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ABSTRACT 

 

CONTROL AND TRAJECTO RY PLANNING OF A QUA DROTOR WITH A      

2-DOF ROBOTIC ARM FO R PRECISE TARGET ENGAGEMENT  

 

Sel, Mehmet Anēl 

Master of Science, Mechanical Engineering 

Supervisor: Assist. Prof. Dr. Ali Emre Turgut 

Co-Supervisor: Assist. Prof. Dr. Kutluk Bilge Arēkan 

 

January 2020, 160 pages 

In this study, control and trajectory planning of a quadcopter system is presented for 

precise target engagement. Quadcopter system consists of a quadcopter body, a 2-

DOF robotic arm mounted at the bottom and an object is held by the end-effector of 

the robotic arm. As for the dynamics of the quadcopter system is derived by using the 

kinematic relations of the system members. Equation of motion is obtained by using 

Lagrange-dôAlembertôs Principle. Then, object-target engagement is investigated by 

considering an adjustable trajectory. Two mission parameters which are the relative 

distance of the target and the release angle of the object are established for shaping 

the trajectory. The forward kinematics algorithm is developed for finding the 

engagement states. Reference inputs of the quadcopter system are optimized by 

minimization of the control effort. The trajectory of the quadcopter system is planned 

for the initial to engagement state of the quadcopter system. Firstly, the cascaded PID 

controller is designed by linearizing the equation of motion of the quadcopter system. 

The controller is tested with the existence of the motor and the sensor subsystems of 

the simulation environment. An object throwing scenario is executed by generating 

the control commands with trial error method. Cascaded PID controller is also 

implemented in the real physical system. Then, hardware dependent algorithms are 

developed in order to improve the flight performance. In addition to that, quadcopterôs 

moment of inertia is identified to have more realistic model of the system in the 
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simulation environment. Secondly, an infinite horizon LQR controller is developed 

for trajectory tracking. That controller is designed by considering the linearized 

equation of motion of the system. That controller structure is also tested in the same 

simulation environment. Precise target engagement is investigated while analyzing the 

energy consumption. All the proposed controller algorithms, kinematics and the 

dynamics of the quadcopter system are implemented in MATLAB/Simulink. Finally, 

the first controller structure is performed in the real physical system. However, both 

control algorithms are validated in simulation based experiments. In the framework, 

feasibility of the optimal trajectory with respect to both quadcopter system dynamics 

and the control inputs is guaranteed. Precise target engagement is achieved by the 

successive system performance.  

Keywords: Precise Target Engagement, Quadcopter, Trajectory Optimization, 

Trajectory Planning, Aerial Manipulation, Cascaded PID Controller, LQR Controller, 

Moment of Inertia Identification, Quadcopter Physical Implementation, Throwing an 

Object  
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¥Z 

 

HASSAS NĶķAN ĶLE HEDEFLE BULUķMA Ķ¢ĶN 2 SERBESTLĶK 

DERECELĶ ROBOT KOLU ĶLE KUADKOPTER SĶSTEMĶNĶN KONTROL¦ 

VE Y¥R¦NGE PLANLAMASI 

 

Sel, Mehmet Anēl 

Y¿ksek Lisans, Makina M¿hendisliĵi 

Tez Danēĸmanē: Dr. ¥ĵr. ¦yesi Ali Emre Turgut 

Ortak Tez Danēĸmanē: Dr. ¥ĵr. ¦yesi Kutluk Bilge Arēkan 

 

Ocak 2020, 160 sayfa 

Bu tez ­alēĸmasēnda, bir dºrt pervaneli robot helikopter sisteminin yºr¿nge planlamasē 

ve kontrol¿n¿n hassas niĸan ile hedefle buluĸturulmasē sunulmuĸtur. Dºrt pervaneli 

robot helikopter sistemi, dºrt pervaneli robot helikopter gºvdesi, alttan entegre 2 

serbestlik dereceli bir robot kolu, u­ elemanē ile bir objeden meydana gelmektedir. 

B¿t¿nsel gºvde dinamiĵi, sistem par­alarēnēn kinematik iliĸkilerinden t¿retilmiĸtir. 

Hareket denklemleri ise Lagrange-DôAlembert prensibinden elde edilmiĸtir. 

Ardēndan, obje-hedef buluĸmasē bi­imlendirilebilir yºr¿nge ºzelliĵinin dikkate 

alēnmasē ile incelenmiĸtir. Yºr¿nge bi­imlendirme, iki deĵiĸkenden meydana gelen 

obje hēzē ve objenin bērakēlma a­ēsē ¿zerinden olacak ĸekilde kurgulanmēĸtēr. Bunun 

ardēndan, ileriye doĵru kinematik algoritmasē geliĸtirilerek sistem atēĸ durumlarē 

ºnceden belirlenmiĸ obje yºr¿ngesi ¿zerinden elde edilmiĸtir. B¿t¿nsel sistem 

referans girdileri kontrolc¿ girdileri ¿zerinden minimize edilecek ĸekilde optimize 

edilmiĸtir. B¿t¿nsel sistem yºr¿ngesi, sistemin ilklendirme durumundan, ºnceden 

belirlenmiĸ atēĸ durumuna olacak ĸekilde planlanmēĸtēr. ¥ncelikli olarak, temsili 

ardarda baĵlanmēĸ PID yapēsē, doĵrusallaĸtērēlmēĸ hareket denklemleri ¿zerinden 

b¿t¿nsel sistem i­in tasarlanmēĸtēr. Kontrolc¿ ideal olmayan motor ve sensºr 

modelleri ile sim¿lasyon ortamēnda test edilmiĸtir. Deneme yanēlma yºntemi ile 

t¿retilmiĸ kontrol komutlarēyla obje atma senaryosu uygulanmēĸtēr. Ayrēca, ardarda 
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baĵlanmēĸ PID kontrolc¿s¿ ger­ek sisteme aktarēlmēĸtēr. U­uĸ g¿rb¿zl¿ĵ¿n¿ 

arttērabilmek i­in u­uĸ algoritmasē geliĸtirilmiĸtir. Sim¿lasyon ortamēnē 

ger­ek­ileĸtirmek adēna dºrt pervaneli robot helikopter ataleti tanēmlanmēĸtēr. Diĵer 

deneysel parametreler de sim¿lasyona uygulanmēĸtēr. Sonrasēnda, yºr¿nge takibi 

­alēĸmasē i­in bir sonsuz ufuk LQR kontrolc¿s¿ geliĸtirilmiĸtir. Kontrolc¿, 

doĵrusallaĸtērēlmēĸ hareket denklemlerinden tasarlanmēĸtēr. Bu kontrolc¿ yapēsē da 

ideal olmayan motor ve sensºr modelleri ile sim¿lasyon ortamēnda test edilmiĸtir. 

Hassas hedefle buluĸma konusu analiz edilirken enerji t¿ketimi incelenmiĸtir. B¿t¿n 

ºnerilen algoritmalar ve sistem seviyesi uygulamalar MATLAB/Simulink ortamēnda 

tasarlanmēĸtēr. Son olarak, ilk a­ēklanan kontrolc¿ yapēsē ger­ek sistemde test 

edilmiĸtir ve bununla birlikle iki kontrolc¿ yapēsē, simulasyon ­alēĸmalarē ile test 

edilmiĸtir. 

Anahtar Kelimeler: Hassas Hedef Buluĸmasē, Kuadkopter, Yºr¿nge Optimizasyonu, 

Yºr¿nge Planlama, Hava Manip¿lasyonu, Ardarda baĵlē PID kontrolc¿s¿, LQR 

kontrolc¿s¿, Atalet Momenti Tanēmlama, Kuadkopter Fiziksel Uygulamasē, Bir Obje 

Fērlatma 
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CHAPTER 1  

 

1. INTRODUCTION  

 

1.1. Motivation of the Thesis 

As the technological improvements are increasing, demand for the mobile 

technologies are to be supplied. Because of this matter of fact, the interest behind 

UAVs is increasing in the last decade.  The grand potential on the UAVs is popped 

up. The developments in the design and the control of the UAVs are performed widely 

for making the communityôs life easier. Since they can be used not only within the 

research area but also within the industrial purposes. 

UAVs are classified depending on their application area. The most important 

classification of the UAVs can be made on their flying principle and their propulsions. 

The motorized subclass of their propulsion is divided into 3 parts [61]. The first one, 

the fixed-wing UAVs are mostly used for long distance at high altitude missions. They 

have a remarkable place in the meteorological reconnaissance and the navigation 

purposes in the military applications. The second one, flapping-wing type of UAVs 

are still under development. This classification simulates the way birds or insects fly. 

They are low endurance and micro size. They have the capability of vertical take-off 

and landing. In the last one, rotary wings UAVs in other words Vertical Take-off and 

Landing rotorcrafts are mostly used in the missions that require hovering mode. They 

are superior in air turbulence compared with other classifications of UAVs. 

Aerial robotics is a fast growing part of the rotary wings UAVs. The best example for 

this rapidly growing area in the community is the quadcopter systems. They are low 

cost and they can easily be modified for different configurations. Quadcopters also 

have vertical take-off and landing capabilities. In addition, they can be held stationary 
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in the air. Due to these properties, quadcopters are mostly used for military purposes, 

tactical surveillance or even in agriculture to increase the efficiency of cultivation. 

In order to increase capabilities of quadcopters, robotic arms in other words, flying 

hands are assembled [62]. So, they can manipulate and carry any type of a payload in 

its physical limits. The most of the focus on these systems is the mathematical model 

and the control of the full system. Quadcopter systems have 4 rotors and the various 

numbers of RC servos depending on the degree of freedom of the robotic arm that is 

attached. The links of the robotic arm may be considered to be controlled by the RC 

servo. However, the quadcopter body has 6-DOF in despite of 4 rotors. There is a 2-

DOF deficiency which defines this particular vehicle to have the underactuated nature. 

Representation of the quadcopter body is expressed by 3 Cartesian coordinates and 3 

unique sequences of Euler angles. So, 6 states to be controlled by 4 rotors which are 

the quadcopterôs control inputs. 2 state deficiency establishes several problems on 

stabilization and desired trajectory tracking. A hierarchical controlling architecture is 

mostly taken into an account. For this matter of fact, the 2 linear position and 2 angular 

position are coupled with the quadcopter body. The intermediate reference inputs are 

established for taking advantage of the underactuation. For example, the x-y position 

controller is coupled with the intermediate reference Euler pitch and roll angles, 

respectively. 

In this thesis, a quadcopter system consists of a quadcopter body, a 2-DOF robotic 

arm mounted at the bottom and an object is held by the end-effector of the robotic arm 

is studied. The main focus of this thesis study is the trajectory planning-tracking of 

the quadcopter system for precise target engagement.  

Briefly, the mathematical model of the quadcopter system is derived and controlled 

for the idea of precise target engagement. In this thesis, the developed control 

algorithms with the system specific applications are implemented in 

MATLAB/SIMULINK for understanding the system details while the quadcopter 

system on duty.  
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1.2. Aim of the Thesis Study 

In this thesis, it is aimed to throw a ball by using a quadcopter with a 2-DOF serial 

manipulator. Adjustable trajectory generation from the steady condition to an 

aggressive state of precise throw is covered for minimum system effort. At first, basic 

decoupled controllers are used in the simulation and tested in a real experimental 

setup. Then, infinite horizon linear quadratic regulator controller is developed for 

reaching the required engagement states of the quadcopter system. Controller 

performance limits are tested in the simulation based experiments. 

1.3. Thesis Outline 

The thesis consists of six chapters. The first chapter is prepared for giving the general 

idea of the dissertation. 

Chapter 2 details the literature related to the quadcopter types with their manipulators. 

Object throwing systems are also discussed for understanding different approaches. 

Mathematical modelling of the quadcopter system in the literature are analyzed. 

Developed control strategies for full system command tracking purposes are 

investigated. Experimental setups and hardware that are used in the quadcopter system 

are observed. Achieved performance index of the system hardware is observed. 

Trajectory generation for the quadcopter system or an object itself is also covered. 

Different types of scenario specific trajectory generation approaches are detailed 

accordingly. 

Chapter 3 focuses on kinematic and dynamic model of the quadcopter system. 

Kinematic relations are obtained from the mechanism of the quadcopter system. Then, 

Denavith-Hartenberg Parameters are found for the 2-DOF robotic arm. The system 

depended rotation matrices are defined for each member. Then, the equation of motion 

of the quadcopter system is derived by using Lagrange-dôAlembertôs Principle. 

Considering the decentralized approach, the quadcopter body and the robotic arm are 

controlled as two independent entities. After that, motor and sensor subsystems are 

developed to have more realistic modelling approach.  
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Chapter 4 is concentrated on throwing an object of a fixed target position. Engagement 

states of the quadcopter system are found by the forward kinematics algorithm. 

Minimum system effort trajectory optimization is studied from the initial state to 

engagement state of the quadcopter system. Then, LQR controller is developed for 

tracing the optimized trajectory.  

Chapter 5 details simulation based results. Controller algorithms and the subsystems 

are implemented in the simulation. Ball throwing scenarios are tested on the 

simulation environment. The precise target engagement is analyzed by considering the 

cascaded PID controller and the LQR controller. Energy analysis is also performed. 

The results are discussed. 

Chapter 6 presents the details of the hardware used in the real physical system. 

Controller cards and actuators are detailed. Cascaded PID controller algorithm is 

embedded to the controller card. Flight controller algorithm with the calibration steps 

are detailed. The data processing frequency of the sub-elements of the systemôs 

hardware is mentioned. Moment of inertia identification is experimentally found. 

Robotic arm details are presented. Experiments are performed. 

Chapter 7 discuss and summarizes the achievements of the thesis study. Rough 

information is also given for the future work studies. 
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CHAPTER 2  

 

2. LITERATURE REVIEW  

 

2.1. Quadcopter with Manipulator Systems and Throwing an Object 

Attention on rotary wings UAVs is increasing both in research and industrial purposes 

in the last decade. One of the most important subclass of the rotary wings UAVs is the 

quadcopters. Since the quadcopters have unique abilities such as high 

maneuverability, portable size and ease in the control. The most significant 

applications are emergency, search and rescue, military purposes like homeland 

security and search-and-destroy. In addition, they have the potential for earth sciences 

where they can give an opportunity in macroscale studies such as: climate changes, 

glacier dynamics and volcanic activities. 

Dexterity of the quadcopters is increased by the assembly of the flying hands, in other 

words the manipulators. Quadcopters with manipulator systems can be defined as 

UAMs [62]. Four main elements constitute the UAMs. The first element is the base 

of the UAM which is the quadcopter body. The second element is the robotic arm 

configuration. The third element is the gripper of the robotic arm. The last element is 

sensors mounted on the system in order to enhance their dexterity. Combinations of 

these 4 main elements form the different types of quadcopter systems and their 

applications. Each element of the system is detailed according to the studies. 

Aerodynamic effects on quadcopter flight regimes beyond hover position is studied 

[1]. Two main aerodynamic assumptions of the literature [61] are addressed as blade 

flapping and thrust force variation in the translational flight of the quadcopter. Both 

approaches are modelled. Generated thrust force and required power input for specific 

translational velocity is presented by considering the angle of attack of the quadcopter. 
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Equation of motion of the quadcopter is derived by considering the direction of the 

rotors. Specified unit of rotors are the control inputs for guiding the quadcopter to a 

required linear or angular position [2]. The control inputs determine the required 

moment to tilt the quadcopter while the total thrust force is separated out to each unit 

of rotor for the moment requirements. 

Trajectory generation-tracking of this particular type of vehicle is covered by various 

types of control algorithms which are studied to overcome the underactuated nature of 

the quadcopter system. This problematic nature is constructed by the equation of 

motion of the quadcopter. Then, non-linear dynamics of the quadcopter system is 

controlled by simplified and linearized dynamics of quadcopter on the 3-D space [3]. 

Controllers are designed according to four main channels which are X,Y,Z and Euler 

yaw angle. These channels are investigated for their equilibrium points. 

There are different types of manipulators used according to the task specific 

applications. In studies [4],[5], payloads are suspended via cable. The reason is that, 

the transportation requirement is the minimum swing and oscillation during the flight. 

Another type of the manipulation is achieved via the robotic arm configurations 

mounted to the bottom of the quadcopter.  Two types of robotic arm is used in the 

quadcopter systems. One of them is the parallel manipulator which is preferred for 

maximizing the load capacity. Parallel manipulators are better in rejecting the 

disturbance while take-off and landing mode [6]. The other type is the serial robotic 

arm which can carry relatively lighter payloads in the stability margins [7],[8],[9]. An 

important distinction of the serial manipulators is the number of DOF. Even a 7-DOF 

serial manipulator is tested on the real physical system [10].  

Capability of the quadcopter system is increased by the implementation of the various 

types of sensors. Quadcopterôs altitude localization is obtained from a distance sensor 

mounted on the bottom, in which the direction of the sensor is looking downwards. 

There are also indoor motion tracking hardware for quadcopter localization [19]. 

Considering the throwing idea, literature is limited.  



 

 

 

7 

 

Throwing is covered in some specific studies. In a study, golf-swing motion is 

emulated from human behavior [11]. Industrial type of robots are also used for 

investigating the idea of throwing an object [32], [33], [34]. 

In this thesis, a 2-DOF serial type of robotic arm with a gripper is selected for holding 

and throwing purposes of the quadcopter system. Thus, the literature is limited to the 

throwing an object from a quadcopter system.  

2.2. Literature on Contributions  

In the literature, there are many different types of approaches which target the 

modelling and controlling the dynamics of the quadcopter system. In this part, studies 

based on quadcopters, UAM, throwing an object and trajectory optimization of UAMs 

topics are investigated in the literature. 

2.2.1. Studies Based on Quadcopters 

Raffo et. al [20], non-linear robust control strategy is developed for solving the full 

system states of reference input  tracking problem due to the underactuated  nature of 

quadcopters. Dynamic linearization technique is used for the system feedback 

information. Control strategy is generated on the idealized simulation environment. 

Bellen et. al [12] concentrated on quadcopter stabilization with an unknown external 

inputs, that are the source of the unknown forces and moments. PID pose and PI 

wrench controller combination is designed in order to recover the unknown effects of 

interactions with environment. Scenarios are tested on the experimental setup. After 

this study, Fumagalli et. al [19], proposed a modified controller gain solution for the 

unknown disturbances and interactions of the quadcopter with the environment. 

Controller gains are tuned online for the unknown external force inputs. The system 

is also tested in the experimental setup. OptiTrack position tracking system is used for 

localization. Flight controller algorithm is embedded to Atom board. 

Later, Ruggiero et. al [13] modeled the quadcopter by using the Newton-Euler 

equations. Hovering and path tracking tasks are implemented by means of an 
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unpredictable aerodynamic forces and external disturbances. These disturbances are 

included in the equation of motion of the quadcopter. External forces are estimated by 

using a 2nd order transfer function of the nominal ideal force inputs. Impedance 

controller is used for full system stabilization and command tracking. Algorithm is 

tested in the experimental setup. PD+Compensator, PD, PID configuration of 

impedance control is compared. ATOM CPU with UBUNTU Operating System is 

used with the data processing speed of 100Hz. Hardware communication is dealt with 

XBEE platform. Air ventilator disturbance is applied during the flight as the 

aerodynamic disturbance. In another experiment, position tracking performance is 

tested for the existence of an obstacle mounted on quadcopter. The weight of the 

obstacle is 110g. Similar scenario but different hardware is tested by Ruggiero et. al 

[15]. 150g of an obstacle mounted on quadcopter. Communication is covered with 

WiFi. The position feedback information is collected by OptiTrack motion-capture 

system. 

Then, Tomic et. al [14] carried out external wrench estimation of tactile environment 

mapping. Environmental observers such as exteroceptive sensors are used for obstacle 

avoidance. External wrench is calculated algebraically by momentum based and 

acceleration based estimation, higher order terms of the transcription is filtered due to 

the noise ingredients of the IMU. Quadcopter is controlled in cascaded structure until 

reaching the interaction state. Admittance and impedance controller is implemented 

for the contact wrench. The system is tested in the experimental setup. Position loop 

is controlled at a frequency of 60 Hz and attitude loop is controlled at a frequency of 

1 KHz.  

2.2.2. Developments for Quadcopters with Their Flying Hands 

Quadcopter with 2-DOF robotic arm is studied by Kim et. al [16]. Dynamics of the 

combined system is derived by dôAlambertôs Lagrange principle. Adaptive sliding 

mode controller is designed for the centralized approach. The desired states are 

obtained by inverse kinematics. The system is tested in the experimental setup. An 
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object weights up to 450 g is successfully carried. Dynamixel MX-28 servomotors are 

used for the robotic arms. Servo angular position and rates are also measurable 

accordingly. Computation speed of the controller card is achieved up to 100 Hz. Then, 

Lee et. al [17] continued to UAV applications with a hexacopter configuration. 

Combined system is modeled in the same manner. Specifically an unknown mass is 

mounted to the manipulator, mass of the object is estimated during the flight by using 

parameter estimation. An augmented passivity based controller is designed for 

reference input tracking. In addition, unknown mass is estimated by using an adaptive 

sliding mode controller. Proposed and representative controller architecture are 

compared based on simulation and experimental results. 220 grams of an object is 

analyzed for the flight experiment. Same RC servos in [16] are used. Vicon indoor 

GPS with 100 Hz, XBEE communication for quadcopter reference inputs with 40 Hz 

and 1 KHz of controller card data processing speed is achieved. Robotic armôs control 

commands are sent externally via Bluetooth at 50 Hz. After that, the study is followed 

by Kim et al. [18]. Hexacopter with 3-DOF robotic arm is tested. Hexacopter system 

is guided by image-based visual servoing system to manipulate the end effector.  

2.2.3. Concentration on Throwing an Object 

Suzuki et. al [11] is concentrated on the motion of the swing of the Golf bar. The 

mathematical model of the Golf bar is derived by using the d'Alembertôs Lagrange 

principle. The study mainly covers the swing velocity, angle and wrist angle with the 

interaction time. The motion and required torque input are investigated for the system 

boundaries. In another study, Frank et. al [21] developed a robotic structure that, 

robotic arm with its rotary axis to turn the robot like a human body and second rotary 

axis to throw objects like human with his arm in 3-D space. DH parameters of the 

structure is obtained. The position of the release point is found by forward kinematics. 

Trajectory of the ball is generated iteratively for the target engagement.  Ideal air and 

non-ideal air subsystems are compared for the engagement performances. Mori et. al 

[22] studied on throwing 1-DOF disk while controlling the system variables. Three 

kinematic parameters of the system are set to be as the premises which are 
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translational-angular velocity and orientation. Throwing motion is modeled by using 

underactuated contact dynamics of the disk on the arm rotated by torque input. Joint 

torque generation is performed by iterating the system variables of the achieved linear 

velocity, the orientation and the angular velocity of the arm. Radial basis function, 

preliminary global search and simulated annealing methods are used for solution space 

analysis. System is both simulated and implemented in the physical system.  

2.2.4. Studies Based on Trajectory Generation and Tracking for Quadcopters 

In the study by Ritz et. al [23], quadcopters which are cooperatively catching and 

throwing the ball by using a net. Quadcopters are located with respect to the position 

of the ball. The radius of the net is also arranged in respect of quadcoptersô positioning. 

Throwing trajectory is optimized for the minimization of the acceleration of the 

quadcopter maneuver with fixed duration. Catching trajectory is optimized for the net 

position or the net radius. Trajectories are traced by the finite horizon time varying 

LQR controller. The system is tested in the experimental set up. 6 grams of ping pong 

ball and 120 grams of net is used for the scenario. Infrared position measurement 

system and attitude measurement unit is used both with a feedback frequency of 200 

Hz. Also, 67 Hz of command tracking frequency is achieved by quadcopters 

simultaneously. 

In another study, Zhang et. al [24] offered bioinspired trajectory generation method 

for quadcopter perching from the hover or transition state. Perching is considered as 

the final state to be reached for the target location. Natural motion patterns of an 

animal is emulated for the trajectory generation. Quadcopter is guided to the target by 

Tau theory. Zero velocity and acceleration near contact is generated behind the theory.  

Spedicato et. al [25] presented minimum time trajectories for quadrotors in 

environmental constraints. Trajectories are generated by considering the existence of 

obstacles on the path. Trajectory generation problem computed online. The projection 

operator newton method is performed with a barrier function approach for the 

trajectory optimization. Reference commands of the trajectory optimization algorithm 
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is controlled by regulation controller. Regulation controller calculates the thrust and 

moment required to be traced by the quadcopter. Controller output is fed to the motors 

virtually while neglecting the aerodynamic effects on the vehicle. Algorithm is tested 

in the experimental setup. 

Foehn et. al [26] studied to the concept of quadcopter with cable suspended payloads. 

Fast trajectory optimization algorithm is proposed for the quadcopter system with a 

passive links. Mathematical program with complementarity constraints technique by 

sequential quadratic programming solver is used for that purpose. System is modelled 

for two modes. The first one, the cable transfers the forces between quadcopter and 

the payload. The second one, payload is on free-fall. Position on desired angular 

position and inner angular rate controller is used for trajectory tracking. The system is 

tested in the experimental setup. Scenarios performed in the experiments are basic 

waypoint tracking, obstacle avoidance and payload throwing. The PX4 controller card 

with its IMU is used for quadcopter system. Optitrack motion capture system with 200 

Hz is achieved. Optimized trajectory reference commands are sent from a base 

computer via ROS platform. 

Faust et. al [28] focused on the quadcopter system, which is completing the multi-

waypoint scenario generation in the cluttered environment. Unknown payload is 

suspended under the quadcopter. Swing free trajectory is generated by machine 

learning approach. Approximate value iteration reinforcement learning algorithm is 

used for that purpose. Study is both tested in simulation and experimental setup. 

Oleynikova et. al [29] implemented an online continuous time trajectory optimization 

for quadcopter. Quadcopter flight environment is designed to be as an unknown 

parameter. According to the obstacles on the environment, trajectory is rescheduled 

locally. Cost function for trajectory generation consists of the higher order derivative 

terms of the dynamics of the quadcopter. Unconstrained quadratic programming 

solver is used for minimization of the cost function. Algorithm and scenario generation 

is both tested in the simulation and experimental setup. Visual inertial stereo hardware 
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with 20 Hz of frequency is used for the state estimation and perception. According to 

the performance of the controller card, full map is updated at 5 Hz and replanning is 

achieved by 4 Hz. Closed loop online trajectory generation performance limit can go 

up to 25 Hz of computation frequency. 

2.3. Research Objectives and Summary of the Literature Survey 

In the thesis study, it assumed that, the target might be located in a harsh environment 

that may include many obstacles, while the path that the quadcopter system is 

travelling can be constrained. This includes control allocation behind the quadcopter 

system's dynamics and motion planning. 

From 1-DOF [65] to 7-DOF [10] robotic arms are developed for the UAMs in the 

literature. In the thesis study, selection of the manipulator type for precise and 

measurable throwing states is decided as a 2-DOF serial robotic manipulator. Degree 

of freedom of the manipulator is selected for simple but an exact throw [7]. 

In the literature, there are two main system control approaches observed. The first one 

is to control the quadcopter and the robotic arm as the paired entity. This is the 

centralized approach [17]. Euler-Lagrangian formalism is mostly preferred for 

mathematically modelling the system. The second one is to control the robotic arm 

and the quadcopter as two different parts [31]. This is the decentralized approach [62]. 

Decentralized quadcopter systems are mostly modelled by Newton-Euler approach. In 

the thesis, two controller types are implemented for Euler-Lagrangian formalism. 

Trajectory optimization of the quadcopters is performed for different achievements in 

the literature. Optimizing an achievement which is defined as the cost function 

minimization of the performance criteria [21]. Different types of scenario specific 

trajectory optimization studies are investigated. Optimization problem is concentrated 

for two common operational needs in the literature. The first one is time minimization 

of time while obtaining the path. This concept is analyzed by mostly for the system 

which is being pushed to its limit [25], [26]. The second one is the minimization of 
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the energy for the trajectory generation [35], [36]. However, second approach is 

studied for increasing the flight time and the possibility of more than one engagement. 

2.3.1. Contribution of the Thesis 

This is the first implementation of the quadcopter system involved in a precise target 

engagement in three dimensional space. The contribution of this study consists of 

threefold behind the combination of the unique methodology: Firstly, it is presented a 

quadcopter system composed of a quadcopter and a 2-DOF serial robotic manipulator 

which is holding an object at the end-effector. The second one is to find the 

engagement states according to the mission parameters. Forward kinematics algorithm 

is implemented to compute the engagement states according to the physical limits of 

the vehicle such as the joint and the body limits. Main purpose in this layer of the 

methodology is to satisfy the precise target engagement by the system when 

considering the engagement states. It is guaranteed that the target is hit by the thrown 

object if the engagement states are achieved. The third layer of the methodology is to 

generate the optimized trajectory of the system, while satisfying the engagement states 

in the middle of the operation. In this layer, the operation consists of take-off, 

throwing, stabilization and safe landing. The trajectory of the system is calculated for 

the minimum control effort. Path is constrained for the optimal states to be traced by 

the system at all samples. Minimum control effort optimal trajectory is obtained by 

the non-linear programming solver and the trajectory is traced by using the infinite 

horizon LQR controller. In the framework, feasibility of the optimal trajectory with 

respect to both quadcopter system dynamics and the control inputs (rotors and the RC 

servos of the robotic arm) bound is guaranteed. 
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CHAPTER 3 

 

3. MATHEMATICAL MODEL LING  AND CONTROLLER DESIGN  

 

3.1. Kinematics of the Quadcopter System 

System is sketched in Figure 3.1. Kinematics of the system is derived according to the 

Denavit-Hartenberg Parameters of the robotic arm [38]. Then, transformation matrices 

between each frame are defined for the quadcopter system. Position and velocity 

vector of the system members are derived and Jacobian matrices are obtained. 

Generalized coordinates and velocities are defined for kinematic modelling of the 

system. Some assumptions are made during kinematic derivations. Quadcopter and 

links of robotic arm are assumed to be rigid. The base of the robotic arm is assumed 

to be mounted to the center of gravity of quadcopter. Mechanical offsets for the system 

parts are neglected. X-axis of the base of the robotic arm is oriented coaxial with the 

x-axis of the quadcopter body frame. 
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Figure 3.1 Kinematics of the Quadcopter System 

3.1.1. Denavit-Hartenberg Parameters 

Denavit-Hartenberg parameters are obtained for the robotic manipulator of the system 

[38]. 

3.1.1.1. Twist Angles 

Angle between όᴆ  and όᴆ  about όᴆ  is defined as ‍. 
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3.1.1.2. Joint Angles 

The angle between όᴆ  and όᴆ  about όᴆ  is found as — . 

The angle between όᴆ  and όᴆ  about όᴆ  is found as —. 

3.1.1.3.  Offsets 

The offset from ὕ  to ὕ is defined as ὦ. 

3.1.1.4. Link Lengths 

The link length from ὕ to ὕ is defined as ὦ. 

The link length from ὕ to ὕ is defined as ὦ. 

Denavit-Hartenberg Parameters for the robotic arm of the quadcopter is formed in 

Table 3.1. 

Table 3.1 DH Parameters of the Robotic Arm 

 Ὧ ρ Ὧ ς 

‍ 
“

ς
 0 

— —
σ“

ς
 — 

 

3.1.2. Transformation Matrices 

Transformation matrices are used to find the corresponding coordinate system from a 

specific coordinate system. A basic rotation matrix is defined in terms of basis vector 

direction and the rotation angle. Rodrigues formula which is obtained from Taylor 

series expansions is used [37]. 

Transformation matrix between quadcopter body-fixed reference frame to inertial-

fixed frame is defined for Euler roll, pitch and yaw angles. Basic rotation matrices of 

each in exponential and matrix form is expressed as: 
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Ὑ ‰ Ὡ
ρ π π
π ÃÏÓ‰ ÓÉÎ‰
π ÓÉÎ‰ ÃÏÓ‰

 

Ὑ — Ὡ
ÃÏÓ— π ÓÉÎ—
π ρ π
ÓÉÎ— π ÃÏÓ—

 

Ὑ ‪ Ὡ
ÃÏÓ‪ ÓÉÎ‪ π
ÓÉÎ‪ ÃÏÓ‪ π
π π ρ

 

ὅ ȟ Ὑ ‪Ὑ —Ὑ ‰  (3.1) 
 

Transformation matrix expressed in Eq (3.1) is expanded in Eq (3.2), ñcò stands for 

cosine term and ñsò stands for sine term. 

ὅ ȟ

ὧ‪ὧ—ὧ‪ί—ί‰ί‪ὧ‰ὧ‪ί—ὧ‰ί‪ί‰
ί‪ὧ—ί‪ί—ί‰ὧ‪ὧ‰ί‪ί—ὧ‰ὧ‪ί‰
ί— ὧ—ί‰ ὧ—ὧ‰

 (3.2) 

 

Then, the transformation matrix between link-1 fixed frame and body-fixed reference 

frame in exponential and matrix form is found by using twist and joint angle [38] as: 

ὅ ȟ Ὡ Ὡ  (3.3) 

 

ὅ ȟ Ὡ Ὡ Ὡ Ὡ Ὡ  (3.4) 

 

ὅ ȟ
ί— ὧ— π
π π ρ
ὧ— ί— π

 (3.5) 

 

The transformation matrix between link-2 fixed frame and body-fixed reference frame 

in exponential and matrix form is found by using twist and joint angle [38] as: 

ὅ ȟ Ὡ Ὡ Ὡ  (3.6) 
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ὅ ȟ ὅ ȟὅ ȟ Ὡ Ὡ Ὡ Ὡ  (3.7) 

 

ὅ ȟ Ὡ Ὡ  (3.8) 

 

ὅ ȟ
ί— — ὧ— — π
π π ρ

ὧ— — ί— — π
 (3.9) 

 

3.1.3. Position Analysis of the System Model 

Basic column matrices which are used in position and further velocity analysis [37]. 

They are shown as: 

ό ρ π π  

ό π ρ π  

ό π π ρ  

Euler roll, pitch and yaw angles of quadcopter body are defined in a compact form as: 

ῲ ‰ — ‪ 

Joint angles of the robotic arm are also defined as: 

  — —  

Linear position of the quadcopter in vector representation is expressed as: 

ὴᴆ ὕὕᴆ 

Then, linear position vector of the quadcopter is resolved in the inertial-fixed reference 

frame and defined for position variables as: 

ὴӶ ὼ ώ ᾀ  
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The position of link-1 with respect to body-fixed reference frameôs base point is 

defined for the center of mass of the link and expressed as: 

ὴᴆ ὦόᴆ
ὦ

ς
όᴆ  (3.10) 

 

Then, the linear position vector is resolved in body-fixed reference frame, 

ὴӶϳ ὦό
ϳ ὦ

ς
ὅ ȟό

ϳ
 

 

(3.11) 

 

ὴӶ

ụ
Ụ
Ụ
Ụ
ợ
ὦ

ς
ί—

π

ὦ
ὦ

ς
ὧ—Ứ
ủ
ủ
ủ
Ủ

 (3.12) 

 

 

Linear position of link-1 with respect to the base point in the inertial-fixed reference 

frame is found as: 

ὴӶ ὴӶ ὅ ȟὴӶ  (3.13) 

 

 

Then, the position of link-2 with respect to body-fixed reference frameôs base point is 

defined for the center of mass of the link and expressed as: 

ὴᴆ ὴᴆ ὴᴆ ὦόᴆ ὦόᴆ
ὦ

ς
όᴆ  (3.14) 

 

Then, the linear position vector is resolved in body-fixed reference frame, 

ὴӶ ὦό
ϳ

ὦὅ ȟό
ϳ ὦ

ς
ὅ ȟό

ϳ
 (3.15) 
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ὴӶ

ụ
Ụ
Ụ
Ụ
ợ ὦί—

ὦ

ς
ί— —

π

ὦ ὦὧ—
ὦ

ς
ὧ— — Ứ

ủ
ủ
ủ
Ủ

 (3.16) 

 

Linear position of the link-2 with respect to the base point in the inertial-fixed 

reference frame is found as: 

ὴӶ ὴӶ ὅ ȟὴӶ  (3.17) 

 

The linear position of end-effector with respect to body-fixed reference frameôs base 

point is defined coincide with the center of mass of the ball and expressed as: 

ὴᴆ ὴᴆ ὴᴆ ὴᴆ ὦόᴆ ὦόᴆ ὦόᴆ  (3.18) 

 

Then, the linear position vector is resolved in body-fixed reference frame, 

ὴӶ ὦό
ϳ

ὦὅ ȟό
ϳ

ὦὅ ȟό
ϳ

 

 
(3.19) 

 

ὴӶ
ὦί— ὦί— —

π
ὦ ὦὧ— ὦὧ— —

 (3.20) 

 

Linear position of the end effector with respect to the base point in the inertial-fixed 

reference frame is found as: 

ὴӶ ὴӶ ὅ ȟὴӶ  (3.21) 
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3.1.4. Velocity Analysis of the System Model 

3.1.4.1. Linear Velocity Analysis of the System Members 

The linear velocity of the system members are found by taking time derivative of the 

position information. Overhead dot ñ Ȣͼ is used for expressing the derivative terms. 

The linear velocity of the quadcopter resolved in the inertial-fixed reference frame as, 

ὴӶ ὼ ώ ᾀ 

The linear velocity of link-1 with respect to quadcopter body-fixed reference frame is 

expressed as. 

ὴӶ ὺӶ

ụ
Ụ
Ụ
Ụ
ợ
ὦ

ς
ὧ—

π
ὦ

ς
ί—Ứ
ủ
ủ
ủ
Ủ

— 

 

(3.22) 

Jacobian matrix of link-1 is defined in Eq (3.24) and matrices are obtained from Eq 

(3.22), 

ὺӶ ὺӶ— ὺӶ— (3.23) 

 

 

ὐ ὺӶ   ὺӶ  (3.24) 

Obtained that, 

ὺӶ

ụ
Ụ
Ụ
Ụ
ợ
ὦ

ς
ὧ—

π
ὦ

ς
ί—Ứ
ủ
ủ
ủ
Ủ

 (3.25) 

 

ὺӶ
π
π
π

 (3.26) 

Linear velocity is redefined as, 
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ὺӶ ὴӶ ὐ  (3.27) 

Linear velocity of link-1 wrt. inertial reference frame is obtained as follows. 

ὴӶ ὴӶ ὅ ȟὴӶ ὅ ȟὴӶ  (3.28) 

 

Eq (3.28) is expanded as. 

ὴӶ ὴӶ ὅ ȟ‫ϳὴӶ ὅ ȟὐ  (3.29) 

 

The same steps are followed for link-2 and procedure as follows. 

ὺӶ ὴӶ

ụ
Ụ
Ụ
Ụ
ợ
ὦ

ς
ὧ— — ὦὧ—

π
ὦ

ς
ί— — ὦί—Ứ

ủ
ủ
ủ
Ủ

—

ụ
Ụ
Ụ
Ụ
ợ
ὦ

ς
ὧ— —

π
ὦ

ς
ί— — Ứ

ủ
ủ
ủ
Ủ

— (3.30) 

 

Then, 

ὺӶ ὺӶ— ὺӶ— (3.31) 

 

ὐ ὺӶ   ὺӶ  (3.32) 

 

Obtained that, 

ὺӶ

ụ
Ụ
Ụ
Ụ
ợ
ὦ

ς
ὧ— — ὦὧ—

π
ὦ

ς
ί— — ὦί—Ứ

ủ
ủ
ủ
Ủ

 

ὺӶ

ụ
Ụ
Ụ
Ụ
ợ
ὦ

ς
ὧ— —

π
ὦ

ς
ί— — Ứ

ủ
ủ
ủ
Ủ

 

Thus, 
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ὺӶ ὴӶ ὐ  (3.33) 

 

Linear velocity of link-2 wrt. inertial reference frame is found as. 

ὴӶ ὴӶ ὅ ȟὴӶ ὅ ȟὴӶ  (3.34) 

 

ὴӶ ὴӶ ὅ ȟ‫ϳ ὴӶ ὅ ȟὐ  (3.35) 

 

In the final step, linear velocity of the end-effector is found as. 

ὺӶ ὴӶ
ὦὧ— — ὦὧ—

π
ὦί— — ὦί—

—
ὦὧ— —

π
ὦί— —

— 

 

(3.36) 

Then, 

ὺӶ ὺӶ— ὺӶ— (3.37) 

 

ὐ ὺӶ  ὺӶ  (3.38) 

Obtained that, 

ὺӶ
ὦὧ— — ὦὧ—

π
ὦί— — ὦί—

 

ὺӶ
ὦὧ— —

π
ὦί— —

 

Thus, 

ὺӶ ὴӶ ὐ  (3.39) 

Linear velocity of end-effector wrt. inertial reference frame is found as. 

ὴӶ ὴӶ ὅ ȟὴӶ ὅ ȟὴӶ  (3.40) 

 

ὴӶ ὴӶ ὅ ȟ‫ϳ ὴӶ ὅ ȟὐ  (3.41) 
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3.1.4.2. Angular Velocity Analysis of the System Members 

Angular velocity of the quadcopter in body-fixed reference frame is defined as. 

‫ϳ ὴ ή ὶ  (3.42) 

 

Then, the equality in Eq (3.42) and Euler angle rates have the following relation [37]. 

‫ϳ ὒῲ 

ὒ matrix maps the Euler rates to angular velocity of the quadcopter resolved in body-

fixed reference frame and expressed as [37]. 

ὒ
ρ π ί—
π ὧ‰ ί‰ὧ—
π ί‰ὧ‰ὧ—

 

Where, 

ÄÅÔὒ ὧέί— 

There exists singularity point for mapping matrix. Euler pitch angle should not be near 

ñᴜ ò in order to find the Euler rates from the body angular velocities.  

Angular velocity of the quadcopter in the inertial-fixed reference frame is found as. 

‫ϳ ὅ ȟ‫ϳ (3.43) 

 

Then, Eq (3.43) is expanded as. 

‫ϳ ὅ ȟὒῲ 

Where, it is defined that, 

Ὕ ὅ ȟὒ 
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ñὝò matrix maps the Euler rates to angular velocity of the quadcopter resolved in 

inertial-fixed reference frame. 

After that, the angular velocity of members of the robotic arm is obtained by using the 

form that includes transformation matrix representation to angular velocity 

representation expressed as [38],  

ὅ ȟ Ὡ Ὡ ȣ (3.44) 
 

‫ϳ —ὲ —Ὡ ὲ (3.45) 

 

Angular velocity of link-1 is found by using the formulation obtained in Eq (3.44), 

(3.45) and Eq (3.3), shown as 

‫ —ό 

Then, 

‫ ‫ — ‫ — (3.46) 

 

ὐ ‫    ‫  (3.47) 

Obtained that, 

‫ π ρ π  

‫ π π π  

Thus, 

‫ ὐ   (3.48) 

 

Angular velocity of link-1  wrt. inertial reference frame is found as. 

‫ ‫ ὅ ȟ‫  (3.49) 

Eq (3.49) is expanded as, 
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‫ ‫ ὅ ȟὐ   (3.50) 
 

Then, angular velocity of link-2 is found by using the formulation obtained in Eq 

(3.44), (3.45) and Eq (3.8), shown as 

‫ — — ό 

 

Thus, 

‫ ‫ — ‫ — (3.51) 

 

ὐ ‫    ‫  (3.52) 

Obtained that, 

‫ π ρ π  

‫ π ρ π  

Thus, 

‫ ὐ   (3.53) 

Angular velocity of link-2 wrt. inertial reference frame is found as. 

‫ ‫ ὅ ȟ‫  (3.54) 

Eq (3.54) is expanded as, 

‫ ‫ ὅ ȟὐ   (3.55) 

 

 

Similarly, angular velocity of the end effector is found by using the formulation 

obtained in Eq (3.44), (3.45) , Eq (3.8) and shown as 

‫ — — ό 
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Then, 

‫ ‫ — ‫ — (3.56) 

 

ὐ ‫    ‫  (3.57) 

Obtained that, 

‫ π ρ π  

‫ π ρ π  

Thus, 

‫ ὐ   (3.58) 

Angular velocity of end-effector wrt. inertial reference frame is found as. 

‫ ‫ ὅ ȟ‫  (3.59) 

Eq (3.40) is expanded as, 

‫ ‫ ὅ ȟὐ   (3.60) 

 

Required kinematic relations are obtained for the linear and the angular terms. Then, 

quadcopter system model is defined in terms of generalized coordinates ñ ή ò and 

velocities ñ ή ñ,  

ή ὼ ώ ᾀ ‰ — ‪ — —  
 

ή ὼ ώ ᾀ ‰ — ‪ — —  

(3.61) 

Linear and angular velocity of the each member of the system in terms of generalized 

velocities are defined in the following form [38], 

ὺӶ ὠή 

‫  ὡή 

(3.62) 
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ñ 6 ò and ñ ὡ ñ are defined respectively as the linear and angular velocity influence 

coefficients which are expressed in Eq (3.62). After that, linear and angular velocity 

terms are reorganized. Subscripts define the dependent members in the following 

expressions. 

ὴӶ Ὅ        π ή ὠ ή (3.63) 
 

‫ π       Ὕ      π ή ὡ ή (3.64) 
 

ὴӶ Ὅ      ὅ ȟὴ ὒ      ὅ ȟὐ ή ὠ ή (3.65) 

 

‫ π       Ὕ        ὅ ȟὐ ή ὡ ή (3.66) 
 

ὴӶ Ὅ      ὅ ȟὴ ὒ      ὅ ȟὐ ή ὠ ή (3.67) 

 

‫ π       Ὕ        ὅ ȟὐ ή ὡ ή (3.68) 
 

 

3.2. Dynamics of the Quadcopter System 

Equation of motion quadcopter system is derived according to the Lagrange-

dôAlambert Formula expressed as, 

Ὠ

Ὠὸ

‬ὒ

‬ή

‬ὒ

‬ή
ό ό  

 

ὒ ὑ Ὗ 
 

(3.69) 

 

Kinetic and potential energies of the system parts are calculated, then equation of 

motion of 6-DOF Quadcopter System is generated. 

Total kinetic energy of the system is the combination of the energies on the members. 

These members are as follows: Quadcopter, link-1, link-2. 
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ὑ ὑ ὑ ὑ  (3.70) 

ñ Ὅ ñ stands for the inertia matrix and the subscripts represent the dependent member. 

Each of the kinetic energy terms are calculated as follows: 

ὑ
ρ

ς
ὴӶ ά ὴӶ

ρ

ς
‫ ὅ ȟὍὅ ȟύ  

 
(3.71) 

ὑ
ρ

ς
ὴӶ άὴӶ

ρ

ς
‫ ὅ ȟὍὅ ȟ‫  

 
(3.72) 

ὑ
ρ

ς
ὴӶ άὴӶ

ρ

ς
‫ ὅ ȟὍὅ ȟ‫  

 
(3.73) 

Total potential energy of the system is the combination of members. These members 

are as follows: Quadcopter, link-1, link-2. 

Ὗ Ὗ Ὗ Ὗ  (3.74) 

 

Each of the potential energy terms are calculated as: 

Ὗ ά ὫόὴӶ 

 
(3.75) 

Ὗ ά ὫόὴӶ 

 
(3.76) 

Ὗ ά ὫόὴӶ 

 
(3.77) 

 

The equation of motion of the system is written in the following form [37]. 

ὓήή ὅήȟήή Ὃή ό ό  (3.78) 
 

ñ ὓ ñ  defined in Eq (3.78)  is the inertia matrix of the system, that is positive definite. 

Inertia matrix is expressed by the following form [36],[37] and calculated by using Eq 

(3.63) to (3.68). 

ὑ
ρ

ς
ήὓήή (3.79) 
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ὓή ὠά ὠ ὡ ὅ ȟὍὅ ȟὡ  

ὠάὠ ὡ ὅ ȟὍὅ ȟὡ  
(3.80) 

 

ñ ὅ ñ defined in Eq (3.78)  includes the Centripetal, Coriolis and Gyroscopic terms of 

the system, that is obtained by using the inertia matrix indices [36], found in Eq (3.80). 

ὧȟ
ρ

ς

‬ά ȟ

‬ή

‬ά ȟ

‬ή

‬άȟ

‬ή
 (3.81) 

 

Where ñ ὅ ò matrix is built up by the following element matching. 

ὅὥȟὦ ὧȟ (3.82) 
 

ñ Ὃ ñ defined in Eq (3.78)  is the gravity matrix of the system, that is found by partially 

differentiating the potential energy by the generalized coordinates of the system. 

Ὃή
‬Ὗ

‬ή
 (3.83) 
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3.2.1. Systemôs Force and Torque Units 

 

Figure 3.2 Quadcopter Detailed FBD for Actuating Forces and Torques 

Some assumptions are made for the thrust force and the torque generation. Thrust 

force and moments on quadcopter body are assumed to be proportional to the square 

of the rotorsô rotational speed. Moreover, induced drag and frictions are neglected. 

The thrust force and the torque generated by the rotorsô have the following relation 

[46].  

Ὢ ὧ‫  (3.84) 

† ὧ‫  (3.85) 

 

Where i=1,2,3 and 4, represents the selected rotor. 

ñ‫ò is the rotorôs rotational speed. ñὧò is the lumped thrust coefficient of the rotor 

and ñὧò is the lumped torque coefficient of the rotor. These coefficients are consists 

of the rotor geometry-profile and density of the air. They can be obtained 

experimentally. Aerodynamic coefficient values are taken from [39]. 

zb

xb

yb

[p,◖]

[r,ɣ]

[q,ɗ]

Ű1

Ű2Ű3

Ű4

F1F4

F3

F2
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Then, the thrust force generated on quadcopter body fixed reference frame is 

expressed as, 

ὪӶ
π
π
Ὢ

 (3.86) 

Then, total thrust force is found by the following expression, 

Ὢ Ὢ Ὢ Ὢ Ὢ  

Then, the torque generated on quadcopter body fixed reference frame is expressed as, 

ʐ

†
†
†

ὨὪ Ὢ

ὨὪ Ὢ
† † † †

  (3.87) 

 

ñὨò is the distance between rotor to center of mass of the quadcopter. It is assumed to 

be equal for 4 rotors. Then, rotational speed can be converted into force and moment 

generated on the system [47]. 

Ὢ
†
†
†

ὧ    ὧ    ὧ    ὧ
       π     Ὠὧ       π          Ὠὧ

           Ὠὧ        π       Ὠὧ      π         
  ὧ        ὧ     ὧ         ὧ ụ

Ụ
Ụ
Ụ
ợ
‫

‫

‫

‫Ứ
ủ
ủ
ủ
Ủ

 (3.88) 

 

Torque generated by the RC servo motors of the robotic arm is defined as, 

†Ӷ
†
†  (3.89) 
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3.2.2. Input and Interaction Forces of the System 

Virtual work principle is used to obtain the generalized forces ñ ό ñ on the quadcopter 

system. Virtual work done is derived for the generated thrust force ñ Ὢᴆ ñ and moment 

ñ †ᴆ ñ by rotors, as follows [37].  

ὡ‏ Ὢᴆ‏ὴᴆ †ᴆ‏ɰᴆ  (3.90) 

 

Eq (3.81) resolved in body-fixed reference frame and converted into column matrix 

representation as, 

ὡ‏ ὪӶ ὅ ȟ ὴӶ‏ †Ӷ ɰ‏  (3.91) 

 

Then, the following expression is defined in terms of Euler angles, 

ɰ‏ ὒ‏ῲ (3.92) 

 

Then, Eq (3.82) is expanded by using Eq (3.92) as follows [37], 

ὡ‏ ὅȟ ὪӶ ὴӶ ὒ †Ӷ‏  ῲ (3.93)‏

 

It is defined that, generalized forces of  ‏ὴӶ and ‏ɰ  are shown respectively as ὗ  

and ὗ . 

Then, Eq (3.93) is reorganized as, 

ὡ‏ ὗ‏ὴӶ ὗ Ȣ‏ῲ (3.94) 
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Virtual work defined for the robotic manipulator is defined as follows [37], 

ὡ‏ —‏†  (3.95) —‏†

Input force generated by the system is written by using Eq (3.95) and Eq (3.93), 

ό

ὅ ȟ π π

π ὒ π

π π Ὅ

ὪӶ

†Ӷ

†Ӷ

 (3.96) 

 

Then, ñ ό ñ is 8x1 column matrix. Eq (3.96) is converted into the following expression 

for the further observation of the system characteristics, 

ό Ὓό  (3.97) 

Where, the determinant of ñ Ὓ ñ is calculated as, 

ÄÅÔὛ ÃÏÓ— 

It is defined that, 

— 
Ὧ“

ς
 

Where, 

Ὧ ρȟςȟȣ 

Physical limits of this study should satisfy for the application of the virtual work 

principle. The range of application is established as in the region of ȟ . 

External forces and moments applied to the system is defined as [41], 

ὖ Ὂ Ὂ Ὂ ὓ ὓ ὓ  (3.98) 
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External force is created by the existence of the ball on the system. Ball is assumed to 

be located at the end-effector. 

Ὂ ά Ὣ 

Then, ñ ό  ñ is defined in terms of generalized coordinates, 

ό Ὄὖ (3.99) 

Where, ñ Ὄ ñ is the 8x6 conversion matrix. 

The group of concentrated external forces defined for the generalized coordinates of  

ὼ ώ ᾀ  is expressed in Eq (3.100). 

ό ȟ

ό ȟ

ό ȟ

ρ π π
π ρ π
π π ρ

Ὂ
Ὂ
Ὂ

 (3.100) 

 

The group of concentrated external forces defined for the generalized coordinates of   

the ‰ — ‪  is expressed in Eq (3.101). 

ό ȟ

ό ȟ

ό ȟ

ὴᴆ ὼὊᴆ
ρ π π
π ρ π
π π ρ

ὓ
ὓ
ὓ

 (3.101) 

 

ό ȟ

ό ȟ

ό ȟ

ίὯὩύὴᴆϳ Ὂ
ρ π π
π ρ π
π π ρ

ὓ
ὓ
ὓ

 
(3.102) 

 

 

ό ȟ

ό ȟ

ό ȟ
ụ
Ụ
Ụ
Ụ
ợ π ὴӶϳ σ ὴӶϳ ς

ὴӶϳ σ π ὴӶϳ ρ

ὴӶϳ ς ὴӶϳ ρ π Ứ
ủ
ủ
ủ
ỦὊ
Ὂ
Ὂ

ρ π π
π ρ π
π π ρ

ὓ
ὓ
ὓ

 (3.103) 

 

The group of concentrated external forces defined for the generalized coordinates of   

the — —  is expressed in Eq (3.104). 
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ό ȟ

ό ȟ
ὐ ὖ (3.104) 

 

Where, the Jacobian matrix of the end effector ñ ὐ  ñ  is formed by using Eq (3.38) 

and (3.57). 

ὐ ὐ ὐ   (3.105) 

 

Eq (3.104) is expanded by using Eq (3.98) and Eq (3.105) as, 

ό ȟ

ό ȟ

ὺ ὺ ὺ ‫ ‫ ‫
ὺ ὺ ὺ ‫ ‫ ‫  

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὂ
Ὂ
Ὂ
ὓ
ὓ
ὓỨ
ủ
ủ
ủ
ủ
Ủ

 (3.106) 

 

Following relation obtained from Eq (3.99) is formed by using Eq (3.100),(3.103) and 

(3.106) 

ό

Ὅ π

ὴϳ Ὅ

ὐ ὐ

 

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὂ
Ὂ
Ὂ
ὓ
ὓ
ὓỨ
ủ
ủ
ủ
ủ
Ủ

   

 

 

 

 

 

 



 

 

 

38 

 

3.2.3. Motor  Subsystem 

Non-ideal actuation model is implemented to the 6-DOF quadcopter systemôs 

simulation. Model consists of quadcopterôs DC motors and the RC servos of the 

robotic arm. 

Representation of the DC motor is written for the rotational speed of the rotors, the 

transfer function in the s-domain as follows, 

Ὃ ί
‫ ί

‫ ί

πȢωψ

πȢπφςί ρ
 (3.108) 

 

Identified DC motor transfer function is taken from [39]. Eq (3.108) stands for the DC 

motor command and response transfer function. The input and output relation is 

constructed according to the rotational speed of the rotors. 

Then, representation of the RC servo motor model in s-domain as follows, 

Ὃ ί
† ί

† ί

ύ

ί ς‚ύί ύ
 (3.109) 

 

Eq (3.109) stands for the RC servo motor, command and response transfer function. 

The input and output relation is constructed according to the torque generation. It is 

assumed to be as a second order low pass filter with 25 Hz of cut-off frequency and  

ñ
Ѝ

 ò of damping ratio [41]. 

 

 

 

 

 



 

 

 

39 

 

3.2.4. Sensor Subsystem 

System simulation model is matched with the real physical systemôs experimental 

output. To have a better system model, noise and sensor dynamics of the measurement 

units are implemented. These measurement units are the accelerometer and gyroscope, 

the subsystem is shown in Figure 3.3. 

 

Figure 3.3 Sensor Model 

Noise and the dynamics of the sensor subsystem is shown in Table 3.2 [63], 

Table 3.2 System Sensorôs Model 

 ύȟ  ‚  „  Bias Limit  

Accelerometer 25 Hz 1 50 mg 50 mg 4 g 

Gyroscope 25 Hz 1 5 deg/s -  250deg/s 

 

Where, dynamics of the sensor is implemented as a second order transfer function 

[64], 

Ὃ ί

Ὃ ί

ύȟ

ί ς‚ ύȟ ί ύȟ
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The amplitude of the white noise signal is considered as the sigma value. Each sigma 

value of sensor input for the noise model is shown in Table 3.2. White noise is added 

to the input. Measurement limit is saturated according to the sensor limits. In order to 

simulate the sensor dynamics with the system simulation, cut-off frequencies and 

sigma values of the noise character of the sensors are found by trial and error of 

simulation generation. 

3.3. Cascaded PID Controller of the Quadcopter System 

In this part, cascaded PID controlling technique is developed. This technique is 

implemented in order to control the robotic arm with a small disturbance generated by 

the existence of the ball during the flight generation. Controllers of the cascaded PID 

technique are designed according to the linearized equation of motion of the 

quadcopter system. Decoupled controller channels are constructed for the quadcopter 

system. Linear x and y position controllers represent the outer loop of the structure. 

There also exists an inner loop control and two of them are coupled with the outer 

loop controller. For example, quadcopter should tilt in order to move in inertial x and 

y direction, so there is a cascaded intermediate inner angular position and inner 

angular rate controller structure. Coupled inner loop elements which are desired Euler 

roll and pitch angles. These angles are obtained from the output of the outer loop 

controller. The rest of the inner loop elements which are decoupled, defined as 

altitude, attitude and joint angles controllers. Closed loop controller structure is 

expressed in Figure 3.4. 
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Figure 3.4 Closed Loop Controller Structure 

 

3.3.1. Outer Loop Controller  

The difference between the reference and the system position indicates the error. In 

the outer loop controller, the desired intermediate Euler pitch and roll angles are 

generated by x and y position errors. Designed controller is constructed according to 

Eq (3.96), equation of motion is expressed as follows. 

ό Ὢὧ‰ί—ὧ‪ί‰ί‪ 
ό Ὢὧ‰ί—ί‪ί‰ὧ‪ 

(3.110) 

 

Then, Eq (3.110) is rewritten by using the small angle assumption for Euler roll and 

pitch angles. Euler yaw angle is assumed to be near zero for the outer loop control. 
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ό Ὢ— άὼ 
                                              ό Ὢ‰ άώ 

(3.111) 

 

By considering Eq (3.111), ñ ά ñ is the total mass of the quadcopter system. Desired 

position of the quadcopter system in the x-y direction is obtained by two chain 

integrators. The error between desired position and actual position of the quadcopter 

system generates desired Euler angle as follows, 

—
ά

Ὢ
ὼ ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  

‰
ά

Ὢ
ώ ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  

(3.112) 

 

Required acceleration on x and y is neglected due to noise ingredient of the system. 

3.3.2. Inner Loop Control  

Altitude and attitude controller of quadcopter, the angular position controller of the 

robotic arm is covered by the inner loop control. 

3.3.2.1. Altitude controller  

Equation of motion for altitude channel is also linearized by considering the Eq (3.96) 

as follows. 

ό άᾀ Ὢ άὫ (3.113) 

 

Gravitational acceleration of the quadcopter system is considered as a constant 

disturbance during the flight simulation. Inertial z position of the quadcopter is 

controlled by the following PID structure, 
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Ὢ ά ᾀ Ὣ ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  (3.114) 

 

The same approach in outer loop is also followed for the acceleration of the required 

inertial z position. Here, it is taken to be as zero. 

3.3.2.2. Attitude Controller  

Euler angular position of the quadcopter is stabilized by the reference angular position 

generated by the system. Angular rate controller loop is also performed to increase the 

performance of stabilization. Bandwidth of the attitude controller is expanded. 

External disturbances are eliminated by the fast internal loop. Position control is 

relatively slow when compared with the rate loop. This controller is constructed by 

the equation of motion. Attitude dynamics of the quadcopter is obtained by using Eq 

(3.96). Then by using Eq (3.87), the equation of motion is linearized and to be used 

for PID control as follows [47], 

ό Ὅȟ‰ †  (3.115) 

ό Ὅȟ— †  (3.116) 

ό Ὅȟ‪ †  (3.117) 

 

Linearized equations are represented by means of the second order derivative of Euler 

angles and the inertia terms of the quadcopter. Inertial contributions of the extra 

equipment of the quadcopter system is not considered. Then, the following control 

law is rewritten for the attitude dynamics as. 

† ὑȟὩ ‰ ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  (3.118) 
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† ὑȟὩ — ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  (3.119) 

† ὑȟὩ ‪ ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  (3.120) 

 

Angular position loop is controlled by P gain, the inner rate loop is stabilized by the 

PID controller. Figure 3.5 shows the cascaded attitude controller of the Euler roll and 

pitch angles. 

 

Figure 3.5 Cascaded Altitude Controller Schematic 

3.3.3. Controller of the Robotic Manipulator  

Equation of motion of the robotic manipulator is expressed as, 

Ὅȟ— † ά ὫίὭὲ—
ὦ ὦ

ς
 (3.121) 

Ὅȟ— † ά ὫίὭὲ—
ὦ

ς
 (3.122) 

 

In Eq (3.121) and (3.122), the inertia term is the combination of the moment of inertia 

of the link-1 and link-2. However, mass terms are the combination of link-1, link-2 

and the ball included as the linear time varying disturbance on the system.  Required 

torque generation by the controller is designed by feedback linearization as follows. 

◖d
ɗd

+
P

e◖
eɗ

◖d

ɗd

+ 1_____
sIPID

q1

q2

◖

ɗs

____1

- -

◖

ɗ

e◖

eɗ
.
. .

.
.
.



 

 

 

45 

 

† † ά ὫίὭὲ—
ὦ ὦ

ς
 (3.123) 

† † ά ὫίὭὲ—
ὦ

ς
 (3.124) 

 

Where, it is defined that, 

† ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  (3.125) 

† ὑȟὩ ὑȟ Ὡ †Ὠ†ὑȟὩ  (3.126) 

 

In the torque obtained in Eq (3.123) and (3.124) is satisfied by using Eq (3.125) and 

(3.126).  

3.3.4. Multi -Objective Optimization 

In order to enhance the controller performance, controller gains are needed to be 

initialized for the multi-objective optimization. To do so, the initial controller gains 

are set to be determined by the PID tuner of MATLAB for the Cascaded PID 

configuration. In this way, the obtained gain set are optimized for the highly non-linear 

simulation environment which includes motor and sensor subsystem. It is aimed to 

find the controller gain set that provides the closed loop system response of minimum 

percentage of overshoot and settling time. ITAE is chosen to be the cost function for 

solving the multi objective optimization problem. 

For the sake of generality, the performance indices are defined as, ITAE (Integral of 

the Time-Weighted Absolute Error), ITSE (Integral of the Time-Weighted Squared 

Error), IAE (Integral of the Absolute Value of the Error), ISE (Integral of the Squared 

Error), JE (Just Error) 
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ὐὉ Ὡ 

ὍὛὉ Ὡ ὸὨὸ 

ὍὃὉ ȿὩὸȿὨὸ 

ὍὝὛὉ ὸ Ὡ ὸὨὸ 

ὍὝὃὉ ὸȿὩὸȿὨὸ 

Where ñὸȟὸò are the beginning and the final time of the analysis, respectively. A 

demonstration for analyzing the performance indices is made for the linearized 

quadcopter dynamics in the altitude channel. Initial controller gains are set by using 

PID Tuner of MATLAB. Pre-defined controller gains are optimized for each of the 

performance indices. The optimized and pre-defined PID gains are expressed in Table 

3.3. 

Table 3.3 Pre-defined and Optimized PID Gains for Altitude Channel 

Method P I D 

PID Initialization υȢςψχρ ρȢςψωσ υȢρρχρ 
JE πȢππρςςπς πȢπππρρυτσ ωωωυȢω 
ISE υȢφφςτ σȢωφχχ σφȢυωυ 
IAE ρȢχυ ρȢτσωψ ρφȢχς 
ITSE τȢσπφχ πȢψςπσω ρτȢπχχ 
ITAE πȢχωυρω πȢψττττ ρσȢωχς 

 



 

 

 

47 

 

 Reference input and the closed loop system response according to the each of the PID 

gain set are expressed in Figure 3.6. 

 

 

Figure 3.6 Reference Input and Closed Loop System Response for the Linearized Altitude Dynamics of the 

Quadcopter System 

The step response characteristics for the closed loop altitude dynamics are expressed 

in Table 3.4. 

Table 3.4 The Step Response Characteristics for the Altitude Dynamics 

Method 
Settling 

Time [s] 
Rise Time [s] 

Overshoot 

[%] 

The Minimized Cost 

Value 

PID 

Initialization 
ςȢυσψφ πȢςςχχ ρωȢφτχ - 

JE πȢφςπχχ πȢππςωψπτ ωτȢυψς ςȢςρπτρπ 
ISE πȢυςωςφ πȢπφπυπψ σωȢσωσ σȢυψχυρπ 
IAE πȢχτχυψ πȢρπσυφ ςσȢσρτ ψȢρτρτρπ 
ITSE πȢωτχτρ πȢρρτφω ςςȢρςτ ρȢωςτςρπ 
ITAE πȢυωχψ πȢρρψωψ ρωȢρψς σȢχπυςρπ 

 

ITAE criterion penalizes the error with the time that persist up until the settling occurs. 

In general, the ITAE usually results in the most conservative controller settings which 

provide less overshoot and settling time [66]. By contrast, the ISE criterion provides 
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the most aggressive settings, while the IAE and ITSE criteria tend to produce 

controller settings that are between those for the ITAE and ISE criteria [66], as shown 

in Figure 3.6. 

As expressed in Table 3.4 that, ITAE provides the minimum percentage of overshoot 

with the fastest settling time compared with the other performance indices. Also, ITAE 

has a remarkable sensitivity on the cost function in the zero-velocity and the zero-

acceleration error for the second order system dynamics which has the damping ratio 

in the range of 0.4 to 1 [67]. Sensitivity of the ITAE compared with the ISE and the 

IAE is shown in Figure 3.7. 

 

Figure 3.7 Sensitivity of the ITAE Compared with IAE and ISE for the Zero-Velocity Error in the Second Order 

System Dynamics [66]  

It is reasonable to consider that, the minimization of ITAE may deliver an output that, 

the percentage of overshoot and the settling time of the system is reduced for the 

reference input. MATLAB Optimization Toolbox is used for the multi-objective 

optimization. Single objective transcription is defined as, 
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Ὢ ὸȿὩὸȿὨὸ (3.127) 

In Eq (3.127), where ñὸȟὸò are the beginning and the final time of the single objective 

of the optimization, respectively. ñὩò is the error, which is calculated for the single 

objective in the region of the reference input and systemôs predefined settling time.  

The performance index of the multi-objective optimization problem - ITAE is 

minimized by using Nonlinear Least Square Curve Fitting Algorithm of MATLAB. 

The number of objectives involved in the optimization problem is expressed by the 

subscript ñὯò. ñὔò dimensional multi-objective optimization is implemented as, 

ÍÉÎȿύὪȿ 

Where, ñύò is the weighting of the objective which is optimized. 

Iterated gain set of the cascaded PID controller for minimum ITAE is expressed in 

Table 3.5.  

Table 3.5 Optimized Gains of the System for Cascaded PID 

 x y z ‰ — ‪ — — 

ὑ  4.9158 4.9158 4.5467 2.5636 2.5636 1.0434 4680 12410 

ὑ 0.2432 0.2432 2.525 1.0303 1.0303 3.9229 0.2432 2543 

ὑ  1.8772 1.8772 1.382 0.0022 0.0022 0.0011 204 237 

ὑ  - - - 6.9568 6.9568 3.0431 - - 
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CHAPTER 4 

 

4.     TRAJECTORY PLANNING AND PRECISE TARGET ENGAGEMENT    

 

4.1. Problem Definition 

Precise target engagement depends on two mission parameters. These two parameters 

are the position information of the target and the throwing angle information that is 

needed in order not to engage with the environmental constraints. These 

environmental constraints may be the blockages for protecting the target from a wide-

open engagement. Because of that reason, the target location and throwing angle are 

assumed to be known premises. According to the relative position between the end 

effector - the target location and the throwing angle, engagement state of the 

quadcopter system is calculated by forward kinematics. Then, trajectory of the 

quadcopter is obtained for the initial and the final states of the quadcopter system in 

2-D.  

Trajectory optimization is performed to minimize the input forces to the quadcopter 

system, which are the thrust forces of the rotors and the torque inputs of the links of 

the robotic arm. Trajectory of the quadcopter is tracked by the infinite horizon LQR 

controller. Variation on the final velocity vector of the ball expresses the controller 

performance.  

Trajectory of the quadcopter system is generated with different scenarios and 

trajectories in 2-D for the engagement with the target. The trajectory of the quadcopter 

from the initial state to the final throwing state will be followed by the LQR controller. 

As a result, target engagement is performed at the end of trajectory planning and 

tracking stages. 
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Figure 4.1 Trajectory Planning and Precise Target Engagement 

As presented in Figure 4.1, Point O is the initial position of the quadcopter system, 

Point E is the engagement location and Point T is the fixed target position. Chapter 

4.2 gives the details about the Trajectory Analysis of the Ball, where it is indicated in 

the figure as point E to T. Chapter 4.3 presents the Trajectory Generation of the 

Quadcopter System, where it is expressed as point O to E. In the final part of this 

chapter, LQR controller is designed to track the optimized trajectory from point O to 

point E. 

4.2. Trajectory Analysis of the Ball 

Quadcopter system consists of a quadcopter body, a 2-DOF robotic arm and a ball 

held by the end-effector of the robotic arm. Trajectory analysis is performed by 

considering the quadcopter system kinematics in 2-D planar space. This approach is 

made for the sake of simplicity. 

4.2.1. Forward Kinematic s of the Ball Throwing Motion 

In this part, engagement state of the quadcopter system is calculated. The engagement 

state is the required generalized positions and velocities of the quadcopter system for 

precise hit. The total energy of the final configuration is calculated in detail. Then, the 

required velocity vector of the ball is derived from the mission parameters. In the last 

step, the required ball trajectory is found for the quadcopter system. Forward 

kinematics algorithm for engagement state is developed for that purpose. 

x

z

Target Location

Engagement Location

Initial Location of the Quadcopter System

O

E

T
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4.2.1.1.1. Total Energy of the Quadcopter System 

The total energy of the quadcopter system is found in Chapter 3.2. However, 

calculation of the total energy of the quadcopter system is modified by including the 

motion of the ball. Then, it is defined as, 

Ὁ ὑ Ὗ  (4.1) 

 

Total kinetic energy and potential energy of the system are calculated by considering 

the effect of the ball as, 

ὑ ὑ ὑ  (4.2) 

Ὗ Ὗ Ὗ  (4.3) 

ὑ
ρ

ς
ὴӶ ά ὴӶ (4.4) 

Ὗ ά ὫόὴӶ (4.5) 

 

Total energy consumed by the system expressed in Eq (4.1) is as a function 

generalized positions and velocities. 

Ὁ Ὢὼȟᾀȟ—ȟ—ȟ—ȟὼȟᾀȟ—ȟ—ȟ—  (4.6) 

 

4.2.2. Separation Velocity Vector and Release Angle Kinematic Equation 

Final position of the ball can be considered for target engagement requirement while 

the speed of the ball can be derived accordingly. Projectile motion of thrown ball is 

calculated in planar space as follows: 

Vertical Motion: 

ᾀ ᾀ ὺ ÓÉÎ— ὸ
ρ

ς
Ὣ ὥ ὸ (4.7) 
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There is not any acceleration exerted on the ball by the robotic arm of the quadcopter 

system before shooting in the z direction, Eq (4.7) can be simplified as ñ ὥ πò. 

Vertical relative displacement is expressed as, 

ɝᾀ ᾀ ᾀ (4.8) 

 

Horizontal Motion: 

ὼ ὼ ὺ ÃÏÓ— ὸ
ρ

ς
ὥ ὸ (4.9) 

  

There is not any acceleration exerted on the ball by the robotic arm of the quadcopter 

system before shooting in the x direction, Eq (4.9) can be simplified as ñ ὥ πò.  

Horizontal relative displacement is expressed as, 

 

ɝØ ὼ ὼ 

 

(4.10) 

According to the known release angle ñ— ò, total required throwing speed ñ ὺ ò 

is found generically from Eq (4.7) to (4.10).  

ὺ
ɝØ

ὧέί—

Ὣ

ςɝØ ÔÁÎ— ɝÚ
 (4.11) 

 

4.2.3. Forward Kinematics Algorithm  for  the Engagement State 

Main purpose is to specify the true while iterating the achieved trajectory of the ball. 

In order to satisfy the true trajectory by the achieved trajectory, initial position and 

velocity of the ball must be known.  

The assumptions made for both calculation of the true and the achieved trajectory of 

the ball are: 

¶ There is not any acceleration exerted in the x and z direction. 

¶ There is not any mass change on the ball during the scenario. 



 

 

 

55 

 

¶ The only acceleration exerted to the ball is the gravitational acceleration. 

¶ Initial position and velocity vector of the ball equals to the position and the 

velocity vector of the end-effector at the engagement state. 

 

Figure 4.2 Ball Trajectory Kinematics 

Position of the target and the release angle are assumed to be the known premises. 

Total required throwing speed is found from Eq (4.11). Then, true trajectory of the 

ball is obtained by the initial position and the initial velocity vector calculated for the 

known parameters. However, achieved trajectory of the ball is obtained by the position 

and the velocity vector of the end effector at the engagements state. True and achieved 

trajectories are implemented in MATLAB/Simulink. The velocity and the position 

trajectory of the ball is calculated by the implementation presented in Figure 4.2. 

 

Figure 4.3 True Trajectory of the Ball 

 Evaluation of the true and the achieved trajectory of the ball is presented in Figure 

4.3 and Figure 4.4, respectively. 

Target Location
ɗrelease

Ball Trajectory Kinematics
in Figure 4.2

True Trajectory of the Ball
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Figure 4.4 Forward Kinematics Algorithm 

Figure 4.4 shows the flow chart of the Forward Kinematics Algorithm. Kinematics of 

the end-effector of the quadcopter system is obtained from Eq (3.21) and Eq (3.41). 

Energy analysis is also taken into considerations by using Eq (4.1). The iterated 

position - velocity vectors and total energy consumption of the quadcopter system at 

engagement state are implemented. Kinematic relations and the subsystem explained 

in Figure 4.2 are implemented to the algorithm, which is defined as the Forward 

Kinematics Algorithm. It is considered that the achieved position and the velocity 

trajectory of the ball depends on nonlinear equations obtained from the kinematics of 

the quadcopter system, which are iterated in forward kinematics for satisfying the true 

position and velocity trajectory of the ball.  

Initial guess vector in planar assumption consists of 9 generalized positions and 

velocities of the quadcopter system, that are iterated in the forward kinematics 

algorithm and expressed as, 

— ȟὠ Ὢ —ȟ—ȟ—ȟ—ȟ—ȟ—ȟᾀȟὼȟᾀ (4.12) 
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Then, each trial of the generalized positions and velocities of the quadcopter system 

are iterated by considering Chapter 3.3.4. Here, ñὩò is defined for the error between 

true position and velocity trajectory with respect to achieved position and velocity 

trajectories in x-z direction, which are minimized. Nonlinear least-squares curve 

fitting algorithmôs boundaries are defined for the quadcopter and joint limits. In the 

each iteration of the solver, the weighting of the generalized positions and velocities 

of the robotic manipulator is set twice of the generalized positions and velocities of 

the quadcopter body. These limits consist of the kinematic variables in Eq (4.12). The 

position and the velocity terms are set according to the different scenarios and 

trajectories in 2-D.  

The acceptable tolerance is defined as a constant value, which depends on the scenario. 

ITAE of the multi-objective optimization problem is the compared variable for the 

logic shown in Figure 4.4. If the ITAE of the iteration is less than the pre-specified 

ITAE tolerance, acceptable group of iterations are displayed for the scenarios. 

4.3.  Trajectory Generation of the Quadcopter System 

Trajectory of the quadcopter system is obtained for the minimum input generated by 

the rotors and the RC servos. A proposed controller structure is designed in order to 

track the optimized trajectory. Infinite horizon LQR controller is used for the altitude 

and the attitude stabilization. Gains of the controller is set for the optimized trajectory 

tracking. These two topic will be detailed in this part.  

4.3.1. Optimized Trajectory Generation 

Trajectory is generated according to linearization of the equation of motion of the 

quadcopter system in planar space. Since the system is underactuated, motion in the x 

direction is generated by tilting the quadcopter. Gravity is assumed to be in the 

opposite direction of the z-axis.  Freebody diagram of the simplified system is shown 

in Figure 4.5. 
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Figure 4.5 Simplified 3-DOF Quadcopter System 

Thrust force and the linearized attitude angle produce the acceleration in the x 

direction. The links are assumed to be perfectly rigid and interaction forces of the links 

are neglected. However, the reaction moments of the links are included for the 

linearized quadcopter body dynamics. 

Generalized coordinates of the quadcopter system consists of 5 elements for the planar 

assumption, they are as follows. 
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Force and moment generated in the quadcopter system is presented by considering the 

planar assumption as, 

Ὢ ό ό 

† ό ό Ὠ  

 Then, the system dynamics is defined in Eq (4.13) 

ή ὓ Ὢ  (4.13) 
 

Eq (4.13) is expanded as, 
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ñMò is the mass-inertia matrix of the quadcopter system in the planar assumption. òMò 

is a function of ñὬò expressed in Eq (4.14). ñὪ ò is the internal force matrix of the 

system and it is a function of ñὪò shown in Eq (4.15). 

ὓ Ὤά ȟάȟάȟά ȟὍȟὍȟὍ  

 

(4.14) 

 

Ὢ Ὢόȟόȟὸȟὸȟ—ȟ—ȟ—ȟὦȟὦȟὦȟὨȟὫ (4.15) 
 

Force and moment inputs of the system are defined as: 

ό

ό
ό
ὸ
ὸ
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¶ ό and ό are the thrust forces generated by rotors. 

¶ ὸ and ὸ are the torque generated by RC servo motors on the joints of the links. 

States that are required to be solved for the optimal trajectory is the collection of the 

position and the velocity terms of the generalized coordinates [51]. 

ὺӶ ή ή  

ὺӶ can be expanded as. 

ὺӶ ὼ ᾀ — — —    ὼ ᾀ — — —  

Force input is defined as a cost function in order to get the minimum energy 

consumption while trajectory is executed. Cost function is expressed as. 

ὐ ό † Ὠ† 

Subjected to pre-specified system parameters, which are mass, length, force and 

torque characteristics involved in the trajectory of the quadcopter system; 

Time Boundary: 

ὸᶻ ɴ ὸȟὸ  

Initial State Boundary is fixed for the initial state vector as: 

ὺὸ ᶰὺ ȟὺ ᴼὺὸ ὺ 

Final State Boundary is fixed for the final state vector as: 

ὺὸ ᶰὺ ȟὺ ᴼὺὸ ὺ 

System Dynamics is also generically expressed in Eq (4.13): 

ὺ Ὢὸȟὺὸȟόὸ  

State Boundary on Continuous Time such as: Joint limits and quadcopter linear region. 
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ὺ  ὺὸᶻ ὺ    

 

Control Boundary on Continuous Time such as: Thrust force and joint torque limits 

ό  όὸᶻ ό   

Constrained Nonlinear Programming Solver for Multivariable Function of MATLAB 

is used to get the set of optimal states on the path. Trapezoid integrator of MATLAB 

[50] is set for solving the high order derivative terms. Trajectory is divided into 

segments by using MATLAB Optimization Toolbox. The number of segment that the 

trajectory is divided into is set for specified grids for pre-specified flight duration. 

Quadratic Spline Interpolation of MATLAB [49] is used for finding the off grid points 

of the trajectory [52]. Optimization is iterated for each segments of the trajectory. The 

general principle of the trajectory optimization is illustrated in Figure 4.6. 

 

Figure 4.6 Optimal States of the Trajectory Generation 

4.4. Controller Topology of the Optimal State Trajectory Tracking  of the 

Quadcopter System 

Optimal state trajectory information is set to the reference inputs of the quadcopter 

system. A controller structure is implemented in order to track the reference inputs 
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purely. Reference input is traced by LQR controller designed for unified quadcopter 

system. 

The altitude and the attitude dynamics is included for the LQR controller structure 

[43]. Since the system model is designed for the linear region, small angle assumption 

satisfies X position and velocity requirement in quadcopter pitch dynamics. By 

considering Eq (4.13),  

The infinite horizon, LQR is given by 

ὼ ὃὼ ὄό 

ὐ ὼὗὼ όὙόὨὸ 
 

(4.16) 

 

Letôs define the control input as. 

ό Ὑ ὄὖ ὼ 

Fix gain set ñὑò is defined as. 

ὑ Ὑ ὄὖ 

Algebraic Ricatti equation is solved for P as follows. 

π ὖὃ ὃὖ ὖὄὙ ὄὖ ὗ 

States of the LQR controller are defined as. 

ὼ  ᾀ — — — ᾀ — — —   

 

LQR controller follows the desired trajectory by control law expressed in Eq (4.17), 

[43]. 

ό  ὑὼ (4.17) 
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ñὃò matrix of the system is 8x8 according to the equation of motion defined for 

attitude and altitude dynamics. ñὄò matrix is defined by 8x4 according to the control 

inputs. Control inputs are the thrust force and the pitch moment generated by the rotors 

and the torque inputs from the RC Servo motors, so that ñόò is 4x1 matrix. ñὑò gain 

matrix has the size of 4x8. Desired states of the trajectory is found in the previous 

section and are followed by the controller. Implementation of the controller 

architecture is illustrated in Figure 4.7. 

 

Figure 4.7 Implementation of the LQR controller 

The nominal gains of the LQR controller are implemented by considering the weights 

Q and R in Eq (4.16). Q weights on states and R weights on control input in cost 

function, which are further improved by considering Chapter 3.3.4. Here, ñὩӶò is 

defined for the error between optimal states of trajectory with respect to the achieved 

states of the quadcopter system.  

Error minimization between reference input and system response for finding the LQR 

weightings are obtained for two scenario pairs generated on 6-DOF nonlinear model 

and they are expressed in a row matrix. The first and the second LQR weightings are 

obtained for the scenarios detailed in Chapter 5.2.2.1 and Chapter 5.2.2.2, 

respectively. Each elements of the row matrix represents the diagonal elements of ñQò 

and ñRò matrices which are 8x8 and 4x4 respectively.  

ὗ στστ   υ   πȢχψχ   σȢφὼρπ   σχσυ   υσχ   ρςς   ρππ 

Ὑ πȢς   πȢτ   ςȢυ   ρ 

xdesired

+

-

-K

Non-Linear 
Quadcopter System

Simulation 

x
Force and Moment

Generation



 

 

 

64 

 

ὗ στστ   υ   πȢυ   πȢπρ   σχσυ   υσχ   χππ   ρππ 

Ὑ πȢς   πȢτ   ψ   υ 

Eigenvalues of the closed loop A matrix is found as. 

‗ ὩὭὫὃ ὄὑ  

Where, it is defined that i = 1,2,3,4,5,6,7 and 8.  

It is found by using Control System Toolbox of MATLAB. Eigenvalues of the 

closed loop A matrix are found as. 

‗Ӷ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

ωσȢυ
χρρȢφ
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ρφωȢς ρφωȢςὮ
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ủ
Ủ
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CHAPTER 5 

 

5. SIMULATION BASED EXP ERIMENTS   

 

5.1. Simulation of the Quadcopter System  

The nonlinear coupled quadcopter system dynamics and kinematics are modeled. The 

quadcopter system model is implemented in MATLAB/Simulink. Control algorithms, 

motor and sensor subsystems of the quadcopter system are performed in the same 

simulation environment. Then, control algorithms are tested with the nonlinear 

quadcopter system simulation. In order to generate the model realistically, physical 

limits are defined as: maximum rotational speed of the propellers is set to 2000 rad/sec, 

torque limit for RC servo command is set according to the values listed in Table 6.4, 

rotation limit of the links of the robotic arm is set to be within 25 degrees. Solver of 

the simulation model is set for 1 millisecond of step size with the ODE-4 solver.  

Aerodynamic thrust and torque coefficients are taken from [39]. In addition, energy 

analysis is also presented. 

Table 5.1 System Parameter Set for the Simulation Model 

ά  [ὯὫ] 1.240 

ά  [ὯὫ] 0.06 

ά  [ὯὫ] 0.08 

ά  [ὯὫ] 0.022 

 Ὅȟ  Ὅȟ  Ὅȟ  [ὯὫȢά ] [0.0206 0.0206 0.017181] 

 Ὅ ȟ  Ὅ ȟ  Ὅ ȟ  [ὯὫȢά ] [0.675 1.97 1.97]ὼρπ  

 Ὅȟ  Ὅȟ  Ὅȟ  [ὯὫȢά ] [0.425 1.44 1.44 ]ὼρπ  

Ὠ [ά] 0.225 

ὦ [ά] 0.10 

ὦ [ά] 0.11 

ὦ [ά] 0.12 

ὧȟ [ά] 0.05 

Ὠȟ [ά] 0.05 

Gravity [άȾί ] 9.81 
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ὧ [N/ ὶὥὨȾί ] ςȢχτὼρπ 

ὧ [Nά/ ὶὥὨȾί ] πȢπτχὼρπ 

 

5.2. Scenarios of the Simulation Based Experiment 

In this part, two controller configurations are tested in the simulation environment. 

According to the scenarios, the simulation environment is modified by enabling the 

motor and sensor subsystems. Details of the scenarios are presented in Table 5.2. 

Scenarios are analyzed by considering two approaches. The first approach is to throw 

the ball for precise target engagement which is common for the each scenario. The 

second approach is analyzed for Scenario-4 and Scenario-5, which is tested for the 

throwing-stabilization-landing modes. Trajectories of the ball for each scenario are 

also analyzed. 

Table 5.2 Scenarios of the Quadcopter System Simulation and Analysis 

Scenario 

Number 
Controller 

Motor 

Subsyste

m 

Sensor 

Subsystem 

Scenario 

Property 

Release 

Angle 

Target Relative 

Distance 

Scenario-1 
Cascaded 

PID 
+ + Throw 39 Ј (1.7 , - 0.7) m 

Scenario-2 LQR + - Throw 51 Ј (1.7 , - 0.7) m 

Scenario-3 LQR + + Throw 45 Ј (1.7 , - 0.7) m 

Scenario-4 LQR + - 
Throw 

and Land 
45 Ј (5 , - 0.7) m 

Scenario-5 LQR + + 
Throw 

and Land 
45 Ј (5 , - 0.7) m 

 

A 3-D trajectory tracking is tested for the cascaded PID controller configuration. 

Results are presented in Appendix-A. 

5.2.1. Examining the Cascaded PID Controller Configuration for Ball Throwing 

In the first scenario, X position controller is bypassed by the Euler pitch controller. 

Other controller channels are remained the same for closed loop stabilization.  Mission 

parameters are defined as: release angle is set to 39 degrees, target position is relatively 

located at (1.7 , - 0.7) m. Engagement states of the quadcopter system are calculated 
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in Forward Kinematics Algorithm and expressed in Table 5.3. Reference inputs for 

the quadcopter system are generated by trial and error. However,  the engagement 

states of the quadcopter system are achieved. 

Table 5.3 Shooting Parameters of the Scenario-1 

Parameter Value 

— 2.9 deg 

— 9 deg 

— 9 deg 

— 21 deg/s 

— 20 deg/s 

— 20 deg/s 

ɝὼ 1.74 m 

ɝᾀ 0.7072 m 

ὼ -0.07m 

ᾀ 1.02m 

ὼ 2.39 m/s 

ᾀ 2.05 m/s 

ὠ  2.61 m/s 

ὠ  2.11 m/s 

Energy of the motion 22.06 J 

 

Shoot signal is also shown in the following the figures. Engagement states of the 

quadcopter system is achieved in 2.23 second of simulation time. Figure 5.1 presents 

the time evolution of linear velocity of the quadcopter system. Linear velocity of the 

quadcopter system in the x direction is increased by Euler pitch reference input. As 

shown in the Figure 5.2, 10 degrees of constant Euler pitch reference input is fed to 

the attitude controller for satisfying the linear velocity requirement of shooting. 
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Figure 5.1 Linear Velocity of the Quadcopter System for Scenario-1 

Time evolution of the armôs joint angles and rates are shown in the Figure 5.2 and 5.3, 

respectively. 

 

Figure 5.2 Angular Position of the System Parts for Scenario-1 
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Figure 5.3 presents the time evolution of the inner rate loop controller. Required 

angular rate of the quadcopter system is obtained by generation of the 15 degrees of 

Euler pitch angle reference input in the opposite direction, as shown in Figure 5.2.  

 

Figure 5.3 Angular Velocity of the System Parts for Scenario-1  

There is a change in the nominal trend of the rotational speed of the rotors before 

shooting the ball. As seen in Figure 5.4 that, the nominal rotational speed is increased 

by 250 rpm. 

 

Figure 5.4 Rotational Speed of Rotors during the Flight Simulation for Scenario-1 
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In Figure 5.5, trajectories of the ball are compared with the ideal case and the 

simulation output. There is less than 10 cm of difference on hit location. 

 

Figure 5.5 Trajectory of the Ball Compared with the Achieved System Output for Scenario-1 
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5.2.2. Examining the Trajectory Planning and LQR Controller Configuration for 

Ball Throwing  

The 6-DOF nonlinear quadcopter simulation is used for demonstrations. LQR 

controller configuration is implemented in the same simulation environment. Planar 

control commands are generated and fed into the LQR controller. Y position, Euler 

roll angle and rate reference inputs, Euler Yaw angle and rate reference inputs are set 

to be zero.  

Two topics are investigated for the optimal state trajectory generation and controller 

tracking. In the first part, two scenarios are generated for the same delta distance on 

the target location with different release angles. These are the Scenario-2 and 

Scenario-3, which are expressed in Table 5.2. In the second part, performance limits 

of the controller and the trajectory generation are analyzed. These are the Scenario-4 

and Scenario-5, which are expressed in Table 5.2 Throwing-stabilization-landing 

modes are performed. The external disturbance of the ball is removed in the 

stabilization-landing phase.  

Mission parameters are set for the Scenario 2, 3 and 4-5. Engagement states are 

obtained by using forward kinematics algorithm. Generalized positions and velocities 

of the engagement states of the quadcopter system are the final state of the optimal 

state trajectory. Initial states of the trajectory are set to zero matrix. In the last part of 

the analysis, achieved energy consumption analysis are investigated according to the 

trajectory tracking performances of the controllers.   

5.2.2.1. Trajectory Generation and Tracking Analysis for the Scenario-2 and the 

Scenario-3 Pair 

Trajectory generation is obtained for 3 seconds of flight analysis. Path of the trajectory 

is divided into 10 segments. The illustration of the segments of the trajectory is shown 

in Figure 4.6.  
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5.2.2.1.1. Trajectory Optimization and Tracking  for the Engagement State in 

Scenario-2 

Mission parameters are defined as: release angle is set to 39 degrees, target position is 

relatively located at (1.7 , - 0.7) m. Engagement states of the quadcopter system are 

calculated in Forward Kinematics Algorithm and expressed in Table 5.4.  

Table 5.4 Shooting Parameters obtained for Scenario-2 

Parameter Value 

— 1.35 deg 

— 8.47 deg 

— 6.77 deg 

— 28.68 deg/s 

— 41.73 deg/s 

— 41.26 deg/s 

ɝὼ 1.704 m 

ɝᾀ 0.72 m 

ὼ -0.05 m 

ᾀ 1.047m 

ὼ 2.19 m/s 

ᾀ 2.02 m/s 

ὠ  2.599 m/s 

ὠ  2.11 m/s 

Energy of the motion 21.6 J 

ITAE 0.0004056 
 

Energy of the quadcopter system in the forward kinematics algorithm is expressed in 

Figure 5.10. Error tolerance of ITAE is chosen to be relaxed in order to observe the 

energy changes on the iteration steps. The engagement states are found in the 90th 

iteration step. 
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Figure 5.6 Energy of the Quadcopter System in the Forward Kinematics Solution for Scenario-2  

Boundaries for the path generation is shown in Table 5.5.  

Table 5.5 Boundaries of the Path for Scenario-2 

 ὼ z — — — ὼ ᾀ — — — 

ὺ  0 0 -15Ј 0Ј -5Ј -2 -2 -50Ј 0Ј 0Ј 
ὺ  4 2 15Ј 15Ј 15Ј 3 3 50Ј 60Ј 60 

 

Figure 5.8 presents the time evolution of the angular position tracking. Since the 

angular position tracking is satisfactory in the linear region of the quadcopter system, 

there is almost zero error in the x-position compared with the reference position in the 

x direction of the generated trajectory, as in Figure 5.7. The time evolution of the linear 

velocity in the x direction is shown in Figure 5.9.  
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Figure 5.7 Linear Position Reference Input and System Response for Scenario-2 

 

Figure 5.8 Angular Position Reference Input and System Response for Scenario-2 
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Figure 5.9 Linear Velocity Reference Input and System Response for Scenario-2 

The time evolution of the Euler pitch rate, link-1 and link-2 angular rates are presented 

in Figure 5.10 to 5.12, respectively. 

 

Figure 5.10 Theta Angular Velocity Reference Input and System Response for Scenario-2 
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Figure 5.11 Theta1 Angular Velocity Reference Input and System Response for Scenario-2 

 

Figure 5.12 Theta2 Angular Velocity Reference Input and System Response for Scenario-2 
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5.2.2.1.2. Different Release Angle Trajectory Optimization and Tracking for the 

Engagement State in Scenario-3 

Different release angle demonstration is analyzed. The same hit location considered 

in Scenario-2 with 45 degrees of different release angle is solved by forward 

kinematics algorithm.  The same steps are followed. The obtained parameter set is 

expressed in Table 5.6,  

Table 5.6 Shooting Parameters obtained for Different Release Angle in Scenario-3 

Parameter Value 

— 10.56 deg 

— 12.06 deg 

— 12.06 deg 

— 20.80 deg/s 

— 33.44 deg/s 

— 33.65 deg/s 

ɝᾀ 0.75 m 

ɝὼ 1.704 m 

ὼ -0.13 m 

ᾀ 1.04m 

ὼ 2.13 m/s 

ᾀ 2.26 m/s 

ὠ  2.42 m/s 

ὠ  2.42 m/s 

Energy of the motion 22.07 J 

ITAE 0.00047 
 

Energy of the quadcopter system in the forward kinematics algorithm is expressed in 

Figure 5.13. The engagement states are found in the 100th iteration step. 
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Figure 5.13 Energy of the Quadcopter System in the Forward Kinematics Solution for Different Release Angle in 

Scenario-3 

Boundaries for the path generation is expressed in Table 5.7.  

Table 5.7 Boundaries of the Path for Different Release Angle in Scenario-3 

 ὼ z — — — ὼ ᾀ — — — 

ὺ  0 0 -15Ј 0Ј -5Ј -2 -2 -50Ј 0Ј 0Ј 
ὺ  4 2 15Ј 15Ј 15Ј 3 3 50Ј 60Ј 60 

 

Quadcopter system behaves similar as in Scenario-2. The minimum point of the Euler 

pitch position reference input is around -10 degrees. The only difference compared 

with the Scenario-2 is the linear velocity error in the x direction, as shown in Figure 

5.16.  
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Figure 5.14 Linear Position Reference Input and System Response for Different Release Angle in Scenario-3 

 

Figure 5.15 Angular Position Reference Input and System Response for Different Release Angle in Scenario-3 
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Figure 5.16 Linear Velocity Reference Input and System Response for Different Release Angle in Scenario-3  

 

Figure 5.17 Theta Angular Velocity Reference Input and System Response for Different Release Angle in 

Scenario-3 
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Figure 5.18 Theta1 Angular Velocity Reference Input and System Response for Different Release Angle in 

Scenario-3 

 

Figure 5.19 Theta2 Angular Velocity Reference Input and System Response for Different Release Angle in 

Scenario-3 
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5.2.2.1.3. Analysis Performed for the Energy Consumption and Trajectory of 

the Ball  

Power consumption of the quadcopter system consists of rotors and RC servo motors. 

Power consumption of the actuators are defined in Eq (5.1) and (5.2), the unit of the 

equality is Joule/s. 

ὖ ὸ— (5.1) 

ὖ †(5.2) ‫ 

 

Energy consumption is the integral of the power consumption. The integral is assigned 

for the simulation stopping time. Energy consumed by actuators are defined in Eq 

(5.3) and (5.4), the unit of this operation is in Joule. 

Ὁ ὖ Ὠὸ (5.3) 

Ὁ ὖ Ὠὸ (5.4) 

Energy consumption for the whole scenario generation consists of throwing energy 

and energy consumed to reach the engagement states. 

Ὁ Ὁ Ὁ  

Letôs define that, 

Ὁ Ὁ Ὁ  

Achieved total energy consumed according to the simulation output which is assigned 

for Scenario-2, obtained as. 

Ὁ ςωρȢφ J 

Ὁ ςȢςσρὼρπ  J 
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Ὁ ςπȢχω ὐ 

Ὁ σρςȢσω ὐ 

Achieved total energy consumed according to the simulation output which is assigned 

for Scenario-3, obtained as. 

Ὁ ςωφȢφ J 

Ὁ τȢφωσὼρπ  J 

Ὁ ςρȢςσ ὐ 

Ὁ σρχȢψσ ὐ 

Figure 5.20 compares the trajectories of the ball in Scenario-2 and Scenario-3 with the 

ideal trajectory. There is a less than 30 cm of shift in the hit location. Different release 

angle consideration in Scenario-3 shapes the trajectory for the same hit location. If 

there exists any type of an obstacle in between the quadcopter and the target, the 

trajectory shaping is solution for that sense.  

 

Figure 5.20 Comparison of the Achieved Trajectories with the Existence of an Obstacle 
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5.2.2.2. Performance Limits of the Trajectory Optimization and Tracking  

Scenario-4 and Scenario-5 are both generated in this part. This part is analyzed by 

two-layered approach. The first layer is to take-off and throw. The second layer is the 

stabilization and landing. Trajectory is optimized for non-linear region of the angular 

position of the quadcopter system. Flight duration is set for 8 and 4 seconds for the 

first and second layer of the trajectory optimization, respectively. Both paths are 

divided into 10 segments for the first and the second layer of each scenario. A multi-

variable logic is implemented for the generation of the shoot signal, which is defined 

as the tolerance band to each engagement stateôs nominal value. When the kinematics 

of the quadcopter system is ready for throwing, the shoot signal is activated. Besides 

of the engagement states, the shoot signal is also defined in between 7.5th  to 8.2nd  

seconds of the simulation time for the Scenario-5. However, shoot signal is generated 

in the 8th of the simulation time for the Scenario-4. After the shooting process is 

completed, mass of the ball is eliminated both in the scenarios. Landing is performed 

in the final part of the analysis. 

5.2.2.2.1. Trajectory Optimization for  the Performance Limits of the 

Quadcopter System in Scenario-4 and Scenario-5 

Mission parameters are defined for both Scenario-4 and Scenario-5 as: release angle 

is set to 45 degrees, target position is relatively located at (5 , - 0.7) m. Engagement 

states of the quadcopter system are calculated in the Forward Kinematics Algorithm 

and expressed in Table 5.8.  
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Table 5.8 Engagement State obtained for the Performance Index Analysis 

Parameter Value 

— 5.3 deg 

— 5.2 deg 

— 5.2 deg 

— 17.2 deg/s 

— 17.2 deg/s 

— 17.2 deg/s 

ɝὼ 5 m 

ɝᾀ 0.7072 m 

ὼ -0.0015 m 

ᾀ 1.03 m 

ὼ 4.43 m/s 

ᾀ 4.58 m/s 

ὠ  4.64 m/s 

ὠ  4.64 m/s 

Energy of the motion 46.45 J 

ITAE 0.00037 

 

Energy of the quadcopter system in the forward kinematics algorithm is expressed in 

Figure 5.21. Error tolerance of ITAE is chosen to be strict in order to have a precise 

target engagement. The engagement states are found in the 6th iteration of the 

acceptable error tolerance step. 

 

Figure 5.21 Energy of the Quadcopter System in the Forward Kinematics Solution for Scenario-4 and   

Scenario-5 
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Trajectory reference inputs of the Scenario-4 and Scenario-5 are generated according 

to the boundaries of the path which are expressed in Table 5.9 and Table 5.10. Two 

layers of the trajectory is approached by a different set of path boundaries.  

Table 5.9 Boundaries of the Path for the First Layer of the Performance Index Analysis  

 ὼ z — — — ὼ ᾀ — — — 

ὺ  0 0 -70Ј 0Ј 0Ј -1 -2 -120Ј 0Ј 0Ј 
ὺ  4 2 70Ј 45Ј 45Ј 5 5 120Ј 60Ј 60 

 

Table 5.10 Boundaries of the Path for the Second Layer of the Performance Index Analysis 

 ὼ z — — — ὼ ᾀ — — — 

ὺ  0 0 -70Ј 0Ј 0Ј -3 -3 -120Ј -60Ј -60Ј 
ὺ  4 2 70Ј 45Ј 45Ј 5 5 120Ј 60Ј 60 

 

5.2.2.2.2. Controller Performance 

Controller performances are compared for the same reference inputs, however the 

simulation environment in Scenario-5 is modified by enabling the sensor subsystem 

to observe the controller performance limits.  

Trajectory of the quadcopter system in the x-z plane is presented in Figure 5.22. 

 

Figure 5.22 Flight Path Comparison of the Quadcopter System for Scenario-4 and Scneario-5 
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 Comparison of the generated trajectory and the achieved x-position of the quadcopter 

system is shown in Figure 5.23. There is a shift in the landing position of the Scenario-

4 and the Scenario-5, which are 0.4m and 1m, respectively. 

 

 

Figure 5.23 Linear Position Reference Input and System Response for Performance Index Analysis in Scenario-4 

and Scenario-5 

 

Figure 5.24 Altitude Reference Input and System Response for Performance Index Analysis in Scenario-4 and 

Scenario-5 
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Figure 5.25 presents the time evolution of the angular position tracking. Trajectory is 

generated in the region of -40 degrees to 45 degrees of Euler pitch reference input. 

Quadcopter system traces the Euler pitch reference input satisfactorily. However, 

Euler pitch rate tracking is limited for Scenario-4 and Scenario-5, as in Figure 5.30. 

Reference angular rate for link-1 and link-2 are presented in Figure 5.31 and 5.32, 

respectively. The angular rate control in the Scenario-5 is marginally stable because 

of the existence of the sensor subsystem. In addition, Scenario-4 is limited to track the 

angular rate reference input.  

 

 

Figure 5.25 Euler Pitch Angle Reference Input and System Response for Performance Index Analysis in 

Scenario-4 and Scenario-5 
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Figure 5.26 Link-1 Angular Position Reference Input and System Response for Performance Index Analysis in 

Scenario-4 and Scenario-5 

 

Figure 5.27 Link-2 Angular Position Reference Input and System Response for Performance Index Analysis in 

Scenario-4 and Scenario-5 

Linear velocity reference input tracking performances of the controllers are presented 

in Figure 5.28 and Figure 5.29.  
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Figure 5.28 Linear Velocity in X-Direction Reference Input and System Response for Performance Index 

Analysis in Scenario-4 and Scenario-5  

 

Figure 5.29 Linear Velocity in Z-Direction Reference Input and System Response for Performance Index 

Analysis in Scenario-4 and Scenario-5 
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Figure 5.30 Euler Pitch Rate Reference Input and System Response for Performance Index Analysis in Scenario-

4 and Scenario-5 

 

Figure 5.31 Link-1 Angular Velocity Reference Input and System Response for Performance Index Analysis in 

Scenario-4 and Scenario-5 
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Figure 5.32 Link-2 Angular Velocity Reference Input and System Response for Performance Index Analysis in 

Scenario-4 and Scenario-5 

 

5.2.2.2.3. Analysis Performed for the Energy Consumption and Trajectory of 

the Ball  in Performance Limits 

Same steps in Chapter 5.2.2.1.3 are followed for the energy consumption comparison 

analysis. 

Achieved total energy consumption according to the results obtained in Scenario-4 as. 

Ὁ ρρρς J 

Ὁ ωȢφσὼρπ J 

Ὁ τσȢψφ ὐ 

Ὁ ρρυυȢψφὐ 

Achieved total energy consumption according to the results obtained in Scenario-5 as. 

Ὁ ρωρς J 

Ὁ ρȢτψωὼρπ  J 








































































































































