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ABSTRACT 

 

EFFECT OF LOADING SPAN ON TENSILE MODE F RACTURE 

TOUGHNESS FOR THREE-POINT BEND SPECIMEN GEOMETRIES  

 

Karataĸ Batan, Ceren 

Master of Science, Mining Engineering 

Supervisor: Prof. Dr. Levend Tutluoĵlu 

 

January 2020, 143 pages 

 

Straight notched disk bending specimen geometry has a potential to find size 

independent mode I fracture toughness, since the thickness of the disk loaded by three-

point bending can be increased. Increasing the thickness and decreasing the loading 

span of bending reduces the severe bending action at the notch tip and a pure tensile 

mode stress state can be achieved at and ahead of the crack tip.      

3D finite element program (ABAQUS) was used for computing the stress intensity 

factors by numerical modeling of circular disk geometry (SNDB). Modeling 

procedure and stress intensity computation work were verified by 3D modeling of 

square plate and semi-circular bend geometries under three-point bending loads and 

comparing the SIF results to the relevant analytical solutions of these two geometries.   

Tensile mode fracture toughness tests were conducted on notched circular plate type 

disk and semi-circular disk andesite rock specimens. Tests were carried out under 

three-point bending loads. 0.5 mm wide notches providing a crack length/radius ratio 

of a/R=0.20 were machined to the specimens by a saw. Mode I fracture toughness 

tests were performed on straight notched disk bending (SNDB) disk specimens of 

thicknesses 50 mm and 60 mm. Loading spans were varied between 40 mm and 90 

mm corresponding to span/radius ratios of S/R=0.40 to 0.90.  Using the same a/R and 
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S/R configurations, three-point bend tests were conducted with the ISRM suggested 

semi-circular bending (SCB) core specimen geometry for comparison purposes. SCB 

tests were conducted with 50 mm thickness as suggested. Ankara Gºlbaĸē Andesite 

rock type was used in both test series.    

Mode I fracture toughness values of Ankara Gºlbaĸē Andesite were found as KIc=1.39 

ὓὖὥЍά and KIc=1.23 ὓὖὥЍά for 60 mm and 50 mm thickness SNDB test 

specimens, respectively. In comparison, mode I fracture toughness value was found 

as KIc=0.93 ὓὖὥЍά for the tests with SCB specimen.   

The significant observation is KIc increases with decreasing span length for SNDB and 

SCB specimens. Another observation is the mode I fracture toughness value increases 

with increasing specimen thickness for SNDB. A tendency to the size independent 

fracture toughness value of 1.53 ὓὖὥЍά was observed as the result of the curve 

fitt ing process on the available test data.  

 

 

 

Keywords: Mode I fracture toughness, Mode I stress intensity factor, Three-Point 

bending, SNDB, SCB, Circular disk geometry, Semi-Circular disk geometry  
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ÖZ 

 

¦¢ NOKTALI EĴME ¥RNEK GEOMETRĶLERĶ Ķ¢ĶN ¢EKME MODU 

¢ATLAK TOKLUĴU ¦ZERĶNDE DESTEK ARALIK MESAFESĶNĶN 

ETKĶSĶ 

 

Karataĸ Batan, Ceren 

Yüksek Lisans, Maden M¿hendisliĵi 

Tez Danēĸmanē: Prof. Dr. Levend Tutluoĵlu 

 

Ocak 2020, 143 sayfa 

 

Düz çentikli disk eĵme ºrneĵi geometrisinin, boyuttan baĵēmsēz mod I kērēlma 

tokluĵunu bulma potansiyeli vardēr, ­¿nk¿ ¿­ noktalē eĵilme ile yüklenen diskin 

kalēnlēĵē arttērēlabilir. Kalēnlēĵēn arttērēlmasē ve b¿k¿lmenin y¿kleme aralēĵēnēn 

azaltēlmasē, ­entik ucundaki ĸiddetli eĵilme hareketini azaltēr ve ­atlak ucunda ve 

önünde saf çekme modu gerilme durumuna ulaĸēlabilir. 

Dairesel disk geometrisinin (SNDB) sayēsal modellenmesi ile stres yoĵunluk 

faktºrlerini hesaplamak i­in 3D sonlu eleman programē (ABAQUS) kullanēlmēĸtēr. 

Modelleme prosed¿r¿ ve stres yoĵunluĵu hesaplama ­alēĸmalarē, kare plakanēn ve yarē 

dairesel eĵim geometrilerinin ¿­ nokta eĵilme y¿kleri altēnda 3D modellenmesi ve SIF 

sonu­larēnēn bu iki geometrinin ilgili analitik ­ºz¿mleriyle karĸēlaĸtērēlmasēyla 

doĵrulanmēĸtēr. 

Düz çentikli dairesel plaka tipi disk ve yarē dairesel disk andezit kaya ºrnekleri 

¿zerinde ­ekme modu kērēlma tokluĵu testleri yapēlmēĸtēr. Testler ¿­ noktalē eĵilme 

yükleri altēnda ger­ekleĸtirilmiĸtir. a/R = 0.20'lik bir ­atlak uzunluĵu / yarē­ap oranē 

saĵlayan 0.5 mm geniĸliĵinde ­entikler bir testere ile numunelere iĸlenmiĸtir. Mod I 

kērēlma tokluĵu testleri, 50 mm ve 60 mm kalēnlēktaki d¿z ­entikli disk eĵme (SNDB) 

disk ºrneklerinde ger­ekleĸtirilmiĸtir. Y¿kleme a­ēklēklarē S/R = 0.40 ila 0.90 arasēnda 
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a­ēklēk / yarē­ap oranlarēna karĸēlēk gelen 40 mm ila 90 mm arasēnda deĵiĸmiĸtir. Aynē 

a/R ve S/R konfig¿rasyonlarē kullanēlarak, karĸēlaĸtērma amacēyla ISRM tarafēndan 

ºnerilen yarē dairesel eĵme (SCB) ­ekirdek numune geometrisi ile ¿­ noktalē eĵme 

testleri yapēlmēĸtēr. SCB testleri ºnerildiĵi gibi 50 mm kalēnlēĵēnda 

ger­ekleĸtirilmiĸtir. Her iki test serisinde Ankara Gºlbaĸē Andezit kaya­ tipi 

kullanēlmēĸtēr. 

Ankara Gºlbaĸē Andezit Mod I kērēlma tokluĵu deĵerleri 60 mm ve 50 mm 

kalēnlēĵēnda SNDB test numuneleri i­in sērasēyla KIc=1.39 ὓὖὥЍά and KIc=1.23 

ὓὖὥЍά olarak bulunmuĸtur. Buna karĸēlēk, SCB numunesi ile yapēlan testlerde mod 

I kērēlma tokluĵu deĵeri KIc=0.93 ὓὖὥЍά olarak bulunmuĸtur. 

SNDB ve SCB numuneleri i­in azalan a­ēklēk uzunluĵu ile KIc artēĸē ºnemli bir 

gözlemdir. Baĸka bir gºzlem, SNDB i­in artan numune kalēnlēĵē ile mod I kērēlma 

tokluĵu deĵerinin artmasēdēr. Mevcut test verileri ¿zerindeki uyumlu eĵri atama 

iĸleminin bir sonucu olarak, boyuttan baĵēmsēz kērēlma tokluĵu deĵeri 1.53 ὓὖὥЍά 

olarak gºzlenmiĸtir. 

 

Anahtar Kelimeler: Mod I ­atlak tokluĵu, Mod I gerilme ĸiddeti faktºr¿, ¦­-Noktalē 

eĵme, D¿z ­entikli disk geometrisi, Yarē dairesel disk geometrisi 
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CHAPTER 1  

 

1. INTRODUCTION  

 

1.1. General Remarks 

Structures and relevant materials have little and/or large flaws and defects as cracks, 

micro voids, etc., since they are not perfectly continuous and homogenous. Knowing 

their size and shape and whether they can propagate under a particular loading 

configuration is essential because these defects affect strength of the structural parts.  

The traditional design of structural parts is based on the ultimate strength or yield 

strength. However, small cracks and defects may propagate violently under a 

particular combination of crack length and loading configuration before a yield point 

is reached. The fracture mechanics assesses if these small defects will propagate in a 

stable or unstable manner.  It is one of the branches in mechanics which is about the 

progressing of cracks under applied loads in materials. Fracture mechanics is an 

important tool to determine the driving force on a crack and to characterize the 

strength to fracture. 

The strength of any structure or structural part decreases due to the existence of the 

cracks. The predictions about the rate of the crack growing and rate of the decreasing 

strength of the structure are aims of the fracture mechanics. 

Fracture mechanics comprise different various fields such as applied mechanics, 

engineering, etc. Each field contains a process in itself.  For instance, analyses of the 

load and crack tip stress is an issue of the applied mechanics. Stresses tend to infinity 

at the crack tip leading to a mathematical singularity in stress expressions. Depending 

on the loading configuration and the crack length, the size of the singularity-dominated 

zone at the crack tip changes. Output of stress analysis yields the stress intensity factor 

which controls the size of the crack tip singularity-dominated zone. Fracture toughness 
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and critical energy release rate are essential material parameters controlling a 

particular materialôs crack resistance under a specific loading condition. Cracks 

require more potential energy to propagate and form new surfaces. By knowing the 

fracture toughness or critical energy release rate, surface energy to form new surfaces 

can be estimated.  

Science and engineering disciplines make use of fracture toughness. Measuring the 

toughness of cancellous bone is one of the examples of area related to the science of 

the materials and medical (Cook, 2005). In Civil Engineering, an example use is in 

characterizing the resistance to cracking of asphalt mixtures (Li et al., 2004). 

Aerospace Engineering uses to investigate crashes such as failing of the Aloha 

Airlines Boeing 737 due to the several crucial cracks (Banks, 2003).  

In Geological and Mining Engineering, analyzing pre-failure rock mass behavior 

(Szwedzicki, 2003), rock cutting and breaking, hydro fracturing can be counted among 

the applications employing the fracture toughness and fracture mechanics. One of the 

applications of the rock fracture mechanics is planning structures of rock to prevent 

or minimize the existence of the fractures or growing of cracks.  

1.2. Brief History About Fracture Mechanics 

Since ancient times throughout humanity application fields of metals has been 

increases with the development skill of metalworking. Therefore, unforeseeable 

failures occurred sometimes due to the fact that the behavior of the structures which 

were built with these materials could not be predicted correctly. In the nineteenth 

century, lots of accidents and casualties occurred because of the increasing use of 

metals. Two hundred people died per year in Great Britain between the years 1860 

and 1870 because of railway accidents (Broek, 2012). Fracturing of wheels, axles or 

rails had led to these accidents.  

The shortcoming of structures which have pre-existing flaws could commence cracks 

and brittle fractures. These cracks, brittle fractures and insufficient fracture 

mechanics-based design of structures caused many disasters in the past.  
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During World War II, 2700 Liberty Ships were made to be used in the war. Ten of 

these ships sunk by splitting into two in Alaska. Serious fracturing was observed for 

around 400 ships. 90 of them were considered critical. (Anderson, 1991).  Figure 1.1, 

shows one of the liberty ships which were broken into two pieces. Researches have 

shown that there are three main factors that caused these fracturing events. The first 

one is the welds containing cracks which were produced by low-labor force skills. 

Another important factor is that several of the cracks started on the sharp corners due 

to high local stress condensation. The last factor is that Liberty ships were built by 

using the steel which had safe enough yield strength but poor fracture toughness.   

 

Figure 1.1.ñSchenectadyò- the ship that broke into two (Retrieved from 

metallurgyandmaterials.wordpress.com) 

Analyzing and identifying the causes of fracturing events, the remaining Liberty ships 

were strengthened with some reinforcements in the hatch corners. Furthermore, extra 

steel plates which had high toughness were clinched to the decks at some strategic 

locations of the Liberty ships.  

In 1950ôs, Comet airplanes were popular in commercial aviation. Unfortunately, a 

Comet burst in minutes in the air after a few years of service. As a result of the 

https://metallurgyandmaterials.wordpress.com/
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explosion, it was broken into the number of pieces and all passengers and crew of the 

cabin died. Researchers found that square-shaped fuselage windowsô corners caused 

excess stress accumulation (Figure 1.2). Corners have similar singular stress 

distributions like crack fronts due to the sharp curvatures.  In addition, the material in 

which aircraft were made had defects and could not endure long flights. Over the 

years, Comet could not withstand the internal cabin pressure, so it exploded 

eventually. 

 

Figure 1.2. Main failure origin on Comets (Withey, 1997) 

 

The Aloha Airlines Boeing 737 airplane failed because of the fatal cracks (Figure 1.3). 

In 1988, Boeing 737 of the Aloha Airlines Flight 243 was making the flight from Hilo 

Island, Hawaii to Honolulu. The upper part of the plane was scratched out from the 

center part of the cabin because of the pressure of the cabin and this led to the belly-

landing. 59 passengers were injured and one person in the crew died in this disaster 

(Jones, R., Molent, L., & Pitt, S., 1999). 
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Figure 1.3. Aloha Airlines flight 243 fuselage failure (Retrieved from aerotime.aero) 

 

The investigations which were made after the disaster showed there were major cracks 

on the support beams under the floor and the panels of the cabin area.  Multiple 

interacting cracks had caused failing of the Aloha Airlines Boeing 737 airplane. 

Fracture mechanics is a crucial tool for mining engineers in order to handle problems 

which are rock slope stability analysis, design of the underground opening, dust 

control of the coal mine, fragmentation of the rock by blasting and cutting. (Singh, R. 

N., & Sun, G., 1990).  The rock materials and some combinations of the rock materials 

have generally flaws and fractures. Rock mass surrounding some structures of the 

mining which are shafts, transportation galleries, production chambers, etc. possess 

such flaws and fractures.  Rock masses have discontinuities. The rock strength and 

redistributions of the stress when the rocks are fractured are controlled by these 

discontinuities. This is one of the vital problem for rock mechanics. Considering all 

this, these problems can be handled by applying properly fracture mechanics with rock 

mechanics.  

 

https://www.aerotime.aero/yulius.yoma/18542-history-hour-aloha-airlines-flight-243-incident
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1.3. Statement of the Problem 

ISRM suggests some methods to assign rock fracture toughness for mode I (KIc). The 

method of the short rod (Ouchterlony, 1988), chevron bend (Ouchterlony, 1988), 

cracked chevron notched Brazilian disc (Shetty et al., 1985) and semi-circular bending 

(Chong and Kuruppu, 1984) are some of them. Unfortunately, performing fracture 

tests with some of these methods is very difficult  due to the difficulties in sample 

preparation and testing procedures.  

Mode I fracture toughness of the rocks can be measured in a simpler way by using 

core specimens, since these are available from borehole investigations. Two simple 

core specimen geometries and testing methods are adapted here. 

Pure tensile mode fracture toughness tests will be conducted with straight notched disk 

bending (SNDB) specimen and semi-circular disk bend (SCB) specimen to assign KIc 

of the rocks. Loading will be generated by three-point bending of the disks.  Main 

specimen geometry used in this work is circular plate type core disk named as SNDB. 

Results of mode I fracture toughness tests with SNDB geometry will be compared to 

the results of the tests with ISRM suggested semi-circular bending (SCB) specimen 

geometry. 

In the related previous work, the loading span length was kept limited to measure 

mode I fracture toughness with three-point bend specimen geometries. Relatively 

narrower spans are planned to be used in this work in addition to a wide range of 

various spans used before. Applicability of core disk test specimens and their 

performance on assigning KIc of rocks are challenging areas in rock fracture mechanics 

because specimen size is restricted with specimen thickness and core diameter. The 

effect of the varying loading span and the effect of the changing specimen thickness 

with core-based specimens on the mode I fracture toughness under a three-point bend 

loading condition should be investigated. 
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1.4. Objective of the Study 

The main objective of this thesis is to assign mode I fracture toughness of an andesite 

rock specimen geometry under three point bending load. Two specimen geometries 

and methods are adopted for this purpose. These are straight notched disk bending 

(SNDB) test method and semi-circular bending (SCB) test method on circular disk 

shaped rock and semi-circular disk shaped rock specimens. 

The aim of the study covers the investigation of the effect of varying loading span on 

KIc with two core specimens and this investigation is planned to be carried out here 

with the SNDB and SCB geometries under three-point bending. Another investigation 

is to observe the effect of changing thickness on KIc for the SNDB geometry. The 

purpose is to try to reach a size independent tensile mode fracture toughness, suffering 

minimum from the plastic zone ahead of the crack tip.  

1.5. Methodology of the Study 

Numerical and experimental work for three-point bending test specimens compose the 

methodology of this study. The numerical computation of SIF in the models was done 

by ABAQUS 2019, which is a licensed software package of the METU computer 

center in this study. Circular disk geometry (SNDB) and semi-circular disk geometry 

(SCB) were modeled in three dimensional (3D) with ABAQUS. The stress intensity 

factors of SNDB model geometry having different crack length were compared results 

to the previous work of Keleĸ&Tutluoĵlu (2011) to estimate optimum crack length. 

10 mm crack length was selected to be inserted to all SNDB model geometries.  

Numerical computation was done in two-stage as before and after the experimental 

study. The first stage of the numerical computation was done to define loading 

configuration at the crack tip. To reach this aim, the unit load was applied to the model 

geometry. The loading condition was formed by three different points. The second 

stage was done later study of the experimental. In this stage, fracture loads acquired 

from experimental work were applied to the numerical models created before.  
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The mode I fracture toughness was computed for grey Ankara andesite rock 

specimens. Preparation of the andesite specimens and testing work compose the 

experimental study. In testing process, rock testing machine (MTS) was used. In 

experimental study, 81 fracture toughness tests were conducted. The number of SNDB 

tests were 54. The remaining tests were performed with SCB specimen geometries. 

Experiments were carried out with displacement control by the software which is 

named as MTSÊ Series 793 Control Software.  

Mode I fracture toughness of the andesite rock computed by straight notched disc 

bending (SNDB) tests were compared with results of the KIc from semi-circular 

bending (SCB) tests. The analysis of the size effect on KIc was done with SNDB 

specimen geometry. The effect of the varying span length on KIc was investigated with 

two core-based specimen geometries. Finally, stress analysis was performed along the 

paths ahead of the crack tip for SNDB and SCB test specimens compared to the extent 

of the possible plastic zone under three-point bend loading condition. 

1.6. Sign Convention 

In mechanic studies, if the direction of the stresses, displacements, and forces is 

compressive, the sign is taken negatively. On the other hand, if the direction of the 

stresses, displacements, and forces is tensile, the sign is taken positively. However, 

the rules are vice versa in the study of rock mechanics. It means that the sign of 

compressive of the stresses, displacements, and forces are taken positively while the 

sign of tensile of the stresses, displacements, and forces are taken negatively. The sign 

convention of the ABAQUS is the same with general rules used in the study of the 

mechanics. As we know, general Cartesian coordinate system is shown by x, y and z. 

ABAQUS points out them as 1, 2 and 3. Moreover, the sign of the stress intensity 

factor in mode I (KI) is taken positively when tending of the crack is in opening 

direction otherwise it is taken negatively (Figure 1.4).  
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Figure 1.4. Sign of the stress intensity factor (ὑ  for model geometry of the SNDB and crack 

opening direction 

1.7. Outline of the Thesis 

In Chapter 1, history of the fracture mechanics is given shortly. Also, some general 

remarks related to fracture mechanics are given. Furthermore, statement of the 

problem, objective and methodology of the study and sign convention of finite element 

package program are given in this chapter. 

In Chapter 2, information about the fundamentals of the fracture mechanics for brittle 

materials are given. Meaning and scope of the linear elastic fracture mechanics are 

discussed. It includes fracture modes, stresses and displacements around the crack tip 

for mode I. This chapter contains definition of the stress intensity factor, J-integral and 

fracture toughness. In addition to this, fracture mechanics application areas are given. 

Hydraulic fracturing, rock blasting and drilling, rock excavation, crushing and 

grinding processes in mineral processing are discussed in this section. 
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In Chapter 3, ISRM suggested methods and beam testing method for mode I fracture 

testing are given. Specimen geometries for these tests and analytical expressions for 

calculation of stress intensity factor of them are given.  

In Chapter 4, information about software program of ABAQUS is given. Verification 

examples with three-point bending plate and SCB geometry are given. Numerical 

modelling of the SNDB specimen are presented. Results from numerical study 

performed on mode I SIF are given. 

In Chapter 5, experimental works and results to determine mechanical properties of 

andesite are given. Testing machine and using other equipment are given. Procedures 

of testes are discussed. 

In Chapter 6, fracture tests performed with SNDB and SCB specimen are presented. 

Results of the mode I fracture toughness obtained from fracture tests are given.   

In Chapter 7, the analyses of the effect of the size and effect of the loading span on KIc 

given. KIc obtained from SNDB tests and SCB tests are compared. The stress analyzes 

of SNDB and SCB geometries are presented. 

In Chapter 8, conclusions of thesis are given. Some recommendations are given for 

future work. 
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CHAPTER 2  

 

2. FRACTURE MECHANICS    

 

2.1. Fundamentals of the Fracture Mechanics for Brittle Materials 

Griffith is the one of the most important people in the fields of fracture mechanics. He 

was the pioneer of the studies of fracture in glass around 1920s. He used Inglisô work 

which is about calculating the stress concentrations around elliptical holes to estimate 

fracture strengths (Roylance, 2001). Inglis (1913) previously studied on the stress 

concentration around elliptical holes. Inglis (1913) tried to develop one approach to 

foresee the strength of the fracture. Unfortunately, his solutions had some difficulties 

by mathematically because the stresses go infinity at the tip of the crack in the 

boundary of the sharp crack (Roylance, 2001). By Griffithôs Theory, stress values 

reached the theoretical maximum in which the overall stress average was lower. 

Furthermore, Griffith studied about the energy balance approach. In this work, he 

obtained a new relation between surface energy, crack length and applied stress. The 

applied stress is inversely proportional to Ѝὥ  and proportional to ς‎Ὁ . ‎ refers the 

energy required to constitute new area of the material surface. Energies are consumed 

to form new surfaces due to surfaces contain more energy than a body. Whether a 

stretched cracked body remains stationary or unstable depends on whether the cracked 

body contains sufficient energy to form an additional surface in still maintaining 

stability (Wang, 1996). If the crack grows, the free surfaces are unloaded and finally, 

the strain energy is released. Even though Griffith has become one of the most famous 

developments in materials science, his theory was limited to the only elastic and brittle 

materials.  

In 1957, Griffith Theory of brittle fracture was modified by Irwin (Yarema, 1996). 

Irwin introduced the concept of effective surface energy and used this concept to 
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reformulate the Griffith Theory with regard to singularity at the crack front (Yarema, 

1996). He defined the term of the stress intensity factor which is denoted as K. The 

stress intensity factor is proportional to „ Ѝὥ . It is called a critical stress intensity 

factor which is demonstrated by ὑ when it attains to critical value. Critical stress 

intensity factor is used as a replacement term for fracture toughness.  Irwin (1957) 

described strain energy release rate with a different name as crack driving force which 

is denoted by ꞉. The crack driving force is named as critical strain energy release rate 

which is shown as ꞉  when it reaches critical limit.  

By Wells (1955), fracture mechanics analyses were used to show that fuselage in 

several Comet jet aircraft the result of fatal cracks reaching a critical size. During 

1960s, several works were done by different researchers such as Dugdale (1960) and 

Barenblatt (1962). They improved models in detail based on a narrow tape of yielded 

material at the crack tip while the plastic zone correction of the Irwin was a simpler 

enlargement of the LEFM (Anderson, 2017). Wells (1961) studied about opening 

displacement at the crack tip. 

A new toughness measure which is plastic deformation as nonlinear elastic behavior 

was developed by the James Robert Rice (1968). According to researches of the James 

Robert Rice (1968), the energy release rate may be expressed as a path-independent 

line integral which is named as J integral (Anderson, 2017). Rice (1968) led the 

research of fracture mechanics in the new age by thanks to this approach. 

2.2. Linear Elastic Fracture Mechanics 

The stress field of at and ahead of the crack and energy criterion are main criteria on 

which Linear Elastic Fracture Mechanics (LEFM) is based.  The relation between the 

energy which is required to form new surface and release of the strain energy is 

defined by the Energy Balance Criterion. The approximation of the stress intensity 

factor which is based on displacement fields and near tip stress was made by Irwin 

(1957). Energy balance criterion and stress field approaches can be regarded 

equivalent for linear elastic materials (Sun & Jin, 2012).  
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LEFM considered materials as elastic, homogenous and isotropic (Wang & Duong, 

2015) Properties of these materials are independent of time and direction.   

2.2.1. Fracture Modes 

Normal stress analysis is insufficient to measure the strength of the fractured geometry 

due to stress concentrations formed by cracks. The stress intensity factor helps to make 

this calculation. It varies according to the loading modes.  

There are three failure modes in fracture mechanics. These are called as mode I, mode 

II and mode III (Figure 2.1). The classifications are mainly based on applying a force 

to permit a crack to propagate.  

 

Figure 2.1. Fracture modes (Chang, Lee & Jeon, 2002) 

Mode I is named as the tensile opening mode. In this mode, the direction of the crack 

plane shows crack development. The crack has no shear force so, there is no obvious 

data for shear displacement (Backers, 2004). In-plane sliding or shear mode is defined 

as mode II. Crack driving direction is normal to the front of the crack for mode II . 

Crack plane extension parallel to the direction of the shear traction. The third mode is 

named as out of plane mode. Shear displacement is acting parallel to the front in the 

crack plane (Backers, 2004). Furthermore, these crack deformations may take place 

in any combinations. Mixed-mode refers to a combination of the different fracture 

modes. 



 

 

 

14 

 

2.2.2. The Stresses and Displacements near the Crack Tip for Mode I  

For a linear elastic homogeneous isotropic part, the analytical solutions for the 

opening-mode stresses and displacements at a crack tip were developed by 

Westergaard (1934) with semi-inverse method. The relevant stress components for 

stress field of the crack tip are shown in Figure 2.2. The distance between the polar 

element and the crack tip is shown by distance r which is measured from the tip.  Stress 

field near the crack tip is proportional to polar angle — and ρȾЍὶ. Stresses have a 

singularity ρȾЍὶ at the crack tip.  The coefficient of stress expressions is defined as 

stress intensity factor which is shown by K.  Three different modes as ὑȟὑȟὑ  

refer to the modes of the fracture which are defined above.  

  

 

Figure 2.2. Stress components of the linear elastic crack tip stress field (Atkinson, 2015) 

 

The equations to calculate the stresses near the crack tip for mode I are given by 

„
Ѝ
ÃÏÓ ρ ίὭὲίὭὲ   (2.1) 
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„
Ѝ
ÃÏÓ ρ ίὭὲίὭὲ   (2.2) 

†
Ѝ
ÃÏÓίὭὲὧέί    (2.3) 

„
π       ÐÌÁÎÅ ÓÔÒÅÓÓ

 ‡„ „ ÐÌÁÎÅ ÓÔÒÁÉÎ
   (2.4) 

† π      (2.5) 

† π      (2.6) 

where; 

ὑ  stress intensity factor for mode I 

„  normal stress 

†  shear stress 

ὶ  distance from crack tip 

—  angle from x-direction 

The equations to calculate the displacements near the crack tip for mode I are given 

by 

ό ὧέί ‖ ρ ςίὭὲ   (2.7) 

ό ίὭὲ ‖ ρ ςὧέί   (2.8) 

ό π       (2.9) 

‖
  ὴὰὥὲὩ ίὸὶὩίί

σ τ‡  ὴὰὥὲὩ ίὸὶὥὭὲ
    (2.10) 

where; 

ὑ  stress intensity factor for mode I 
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ό  displacement component near crack tip 

‘  shear modulus 

ὶ  distance from crack tip 

—  angle from x-direction 

2.3. Stress Intensity Factor 

Stress intensity factor is used in fracture mechanics to foresee the magnitude of local 

stresses near the crack tip. It defines the amplitude of the singularity at the crack tip 

(Wang, 1996). Stress intensity factor is expressed by K.  

Stress intensity factor is a stress-based measure and it is calculated from the expression 

below:  

ὑ „Ѝ“ὥ Ὢ     (2.11) 

where; 

„   applied stress 

ὥ   crack length  

Ὢ  correction factor that depends on specimen and crack geometry 

ύ  specimen width 

 

Stress intensity factor may be varied in terms of loading configuration, crack size, 

crack shape, and specimen geometries. Some types of stress intensity factor formulas 

are given in Figure 2.3. 
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ὑ „Ѝ“ὥ 

The crack in an infinite body 

(Wang, 1996) 

 

ὑ „Ѝ“ὥίὩὧ
“ὥ

ὡ
 

Centre crack in a strip of finite width 

(Wang, 1996) 

 

 
ὑ ρȢρς „Ѝ“ὥ 

 

Edge crack in semi-infinite body 

(Wang, 1996) 

 

ὑ „Ѝ“ὥ Ὢ
ὥ

ύ
 

 

Edge crack in a beam type specimen 

under bending 

 

Figure 2.3. Stress intensity factor for different crack type and specimen geometries (Wang, 1996) 

 

To illustrate the concept of stress intensity factor, mode I stress intensity factors are 

computed for a stress ů =100 Pa and a=0.10 m. r/a is changed and crack tip stress 

fields are plotted for varying r/a in Figure 2.4.  

To show the strong beam effect a/W=0.5 case is chosen for the SIF of the beam in 

Figure 2.4. 
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Figure 2.4. Crack tip stress fields versus r/a 

Figure 2.4 explains the meaning of changing amplitude of crack tip stress field 

singularity. The mode I stress intensity factor of the beam type specimens is higher 

than the plate type specimen. The bending action causes a higher KI than the tensile 

loading of infinite plate. 
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2.3.1. The J- Integral 

J- integral is more general technique which is used to calculate stress intensity factor. 

It means contour integral which is path independent around the crack tip (Figure 2.5). 

ABAQUS software package uses the J- integral method to analyze the near the crack 

tip. It was defined by the Rice (1968) firstly and used like a fracture parameter. The 

contour J- integral was obtained from the potential energy resulting of crack extension.  

 

Figure 2.5. The path independent contour around the crack tip (Chang, 2013) 

The J-integral theory is valid for both materials of the linear elastic and nonlinear 

elastic. The concept of the J-integral has been used on elastic-plastic materials 

complying with deformation plasticity. The formula J-integral is given by 

ὐ ᷿ὡὨώὝ Ὠί ᷿ὡ‏ „ ὲὨῲ   (2.12) 

where; 

„  Cauchy stress tensor 

ὲ   outward vector components to an arbitrary contour near the crack tip 

ᾀ   Ὥth displacement component 

ῲ  an arbitrary contour beginning at the lower crack surface and ending on the upper 

crack surface 

ὡ  strain energy 
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2.4. Fracture Toughness 

Fracture toughness is an important material parameter referring level of critical 

condition needed for the starting of fracture (Smith, Ayatollahi& Pavier, 2006). It is 

valid for classification of the rocks, design of the rock structures and analysis of the 

rock related problems. Fracture toughness is denoted as Kc.  

Fracture toughness is termed as critical value of stress intensity factor. It shows the 

resistance of the materials to fracture and to propagate of pre-existing cracks. Fracture 

toughness is directly related to mechanical properties and geometry of the materials.  

2.5. Fracture Mechanics Applications 

Rock mass commonly involves discontinuities and fractures. Prediction of the 

behavior of the cracks and flaws is useful for applications relevant to rocks. The 

fracture mechanics approach can provide mechanisms in planning rock breaking 

processes and prediction of rock mass behavior with discontinuities. One objective is 

to avoid the material from fracturing in disciplines relevant to rock fracture mechanics. 

However, hydraulic fracturing, rock blasting and drilling, rock excavation, crushing 

and grinding processes in mineral processing are some of the applications of the rock 

fracture mechanics which aims crack production.  

2.5.1. Hydraulic Fracturing  

In rock fracture mechanics, fluid injection operations in sealed-off borehole intervals 

requires the term of the hydraulic fracturing to induce and develop tensile fractures 

(Rummel, 1987). Furthermore, deep gas or impulse of the water well have been 

required to approach hydraulic fracture mechanics. The process of hydraulic 

fracturing is based on Kirsch's solution for the stress distribution near a circular hole 

in an elastic, homogeneous and isotropic material depending on the external 

compression. Studies of the rock fracture mechanics are used to get rock fracturing 

resistance. The new crack surfaces require energy which is calculated and adequate 

pressure. The adequate pressure is obtained by pumps. Lastly, required liquid is 
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estimated. These processes are applied to provide successful fracturing. They are 

related to hydraulic fracturing.  

 

Figure 2.6. Hydraulic fracturing (Frash, 2014) 

2.5.2. Rock Blasting and Drilling 

The damage of mechanics and developing stress waves to the field of drilling and 

blasting is one of the main focus of rock fracture mechanics. Fragmentation 

mechanism is an important process to break rock efficiently by explosive loading and 

for controlling to reduce the limit the damage inflicted to the around rock mass 

(Rossmanith, 1997). Furthermore, there is a relationship between rock blasting and 

energy release rate on fracture propagation. This term is defined by strain energy-

based fragmentation of rock. The rocks which is in deep from the surface tend to 

release stored energy. The strains occur in rock due to this stress. The term damage 

refers unwanted destruction in rocks and surfaces in mining engineering. In mining, 

this damage can be different forms like damage of the stope and pillar because of rock 

bursts or excessive cracking relevant to mining advance. 

The mechanical breakage to excavate the rocks can be applied by diggers, drag bits, 

hydraulic top hammer and cutters with loads which can be compressive or shear. The 

force with indenter is applied perpendicularly to rock and force with drag bit is applied 
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parallel to rock. The tensile fractures (mode I) emerge from both of applied forces 

(Figure 2.7). 

 

Figure 2.7. Rock cutting with drag bit and indenter (Ghamgosar & Erarslan, 2015) 

Furthermore, Bernardino Chiaia studied relation between the penetration rate, cutting 

strength and specific energy (Chiaia, 2001). In this study, the relation was estabilished 

between tangential force and normal force (Figure 2.8).  

  

Figure 2.8. Finite element simulations of brittle cracking under a sliding indenter  (Chiaia,2001) 

The first figure shows the direction of these forces.  The another relation is between 

the normal force tangential force and fracture toughness. Chip formation is preferred 

rather than crushing under indenter. The right figure shows the brittle cracking under 

a sliding indenter and chip formation. 
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Ὂ Ὧύ 

Ὂ Ὓ‎ύ
    Ὂ Ὓ‎ὊȾὯ       (2.13) 

Ὂ ὑ ‎ύȾ       Ὂ ὑ ‎ὊȾὯ Ⱦ     (2.14) 

where; 

Ὧ= stiffness(N/m) 

‎  non - dimensional factor 

S= specific energy(J/Í  or cutting strength(N/Í  

w= linear penetration (m) 

2.5.3. Rock Slope Stability 

The discontinuity surfaces or cracks cause slope failures. Generally, a movement starts 

from the crack tips. This crack tips contain stress concentration. It can lead to failure 

which cannot be determined by methods of the limit equilibrium. Kinematics and 

discontinuities tendency of the rock bodies are considered by this method. Failures of 

the rock slope are frequently checked by a combination of discontinuities complexly 

which facilitate the kinematic release (Brideau et al., 2009). The pre-existing rock 

mass cracks, discontinuities, fractures, and damages employ a vital role in slope 

stability. The knowing the fracture mechanic process provides an understanding of the 

failure mode of the potential and suitable methods of both analysis and corrective 

treatment.  

2.5.4. Crushing and Grinding Processes in Mineral Processing 

The fracture mechanics related to comminution behavior in mineral processing. The 

main purpose of the comminution is to break rocks to the required sizes. It leads the 

relation between the surface area and applied energy. Initiatives to reinforce rock 

mechanics and comminution approaches and relate them to fracturing have evolved 

over the last decade (Bearman et al., 1997). The studies of the Bearman (1997) contain 

relationship between strength parameters of the rocks and consumption of power and 
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size of the product in crushing. According to these studies, there is important relation 

strength parameter with tensile and performance of the crusher.  

The optimum design of jaw crusher was considered by using the fundamentals of the 

rock fracture mechanics (Donovan, 2003). There is a high correlation between the 

value of the fracture toughness of rocks particle and comminution energy according 

to studies of Donavan. Furthermore, fine-grained rocks have higher fracture toughness 

value than coarse-grained rocks according to studies of Wills and Napier-Munn 

(2006). 
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CHAPTER 3  

 

3. MODE I FRACTURE TOUG HNESS TESTING METHODS 

 

There are different methods to compute the values of the fracture toughness under 

mode I (tensile mode) loading condition. Loading can be applied to propagate the 

crack in the rock specimens by compressive loading, three or four-point bending, 

direct tensile loading. To assess the fracture toughness in tensile mode (mode I), four 

methods are suggested by International Society for Rock Mechanics and Rock 

Engineering (ISRM). These are cracked chevron notched Brazilian disk method 

(CCNBD), short rod (SR), chevron bend (CB) and semi-circular bending method 

(SCB).  ISRM suggested methods are described first. Finally, straight notched disk 

bending method (SNDB) chosen as the major geometry for this study is described.  

3.1. Cracked Chevron Notched Brazilian Disk Method 

The cracked chevron notched Brazilian disk method was applied firstly by Shetty et 

al (1985). CCNBD method is one of the proposed methods by ISRM among fracture 

toughness test methods for rock specimens (Fowell et al., 1995). The chevron notch 

is prepared with two cuts from the sides of the disc throughout axis of the disc-rotating 

on the identical diametrical cutting plane (Chang et al., 2002). CCNBD specimens are 

loaded under compression along the diametric plane in this method (Figure 3.1).  
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Figure 3.1. The cracked chevron notched Brazilian disk specimen (Chang et al., 2002) 

In Figure 3.1, R and 2a refers to the radius of the specimen and crack length, 

respectively. The KIc is computed by equation below; 

ὑ
Ѝ
ὣᶻ        (3.1) 

where; 

ὖ  failure load 

Ὀ  diameter of the specimen 

ὄ  thickness of the specimen 

ὣᶻ  critical dimensionless stress intensity value 

3.2. Short Rod Method 

The application of the tensile load for specimens has not been preferred because of 

some difficulties practically. The specimen preparation sharp notch and data process 

are examples of the difficulties. The short rod method was found by Barker (1977). 

International Society for Rock Mechanics (ISRM) suggested this method to evaluate 

fracture toughness (Ouchterlony, 1988). The tensile load is applied to the core rock 
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specimen in this method. The axis of the core specimen should be oriented parallel or 

perpendicular to any anisotropy characteristic properties. The rock core specimen has 

a chevron notch or V-shaped notch in the short rod method (Figure 3.2).  

 

Figure 3.2. The sort rod specimen (Mueller, 1991) 

 

In Figure 3.2, F refers to the applied tensile load. The KIc is computed by expression 

below; 

ὑ ὅςτὊ ȾὈȢ      (3.2) 

where; 

Ὂ  failure load 

ὅ   ρ
ȢЎ ȢЎ

πȢπρЎ—  (correction factor) 

Ὀ  diameter of the specimen 

Ўὡ  variation in specimen height 

Ўὥ  initial position of chevron notch apex 

Ў—  chevron notch angle 
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3.3. Chevron Bend Method 

The chevron bend specimen was proposed by the ISRM (Ouchterlony, 1988). This 

method can be only used for Mode I fracture toughness determination. In this method, 

there is two notches. They are sawed with opposite angles to the rock core specimen. 

The specimen is under three-point bending. The chevron bend specimen is shown in 

Figure 3.3. 

 

Figure 3.3. The chevron bend specimen (Hadei et al., 2017) 

In Figure 3.3, P, S, D, a, L refers to the applied load, span length, diameter, notch 

length and length of the specimen, respectively. The fracture toughness value is 

computed by Equation 3.2 which is the same equation used in calculation of the 

fracture toughness in short rod method. 

3.4. Semi Circular Bending Method 

The SCB specimen was proposed by Chong and Kuruppu (1984), and many of the 

initial developments were done at the University of Wyoming (Kuszmau et al., 1987). 

A number tests for determination of the Mode I fracture toughness were applied with 

semi-circular specimens and the results from these tests were used for comparable to 

other techniques (Lim et al., 1994, June). In this method, three-point bending load is 

applied on a semi-circular disk specimen. On the upper side of this specimen a roller 

is put along the middle of the curvature to be applied load. The other two rollers are 
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put under the specimen which are parallel to the upper one. A straight edge notch is 

sawed perpendicularly to the bottom surface along to the thickness which is parallel 

to the rollers. Two rollers are positioned to the notch with equal distances. The semi-

circular bending specimen is shown in Figure 3.4. 

 

Figure 3.4. The semi-circular bending specimen (Elghazel et al., 2016) 

In Figure 3.4, P, 2S, B, a, 2R, R refers to the applied load, span length, thickness, notch 

length, length and radius of the specimen, respectively. The KIc is computed by 

expression below; 

ὑ ὣ„ Ѝ“ὥ      (3.3) 

where; 

ὖ  applied load 

ὣ
 

 Ѝ
 (dimensionless stress intensity factor) 

ὄ  thickness of the specimen 

Ὑ  radius of the specimen 
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„ ὖȾςὙὄ 

ὖ  = load at fracture  

Fracture toughness values of some rocks obtained from SCB method are given in 

Table 3.1. 

Table 3.1. Fracture toughness values for some rocks 

Rock name KIc Span length (2S)  S/R Reference 

╜╟╪Ѝ□ mm   

Oil shale 0.85 61, 18 0.80 Chong et al., 1987 

Welsh Limestone 1.02 80, 120, 160 0.80 Singh & Sun, 1990 (b) 

Jhonstone 0.06 47.5, 76 0.50, 0.80 Lim et al., 1994 

Limestone 0.68 80 0.82 Khan & Al-Shayea, 2000 

Granite 0.68 60, 80 0.80 Chang et al., 2002 

Marble 0.87 60, 80 0.80 Chang et al., 2002 

Marble 0.56 45, 60 0.60 Tutluoĵlu & Keles, 2011 

Kowloon Granite 1.24 50 0.62 Wong et al., 2019 

 

3.5. Straight Notched Disk Bending Method 

The straight notched disk bending specimen was first developed by Tutluoĵlu & Keles 

(2011). This method is named as edge notched disk bend (ENBD) by Aliha (2017). 

The suggested three-dimensional specimen geometry with circular plate type is 

inherently stiffer than normal specimen geometries with beam type (Tutluoĵlu & Keles, 

2011). In this method, three-point bending load is applied on a cylindrical disk 

specimen. On the upper side of this specimen a roller is put along the central line to 

be applied load. The other two rollers are put under the specimen which are parallel 

to the upper central line to support the specimen. A straight edge notch is sawed 

perpendicularly to the bottom surface along to the path which is parallel to the rollers. 

Two rollers are positioned to the notch with equal distances for the supporting 

purpose. The specimen geometry is demonstrated in Figure 3.5. 
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Figure 3.5. Straight notched disk bending specimen (Tutluoĵlu & Keles, 2011) 

 

In Figure 3.5, P, 2S, t, a, D refers to the applied load, span length, thickness, notch 

length and diameter of the specimen, respectively. The KIc is computed by expression 

below; 

ὑ ὣ„ Ѝ“ὥ      (3.4) 

where; 

ὖ  applied load 

ὣ
 

 Ѝ
 (dimensionless stress intensity factor) 

ὸ  thickness of the specimen 

Ὑ  radius of the specimen 

„ ὖȾςὈὸ 

ὖ  = load at fracture 
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CHAPTER 4  

 

4. NUMERICAL MODELING O F THREE-POINT BEND SPECIMEN   

GEOMETRIES    

 

The analytical solutions of the many engineering problems are based on partial 

differential equations. However, finding the exact solution of these problems for 

complex-shaped domains is very difficult. Therefore, the numerical computations of 

the stress intensity factors for the different beam geometries under three-point bending 

load are accomplished by the finite element method in this study.  

The finite element method which is a numerical method is used for solving many 

difficult partial differential equations. In this method, the large system is divided into 

the smaller parts in order to solve the problem. The smaller parts are named as finite 

elements. The simple equations are obtained from these finite elements that are 

modeled. Connection of these elements are obtained by nodes. Later, these simple 

equations are added to a larger system of equations that model the whole problem. 

Some package programs have been developed for users to make numerical 

computations. ABAQUS, ANSYS, NASTRAN, LS-DYNA, FRANC2D/L and 

FRANC3D are some of them. 

4.1. ABAQUS 

The numerical computation of SIF in the models was done by ABAQUS 2019, which 

is a licensed software package of the METU computer center in this study. ABAQUS 

is user-friendly, considering the ease in learning and running tools compared with 

other programs.   
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4.1.1. ABAQUS Notation 

ABAQUS package program employs six degrees of freedom for the nodes and the 

finite elements. These may vary independently. Three of them are referred as 

displacements in x, y, and z directions (u1, u2, u3). The rest of them are referred as 

rotations which are (ur1, ur2, ur3) about x, y, z axes (Figure 4.1).  

 

Figure 4.1. The degree of freedom for SNDB geometry in ABAQUS 

The stress and strain components in ABAQUS are listed below. 

- „  normal stress in the ὼ- direction; which is Ὓ  

- „  normal stress in the ώ- direction; which is Ὓ  

- „  normal stress in the ᾀ- direction; which is Ὓ  

- „  shear stress in the  ὼ ώ plane; which is Ὓ  

- „  shear stress in the  ώ ᾀ plane; which is Ὓ  

- „  shear stress in the  ὼ ᾀ plane; which is Ὓ  

 

Stresses are given in tensor notation as; 
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„ = 

 „     „    „  
„     „    „
„      „     „

       and in ABAQUS as:      

 ί     ί   ί 
ί     ί   ί
ί      ί     ί

 

 

- ‐  normal strain in the ὼ-direction                                   

- ‐  normal strain in the ώ -direction 

- ‐  normal strain in the ᾀ -direction 

- ‐  half of the shear strain in the  ὼ ώ plane 

- ‐  half of the shear strain in the  ὼ ᾀ plane 

- ‐  half of the shear strain in the  ώ ᾀ plane 

 Strains are given in tensor notation as; 

‐ = 

 ‐     ‐   ‐ 
‐     ‐    ‐
‐      ‐     ‐

     and in ABAQUS as:     

 Ὁ    Ὁ    Ὁ  
Ὁ     Ὁ    Ὁ
Ὁ      Ὁ     Ὁ

 

The stress intensity factors in ABAQUS are denoted as KI: Mode I stress intensity 

factor, KII: Mode II stress intensity factor, KIII: Mode III stress intensity factor.  

4.1.2. Useful Terms and Definitions in ABAQUS Modulus 

There are lots of user friendly modules in ABAQUS. The first module is the part 

module. Models are created, edited and conducted in this module. Dividing of the 

whole bodies into the small parts is named as partition operation. This is used to create 

predefined parts and assigning mesh elements in the main geometry to these parts. The 

successful operation of the partitioning helps to form perfect meshes particularly for 

around the cracks. Furthermore, partitioning operation is used to identify queries for 

readings stress data and displacement in required areas. The face and cell are important 

terms for partition operation. The face term defines closed surfaces in two dimensional 

which are partitioned. The cell term defines closed volumes in three dimensional 

which are partitioned. These are used with labeling for several purposes such as 

assigning load, boundary conditions and mesh types, generating seam and crack, etc.  
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The second module is the property module. The characteristics of the material are 

entered into the property module. Assembly module is another useful tool. Part 

instances are generated in assembly module. It leads to position instances properly 

within a coordinate system in global. The next module is named as step. It is used for 

constituting a series for defining steps of the analysis process.  

The other module is interaction module. It is used to create interaction, constraints and 

assign interaction property. Furthermore, the seam and crack are created in this 

module. The seam crack is an important term in this module to calculate the stress 

intensity factor. A seam refers to a face or a virtual edge that is closed in normally 

however it opens when analysis of the model is done. The seam has zero thickness. A 

seam cannot prolong throughout the boundaries of a model part a body. It should be 

embedded into in to a cell of a solid part of a three-dimensional model. The crack 

properties are determined by using an analysis of the contour integral after seam is 

created. Another term is a crack front which is defined within the interaction module. 

For the analyses of the contour integral, the crack front is defined firstly. The area 

from crack tip to first contour integral is named as the crack front. The crack front is 

used to analyze the first contour integral about singular stresses. The number of 

contour integral changes the accuracy of the analysis. This analysis is done with 

calculation of the J-integral of each contour. The contour integrals are computed on 

each node throughout the crack line. The crack line is defined by the connected edges 

in a series throughout crack front. This is defined with the crack extension direction 

which is expressed by q. Furthermore, singularity of the crack tip is another important 

definition. The cracks are modeled in this program with assumption of the small strain. 

This creates singularity at the crack tip. The singularity of the crack tip strain changes 

with used material in the model. It develops of the accuracy for the computation of the 

J-integral. The singularity of the strain is related by the ‐θ ὶ Ⱦ for linear elasticity. 

In addition to these, the request of the history output is assigned in the module step to 

get data of the stress intensity factor near the crack tip.  
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The load module is used to assign load and define the boundary conditions to the 

model. The reference points can be used for applying load and defining boundary 

conditions. It refers an element which is unbounded. The reference point is not 

belonging to the main part of the model. Any applied mechanical effect is delivered 

to the desired area by using the reference point.  

Mesh is generated in mesh module. Seeding property is used for the construction of 

the mesh. The term seeding is used to adjust the number of nodes per edge or instance. 

It helps controlling mesh density. The another module is job module. It is used for the 

submission for analysis. Progress of the analysis process can be followed in job 

module. The final module is visualization module. The outcomes of the analysis which 

can be like deformed shapes, plot contours, symbols and material orientations on 

deformed shape, animation are shown in this module.  

4.2. Verification Work for the Modeling Procedure  

To assess the accuracy of the stress intensity factor computation of the ABAQUS 3D 

modeling work for SNDB specimen geometry, two problems for which analytical 

solutions are available are chosen. The three-point bending plate problem is the first 

problem. In this verification problem, plate is under three-point bending condition 

which is very similar to the SNDB method. Another verification example is the 

modeling of well-known and ISRM suggested SCB specimen geometry under three-

point bending. The results from the analytical solutions and numerical solutions were 

compared between them.  

In the verification work, seam crack length of 10 mm is used for all models. The reason 

for this is to keep the crack length as small as possible so that effect of outer and loaded 

boundaries is minimized regarding the crack tip stress field.  

4.2.1. Three-Point Bending Plate Problem 

The numerical model of the three-point bending plate is constructed with three steel 

rollers and one plate loaded by three-point bending action of the rollers, (Figure 4.2).  
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Dimensions used for the plate are given in Table 4.1. a/W and S/a ratios are taken to 

be equal to 0.5 and 8, respectively. The material properties of the plate assigned to 

ABAQUS such as elastic modulus (E) and Poissonôs ratio (’ do not affect the stress 

intensity factor results of the crack in the plate. The roller diameter is assigned as 10 

mm. The material properties of the steel rollers  are elastic modulus (E) of 200 GPa 

and Poissonôs ratio (’  0.30 for steel rollers. 

 

Figure 4.2. Geometry of the three-point bending plate model 

Table 4.1. Dimensions for square plate 

Dimension Value  

(mm) 
Thickness (t) 100 

Width (W) 20 

Length (L) 100 

Span length (S) 80 

Crack size (a) 10 

 

Two support rollers at the bottom are in contact with the plate. The third roller at the 

top is placed along the central path.  A reference point is assigned above the upper 
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steel roller. The load is transferred to the plate via reference point. 1 N vertical load is 

distributed throughout the upper central path of the plate (Figure 4.3).  

 

Figure 4.3. The loading of the three-point bending plate geometry with rollers 

The seam crack is assigned along the bottom central path of the plate. Special contour 

integral paths and partitions are used at the immediate crack front. The reason for 

forming a circular pattern around the crack tip is to increase the accuracy of SIF 

computations. The contour integrals are used in J-Integral method to compute SIF. 

The crack line and crack extension direction of the three-point bending plate can be 

seen in Figure 4.3. 

Bottom support rollers are assigned fixed displacements in y and z direction. The 

reference point and steel roller which are at the top of the plate are fixed in x and z 

direction.   

The fine mesh was applied around the contour integrals. The mesh and the undeformed 

and the deformed states of the model can be seen in Figure 4.4.  
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Figure 4.4. The mesh geometry of the three-point bending plate model with steel rollers 

According to the numerical modelling of the three-point bending problem, mode I 

stress intensity factor (KI) was computed as 738.49 ὖὥЍά.  

A polynomial expression was developed by Srawley (1976) to calculate the stress 

intensity factor for a square plate under plane strain condition. The ratio of the and 

stress intensity factor formulas were expressed as a function f(ὥȾὡ) in Equations 4.1 

and 4.2. 

f( )=σ
Ⱦ Ȣ Ȣ

Ȣ Ȣ

     (4.1) 

ὑ
ᶻᶻ

         (4.2) 

For 0 Ò ‌ = ὥ/ὡ Ò 1 and where;  

ὑI = Stress intensity factor  

ὄ= Thickness  

ὡ= Width  
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ὥ= Crack length  

Ὓ= Span length 

The mode I stress intensity factor (KI) is calculated as 752.36 ὖὥЍά  analytically. The 

difference between the numerical and analytical solution is 1.88%. It should be noted 

that the numerical solution is 3D-based while the analytical solution is 2D-based under 

plane strain. 

4.2.2. Modeling of the SCB Specimen 

SCB specimen geometry is modeled in 3D.  Loading span lengths are varied between 

S/R=0.40-0.90. The crack length is fixed as 10 mm resulting in a/R=0.20. 100 mm 

diameter SCB geometries with 50 mm thicknesses (t/R=1) are modeled. The span 

length is set as 2S= 40, 45, 50, 55, 60, 70, 80, 85 and 90 mm. Nine different geometries 

are modeled in 3D to compute the SIF of SCB. Figure 4.5 shows a typical SCB model 

illustrating the geometric details. Model dimensions are given in Table 4.2.  

 

Figure 4.5. SCB model geometry 
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Table 4.2. Dimensions of the SCB models 

Number 

of the 

model  

t  2S a/S S/R 

mm mm   

1 50 40 0.50 0.40 

2 50 45 0.44 0.45 

3 50 50 0.40 0.50 

4 50 55 0.36 0.55 

5 50 60 0.33 0.60 

6 50 70 0.29 0.70 

7 50 80 0.27 0.80 

8 50 85 0.24 0.85 

9 50 90 0.22 0.90 

 

The crack extension direction and the crack front are assigned as in Figure 4.6. Three 

different partition circles are used to define the contour integral region. The outermost 

radius of the contour integral region is set as 5 mm. The intermediate and the 

innermost radius of the contour integral region are set as 3.5 mm, 0.25 mm, 

respectively. For the reference point generating the load at top, displacements are fixed 

in x-direction (u1) and z- direction (u3).  For the upper loading path, which is 

perpendicular the crack extension direction, displacement is fixed in x-direction (u1). 

For the corner points under the specimen, displacements are fixed in z-direction (u3). 

Displacements of the lines applying the bottom supports are fixed in y-direction (u2).  
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Figure 4.6. Crack tip, crack line and crack extension direction of the SCB model geometry 

A vertical line load of -1 N is applied to the upper boundary from a reference point 

above the boundary. The reference point RP-1 convert the concentrated load to a 

distributed load. The area occupied by the innermost radius of the contour integral 

region is meshed by the hex-dominated element type with sweep technique. A  finer 

mesh is constructed around the crack tip (Figure 4.7).  

 

Figure 4.7. Contour integral region and the crack tip mesh 

The deformed shape and undeformed shape geometries are shown in Figure 4.8.   
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Figure 4.8. Undeformed and deformed shape of the SCB model geometry 

The dimensionless stress intensity factor (YI) of SCB model geometry for mode I is 

formulated by the following equations; 

ὣ
 

 Ѝ
   (4.3) 

„    (4.4) 

Sample calculation procedure for SCB model with S/R=0.40 as follows; 

where; 

P = applied load (1 N) 

R = radius (0.05 m) 

t = thickness (0.05 m) 

a = crack length (0.01 m) 

KI = 64.48 0ÁЍÍ 

 

„ ρȾς πȢπυπȢπυ 

„ ςππ Pa 

ὣ
φτȢτψ

ςππ Ѝ“πȢπρ
ρȢψς 
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KI results and dimensionless mode I stress intensity factors (YI) of nine SCB model 

geometries are listed in Table 4.3. 

Table 4.3. KI and YI of the SCB models 

Beam 

thickness (t) 
S/R KI  YI 

m  ἜἩЍἵ 
 

      

 

 

50 

 

 

 

 

 

0.40 64.48 1.82 

0.45 77.35 2.18 

0.50 89.72 2.53 

0.55 101.81 2.87 

0.60 113.90 3.21 

0.70 138.33 3.90 

0.80 163.63 4.62 

0.85 176.61 4.98 

0.90 189.96 5.36 

 

The analytical solution for computing YI of SCB geometry is given in Lim (1993). The 

solution is based on plane strain assumption.  Lim (1993) tabulated the dimensionless 

stress intensity factors for varying a/R and S/R. Tables are referred for the entries here 

that are a crack length/radius ratio of a/R=0.20 and span length/radius ratios of 0.50 

and 0.80.  

Y I results of the SCB geometry computed from Limôs tables are 2.51 and 4.59 for 

S/R=0.50 and 0.80, respectively. Modeling work here yields 2.53 and 4.62 for the 

relevant loading spans. Results are close to differences around 1%. 

Graphical illustration of the YI versus span length S/R of the SCB from numerical 

models and Limôs equations are shown in Figure 4.9.  
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Figure 4.9. Dimensionless mode I SIF vs S/R results 

Following the curve fitting process, a linear relation expresses the variation of YI with 

S/R as in Srawley equation in the previous verification effort. For estimating the 

dimensionless mode I stress intensity factor of SCB model geometries for different 

loading spans, following equation is proposed; 

ὣ Ȣ χȢπσς πȢωωφ    for ρȢπ                  (4.5) 

4.3. For Deciding the Optimum Crack Length and Comparison Purposes 3D of 

the SNDB Geometries and Comparison SIF 

The stress intensity factors of the SNDB circular plate geometry was to be computed 

by using the ABAQUS finite element program. SNDB specimen geometry was 

modeled with two different thicknesses. 100 mm diameter SNDB geometries with 50 

mm and 60 mm thicknesses were modeled. Two span lengths were varied by 60 mm 

and 80 mm, corresponding to S/R= 0.60 and S/R =0.80. The preliminary crack lengths 

of 10, 12 mm and 24 mm were inserted to the models. Totally, twelve different 
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geometries were modeled in 3D to compute the YI of SNDB geometry in ABAQUS 

(Table 4.4). 

Table 4.4. Dimensions of the SNDB specimen geometry for computation of YI 

Number of 

the model 

a t 2S S/R 

mm mm mm  

1 10 50 

60 0.60 

2 12 50 

3 24 50 

4 10 60 

5 12 60 

6 24 60 

7 10 50 

80 0.80 

8 12 50 

9 24 50 

10 10 60 

11 12 60 

12 24 60 

 

For comparison, computation of YI can be done by using the formulas in Tutluoĵlu & 

Keles (2011). A linear relationship including the variable S/R is suggested.  Slope m 

and the intercept are presented in terms of geometrical entities a/t and t/R Tutluoĵlu 

& Keles (2011). Dimensionless stress intensity factor YI(SNDB) by is expressed as    

ὣ ά ὲ                                            (4.6) 

To compute the YI(SNDB) variation with thickness of the circular plate another 

expression is suggested in Tutluoĵlu & Keles (2011). Dimensionless stress intensity 

factor YI(SNDB) is expressed as 

ὣ ὅ ὅ ὅ ὅ ὅ ὅ              (4.7) 

Coefficients in Equation 4.7 are given in terms of a/t and S/R in Tutluoĵlu & Keles 

(2011).  
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All results of the dimensionless stress intensity factor (YI) for 2S=60 mm are given in 

Table 4.5. 

Table 4.5. Comparison of the YI  of the SNDB for 2S=60 mm 

Thickness   

(mm) 

Notch 

length 

(mm) 

YI 

ABAQUS 

YI  

Linear  

 Relation 

(Eq. 4.6) 

Difference 

(%)  

YI   

Variation  

(Eq. 4.7) 

Difference 

(%)  

50 

50 

50 

60 

60 

60 

10 

12 

24 

10 

12 

24 

3.16 

3.30 

4.26 

2.74 

2.80 

2.97 

3.11 

3.14 

4.15 

2.80 

2.72 

3.04 

1.61 

5.10 

2.65 

2.19 

2.94 

2.36 

3.11 

3.14 

4.15 

2.70 

2.58 

2.85 

1.61 

5.10 

2.65 

1.48 

8.53 

4.21 

Average±STD    2.80±1.21  3.93±2.67 

 

All results of the dimensionless stress intensity factor (YI) for 2S=80 mm are given in 

Table 4.6. 

Table 4.6. Comparison of the YI of the SNDB for 2S=80 mm 

Thickness   

(mm) 

Notch 

length 

(mm) 

YI 

ABAQUS 

YI   

Linear 

Relation

(Eq. 4.6) 

Difference  

(%)  

YI       

Variation  

(Eq. 4.7) 

Difference 

(%)  

50 

50 

50 

60 

60 

60 

10 

12 

24 

10 

12 

24 

4.41 

4.51 

5.56 

3.79 

4.05 

4.56 

4.29 

4.38 

5.86 

3.91 

3.87 

4.40 

2.79 

2.97 

5.40 

3.16 

4.65 

3.63 

4.29 

4.38 

5.56 

3.69 

3.65 

4.16 

2.79 

2.97 

5.40 

2.71 

10.96 

9.61 

Average±STD    3.77±1.04  5.74±3.69 

 



 

 

 

49 

 

The difference of YI between numerical models and the formulas is around 5% and 

less all cases above. 

The minimum differences between the YI of the SNDB obtained from numerical 

models and formulas are observed for the models with 10 mm crack length. Hence, a 

crack length of 10 mm is selected to be inserted to all SNDB model geometries 

4.4. Convergence Study for Contour Integral Region 

The number of contours around the crack tip is so important in mesh intensity studies. 

To find the accurate number of contours for stress intensity factor, different number 

of contours (4, 6, 10, 14, 16 and 20) were used (Figure 4.10). 

 

 

Figure 4.10. Different number of contours near the crack tip 

The KI results from the models were plotted against the number of contours around 

the crack tip in Figure 4.11.  
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Figure 4.11. KI versus number of contours near the crack tip 

KI approaches the specific value with increasing the number of contours around the 

crack tip as seen in Figure 4.11. It can be concluded that 10 contours in the contour 

integral region are sufficient to analyze the stress intensity factor. 

4.5. Modeling of the SNDB Specimen 

SNDB (straight notched disk bending) specimen geometry is modeled in 3D.  Loading 

span lengths are varied between S/R=0.40-0.90. The crack length is fixed as 10 mm 

resulting in a/R=0.20. 100 mm diameter SNDB geometries with 50 mm and 60 mm 

thicknesses (t/R=1 and t/R=1.2) are modeled. The span length is set as 2S= 40, 45, 50, 

55, 60, 70, 80, 85 and 90 mm. Eighteen different geometries are modeled in 3D to 

compute the SIF of SNDB. Figure 4.12 shows a typical SCB model illustrating the 

geometric details. Model dimensions are given in Table 4.7.  
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Figure 4.12. Model Geometry of the SNDB specimen 

Table 4.7. Dimensions of the SNDB models 

Number of 

the model  

t  2S a/S S/R 

mm mm   

1 50 40 0.50 0.40 

2 50 45 0.44 0.45 

3 50 50 0.40 0.50 

4 50 55 0.36 0.55 

5 50 60 0.33 0.60 

6 50 70 0.29 0.70 

7 50 80 0.27 0.80 

8 50 85 0.24 0.85 

9 50 90 0.22 0.90 

10 60 40 0.50 0.40 

11 60 45 0.44 0.45 

12 60 50 0.40 0.50 

13 60 55 0.36 0.55 

14 60 60 0.33 0.60 

15 60 70 0.29 0.70 

16 60 80 0.27 0.80 

17 60 85 0.24 0.85 

18 60 90 0.22 0.90 



 

 

 

52 

 

The crack extension direction and the crack front are assigned as in Figure 4.13. The 

ratio between the contour integral region radius and model radius  is set to 0.1 for 

SNDB geometries (Tutluoĵlu & Keles, 2011). Three different partition circles are used 

to define the contour integral region. The outermost radius of the contour integral 

region is set as 5 mm. The intermediate and the innermost radius of the contour 

integral region are set as 3.5 mm, 0.25 mm, respectively. For the reference point 

generating the load at top, displacements are fixed in x-direction (u1) and z- direction 

(u3).  For the upper loading path, which is perpendicular the crack extension direction, 

displacement is fixed in x-direction (u1). For the lines upper and bottom of  the 

specimen, perpendicular to the crack line direction, displacements are fixed in the z-

direction (u3). Displacements of the lines applying the bottom supports are fixed in y-

direction (u2).  

 

Figure 4.13. Crack tip, crack line and crack extension direction of the SNDB specimen 

A vertical line load of -1 N is applied to the upper boundary from a reference point 

above the boundary. The reference point RP-1 convert the concentrated load to a 

distributed load.  
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The area occupied by the innermost radius of the contour integral region is meshed by 

the hex-dominated element type with sweep technique. A  finer mesh is constructed 

around the crack tip (Figure 4.14).  

 

Figure 4.14. Contour integral region and the crack tip mesh 

 

The deformed shape and undeformed shape geometries are shown in Figure 4.15.   

 

Figure 4.15. Undeformed and deformed shape of the SNDB model geometry 
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The dimensionless stress intensity factor (YI) of SNDB model geometry for mode I is 

formulated by the following equations. 

ὣ
 

 Ѝ
   (4.8) 

„    (4.9) 

 

Sample calculation procedure for 60 mm thick model with S/R=0.40 as follows; 

where; 

P= applied load (1N) 

D= diameter (0.1 m) 

t= thickness (0.06 m) 

a= crack length (0.01 m) 

KI =22.76 0ÁЍÍ 

„ ρȾς πȢρ πȢπφ 

„ ψσȢσσ Pa 

ὣ
ςςȢχφ

ψσȢσσ Ѝ“πȢπρ
ρȢυτ 

 

KI results and dimensionless mode I stress intensity factors (YI) of eighteen SNDB 

model geometries are listed in Table 4.8. 
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Table 4.8. Dimensionless mode I stress intensity factors (YI) for SNDB models 

Beam 

thickness (t) 
S/R KI  YI 

m  ἜἩЍἵ  

      

 

 

50 

 

 

 

 

 

0.40 33.87 1.91 

0.45 40.02 2.26 

0.50 45.80 2.58 

0.55 51.34 2.90 

0.60 55.95 3.16 

0.70 67.41 3.80 

0.80 78.09 4.41 

0.85 83.48 4.71 

0.90 88.91 5.02 

60 

0.40 22.76 1.54 

0.45 27.71 1.87 

0.50 32.23 2.18 

0.55 36.46 2.47 

0.60 40.51 2.74 

0.70 48.31 3.27 

0.80 56.04 3.79 

0.85 59.94 4.06 

0.90 63.85 4.32 

 

Graphical illustration of the YI versus span length S/R for t=60 mm and t= 50 mm are 

shown in Figure 4.16.  
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Figure 4.16. YI versus S/R two different beam thicknesses of the SNDB model geometry 

 

Following the curve fitting process, a linear relation expresses the variation of YI with 

S/R as in Srawley equation. For estimating the dimensionless mode I stress intensity 

factor of SNDB model geometries for different loading spans, following equations are 

proposed; 

ὣ Ȣ φȢρφπτ πȢυρως   for ρȢπ                 (4.10) 

ὣ Ȣ υȢτχχω πȢυψτς     for ρȢς                      (4.11) 
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CHAPTER 5  

 

5.                   TESTING WORK FOR CON VENTIONA L MECHANICAL 

PROPERTIES 

 

The grey colored Ankara Gºlbaĸē Andesite rock blocks were used for experimental 

study. Static deformability and indirect tensile (Brazilian) tests were done to examine 

the mechanical properties of the Ankara Gölbaĸē Andesite. The values of the uniaxial 

compressive strength (UCS), Youngôs modulus (E) and Poissonôs ratio (ɡ) were 

acquired from the deformability tests. Tensile strength was obtained from the indirect 

tensile (Brazilian) test. Tests for mechanical and physical properties were performed 

following ISRM suggested procedures.  Servo-controlled MTS Rock Testing Machine 

was used for loading the specimens.  

For specimen preparation, large blocks were drilled by the boring machine to extract 

cores. Specimen grinding and polishing finishes the preparation work and specimens 

of targeted diameter and thickness are ready for testing.  

5.1. Texture of Grey Ankara Gºlbaĸē Andesite 

The type of Ankara Gºlbaĸē andesite has grey color. Previous experimental work 

results were available for grey Ankara Gºlbaĸē andesite in the Mining Engineering 

Department of the Middle East Technical University.  Mechanical and physical 

properties of this rock were compared with results of tests by different studies and 

persons (Table 5.1).  

 

 

 



 

 

 

58 

 

Table 5.1. Material properties of andesite from different studies 

Reference 
E 

(GPa) 

ɡ 

 

UCS 

(MPa) 

 To 

(MPa) 

Tutluoĵlu & Keleĸ (2011) 12.3±0.1 0.15±0.01 82.8±4.1 7.0±0.67 

¥zdoĵan (2017) 21.9±1.3 0.15±0.01 84.7±7.1 9.6±1.8 

Present work 28.3±1.1 0.16±0.01 100.8±4.9 8.6±1.1 

 

Significant differences were observed between the values of the material properties. 

In order to investigate what caused the wide variation in the properties, thin section 

analysis in Geological Engineering Department was carried out from a sample taken 

from the indirect tensile strength test. Analysis results show that there are some 

flowing tendencies of oriented flaws in these samples. These flowing trends were less 

frequent in some samples (Figure 5.1) and highly dominant in some others (Figure 

5.2). The loading applied to the sample can be parallel or perpendicular to these 

flowing trends; and this effects the test results for Ankara andesite even rock blocks 

are picked from neighboring locations (T. Topal, personal communication, November 

8, 2019). 

 

Figure 5.1. Brazilian test specimen thin section with less frequent flaw population 
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Figure 5.2. Brazilian test specimen thin section with high frequent flaw population  

   

5.2. Static Deformability Test 

Static deformability tests were performed on core specimens of Ankara Gºlbaĸē 

Andesite.  Modulus of elasticity and Poissonôs ratio were measured. Specimens were 

loaded to failure to obtain the uniaxial compressive strengths (UCS). Four NX size 

andesite core specimens were used. The MTS 815 Material Testing System with 

displacement-controlled way with a rate of 0.0005 mm/s was used in the tests. The 

specimens had approximately 54 mm diameter and 130 mm length maintaining a L/D 

Ó 2. For the measurement of elastic constants, clip-on gage extensometers were 

attached longitudinally and laterally to detect axial and circumferential deformations 

(Figure 5.3). 
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Figure 5.3. Static deformability test configuration 

Static deformability test specimens before and after the testing are shown in Figure 

5.4. 

 

Figure 5.4. Static deformability test specimens before and after testing 
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MTS Flextest40 controller box for data acquisition was used to obtain data from static 

deformability tests. Results of failure loads, elastic modulus, Poissonôs ratio and 

uniaxial compressive strength values are given in Table 5.2.  

Table 5.2: Results of static deformability tests 

Specimen 
Diameter 

(mm) 

Length 

(mm) 

Failure 

Load  

(kN) 

Elastic 

Modulus 

(GPa) 

Poissonôs 

Ratio 

Uniaxial 

Compressive 

Strength 

(MPa) 

SD-1 54.7 129.8 240.2 28.1 0.16 102.1 

SD-2 54.6 129.6 226.6 27.6 0.17 96.7 

SD-3 54.7 129.3 226.1 27.6 0.14 97.3 

SD-4 54.6 129.9 251.5 30.0 0.15 107.2 

Average 54.7±0.1 129.7±0.3 236.1±12.2 28.3±1.1 0.16±0.01 100.8±4.9 

 

From the data, stress-strain curves were drawn. Figure 5.5 shows a typical stress and 

strain curve for first specimen of static deformability tests. Figure 5.6 shows a typical 

lateral strain and axial strain curve for first specimen of static deformability tests. All 

static deformability test curves can be seen in Appendix A. 

 

Figure 5.5. Stress versus strain curves for SD-1 specimen 
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Figure 5.6. Lateral strain versus axial strain curve for SD-1 specimen 

The tangent modulus was drawn at around 50% stress level and strain level to find the 

elastic modulus (E) and Poissonôs ratio (ɡ). 

5.3. Indirect (Brazilian) Test  

The tensile strength was measured by indirect tensile strength tests. Nine Ankara 

Gºlbaĸē Andesite specimens were used. Five of them had approximately 54 mm 

diameter and thicknesses around 33 mm. Five disk specimens were compressed by 

using the two opposing curved jaws (Figure 5.7). Two disk specimens which had 

approximately 54 mm diameter and thicknesses around 27 mm were compressed 

without jaws. Additional two disk specimens which had approximately 100 mm 

diameter and thicknesses around 50 mm were compressed without jaws (Figure 5.8). 

Disk specimens were loaded by using the MTS 815 Material Testing System with 

displacement-controlled fashion with a rate of 0.001 mm/s.  
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Figure 5.7. The indirect tensile strength test configuration for 54 mm diameter with jaws 

 

Figure 5.8. The indirect tensile strength test configuration for 100 mm diameter without jaws 

The indirect tensile strength test specimens before and after testing are shown in 

Figure 5.9.  
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Figure 5.9. The indirect tensile strength test specimens before and after testing 

Results of peak loads and calculated tensile strength values are given in Table 5.3.  

Table 5.3. Results of indirect tensile strength  tests 

Specimen 
Diameter 

(mm) 

Thickness 

(mm) 

Peak Load 

(kN) 

Tensile 

Strength 

(MPa) 

BT-1 54.7 34.8 27.3 9.1 

BT-2 54.6 36.3 29.3 9.8 

BT-3 54.7 35.3 32.5 10.4 

BT-4 54.6 34.2 23.8 8.1 

BT-5 54.6 35.8 29.4 9.5 

BT-6 52.70 27.3 15.5 6.9 

BT-7 52.74 27.8 17.9 7.8 

BT-8 100.75 50.2 63.7 8.0 

BT-9 101.03 50.1 63.4 8.0 

Average    8.6±1.1 
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From the data of indirect tensile strength tests, load-displacement curves are drawn. 

Figure 5.10 shows a typical load-displacement curve for Brazilian tests. All indirect 

tensile test curves can be seen in Appendix B. 

 

Figure 5.10. Load versus displacement curve for BT-1 specimen 
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CHAPTER 6  

 

6.               MODE I FRACTURE TOUG HNESS TESTING WITH SNDB AND SCB 

GEOMETRIES  

 

Circular plate type disk specimen (SNDB) and semi-circular core disk specimen 

(SCB) were used to assign mode I fracture toughness KIc of the grey colored Ankara 

Gºlbaĸē andesite. After recording the failure loads, fracture toughness of the SNDB 

and SCB test specimens were calculated for mode I loading state. Totally, 81 fracture 

toughness tests were performed with SNDB and SCB specimens. Fracture tests were 

done by servo-hydraulic MTS 815 testing machine. In the tests, the loading was 

applied on SNDB and SCB specimens by a displacement-controlled way.  

6.1. Specimen Preparation for Mode I Fracture Toughness Test 

Specimen preparation is important process of the rock fracture tests. Attention to the 

sample preparation process prevents unwanted irregularities and poor results. Some 

equipment use for the process of the specimen preparation. Boring machine, milling 

machine, diamond circular saw, MTS, caliper gage, goniometer and water gage are 

some of them.  

The boring machine was used to core from the large blocks (Figure 6.1). The only 100 

mm diameter cores were used in this experimental works.  
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Figure 6.1. Boring machine 

Cored specimens were cut discs into different thicknesses which were about 55 mm 

and 65 mm for SNDB and SCB specimens by using a rotary saw machine (Figure 6.2). 

Furthermore, the rotary saw machine was used to divide disk specimens to semi-

circular disk specimens for the preparation of the SCB specimens. 

 

Figure 6.2. Rotary saw machine 
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Generally, deflection occurred during the cutting processes with rotary saw machine 

because the diameter of the rotary saw machine is so large. Milling machine was used 

to remove this deviation (Figure 6.3). It was used to create more flat surfaces of SNDB 

and SCB specimens. Diamond impregnated milling cutter were used to reach this aim. 

Any irregularities of the test specimens cause incorrect results of the fracture 

toughness tests. So, the process in the milling machine is important for the preparation 

of the SNDB and SCB test specimens. 

 

Figure 6.3. Milling  machine 

The diamond circular saw machine was used to open the notch. Notch length was 

adjusted by a digital caliper. The diamond impregnated circular saw was utilized for 

notching processes on both SNDB and SCB specimens. The thickness of the diamond 

impregnated circular saw has 0.5 mm. Figure 6.4 shows the diamond circular saw 

machine and digital caliper. The notch length was kept fixed as 10 mm for the SNDB 

and SCB specimens. Unfortunately, there is a deviation value of the diamond circular 

saw machine. This value is about ±0.2 mm. Thus, the notch value was set the digital 

caliper 9.9 mm or 10.01 mm to obtain a 10 mm notch length. 

The center line was marked on the upper flat surface of the SNDB specimen. SNDB 

test specimen was put as parallel to the floor of the diamond circular saw machine 
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(Figure 6.4). SNDB test specimens were fixed with the holding fixture equipment 

during opening the notching processes. 

 

Figure 6.4. Diamond circular saw machine with SNDB test specimen 

The centerline was marked on SCB test specimens. The semi-circular disk was located 

in a special bowl to keep it fix during the notching process (Figure 6.5). 

 

Figure 6.5. Diamond circular saw machine with SCB test specimen 
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6.2. Fracture Tests 

The fracture toughness tests were conducted by stiff servo-controlled MTS 815 Rock 

Testing System. SNDB and SCB specimens were located between loading platens. 

The upper platen has 500kN ± 0.25 load-cell. Disk and semi-circular disk specimens 

were loaded with displacement-controlled fashion with a two-stage. The controller 

unit of the FlexTest 40 provides the actuator to act with controlling of displacement. 

Inētially, loading was applied to the test specimens with high rate as 0.0005 mm/s This 

load rate continue till the load limit detector. In second loading stage, loading was 

applied to the test specimens with low rate as 0.0003 mm/s At the end of the test time, 

the maximum load was recorded to calculate the fracture toughness. 

SNDB and SCB specimens were tested under three-point bending to find the fracture 

toughness value for mode I. Bending condition was provided by rollers that have 8 

mm diameter. One of them was located at the upper surface of the specimen for 

loading purposes. The other two of them were located at the bottom surface of the 

specimen for supporting purposes. 

6.2.1. Testing Work with SNDB Specimen 

In the fracture toughness tests, each core specimen diameter was kept as 100 mm. 

With SNDB geometry, specimens with two different circular disk thicknesses t= 50 

and 60 mm were prepared to be tested. The notch length was kept fixed as 10 mm for 

all SNDB specimens. Specimens with thicknesses of t/R=1 and t/R=1.2 mm were 

prepared. Three-point bending loads were applied to the disks with nine different span 

lengths: S/R= 0.40, 0.45, 0.50, 0.55, 0.60, 0.70, 0.80, 0.85 and 0.90. Totally, 54 

fracture tests were done with SNDB specimen geometry. The detail dimensions of the 

SNDB specimens are given in Appendix C. Figure 6.6 shows the SNDB specimen 

during fracture toughness testing under three-point bending. The randomly chosen 

SNDB specimen photos during the test and all specimens after the test can be seen in 

Appendix D. 
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Figure 6.6. SNDB specimen configuration 

The specimens were labeled to organize the samples and the results of the fracture 

toughness tests.  Specimens were coded in terms of the disk thickness, span length 

(S/R) and specimen number for SNDB testing work. 

SNDB ï 60 ï 040 -1 

      Straight Notched Disk    Thickness    S/R      Specimen number 

                  Bending 

 

SNDB specimens with 50 mm and 60 mm thickness are shown in Figure 6.7. 
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Figure 6.7.  SNDB specimens with 60 and 50 mm thickness 

An example of the mode I fracture toughness (KIc) calculation was presented for 

SNDB specimen. To calculate KIc of the SNDB specimen, stress intensity factor KI was 

computed by ABAQUS initially. 100 mm diameter, 60 mm thickness, 40 mm span 

length and 10 mm crack length was assigned in ABAQUS for SNDB model geometry 

in this example. After the model was run, computed KI  was found 22.7618 0ÁЍÍ . 

The dimensionless stress intensity factor YI was calculated with Equation 6.1 and 6.2. 

 

ὣ
 

 Ѝ
     (6.1) 

„ ὖȾςὈὸ      (6.2) 

where; 

P= applied load (1N) 

D= diameter (0.1 m) 
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t= thickness (0.06 m) 

a= notch length (0.01 m) 

„ ρȾς πȢρ πȢπφ 

„ ψσȢσσ Pa 

ὣ
ςςȢχφ

ψσȢσσ Ѝ“πȢπρ
ρȢυτ 

The mode I fracture toughness (KIc) was calculated with Equation 6.3 and 6.4. 

KIc  ὣὍ„ὧὶЍ“ὥ   (6.3) 

„ ὖȾςὈὸ   (6.4) 

where; 

Pcr = load at fracture (64500 N) 

D = diameter (100.25 mm) 

t = thickness of the specimen (60.30 mm) 

a = notch length (0.01 m) 

 

„ φτυππȾς ρππȢςυφπȢσπ 

„ υȢσσ MPa 

KIc ρȢυτυȢσσЍ“πȢπρ ρȢτφ -0ÁЍÍ 

All fracture test results for SNDB specimens with 50 mm and 60 mm thickness are 

given in Table 6.1 and 6.2. 
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Table 6.1. SNDB fracture test results for t=50 mm 

Specimen Code 
Fracture 

Load 

Mode I Fracture 

Toughness (KIc) 

Avg. Mode I Fracture 

Toughness (KIc) 

 kN ἙἜἩЍἵ ἙἜἩЍἵ 

SNDB-50-040-1 35.65 1.20 
1.29 SNDB-50-040-2 35.90 1.21 

SNDB-50-040-3 43.63 1.47 

SNDB-50-045-1 30.28 1.20 

1.27 
SNDB-50-045-2 26.48 1.06 

SNDB-50-045-3 35.42 1.41 

SNDB-50-045-4 36.20 1.44 

SNDB-50-050-1 27.86 1.26 
1.25 SNDB-50-050-2 28.93 1.31 

SNDB-50-050-3 26.27 1.19 

SNDB-50-055-1 20.32 1.04 
1.23 SNDB-50-055-2 23.57 1.21 

SNDB-50-055-3 27.80 1.43 

SNDB-50-060-1 20.54 1.14 
1.22 SNDB-50-060-2 20.93 1.16 

SNDB-50-060-3 24.28 1.35 

SNDB-50-070-1 19.23 1.30 
1.21 SNDB-50-070-2 17.50 1.18 

SNDB-50-070-3 16.86 1.14 

SNDB-50-080-1 15.34 1.19 
1.20 SNDB-50-080-2 14.32 1.12 

SNDB-50-080-3 16.58 1.28 

SNDB-50-085-1 14.80 1.23 
1.19 SNDB-50-085-2 15.33 1.27 

SNDB-50-085-3 12.95 1.08 

SNDB-50-090-1 14.20 1.25 
1.18 SNDB-50-090-2 13.69 1.21 

SNDB-50-090-3 12.17 1.08 

Average ± STD 23.11±8.66 1.23±0.11  

 

According to Table 6.1, average mode I fracture toughness  (KIc) of SNDB specimen 

with 50 mm thickness was found as 1.23±0.11 -0ÁЍÍ . 
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Table 6.2. SNDB fracture test results for t=60 mm 

Specimen Code 
Fracture 

Load 

Mode I Fracture 

Toughness (KIc) 

Avg. Mode I Fracture 

Toughness (KIc) 

 kN ἙἜἩЍἵ ἙἜἩЍἵ 

SNDB-60-040-1 64.50 1.46 
1.52 SNDB-60-040-2 63.89 1.45 

SNDB-60-040-3 73.46 1.66 

SNDB-60-045-1 62.35 1.72 
1.50 SNDB-60-045-2 59.46 1.64 

SNDB-60-045-3 41.19 1.14 

SNDB-60-050-1 47.64 1.53 
1.48 SNDB-60-050-2 45.05 1.45 

SNDB-60-050-3 45.93 1.47 

SNDB-60-055-1 41.91 1.52 
1.45 SNDB-60-055-2 38.01 1.37 

SNDB-60-055-3 40.49 1.47 

SNDB-60-060-1 29.63 1.20 
1.41 SNDB-60-060-2 39.83 1.60 

SNDB-60-060-3 35.69 1.44 

SNDB-60-070-1 24.16 1.16 
1.32 SNDB-60-070-2 30.89 1.49 

SNDB-60-070-3 27.39 1.32 

SNDB-60-080-1 18.54 1.04 

1.27 
SNDB-60-080-2 28.06 1.56 

SNDB-60-080-3 26.94 1.50 

SNDB-60-080-4 17.50 0.98 

SNDB-60-085-1 21.56 1.28 
1.25 SNDB-60-085-2 20.72 1.24 

SNDB-60-085-3 20.62 1.22 

SNDB-60-090-1 19.02 1.21 1.21 

Average ± STD 37.86±16.25 1.39±0.19  

 

According to Table 6.2, average mode I fracture toughness (KIc) of SNDB specimen 

with 60 mm thickness was found as 1.39±0.19  -0ÁЍÍ . 
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6.2.2. Testing Work with SCB Specimen 

The fracture tests with SCB geometry which has 50 mm thickness were performed to 

be tested. The notch length was kept fixed as 10 mm for all SCB specimens. 

Specimens thickness of t/R=1 were prepared with nine different span lengths S/R= 

0.40, 0.45, 0.50, 0.55, 0.60, 0.70, 0.80, 0.85 and 0.90. Totally, 27 fracture tests were 

done with SNDB specimen geometry. The detail dimensions of the SNDB specimens 

are given in Appendix C. Figure 6.8 shows the SCB specimen during fracture 

toughness testing under three-point bending. The randomly chosen SCB specimen 

photos during the test and all specimens after the test can be seen in Appendix D. 

 

 

Figure 6.8. SCB specimen configuration 

The specimens were labeled to organize the samples and results of the fracture tests. 

The specimens were coded in terms of the thickness, span length (S/R) and specimen 

number for SCB. 
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SCB ï 50 ï 040 -1 

          Semi-Circular     Thickness      S/R      Specimen number 

                                       Bend 

One example of the SCB specimen after the testing work is shown in Figure 6.9. 

 

Figure 6.9. SCB specimen 

An example of the mode I fracture toughness (KIc) calculation was presented for SCB 

specimen. To calculate KIc of the SCB specimen, stress intensity factor (KI) was 

computed by ABAQUS initially. 100 mm diameter, 50 mm thickness, 40 mm span 

length and 10 mm crack length was assigned in ABAQUS for SCB model geometry 

in this example. After the model was run, computed KI  was found 64.4761 0ÁЍÍ . 

The dimensionless stress intensity factor (ὣ) was calculated with Equation 6.5 and 

6.6. 

ὣ
 

 Ѝ
                        (6.5) 

„ ὖȾςὙὸ       (6.6) 
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where; 

P = applied load (1 N) 

R = radius (0.05 m) 

t = thickness (0.05 m) 

a = notch length (0.01 m) 

„ ρȾς πȢπυπȢπυ 

„ ςππ Pa 

ὣ
φτȢτψ

ςππ Ѝ“πȢπρ
ρȢψς 

The mode I fracture toughness (KIc) was calculated with Equation 6.7 and 6.8. 

KIc ὣ„ Ѝ“ὥ   (6.7) 

„ ὖȾςὈὸ   (6.8) 

 

where; 

Pcr = load at fracture (18530 N) 

R= radius (50.33 mm) 

t= thickness of the specimen (50.30 mm) 

a= notch length (0.01 m) 

 

„ ρψυσπȾς υπȢσσυπȢσπ 

„ σȢφφ MPa 

KIc ρȢψςσȢφφЍ“πȢπρ ρȢρψ -0ÁЍÍ 
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All fracture test results for specimens with 50 mm thickness are given in Table 6.3. 

Table 6.3. SCB fracture test results for t=50 mm 

Specimen Code 
Fracture 

Load 

Mode I Fracture 

Toughness (KIc)  
Avg. Mode I Fracture 

Toughness (KIc)  

 kN ἙἜἩЍἵ ἙἜἩЍἵ 

SCB-50-040-1 19.34 1.24 
1.20 SCB-50-040-2 18.53 1.18 

SCB-50-040-3 18.31 1.17 

SCB-50-045-1 13.34 1.03 
1.04 SCB-50-045-2 13.20 1.02 

SCB-50-045-3 13.90 1.07 

SCB-50-050-1 11.19 1.00 
1.03 SCB-50-050-2 11.01 0.98 

SCB-50-050-3 12.54 1.12 

SCB-50-055-1 12.24 1.24 
0.96 SCB-50-055-2 6.52 0.66 

SCB-50-055-3 9.73 0.99 

SCB-50-060-1 6.86 0.78 
0.90 SCB-50-060-2 7.10 0.81 

SCB-50-060-3 9.65 1.10 

SCB-50-070-1 5.09 0.70 
0.88 SCB-50-070-2 6.84 0.94 

SCB-50-070-3 7.18 0.99 

SCB-50-080-1 4.29 0.70 
0.80 SCB-50-080-2 4.57 0.74 

SCB-50-080-3 5.98 0.97 

SCB-50-085-1 4.90 0.86 
0.79 SCB-50-085-2 3.92 0.69 

SCB-50-085-3 4.64 0.81 

SCB-50-090-1 2.91 0.55 
0.73 SCB-50-090-2 4.14 0.78 

SCB-50-090-3 4.62 0.87 

Average ± STD 8.98±4.83 0.93±0.19  

 

According to Table 6.3, average mode I fracture toughness (KIc) of SCB specimen was 

found as 0.93±0.19  -0ÁЍÍ . 
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CHAPTER 7 

7.               RESULTS AND DISCUSSION 

 

The effect of the size and loading span on KIc was observed for the tests using SNDB 

specimen geometry under three-point bending loads. Effect of span length on KIc for 

the tests using well-recognized SCB geometry under three-point bending was clearly 

identified in the laboratory work effort. The aim is to see that the span length effect 

for another similar geometry and compare the results. Varying span lengths had an 

important effect on the mode I fracture toughness. Increasing the specimen thickness 

had an effect on KIc which was the specimen size effect on mode I fracture toughness. 

The results of the tests with the two specimen geometries yielded different mode I 

fracture toughness. To explain this phenomenon, stress analyses were conducted on 

numerical models of SNDB and SCB test geometries. Average loads from the 

experiments were applied to the SNDB and SCB model geometries to comparatively 

analyze the extent of the plastic region under mode I loading condition. Stress analysis 

was performed along the paths ahead of the crack tip in the models. 

7.1. Analysis of the Fracture Toughness Tests Results 

Average KIc results from all of the fracture test results are plotted against span in Figure 

7.1. Spans vary from S/R= 0.40 to 0.90 in the Figure 7.1. Each average data point there 

corresponds to the average of three tests with the particular geometry. Fitted curves 

are attached to the data points in Figure 7.1. 
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Figure 7.1. Average facture toughness versus S/R for SNDB and SCB specimen geometries 
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Fitted cubic polynomial for SNDB data of t=60 mm disk geometry has a good fitting 

quality with R2=0.99 as seen in the Figure 7.1. For SNDB data with thickness 50 mm 

and for SCB data, cubic polynomial curves are the best fits with correlation 

coefficients around 0.99.   

The measured fracture toughness changes with the thickness of the SNDB specimen. 

Average mode I fracture toughness of all SNDB tests with thicknesses of 60 and 50 

mm were 1.39±0.19 ὓὖὥЍά and 1.23±0.11 ὓὖὥЍά, respectively. KIc of the SNDB 

specimen for t=60 mm is about 13% higher than KIc of the SNDB specimen for t=50 

mm. The fracture tests could not be conducted with disks having larger thickness than 

60 mm, since crushing was observed underneath the rollers contacting and loading the 

specimens. The high stress concentration under line load caused crushing. Another 

observation in Figure 7.1 is that KIc difference for 60 mm and 50 mm disk tests gets 

larger for smaller spans such as S/R=0.40.  

Effect of the loading span on KIc for tests with both SNDB and SCB geometries is 

clearly observed in overall results. Among all tests, the highest average KIc is 1.52 

ὓὖὥЍά  for 60 mm thick SNDB specimen geometry with the smallest span of 

S/R=0.40.  For this thickness group, the lowest value is 1.21 ὓὖὥЍά for tests with 

span of S/R=0.90.  For t=50 mm group, the highest average KIc is 1.29 ὓὖὥЍά  again 

for the smallest span represented by S/R=0.40. With span of S/R=0.90, the lowest 

value is 1.18 ὓὖὥЍά  for 50 mm thickness group,    

KIc of the SNDB specimen with t=60 mm decreases by about 26% when span is 

increased from S/R=0.40 to 0.90. The KIc of the SNDB specimen for t=50 mm 

decreases by about 10% when span is increased from S/R=0.40 to 0.90.  

Average mode I fracture toughness value for all SCB specimens is obtained as 

0.93±0.19  ὓὖὥЍά , regardless of span. The average KIc measured by the SCB tests 

is about 50% lower than the average of all SNDB tests with 60 mm thickness, 

regardless of span.  The average KIc measured by the SCB tests is about 32% lower 

than the average of all SNDB tests with 50 mm thickness.  
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Regarding the variation of KIc with span, a similar but stronger effect is observed for 

the tests with well-known SCB geometry.  Among all SCB tests, the highest average 

KIc is 1.20 ὓὖὥЍά. For SCB tests, the lowest average value is 0.73 ὓὖὥЍά. 

According to this, KIc of the SCB decreases by around 64% when span length is 

increased from S/R=0.40 to 0.90. 

In summary, increasing the thickness of the SNDB disk specimen geometry is clearly 

identified; KIc increases with disk thickness. This increase is much higher for the tests 

with lower S/R of three-point bending load configuration. For larger S/R, the beam 

effect gets more dominant resulting in more bending action and lower KIc values. For 

SCB results, the same trend exists in a stronger fashion. Another important finding 

that SCB results are definitely lower than the results of SNDB tests. This can be due 

to the fact that SCB geometry is more susceptible to beam-like action compared to 

SNDB geometry under three-point bending with a low span.  

According to Figure 7.1, the data points around the trend curve of SCB tests show 

larger variations.  The deviation of data points is higher than those of SNDB tests. 

Hence, the curve and the trend line fits better in the results of SNDB tests.  

Polynomial function of third degree results as the best fit between mode I fracture 

toughness (KIc) and span length (S/R) for 60 mm thick SNDB specimens in Figure 7.1. 

The average maximum and minimum KIc can be obtained by using first derivative test. 

A second degree polynomial function is obtained after taking the first derivative of 

the polynomial function of degree three. The two different critical points are acquired 

from the first derivative operation. These critical points are at S/R=0.33 and 0.98. 
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Figure 7.2. Graph of the fitted function 

The polynomial of degree three for the test results of 60 mm thick SNDB specimen 

test has a maximum value 1.53 ὓὖὥЍά  at the point S/R=0.33 and has a minimum 

value 1.20 ὓὖὥЍά at the point S/R=0.98 (Figure 7.2). The average maximum and 

minimum KIc obtained from both SNDB tests and polynomial of degree three are quite 

similar. It is interesting to note that average minimum value of KIc =1.20 ὓὖὥЍά is 

exactly equal to the SCB test data point for the lowest span of S/R=0.40.  

Considering the high quality of the tests, the results, and the fitted trend curves, it can 

be claimed that the mode I fracture toughness from a three-point bend test approaches 

to the identified maximum which is KIc =1.53. As reported in the literature section, 

SCB testing method is commonly preferred by the researchers due to the its simplicity 

in specimen preparation and easiness of testing procedure. However, as found here, it 

suffers too much from beam-like bending action. It is suggested that to find a KIc which 

is effected minimum from bending action SCB testing should be carried out with a 

loading configuration having S/R=0.40 or less, and the result must be corrected with 

the factor found as for SNDB geometry with t=60 mm.    
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In literature, span over radius (S/R) changed between 0.50 and 0.80 SCB method. 

ISRM suggested a range for SCB test as 0.50 ÒS/RÒ0.80 (ISRM, 2007). As a 

contribution here, successful results for both SNDB and SCB tests are provided for 

specimens under three-point bending load with S/R=0.40.  For a span of S/R=0.40:          

KIc (SNDB)=1.27 KIc (SCB)   (7.1) 

 

7.2. Stress Analyses of the SNDB and SCB Specimen 

To investigate the plastic zone or so-called fracture process zone (FPZ), stress analyses 

are conducted along the paths at the notches of SNDB (straight notched disk bending) 

and SCB (semi-circular bending) geometries. Paths covering sufficient number of 

finite elements ahead of the seam crack are assigned to some ABAQUS models. The 

selected SNDB and SCB models have the same loading configuration with S/R=0.90. 

For SNDB geometry, two models with t/R=1.0 and t/R=1.2 are chosen for the analysis.  

The reason for choosing a large span represented as S/R=0.90 is to proceed with a 

geometry which exaggerates the beam bending action. 

Average loads from the experiments are 19.02 kN for 60 mm thickness SNDB 

specimen, 13.35 kN for 50 mm thickness SNDB specimen and 3.89 kN for SCB 

specimen, all having span of S/R=0.90. These average loads are applied to the SNDB 

and SCB models to simulate and generate the real stress fields of the particular tests. 

Purpose is estimate and compare the extent of the plastic region for the three cases in 

consideration.  

The stress path covering the contour integral region ahead of the crack tip is shown in 

Figure 7.3. 
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Figure 7.3. Stress path for mode I loading 

 

ůxx stress is the main stress component leading to the crack opening and propagation.  

Stress contours perpendicular to the front of the seam crack (ůxx) are plotted for SNDB 

and SCB model geometries, (Figure 7.4). Stress concentration at the crack tip is more 

intense for SCB model geometry. The least intense stress concentration is observed 

for SNDB geometry of 60 mm thickness.  
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Figure 7.4. ůxx stress contours for t=60 mm SNDB, t=50 mm SNDB and SCB near the crack tip 
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Values of ůxx for SNDB and SCB model geometries are given in Table 7.1. First 

column is the ratio of the true distance along the path and crack length which is 

represented as d/a. ůxx of the SCB model geometries are higher than the ůxx of the 

SNDB model geometries. ůxx decreases with increasing thickness of SNDB model 

geometries. 

Table 7.1. ůxx for SNDB model with 60 mm and 50 mm thickness and SCB model 

 (d/a) 
 ůxx of the 

SNDB t=60 mm 

ůxx of the 

SNDB t=50 mm 

ůxx of the 

SCB  

 MPa MPa MPa 

0.00 23.52 24.75 30.63 

0.03 15.31 16.16 16.69 

0.08 9.56 10.10 10.94 

0.13 6.82 7.23 7.42 

0.19 5.37 5.72 6.09 

0.24 4.44 4.73 5.22 

0.30 3.76 4.03 4.62 

0.35 3.25 3.48 3.78 

0.40 2.85 3.11 3.35 

0.45 2.56 2.73 3.38 

0.50 2.17 2.30 2.95 

 

ůxx versus d/a is plotted for all three specimen geometries in Figure 7.5. In the figure, 

individually fitted curves for SCB and two SNDB cases are marked and the related 

equations are given. Tensile strength threshold is marked as T0 and used to calculate 

the extent of possible tensile yield zone or so-called process zone. The extent of the 

yielded zone is traditionally symbolized as ry.  
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Figure 7.5. ůxx stress along SNDB and SCB models stress path  

As can be seen in Figure 7.5, the horizontal stress curves go to infinity at the crack tip. 

These curves are intersected by the value of the tensile strength Ὕ  which is 8.6±1.1 

MPa found from indirect tensile strength tests. To estimate the size of a possible plastic 

or yield zone ahead of the crack tip, the following calculation steps are presented as 

an example: 

ůxx = T0 =15.12e-4.27(d/a) 
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where; 

d/a = yield parts 

ry = yielded zone size or extent 

8.6   = 15.12e-4.27(d/a) 

ry/a = d/a = 0.132 

The extent for SNDB specimens which has 60 mm thickness and 50 mm thickness are 

found as ry/a =0.132 and ry/a =0.146 respectively. The calculated extent for SCB model 

was ry/a =0.170. Extent of the possible plastic zone for 60 mm thickness SNDB 

specimen is around 11% lower than SNDB specimen with 50 mm thickness. The 

extent of the yield zone at the crack tip become narrow with increasing specimen 

thickness of SNDB specimens.  

The extent of the possible plastic zone of the SCB specimen is around 29% higher 

than SNDB specimen of 60 mm thickness under tensile mode I loading. The extent of 

the plastic region of the SCB specimen is around 17% higher than the extent of the 

plastic zone for 50 mm thick SNDB specimen geometry. 
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CHAPTER 8 

 

8. CONCLUSIONS AND RECOMMENDATIONS  

 

Straight notched disk bending (SNDB) mode I fracture toughness testing method was 

preferred due to simplicity of core-based specimen preparation and flexibility to adjust 

disk specimen thickness for analyzing size effect on the toughness.  Span lengths of 

three-point loading configuration could be varied and optimum span could be found 

to reach consistent results for mode I fracture toughness. Another three-point bend 

test, so called semi- circular bending (SCB) test was the choice for comparison 

purposes.  

A verification problem of the three-point bending plate was modeled in ABAQUS. 

Results were compared to the analytical solution.  Accuracy of the results from the 

modeling work was around 2% in this verification problem. 

Another verification example was the modeling of well-known SCB specimen 

geometry under three-point bending. The modeling procedure and work were verified 

by modeling SCB geometries and comparing the SIF results available the previous 

work. The results were compatible within differences around 1%. 

In results of the numerical modeling, one observation is that the dimensionless mode 

I SIF (YI) of the SNDB decreases with increasing thickness. YI of the SNDB and SCB 

geometries increases with increasing span length (from S/R=0.40 to S/R=0.90). A 

linear relation between YI and S/R for both SNDB and SCB geometries is found to be 

the best fit. 

One significant finding is that overall average KIc of the SNDB decreases around 13% 

(from 1.39 -0ÁЍÍ to 1.23 -0ÁЍÍ ) as the specimen thickness decreases. 



 

 

 

94 

 

KIc of the SNDB specimen for t=60 mm decreases by around 26% (from 1.52 -0ÁЍÍ 

to 1.21 -0ÁЍÍ ) with increasing span (from S/R=0.40 to 0.90). The KIc of the SNDB 

specimen for t=50 mm decreases by around 10% (from 1.29 -0ÁЍÍ to 1.18 -0ÁЍÍ)  

with increasing span (from S/R=0.40 to 0.90).  

The effect of the model geometry on KIc is obvious. The average KIc of the SCB tests 

(0.93 -0ÁЍÍ ) is about 50% lower than the average of all SNDB tests with t=60 mm 

(1.39 -0ÁЍÍ ). The average KIc of the SCB tests is about 32% lower than the average 

of all SNDB tests with t=50 mm (1.23 -0ÁЍÍ ). 

The effect of the changing span length is observed on well-known SCB geometry 

strongly. KIc of the SCB decreases by around 64% (from 1.20 -0ÁЍÍ to 

0.73 -0ÁЍÍ) with increasing span length (from S/R=0.40 to 0.90). The KIc decreasing 

trend of the SCB geometry with span length is seen to be stronger than SNDB 

geometry.  

One original contribution is that in addition to the S/R ratios commonly used in the 

previous works, the fracture toughness tests were performed with S/R=0.40 for the 

first time. Successful results were obtained without crushing the beam samples under 

the loading and support rollers.  

It was concluded that the beam effect increases with the increasing S/R due to the more 

bending action. Hence, the value of the mode I fracture toughness decreased. The 

beam effect on the SCB geometry under the three-point bending loading condition 

was found to be stronger than the SNDB geometry. 

The stress analysis was done on the SNDB and SCB geometries to predict the extent 

of the possible plastic zone at the crack tip under a three-point bending loading 

condition. The extent of the plastic zone of the SNDB specimen with t=60 mm is 

around 11% lower than SNDB specimen with t=50 mm. The extent of the plastic zone 

of the SCB specimen is around 29% and 17% higher than the SNDB specimen 

geometries with 60 mm and 50 mm thicknesses, respectively. 
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Some recommendations for future work are listed as; 

ü These results will be useful in minimizing fracture process zone (FPZ) for new 

testing techniques.  

ü These results can be used to estimate the tensile stresses and beam action for a 

proper design of the bolt mechanisms based on fracture mechanics. Beam 

action is reduced by decreasing tensile stresses in bolting. 

ü Shotcrete is a major supporting unit for tunnel constructions, underground 

openings in mining applications and many other areas. Cracking of shotcrete 

is caused by beam action. Furthermore, shrinkage of the shotcrete results in 

tensile loading leading to the propagation of cracks. These results will be 

useful to predict the life expectancy of shotcrete due to the early-age shrinkage 

cracking. The beam type specimen geometries under three-point bend loading 

can be used to estimate the fracture behavior of the shotcrete.  

ü The effects of the different notch lengths on mode I fracture toughness can be 

investigated. 

ü Process of the specimen preparation should be done carefully. Especially, 

flatness and paralleling of the specimen surfaces are very important for 

accuracy of the results of the fracture tests.  

ü Specimen diameter (D) can be varied to investigate the effect on fracture 

toughness in mode I. 

ü The effect of thickness and span length and specimen geometry on the mode I 

fracture toughness can be investigated for the rock types with different 

characteristics. 
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