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ABSTRACT Automated manufacturing systems (AMSs) consist of computer-controlled interconnected
manufacturing components (MCs) that are used to transport and process different product types. Each
product type requires a certain sequence of processing steps in different MCs. Hereby, multiple product
types can share processing steps on the same MC and the paths of different products types can overlap.
In this paper we consider the modeling of AMSs in the scope of supervisory control for discrete event
systems (DES). On the one hand, a suitable AMS model must allow the representation of sequential and
concurrent processing steps in MCs. On the other hand, such model must be able to track different product
types traveling through the AMS so as to process the products correctly. While previous work is commonly
concerned with the first requirement, this paper identifies that the existing literature lacks a general treatment
of the second requirement. Accordingly, we first introduce order-preserving (OP) languages that preserve
the order of different product types in MCs and we propose a suitable finite state automaton model for OP
languages. Then, we show that the composition of OP languages again leads to an OP language. That is,
modeling MCs by OP languages, an OP model of a complete AMS that is suitable for supervisory control
is obtained. In addition, it is possible to use both OP models and non-OP models for general AMSs, where
MCs have different properties. We demonstrate the applicability of the proposed modeling technique by a
flexible manufacturing system example.

INDEX TERMS Discrete-event systems, automated manufacturing systems, supervisory control, order-
preserving models.

I. INTRODUCTION

D ISCRETE event system (DES) models are suitable for
representing sequential and concurrent processes in

technical systems such as automated manufacturing systems
(AMSs) [1]–[8]. Such systems consist of a given hardware
setup with various manufacturing components (MCs) such
as machines, robots and conveyor belts [9]–[13]. It is gen-
erally desired to move products along pre-defined paths
and to use pre-specified MCs for processing these prod-
ucts in a given sequence while avoiding deadlock situations
[14]–[16]. Hereby, it is the case that multiple products are
present in different parts of such AMS simultaneously and
are processed concurrently. Moreover, advanced AMSs such
as flexible manufacturing systems (FMSs) or reconfigurable
manufacturing systems (RMSs) are able to process different

product types using the same MCs [9], [17]–[20]. Accord-
ingly, multiple products can share (parts of) the same path
through the AMS, while requiring different processing steps.
In order to process products correctly, it is hence important
to keep track of the type of products traveling through such
AMS. The main focus of this paper is the modeling and
supervisory control of AMSs with different product types and
overlapping product paths.

Using DES models, the logic control of AMSs can be
carried out in the framework of supervisory control for DES
[21], [22]. That is, a supervisor is designed based on a formal
model of the AMS and a formal specification of the desired
manufacturing sequences. Hereby, achieving the desired sys-
tem behavior depends both on the adequate formulation of
model and specification and the application of a compu-
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tationally efficient supervisor design procedure. Regarding
supervisor design, the existing literature considers various
aspects of the logic control of AMSs using different modeling
frameworks. The avoidance of deadlocks or forbidden states
in Petri Nets is addressed in [5], [23]–[28], the enforcement
of linear constraints on Petri Net markings is pursued in [29]–
[32] and [14], [15], [33]–[35] develop modular and hierarchi-
cal methods for the efficient computation of supervisors for
AMSs based on finite state automata models.

In the scope of this paper, we consider DES models based
on finite state automata. Here, the literature generally adopts
models of plant and specification that are composed of multi-
ple components to address the state space explosion problem
[33], [36]–[40]. It has to be emphasized that the process
of obtaining accurate DES models is not trivial [38], [40].
In particular, tools for supporting the modeling process of
both plant and specification including the level of abstraction
and the modeling of standard operations are highly desirable.
This topic is explored by providing templates for basic DES
operations in [41]. Furthermore, recent work such as [16],
[42] proposes the concept of distinguishers in order to obtain
smaller and more easily understandable specifications for
DES. In particular, distinguishers allow identifying different
instances of the same event. Moreover, [43] provides re-
usable components for the supervisory control of modular
production systems and [40] suggests modeling guidelines
for large-scale systems.

In view of the previous discussion, this paper is concerned
with the formal definition, analysis and application of a
general model for an AMS property that has not been investi-
gated in the existing literature. In particular, we consider the
practical scenario, where multiple products that are processed
sequentially can be present in a MC. This is for example the
case for a conveyor belt that can hold multiple products. If all
the products have the same type, such system can be modeled
as a simple buffer since all products will be processed in
the same way and follow the same path after leaving the
MC. However, for advanced AMSs such as FMSs or RMSs,
it is possible that products with different types can enter
such MC. That is, different manufacturing processes might
be applied to the product on the MC or on the subsequent path
through the AMS. Therefore, it is necessary to keep track of
the different product types entering and leaving such MC.
To the best of our knowledge, the described scenario is not
considered in the literature. On the one hand, there is existing
work that incorporates the product order in the system model.
Nevertheless, these works either use example systems where
different product types follow independent paths through the
AMS [11], [16], [44] or they define the product paths such
that it is not necessary to remember the product order for
MCs that can hold more than one product [9], [14], [15], [34],
[35], [45], [46]. On the other hand, [4], [10], [23], [25] do
not take into account the product order and implicitly assume
that each MC knows which product is currently transported.
Practically, this assumption requires a sensor that detects the
product type at each MC.

In order to address the described issue, we first discuss
scenarios where the model of a MC needs to keep track
of the product type and the order of products entering and
leaving. As the first contribution of the paper, we define
order-preserving (OP) languages over an alphabet with input
events and corresponding output events based on this dis-
cussion. As the distinctive property, the order of input and
corresponding output events in any string of an OP language
is the same. We further introduce the notion of capacity for
OP languages. The capacity denotes the maximum difference
of input and output events in any string of an OP language.
Using OP languages for modeling MCs of an AMS, the
capacity represents the maximum number of products that
can be present in a MC. As the second contribution of the
paper, we show that there is a supremal OP language that
is recognized by a finite state automaton, whose state count
depends on the capacity and number of input events. As the
main contribution of the paper, we prove that composing
two supremal OP languages and projecting the resulting
language to the input and output events of the first and
second language, respectively, again leads to a supremal OP
language. The capacity of this OP language is the sum of the
capacities of the first and second language and the projection
turns out to be a natural observer. Hence, it is possible to
obtain an efficient representation of AMSs with OP MCs that
is suitable for nonblocking supervisory control of large-scale
AMSs [14], [15], [34]. Since the OP model is general, it can
be used together with non-OP models for AMS, whose MCs
have different properties. We demonstrate the practicability
of the proposed modeling method by an FMS example with
multiple products, OP and non-OP MCs and overlapping
product paths. In this paper, we use a particular model of
MCs with input events and output events that characterize
the arrival and departure of products, respectively. We note
that such model is also used in existing work such as [47]
but in a different context. We further remark that automata
models that preserve the order of certain events are also used
in the recent papers [48], [49]. Different from this paper,
our previous work in [48] focuses on the the algorithmic
construction of models for MCs including MCs that preserve
the order but without a theoretical analysis. Likewise, the
work in [49] uses automata models that preserve the order
of message transmissions and receptions for FIFO channels
in networked DES without a comprehensive analysis and
without considering the composition of such models.

The remainder of the paper is organized as follows. Sec-
tion II summarizes the necessary background information
on the supervisory control of DES and provides a problem
statement based on a motivating example. Section III in-
troduces the notion of OP languages, analyzes their most
important properties and discusses the usage of OP languages
for supervisory control. An FMS example in Section IV
demonstrates the applicability of the defined OP models and
illustrates the advantages when applying the composition of
OP languages. Conclusions and ideas for future work are
presented in Section V.
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II. PRELIMINARIES
This section provides the necessary notation for the formal
developments in the paper. Section II-A introduces the no-
tions related to discrete event systems (DES) and Section II-B
gives background information on the supervisory control the-
ory. In addition, Section II-C states the problem considered in
this paper based on a motivating example.

A. DISCRETE EVENT SYSTEMS (DES)
We characterize the behavior of a DES by formal languages
over finite alphabets Σ. Each element σ ∈ Σ is denoted as an
event, Σ? is the set of all finite strings over Σ and s1 s2 ∈ Σ?

defines the concatenation of two strings s1, s2 ∈ Σ?. s1 ≤ s
indicates that s1 is a prefix of s and |s| is the length of s, that
is, the number of events in s. ε ∈ Σ? is the empty string with
|ε| = 0 and it holds that sε = εs = s for all s ∈ Σ?. For any
string s = σ1, . . . , σ|s| ∈ Σ? with σi ∈ Σ for i = 1, . . . , |s|,
we further write prek(s) = σ1 . . . σk for the prefix of s with
the first k events and sufk(s) = σk+1 · · ·σ|s| for the suffix
of s after the first k events. In particular, s = prek(s)sufk(s)
for any k ≤ |s|, pre0(s) = ε and suf0(s) = s for any string
s ∈ Σ?.

A formal language over Σ is a subset L ⊆ Σ?. L := {s1 ∈
Σ?| ∃s ∈ L s.t. s1 ≤ s} defines the prefix closure of L, and
L is called prefix closed if L = L.

Consider two alphabets Σ1,Σ2 and their union Σ =
Σ1 ∪ Σ2. Then, the natural projection pi : Σ? → Σ?

i ,
i = 1, 2, is defined iteratively such that (1) pi(ε) := ε;
(2) for s ∈ Σ?, σ ∈ Σ: pi(sσ) := pi(s)σ if σ ∈ Σi, or
pi(sσ) := pi(s) otherwise. The set-valued inverse of pi is
written as p−1

i : Σ?
i → 2Σ?

, p−1
i (t) := {s ∈ Σ?| pi(s) = t}.

Using the natural projection, the synchronous composition
L1||L2 ⊆ Σ? of two languages Li ⊆ Σ?

i is computed as
L1||L2 = p−1

1 (L1)∩p−1
2 (L2) ⊆ Σ?. In addition, we say that

L1 and L2 are non-conflicting if it holds that

L1||L2 = L1||L2. (1)

We model a DES as a finite state automaton G =
(X,Σ, δ, x0, Xm), with the finite set of states X; the finite
alphabet of events Σ; the partial transition function δ :
X × Σ → X; the initial state x0 ∈ X and the set of
marked states Xm ⊆ X . Hereby, δ(x, σ)! Ã s written if
δ is defined at (x, σ) and we extend the transition function
δ to a partial function on X × Σ? in the usual way. The
behavior of G is given by its closed language L(G) :=
{s ∈ Σ?|δ(x0, s)!} and its marked language Lm(G) :=
{s ∈ L(G)|δ(x0, s) ∈ Xm}. We say that G is nonblocking
if L(G) = Lm(G). The synchronous composition G1||G2

of two automata G1, G2 is defined in the usual way [22],
whereby it holds that L(G1||G1) = L(G1)||L(G2) and
Lm(G1||G2) = Lm(G1)||Lm(G2).

B. SUPERVISORY CONTROL
In supervisory control, we write Σ = Σc∪̇Σu for controllable
(Σc) and uncontrollable (Σu) events. We say that an automa-
ton S = (Q,Σ, ν, q0, Qm) is a supervisor for a plant G if

S can only disable events in Σc. In particular, it must hold
for all s ∈ L(G) ∩ L(S) and σ ∈ Σu with sσ ∈ L(G)
that also sσ ∈ L(S). Then, L(G)||L(S) and Lm(G)||Lm(S)
represent the closed and marked behavior of the closed-loop
system G||S, respectively.

A language K ⊆ Lm(G) is said to be controllable for
L(G) and Σu ifKΣu∩L(G) ⊆ K. There exists a supervisor
S such that Lm(G||S) = K if and only if K is controllable
for L(G) and Σu [21]. In case, K is not controllable for
L(G) and Σu, the supervisor will implement the supremal
controllable sublanguage of K. We write Lm(S||G) =
SupC(K,G,Σu). It is ensured that such supervisor is non-
blocking and maximally permissive if SupC(K,G,Σu) 6= ∅
[50].

C. PROBLEM STATEMENT
The work in this paper is motivated by an observation from
modeling complex AMSs, where (i) different product types
can be processed on the same MC and (ii) MCs might have
different capacities in the sense of being able to hold several
products that are then processed sequentially. In order to
illustrate this observation, we consider different conveyor
belts (CBs) as shown in Fig. 1.

P1

P1 P1

P1 P2

(a)(a)

(c)

(g)

(b)

(d)

P1 P2

(e) (f)

P1/P2

P1/P2 P1/P2

P1/P2 P1/P2 P1/P2 P1/P2/P3 P1/P2/P3

FIGURE 1: CBs with different product types and capacities:
(a) one product type and capacity one; (b) two product types
and capacity one; (c) one product type and capacity two; (d)
two product types and capacity two; (e) two product types and
capacity three; (f) three product types and capacity two; (g)
two connected CBs with different product types.

We next discuss the cases in the different parts of Fig. 1
together with possible models. Hereby, we introduce events
such as inP1, inP2, . . . for products entering the CB and
outP1, outP2, . . . for products leaving the CB. Part (a) and
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(b) show the case of a CB with one and two product types
and a capacity of one product. In addition, part (c) considers
the case of one product type and a capacity of two. These
cases can be straightforwardly modeled by the automata in
Fig. 2 (a), (b) and (c). In particular, it can be directly seen
that the order of product types entering and leaving the CB is
either irrelevant or is preserved by these models. Differently,
the modeling becomes more involved in part (d) of Fig. 1.
Here, the CB has a capacity of two products and there are
two different product types. That is, products of different
types will leave the CB in the same order as entering the CB.
In this case, the model in Fig. 2 (d-1), which is commonly
used to model the scenario with two product types is not
suitable. Specifically, such model suggests that product type
P2 can leave the CB before type P1 even P1 enters the CB
first (string inP1 inP2 outP2). A model that captures the
correct order of product types entering and leaving the CB is
shown in Fig. 2 (d-2). Here, only outP1 is possible in state
5 (after inP1inP2) and only outP2 is possible in state 6
(after inP2inP1). More complicated scenarios can easily be
envisaged by increasing the capacity (as in Fig. 1 (e)) and/or
the number of product types (as in Fig. 1 (f)). Moreover, it is
possible to consider the connection of multiple CBs (or other
MCs) that keep the order of product types as in Fig. 1 (g).

0 1
GCB

2 0 1

3 5

6

2

4

0 1
GCB in

out
0 1

GCB
inP1

outP1

2
inP2

outP2

in in

out out

inP1 inP1

inP1

outP1 outP1

outP1

inP2

inP2

outP2
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outP2

inP2

GCB

(a) (b)

0 1
GCB

2

inP1

outP1

inP2

outP2

inP1

outP1

inP2

outP2

(d-1) (d-2)

(c)

FIGURE 2: CB models for different cases: (a) one product
type and capacity one; (b) two product types and capacity
one; (c) one product type and capacity two; (d-1) two product
types and capacity two with arbitrary order; (d-2) two product
types, capacity two and preserving the product order.

In view of the previous discussion, the main aim of this
paper is the construction of order-preserving (OP) models
for AMSs that keep the order of product types entering and
leaving each MC. Instead of constructing a separate model
for each scenario, we develop a general OP DES model that
is parametrized by the possible product types and the capacity
of the MC. In addition, we show that reduced models can be
constructed when composing such OP models from multiple
MCs.

It is interesting to note that, although the existing literature
considers the control of AMSs with different product types
[9]–[11], [14]–[16], [23], [25], [34], [35], [44]–[46], none of

the existing works develops DES models that preserve the
order of products. In order to avoid the need for OP DES
models, existing work restricts the general case by means of
the control specification. In particular, two special cases can
be observed.

The first special case is restricted to AMSs, where different
product types use disjoint paths through the system and are
hence processed by different MCs [11], [16], [44]. In this
case, products need not be distinguished and models as in
Fig. 2 (a) and (c) are suitable. In the second case, it is
possible that the paths of different products intersect [9], [10],
[14], [15], [23], [25], [34], [35], [45], [46]. Although this
implies that the same MC is passed by multiple products,
these research works again make simplifying assumptions.
One the one hand, [9], [14], [15], [34], [35], [45], [46] choose
the control specification such that remembering the product
order is straightforward. Specifically, this is achieved by
using MCs, whose capacity does not exceed one. On the other
hand, [10], [23], [25] allow for MCs with multiple product
types and a capacity that is greater than one. However, these
papers use models as in Fig. 2 (d-1) for such MCs. That
is, the order of products entering and leaving the MC is not
taken into account. This means that knowledge about which
product leaves such MC must be implicitly known. In a real
application this implies that sensors need to be installed to
detect the product type leaving such MC. In addition, using a
model as in Fig. 2 (d-1) for an OP MC means that the model
contains unnecessary behavior.

Accordingly, this paper focuses on the problem of de-
veloping a formal framework for OP DES models of MCs
with multiple product types and capacities that are greater
than one. Although an initial discussion of OP DES models
is given in [48], that paper is restricted to the usage of
such model for example applications. Differently, this paper
provides a comprehensive formal analysis including the con-
struction of supremal OP DES models and the composition
of OP DES models.

III. ORDER-PRESERVING LANGUAGES
This section defines and analyzes OP DES models as dis-
cussed in the previous section. First, Section III-A introduces
the required notation for the definition of OP languages and
determines their basic properties. Then, Section III-B proves
the existence of a supremal OP language and Section III-C
studies the composition of OP languages. Finally, Section
III-D shows that reduced OP models that are suitable for
supervisory control can be obtained after composition.

A. NOTATION AND DEFINITIONS
We consider an alphabet Σ that is divided into disjoint sets
of input events Σin and output events Σout such that Σin ∪
Σout = Σ and Σin ∩ Σout = ∅. Moreover, we introduce the
natural projections to the respective alphabets as pin : Σ? →
(Σin)? and pout : Σ? → (Σout)?. In addition, we define a
bijective input/output mapping m : Σin → Σout such that
for each input event α ∈ Σin, m(α) ∈ Σout denotes the
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corresponding output event. We further write m−1 : Σout →
Σin for the inverse mapping.

Relating this definition to the discussion about AMSs in
the previous section, an input event α ∈ Σin and output
event m(α) represent a product entering and leaving a MC,
respectively.

Given the above notation, we introduce the new notion of
an OP language, whose strings preserve the order of input
events and their corresponding output events.

Definition 1. Consider Σ, Σin, Σout, pin, pout and m as
introduced above. A string s ∈ Σ? is denoted as OP if

m(pin(s)) = pout(s). (2)

A language L ⊆ Σ? is denoted as OP if it holds for all s ∈ L
that s is OP.

That is, each OP string has the same order of input events
and corresponding output events. In particular, it must be the
case that each OP string s ∈ Σ? has the same number of input
and output events: |pin(s)| = |pout(s)| and each prefix s′ ≤ s
of an OP string s must fulfill

pout(s′) ≤ m(pin(s′)).

This means that an output event can only occur after its
corresponding input event.

For illustration, we consider the languages L1 = Lm(G1)
and L2 = Lm(G2) of the automata G1 and G2 in Fig.
3. Here, we assume that Σ = {a1,a2,b1,b2}, Σin =
{a1,a2}, Σout = {b1,b2} and m(a1) = b1, m(a2) =
b2. For example, it holds that s1 = a1a2b1b2 ∈ L1

and s2 = a2b2a1a2b1b2 ∈ L2 are OP strings. Specifi-
cally, m(pin(s1)) = m(a1a2) = b1b2 = pout(s1) and
m(pin(s2)) = m(a2a1a2) = b2b1b2 = pout(s2). It can
be further verified that L2 is an OP language. Nevertheless, it
is the case that L1 is not OP. This can be seen by looking at
the string s3 = a1a2b2b1 ∈ L1 with m(pin(s3)) = b1b2 6=
pout(s3) = b2b1.
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a2b2a2 b2
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3 2
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a2 b2
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3

4

5
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a1 a1
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a2

b2

b2

a2

b1
a1 b2

FIGURE 3: Example automata for OP languages.

Referring to Definition 1, we write

LOP(Σin,Σout,m) = {L ⊆ Σ?|L is OP} (3)

for the set of all OP languages with alphabet Σ = Σin ∪Σout

and the map m. In addition, we introduce the notion of the
capacity of an OP language.

Definition 2. Assume Σin, Σout, Σ, pin and pout are given
as above. Consider an OP string s ∈ Σ?. Then, the capacity
of s is defined by the function c : Σ? → N as

c(s) = max
s′≤s
{|pin(s′)| − |pout(s′)}. (4)

Extending this notion to languages, the capacity of any OP
language L ∈ LOP(Σin,Σout,m) is written as

c(L) = max
s∈L
{c(s)}. (5)

That is, the capacity of an OP string s ∈ Σ? captures
the maximum difference between the number of input events
and the number of output events in any prefix s′ of s.
Analogously, the capacity of an OP language is given by the
maximum capacity of any string s ∈ L.

Consider the OP languages L2 = Lm(G2) and L3 =
Lm(G3) of the automata G2 and G3 in Fig. 3. It holds that
c(L2) = 2 since the largest difference between the number
of input and output events is obtained for strings s ∈ L2

that contain the substring a1a2. Differently, c(L3) = 1 since
each input event ai, i = 1, 2, is directly followed by the
corresponding output event bi.

In order to relate the notion of capacity to practical sys-
tems, we consider AMSs as discussed in the previous section.
Here, input events could be identified with products of certain
types entering a MC, whereas output events can characterize
the corresponding products exiting a MC. Therefore, model-
ing an AMS by an OP language L ensures that products leave
the system in the order of entering the system. In that case,
the capacity c(L) indicates the maximum number of products
that can be in the system simultaneously.

B. SUPREMAL ORDER-PRESERVING LANGUAGE
In order to analyze properties of OP languages, we introduce

LOP
C (Σin,Σout,m) = {L ∈ LOP(Σin,Σout,m)|c(L) = C}

(6)
as the set of OP languages with alphabet Σ = Σin ∪ Σout

and capacity C. Our first result shows that OP languages of
a given capacity C are closed under arbitrary union with a
supremal element Lsup

C (Σin,Σout,m).

Theorem 1. Let LOP
C (Σin,Σout,m) be as defined in (6).

Then, LOP
C (Σin,Σout,m) is closed under arbitrary union

and contains a supremal element

Lsup
C (Σin,Σout,m) =

⋃
L∈LOP

C (Σin,Σout,m)

L. (7)

We note that, for ease of notation, we write LOP, LOP
C and

Lsup
C whenever Σin, Σout and m are clear from the context.

Proof. We first show that LOP
C is closed under arbitrary

union. To this end, let L1, L2 ∈ LOP
C . We have to show that

L1 ∪L2 ∈ LOP
C . Take an arbitrary string s ∈ L1 ∪L2. Then,
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s ∈ L1 or s ∈ L2. In both cases, it holds that s is OP since
L1 and L2 are both OP. Hence, it follows that L1 ∪L2 is OP.
Moreover, c(s) ≤ C since c(L1) = c(L2) = C. It remains
to show that there exists at least one string s′ ∈ L1 ∪ L2

such that c(s′) = C. Without loss of generality, we can
take some s′ ∈ L1 ⊆ L1 ∪ L2 such that c(s′) = C since
c(L1) = C. Together, we conclude that L1 ∪ L2 is OP and
c(L1 ∪ L2) = C. Hence, L1 ∪ L2 ∈ LOP

C . Now, consider
Lsup
C =

⋃
L∈LOP

C
L. Since LOP

C is closed under arbitrary
union, it must hold that Lsup

C ∈ LOP
C . Hence, Lsup

C is indeed
the supremal OP language with capacity C.

In order to further characterize Lsup
C , we first define the

function

f : L
sup

C → (Σin)? : f(s) = suf |pout(s)|(p
in(s)) (8)

for any given s ∈ L
sup

C . That is, f(s) represents the string
of input events in s, whose corresponding output events
did not occur, yet. Consider for example the string s =
a1a2b1b2a2b2a1a2 ∈ L2 = L(G2) in Fig. 3 with f(s) =
suf |b1b2b2|(p

in(s)) = suf3(a1a2a2a1a2) = a1a2. Then, we
introduce the equivalence relation ≡OP as the equivalence
kernel of f such that for any two strings s, s′ ∈ Lsup

C ,

s ≡OP s
′ ⇐⇒ f(s) = f(s′). (9)

Using ≡OP, we construct the automaton Gsup
C =

(Xsup
C ,Σ, δsup

C , xsup
0,C
, Xsup

m,C ) as a recognizer of Lsup
C . The

state set of Gsup
C is given by the quotient set Xsup

C = L
sup

C /
≡OP of L

sup

C . Since any string s ∈ Lsup
C has a capacity

c(s) ≤ C, it must be the case that |f(s)| = |pin(s)| −
|pout(s)| ≤ C for any s ∈ Lsup

C . Hence, the quotient set

Xsup
C = {[ε]} ∪ {[α1, . . . , αj ]|j ∈ {1, . . . , C}

∧ αi ∈ Σin,∀i = 1, . . . , j}

consists of the equivalence class [ε] and one equivalence class
[α1 · · ·αj ] for each possible sequence α1 · · ·αj of j arbitrary
input events αi ∈ Σin, 1 ≤ i ≤ j, whereby 1 ≤ j ≤ C. The
initial state xsup

0,C = [ε] corresponds to s = ε ∈ L
sup

C and
the set of marked states is Xsup

m,C = {[ε]}. Furthermore, the
transition relation ofGsup

C is defined with the following rules:
R1 δsup

C ([ε], α1) = [α1] for all α1 ∈ Σin,
R2 δsup

C ([α1], ω1) = [ε] for ω1 = m(α1),
R3 δsup

C ([α1, . . . , αj ], αj+1) = [α1, . . . , αjαj+1] for all
[α1, . . . , αj ] ∈ Xsup

C and αj+1 ∈ Σin, j = 1, . . . , C−1,
R4 δsup

C ([α1, α2, . . . , αj ], ω1) = [α2, . . . , αj ] for ω1 =
m(α1) and for all [α1, α2, . . . , αj ] ∈ Xsup

C , j =
2, . . . , C.

That is, δsup
C is defined such that the state ofGsup

C keeps track
of the sequence of input events, whose corresponding output
events did not occur, yet. Specifically, R1 and R3 address the
case where an input event occurs. This input event is hence
appended to the current sequence of input events. Conversely,
the first input event α1 is removed from the sequence of
input events in R2 and R4 if its corresponding output event
ω1 = m(α1) occurs. Here, it is important to note that only

the output event of the first input event in the sequence can
occur so as to preserve the order of input and output events.
In addition, the marked state [ε] corresponds to the case
where the sequence of input events, whose corresponding
output events did not occur, yet, is empty. That is, strings
s ∈ Lm(Gsup

C ) have the property that m(pin(s)) = pout(s)
and hence belong to Lsup

C .
We next state Lemma 1, which formalizes the relationship

between Lsup
C and Gsup

C .

Lemma 1. Consider Lsup
C as defined in (7) and Gsup

C as
introduced above. It holds that

(i) s ∈ Lm(Gsup
C )⇒ s is OP and c(s) ≤ C,

(ii) s ∈ Lsup
C ⇒ s ∈ Lm(Gsup

C ).

The detailed proof of Lemma 1 is provided in Appendix
A. The lemma indicates that (i) any string in the marked
language of Gsup

C is OP and its capacity is bounded by C
and (ii) any OP string, whose capacity is bounded by C
belongs to the marked language of Gsup

C . Using Lemma 1,
Theorem 2 shows that Gsup

C has a finite number of states and
Lm(Gsup

C ) = Lsup
C .

Theorem 2. Consider Lsup
C as defined in (7) and Gsup

C as
introduced above. Then, it holds that Gsup

C is a canonical
recognizer of Lsup

C and

|Xsup
C | =

C∑
i=0

|Σin|i. (10)

In particular, Lsup
C is a regular language.

Proof. In order to prove that Gsup
C is a canonical recognizer

of Lsup
C , we first show that Lm(Gsup

C ) = Lsup
C . That is,

Lm(Gsup
C ) ⊆ Lsup

C and Lsup
C ⊆ Lm(Gsup

C ). For the first
inclusion, let s ∈ Lm(Gsup

C ). Then, it follows from Lemma 1
(i) that s is OP and c(s) ≤ C. That is, s ∈ Lsup

C . The second
inclusion is directly implied by (ii) in Lemma 1.

In addition, consider an arbitrary state x = [α1 · · ·αj ] ∈
Xsup

C for 1 ≤ j ≤ C and αi ∈ Σin for 1 ≤ i ≤ j. Applying
R4 iteratively, it holds that δsup

C (x, ω1 · · ·ωj−1) = [αj ] ∈
Xsup

C with ωi = m(αi), i = 1, . . . , j − 1. Furthermore,
δsup
C ([αj ], ωj) = [ε] ∈ Xsup

m,C for ωj = m(αj) and with
R2. Together, we have that δsup

C (x, ω1 · · ·ωj) = [ε] ∈ Xsup
m,C .

Nevertheless, for any state x̂ ∈ Xsup
C such that x̂ 6= x, it must

be the case that ¬δsup
C (x̂, ω1 · · ·ωj)! or δsup

C (x̂, ω1 · · ·ωj) 6=
[ε] (otherwise x̂ = x when applying R4 and R2). Hence,
none of the states in Xsup

C can be equivalent according to
the Nerode equivalence [22]. Since Lm(Gsup

C ) = Lsup
C , this

implies that Gsup
C is a canonical recognizer of Lsup

C .
Finally, we consider the state set Xsup

C . There are |Σin|j
combinations for each equivalence class [α1 · · ·αj ], j =
1, . . . , C and there is one equivalence class [ε]. Hence, it
follows that Gsup

C has a finite number of

|Xsup
C | =

C∑
j=0

|Σin|j

states. This directly implies that Lsup
C is a regular language.
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According to Theorem 2, Lsup
C can be realized by a canon-

ical recognizerGsup
C with a finite number of states as given in

(10) that depends on the number of input events |Σin| and the
capacity C. Hereby, each state of Gsup

C represents an equiva-
lence class of≡OP as defined in (9) and the transition relation
of Gsup

C is defined by the rules (R1) to (R4). It is hence
straightforward to compute Gsup

C . As an example, consider
Σ = Σin ∪ Σout = {a1,a2} ∪ {b1,b2} with m(a1) = b1

and m(a2) = b2. Then, Fig. 3 shows G3 = Gsup
1 and

G4 = Gsup
2 .

Moreover, as a more practical example, we consider a CB
in an AMS that can transport 3 different product types P1,
P2 and P3 and that can hold up to 2 products simultaneously.
It is further the case that products leave the CB in the same
sequence as entering the CB. Hence, the behavior of such CB
should be modeled by a supremal OP language with the input
events Σin = {iP1,iP2,iP3} and the output events Σout =
{oP1.oP2,oP3}. The mapping m is defined by m(iPi) =
oPi for i = 1, 2, 3 and the capacity is C = 2. According to
(10), the canonical recognizer GCB for the CB as shown in
Fig. 4 has 13 states. Hereby, there is one product on the CB in
the states shaded in light gray, whereas there are two products
on the CB in the states shaded in dark gray.

[iP1]

[iP1iP1] [iP3iP1] [iP1iP3] [iP3iP3]

[iP3]

iP1
oP1

[iP1iP2]

[iP2iP2]

[iP2]

[iP3iP2]

[iP2iP3][iP2iP1]

[�]

iP2
iP3

oP2 oP3

iP1 iP1

iP1

iP2iP2 iP2 iP3iP3iP3oP1

oP1

oP1

oP2

oP2 oP2oP3

oP3oP3

GCB

oP3oP1

FIGURE 4: OP DES model of a CB with three product types
P1, P2, P3 and capacity C = 2.

C. COMPOSITION OF ORDER-PRESERVING
LANGUAGES

Practical AMSs are commonly composed of various modular
system components. That is, we next investigate the compo-
sition of multiple MCs with OP languages. To this end, we
first consider the case of two OP languages Li ⊆ Σ?

i over
the alphabet Σi with given capacities c(Li) = Ci and maps
mi : Σin

i → Σout
i for i = 1, 2. In addition, we assume that

the output events of the first language are the input events
of the second language: Σout

1 = Σin
2 . In an AMS, such

languages could represent two MCs, whereby the first MC
delivers products to the second MC. Defining the alphabets
Σin = Σin

1 , Σout = Σout
2 , Σ = Σin∪Σout, the natural projec-

tions p : (Σ1 ∪ Σ2)? → Σ?, pi : (Σ1 ∪ Σ2)? → Σ?
i , i = 1, 2

and the mapping m : Σin → Σout : m(s) = m2(m1(s)), we
determine the composed language

L = p(L1||L2). (11)

That is, we project L1||L2 to the alphabet Σ, which only
contains the input and output events of the composed lan-
guage. We next show that L is an OP language with capacity
C ≤ C1 + C2.

Theorem 3. Assume that Σin
1 , Σout

1 , Σin
2 , Σout

2 , m1, m2, Σ,
m and p are as introduced above with Σin = Σin

1 , Σout =
Σout

2 and Σout
1 = Σin

2 . Let L1 ∈ LOP
C1

(Σin
1 ,Σ

out
1 ,m1), L2 ∈

LOP
C2

(Σin
2 ,Σ

out
2 ,m2) and suppose that L1||L2 6= ∅. Then

L = p(L1||L2) ∈ LOP
C (Σin,Σout,m) (12)

for some C ≤ C1 + C2.

Proof. Since L1||L2 6= ∅, there is at least one string s ∈
p(L1||L2). Now consider any arbitrary string s ∈ p(L1||L2).
We need to show that s is OP and c(s) ≤ C1 + C2.

We first show that s is OP. Assume the contrary. That is
s ∈ L and s is not OP. Then, we can write s = u1αu2ωu3

with u1, u2, u3 ∈ Σ?, α ∈ Σin and ω ∈ Σout, such that for
some k < |pin(s)||

prekm(pin(s)) = m(pin(u1)) = prekp
out(s) = pout(u1αu2)

but

prek+1m(pin(s)) = m(pin(u1α)) 6= prek+1p
out(s)

= pout(u1αu2ω) = pout(u1αu2)ω.

In words, we consider that the order of the first k input events
in s is equal to the order of the first k output events, whereas
the order of the first k + 1 input events of s is different from
the order of the first k+1 output events. Sincem(pin(u1)) =
pout(u1αu2), this implies that m(α) 6= ω.

We further know that s ∈ L = p(L1||L2) implies that
there are s1 ∈ L1 and s2 ∈ L2 such that s = p(s1||s2). Since
Li is OP for i = 1, 2, also si is OP for i = 1, 2. Considering
that Σin

1 = Σin, Σout
2 = Σout, Σ1∩Σout

2 = ∅ and Σ2∩Σin
1 =

∅, we further conclude that pin
1 (s1) = pin(s), pout

2 (s2) =
pout(s) and pout

1 (s1) = pin
2 (s2).

Accordingly, we determine prek+1m1(pin
1 (s1)) =

prek+1m1(pin(s)) = m1(pin(u1α)) = m1(pin(u1))α
and prek+1m

−1
2 (pout

2 (s2)) = prek+1m
−1
2 (pout(s)) =

m−1
2 (pout(u1αu2ω)) = m−1

2 (pout(u1αu2))m−1
2 (ω). Since

m(pin(u1)) = m2(m1(pin(u1))) = pout(u1αu2) and
Σout

1 = Σin
2 , we conclude that prekm1(pin

1 (s1)) =
prekm

−1
2 (pout

2 (s2)). However,

prek+1m1(pin
1 (s1)) = m1(pin(u1))m1(α)

6=prek+1m
−1
2 (pout

2 (s2)) = m−1
2 (pout(u1αu2))m−1

2 (ω)

becausem1(α) 6= m−1
2 (ω) (which follows fromm(α) 6= ω).

Hence, pout
1 (s1) 6= pin

2 (s2) such that p−1
1 (s1)∩p−1

2 (s2) = ∅,
which implies that s 6∈ p(p−1

1 (s1)∩p−1
2 (s2)) ⊆ p(L1||L2) =

L. This is a contradiction, because we assumed that s ∈ L.
It remains to show that c(L) = C ≤ C1 + C2. To this

end, let s ∈ p(L1||L2) and s1 ∈ L1, s2 ∈ L2 such that
s = p(s1||s2). From the previous discussion, we know that
for each s′ ≤ s, pin(s′) = pin

1 (s′1), pout(s′) = pout
2 (s′2) and
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pout
1 (s′1) = pin

2 (s′2) for some s′1 ≤ s1, s′2 ≤ s2. That is, we
compute

c(s) = max
s′≤s
{|pin(s′)| − |pout(s′)|}

= max
s′1≤s1,s′2≤s2,s′=p(s′1||s′2)

{|pin
1 (s′1)| − |pout

2 (s′2)|}

= max
s′1≤s1,s′2≤s2,s′=p(s′1||s′2)

{|pin
1 (s′1)| − |pout

1 (s′1)|︸ ︷︷ ︸
≤C1

+ |pin
2 (s′2)| − |pout

2 (s′2)|︸ ︷︷ ︸
≤C2

} ≤ C1 + C2.

Since s ∈ L was arbitrary, it follows that c(L) = C ≤ C1 +
C2. That is, L ∈ LOP

C (Σin,Σout,m) for some C ≤ C1 +
C2.

We demonstrate the implications of Theorem 3 using the
example automata in Fig. 3 and 5.

0 1
G5

3

b1

c1c2

b2
2

0 1
G7

2

b1

c1
b2 c2

0 1
G6

3

b2

b1c1

c2
2

c2

FIGURE 5: Example automata for the composition of OP
languages.

First consider the languagesL2 = Lm(G2) withC2 = 2 in
Fig. 3 and L5 = Lm(G5) with C5 = 1 in Fig. 5. A canonical
recognizer G25 (excluding the states shaded in gray) with
L25 = Lm(G25) = p(L2||L5) and Σin = {a1,a2} and
Σout = {c1,c2} is shown in Fig. 6. It is readily observed
that L25 is OP and C25 = c(L25) = 3 = C2 + C5. For
illustration, the states of G25 are colored such that orange,
blue and green states correspond to strings with capacity 1, 2
and 3, respectively. Moreover,G25 shows two blocking states
2 and 6 that are shaded in gray. In particular, it holds that
L2||L5 6= L2||L5 such that L2 and L5 are conflicting. That
is, even Theorem 3 shows that any string s ∈ Lm(G25) is OP,
there might be strings in L(G25) that cannot be extended to
an OP string. Next, we consider L2 = Lm(G2) with C2 = 2
in Fig. 3 and L6 = Lm(G6) with C6 = 2 in Fig. 5. A
canonical recognizer G26 for L26 = Lm(G26) = p(L2||L6)
with Σin = {a1,a2} and Σout = {c1,c2} is shown in
Fig. 6. Here, it turns out that C26 = 3 6= C1 + C2 = 4.
That is, the capacity of L26 is smaller than the accumulated
capacity of L2 and L6. This is possible according to Theorem
3 and occurs since L2 ⊂ Lsup

2 and L6 ⊂ Lsup
2 . We finally

consider the composition of L3 = Lm(G3) = Lsup
1 and

L4 = Lm(G4) = Lsup
2 in Fig. 3 with L7 = Lm(G7) = Lsup

1

in Fig. 5. The resulting OP languages L37 = Lm(G37) and
L47 = Lm(G47) are shown in Fig. 6. Hereby, it is interesting
to note that L37 = Lsup

2 and L47 = Lsup
3 . In addition, L3 and

L7 as well as L4 and L7 are non-conflicting. In the sequel,
we formalize the observations from this example in Theorem
4 and 5.

Theorem 4. Assume that Σin
1 , Σout

1 , Σin
2 , Σout

2 , m1,
m2, Σ, m and p are as introduced above with Σin =
Σin

1 , Σout = Σout
2 and Σout

1 = Σin
2 . Further, let

L1 = Lsup
C1

(Σin
1 ,Σ

out
1 ,m1) and L2 = Lsup

C2
(Σin

2 ,Σ
out
2 ,m2)

for C1, C2 > 0. Then, L = p(L1||L2) =
Lsup
C1+C2

(Σin,Σout,m).

Theorem 4 states that the composition of two supremal OP
languages again yields a supremal OP language, whose ca-
pacity is the sum of the capacities of the composed languages.

In order to prove Theorem 4, we establish three lemmas
that show general properties of L = p(L1||L2). Lemma 2
determines that the capacity of L is c(L) = C = C1 + C2 if
both languages Li, i = 1, 2 are supremal OP languages with
capacity Ci.

Lemma 2. Consider the setting in Theorem 4. Then, c(L) =
C = C1 + C2.

The proof of Lemma 2 is given in Appendix B.
Lemma 3 introduces a decomposition of f(s) in (8) for any

string s ∈ L = p(L1||L2).

Lemma 3. Consider the setting in Theorem 4 and let s1 ∈
L1, s2 ∈ L2 and s ∈ L1||L2 such that s = p(s1||s2).
Further, let f : Σ? → (Σin)?, f1 : Σ?

1 → (Σin
1 )? and

f2 : Σ?
2 → (Σin

2 )? be defined as in (8). Then, it holds that

f(s) = m−1
1 (f2(s2)) f1(s1). (13)

That is, for any string s = p(s1||s2) ∈ p(L1||L2) the
excess input events f(s), whose corresponding output events
did not occur, yet, are either excess input events f1(s1) ∈
(Σin

1 )? or correspond to excess input events f2(s2) ∈ (Σin
2 )?.

The proof of Lemma 3 is given in Appendix C.
Lemma 4 shows that any extension sσ ∈ p(L1||L2)

of a string s ∈ p(L1||L2) with an event σ ∈ Σ has a
corresponding extension of any string t ∈ L1||L2 that has
the projection p(t) = s.

Lemma 4. Consider the setting in Theorem 4. Then, it holds
for any t ∈ L1||L2 and σ ∈ Σ that

p(t)σ ∈ p(L1||L2)⇒∃v ∈ (Σ1 ∪ Σ2)? s.t.

p(v) = σ and tv ∈ L1||L2. (14)

The proof of Lemma 4 is given in Appendix D.
Using Lemma 2 to 4, we next prove Theorem 4.

Proof. In order to show that L = p(L1||L2) = Lsup
C1+C2

, we
show that (i) L ⊆ Lsup

C1+C2
and (ii) L ⊇ Lsup

C1+C2
.

(i) Since L1 = Lsup
C1

and L2 = Lsup
C2

for C1, C2 > 0, it
holds that ε ∈ L1||L2 6= ∅. Hence, we know from Theorem 3
that L is OP and Lemma 2 implies that c(L) = C = C1+C2.
Hence, L ⊆ Lsup

C1+C2
.

(ii) In order to show that L ⊇ Lsup
C , we take an arbitrary

OP string s ∈ Lsup
C . First, we show by induction that s ∈

p(L1||L2). To this end, we write s = σ1 · · ·σ|s| with σi ∈ Σ
for i = 1, . . . , |s|.

For the initialization, consider s0 = pre0s = ε. Since
ε ∈ L1 and ε ∈ L2, it follows that ε ∈ L1||L2 ⊆
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FIGURE 6: Composition of OP languages: Conflict in G25 and G26; Supremal OP languages in G37 and G47.

L1||L2. Hence, we have that t0 = ε ∈ L1||L2 and s0 =
p(t0) ∈ p(L1||L2). For the induction step, we assume that
sk−1 = prek−1s = σ1 · · ·σk−1 for some 1 ≤ k ≤ |s| and
there is a tk−1 ∈ L1||L2 such that p(tk−1) = sk−1. Now
consider σk ∈ Σ. Then, it holds that tk−1 ∈ L1||L2 and
sk−1 ∈ p(L1||L2) and σk ∈ Σ and p(tk−1)σk = sk−1σk =
preks ∈ p(L1||L2). According to Lemma 4, this implies
that there is a vk ∈ (Σ1 ∪ Σ2)? such that p(vk) = σk
and tk−1vk ∈ L1||L2. In particular, for k = |s|, it follows
that t = t0v1 · · · v|s| ∈ L1||L2 and s = pre|s|s = p(t) ∈
p(L1||L2).

This concludes the induction step and we found that s ∈
p(L1||L2). It remains to show that s ∈ p(L1||L2). To this
end, we first conclude that f(s) = ε since s ∈ Lsup

C and
t ∈ s1||s2 for some s1 ∈ L1 and s2 ∈ L2 since t ∈ L1||L2.
Considering that f(s) = m−1

1 (f2(s2))f1(s1) according to
Lemma 3, it must be the case that |f2(s2))| = |f1(s1)| =
|f(s)| = 0. Hence, s1 ∈ L1 and s2 ∈ L2, which implies
that t ∈ L1||L2. Therefore, s = p(t) ∈ p(L1||L2). Since
s ∈ Lsup

C was arbitrary, it follows that Lsup
C ⊆ p(L1||L2),

which concludes the proof of Theorem 4.

The next theorem confirms the observation from the previ-
ous example. It holds that the composition of two supremal
OP languages is non-conflicting.

Theorem 5. Consider the setting in Theorem 4. Then, L1

and L2 are non-conflicting.

Proof. Consider an arbitrary string t ∈ L1||L2. Then, it
holds that t ∈ s1||s2 for some s1 ∈ L1, s2 ∈ L2 and
f(s) = α1 · · ·αj = m−1

1 (f2(s2))f1(s1) for s = p(t)
and some 0 ≤ j ≤ C = C1 + C2. We further write
m−1

1 (f2(s2)) = α1 · · ·αl and f1(s1) = αl+1 · · ·αj . We
consider ωi = m(αi) ∈ Σout for 1 ≤ i ≤ j and define
the string v = ω1 · · ·ωlγl+1ωl+1 · · · γjωj ∈ (Σ1 ∪ Σ2)? for
γi = m1(αi) = m−1

2 (ωi), i = l + 1, . . . , j. In addition,
we write v1 = p1(v) = γl+1 · · · γj and v2 = p2(v) = v.
Since f1(s1) = αl+1 · · ·αj = m−1

1 (v1) and L1 = Lsup
C1

,
it holds that s1v1 ∈ L1. Furthermore, we first conclude
that m−1

1 (f2(s2ω1 · · ·ωl)) = ε since m(m−1
1 (f2(s2))) =

m2(f2(s2)) = ω1 · · ·ωl. That is, f2(s2ω1 · · ·ωl) = ε. Then,
it directly follows that f2(s2ω1 · · ·ωlγl+1ωl+1 · · · γiωi) = ε

for all i = l+ 1, . . . , j. Hence, also s2v2 ∈ L2. Together, we
have

tv ∈ (s1||s2)v ⊆ s1v1||s2v2 ⊆ L1||L2,

which implies that t ∈ L1||L2. Since t was arbitrary, it
follows that L1 and L2 are nonconflicting.

The implications of Theorem 4 and 5 can be observed from
G37 and G47 in Fig. 6 and the related automata in Fig. 3 and
5. According to the previous discussion, it is the case that
Lm(G37) = Lsup

C = p(Lm(G3)||Lm(G7)) = p(Lsup
C1
||Lsup

C2
)

with C1 = 1, C2 = 1 and C = C1 + C2 = 2. Further-
more, G37 is nonblocking, which indicates that Lm(G3) and
Lm(G7) are nonconflicting. Similarly, Lm(G47) = Lsup

C =
p(Lm(G4)||Lm(G7)) = p(Lsup

C1
||Lsup

C2
) withC1 = 2,C2 = 1

and C = C1 + C2 = 3 and G47 is nonblocking, Differently,
Lm(G26) 6= Lsup

3 since Lm(G2) 6= Lsup
2 and Lm(G6) 6=

Lsup
2 . In addition, G26 is blocking, that is, Lm(G2) and

Lm(G6) are conflicting. Here, we further note that the con-
ditions in Theorem 4 and 5 are sufficient but not necessary.
Consider for example the OP languages Lm(G8) in Fig. 7
and Lm(G7) in Fig. 5. Then, it holds that Lm(G8) 6= Lsup

1

but Lm(G87) = Lm(G8)||Lm(G7) = Lsup
2 and Lm(G8) and

Lm(G7) are nonconflicting.

0 1 2
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6

a1 a1

c1 c1
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0 1 6

3

2 54

G8

7

a2

a1

a1

a2

a2

b1

b1

b1

b2
b2

b2 5

FIGURE 7: Composition of OP languages.

An important outcome of Theorem 4 is that the compo-
sition of two supremal OP languages is again a supremal
OP language. That is, the result of the composition operation
has the same properties as its arguments. Using this fact, we
next state the following corollary, which shows that the com-
position of an arbitrary number of supremal OP languages

VOLUME 4, 2016 9
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is again a supremal OP language and these languages are
further nonconflicting.

Corollary 1. Consider alphabets Σin
i , Σout

i , Σi such that
Σi = Σin

i ∪ Σout
i and Σin

i ∩ Σout
i = ∅ for i = 1, . . . , n and

assume that Σout
i = Σin

i+1 for i = 1, . . . , n − 1. Further, let
mi : Σin

i → Σout
i be defined as in Section III-A. Assume that

Li = Lsup
Ci

(Σin
i ,Σ

out
i ,mi) with Ci > 0 for i = 1, . . . , n.

Write Σin = Σin
1 , Σout = Σout

n , Σ = Σin ∪ Σout and
let p : (

⋃n
i=1 Σi)

? → Σ? as well as m : Σin → Σout

such that m(s) = mn(· · ·m1(s)) for any s ∈ (Σin)?.
Then, L = p(||ni=1Li) = Lsup

C1+···+Cn
(Σin,Σout,m) and

L1, . . . , Ln are nonconflicting.

Proof. We prove the corollary by induction. To this end, we
introduce the alphabets Γk = Σin

1 ∪Σout
k , Λk =

⋃k
i=1 Σi and

Πk = Σin
1 ∪ Σk for k = 2, . . . , n. We further use the natural

projections pΛk,Γk
: Λ?

k → Γ?
k, pΠk,Γk

: Π?
k → Γ?

k and the
languages L1,k = pΛk,Γk

(L1|| · · · ||Lk) for k = 2, . . . , n.
For the initialization, we know thatL1,2 = pΛ2,Γ2

(L1||L2)
= Lsup

C1+C2
from Theorem 4 and L1, L2 are nonconflicting

from Theorem 5.
For the induction step, we assume that L1,k = Lsup

C1+···+Ck

and L1, . . . , Lk are nonconflicting. Since L1,k = Lsup
C1+···+Ck

and Lk+1 = Lsup
Ck+1

, it directly follows from Theorem 4 that

pΛk+1,Γk+1
(L1|| · · · ||Lk||Lk+1)

=pΠk+1,Γk+1
(pΛk,Γk

(L1|| · · · ||Lk)||Lk+1)

=pΠk+1,Γk+1
(L1,k||Lk+1)

=pΠk+1,Γk+1
(Lsup

C1+···+Ck
||Lsup

Ck+1
) = Lsup

C1+···+Ck+1
.

With the same argument, Theorem 5 implies thatL1|| · · · ||Lk

and Lk+1 are non-conflicting. Hence, L1, · · · , Lk+1 are non-
conflicting. Since k was arbitrary, it follows for k = n −
1 that L = p(||ni=1Li) = Lsup

C1+···+Cn
and L1, . . . , Ln are

nonconflicting.

In order to discuss the practical implication of Corollary
1, we consider an AMS with an arbitrary number of MCs
that exchange products and that are modeled by supremal OP
languages. Then, it holds that the composition of the MCs is
again represented by the supremal OP language and the joint
operation of the MCs is nonblocking.

D. USAGE OF COMPOSED ORDER-PRESERVING
MODELS IN SUPERVISORY CONTROL
The previous section indicates that supremal OP languages
are nonconflicting and their composition again leads to a
supremal OP language. In this section, we determine a further
important property of composed supremal OP languages in
order to clarify their usability for the nonblocking supervi-
sory control of large-scale DES. We first consider the case
where a subsystem model of a larger DES is OP and is
composed of two supremal OP languages L1 = Lsup

C1
and

L2 = Lsup
C2

with the alphabets Σ1 = Σin
1 ∪Σout

1 , Σ2 = Σin
2 ∪

Σout
2 and Σout

1 = Σin
2 as in Theorem 4. Then, the composed

supremal OP language L = p(L1||L2) is computed using

p : Σ̂? → Σ? with Σ̂ = Σ1 ∪ Σ2 and Σ = Σin
1 ∪ Σout

2 . This
computation is illustrated in Fig. 8 using automata models
G1, G2 and G such that Lm(G1) = L1, Lm(G2) = L2 and
Lm(G) = L.

Other 

subsystems 

of the DES

Other 

subsystems 

of the DES

Subsystem with two OP models

FIGURE 8: Subsystem with composition of two OP models.

Since the composed supremal OP language L is different
from the composition of the original languages L1||L2, it
needs to be verified if L can/should be used instead of
L1||L2 when designing supervisors for the overall DES.
In this context, it is important to note that the setting in
Fig. 8 is directly related to the setting of abstraction-based
supervisory control of large-scale modular DES [14], [15],
[34]. Here, Ĝ = G1||G2 with the alphabet Σ̂ represents
the original model of a subsystem of a larger DES and G
with the alphabet Σ is the abstracted subsystem model. The
abstraction alphabet Σ = Σin

1 ∪ Σout
2 is chosen such that it

contains all the (external) events that are shared with other
subsystems, whereas the internal events in Σout

1 = Σin
2 are

projected away. In this setting, the existing literature [15],
[34] shows that a nonblocking supervisor computed for the
system with the abstracted model G is as well nonblocking
for the system with the original model Ĝ if the projection
p fulfills certain sufficient conditions such as the natural
observer condition in Definition 3 [51].

Definition 3. Let L ⊆ Σ̂? be a language, and let p : Σ̂∗ → Σ
be the natural projection for Σ ⊆ Σ̂. p is a natural observer
for L if it holds for all t ∈ L and u ∈ Σ? that

p(t)u ∈ p(L)⇒ ∃v ∈ Σ̂? s.t. tv ∈ L ∧ p(v) = u.

In words, p is a natural observer for L if any string t that
belongs to the prefix-closure L of L can be extended to a
string in L whenever its projection p(t) can be extended
to a string in p(L). We next show that the projection p :
(Σ1∪Σ2)? → Σ?, which is used for computing the composed
supremal OP language p(L1||L2) in the previous section, is
a natural observer for L1||L2.

Theorem 6. Assume that Σin
1 , Σout

1 , Σin
2 , Σout

2 ,m1,m2, Σ,m
and p are as introduced above with Σin = Σin

1 , Σout = Σout
2

and Σout
1 = Σin

2 . Further, let L1 = Lsup
C1

and L2 = Lsup
C2

for C1, C2 > 0. Then, p : (Σ1 ∪ Σ2)? → Σ? is a natural
observer for L1||L2.

Proof. We first recall that L1||L2 = L1||L2 from Theorem
5. In order to show that p is a natural observer for L1||L2, we

10 VOLUME 4, 2016



This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/ACCESS.2020.3010030, IEEE Access

A. Nooruldeen et al.: Order-preserving languages for the Supervisory Control of Automated Manufacturing Systems

take an arbitrary string t ∈ L1||L2 = L1||L2 and u ∈ Σ?

such that su = p(t)u ∈ p(L1||L2). We next show by
induction that there is a v ∈ (Σ1 ∪ Σ2)? such that p(v) = u
and tv ∈ L1||L2. To this end, we write u = σ1 · · ·σ|u| with
σk ∈ Σ for k = 1, . . . , |u|. For the initialization, we note
that there is a v1 ∈ (Σ1 ∪ Σ2)? such that tv1 ∈ L1||L2

and p(v1) = σ1 because of Lemma 4. For the induction
step, we consider that tk−1 = tv1 · · · vk−1 ∈ L1||L2

such that p(v1 · · · vk−1) = σ1 · · ·σk−1. Applying Lemma
4, it directly follows that there exists a vk ∈ (Σ1 ∪ Σ2)?

with p(vk) = σk and such that tv1 · · · vk ∈ L1||L2 and
p(v1 · · · vk) = σ1 · · ·σk. Specifically, for k = |u|, it
holds with v = v1 · · · v|u| that tv ∈ L1||L2 and p(v) =
σ1 · · ·σ|u|. It remains to show that tv ∈ L1||L2. Since
su ∈ p(L1||L2), it must be the case that |f(su)| = 0. In
addition, tv ∈ L1||L2 implies that tv ∈ s1||s2 for some
s1 ∈ L1, s2 ∈ L2. Then, according to Lemma 3, we have that
f(s) = m−1

1 (f2(s2))f1(s1) and hence, |f2(s2)|+ |f1(s1)| =
0. Accordingly, f2(s2) = f1(s1) = ε, which shows that
s1 ∈ L1 and s2 ∈ L2. Therefore, tv ∈ s1||s2 ⊆ L1||L2,
which concludes the proof.

According to the previous discussion, Theorem 6 im-
plies that the abstracted model G with the marked language
Lm(G) = L can be used for the nonblocking supervisor
synthesis instead of the original model Ĝ = G1||G2. Hereby,
the main advantage is that G cannot have more states (and
generally has fewer states) than Ĝ since p is a natural ob-
server for L1||L2 [51]. In summary, when computing non-
blocking supervisors for modular DES with OP subsystems,
it is possible to use the composed OP model with a smaller
state count than the composition of the original OP models in
order to reduce the computational effort.

We illustrate the discussed features by the example au-
tomatonG47 in Fig. 6 that is computed such that Lm(G47) =
p(Lm(G4||G7)) with G4 in Fig. 3 and G7 in Fig. 5. Assum-
ing thatG4 andG7 are components of a modular system, it is
not required to use the automaton G4||G7 with 21 states for
the nonblocking supervisor synthesis. Instead, it is possible
to use G47 in Fig. 6 with only 15 states.

We note that the result in Theorem 6 was stated for the case
of two OP languages. We next extend this result to the case
of an arbitrary number of supremal OP languages similar to
Corollary 1. The extended setting is illustrated in Fig. 9 with
the automata Gi such that Lm(Gi) = Li for i = 1, . . . , n.

FIGURE 9: Subsystem with n OP models.

Corollary 2. Assume that Σin
i , Σout

i , mi, i = 1, . . . , n are
introduced as above with Σout

i = Σin
i+1 for i = 1, . . . , n− 1.

Further, define m = mn(· · ·m2(m1)) and Σ = Σin
1 ∪ Σout

n .
Then, p : (Σ1 ∪ · · · ∪ Σn)? → Σ? is a natural observer for
L1|| · · · ||Ln.

We prove Corollary 2 in Appendix E. As the main impli-
cation of Corollary 2, it is possible to use the automaton Ĝ
with Lm(Ĝ) = p(L1|| · · · ||Ln) with a smaller state count
than the automaton G with Lm(G) = L1|| · · · ||L2 for the
nonblocking supervisor computation.

IV. FLEXIBLE MANUFACTURING SYSTEM APPLICATION
In this section, we apply the proposed modeling framework to
the FMS example in [10], [23]. This example is chosen since
it offers different product types that share robots and ma-
chines with a capacity greater than one. We describe the FMS
and provide OP models of the relevant MCs and a supervisor
design in Section IV-A. Section IV-B and IV-C perform
modifications of the FMS that illustrate the advantage of
composing OP models and that demonstrate the supervisor
design for AMSs with sequential operations and assembly
operations, respectively. Finally, Section IV-D elaborates on
several practical considerations when using OP models.

A. FMS DESCRIPTION
The outline of the FMS in [10], [23] is shown in Fig. 10.
It consists of 3 robots R1, R2, R3 and 4 machines M1, M2,
M3, M4. The robots are able to transport products from/to the
machines. In addition, the robots can take products from the
input buffers I1, I2, I3 and deliver them to the output buffers
O1, O2, O3.

I1

I2

I3

M1

M2

O3

O2

O1

M3

M4

R1

R2

R3

FIGURE 10: FMS overview.

In principle, it is desired to process 3 different product
types using the FMS in Fig. 10. For the first product type, R2
takes a product from I1 and moves it to M2. Then, R2 delivers
the product from M2 to O1. The product path is shown in Fig.
11 (a). The second product type is taken from I2 by R3 and
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transported to M4. Then, R2 moves the product to M3 and R1
delivers the product to O2 as can be seen in Fig. 11 (b). The
third product type has two alternative paths that start from
I3. On the first path, R1 moves the product to M3, R2 moves
the product to M4 and R3 delivers the product to O3. On
the second path, R1 moves the product to M1, R2 moves the
product to M2 and R3 delivers the product to O3 as indicated
in Fig. 11 (c).

I1 R2 M2 R2 O1

I2 R3 M4 R2 M3

I3 R1
M3 R2 M4

M1 M2

R1 O2

R3 O3
R2

(a)

(b)

(c)

FIGURE 11: Product paths through the FMS.

According to the FMS setup, it is readily observed that
several MCs share different product types. For example, R1
moves P2 and P3, R2 transports P1, P2, P3 and R3 delivers
P2, P3. In addition, M2 processes P1, P3, M3 processes P2,
P3 and M4 processes P2, P3. Hence, it is clear that OP models
are needed for R1, R2, R3, M2, M3 and M4. Following the
description in [10], the robots can hold a single product,
whereas the machines are able to hold up to two products
simultaneously. That is, a simple OP model with capacity
1 as in Fig. 12 is suitable to represent the robots. Hereby,
we use the following convention for the event names: each
event name captures the name of the MC, where the product
comes from, the name of the MC that holds the product after
delivery and the product type. For example, the name for the
event that characterizes moving a product of type P3 from I3
to R1 is written as I3-R1P3.
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FIGURE 12: Robot models.

Different from the robots, an OP model with capacity 2

is needed to capture the behavior of M2, M3 and M4 as is
shown in Fig. 13. Since there are two different product types
on each of these machines, the resulting model has 7 states.
Note that no OP model is needed for M1 since this machine
only processes a single product type.
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FIGURE 13: OP machine models.

Finally, [10] provides models for the input and output
buffers that limit the numbers of products of a certain type
that can enter the FMS to 3 for P1, 7 for P2 and 11 for P3.
These buffer models are shown in Fig. 14.
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FIGURE 14: Buffer models.

In this context, we note that [10] does not employ OP
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models for M2, M3, M4. The respective models in [10] are
shown in Fig. 15. That is, these models assume that, even a
certain product type (such as P1 on M2) enters M2 before
P3, it is possible that P3 leaves M2 first. In practice this
means that a product can overtake another product when
moving through the FMS. Although this might be possible,
it is then necessary to determine the type of each product
leaving such machine (since the event indicating the depar-
ture of a product is directly related to the product type). This
requires additional sensor information and implementation
effort. Differently, the OP models in Fig. 13 naturally keep
track of the products entering and leaving each machine.
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FIGURE 15: Machine models.

We next discuss the supervisor computation for the FMS
according to Section II-B. To this end, we first note that the
aim of this paper is not an efficient supervisor design method
but the usage of OP models as introduced in Section III. In
addition, it holds that the product paths are already encoded
in the MC models such that no additional specification is
required. That is, we compute the overall plant as

G =

GR1||GR2||GR3||GM1||GM2||GM3||GM4||GB1||GB2||GB3.

Then, we compute a nonblocking supervisor S such that
Lm(S||G) = SupC(Lm(G), G,Σu) with Σu = ∅ with
30 692 states. In comparison, the nonblocking supervisor S̃
for the original model

G̃ =

GR1||GR2||GR3||G̃M1||G̃M2||G̃M3||G̃M4||GB1||GB2||GB3.

in [10] (that is not OP) has 27 770 states. In addition, it can be
verified that Lm(S||G) ⊆ Lm(S̃||G̃). This is due to the fact
that the machine models in [10] do not preserve the order of
products and hence model unnecessary behavior.

B. COMPOSED ORDER-PRESERVING MODELS FOR
THE FMS
In order to illustrate the benefits of composing OP models as
described in Section III-D, we consider a slightly modified
version of the FMS in Section IV-A. To this end, we replace
the machines M2, M3, M4 by corresponding workcells W2,
W3, W4 that consist of two CBs and one machine. The
outline of these workcells is shown in Fig. 16.

M2
CB2i

CB2o
M3

CB3i

CB3o
M4

CB4i

CB4o

FIGURE 16: Workcell outline.

That is, products enter the workcell from the input CB
(CB2i, CB3i, CB4i), are then processed by the respective
machine (M2, M3, M4) and leave the workcell from the
output CB (CB2o, CB3o, CB4o). Assuming a capacity of 1
for each of the MCs in the workcells, we use the following
OP models in Fig. 17.

Then, we first determine the state sizes of the original and
reduced workcell models. We write

ĜW2 = GCB2i||GM2||GCB2o,

ĜW3 = GCB3i||GM3||GCB3o,

ĜW4 = GCB4i||GM4||GCB4o

for the original workcell models with the alphabets Σ̂W2 =
ΣCB2i ∪ ΣM2 ∪ ΣCB2o, Σ̂W3 = ΣCB3i ∪ ΣM3 ∪ ΣCB3o and
Σ̂W4 = ΣCB4i ∪ ΣM4 ∪ ΣCB4o. According to Section III-D,
we also introduce the alphabets of the reduced OP models for
the workcells as ΣW2 = ΣW2\ΣM2, ΣW3 = ΣW3\ΣM3 and
ΣW4 = ΣW4\ΣM4 with the related natural projections pW2 :
Σ̂?

W2 → Σ?
W2, pW3 : Σ̂?

W3 → Σ?
W3 and pW4 : Σ̂?

W4 → Σ?
W4.

That is, the reduced models only contain the external events
of the workcells that are shared with the robots. Then, we
write GW2, GW3 and GW4 for the reduced OP models
such that Lm(GW2) = pW2(Lm(ĜW2)), Lm(GW3) =
pW3(Lm(ĜW3)) and Lm(GW4) = pW4(Lm(ĜW4)).

It holds that ĜW2, ĜW3 and ĜW4 have 27 states, whereas
GW2, GW3 and GW4 have only 15 states (which complies
with (10)). Accordingly, a nonblocking supervisor for the
overall system with the original workcell models ĜW2, ĜW3

and ĜW4 has 2 444 288 states, whereas a nonblocking super-
visor for the overall system with the reduced workcell models
GW2, GW3 and GW4 has 643 100 states. That is, in addition
to correctly modeling the order of products traveling to the
FMS, it is possible to reduce the size of the required models
using the particular properties of composed OP languages.
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FIGURE 17: Workcell models.

C. COMBINATION WITH ASSEMBLY OPERATIONS
The previous discussion focuses on sequential operations in
AMSs in order to illustrate the concept of OP models. In
general, it is the case that AMSs comprise both sequential
operations, which characterize the flow of products through
the AMS, and assembly operations, where parts of a product
are combined in order to obtain a final product. The existing
literature considers the supervisory control for AMSs with
the combination of sequential and assembly operations both
using automata models [9], [52], [53] and Petri Net models
[4], [54] but without including the order of products in
the model. We next illustrate the usage of OP models as
introduced in this paper for AMSs that both include assem-
bly operations and sequential operations that preserve the
product order. To this end, we employ a modification of
the product paths in Fig. 11 as shown in Fig. 18. Here, P1
and P2 are considered as parts of a final product that enter
from the input buffers I1 and I2, respectively. After following
their respective production paths, these two product parts are
assembled in the output assembly station OA. That is, the
product order is preserved during the sequential operations
along the product paths, whereas P1 and P2 are combined
when arriving at OA.

I1 R2 M2 R2

I2 R3 M4 R2 M3

I3 R1
M3 R2 M4

M1 M2

R1

OA

R3 O3
R2

(a)

(b)

(c)

FIGURE 18: Modified FMS with assembly operation.

The same automata models as in Section IV-A are used for
the MCs I3, O3, R3, M1, M2, M3 and M4. The robot models
GR1, GR2 and the buffer models GB1, GB2 are modified
by replacing the events R1-O2_P2 and R2-O1_P1 by
R1-OA_P2 and R2-OA_P1, respectively, to indicate that the
product parts P1 and P2 are delivered to OA (see Fig. 19). In
addition, the model GOA of OA in Fig. 19 captures that the
product parts P1 and P2 can enter OA in an arbitrary order
(events R1-OA_P2 and R2-OA_P1). When both product
parts are present, their assembly and discharge from the AMS
is modeled by the event P1-P2.
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FIGURE 19: Modified MC models including an assembly
operation.

In analogy to Section IV-A, we computed a nonblocking
supervisor S for the modified FMS including the assembly
operation in Fig. 18. The supervisor has 120 697 states ad-
dresses both the OP sequential operations and the assembly
operation of the FMS.
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D. PRACTICAL CONSIDERATIONS
In this section, we further clarify the main contribution of
this paper. To this end, we identify several important design
problems, where the proposed OP model can be used and we
discuss possible directions for future research.

The main focus of this paper is the development of a
general automaton-based OP model for sequential processes
in AMSs. This model can be used for any MC of an AMS,
where the order of products entering and leaving the MC
has to be preserved. In this context, we point out that we
do not require that all MCs of an AMS are OP. Since the
proposed OP model is represented by a finite state automaton,
it can be used together with automata-based models of MCs
that are not OP. This is for example the case in Section
IV-C, where the modified FMS comprises both sequential
operations and assembly operations. That is, our OP model
is complementary to existing models for MCs.

This paper is concerned with the development of OP mod-
els and the analysis of their properties. Due to this reason, the
previous sections consider medium-scale AMSs and perform
a monolithic supervisor design in order to demonstrate the
usability of OP models. In practice, large-scale AMSs require
the application of efficient supervisor design methods [14],
[15], [24], [29]–[34], [55]. Since the proposed OP model is
represented by a finite state automaton, any of the automata-
based supervisor design methods for large-scale systems
including for example the compositional synthesis in [33]
and the abstraction-based design in [14], [15], [34], [55] can
be applied to AMSs including OP models. In addition, an
interesting direction for future research is the development
of OP models for Petri Nets in order to benefit from recent
efficient design methods and simplified supervisor represen-
tations as in [24], [29]–[32].

The OP models proposed in this paper are developed
for the supervisory control of AMSs, which ensures the
correct logical system behavior based on a given behavioral
specification. In practice, the temporal system behavior also
needs to be taken into account in order to achieve a satisfac-
tory system performance such as small cycle time and high
throughput [56]–[60]. Since the proposed OP model is repre-
sented by a finite state automaton, any of the automata-based
performance-oriented design methods such as the directed
control in [56], the time-optimal control based on sequen-
tial abstraction in [58] and the time-optimal control using
compositional optimization in [59] can be applied to AMSs
including OP models. In addition, developing OP models
for Petri Nets will make it possible to apply Petri Net-based
supervisor synthesis methods for performance improvement
such as [57].

V. CONCLUSIONS
The subject of this paper is the development of discrete event
system (DES) models for a particular property of automated
manufacturing systems (AMSs). The model accounts for the
fact that AMSs are able to manufacture different product
types that potentially share various manufacturing compo-

nents (MCs) such as machines and robots. Different from the
existing literature, the proposed model captures the general
case, where MCs can hold multiple products and then process
these products sequentially. Specifically, if the capacity of a
MC is greater than one, products will leave the MC in the
order of entering the MC. That is, the MC needs to keep track
of the product order if different products require different
processing steps after leaving the MC.

As the main contribution, we formalize this scenario by in-
troducing the new class of order-preserving (OP) languages.
We show that a supremal OP language exists and can be
recognized by a finite state automaton. In addition, we prove
that it is possible to compose supremal OP languages to again
obtain a supremal OP language. We further show that reduced
models of composed OP languages that are suitable for
nonblocking supervisory control can be obtained. We demon-
strate the practicability of the proposed model by applying it
to the supervisory control of a flexible manufacturing system.
We further show that OP models can be used together with
non-OP models for AMSs with both assembly operations and
sequential operations that preserve the product order.

In future work we will study nonblocking modular system
behavior of OP AMSs depending on the connectivity of MCs.
In addition, we intend to investigate the development of OP
models for Petri Nets in order to benefit from recent advances
in the efficient supervisor synthesis.

.

APPENDIX A PROOF OF LEMMA 1

We provide the proof of Lemma 1.

Proof. We have to show that (i) s ∈ Lm(Gsup
C ) ⇒ s is OP

and c(s) ≤ C, (ii) s ∈ Lsup
C ⇒ s ∈ Lm(Gsup

C ).
For (i), we use induction on the string length to show that

for each prefix sk := prek(s) ≤ s, pout(sk) ≤ m(pin(sk)),
c(sk) ≤ C and δsup

C (xsup
0,C , sk) = [f(sk)].

Let s ∈ Lm(Gsup
C ) be arbitrary. For the initialization,

we consider s0 = ε ≤ s. Then, it holds that pout(s0) =
m(pin(s0)) = ε and c(s0) = 0 ≤ C. Furthermore,
δsup
C (x0, s0) = [f(s0)] = [ε].

Now assume that for some k < |s|, we have that
pout(sk) ≤ m(pin(sk)), c(sk) ≤ C and δsup

C (x0, sk) =
[f(sk)]. We show that also pout(sk+1) ≤ m(pin(sk+1)),
c(sk+1) ≤ C and δsup

C (x0, sk+1) = [f(sk+1)].
There are three cases. In the first case, let |f(sk)| =

0. That is, [f(sk)] = [ε]. Then, sk+1 = sk α1 with
α1 ∈ Σin according to (R1). Furthermore, it holds that
pout(sk+1) = pout(skα1) = pout(sk) ≤ m(pin(sk+1)) =
m(pin(skα1)) = m(pin(sk))m(α1), c(sk+1) = c(skα1) =
max{c(sk), 1} ≤ C and δsup

C (xsup
0,C , sk+1) = δsup

C ([ε], α1) =
[α1] = [f(sk+1)]. In the second case, let |f(sk)| = C. That
is, [f(sk)] = [α1α2 · · ·αC ] for some α1, . . . , αC ∈ Σin.
Then, sk+1 = sk ω1 with ω1 = m(α1) ∈ Σout according to
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(R4). Noting that f(sk) = α1α2 · · ·αC , we further conclude
that

pout(sk+1) = pout(skω1) = pout(sk)ω1

= m(pre|pout(sk)|(p
in(sk)))ω1

= m(pre|pout(sk)|(p
in(sk)))m(α1)

≤ m(pre|pout(sk)|(p
in(sk)))m(α1α2 · · ·αC)

= m
(
pre|pout(sk)|(p

in(sk)
)
suf |pout(sk)(p

in(sk)))

= m(pin(sk)) = m(pin(skω1)) = m(pin(sk+1)).

Furthermore, f(sk+1) = f(skω1) = α2 · · ·αC and ac-
cordingly δsup

C (xsup
0,C , sk+1) = δsup

C ([α1α2 · · ·αC ], ω1) =
[α2 · · ·αC ] = [f(sk+1)] with (R4). Finally, since c(sk) ≤ C
and c(sk+1) ≤ c(sk), it follows that c(sk+1) ≤ C. In
the third case, 0 < |f(sk)| < C. That is, [f(sk)] =
[α1 · · ·αj ] with j < C. Then, there are two possi-
ble transitions. First, let σ = αj+1 ∈ Σin according
to (R3). Then, the same argument as in the first case
shows that pout(sk+1) = pout(skαj+1) = pout(sk) ≤
m(pin(sk+1)) = m(pin(skαj+1)) = m(pin(sk))m(αj+1),
c(sk+1) = c(skαj+1) = max{c(sk), |f(sk)| + 1} ≤
C and δsup

C (xsup
0,C , sk+1) = δsup

C ([α1 · · ·αj ], αj+1) =
[α1 · · ·αjαj+1] = [f(sk+1)]. Second, let σ = ω1 =
m(α1) ∈ Σout according to (R2) or (R4). Then, the same
argument as in the second case shows that pout(sk+1) ≤
m(pin(sk+1)), f(sk+1) = α2 · · ·αj and accordingly
δsup
C (xsup

0,C , sk+1) = δsup
C ([α1α2 · · ·αj ], ω1) = [α2 · · ·αj ] =

[f(sk+1)].
Since k was arbitrary, it follows for k + 1 = |s| that

pout(s) ≤ m(pin(s)), c(s) ≤ C and δsup
C (xsup

0,C , s) = [f(s)].
Considering that s ∈ Lm(Gsup

C ), it is further the case that
δsup
C (xsup

0,C , s) = [ε]. Hence, it is the case that m(pin(s)) =
pout(s). That is, s is OP according to Definition 1.

For (ii), we consider an arbitrary string s ∈ Lsup
C and

we show by induction that it holds for each k ≤ |s| that
sk ∈ L(Gsup

C ) and δsup
C (xsup

0,C , sk) = [f(sk)] in order to show
that s ∈ Lm(Gsup

C ). For initialization, we consider s0 = ε.
Then, it holds that δsup

C (xsup
0,C , ε) = [ε] = [f(s0)]. For the in-

duction step, we let k < |s| and assume that δsup
C (xsup

0,C , sk) =
[f(sk)]. Then, we show that δsup

C (xsup
0,C , sk+1) = [f(sk+1)].

In general, sk+1 = skσ for σ ∈ Σ and there are dif-
ferent cases for σ. First, consider that f(sk) = ε. Since
s is OP, this implies that pout(sk) = m(pin(sk)). Hence,
it must be the case that σ = α1 ∈ Σin. But then,
(R1) ensures that δsup

C ([ε], α1) = δsup
C (xsup

0,C , skα1) =
δsup
C (xsup

0,C , sk+1) = [α1] = [f(sk+1)]. Second, consider that
f(sk) = α1α2 · · ·αC . Since the capacity of s is c(s) = C
and s is OP, it must be the case that σ = ω1 for ω1 = m(α1).
But then, (R4) ensures that δsup

C ([α1α2 · · ·αC ], ω1) =
δsup
C (xsup

0,C , skω1) = δsup
C (xsup

0,C , sk+1) = [α2 · · ·αC ] =
[f(sk+1)]. Third, consider that f(sk) = α1α2 · · ·αj for
0 < j < C. Since 0 < |f(sk)| < C and s is OP,
it is possible that σ = αj+1 for some αj+1 ∈ Σin or
σ = ω1 = m(α1) ∈ Σout. If σ = αj+1, (R3) en-
sures that δsup

C ([α1 · · ·αj ], αj+1) = δsup
C (xsup

0,C , skαj+1) =

δsup
C (xsup

0.C , sk+1) = [α1 · · ·αjαj+1] = [f(sk+1)]. If σ =
ω1, (R2) or (R4) ensure that δsup

C ([α1α2 · · ·αj ], ω1) =
δsup
C (xsup

0,C , skω1) = δsup
C (xsup

0,C , sk+1) = [α2 · · ·αj ] =
[f(sk+1)].

In particular, for k+ 1 = |s|, we have that δsup
C (xsup

0,C , s) =

[f(s)] = [ε] = xsup
0,C since s is OP and, hence, |pin(s)| =

|pout(s)|. That is, s ∈ Lm(Gsup
C ).

APPENDIX B PROOF OF LEMMA 2
This section provides the proof of Lemma 2. For brevity,
we write Lsup

C1
and Lsup

C2
instead of Lsup

C1
(Σin

1 ,Σ
out
1 ,m1) and

Lsup
C2

(Σin
2 ,Σ

out
2 ,m2).

Proof. We have to show that c(L) = C = C1 + C2. Since
L1 = Lsup

C1
and L2 = Lsup

C2
for C1, C2 > 0, it holds that ε ∈

L1||L2 6= ∅. Hence, we already know from Theorem 3 that
C = c(L) ≤ C1 + C2. In order to show that C = C1 + C2,
it remains to show that C ≥ C1 + C2.

We consider two cases. In the first case C2 ≤ C1. In addi-
tion, for simplicity, we assume thatC1 ≤ 2C2. The extension
for the caseC1 > 2C2 is conceptually straightforward. Since
the capacity of L1 is c(L1) = C1 and L1 = Lsup

C1
, it holds for

an arbitrary α1 ∈ Σin
1 and ω1 = m1(α1) ∈ Σout

1 that

s1 = α1 · · ·α1︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C2

α1 · · ·α1︸ ︷︷ ︸
C1

ω1 · · ·ω1︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C1−C2

∈ L1

and c(s1) = C1. Now consider that α2 = ω1 ∈ Σin
2 =

Σout
1 and ω2 = m2(α2) ∈ Σout

2 . Since the capacity of L2 is
c(L2) = C2 and L2 = Lsup

C2
, it holds that

s2=α2 · · ·α2︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C2

α2 · · ·α2︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C2

α2 · · ·α2︸ ︷︷ ︸
C1−C2

ω2 · · ·ω2︸ ︷︷ ︸
C1−C2

=ω1 · · ·ω1︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C1−C2

ω2 · · ·ω2︸ ︷︷ ︸
C1−C2

∈ L2

and c(s2) = C2 since C1 − C2 ≤ C2 by assumption (if
C1 − C2 > C2, it is sufficient to add additional substrings
ω1 · · ·ω1︸ ︷︷ ︸

C2

ω2 · · ·ω2︸ ︷︷ ︸
C2

). Since Σ1 ∩ Σ2 = Σout
1 = Σin

2 , it further

holds that,

s =α1 · · ·α1︸ ︷︷ ︸
C2

α1 · · ·α1︸ ︷︷ ︸
C1

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C1−C2

=p(α1 · · ·α1︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C2

α1 · · ·α1︸ ︷︷ ︸
C1

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C1−C2

ω2 · · ·ω2︸ ︷︷ ︸
C1−C2

)

= p(s1||s2) ∈ p(L1||L2) = L

and

c(s) =|pin(α1...α1︸ ︷︷ ︸
C2

α1...α1︸ ︷︷ ︸
C1

)| − |pout(α1...α1︸ ︷︷ ︸
C2

α1...α1︸ ︷︷ ︸
C1

)|

C1 + C2 − 0 = C1 + C2.
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In the second case, C1 < C2. In addition, for simplicity,
we assume that C2 ≤ 2C1. The extension for the case C2 >
2C1 is conceptually straightforward. Since the capacity of
L2 is c(L2) = C2 and L2 = Lsup

C2
, it holds for an arbitrary

α1 ∈ Σin
1 and ω1 = m1(α1) ∈ Σout

1 that

s1=α1 · · ·α1︸ ︷︷ ︸
C1

ω1 · · ·ω1︸ ︷︷ ︸
C1

α1 · · ·α1︸ ︷︷ ︸
C2−C1

ω1 · · ·ω1︸ ︷︷ ︸
C2−C1

α1 · · ·α1︸ ︷︷ ︸
C1

ω1 · · ·ω1︸ ︷︷ ︸
C1

∈ L1

and c(s1) = C1. Now consider that α2 = ω1 ∈ Σin
2 =

Σout
1 and ω2 = m2(α2) ∈ Σout

2 . Since the capacity of L2 is
c(L2) = C2 and L2 = Lsup

C2
, it holds that

s2 =α2 · · ·α2︸ ︷︷ ︸
C1

α2 · · ·α2︸ ︷︷ ︸
C2−C1

ω2 · · ·ω2︸ ︷︷ ︸
C2

α2 · · ·α2︸ ︷︷ ︸
C1

ω2 · · ·ω2︸ ︷︷ ︸
C1

= ω1 · · ·ω1︸ ︷︷ ︸
C1

ω1 · · ·ω1︸ ︷︷ ︸
C2−C1

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C1

ω2 · · ·ω2︸ ︷︷ ︸
C1

∈ L2

and c(s2) = C2. Since ω1 ∈ Σ1 ∩ Σ2 = Σout
1 = Σin

2 , it
follows that

s = α1 · · ·α1︸ ︷︷ ︸
C1

α1 · · ·α1︸ ︷︷ ︸
C2−C1

α1 · · ·α1︸ ︷︷ ︸
C1

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω2 · · ·ω2︸ ︷︷ ︸
C1

= p(α1 · · ·α1︸ ︷︷ ︸
C1

ω1 · · ·ω1︸ ︷︷ ︸
C1

α1 · · ·α1︸ ︷︷ ︸
C2−C1

ω1 · · ·ω1︸ ︷︷ ︸
C2−C1

α1 · · ·α1︸ ︷︷ ︸
C1

ω2 · · ·ω2︸ ︷︷ ︸
C2

ω1 · · ·ω1︸ ︷︷ ︸
C1

ω2 · · ·ω2︸ ︷︷ ︸
C1

)

∈ p(s1||s2) ⊆ p(L1||L2) = L.

and

c(s) = |pin(α1...α1︸ ︷︷ ︸
C1

α1...α1︸ ︷︷ ︸
C2−C1

α1...α1︸ ︷︷ ︸
C1

)|−

|pout(α1...α1︸ ︷︷ ︸
C1

α1...α1︸ ︷︷ ︸
C2−C1

α1...α1︸ ︷︷ ︸
C1

)| = C1 + C2.

That is, indeed, c(L) = C = C1 + C2

APPENDIX C PROOF OF LEMMA 3
We next prove Lemma 3. Again, we write Lsup

C1
and Lsup

C2

instead of Lsup
C1

(Σin
1 ,Σ

out
1 ,m1) and Lsup

C2
(Σin

2 ,Σ
out
2 ,m2).

Proof. We show that f(s) = m−1
1 (f2(s2)) f1(s1) by in-

duction on the length of prefixes of sk = prek(s). For the
initialization, we start from k = 0. It holds that s0 = ε and
s0 = p(s1,0||s2,0) and f(s0) = m−1

1 (f2(s2,0)) f1(s1,0) = ε
for s1,0 = ε ≤ s1, s2,0 = ε ≤ s2.

For the induction step, assume for some k < |s|,
s1,k ≤ s1, s2,k ≤ s2 that sk = p(s1,k||s2,k) and
f(sk) = m−1

1 (f2(s2,k)) f1(s1,k). We have to show that
for sk+1 = skσ ≤ s, there are s1,k+1 ≤ s1, s2,k+1 ≤
s2 such that sk+1 = p(s1,k+1||s2,k+1) and f(sk+1) =
m−1

1 (f2(s2,k+1)) f1(s1,k+1).
Consider sk+1 = skσ ≤ s and write f(sk) = α1 · · ·αj

for some 0 ≤ j ≤ C with α1, . . . , αj ∈ Σin (with a slight

abuse of notation, we define f(sk) = ε if j = 0). Then, it is
possible that (i) σ ∈ Σin or (ii) σ ∈ Σout.

(i) Assume that σ = αj+1 ∈ Σin. Then, it must be
the case that j < C. Consider the contrary, that is, j =
C = C1 + C2. Since |f(sk)| = |m−1

1 (f2(s2,k))f1(s1,k)|
and c(si,k) ≤ Ci for i = 1, 2, this implies that |fi(si,k)| =
Ci. Since sk+1 ∈ p(L1||L2), sk = p(s1,k||s2,k) and
αj+1 6∈ Σ2, it must further be the case that sk+1 =
p(s1,kuαj+1||s2,ku) for some u ∈ Σout

1 = Σin
2 . Consid-

ering that |f2(s2,k)| = C2 it follows that u = ε (oth-
erwise, |f2(s2,ku)| > C2. But then, |f1(s1,kuαj+1)| =
|f1(s1,kαj+1)| = C1 + 1, which implies that s1,kαj+1 6∈ L1

and hence sk+1 6∈ p(L1||L2). This contradicts the assump-
tion that s ∈ p(L1||L2). Hence, indeed j < C. Accordingly,
|f1(s1,k)| < C1 or |f1(s1,k)| = C1 and |f2(s2,k)| < C2. If
|f1(s1,k)| < C1, we know that m−1

1 (f2(s2,k)) = α1 · · ·αl

and f1(s1,k) = αl+1 · · ·αj for l ≤ C2 and j − l < C1.
Then, it holds that s1,kαj+1 ∈ L1 since L1 = Lsup

C1
.

Furthermore, sk+1 = skαj+1 = p(s1,k+1||s2,k+1) for
s1,k+1 = s1,kαj+1 and s2,k+1 = s2,k and f(sk+1) =
α1 · · ·αlαl+1 · · ·αjαj+1 = m−1

2 (f2(s2,k+1))f1(s1,k+1).
If |f1(s1,k)| = C1 and |f2(s2,k)| < C2, we have that
m−1

1 (f2(s2,k)) = α1 · · ·αl and f1(s1,k) = αl+1 · · ·αj for
l < C2 and j − l = C1. Consider γl+1 = m1(αl+1).
Since L1 = Lsup

C1
, L2 = LC2 and γl+1 ∈ Σout

1 = Σin
2 , it

must be the case that s1,kγl+1 ∈ L1 and s2,kγl+1 ∈ L2.
But then, also s1,kγl+1αj+1 ∈ L1 since |f1(s1,kγl+1)| =
C1 − 1 < C1. That is, defining s1,k+1 = s1,kγl+1αj+1

and s2,k+1 = s2,kγl+1, we have that sk+1 = skαj+1 =
p(s1,k+1||s2,k+1) since αj+1 6∈ Σ2. In addition, it holds
that f(sk+1) = α1 · · ·αjαj+1, f1(s1,k+1) = αl+2 · · ·αj+1

and m−1
1 (f2(s2,k+1) = α1 · · ·αlαl+1 with |f1(s1,k+1)| =

j + 1 − (l + 1) = j − l = C1 and |f2(s2,k+1)| = l +
1 ≤ C2. Moreover, f(sk+1) = α1 · · ·αlαl+1 · · ·αjαj+1 =
m−1

2 (f2(s2,k+1))f1(s1,k+1).

(ii) If σ ∈ Σout, it must be the case that j > 0 (if
j = 0, |f(skσ)| = −1 < 0). Accordingly, |f2(s2,k)| > 0
or |f2(s2,k)| = 0 and |f1(s1,k)| > 0. If |f2(s2,k)| > 0,
we know that f1(s1,k) = αl+1 · · ·αj and m−1

1 (f2(s2,k)) =
α1 · · ·αl for some l > 0. Then, it holds that s2,kω1 ∈
L2 since L2 = Lsup

C2
and L2 is OP. That is, σ =

ω1. Furthermore, sk+1 = skω1 = p(s1,k+1||s2,k+1) for
s1,k+1 = sk and s2,k+1 = s2,kω1 and f(sk+1) =
α2 · · ·αj = m−1

1 (f2(s2,k+1))f1(s1,k+1). If |f2(s2,k)| = 0
and |f1(s1,k)| > 0, we have that f1(s1,k) = α1 · · ·αj

and m−1
1 (f2(s2,k)) = ε. Since L1 = Lsup

C1
, it holds that

s1,kγ1 ∈ L1 for γ1 = m1(α1). Since L2 = Lsup
C2

,
γ1 ∈ Σout

1 = Σin
2 and ω1 = m2(γ1) = m(α1) ∈ Σout

2 ,
it is further the case that s2,kγ1ω1 ∈ L2. That is, sk+1 =
skω1 = p(s1,k+1||s2,k+1) for s1,k+1 = s1,kγ1 and s2,k+1 =
s2,kγ1ω1. In addition, it holds that f(sk+1) = α2 · · ·αj =
m−1

2 (f2(s2,k+1))f1(s1,k+1) since m−1
2 (f2(s2,k+1)) =

m−1
2 (f2(s2,kγ1ω1)) = m−1

2 (f2(s2,k)) = ε and
f1(s1,k+1) = f1(s1,kγ1) = α2 · · ·αj .

Since k < |s| was chosen arbitrary, the proven relation
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also holds for k = |s| − 1. That is,

f(s) = f(sk+1) = m−1
1 (f2(s2,k+1))f1(s1,k+1)

= m−1
1 (f2(s2))f1(s2).

APPENDIX D PROOF OF LEMMA 4
We next prove Lemma 4. As before, we write Lsup

C1
and Lsup

C2

instead of Lsup
C1

(Σin
1 ,Σ

out
1 ,m1) and Lsup

C2
(Σin

2 ,Σ
out
2 ,m2).

Proof. Consider an arbitrary string t ∈ L1||L2 and let σ ∈ Σ
such that p(t)σ ∈ p(L1||L2). We write s = p(t). According
to Lemma 3, it holds that s = p(s1||s2) for s1 ∈ L1

and s2 ∈ L2. In addition, f(s) = m−1
1 (f2(s2))f1(s1) =

α1 · · ·αlαl+1 · · ·αj with |m−1
1 (f2(s2))| = |α1 · · ·αl| = l

and |f1(s1)| = |f1(αl+1 · · ·αj)| = j − l and 0 ≤ j ≤ C =
C1 + C2.

We now consider that (i) σ ∈ Σin or (ii) σ ∈ Σout.
(i) If σ ∈ Σin = Σin

1 , it must be the case that j < C.
Otherwise, |f(sσ)| = |f(s)σ| = j + 1 > C. There are two
cases. In the first case, |f1(s1)| < C1. Since L1 = Lsup

C1
, it

holds that s1σ ∈ L1. Since Σin
1 ∩ Σ2 = ∅, it follows that

tσ ∈ s1σ||s2 ⊆ L1||L2 and p(tσ) = p(t)σ = sσ. That is,
(14) is fulfilled with v = σ ∈ (Σ1∪Σ2)?. In the second case,
|f1(s1)| = C1 and hence |f2(s2)| < C2. We write γl+1 =
m1(αl+1) ∈ Σout

1 = Σin
2 . Since L1 = Lsup

C1
and L2 = Lsup

C2
,

it is the case that s1γl+1 ∈ L1 and s2γl+1 ∈ L2. Further-
more, γl+1 ∈ Σout

1 , implies |f1(s1γl+1)| = |αl+2 · · ·αj | =
C1 − 1 < C1. That is, s1γl+1σ ∈ L1 since L1 = Lsup

C1
.

Together, we have that tγl+1σ ∈ s1γl+1σ||s2γl+1 ⊆ L1||L2

and p(tγl+1σ) = p(t)σ = sσ. That is, (14) is fulfilled with
v = γl+1σ.

(ii) if σ ∈ Σout = Σout
2 , it must be the case that j >

0. Otherwise, |f(sσ)| = j − 1 < 0. There are two cases.
In the first case, |f2(s2)| > 0. Since L2 = Lsup

C2
, it holds

that s2σ ∈ L2. Since Σin
2 ∩ Σ1 = ∅, it follows that tσ ∈

s1||s2σ ⊆ L1||L2 and p(tσ) = p(t)σ = sσ. That is, (14)
is fulfilled with v = σ ∈ (Σ1 ∪ Σ2)?. In the second case,
|f2(s2)| = 0 and hence |f1(s1)| > 0. In addition, it must
hold that σ = ω1 = m(α1) since f(s) = α1 · · ·αj . We
write γ1 = m1(αl) ∈ Σout

1 = Σin
2 . Since L1 = Lsup

C1
and

L2 = Lsup
C2

, it is the case that s1γ1 ∈ L1 and s2γ1 ∈ L2.
Furthermore, γ1 ∈ Σin

2 , implies |m−1
1 (f2(s2γ1))| = |α1| =

1 > 0. That is, s1γ1ω1 ∈ L1 since m2(γ1) = m(α1) = ω1

and L2 = Lsup
C2

. Together, we have that tγ1σ = tγ1ω1 ∈
s1γl+1||s2γl+1ω1 ⊆ L1||L2 and p(tγl+1σ) = p(t)σ = sσ.
That is, (14) is fulfilled with v = γ1σ.

In summary, (14) holds in all possible cases, which proves
the lemma.

APPENDIX E PROOF OF COROLLARY 2
We next prove Corollary 2. To this end, we first state the
following result from the existing literature [50], [61].

Lemma 5. Consider alphabets Σ1,Σ2 and write Σ∩ = Σ1∩
Σ2, Λ = Σ1 ∪ Σ2. Assume that Σ∩ ⊆ Π ⊆ Λ for some
alphabet Π and define the projections pi : Σ?

i → (Σi ∩ Π)?

for i = 1, 2 and p : Λ? → Π?. Then, it holds for anyL1 ⊆ Σ?
1

and L2 ⊆ Σ?
2 that

p(L1||L2) = p1(L1)||p2(L2). (15)

We next provide the proof of Corollary 2.

Proof. We use the same notation as in the proof or Corollary
1 with Γk = Σin

1 ∪Σout
k , Λk =

⋃k
i=1 Σi, Πk = Σin

1 ∪Σk for
k = 2, . . . , n, pΛk,Γk

: Λ?
k → Γ?

k, pΠk,Γk
: Π?

k → Γ?
k and the

languages L1,k = pΛk,Γk
(L1|| · · · ||Lk) for k = 2, . . . , n.

Next, we prove the assertion in Corollary 2 by induction.
For the initialization, we know that pΛ2,Γ2

is a natural ob-
server for L1||L2 from Theorem 6 and L1,2 = Lsup

C1+C2
from

Theorem 4.
For the induction step, we assume that pΛk,Γk

is a nat-
ural observer for L1|| · · · ||Lk. Then, we show that also
pΛk+1,Γk+1

is a natural observer for L1|| · · · ||Lk||Lk+1. To
this end, we first note that Λk = Σ1 ∪ · · · ∪ Σk = Σin

1 ∪
Σout

1 ∪ Σ2 · · ·Σin
k ∪ Σout

k and Σk+1 = Σin
k+1 ∪ Σout

k+1 such
that Λk ∩ Σk+1 = Σout

k = Σin
k+1. Then, we compute

pΛk+1,Γk+1
(L1|| · · · ||Lk+1) =

= pΠk+1,Γk+1

(
pΛk+1,Πk+1

(L1|| · · · ||Lk||Lk+1)
)

= pΠk+1,Γk+1

(
pΛk,Γk

(L1|| · · · ||Lk)||Lk+1

)
because of Lemma 5. Here, we already know that pΛk,Γk

is a natural observer for L1|| · · · ||Lk due to the induc-
tion assumption. In order to show that pΛk+1,Γk+1

is a
natural observer for L1|| · · · ||Lk+1, we take an arbitrary
string t ∈ L1|| · · · ||Lk+1 and u ∈ Γ?

k+1 and assume
that pΛk+1,Γk+1

(t)u ∈ pΛk+1,Γk+1
(L1|| · · · ||Lk+1). We first

observe that

pΛk+1,Γk+1
(t)u = pΠk+1,Γk+1

pΛk+1,Πk+1
(t)u ∈

∈ pΠk+1,Γk+1
pΛk+1,Πk+1

(L1|| · · · ||Lk+1)

That is, there must be a w ∈ Π?
k+1 such that

pΠk+1,Γk+1
(w) = u and

pΛk+1,Πk+1
(t)w ∈ pΛk+1,Πk+1

(L1|| · · · ||Lk+1)

= pΛk,Γk
(L1|| · · · ||Lk)||Lk+1.

Here, we know that Lk+1 = Lsup
Ck+1

by assumption and
pΛk,Γk

(L1|| · · · ||Lk) = Lsup
C1+···+Ck

because of Theorem 1.
Then, Theorem 6 implies that pΛk+1,Πk+1

is a natural ob-
server for L1|| · · · ||Lk+1. Accordingly, there is a v ∈ Λ?

k+1

such that pΛk+1,Πk+1
(v) = w and tw ∈ L1|| · · · ||Lk+1.

Recalling that pΠk+1,Γk+1
(w) = u, we found v ∈ Λ?

k+1 such
that pΛk+1,Γk+1

(v) = u and tv ∈ L1|| · · · ||Lk+1. Hence,
pΛk+1,Γk+1

is indeed a natural observer.
In particular, the obtained result is true for k + 1 = n.

That is, p = pΛn,Γn
in Corollary 2 is a natural observer for

L1|| · · · ||Ln.
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