(57,16) time,Vext 

          end if 

      end do 

 

      do 1 it=1,Numbertimesteps 

  

 

        call bound_val(h) 

        time=time+delt 

 

   do j=1,NJ 

   c1=Cprev(1,j) 

 c2=Cprev(2,j) 

 c3=Cprev(3,j) 

 c4=Cprev(4,j) 

 c5=Cprev(5,j) 

       c12=Cprev(12,j) 

 c13=Cprev(13,j) 

 c14=Cprev(14,j) 

 if (c1.lt.0.0) then 

 c1=0.0d0 

 cprev(1,j)=c1 
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 end if 

 if (c2.lt.0.0) then 

 c2=0.0d0 

 cprev(2,j)=c2 

 end if 

 if (c3.lt.0.0) then 

 c3=0.0d0 

 cprev(3,j)=c3 

 end if 

 if (c4.lt.0.0) then 

 c4=0.0d0 

 cprev(4,j)=c4 

 end if 

 if (c5.lt.0.0) then 

 c5=0.0d0 

 cprev(5,j)=c5 

 end if 

 if (c12.lt.0.0) then 

 c12=0.0d0 

 cprev(12,j)=c12 

 end if 

        if (c13.lt.0.0) then 

         c13=0.0d0 

        cprev(13,j)=c13 

        end if 

        if (c14.lt.0.0) then 

         c14=0.0d0 

         cprev(14,j)=c14 

        end if 

         end do 

  

 if (it.eq.1000.or.it.eq.2000.or.it.eq.3000.or.it.eq.4000 

     &.or.it.eq.5000.or.it.eq.6000.or.it.eq.7000.or.it.eq.8000 

     &.or.it.eq.9000.or.it.eq.10000.or.it.eq.11000 

     &.or.it.eq.12000.or.it.eq.14000 

     &.or.it.eq.16000.or.it.eq.18000 

     &.or.it.eq.20000.or.it.eq.22000.or.it.eq.24000 

     &.or.it.eq.25000.or.it.eq.25900.or.it.eq.31121 

     &.or.it.eq.33754.or.it.eq.35000.or.it.eq.40000)then 

  do j=1,NJ 

 write(56,15) time,xx(j),cprev(1,j),cprev(2,j),cprev(3,j), 

     &cprev(4,j),cprev(5,j),cprev(6,j),cprev(7,j),cprev(8,j), 

     &cprev(9,j),cprev(10,j),cprev(11,j),cprev(12,j),cprev(13,j), 

     &cprev(14,j),(Cprev(8,j)-Cprev(9,j)-U2ref), 

     &(Cprev(8,j)-Cprev(9,j)-U3ref) 

  end do 

 end if 

          do j=1,NJ 

            if (j.eq.1) then 

              Qe=Cprev(9,j) 

            end if 

            if (j.eq.NJ) then 

              Qs=Cprev(8,j) 

              Vext=Qs-Qe 
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              write(57,16) time,Vext 

            end if 

          end do 

 

15    format(18(G16.9,1X)) 

16    format(2(G16.9,1X)) 

18 format(16(G16.9,1X)) 

 1    continue 

      end 

c___________________ 

      subroutine read_data(h) 

      use common_variables_LiS 

 use common_variables_discharging_LiS 

c_____________________________________ 

c     N is the number of unknown 

c     NJ is the number of node points 

c     Ton is the duration of the simulation 

c___________________________________________ 

      N=14 

      NJ=501 

      Numbertimesteps=2088000 

      Ton=208800 

      delt=Ton/Numbertimesteps 

      h=xmax/float(nj-1) 

      do j=1,NJ 

        xx(j)=h*float(j-1) 

  if(j.eq.NJ) then 

  xx(j)=xmax 

  end if 

      end do 

      return 

      end 

c___________________ 

c     USER SPECIFIES 

c cprev(1,j)=CLi; cprev(2,j)=CS8; cprev(3,j)=CS4; cprev(4,j)=CS; 

cprev(5,j)=CA 

c cprev(6,j)=ita2;cprev(7,j)=ita3;cprev(8,j)=Phi_solid; 

cprev(9,j)=Phi_liq 

c cprev(10,j)=i_solid; cprev(11,j)=i_liq; cprev(12,j)=epsilon 

c cprev(13,j)=epsilon_Li2S; cprev(14,j)=epsilon_S8 

c_____________________1 

      subroutine intial_condition(h) 

      use common_variables_LiS 

 use common_variables_discharging_LiS 

 do 1 j=1,NJ 

         cprev(1,j)=CLiref 

         cprev(2,j)=CS8ref 

         cprev(3,j)=CS4ref 

         cprev(4,j)=CSref 

         cprev(5,j)=CAref 

       cprev(6,j)=(-aIapp/aL/a0) 

 cprev(7,j)=0.0d0 

 cprev(8,j)=-aIapp/2.0d0/sigma/aL*(xx(j)**2.0d0) 

 cprev(9,j)=(cprev(8,j)+R*T/alfac2/F*DLOG(aIapp/aL/a0/ai02ref)- 
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     &U2ref) 

       cprev(11,j)=aIapp*(1.0d0-(xx(j)/aL)) 

 cprev(10,j)=aIapp-cprev(11,j) 

       cprev(12,j)=E_ini_cat 

       cprev(13,j)=E_Li2S_cat 

       cprev(14,j)=E_S8_cat 

1      continue 

      return 

      end 

c______________________ 

c     USER SPECIFIES 

c     c=cprev+delC, we solve for delC using forward time central 

difference method. 

c     It is assumed that the time step is small enough that the 

linearization is exact. 

c     Thus, iterations are not necessary.  This assumption is of 

course tested by 

c     computer experiments on the effect of time-step size. 

 

      subroutine fillmat(h,j) 

      use common_variables_LiS 

 use common_variables_discharging_LiS 

 

 c1=Cprev(1,j) 

 c2=Cprev(2,j) 

 c3=Cprev(3,j) 

 c4=Cprev(4,j) 

 c5=Cprev(5,j) 

       c12=Cprev(12,j) 

 c13=Cprev(13,j) 

 c14=Cprev(14,j) 

c_____________________Boundary-condition at x=0 

      if (j.eq.1) then 

      do ic=1,N 

      dcdx(ic)=(-Cprev(ic,j+2)-

3.0d0*Cprev(ic,j)+4.0d0*Cprev(ic,j+1)) 

     &/2.0d0/h 

 end do 

 

      smE(1,1)=1.0d0 

      smF(1)=(CLiref-Cprev(1,j)) 

 

      smE(2,2)=1.0d0 

      smF(2)=(CS8ref-Cprev(2,j)) 

 

      smE(3,3)=1.0d0 

      smF(3)=(CS4ref-Cprev(3,j)) 

 

      smE(4,4)=1.0d0 

      smF(4)=(CSref-Cprev(4,j)) 

 

      smE(5,5)=1.0d0 

      smF(5)=(CAref-Cprev(5,j)) 
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      smE(6,2)=(-ai02ref/4.0d0*Cprev(2,j)**(-

0.75d0)/(CS8ref**0.25d0)* 

     &DEXP(-alfac2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

      smE(6,3)=(ai02ref/2.0d0*Cprev(3,j)**(-0.5d0)/(CS4ref**0.5d0)* 

     &DEXP(alfaa2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

      smE(6,6)=-1.0d0 

      

smE(6,8)=(ai02ref*((Cprev(3,j)/CS4ref)**0.5d0*DEXP(alfaa2*F/R/T* 

     &(Cprev(8,j)-Cprev(9,j)-U2ref))*(alfaa2*F/R/T)- 

     &(Cprev(2,j)/CS8ref)**0.25d0*DEXP(-alfac2*F/R/T 

     &*(Cprev(8,j)-Cprev(9,j)-U2ref))*(-alfac2*F/R/T))) 

      

smE(6,9)=(ai02ref*((Cprev(3,j)/CS4ref)**0.5d0*DEXP(alfaa2*F/R/T* 

     &(Cprev(8,j)-Cprev(9,j)-U2ref))*(-alfaa2*F/R/T) 

     &-(Cprev(2,j)/CS8ref)**0.25d0*DEXP(-alfac2*F/R/T 

     &*(Cprev(8,j)-Cprev(9,j)-U2ref))*(alfac2*F/R/T))) 

      smF(6)=(Cprev(6,j)-ai02ref*(Cprev(3,j)/CS4ref)**0.5d0* 

     &DEXP(alfaa2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref)) 

     &+ai02ref*(Cprev(2,j)/CS8ref)**0.25d0* 

     &DEXP(-alfac2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

 

      smE(7,3)=(-ai03ref/6.0d0*Cprev(3,j)**(-5.0d0/6.0d0)/(CS4ref** 

     &(1.0d0/6.0d0))*DEXP(-alfac3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))) 

      smE(7,4)=(2.0d0*ai03ref/3.0d0*Cprev(4,j)**(-1.0d0/3.0d0)/ 

     &(CSref**(2.0d0/3.0d0))*DEXP(alfaa3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))) 

      smE(7,7)=-1.0d0 

      smE(7,8)=(ai03ref*((Cprev(4,j)/CSref)**(2.0d0/3.0d0)* 

     &DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j)- 

     &U3ref))*(alfaa3*F/R/T)-(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))*(-alfac3*F/R/T))) 

      smE(7,9)=(ai03ref*((Cprev(4,j)/CSref)**(2.0d0/3.0d0)* 

     &DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j)- 

     &U3ref))*(-alfaa3*F/R/T)-(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j) 

     &-Cprev(9,j)-U3ref))*(alfac3*F/R/T))) 

      smF(7)=(Cprev(7,j)-ai03ref*(Cprev(4,j)/CSref)**(2.0d0/3.0d0) 

     &*DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j) 

     &-U3ref))+ai03ref*(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j) 

     &-Cprev(9,j)-U3ref))) 

 

 smE(8,8)=1.0d0 

      smF(8)=(-Cprev(8,j)) 

 

 smP(9,1)=-F*zLi*DLi*Cprev(12,j)**bb 

      smE(9,1)=-gama1*zLi*F*Cprev(12,j)**bb*dcdx(9) 

      smP(9,2)=-F*zS8*DS8*Cprev(12,j)**bb 

      smE(9,2)=-gama2*zS8*F*Cprev(12,j)**bb*dcdx(9) 

      smP(9,3)=-F*zS4*DS4*Cprev(12,j)**bb 

      smE(9,3)=-gama3*zS4*F*Cprev(12,j)**bb*dcdx(9) 

      smP(9,4)=-F*zS*DS*Cprev(12,j)**bb 
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      smE(9,4)=-gama4*zS*F*Cprev(12,j)**bb*dcdx(9) 

      smP(9,5)=-F*zA*DA*Cprev(12,j)**bb 

      smE(9,5)=-gama5*zA*F*Cprev(12,j)**bb*dcdx(9) 

      smP(9,9)=(-gama1*zLi*F*Cprev(12,j)**bb*Cprev(1,j)-gama2* 

     &zS8*F*Cprev(12,j)**bb*Cprev(2,j)-gama3*zS4*F*Cprev(12,j) 

     &**bb*Cprev(3,j)-gama4*zS*F*Cprev(12,j)**bb 

     &*Cprev(4,j)-gama5*zA*F*Cprev(12,j)**bb*Cprev(5,j)) 

      smE(9,11)=-1.0d0 

      smE(9,12)=(-F*zLi*DLi*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(1)-

gama1*zLi 

     &*F*bb*Cprev(12,j)**(bb-1.0d0)*Cprev(1,j)*dcdx(9) 

     &-F*zS8*DS8*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(2)-gama2*zS8*F* 

     &bb*Cprev(12,j)**(bb-1.0d0)*Cprev(2,j)*dcdx(9) 

     &-F*zS4*DS4*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(3)-gama3*zS4*F* 

     &bb*Cprev(12,j)**(bb-1.0d0)*Cprev(3,j)*dcdx(9) 

     &-F*zS*DS*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(4)-gama4*zS*F*bb* 

     &Cprev(12,j)**(bb-1.0d0)*Cprev(4,j)*dcdx(9) 

     &-F*zA*DA*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(5)-gama5*zA*F*bb* 

     &Cprev(12,j)**(bb-1.0d0)*Cprev(5,j)*dcdx(9)) 

      smF(9)=(Cprev(11,j)+F*zLi*DLi*Cprev(12,j)**bb*dcdx(1)+ 

     &gama1*zLi*F*Cprev(12,j)**bb*Cprev(1,j)*dcdx(9)+F*zS8*DS8* 

     &Cprev(12,j)**bb*dcdx(2)+gama2*ZS8*F*Cprev(12,j)** 

     &bb*Cprev(2,j)*dcdx(9)+F*zS4*DS4*Cprev(12,j)**bb* 

     &dcdx(3)+gama3*zS4*F*Cprev(12,j)**bb*Cprev(3,j)*dcdx(9)+F* 

     &zS*DS*Cprev(12,j)**bb*dcdx(4)+gama4*zS*F*Cprev(12,j)** 

     &bb*Cprev(4,j)*dcdx(9)+F*zA*DA*Cprev(12,j)**bb* 

     &dcdx(5)+gama5*zA*F*Cprev(12,j)**bb*Cprev(5,j)*dcdx(9)) 

 

 smE(10,10)=1.0d0 

      smF(10)=(-Cprev(10,j)) 

 

      smE(11,11)=1.0d0 

      smF(11)=(aIapp-Cprev(11,j)) 

 

 if (c12.gt.0.0) then 

 smE(12,1)=-

2.0d0*VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j) 

      smE(12,2)=-VS8*akS8*Cprev(14,j) 

      smE(12,4)=-VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0 

      smE(12,12)=-1.0d0/delt 

      smE(12,13)=-VLi2S*akLi2S*(Cprev(1,j)**2.0d0*Cprev(4,j)-

aKspLi2S) 

      smE(12,14)=-VS8*akS8*(Cprev(2,j)-aKspS8) 

      

smF(12)=(VLi2S*akLi2S*Cprev(13,j)*(Cprev(1,j)**2.0d0*Cprev(4,j)- 

     &aKspLi2S)+VS8*akS8*Cprev(14,j)*(Cprev(2,j)-aKspS8)) 

 end if 

 if (c12.le.0.0) then 

 smE(12,12)=1.0d0 

      smF(12)=-cprev(12,j) 

 end if 

 

 if (c13.gt.0.0) then 

 smE(13,1)=2.0d0*VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j) 
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      smE(13,4)=VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0 

      smE(13,13)=(-

1.0d0/delt+VLi2S*akLi2S*(Cprev(1,j)**2.0d0*Cprev(4,j) 

     &-aKspLi2S)) 

      smF(13)=(-

VLi2S*akLi2S*Cprev(13,j)*(Cprev(1,j)**2.0d0*Cprev(4,j)- 

     &aKspLi2S)) 

 end if 

 if (c13.le.0.0) then 

 smE(13,13)=1.0d0 

      smF(13)=-cprev(13,j) 

 end if 

 

  if (c14.gt.0.0) then 

 smE(14,12)=1.0d0 

      smE(14,13)=1.0d0 

 smE(14,14)=1.0d0 

      smF(14)=(1.0d0-Cprev(12,j)-Cprev(13,j)-Cprev(14,j)-E_car-

E_binder) 

      end if 

 if (c14.le.0.0) then 

 smE(14,14)=1.0d0 

      smF(14)=-cprev(14,j) 

 end if 

c print*,'x=0 sonu' 

18 format(16(G12.5,1X)) 

      return 

      end if 

c______________________Boundary-condition at x=L 

      if (j.eq.NJ) then 

      do ic=1,N 

      dcdx(ic)=(+cprev(ic,j-2)+3.0*cprev(ic,j)-4.0*cprev(ic,j-

1))/2.0/h 

      end do 

                                                                                                                                                                                                                                                                                                                                                                                      

smP(1,1)=DLi*Cprev(12,j)**bb 

      smE(1,1)=gama1*Cprev(12,j)**bb*dcdx(9) 

      smP(1,9)=gama1*Cprev(12,j)**bb*Cprev(1,j) 

      smE(1,12)=(DLi*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(1)+gama1*bb 

     &*Cprev(12,j)**(bb-1.0d0)*Cprev(1,j)*dcdx(9)) 

      smF(1)=-(DLi*Cprev(12,j)**bb*dcdx(1)+gama1*Cprev(12,j)** 

     &bb*Cprev(1,j)*dcdx(9)) 

 

      smP(2,2)=DS8*Cprev(12,j)**bb 

      smE(2,2)=gama2*Cprev(12,j)**bb*dcdx(9) 

      smP(2,9)=gama2*Cprev(12,j)**bb*Cprev(2,j) 

      smE(2,12)=(DS8*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(2)+gama2*bb 

     &*Cprev(12,j)**(bb-1.0d0)*Cprev(2,j)*dcdx(9)) 

      smF(2)=-(DS8*Cprev(12,j)**bb*dcdx(2)+gama2*Cprev(12,j)** 

     &bb*Cprev(2,j)*dcdx(9)) 

 

      smP(3,3)=DS4*Cprev(12,j)**bb 

      smE(3,3)=gama3*Cprev(12,j)**bb*dcdx(9) 

      smP(3,9)=gama3*Cprev(12,j)**bb*Cprev(3,j) 
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      smE(3,12)=(DS4*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(3)+gama3*bb 

     &*Cprev(12,j)**(bb-1.0d0)*Cprev(3,j)*dcdx(9)) 

      smF(3)=-(DS4*Cprev(12,j)**bb*dcdx(3)+gama3*Cprev(12,j)** 

     &bb*Cprev(3,j)*dcdx(9)) 

 

      smP(4,4)=DS*Cprev(12,j)**bb 

      smE(4,4)=gama4*Cprev(12,j)**bb*dcdx(9) 

      smP(4,9)=gama4*Cprev(12,j)**bb*Cprev(4,j) 

      smE(4,12)=(DS*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(4)+gama4*bb* 

     &Cprev(12,j)**(bb-1.0d0)*Cprev(4,j)*dcdx(9)) 

      smF(4)=-(DS*Cprev(12,j)**bb*dcdx(4)+gama4*Cprev(12,j)** 

     &bb*Cprev(4,j)*dcdx(9)) 

 

      smE(5,1)=-1.0d0 

 smE(5,3)=2.0d0 

 smE(5,4)=2.0d0 

      smE(5,5)=1.0d0 

      smF(5)=(Cprev(1,j)-2.0d0*Cprev(3,j)-2.0d0*Cprev(4,j)-

Cprev(5,j)) 

 

      smE(6,2)=(-ai02ref/4.0d0*Cprev(2,j)**(-

0.75d0)/(CS8ref**0.25d0)* 

     &DEXP(-alfac2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

      smE(6,3)=(ai02ref/2.0d0*Cprev(3,j)**(-0.5d0)/(CS4ref**0.5d0)* 

     &DEXP(alfaa2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

      smE(6,6)=-1.0d0 

      

smE(6,8)=(ai02ref*((Cprev(3,j)/CS4ref)**0.5d0*DEXP(alfaa2*F/R/T* 

     &(Cprev(8,j)-Cprev(9,j)-U2ref))*(alfaa2*F/R/T)- 

     &(Cprev(2,j)/CS8ref)**0.25d0*DEXP(-alfac2*F/R/T 

     &*(Cprev(8,j)-Cprev(9,j)-U2ref))*(-alfac2*F/R/T))) 

      

smE(6,9)=(ai02ref*((Cprev(3,j)/CS4ref)**0.5d0*DEXP(alfaa2*F/R/T* 

     &(Cprev(8,j)-Cprev(9,j)-U2ref))*(-alfaa2*F/R/T) 

     &-(Cprev(2,j)/CS8ref)**0.25d0*DEXP(-alfac2*F/R/T 

     &*(Cprev(8,j)-Cprev(9,j)-U2ref))*(alfac2*F/R/T))) 

      smF(6)=(Cprev(6,j)-ai02ref*(Cprev(3,j)/CS4ref)**0.5d0* 

     &DEXP(alfaa2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref)) 

     &+ai02ref*(Cprev(2,j)/CS8ref)**0.25d0* 

     &DEXP(-alfac2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

 

      smE(7,3)=(-ai03ref/6.0d0*Cprev(3,j)**(-5.0d0/6.0d0)/(CS4ref** 

     &(1.0d0/6.0d0))*DEXP(-alfac3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))) 

      smE(7,4)=(2.0d0*ai03ref/3.0d0*Cprev(4,j)**(-1.0d0/3.0d0)/ 

     &(CSref**(2.0d0/3.0d0))*DEXP(alfaa3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))) 

      smE(7,7)=-1.0d0 

      smE(7,8)=(ai03ref*((Cprev(4,j)/CSref)**(2.0d0/3.0d0)* 

     &DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j)- 

     &U3ref))*(alfaa3*F/R/T)-(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))*(-alfac3*F/R/T))) 

      smE(7,9)=(ai03ref*((Cprev(4,j)/CSref)**(2.0d0/3.0d0)* 
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     &DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j)- 

     &U3ref))*(-alfaa3*F/R/T)-(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j) 

     &-Cprev(9,j)-U3ref))*(alfac3*F/R/T))) 

      smF(7)=(Cprev(7,j)-ai03ref*(Cprev(4,j)/CSref)**(2.0d0/3.0d0) 

     &*DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j) 

     &-U3ref))+ai03ref*(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j) 

     &-Cprev(9,j)-U3ref))) 

 

 smP(8,8)=-sigma 

      smE(8,10)=-1.0d0 

      smF(8)=(Cprev(10,j)+sigma*dcdx(8)) 

 

      smP(9,9)=1.0d0 

      smF(9)=(-dcdx(9)) 

 

      smE(10,10)=1.0d0 

      smF(10)=(aIapp-Cprev(10,j)) 

 

      smE(11,11)=1.0d0 

      smF(11)=(-Cprev(11,j)) 

 

 if (c12.gt.0.0) then 

      smE(12,1)=-

2.0d0*VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j) 

      smE(12,2)=-VS8*akS8*Cprev(14,j) 

      smE(12,4)=-VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0 

      smE(12,12)=-1.0d0/delt 

      smE(12,13)=-VLi2S*akLi2S*(Cprev(1,j)**2.0d0*Cprev(4,j)-

aKspLi2S) 

      smE(12,14)=-VS8*akS8*(Cprev(2,j)-aKspS8) 

      

smF(12)=(VLi2S*akLi2S*Cprev(13,j)*(Cprev(1,j)**2.0d0*Cprev(4,j)- 

     &aKspLi2S)+VS8*akS8*Cprev(14,j)*(Cprev(2,j)-aKspS8)) 

 end if 

 if (c12.le.0.0) then 

      smE(12,12)=1.0d0 

      smF(12)=-cprev(12,j) 

 end if 

 

 if (c13.gt.0.0) then 

      smE(13,1)=2.0d0*VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j) 

      smE(13,4)=VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0 

      smE(13,13)=(-

1.0d0/delt+VLi2S*akLi2S*(Cprev(1,j)**2.0d0*Cprev(4,j) 

     &-aKspLi2S)) 

      smF(13)=(-

VLi2S*akLi2S*Cprev(13,j)*(Cprev(1,j)**2.0d0*Cprev(4,j)- 

     &aKspLi2S)) 

 end if 

 if (c13.le.0.0) then 

      smE(13,13)=1.0d0 

      smF(13)=-cprev(13,j) 
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 end if 

 

 if (c14.gt.0.0) then 

      smE(14,12)=1.0d0 

      smE(14,13)=1.0d0 

      smE(14,14)=1.0d0 

      smF(14)=(1.0d0-Cprev(12,j)-Cprev(13,j)-Cprev(14,j)-E_car-

E_binder) 

        end if 

 if (c14.le.0.0) then 

      smE(14,14)=1.0d0 

      smF(14)=-cprev(14,j) 

 end if 

 

      return 

      end if 

 

c______________________Governing Equations 

 do ic=1,N 

       dcdx(ic)=(cprev(ic,j+1)-cprev(ic,j-1))/2.0d0/h 

       d2cdx2(ic)=(cprev(ic,j+1)-2.0*cprev(ic,j)+cprev(ic,j-

1))/h**2.0d0 

      end do 

 

      smA(1,1)=DLi*Cprev(12,j)**bb 

      smB(1,1)=(DLi*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(12)+gama1* 

     &Cprev(12,j)**bb*dcdx(9)) 

      smD(1,1)=(-Cprev(12,j)/delt+gama1*bb*Cprev(12,j)**(bb-1.0d0)* 

     &dcdx(12)*dcdx(9)+gama1*Cprev(12,j)**bb*d2cdx2(9)- 

     &4.0d0*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j)) 

      smD(1,4)=-2.0d0*akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0 

      smA(1,9)=gama1*Cprev(12,j)**bb*Cprev(1,j) 

      smB(1,9)=(gama1*bb*Cprev(12,j)**(bb-

1.0d0)*dcdx(12)*Cprev(1,j)+ 

     &gama1*Cprev(12,j)**bb*dcdx(1)) 

      smB(1,12)=(DLi*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(1)+gama1*bb 

     &*Cprev(12,j)**(bb-1.0d0)*Cprev(1,j)*dcdx(9)) 

      smD(1,12)=(-Cprev(1,j)/delt+DLi*bb*(bb-1.0d0)*Cprev(12,j)** 

     &(bb-2.0d0)*dcdx(12)*dcdx(1)+DLi*bb*Cprev(12,j)**(bb-1.0d0)* 

     &d2cdx2(1)+gama1*bb*(bb-1.0d0)*Cprev(12,j)**(bb-

2.0d0)*dcdx(12)* 

     &Cprev(1,j)*dcdx(9)+gama1*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(1)* 

     &dcdx(9)+gama1*bb*Cprev(12,j)**(bb-1.0d0)*Cprev(1,j)*d2cdx2(9)) 

      smD(1,13)=(-

2.0d0*akLi2S*Cprev(1,j)**2.0d0*Cprev(4,j)+2.0d0*akLi2S 

     &*aKspLi2S) 

      smG(1)=-(DLi*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(12)*dcdx(1)+DLi* 

     &Cprev(12,j)**bb*d2cdx2(1)+gama1*bb*Cprev(12,j)**(bb-1.0d0) 

     &*dcdx(12)*Cprev(1,j)*dcdx(9)+gama1*Cprev(12,j)**bb*dcdx(1) 

     &*dcdx(9)+gama1*Cprev(12,j)**bb*Cprev(1,j)*d2cdx2(9)-2.0d0* 

     &akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0*Cprev(4,j)+2.0d0*akLi2S* 

     &Cprev(13,j)*aKspLi2S) 

 

      smA(2,2)=DS8*Cprev(12,j)**bb 
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      smB(2,2)=(DS8*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(12)+gama2* 

     &Cprev(12,j)**bb*dcdx(9)) 

      smD(2,2)=(-Cprev(12,j)/delt+gama2*bb*Cprev(12,j)**(bb-1.0d0)* 

     &dcdx(12)*dcdx(9)+gama2*Cprev(12,j)**bb*d2cdx2(9)-

akS8*Cprev(14,j)) 

      smD(2,6)=(a0/4.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**aksi) 

      smA(2,9)=gama2*Cprev(12,j)**bb*Cprev(2,j) 

      smB(2,9)=(gama2*bb*Cprev(12,j)**(bb-

1.0d0)*dcdx(12)*Cprev(2,j)+ 

     &gama2*Cprev(12,j)**bb*dcdx(2)) 

      smB(2,12)=(DS8*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(2)+gama2*bb 

     &*Cprev(12,j)**(bb-1.0d0)*Cprev(2,j)*dcdx(9)) 

      smD(2,12)=(-Cprev(2,j)/delt+DS8*bb*(bb-1.0d0)*Cprev(12,j)** 

     &(bb-2.0d0)*dcdx(12)*dcdx(2)+DS8*bb*Cprev(12,j)**(bb-1.0d0)* 

     &d2cdx2(2)+gama2*bb*(bb-1.0d0)*Cprev(12,j)**(bb-

2.0d0)*dcdx(12)* 

     &Cprev(2,j)*dcdx(9)+gama2*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(2)* 

     &dcdx(9)+gama2*bb*Cprev(12,j)**(bb-1.0d0)*Cprev(2,j)*d2cdx2(9)+ 

     &a0*aksi/4.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**(aksi-1.0d0)* 

     &Cprev(6,j)) 

      smD(2,14)=(-akS8*(Cprev(2,j)-aKspS8)) 

      smG(2)=-(DS8*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(12)*dcdx(2)+DS8* 

     &Cprev(12,j)**bb*d2cdx2(2)+gama2*bb*Cprev(12,j)**(bb-1.0d0) 

     &*dcdx(12)*Cprev(2,j)*dcdx(9)+gama2*Cprev(12,j)**bb*dcdx(2) 

     &*dcdx(9)+gama2*Cprev(12,j)**bb*Cprev(2,j)*d2cdx2(9)+ 

     &a0/4.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**aksi*Cprev(6,j)- 

     &akS8*Cprev(14,j)*Cprev(2,j)+akS8*Cprev(14,j)*aKspS8) 

 

      smA(3,3)=DS4*Cprev(12,j)**bb 

      smB(3,3)=(DS4*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(12)+gama3* 

     &Cprev(12,j)**bb*dcdx(9)) 

      smD(3,3)=(-Cprev(12,j)/delt+gama3*bb*Cprev(12,j)**(bb-1.0d0)* 

     &dcdx(12)*dcdx(9)+gama3*Cprev(12,j)**bb*d2cdx2(9)) 

      smD(3,6)=(-a0/2.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**aksi) 

      smD(3,7)=(a0/6.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**aksi) 

      smA(3,9)=gama3*Cprev(12,j)**bb*Cprev(3,j) 

      smB(3,9)=(gama3*bb*Cprev(12,j)**(bb-

1.0d0)*dcdx(12)*Cprev(3,j)+ 

     &gama3*Cprev(12,j)**bb*dcdx(3)) 

      smB(3,12)=(DS4*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(3)+gama3*bb 

     &*Cprev(12,j)**(bb-1.0d0)*Cprev(3,j)*dcdx(9)) 

      smD(3,12)=(-Cprev(3,j)/delt+DS4*bb*(bb-1.0d0)*Cprev(12,j)** 

     &(bb-2.0d0)*dcdx(12)*dcdx(3)+DS4*bb*Cprev(12,j)**(bb-1.0d0)* 

     &d2cdx2(3)+gama3*bb*(bb-1.0d0)*Cprev(12,j)**(bb-

2.0d0)*dcdx(12)* 

     &Cprev(3,j)*dcdx(9)+gama3*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(3)* 

     &dcdx(9)+gama3*bb*Cprev(12,j)**(bb-1.0d0)*Cprev(3,j)*d2cdx2(9)- 

     &a0*aksi/F/(E_ini_cat**aksi)*Cprev(12,j)**(aksi-

1.0d0)*(Cprev(6,j) 

     &/2.0d0-Cprev(7,j)/6.0d0)) 

      smG(3)=-(DS4*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(12)*dcdx(3)+DS4* 

     &Cprev(12,j)**bb*d2cdx2(3)+gama3*bb*Cprev(12,j)**(bb-1.0d0) 

     

&*dcdx(12)*Cprev(3,j)*dcdx(9)+gama3*Cprev(12,j)**bb*dcdx(3)*dcdx(9) 
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     &+gama3*Cprev(12,j)**bb*Cprev(3,j)*d2cdx2(9)-

a0/F/(E_ini_cat**aksi) 

     &*Cprev(12,j)**aksi*(Cprev(6,j)/2.0d0-Cprev(7,j)/6.0d0)) 

 

      smD(4,1)=(-2.0d0*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j)) 

      smA(4,4)=DS*Cprev(12,j)**bb 

      smB(4,4)=(DS*bb*Cprev(12,j)**(bb-

1.0d0)*dcdx(12)+gama4*Cprev(12,j) 

     &**bb*dcdx(9)) 

      smD(4,4)=(-Cprev(12,j)/delt+gama4*bb*Cprev(12,j)**(bb-1.0d0)* 

     &dcdx(12)*dcdx(9)+gama4*Cprev(12,j)**bb*d2cdx2(9)- 

     &akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0) 

      smD(4,7)=(-

2.0d0*a0/3.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**aksi) 

      smA(4,9)=gama4*Cprev(12,j)**bb*Cprev(4,j) 

      smB(4,9)=(gama4*bb*Cprev(12,j)**(bb-

1.0d0)*dcdx(12)*Cprev(4,j)+ 

     &gama4*Cprev(12,j)**bb*dcdx(4)) 

      smB(4,12)=(DS*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(4)+gama4*bb* 

     &Cprev(12,j)**(bb-1.0d0)*Cprev(4,j)*dcdx(9)) 

      smD(4,12)=(-Cprev(4,j)/delt+DS*bb*(bb-1.0d0)*Cprev(12,j)** 

     &(bb-2.0d0)*dcdx(12)*dcdx(4)+DS*bb*Cprev(12,j)**(bb-1.0d0)* 

     &d2cdx2(4)+gama4*bb*(bb-1.0d0)*Cprev(12,j)**(bb-

2.0d0)*dcdx(12)* 

     &Cprev(4,j)*dcdx(9)+gama4*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(4)* 

     &dcdx(9)+gama4*bb*Cprev(12,j)**(bb-1.0d0)*Cprev(4,j)*d2cdx2(9)- 

     &2.0d0*a0*aksi/3.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**(aksi-

1.0d0) 

     &*Cprev(7,j)) 

      smD(4,13)=(-akLi2S*(Cprev(1,j)**2.0d0*Cprev(4,j)-aKspLi2S)) 

      smG(4)=-(DS*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(12)*dcdx(4)+DS* 

     &Cprev(12,j)**bb*d2cdx2(4)+gama4*bb*Cprev(12,j)**(bb-1.0d0) 

     &*dcdx(12)*Cprev(4,j)*dcdx(9)+gama4*Cprev(12,j)**bb*dcdx(4) 

     &*dcdx(9)+gama4*Cprev(12,j)**bb*Cprev(4,j)*d2cdx2(9)-2.0d0* 

     &a0/3.0d0/F/(E_ini_cat**aksi)*Cprev(12,j)**aksi*Cprev(7,j) 

     &-akLi2S*Cprev(13,j)*(Cprev(1,j)**2.0d0*Cprev(4,j)-aKspLi2S)) 

 

      smD(5,1)=-1.0d0 

 smD(5,3)=2.0d0 

 smD(5,4)=2.0d0 

      smD(5,5)=1.0d0 

      smG(5)=(Cprev(1,j)-2.0d0*Cprev(3,j)-2.0d0*Cprev(4,j)-

Cprev(5,j)) 

 

      smD(6,2)=(-ai02ref/4.0d0*Cprev(2,j)**(-

0.75d0)/(CS8ref**0.25d0)* 

     &DEXP(-alfac2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

      smD(6,3)=(ai02ref/2.0d0*Cprev(3,j)**(-0.5d0)/(CS4ref**0.5d0)* 

     &DEXP(alfaa2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

      smD(6,6)=-1.0d0 

      

smD(6,8)=(ai02ref*((Cprev(3,j)/CS4ref)**0.5d0*DEXP(alfaa2*F/R/T* 

     &(Cprev(8,j)-Cprev(9,j)-U2ref))*(alfaa2*F/R/T)- 

     &(Cprev(2,j)/CS8ref)**0.25d0*DEXP(-alfac2*F/R/T 
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     &*(Cprev(8,j)-Cprev(9,j)-U2ref))*(-alfac2*F/R/T))) 

      

smD(6,9)=(ai02ref*((Cprev(3,j)/CS4ref)**0.5d0*DEXP(alfaa2*F/R/T* 

     &(Cprev(8,j)-Cprev(9,j)-U2ref))*(-alfaa2*F/R/T) 

     &-(Cprev(2,j)/CS8ref)**0.25d0*DEXP(-alfac2*F/R/T 

     &*(Cprev(8,j)-Cprev(9,j)-U2ref))*(alfac2*F/R/T))) 

      smG(6)=(Cprev(6,j)-ai02ref*(Cprev(3,j)/CS4ref)**0.5d0* 

     &DEXP(alfaa2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref)) 

     &+ai02ref*(Cprev(2,j)/CS8ref)**0.25d0* 

     &DEXP(-alfac2*F/R/T*(Cprev(8,j)-Cprev(9,j)-U2ref))) 

 

      smD(7,3)=(-ai03ref/6.0d0*Cprev(3,j)**(-5.0d0/6.0d0)/(CS4ref** 

     &(1.0d0/6.0d0))*DEXP(-alfac3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))) 

      smD(7,4)=(2.0d0*ai03ref/3.0d0*Cprev(4,j)**(-1.0d0/3.0d0)/ 

     &(CSref**(2.0d0/3.0d0))*DEXP(alfaa3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))) 

      smD(7,7)=-1.0d0 

      smD(7,8)=(ai03ref*((Cprev(4,j)/CSref)**(2.0d0/3.0d0)* 

     &DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j)- 

     &U3ref))*(alfaa3*F/R/T)-(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j)- 

     &Cprev(9,j)-U3ref))*(-alfac3*F/R/T))) 

      smD(7,9)=(ai03ref*((Cprev(4,j)/CSref)**(2.0d0/3.0d0)* 

     &DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j)- 

     &U3ref))*(-alfaa3*F/R/T)-(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j) 

     &-Cprev(9,j)-U3ref))*(alfac3*F/R/T))) 

      smG(7)=(Cprev(7,j)-ai03ref*(Cprev(4,j)/CSref)**(2.0d0/3.0d0) 

     &*DEXP(alfaa3*F/R/T*(Cprev(8,j)-Cprev(9,j) 

     &-U3ref))+ai03ref*(Cprev(3,j)/CS4ref)** 

     &(1.0d0/6.0d0)*DEXP(-alfac3*F/R/T*(Cprev(8,j) 

     &-Cprev(9,j)-U3ref))) 

 

 smB(8,8)=-sigma 

      smD(8,10)=-1.0d0 

      smG(8)=(Cprev(10,j)+sigma*dcdx(8)) 

 

      smB(9,1)=-F*zLi*DLi*Cprev(12,j)**bb 

      smD(9,1)=-gama1*zLi*F*Cprev(12,j)**bb*dcdx(9) 

      smB(9,2)=-F*zS8*DS8*Cprev(12,j)**bb 

      smD(9,2)=-gama2*zS8*F*Cprev(12,j)**bb*dcdx(9) 

      smB(9,3)=-F*zS4*DS4*Cprev(12,j)**bb 

      smD(9,3)=-gama3*zS4*F*Cprev(12,j)**bb*dcdx(9) 

      smB(9,4)=-F*zS*DS*Cprev(12,j)**bb 

      smD(9,4)=-gama4*zS*F*Cprev(12,j)**bb*dcdx(9) 

      smB(9,5)=-F*zA*DA*Cprev(12,j)**bb 

      smD(9,5)=-gama5*zA*F*Cprev(12,j)**bb*dcdx(9) 

      smB(9,9)=(-gama1*zLi*F*Cprev(12,j)**bb*Cprev(1,j)-gama2* 

     &zS8*F*Cprev(12,j)**bb*Cprev(2,j)-gama3*zS4*F*Cprev(12,j) 

     &**bb*Cprev(3,j)-gama4*zS*F*Cprev(12,j)**bb 

     &*Cprev(4,j)-gama5*zA*F*Cprev(12,j)**bb*Cprev(5,j)) 

      smD(9,11)=-1.0d0 

      smD(9,12)=(-F*zLi*DLi*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(1)-
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gama1*zLi 

     &*F*bb*Cprev(12,j)**(bb-1.0d0)*Cprev(1,j)*dcdx(9) 

     &-F*zS8*DS8*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(2)-gama2*zS8*F* 

     &bb*Cprev(12,j)**(bb-1.0d0)*Cprev(2,j)*dcdx(9) 

     &-F*zS4*DS4*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(3)-gama3*zS4*F* 

     &bb*Cprev(12,j)**(bb-1.0d0)*Cprev(3,j)*dcdx(9) 

     &-F*zS*DS*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(4)-gama4*zS*F*bb* 

     &Cprev(12,j)**(bb-1.0d0)*Cprev(4,j)*dcdx(9) 

     &-F*zA*DA*bb*Cprev(12,j)**(bb-1.0d0)*dcdx(5)-gama5*zA*F*bb* 

     &Cprev(12,j)**(bb-1.0d0)*Cprev(5,j)*dcdx(9)) 

      smG(9)=(Cprev(11,j)+F*zLi*DLi*Cprev(12,j)**bb*dcdx(1)+ 

     &gama1*zLi*F*Cprev(12,j)**bb*Cprev(1,j)*dcdx(9)+F*zS8*DS8* 

     &Cprev(12,j)**bb*dcdx(2)+gama2*zS8*F*Cprev(12,j)** 

     &bb*Cprev(2,j)*dcdx(9)+F*zS4*DS4*Cprev(12,j)**bb* 

     &dcdx(3)+gama3*zS4*F*Cprev(12,j)**bb*Cprev(3,j)*dcdx(9)+F* 

     &zS*DS*Cprev(12,j)**bb*dcdx(4)+gama4*zS*F*Cprev(12,j)** 

     &bb*Cprev(4,j)*dcdx(9)+F*zA*DA*Cprev(12,j)**bb* 

     &dcdx(5)+gama5*zA*F*Cprev(12,j)**bb*Cprev(5,j)*dcdx(9)) 

 

 smD(10,10)=1.0d0 

      smD(10,11)=1.0d0 

      smG(10)=(aIapp-Cprev(10,j)-Cprev(11,j)) 

 

      smD(11,6)=a0*(Cprev(12,j)/E_ini_cat)**aksi 

      smD(11,7)=a0*(Cprev(12,j)/E_ini_cat)**aksi 

      smB(11,11)=-1.0d0 

      smD(11,12)=(a0*aksi*Cprev(12,j)**(aksi-

1.0d0)/(E_ini_cat**aksi)* 

     &(Cprev(6,j)+Cprev(7,j))) 

      smG(11)=(dcdx(11)-a0*(Cprev(12,j)/E_ini_cat)**aksi* 

     &(Cprev(6,j)+Cprev(7,j))) 

 

      if(c12.gt.0.0) then 

      smD(12,1)=-

2.0d0*VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j) 

      smD(12,2)=-VS8*akS8*Cprev(14,j) 

      smD(12,4)=-VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0 

      smD(12,12)=-1.0d0/delt 

      smD(12,13)=-VLi2S*akLi2S*(Cprev(1,j)**2.0d0*Cprev(4,j)-

aKspLi2S) 

      smD(12,14)=-VS8*akS8*(Cprev(2,j)-aKspS8) 

      

smG(12)=(VLi2S*akLi2S*Cprev(13,j)*(Cprev(1,j)**2.0d0*Cprev(4,j)- 

     &aKspLi2S)+VS8*akS8*Cprev(14,j)*(Cprev(2,j)-aKspS8)) 

 end if 

 if (c12.le.0.0) then 

      smD(12,12)=1.0d0 

      smG(12)=-cprev(12,j) 

 end if 

 

 if (c13.gt.0.0) then 

      smD(13,1)=2.0d0*VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)*Cprev(4,j) 

      smD(13,4)=VLi2S*akLi2S*Cprev(13,j)*Cprev(1,j)**2.0d0 

      smD(13,13)=(-
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1.0d0/delt+VLi2S*akLi2S*(Cprev(1,j)**2.0d0*Cprev(4,j) 

     &-aKspLi2S)) 

      smG(13)=(-

VLi2S*akLi2S*Cprev(13,j)*(Cprev(1,j)**2.0d0*Cprev(4,j)- 

     &aKspLi2S)) 

 end if 

 if (c13.le.0.0) then 

      smD(13,13)=1.0d0 

      smG(13)=-cprev(13,j) 

 end if 

 

 if (c14.gt.0.0) then 

      smD(14,12)=1.0d0 

      smD(14,13)=1.0d0 

      smD(14,14)=1.0d0 

      smG(14)=(1.0d0-Cprev(12,j)-Cprev(13,j)-Cprev(14,j)-E_car-

E_binder) 

 end if 

 if (c14.le.0.0) then 

      smD(14,14)=1.0d0 

      smG(14)=-cprev(14,j) 

 end if 

      return 

      end 

 

c_________________________ 

      subroutine ABDGXY(h,j) 

      use common_variables_LiS 

 use common_variables_discharging_LiS 

      if(j.eq.1) then 

          do 1 ii=1,n 

          do 10 kk=1,n 

             B(ii,kk)=h*smE(ii,kk)-1.5*smP(ii,kk) 

             D(ii,kk)=2.0*smP(ii,kk) 

             X(ii,kk)=-0.5*smP(ii,kk) 

10         continue 

             G(ii)=h*smF(ii) 

1        continue 

          return 

      end if 

      if (j.eq.NJ) then 

          do 2 ii=1,n 

          do 20 kk=1,n 

             B(ii,kk)=h*smE(ii,kk)+1.5*smP(ii,kk) 

             A(ii,kk)=-2.0*smP(ii,kk) 

             Y(ii,kk)=0.5*smP(ii,kk) 

20         continue 

             G(ii)=h*smF(ii) 

2         continue 

          return 

      end if 

      do 3 ii=1,n 

      do 30 kk=1,n 

             A(ii,kk)=smA(ii,kk)-h/2.0*smB(ii,kk) 
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             B(ii,kk)=-2.0*smA(ii,kk)+h**2*smD(ii,kk) 

             D(ii,kk)=smA(ii,kk)+h/2.0*smB(ii,kk) 

30     continue 

             G(ii)=h**2*smG(ii) 

3     continue 

      return 

      end 

c______________________ 

 subroutine bound_val(h) 

      use common_variables_LiS 

 use common_variables_discharging_LiS 

c print*, 'boundval' 

c___________________ 

c   This subroutine assumes solution of a linear boundary-value 

problem at 

c   a given time step.  There is thus no need for iteration. 

c______________________________ 

      do 150 j=1,nj 

      do 123 ic=1,n 

      do 123 kc=1,n 

             smA(ic,kc)=0.0 

             smB(ic,kc)=0.0 

             smD(ic,kc)=0.0 

             smP(ic,kc)=0.0 

             smE(ic,kc)=0.0 

123      continue 

         call fillmat(h,j) 

    call ABDGXY(h,j) 

         call BAND(J) 

150   continue 

        do 12 k=1,n 

         do 12 j=1,nj 

             cprev(k,j) = cprev(k,j) + delC(k,j) 

12       continue 

      return 

      end 

c______________________ 

      SUBROUTINE MATINV(N,M,DETERM) 

      implicit double precision (A-H,O-Z) 

      DIMENSION ID(14) 

      COMMON A(14,14),B(14,14),delC(14,903),D(14,29) 

      DETERM=1.0 

      DO 1 I=1,N 

1     ID(I)=0 

      DO 18 NN=1,N 

      BMAX=1.1 

      DO 6 I=1,N 

      IF (ID(I).NE.0) GOTO 6 

      BNEXT=0.0 

      BTRY=0.0 

      DO 5 J=1,N 

      IF (ID(J).NE.0) GOTO 5 

      IF (DABS(B(I,J)).LE.BNEXT) GOTO 5 

      BNEXT=DABS(B(I,J)) 
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      IF (BNEXT.LE.BTRY) GOTO 5 

      BNEXT=BTRY 

      BTRY=DABS(B(I,J)) 

      JC=J 

5     CONTINUE 

      IF (BNEXT.GE.BMAX*BTRY) GOTO 6 

      BMAX=BNEXT/BTRY 

      IROW=I 

      JCOL=JC 

6     CONTINUE 

      IF (ID(JC).EQ.0) GOTO 8 

      DETERM=0.0 

      RETURN 

8     ID(JCOL)=1 

      IF (JCOL.EQ.IROW) GOTO 12 

9     DO 10 J=1,N 

      SAVE=B(IROW,J) 

      B(IROW,J)=B(JCOL,J) 

10    B(JCOL,J)=SAVE 

      DO 11 K=1,M 

      SAVE=D(IROW,K) 

      D(IROW,K)=D(JCOL,K) 

11    D(JCOL,K)=SAVE 

12    F=1.0/B(JCOL,JCOL) 

      DO 13 J=1,N 

13    B(JCOL,J)=B(JCOL,J)*F 

      DO 14 K=1,M 

14    D(JCOL,K)=D(JCOL,K)*F 

      DO 18 I=1,N 

      IF (I.EQ.JCOL) GOTO 18 

      F=B(I,JCOL) 

      DO 16 J=1,N 

16    B(I,J)=B(I,J)-F*B(JCOL,J) 

      DO 17 K=1,M 

17    D(I,K)=D(I,K)-F*D(JCOL,K) 

18    CONTINUE 

      RETURN 

      END 

C______________________ 

      SUBROUTINE BAND(J) 

      implicit double precision (A-H,O-Z) 

      DIMENSION E(14,15,903) 

      COMMON A(14,14),B(14,14),delC(14,903),D(14,29),G(14),X(14,14), 

     &Y(14,14) 

      common/intpars/N, NJ, Numbertimesteps 

 SAVE E,NP1 

101   FORMAT(15H DETERM=0 AT J=,I4) 

      IF (J-2) 1,6,8 

1     NP1=N+1 

      DO 2 I=1,N 

      D(I,2*N+1)=G(I) 

      DO 2 L=1,N 

      LPN=L+N 

2     D(I,LPN)=X(I,L) 
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      CALL MATINV(N,2*N+1,DETERM) 

      IF (DETERM) 4,3,4 

3     PRINT 101,J 

4     DO 5 K=1,N 

      E(K,NP1,1)=D(K,2*N+1) 

      DO 5 L=1,N 

      E(K,L,1)=-D(K,L) 

      LPN=L+N 

5     X(K,L)=-D(K,LPN) 

      RETURN 

6     DO 7 I=1,N 

      DO 7 K=1,N 

      DO 7 L=1,N 

7     D(I,K)=D(I,K)+A(I,L)*X(L,K) 

8     IF (J-NJ) 11,9,9 

9     DO 10 I=1,N 

      DO 10 L=1,N 

      G(I)=G(I)-Y(I,L)*E(L,NP1,J-2) 

      DO 10 M=1,N 

10    A(I,L)=A(I,L) + Y(I,M)*E(M,L,J-2) 

11    DO 12 I=1,N 

      D(I,NP1)=-G(I) 

      DO 12 L=1,N 

      D(I,NP1)=D(I,NP1)+A(I,L)*E(L,NP1,J-1) 

      DO 12 K=1,N 

12    B(I,K)=B(I,K) + A(I,L)*E(L,K,J-1) 

      CALL MATINV(N,NP1,DETERM) 

      IF (DETERM) 14,13,14 

13    PRINT 101,J 

14    DO 15 K=1,N 

      DO 15 M=1,NP1 

15    E(K,M,J)=-D(K,M) 

      IF (J-NJ) 20,16,16 

16    DO 17 K=1,N 

17    delC(K,J)=E(K,NP1,J) 

      DO 18 JJ=2,NJ 

      M=NJ-JJ+1 

      DO 18 K=1,N 

      delc(K,M)=E(K,NP1,M) 

      DO 18 L=1,N 

18    delC(K,M)=delC(K,M) +E(K,L,M)*delC(L,M+1) 

      DO 19 L=1,N 

      DO 19 K=1,N 

19    delC(K,1)=delC(K,1)+X(K,L)*delC(L,3) 

20    RETURN 

      END 

 

 

 

 


