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ABSTRACT

VIBRATION REDUCTION OF STRUCTURES BY USING NONLINEAR
TUNED VIBRATION ABSO RBERS

D o ] ,Muohammed Emin
Master of SciengeMechanical Engineering
SupervisorProf. DrEnder Ci J eroj |l u

September 20185 pages

Tuned Vibration AbsorbersT{/A) are commonly usedin redueng undesirable
vibrations of mechanical structureslowever, TVAs work in a very limited frequency
range and if the excitation frequency is outside of this range, they become ineffective.
In orderto solve this problem, researchers started to consider nonlinear TVAs for
vibration attenuation. In this studyymbamic behavior of dinear systemgoupled

with a nonlinearTVA is investigated The system is subjected to sinusoidal base
excitation. Paraeters othe nonlineall VA is optimized to minimize vibration values

of the primary system. Assumed meaeethod is used tmodelthe EulerBernoulli

beam Nonlinear differential equati@of motion are converted toset of nonlinear
algebraic equationsy usingHarmonic balanc&ethod(HBM). Theresulting set of
nonlinear algebraic equatisnis solved byNewtord dMlethod with ArcLength
continuation. Nonlinearities used in th¥A are cubic stiffnesswvhich is referred as
Nonlinear Energy Sink (NES) in thigerature; cubic dampingand dry friction
dampingHi | | 6s met hod i s used t obtanedikésultat e st :
of the system with optimum nonlinear TVAs are compared with that of optimum linear
TVA. Although, NES show toexhibit goodvibration reductiorperformancewhich

is in parallel with the results given in literatudie to instability of the frequency



domain solutionsit is observed that, actually, it it as effective as othapnlinear
TVAs.

Keywords:Tuned Vibration Absorber, Nonlinear Energy Sink, Optimization, Friction
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CHAPTER 1

INTRODUCTION

Tuned Vibration AbsorbersT{V/A) are commonly usedin reduéng undesirable
vibrations of mechanical structures$t generally consists of a mass, a spring and a
damper which is attached to a structure. The aim is to rededgnamic response of
the primary system acertain frequency by tuning the frequency of the TVA to that

frequency. It is especially usefwhen the inhaart damping of the primary system is
low.

There are many application areas. It is widely used in civil engineering to eliminate
excessive response of towers. Similarly, it is used in bridges, wind tudbmet is
also used in electric bkes, which is known as Stockbridge damper. Moreover, it is

used in many mechanical systems to avoid excessive vibration regppnse

> TV#

T— ™~ A o

Figure 1.1. Schematic of the TMBystems installed in Taipei 101, Taiwan.
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In literature, Tuned Vibration Absorbes also referred, Tuned Mass Damper,
Dynamic Vibration Absorberand Frahm Damper. In this study, Tuned Vibration
Absorber is used. Notice, Tuned Liqu@blumn Damper, which is a form of TVA

with liquid columns, is not included in this study.

In this study, a base excitéidear mechanical system connectedltdAs equipped
with linear and nonlinear elemenis consideredSingle and multiple TVAs are
optimized. By the use of multiple TV&A and nonlinear elements, it is aimed to

suppress the vibrations of the structures in a broader frequency range

At the beginning ofthe study, a literature review is presented @HAPTER 2
Historical development and studies related to TVAth@undamped primary system

are presented ithefirst paragraph. In second paragraph, studies related to TVA for
thedamped primary system are presentedhéthird paragraph, the studies related

to the use of multiple TVAs for single resonance are presentedhénfourth
paragraph, the studies related @ocontinuous system coupled with TVAs are
presented. Ithefifth paragraph, first nonlinear TVA studies are presentatelsixth
paragraph, studies related to TVA with friction dampers are presented. Finally, in last

paragraph, studies related to TVA with cubic stiffness are presented.

In CHAPTER 3 methods, used in this study is represented. This chapter divided 4

subchaptes: In the first subchapter, Harmonic Balance Method is presentetheln

second subchapter Newton Methwith ArchrLength Continuation is represented. In

thet hird subchapter, Hi | | 0 ghe fofdn tsubchapterj s pr esen

Assumed Modes Method is presented.

In CHAPTER 4 the mathematical modieg of the systems is presented. It is divided
into two subchapters, which are mdidg in discrete and continuous systeihe
behavior of different TVA configurations are investigatedaidiscrete system. The
noninear elements used in this study are cubic damping, cubic stiffness, dry friction

damping and their combinations. Alsthelinear system is studied in this chapter.



In CHAPTER § results are presented. In this chapter, optimum values for different
TVA configurations are presented. It is divided into two subchapterthe first
subchapter, optimum results for discrete systems are presentegiséicond chapter,

optimum results of TVA for continuous system is presented.

Finally, inthelast chapterCHAPTER 6 conclusion and future worksepresented.
Studies and important findings are summedthe conclusion. In future work
subchapter, the subjects excluded in this study are discussed to further improve this

study.

In the appendixoptimum results for different boundary conditions are@néed. For

clarity, they are not presented@HAPTER 5






CHAPTER 2

LITERATURE REVIEW

TVA like systems was first used by Waffy in 1883. In 1909, Frahif8] paented

the classic TVA, which was consisted of a mass and a spring. Ormondroyd and Den
Hartog [4] carried outthe first theoretical investigation on TVA. TVA without
damping can reduce the response of the main system to almost zero at the previous
resonance point under harmonic excitation. Howdveaddition of TVA two new
resonance neahe tuned frequency. Therefore, it is useful for a single stationary
frequency; however, excitation is rarely stationary in real applications. Viscous
damper is considered to reduce vibration responaéilioader bangb]. The study is

that ofa TVA with viscous damper attached an undamped SDOF system, which
subjected to harmonic exation. It had been noticeffequency response curves of

the main mass, which is plotted for different damping values pass through two
invariant points. Optimizatn is performed by using these invariant points. The ratio

of the natural frequencies of the TVA and the main system is alterethemésponse

of the invariant pointss equal. Respectively, damping of TVA is adjusted such that
theslope of the frequeaay response curve at invariant points become 8eeFigure

2.1). Researchers studied to obtain ctb&em solution for this optimization problem.

Real systemshowever, contain damping and invariguints do not exist in the
frequency regonse curveBapat and Kumaraswanp§] investigated an optimization

for thedamped system. It has been noticed that fixed point optimization wortkefor
slightly damped system. Toshihiro and Ikgdhobtained empirical formulae for the
TVA parameters with the condition that damping is light. Randall, HalatetdTaylor

[8] presented computational graphs that determine the optimum values of Tiia for
damped systeniThe represented solution offered much more accurate results than

those achieved by classical methods.



Suppression Ratio

Figure 2.1. Invariant Points and Change in Damping Value

To improve effective bandwidth, multiple TVA is considered. In such cases, More
than one TVAs are used to supprassngle resonance peak. lwanami and $8}o
investigated dual TVA. The study showed that dual TVA elimindtesirawback of
single TVA, which is very sensitive to the variation of parameters. Moreover, it
reduces transmissibility bettertimeresonance region. Igusa and [A0] showed that
multiple TVA is more effective and robust than single TVA, which has equal total
mass under harmonic excitation. Many researcheestill interested in multiple
TVA.

The appication absorber tacontinuous system, which is more realistic and accurate,
has been studied extensively. YoUad] made the first study othe application of
TVA tothecontinuous system. Neub§i®] studied on axially excited beam with one

or two TVAs in steady state. It was stated that second TVA has an advantage if TVAs



are tuned for separated resonances. In addition, the effectlot#tin of the TVA

was studied. Jaqui 3] studied on optimization of TVA for EuldBernoulli beam

subjected to sinusoidal excitation. Assumed mode method fordesingpde
approximation is used to establish the analogy between SDOF system and beam.
Optimum TVA parameters is determined tbe equivalent SDOF system by using

the theory in earlier works. Warburton and Ayoriftié]e x t ended Jaquet 0s
pl ates and cylindrical shell s and i mpr o\
¢ a n flL¥) studied on structurally damped beam with two TVA, which is subjected

to harmonic excitation. TVAs were optimized to suppress first two resonance of the
beam. It had been noted that optimization parameters for TVA tuned to second
resonance are noffacted the existence of the one tuned to first resonance. However,

the opposite is not true. Esmailzadeh and J4lll6] extended the theory for

Timoshenko beams.

T T

10'

s Nonlinear | ]|
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Figure 2.2. Suppression Zorsewith Linear and Nonlinear TVA

Although many researchers still interested in linear vibration absorber, thenaraye

researchs on nonlinear vibration absorben furtherimprove the effectivenessf



TVA. Roberson[17] introduced nonlinear TVA. The study focused on improving
suppression bandwidth, which is the frequency bandwidth awvitplitude less than
unity. (SeeFigure2.2) In the study, undamped TVA with linear and nonlinear spring
was considered. Significant improvement is obsérwhen comparing tthe linear

one. Hunt and Nissefl8] studied on damped nonlinear TVA. The research
demonstratedhat suppression band is twice as wide as whiadpced by a linear
TVA. Natsiavaq19] studied on stability of the nonlinear system to avoid dangerous

effects which are possible dueth® presence of the nonlinegy.

Inaudi and Kelly[20] introduced TVA with friction dampers (FTVA). The system
exhibits both linear and hysteretic behavior. Statistical linearization method had been
used and optimum parameters were calculate8BEDF linear system. It is found out
that, FTVA exhibits convenient behaviors, achieves the same level of performance
that an optimized linear TVA would provide. The advantage of FTVA is its robustness
to environmental temperature change. Ricciardelli arckéry [21] used FTMD.

They studied the response of a linear single DOF system, where FTMD is connected
by using an equivalent linearized damping for single harmomton. They also
obtained optimum slip parameters for harmonic excitation. Gewei and [Baku
studied the response of a linear SDOF system with FTMD under botlomarend
random excitation. For harmonic excitation, harmonic balance method is used to
obtaina periodic response. In the case of random excitation, statistical linearization
method is used. Carmona, Avila and Dd88] proposed a FTMD to control
excessive floor vibration. Linearized friction model is used. Linearized FTMDs are
attached to the floor. Analysis carried out by using finite element method. They
suggested and optimized multi FTMDs for certain load cases. Pisal and J2dgid
studied on linear SDOF system with FTMD under both harmonic and earthquake
excitation. They used statepace method to solve the system. Sinha and Trikutam
[25] studied the optimization of a SDOF linear system with FTMD in steady state.
They used harman balance method to soltleenonlinear system. Genetic algorithm

with minimax approach is used for optimization.



Weakly nonlinear systems are not able to react effectivelya enide range of
frequency because of its dependency on amplitude level. Hovetnargly nonlinear
system reacts effectively @broader frequency band. Systems with this consideration
bring a new concept, which is Nonlinear Energy Sink (NES). This concept also covers
grounded vibration absorber i#e nonlinear element is locatebetween vibration
absorber and ground. It has been noticed that nonlinear attachment exhibits
irreversible transient energy transf@6]-[27]. Jiang, McFarland, Bergmamnd
Vakakis [28] studied NES in steady state dynamics. Gendelman, Gouetah
Lamarqud29] studiedtheeffects of NESn the main system. They found out, system
under periodic excitation exhibits quasiperiodic behavior around the main resonance
of the system. Parseh, Morteza a@thasemi[30] studied steady state dynamics of
linear EulerBernouli beam with NES under harmonic forcing. The nonlinear element
in the NES is chic stiffness. They stated tHdES performs better than linear TVA if

the forcing ishesame or less than desi&d force. Linear TVA performs better if the
forcing is above the design consideration. Gourc, Elce, Kercshen, Michon, Aridon
and Hof31] studied on performance cgarison of lineaTVA and NES. They stated

that properly tuned linear TVA outperformNES. Moreover, they claim thah
previous studies, which compares linear TVA and NES, designing procedure was not
properly proposed






CHAPTER 3
METHODS

3.1.Harmonic Balance Method

Harmonic Balance Method (HBM) is used to calculateady state response of
nonlinear differential equations. In HBM, responses and nonlinear forces are
represented in terms of Fourier series and substituted into nonlinear differential

equatiors which results in a set abnlinear algebraic equatian

The idea is, to express periodic solution in the form

x(¢)= %4 ,°%sin( )p#“Pcosx | (3.1)

J
p=1

Consider eqation of motion of a nonlinear system under harmonic excitation

o

M)'(‘(t)+%: % B0 K () ik (1) o) (3.2)

f..n iSnonlinear force vector. Elements in the nonlinear force vector can be expressed

as

fron s ()= (k) (33)

Where f,, is nonlinear transfer functions,, is therelative displacement between

DOFs where nonlinear element is connected, dnd ¥. Each element in the
nonlinear force vector calculated by HBM individually. As a result, amplitude
depended sine and cosine coefficients and bias term of the nonlinear internal forcing

are obtained. Governing equations are shown in the Equation (3.4)

11



o1,
fn,j :Em fnon,j(d) dd
N :
fn,J ,p:Em fnon,j(d)sm( p)d (3.9
I
fn’jvpzam foon i (d)cOS( P)

Equation (3.1) is substituted into Equation (3.2) and coefficiditeamonlinear force
vector is obtained by Equation (3.4). As a result, nonlinear algebraic equation is

obtained. N+1 algebraic equation is obtained for each DOF.

eK 0 0 & 0f8 0@

S0 -¥M K H € !ﬁ‘ bfr[? {j-—s“.' (3.5)
A M | Ic ccl

B0 -H «C ¥M K+k° g T )';E*C

In this study, only first harmonics are considered. Bias term are not and higher

harmonics are neglected. Therefore, Equation (@di)ced to

&¥M K H € &% 'eﬁs 0 fgs
é uc ST (3.6)
EH+¥C -¥M K

iy i
Details can be found i{32].
3.2Newt onds Me t-beagth Cantinudtion Metttod

In order to solve nonlinear algebraic Equation (3.5), a residual vector is defined as

follow

exc

&YyM K H € o
' F fo. 0 3.7
EH+vC -¥M K O 37

r(X,¥)=
a

Due tothe presence of the nonlinearity, a turning point may have appeared. In order
to overome this situation, the new continuation parameter is defined. Thenath
parameter is the radius of ardimensional sphere, which is centerethatprevious

solution points Figure3.1). The new solution points are searched on the surface of

12



the sphere. The equation fordimensional sphere with radissand located athe

previous solution point is

{qk_qk-l}T{qk 'qk.l} & (3.8)

where s is the arch length parametet, i the previous solution points and k is the
currert solution points. With the addition of this new equation, the new vector of

unknown becomes as follows

q=r | (39)
[¥
New equation is obtained
h(x,¥)={a. G} {dc G & O (3.10)

A single step of Newtonds Methods become:

W Mo %)
. € u erix,,¥) 1
i+1 — i ,HX M ~ 1 |
= 3 A1
Ak Ak guh h 3 %h(Xi,’X‘i): (311
Bux &y

Previous Solution

Next Solution

Figure 3.1. Arc-Length Continuation Method
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Details can be found i{33].
3.3. Hill & Method

Arc-Length continuation algorithm provides the solution points on a solution branch.

It does not give information abotite stability of the solution points. Due to the
presenceof the nonlinearity, the stability problem may have occurred&tability

analysis inthef r equency domain can be perfor med
analysis is carried out by investigatitige effect of a perturbation around a periodic

solution. Peamurbation is described as
G(t) =e>' £t) (312

Wheree€® is decay termand z(t) is periodic term i.e:

N .
z(t)= & z,e™' (313
p= -N
New solution is written
x(t) =x(t) (t) (314

Wheref((t) known solution. Substitute Equation (3.14) to Equation (3.2)

H § - >
+§\§ +;>§ ke ye' o () ooft) O (315
Where

. o H ~ o o ~ o~
y = M) %g 8 ol §3 %‘e+ Ka%‘emf'e 8 @19

14
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Fourier representations of the solution terms is substitntedhe Equation (3.15).
Notice that, only first harmonics are considered in this study. Thus, Fourier

representation of solution is:

>~<(t) x°sin(¥ § ®°co{ ¥t

a(t) (Zsm (v 1 +°eog ){)ta“ (317

Substitute Equation (3.17) into Equation (3.15), we obtain

W*(& o+t oy pr) Pz {7 f 4Pe 2o (319

Where
e. H
_é,'M’X‘Z - H o cp_é\/l |l o é:pgc-'_; M (3.19)
=é E ; Y .
&C+H  M¥ & Mg € W cH
¥

Nonlinear term in Equation (3.15) can be written around known solution ]b(]ib]t

by Taylor series of expansion.

e (3.20)

Substitute Equation (3.20) into Equation (3.18),

~

8'“e 0 (32)

uf

A% o {7) Xeo ﬁbeﬁ o

X=X

Notice thatoQ ™%+ (~) Xoyc IS Z€ro by the definition in Equation (3.21). In addition,

Jacobian matrix is defined

_pr uf,
=— T = 3.22
MX K (322



Quadratic eigenvalue problem is obtained by substituting Equation (3.22) into
Equation (3.3p which is

R+ o+ J = (329
Equation (3.23) can be rewritten in state space form. Linear eigenvalue problem is
obtained.
Qv HpY F (3.24)
Where U= IeL{ H:evi I, and V = e® which is defined as
ibyiWw
p” _ o
Q - 'q31U T2
it
ny, q (3.25)
Ut

Equation (3.24) can be rewritten as

J..
£ U

9, & 2
) |8 0 E (3.26)

u

This will give 4N eigenvalues for single harmonic solution. Only 2N eigenvalues are
valid solutions. Others have physically no meaning. For stability analysis, eigenvalues
with the smallest imginary part in modulus are considered. For the solution points
where eigenvalues are greater than zero, it is ung@&djleDetails related to method

can be foundn [35].

As an example, two DOF system with cubic stiffness is investigated. Stability
behavior is well known in the literature. Solid linear denotes stable soldttied

lines denotes for unstable solutiorFigure3.2.
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3.4. Assumed Modes Method

Exact solution of many continuous systems is sometimes difficult. In such cases,
approximate analytical methods are usefut.aast system, onlghefirst few natural
frequencies and natural mode have importance for the dynamic response. Contribution

of the higher modes are negligible.

5
J N
% Uniform BeamO 1O H’ E

(}\) ~ ~

ITYt) ‘ Q SPYLo

¢ =
, . ®w O
) a —

Figure 3.4 Linear Euler-Bernoulli Beam with Nonlinear TVA

Displacement of the beam (Fig. 3.3) is assumed as

n

wiy.t)=a f(y)x(1 (327

i=1
Where f, (y) is theknown trial functions that satisfy boundary conditions, a(it)

is the unknown function of time. The beam is subjected to base excitaﬂiétj,.

There is a concentrated mass connected to beam with elastic and nonlinear element,
which is TVA. Beam with uniform crossection is usedEl is the modulus of

rigidity, A is crosssection of the beam and the density of the beamNLis the
nonlinear element between TVA and beakn,,andc,, the spring and damping

coefficients respectively.

Energy equations of the beam is

18



V—EElmgeuui—y’) gdy + K’VA( Xel(l))z +FN~1( Xal t))

1 amw(yt) 61 A, [e
T—EElmgeT (1) gy 3MwaE " 0 (3.28)
1 apx )
D‘ZCTVAgaeutel 0

Where X, (t) =U (t) w(L,t) xya(1) i.e. relative displacement between TVA

and point of he beam where TVA is connected. Nonlinear forces are addi to

potential energy equation.

In addition, inherendamping of the beam is considered. Rayleigh damging used
to obtained inhererdamping matrix of the beam. Mass and stiffness matrix of the

beam without TVA is obtained\ ,..,&K g...)- Natural frequencies of the beare

Bean
obtained. Damping ratios are settled for selected natural frequencies. Rayleigh

coefficients are obtained for those frequenclém formula for Rayleigh coefficients

are:
. e‘Y
eua 2¥ X ﬂ
. -7 2 |
(b y sz_ I~ e’x. X E?J (3.29)
J

For this study, only first five mode taken into consideration. Displacement vector

becomes

x={x % % % % ¥ (330)

Mode shapes of the linear Euler Bernoulli Beam is used for trial functions. To obtain
equaton of motion of the system, Lagrange equation is used.
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Qo
=

TV
5— (3.31)
= XH XM

=Sk =
Ne)

=]

- 3: O
o fo

System natrix are obtained by substituting Equation (3.28) into Equation (3.31)

System matrixes are

émll m, m; m, My 0
g My, My M, N 0
em, m; my; m, m; O
0
0

M = e
g Ma My M, Mg (3.32
Ms Mg Mg M m
g0 0O O O O my,
Where
L
m=4 IO ) Y (339
é,kll k12 k13 k_[4 k15 k66
gﬁz k22 k23 k24 k25 kze
K :ék13 Kps Ky Ky Kis  Kyg
2(14 k24 k34 k44 k45 k46 (334)
gkls k25 k35 k45 k55 k56
&Ke K K Kig Kig kia
Where
_ e WA (Y) 1A (y)
k” B EIQ WZ JMZ dy +K‘VAfj( la) lf( ch) if & ] & .

ke = Huafi (L) T

20



€, C, C3 C4 Cs Cyx @
e u
gz Cn G Gy Cx  Cyp
_ €3 Gy Gy Cy Gy C UMy, 0 g K@, O
C=¢ . g 0 g b 9 o (339
G 2a G Cu Cis Gy € u
2015 Cixs G Cis G5 Coe 3
6 Cx Cy Ci Cs Gua U

G =Gwi(L) L) if & 6
Co=Gufi(L) If 06 439

Due to orthogonality relation, i.e.

X o (3.39)
mﬁ(y) fly)dy, 0 if i=j

Equation (3.38) are usdd reduce system matrixes. Equation (3.32) and Equation
(3.33) are reduced to

M=diagdfm m m m m m}) @39

Where

m=rAy Fdy 0 it i & (340

Similarly, Equation (3.35) reduced to

21



'ﬂjzfjgel% gyﬂ#vAff(la) if i & i6<
¢ -

ki = kuaf (L) A(L) it i, & 1) & (3.41)

¢ =Gufi(L) if i & i &

c = Gui(L) if j&& i6<

is
R L A A S (343
Where
=) {( )y dfy 6 (344)
Component comes from energy loss equations is
o=l 1S £° £ 1S el (3.45)
Where
fC=cnufi(L) if i 6 (3.46)

Component comes from potential energy equations is

22



AT AT PR PR PR PR (3.47)

Where

=k (L) if 16 @as

Nonlinear part is obtained

oh
—

)

—

N
s

fnon (X (t) U (t)) = FNL(X rel(t))

—

Q

(3.49)

N

—

)

\h
1

— =) =) =) =) =) =) (]D:
NN Oh
L e i N
ml_
S— N N e
ot ) ) —) Y Y ) -

=

Equation of motion is obtained by combining Equation (3.32), (3.34), (3.36), (3.43),
(3,45), (3,47) and (3,49).

Mx (t)+Cx (t) Kx (t) T,k «(t) f&(t) @350
foo(t)=F"U(t) £°U(t) fF¥U(t) (351)

Linear results is compared with FEM Software, ANSYS. Plane stress (2D) elements

are used. Parameters are

L =0.250m L, &125n r 785&g M A 1&m
El =41.67Nn? k., =16 N m m, 9.05kg

Fixed-Fixed boundary conditions are applied. Trial function is

f(y)=cos(t ¥ -costf , § v, (@, ) bswh, ) @52

23



Where

:cos(b, )- coslf ; b)
|)__

2 sin(b - sinh ; b) (353
Notice that, each mode has differentvalue can be found
cog(B ) costf ; B)-L1= (359

Equation (3.54) is nonlinear algebraic equatioy. values can be obtained
numerically. For initial valuep I=(2 #) /2 can be used. Accurate values for

are obtained byising Newton method. These values are substituted into Equation

(3.45). Resulting mode shapes are substituted into Equation (3.44).

Modal analysis is péormed and natural frequency results are compared.

-

0,000 0,045 0,090 rn)
I 90O

0,022 0,068

Figure 3.5 FEM Model

Table3.1. Natural Frequency Comparison

Analytical ANSYS Error (%)
15'Mode 201.1Hz 201.2 Hz 0.07
2"d Mode 463.2 Hz 463.3 Hz 0.01
34 Mode 1144.2 Hz 1136.2 Hz 0.70
4™ Mode 2248.8 Hz 2235.1 Hz 0.61
5" Mode 3707.9 Hz 3630.0 Hz 2.10
6™ Mode 5547.7 Hz 5436.4 Hz 2.01
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7" Mode ; 72968 Hz

Detalils related to assumed mode method can be folB8]in
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CHAPTER 4

MATHEMATICAL MODELLING

4.1.Discrete System

In this chapter, discrete linear system TVA utilized with linear and nonlinear elements
is investigated. First, system with one TVA will be studied. The effects the change of
the TVA parameters will be observed. After having a general idea about theoéffect

the linear and nonlinear elements, and then it is extended for double TVA

4.1.1.Single TVA

@

F%% 5

E
C:

O L i

Figure4.1. Linear SDOF System with TVAs

TVAs equipped with linear and nonlinear elements is as shd#mari Reference s

ource not found.Figure4.1. Whae & is the mass of the main system,,, is the

mass of the TVAk, andk,, are linear springdy, is structural damping elements,

27



Cva IS Viscous damping elementSlL is the nonlinear element. As a result, two DOF

system is obtained. Several nonlinear elements will be investigated separately, and
their combinationln addition to nonlinear elements, linear TVAs are also investigated

for refererce value.

Equation of motion of the general system is

L . h .
m))%"';)% H%)S -EFVAXeI H-VAXeI tfé'r( Xe) — 6 K)l

) . ¥ (4.2)
MyaXrva™ CrvaXie - kTVAXreI 'fnor( Xre) 0=

Where X = X, -Xya Also mass of the TVA is selected as ten percent of the main
mass, i.emy,,, = M,/10 Loss factor for the main system is taken as one percent.
Linear and nonlinear elements will be studied in individual chapters.

4.1.1.1 Linear System

In linear system, nonlinear elements are vanished. All free parameters are viscous
damping and the linear spring of the TVA. For better understanding, Equation (4.1) is

nondimensionalized.

5(b +Yb2 (l +i ) Ob )B- i TVA?’hrew -XziVA rel’x. ext

) _ , (4.2
Xrva~ 23 Fa & - WA e X&
Where
i =Tt g1 5 @01 L
™ ™ (4.3)
YT as =W}

rnl'VA 2\/ rnl'VA kTVA

Mass ratio, loss factor and excitation is specified. Only free parameters is natural

frequency and the damping ratio of the TVA.
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Freqguenc

As it is seen fronfigure 4.2, optimum natural frequency ratio is around 0.9. This

values will be used later in optimization.

01 T T T T T T T
——SDOF System
~0.09 _f =0.05 *
& —c=01
8 008F —c=0.15
< L —_—=02
g 0.07 —=0.25
S 0.06 £70.3
S
<
o 0.05
g=!
<
& 0.04
g
"% 0.03
wn
2
£.0.02
o
=
“0.01
0 1 1 | 1 1 1 Il 1 1
0.5 06 07 08 09 1 1.1 12 13 1.4 1.5
Normalized Frequency w/wb
Figure43.Ef f ect of TVA®ds Damping

The ratio of the natural frequencjes,,,/ % =0.9

Rati o

Optimum damping ratio is around 0.2. This value will be used in optimization later.
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For low damping values, response at the previous resonance is low but two new
resonance points are intrasbd nearby. For high damping values, system behaves like
SDOF system.

Also, notice that, there is navariant pointin Figure4.3 because the main ggsn

contains damping.
4.1.1.2.System with Cubic Damping

Cubic damping is a nonlinear force, which is proportional to third power of the relative
velocity. To understand effect of the cubic damping, linear damping is vanished from

Equation (4.1). Nonlinear Force expressed as

3

fNL (Xrel) = CC%I-% E (44)

Graphical demonstration is givenRigure 4.4

fNL (Xrel)

A

A

Figure 4.4 Graphical Demonstration of Cubic Damping

Equation (4.1) is rearraged to obtain generic form

30



Xb+')“b2(1 +i)0b x l.?els' )6-21I’VA reIY

) . o (4.5
XTVA_ 3c XI - 2:P‘\’/A relxg:

Nondimensional parameters are same as Equation (4.3), except ndobsdactor,

Since the equation of motion is nonlinear, it depends on input value. Input value is

specified.
U (t) =0.01sir(¥ 9 (4.6)
Relative displacement for single harmonic, from Equation (3.1)

W (d)
t

Equation (4.3) and Equation (4.7) are substituted into Equation (3.4). Nonlinear force

=y x°cos Jd-  ¥°sin ) (4.7)

coefficients for single harmonic is obtained.

= ot (WY (Fa

. 4 2 RY: (4.8)
1:n :53\& ¥ rX(( rels) -( rel )X)
Equation (4.5) is substituted into Equation (F.6)ecomes
fn :{ i fnS fnS ﬂ’nc fn_C}T 4.9)

Equation (4.5), (4.6), (4.7) and (4.9) are substituted into Equatioh (8o®linear
algebraic equation sets are obtained.
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ey 2 H S f 0
AL i ﬁx bt 201 (4.10)
é offf - ¥ o€, X ¥ 19 % 1
To [
' )
Where
Nm 2, T 2 T 2 N
, &+ %, - s @ ﬁ £ B‘Z 0
Ay, =€ ) L < (4.12)
e " ¥rua Yrva u e 0 0

Ratio of natural frequency would be similar witigure4.2 Effect of the change of the
nonlinear loss factor is given Figure4.5.

01 T T T T T T T T
——SDOF System
—~0.09 |- —f =0.1 ]
% C
Q 008 L —fc :05 -
“ £ =09
50.07 - ¢ .
= —_—f =13
< C
g 0.06 |- _Ec =17 _
< —_— =2.1
o 0.05 ¢
=
&2 0.04
5
‘= 0.03
wn
ot
2.0.02
(o
=
A 0.01
0 | 1 | | | 1 | | |
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Normalized Frequency w/wb

Figure 4.5. Effect of the Change of Nonlinear Damping Ratio

The ratio of the natural frequencjes,,,,/ % =0.9

As it is seen from thd-igure 4.5, optimum value for nonlinear damping ratio is

between 0.5 and 0.9. This information later will be used in optimization.
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For low nonlinear damping value, system behavior is similar to cld3sk i.e.
response at previous resonance is quite low, but two new resonance introduced nearby.
For high nonlinear damping valugbkge system starts to behave like SDOF system.
Behavior of a TVA with nonlinear damping seems similar to a TVA with linear
dampng. Except, it is more sensitive in higher amplitudes. There are sharp changes

in frequency response.
4.1.1.3.System with Cubic Stiffness

Cubic stiffness is a nonlinear force, which is proportional to third power of the relative
displacement. It can be hardenimrgsoftening type. In this study, hardening type will
be explored. Fon better understanding of the effect of the cusiiffness, linear

stiffness vanishesom Equation (4.1).

fN (Xrel) = kc)g'el3 (412)

Graphical demonstration is givenkigure4.6

fNL (Xrel )

A

kc XreI3

A
v

Xrel

Figure 4.6. Graphical Demonstration of Cubic Stiffness
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Equation (4.1) is nondimensionalized. .Notice that, it is nonlinear equtterefore,

it is input depended. Similar to cubic damping case, input value in Equation (4.6) is

used.
oo 2 1 . ﬁ- I’ . |’ 3
To+’x~n ( .+| ) Ob . n rg' ¥ -’% rel eex( (413)
Xiva= 23 % & - ¢ R XE
Where
=T 5 @01 ¢ &
;n" ) m (4.14)
3=—MA_ = f 8011 i2
2ml'VA’x‘b n}VA ]( )-

Free parameters @iVA are damping ratio and the cubic spring parameter.

Relative displacement for single harmonic is

XreI (d): |>e(ISSin( )d+reICX:O‘c'( ) (4-15)

Similarly nonlinear force coefficients are obtained by substituting Equation (4.12) and
Equation (4.15) into Equation (3.4)

=2 () { W)

.4 . ) 2 (4.16)
fn = 5 9 & (( rel)%) -( rel )( )
Nonlinear force vector is constructed by using Equation (4.16)
— 1 §£5S S i C C| T
fn _{ | fn fn ﬂn fn_} (4.17)

Equation (4.9) rearranged by using Equation (4.16). As a result, nonlinear algebraic
equation is obtained by substituting Equations (4.6), (4.13), (4.15) ahd) {Ato
Equation (3.6).
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eyl ¢, H Epxq 0
é - , b gf, 90.01 (4.18)
6 o+ - %o BXT Y 10%
to |
Where
er,> 0 = _26% 0 o &lzy 213"
a;=gv %8 R=F e >} ? (419)
a0 0y é 0 0 g-23 % 2 3%

Since there is no linear stiffness element between masses, TVA does not have a natural
frequency. For same reason, definition of damping ratio in Equation (4.3) and
Equation (4.14) are different. Effects of the change of the cubic stiffness related

parameter and damping ratio are demonstrat&ijiwre4.7 andFigure4.8.

10°F ' ' ' : I ]
L0012 ——SDOF System | ]
[ k. =0.10x10°| ]
. n
o F0.0115 = ’1 ]
s K, =0.50x10°| |
2 K, =125x10°| |
0.011 5
Kk =3.50x10
n ]
—_— =10.0x10°
n

0.0105
0.25

0.3 0.35 0.4

Suppression Ratio X/Max( X

0.2 0.4 0.6 0.8 1 12 1.4
Normalized Frequency w/wb

Figure 4.7 The Effect of the Change of the Cubic Stiffness Parameter

Damping ratio iss-=0.09 Dotted lines indicate unstable solution points.

When cubic stiffness value is low, suppression ratio is also low. The reason is, at low

amplitudes, nonlinear springehaves like soft spring. As the stiffness parameters
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increase, amplitude decrease up to certain value. After certain threshold value, jump
phenomena is observed. After that point, increase in cubic stiffness parameter does

not affect the maximum amplitudieut the characteristic of the FRF changes.

In addition, there is no stable solution in certain frequency range for some cubic
stiffness values. Response for those regions are not harmonic, it is chaotic or quasi

periodic[29]. This phenomenon will be investigated in later in this study.
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0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
Normalized Frequency w/wb

Figure 4.8 The Effect of the Change of the Damping Ratio

Cubic Stiffness iss, =3.50 310 . Dotted lines indicate unstable solution points.

From Figure 4.8, at low damping values, jump is observed. After certain damping
value, jump is disappeared. As damping gets higher and higher, amplitudes are
increased, system starts to behave like SDOF system. Also, unstable region is affected
by damping value. At low daping values, wide frequency region is unstable. As
damping increase, the unstable region gets narrower. After certain damping value,

unstable region is not observed.

Also, notice that, damping values are lower tharLihear S/stemwhen considering

preferable solutions.
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4.1.1.4.Dry Friction Damping

Friction force is defined as the resistance of the motion when one body is tangentially
in contact with another bod®7]. Macroslip friction model is used in this study due

to its mathematical simplicity. Details of the model used in this study is given in the
paperd38], [39]. Macraslip friction model is shown ifrigure4.8. Hysteresis curve

for single harmonic motion is shown in tRgure4.9.

U
—>

2

Figure 4.9. Macro-slip Friction Model

WhereQ is contact stiffness) is the normal load acting upon the contact surfaise,

the friction coefficient, and> is the relative displacement between ternsnal

t FNL (Xrel)

Figure 4.10. Hysteresis Curve for Single Harmonic Motion
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When the force on the nonlinear element is less than slip, foldeit stick and acts
like stiffness element. When therée on the nonlinear elements reaches to slip force,

MN |, it starts to slip until relative velocity becomes zeroXj.,e=0). The point, where

the slip starts, is breaking point,

Nonlinear force can be expressed as follows

if i< X,

?-8 N+t%relé() Gf) Iflj 1 <Y 2<d
()= % -&¢ N if ¥ < o< y+
Nt is N kak) ) i, +y< < d (4.20)

.l e N it oy & 4 2
if 4> x,
fu(d)= keX{ ) d
Where

32 C2 S 28 N
Xmax:\/(x'el) -(Xel) ) u _—tKnau?(

k
s s (4.21)

Y. :tan'lglex’iC , Y =cos'
C;Xrel

- O: O

I eifi-Oz

a
&
X
o (d), %°and Xare introduced in Equation (4.15).

Friction will act as damper element. Therefore, to see the effect of the dry friction
better, linear damping elements are vanished. Equation (4.1) is nondimensionalized.

Input value in Equation (4.6) is used.

xb +Yb2 (1 +i ) ob X I’TVAZ Yrel X-ENII( rel) e>?é

_ (4.22)
Xrva~ YTVAZ Xel - ENt( reI)X &

Where
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=T 5 g01 ¢z &

mL o o n (423
vl o= Eeoi1 }i?
MmN my, A

In addition, parameters of the friction forég (xre,) are nondimensionalized

ek g, N

t ) 424
Mryva Y My (424

Similarly, nonlinear force coefficients are obtained by substituting Equation (4.15),
Equation (4.20) and Equation (4.14) into Egpa (3.4)

== (2r g (cod ) -cof v 4 e )y A Fox *

(4.25)
o= (202 g (sin( § -sin( ) 4,8 )y £ Hax ¥ Sw

Where

'\2||—\ '\’||—\ I\’|I—‘

G=2-(9,-2 +6iyn 2( W
0,==-(coe)2 ( gps 2 (4.26)

(2.-2 - 6ign 2( B

et}
I

Nonlinear force vector is constructed by using Equation (4.25)

f=(1f> &2 i 19 (4.27)

Equation (4.9) rearranged by using Equation (4.22). As a result, nonlinear algebraic

equationis obtained by substituting Equations (4.6), (4.15) and (4.27) into Equation
(3.6).
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e x?| 2 H s i
L i EX bt o001 (4.28)
e o - A ey 19 %
fo |
Where
e+ ix,? -h2o 2= & 0
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There are three free parameters. Sehare the linear spring between TVA and the
main system, contact stiffness and slip force. Natural frequency ratios would be

similar with Figure 4.1 therefore, effect of the change of the natural frequency ratio is

not plotted.
10° | | .
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— normal load
&5
O -1
9; 10
<
N
X
S 2
= 107 E
5 —— SDOF System
° =——Not Exist
&~ 107 S 3
§ gﬂN =100
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§ _SMN 150
R [— =250 -
§10 &N :
A _{f#N =500
Full Stuck
10-5 | | | 1 | | | | |
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Normalized Frequency w/wn .

Figure 4.11. Effect of the Change of the Normal Load Parameter
YTVA = YTVA :09 'E
From theFigure4.11, it is seen that, low slip load cannot suppress the amplitude levels

effectively. Adequate suppression level is observed for friction values around
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3. @150 -25(C For higher fricton values, it starts to stick and acts like just stiffness

element. These values will be used in optimization later.

0.15 T T T T T T T T

——SDOF System

SDOF
)

e
=
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Suppression Ratio X/Max( X

O | 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Normalized Frequency w/wb

Figure 4.12 Effect of the Change of the Contact Stiffness

Yra=0.9% and3;, =200

FromFigure4.12, for low contact stiffness value, suppression level is also quite low,
because relative displacement manexceed breaking poind, nonlinear elements
behaves like a linear soft spring. As the contact stiffness value increases, relative
displacement more easily reach the breaking point, and nonlinear elements start to slip
and exert friction force on the system. In addition, secotataladrequency shifts to

right with lower amplitude value in higher contact stiffness value. After certain value,

contact stiffness does not have significant importance on the suppression level.
4.1.1.5.Cubic Stiffness and Dry Friction Damping

Combination of nolinear elements may have also distinct behavior. Viscous elements
are removed from Equation (4.9) and friction force is added in Equation (4.20). Same

nondimensionalization procedure is applied.
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There are three free parameter, which are normal load, contact stiffness and cubic

stiffness.
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Normalized Frequency w/wb
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Figure 4.13. The Effect of the Change of the Normal Load

9, =10° and ¥ =0.9,;. Dotted lines indicate unstable solution points.

When the slip force is zero, since no other damping element attached on the system,
peculiar behavioobserved in frequency response. As normal load increased, better

suppession performance is observed.

Notice that, there was a frequency interval with no stable solution in cubic stiffness
case. In this case, however, there is no frequency region withblmsegion is

observed.
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Further increase in slip force decreases suppression levels. It starts to stick and acts
like stiffness element. When full stuck is occurred, the system behaves like TVA with

cubic and Ihear stiffness with no damping.

These valug will be used in optimization later.
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Figure 4.14. The Effect of the Change of the Cubic Stiffness Parameter.

3 y=250and ¥, =0.9 -Dotted lines indicate unstable solution points.

For low cubic stiffness values, suppression level is low. Since dry friction damper
element contains stiffness element, certain level of suppression is observed. As the

cubic stiffness increased, adequate suppression is observed.

Further increase in cubistiffness value badly affect the suppression level. After
certain level, maximum amplitude value does not change, however topology of the
frequency response is changing. Unlikgure4.6 changes in FRF by changing cubic

stiffness parameter is smoother.

Frequency interval with no stable solution is observed high cubic stiffness parameters.

That region is not observed for moderate level cubic stiffnessnmers. Therefore,
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stability behavior makes it more useful when comparing TVA with cubic stiffness and

viscous damping.

These values later used in optimization.

—ISDOF ISystem
~ 10’ —fw, =05 |7
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0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
Normalized Frequency w/wb

Figure 4.15. The Effect of the Change dhe Contact Stiffness Parameter

9, =10° and g, =25(Dotted lines indicate unstable solution points.

For low contact stiffness value, the effect of the friction damper is low because relative
displacement is not big enough to exceed braking pbimts friction damping is act

likes soft spring. As contact stiffness value goes higher, adequate suppression level is
observed. Further increase in contact stiffness value, reduces suppression level also

shifts second natural frequency to right.
Moreover,for contact stiffness values, unstable solution is observed.
4.1.1.6.Cubic Stiffness and Cubic Damping

Combination of nonlinear elements may have also distinct behavior. Viscous elements
are removed from Equation (4.9) and cubic damping in Equation (4.4) is. sktexd

nondimensional procedure is applied.
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There are two freparameter, which are cubic stiffness and cubic damping.
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Figure 4.16. The Effect of the Change of the Cubic Stiffness Parameter

3. =0.09Solid lines indicates stable solution points; dottees indicate unstable solution points.

Behaviour of the TVA with cubic stiffness and cubic damping is similar with TVA
with cubic stiffness and linear damping. For small cubic stiffness values, suppression
level is low. The suppression level gets betigh increase in cubic stiffness until it
reach a threshold value. Jump phenomena is observed. After that point, maximum

value does not change. Increase in cubic stiffness changes the topology of the

frequency response curve.

Stability behavior is similato TVA with cubic stiffness with viscous damper. There
is a frequency internal with no stable solution. This region is located around previous

resonance point.

This values will be used in optimization later.
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Figure 4.17 The Effect of the Changef the Cubic Damping Parameter

9, =2.5 310 Dotted lines indicate unstable solution points.

The effect of the change of the cubic damping parameter is similar to change in viscous
damping. Increasenicubic damping value cancels out the jump. Further increase in

cubic damping parameter increases amplitude levels.

For low cubic damping values, there is a frequency interval with no stable solution.

This interval vanishes by increasing cubic dampingesl

Notice thatunlike Figure4.8, increasen cubic damping does not suddenly increases
the maximum value. However, unstable frequency interval vanished. This values and

this information might be used later in optimization.

4.1.2.Double TVA

By the use of multiple TMDs and nonlinear elements, it is aimed to suppress the

vibrations of the structures in a broader frequency range.
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Figure 4.18. SDOF Systems with Two TMDs Utilizing Dry iEtion Dampers

Single DOF linear system equipped with two nonlinear TVAs is show®hapter

5.1.1 Wherem, is the mass of the main system,,, ; are the masses of the TVSs.

k, and k;,, ; are linear springsy, is structural damping elements,, ; are viscous

dampers.NL, are nonlinear elements.
Equation of motion of the general system is

2
m,%, + I‘L/Y % ok, >6.1( TVApre]j XA | rJFj I\?L(,'J( rel J)f) ext
j=

mTV/—\l'XI'VAl_ CTVAlxrell _kTVAlxreLl _fNL]( Xrel,) 0= (4.32)
Mrvaz vz~ Crvaz Xrelz = Krvaz Xrel2 ‘fNLz( Xre|,9 0=

Where x, ; = %, -Xy, ;-total mass of the TVA is selected as ten percent of the main
mass, i.emy,, ; = m,/20 Loss factor for the main system is taken as one percent and

fexc:hb/Y U +L(

Nonlinear force vector would be
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NL,1 NL,2

(4.33)

NL1

— — —,
. N — N —

NL,2
Linear and nonlinear elementgimot be studied individually in this chapter.

4.2.Continuous System

Response of a linear EWBernoulli beam with TVA with equipped with linear and
nonlinear elements is investigated. Equation (3.50) is used. Topology is similar with

ones, shown in previous chapter.

Equation (3.50) is further extended for multi TVAs ffirst and second mode

cancelation is considered
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CHAPTER 5

RESULTS

TVAs parameters are optimized by genetic algorithm (GA) of MATLAB. Optimum

values are used as an initial guess in gradientdbapémization, fminunc of

MATLAB.

Different cost functions are considered. The first is the maximum response value
becausethe aim of the vibration suppression is to minimize maximum value. The
second cost function is the area of the reaspabove unity. It is shown gure5.1.
Whenthe systentontairsa lot of DOF or subjected to random excitation, considering

only the resonance point might not give desired suppression charactgi@jtic.

6

Max. Value

(6]

SN

w

Area

Normalized Amplitudes
N

0
05 06 07 08 09 1 11 12 1,3 14 15
Normalized Frequency

Figure5.1. Definition of Cost Functions
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Also combination of normalized maximum values and normalized areas are used. The
results are compared Higure 5.2 and Figure 5.3. In Figure 5.2, single TVA is

optimized, inFigure5.3, two TVAs are optimized.

The maximum value is used becawse of the aim in the vibration suppression is

essentially to reduce maximum vibration amplitude.

The system is excited by unity base excitation. Every value above unity is
amplification. It is also desired to minimize all those amplified values. Therefere

area above unity is defined.

6 T T T T T T T T T
100% of Max & 0% of Area
w7594 of Max & 25% of Area
m—50% of Max & 50% of Area
St ——0% of Max & 100% of Area | |

N
T
1

Normalized Amplitude
[\ w

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
Normalized Frequency w/wn

Figure 5.2 Comparison of Cost Functions in single TVA Optimization
Normalized response of the system with single TVA is showviigare5.2. When the
weight of the integral of the displacement amplitude is zero, i.e 100% Max, second

resonance peak occurs. This is due to the fact that only the maximum displacement

amgitude is used as the cost function and hence, optimization resulted in two peaks
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with equal amplitudes. When the weight of the maximum displacement of the main
system is zero, i.e 100% Area, amplitude of the resonance peak is larger. This is due
to the fat that the area under the frequency response function is minimized without

considering the amplitudes of the resonance peaks.

The differences in maximum values are mathematical. It is seen that 100 % of
maximum is not preferable. However, for other dasictions, the difference is not

clear. Therefore, cost function are compared in multi TVA optimization.

5.5 T T T T | | I I I
0% of Max & 100% of Area
5+ = 50% of Max & 50% of Area H
m— 5% of Max & 75% of Area
45 m——100% of Max & 0% of Area [

Normalized Amplitude
T T N

=)
(%)
T
|

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
Normalized Frequency w/wn

Figure 5.3 Comparison of Cost Functions in two TVAs Optimization

When the weight of the integral tife displacement amplitude is zero, i.e 100% Max,
This is due to the fact that only the maximum displacement amplitude is used as the
cost function and hence, optimization resulted in three peaks with equal amplitudes.
When the weight of the maximum dispéament of the main system is zero, i.e 100%

Area, amplitude of the first resonance peak is larger. This is due to the fact that the
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area under the frequency response function is minimized without considering the

amplitudes of the resonance peaks.

Combinatons of normalized area and normalized amplitude are also considered.
Notice that, between 100% of Max & 0% of Area and 50% of Max & 50% of Area,
the differences are mathematical. Amplitude level in 25% of Max, slightly higher than
the 50 % of Max.

When onsidering the general physical behavior, combination of area and maximum

value is more effective. It is selected as ultimate cost function in further analysis.
5.1.Discrete System

Parameters of the system under investigation efe=1kg, k, =3948N/m,
h,=39.5N/m and U =0.01lm. Mass of TVA is ten percent of the total mass.

Remaining parameters are optimized.
5.1.1.Single TVA

Mass of the TVA is taken asy,,, =0.1m),

0.1 : .
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Figure 5.4 Comparison of single TVA Configurations.

Dotted lines denote unstable solutions. Solid lines denote stable solutions.
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Linear TVA has good suppression behavior. It suppress more than 95% of vibration
amplitude. When comparing the system without TVA, It has a higher vibration
amplitude between normalized frequencies of 0.5 to 0.85. It has very effective

suppression around resonance of the main.

TVA equipped with friction damper has also effective. It haghér vibration
amplitude than linear TVA between normalized frequencies of 0.8 to 0.95. After that

frequency, it has more effective suppression performance.

TVA with cubic stiffness and viscous damping i.e. Nonlinear Energy Sink (NES) has
lower amplitudeexcept between normalized frequency of 1.1 to 1.35. However, there
is a frequency interval with no stable solution. It indicates that, at those frequencies,
there are different solution point, which will be investigated later.

TVA with cubic damping quitsimilar to linear TVA. The difference is mathematical.

TVA with cubic stiffness and dry friction damper has similar behavior with linear
TVA. Its performance slightly worse. Notice that, there is no frequency interval with
unstable solutions. Adding frion damper solves the stability problem in cubic

stiffness.

TVA with cubic stiffness and cubic damper has the worst suppression performance
when comparing the others. It has a frequency interval with no stable solution; also, it

has a dual solution befotiee normalized frequency of 0.75.

The other cost function parameter is the area which definéigiime5.1.
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5 0.45 m Linear TVA

U% 0.4

L 035 B TVA with Friction Damping
Lk o.

8 0.3 ® TVA with Cubic Damping and
5 025 Linear Spring

< TVA with Cubic Stiffness and
lhlfJ 0.2 Viscous Damping (NES)
Lois = TVA with Cubic Stiffness and
< Friction

H:J 01 B TVA with Cubic Stiffness and
< .05 Cubic Damping

Figure 5.5 Comparison of single TVA Configurations in Terms of Defined Area

*Area of NES is calculated with including unstable frequencyoregi

All parameters are given ifiable5.1. Parametersf Single TVA Configurations

Table5.1. Parameter®f Single TVA Configurations

Configuration Parameters
Linear TVA kna=316.N/m ¢, =2.0Ng n
kryn =270N/m k =598.5N m

TVA with Dry Friction Damping
MmN =12.95N

TVA with Cubic Stiffness and

= 3
Viscous Damping (NES) k,=3.230N/n? ¢, ©.6Nsn

TVA with Cubic Damping ko, =322.8N/m ¢ =0.06IN&/ rh
TVA with Cubic Stiffness and k, =1.13 310 N/m3 mN 24N
Friction Damping k =324.4

TVA with Cubic Stiffness and

_ _ k.=2.36 310 N/m? ¢ 9.045N$/ m
Cubic Damping

Notice that, for linear TVA VI GQR ] opand T Y
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5.1.2.Multi TVAs

Dual TVAs are also considered.

I I
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| inear TVA

mm TVA with Dry Friction Damping
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Viscous Damping (NES)
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Figure 5.6 Comparison of multi TVAs Configurations.

Dottedlines denote unstable solutions. Solid lines denote stable solutions.
Linear multi TVA configuration has similar suppression ratio when comparing to
linear single TVA configuration. Therefore, for linear system, usage of multiple TVA

is not advantageous.

Configuration of multi TVAs equipped with dry friction damper is adageous when
comparing to single TVA with dry friction damper. It has also slightly better
suppression regime than linear configuration. Multiple TVAs with dry friction

dampers are more advantageous than single TVA configuration.

Configuration of multi TVA with cubic stiffness and viscous damping has more
complex behavior than single. It has four peaks and frequency intervals with no stable

solutions.
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Configuration of multi TVA with cubic damping is similar with linear multi TVA
configuration but it is gjhtly worse. In addition, adding another TVA with cubic

damper does not improve suppression level.

Configuration of multi TVAs with cubic stiffness and dry friction is worse than single
TVA configuration. It has a higher amplitude between normalizediénecy of 1.15

to 1.25. It has also frequency intervals with no stable solution.

Configuration of multi TVAs with cubic stiffness and cubic damper has the worst

suppression performance when comparing the others.

0.45
£ .
o 04 ® Linear TVA
(%‘ 0.35 . - .
W = TVA with Friction Damping
Q 03
8 ® TVA with Cubic Damping and
0.25 : ;
5 Linear Spring
<< 0.2 TVA with Cubic Stiffness and
'h':J Viscous Damping (NES)
< 0.15 ® TVA with Cubic Stiffness and
< 01 Friction
'5.':J B TVA with Cubic Stiffness and
< 0.05 Cubic Damping

o

Figure 5.7 Comparison of multi TVAs Configurations. Dashed lines denote unstable solutions. Solid

lines denote stable solutions.

FromFigureb5.7, it is seen that, adding another cubic stiffness to the system does not

improve suppression behavior.

Table5.2. Parameters of Multi TVA Configurations

Configuration Parameters

Kya: =193.7N/m G, =0.87Ng n

Linear TVAs kTVA2:14O'7N/m Gvaz =0.74Ng n
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Kryap =183.8N/m k., =138.9N nr

TVAs with Dry Friction Damping k.,=430.4N/m k., =558.6N n
e N=56 N g N4.2 I

TVAs with Cubic Stiffness and k., =11487.3N/n? G, =0.42Ng n

Viscous Damping (NES) K., = 6718.1N/n? Gva, =0.20Ng n

Kivar =178.2N/m ¢, =0.015NS$/

TVAs with Cubic Damping Knyap, =121.0N/m ¢, =0.058N$/ ri

k., =2920.0N/n? k, =11802.1y m

TVAs with Cubic Stiffness and
k[’1 =154.9N/m KVA’Z :259.8|\}’ m

Friction Damping

g N=11.21 N g N5.03 |
TVAs with Cubic Stiffness and k., =14990.8N/n? ¢, =0.05IN$/ m
Cubic Damping k., =12626.3N/n? ¢, =0.020N$/ m

Notice that, for linear system, ¥,,,=626r & d g, ¥56.0 /
Yo/ %=0.99,1  &j] ™mh m™rtand ™o

To sum up, multiple TVAs is not effective except ones with dry friction dampers.
Adding TVA with cubic stiffness increases the complexity of the system and does not

improve the suppression level.
5.1.3.Comparison and Further Comments

Best configurations are gife linear TVA, single TVA with NES and configuration
of multi TVAs with dry friction damping.
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Figure 5.8. Best Configurations. Dashed lines denote unstable solutions. Solid lines denote stable

solutions.

Configuration of multi TVAs with dry friction damping is slightly better when
comparing with single linear TVA. It has lower amplitude except between normalized
frequency of 0.9 to 0.95.

NES seems effective. However, due to stability behavior, furtherstigation is
required.

Time domain solution is performed at certain frequencies. ODE45 of MATLAB is
used to solve nonlinear differential equation in time don#dinnitial values are take

as zero and solution is performed for 100 seconds.dreestecands are investigated.
Maximum and minimum values are taker(xmax- Xmin)/Z is displayed. In

addition, time history is investigated and periodicity is checKéds process is

applied at specified frequencies.
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Figure 5.9. Comparison of Time Domain Solution and Frequency Domain Solution.

Solid lines denote stable solutions. Dashed Lines denotes unstable solution.
FromFigure5.9, it is seen that, there is another solution after normalized frequency
of 0.8. There is a bifurcation at some frequer8glution points with no periodic

solution is marked with black diamondghese points will benivestigated later.

The points obtained by time domain solution is used as an initial guess to follow other

solution paths.
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Figure 5.10 Comparison of Time Domain Solution and Extended Frequency Domaitiddolu

Solid lines denote stable solutions. Dashed Lines denotes unstable solution.
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There is a bifurcation before normalized frequency of Ol42se pointgan be seen

more clearly inFigure5.12, i.e. response of the TVA.

Figure5.8 is updated as

Normalized Amplitude X/Max(X SDOF)
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——without TVA
=== Single Linear TVA
Multi TVAs with Dry
Friction Damping
Single TVA with Cubic Stiffness
T & Viscous Damping (NES)
Single TVA with Linear Stiffneess
& Cubic Damping
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: “ygppuunnun®

v
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0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
Normalized Frequency w/wb

Figure 5.11. Best Configurations Updated.

Dotted lines denote unstable solutions. Solid lines denote stable solutions.

In addition, the solution point around resonance does not converge to another solution

curve. There are no harmonic soduti at those frequencies. Vibration thiose

frequenciesnight be chaotic. There are several ways to identify chaotic vibridibn.

1 Sensitive to initial condition Butterfly Effect): Different initial values
results different steady state solution.
1 Frequency Spectrum:Broadband frequency excitation is observed.

Phase Planelf the response is periodic, phase plane orbits traced out a closed

curve.
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Figure 5.12 Response of the TVA. Solid lines denote stable solutions.
Dotted lines denote unstable solutions. Solid lines denote stable solutions.
Time response is obtained at normalized frequency 1, i.e. 10 Hz for 100 s for

different initial conditions. Last second is presenteHigure5.13
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Figure5.13: Time History with Different Initial Guesses

Change in initial guess, changes the steady state solution as it is Begiré®.13.
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At same frequency, i.e. 10 Hz, frequency spectrum is obtained by using FFT of
MATLAB.
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Figure5.14: Single Sided Amplitude Spectrumaf, 6 when excitation frequency is 10 Hz
The excitation frequency is 10 Hz. In frequency spectrum, excitation frequency and

its higher harmonics are expected (Segure5.15). However, broadband frequency

excitation is observed. The values are higher around excitation frequency.
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Figure5.15: Single Sided Amplitude Spectrumaf 6 when excitation frequency is 8 Hz
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Finally, phase plan is obtained.
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Figure 5.16: Phase Plane af;, 0 when excitation frequency is 10 Hz

Trajectory does not follow a closed loop. The solution at thguéecy is chaotic.

Normally trajectory follows a closed loop, like kiigure5.17.
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Figure5.17: PhaséPlane ofty, 0 when excitation frequency is 8 Hz

In conclusion, NES is not effective in vibration suppression under harmonic excitation
due to stability problemSome studies in literatufd0] claim that NES is more
effective than linear TVA under harmonic excitation. However, this study claims

opposite.

Notice that damping values in the linear system is quite higher when comparing to
NES. For same damping value, the suppression performance of the NES might be
better[42]. However, in this study, best parameter is selected. Such comparisons and

analogies are not considered.
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5.1.4.Effects of Mistuning

TVAs are generally effective when the all values are optimum. However, if values
diverges from optimum valusuppression of YA is worsened. In this chapter, effects

of mistuning will be investigated.

Mistuning can be observed in both primary system and TAprimary system,
natural frequency might be differed from the design value. In TVA, elastic element
and dissipative etaent might be different from optimum valu@nally, input value

can be differed.

Parameters are changed from 80 % to 120N#rmalized maximum values are

presented.
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Figure 5.18:; Effect of the Mistuning of the Natural Frequency of the Primary System

In Figure5.18, naturalfrequency of the primary system is reduced and increased 20%.
TVAs optimized for design value is used. It is seen that TVA with cubic damping have

similar performancavhen comparing téinear TVA when system is detuned. TVA
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with dry friction damper is morsensitive to change in natural frequen&gnplitude

of the system increase more drastically with increasing natural frequency. If friction
is considered as equivalent viscous damping, it is inversely proportional with
frequency{43]. Thus, performance of TVA with friction damping is worse when the
system frequency is increasédES is the most sensitive TVA configuratiohfter

certain parameter exceed, it jumps.
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Figure 5.19: Effect of the Mistuning of the Elastic Elements in TVA

In Figure5.19, elastic member in TVAs changed.n NES, elastic member is cubic
stiffness. In all other configuration, it is linear stiffness. The configuration is similar
with Figure5.18. Behavior of the TVA with cubic damping is similar with linear one.
TVA with dry friction damper is more sensitive to parameter chambe reason is

similar with previous caseNES is the most sensitive configuration.
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Figure 5.20: Effect of the Mistuning of th®issipativeElements in TVA

In Figure5.20, dissipative elements in TVA are changedlitear TVA and NES,
dissipative element is linear damping. In TVA with cubic damping, dissipative
element is cubic damping and in TVA with dry friction damping, dissipative element
is dry friction.Linear TVA and TVA with cubic damping have similar betavir VA

with dry friction damping is more sensitive in lower values.
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Figure 5.21: Effect of the Mistuning ofhe Input

In Figure5.21, input value is changed. Performance of linear TVA does not change
because the system is linear. TVA with dry friction damper is similar to TVA with
cubic damping when the input iswer thandesign valueWhen input is higher,
performance of TVA with dry friction damper is worse. NES sensitive to parameter

change, it jumps.
5.2.Continuous System

To obtain more realistic and accurate results, TVA configurations with continuous
system is studied.nl this chapter linear Euldernoulli beam under harmonic
excitation. Both ends are fixed supported. Solutior other boundary conditios

given in the appendix.

Parameters of the system lis=1m, EI 9Nnf, A 60mrh,; 7850 k/g? and

u=1mm.
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Inherit damping of the beam is calculated by using Equation (3.29). Base excitation

cannot excite second mode. Therefore, first and second mode is considered.

897.80 0

%269.51

¥y, = /€i0( Kpoam Meocay) 3 528.5 (fad/ s (5.1)
}873.6}
71306 §

Damping ratio is taken as one percent for both mode.

3= 39.01 (5.2
V)= 2%, % _
U=0.01—— =1.6¢ (5.3)
g
2
b=0.01 =3.19 10 (5.4)
RFTL

Inherit damping of the beam is constructed as
C:Beam = LM Beam + ﬁ Beal (5-5)

Base excitation cmot excite second mode. Therefore, first and the third mode
cancelation is considered. Ineffective TVA configurations are excluded. Single and
multi linear TVA configurations, single and multi TVA with dry friction

configurations are studied. In additid¥ES are also studied.

Location for TVA is selected for maximum suppression.
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Figure 5.22 Effect of the Location of the TVA on Suppression Ratio

From Fig. 5.18, it is seen that, optimum locatior.js= 0.5L

T
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Figure 5.23 Effect of the Location of the TVA on Suppression Ratio

To cancel out third mode, TVA can also loc&i2 However, for optimization,

other locatims, which has a peak, are also checked. These locations are 0.21L, and
0.79L. Single the beam is symmetric and TVA is located at the middle, only one of
the is considered. Response of these two are same.

5.2.1.First Mode Cancelation

Total mass of the TVAs arer percent of the main system, ire.,, =0.13 A. For

double TVAs, masses are equal to each other.
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Selected TVA configurations are optimized:
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Figure 5.24 TVA Configurations to Cancel Out First Mode

Single TVA with friction damper has higher amplitude than linear response between
normalized frequencies 0.7 to 0.95. After that value, it has better suppression regime.

Configuration of double TVAs with friatin dampers has higher amplitude between

normalized frequencies 0.8 to 0.95. For other frequency region, it has slightly better
suppression regime.

Single TVA with cubic damping, single linear TVA and multi linear TVA have similar
suppression behavior.

NES seems effective; however, it is ineffective due to its stability behavior. It is

studied in previous chapter in detail.

Parameters are givenTrable5.3.
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Table5.3. Parameters of TVA Configuration to Cancel Out First Mode

Configuration Parameters

Single Linear TVA Knp=300.8N/m G, =2.08Ng n

Kryas =177.9N/m G, =1.18Ng n

Double Linear TVAs Krva, =131.4N/ M G,, =0.88Ng n

Single TVA with Dry Friction Kra =156.7N/m € N =145 |
Damping k. =700.0N/m

Kryar =129.8N/m  k,, =189.4N n
_ e N=0.34 N g N0.62
Damping k,=599.9N/m k, =995.5§ m

Double TVAs with Dry Friction

TVA with Cubic Stiffness and

=93.2 310 N/ n? 0.68N$ n
Viscous Damping (NES) & / Gva 2

TVAs with Cubic Damping kna=297.2N/m ¢ =8.19N$/ m

5.2.2.First and Third Modes Cancelation

Base excitation cannot excite second mode of the fixeed beam. The next mode,

which can be excited by base excitation, is the third mode.

By designing TVAs for the first mode, response of the third mode can be also reduced
because, overall damping of the system is increased.
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Figure 5.25 Effect of Previous TVA Configurations at Third Mode.

In previous chapter, TVA configurations are optimized to cancel out first mode. The
effect on third mode is given in Fig. 5.18. It is seen that, configurations of TVA with
friction dampers do not contribute suppression. The reason is friction is not effective
in higher frequencies. Consider friction damper as an equivalent viscousrdding
damping coefficient is proportional toff [43]. Therefore, it is lower in high

frequencies.

Linear TVA configurations have a contribution because overall damping of the system
is increased. Similar suppression behavior is observed in NES. They act as low spring

with high damping.

Best suppression is observed in cubic damping. Because overglingaof the
system is increased and damping force is proportional to third power of the velocity.

Therefore, it is more effective when compare to others

In the next study, two TVAs with different configurations are optimized. Each of them

is optimized tosuppress one mode.
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