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Energy and Angular Momentum in Generic F(Riemann) Theories
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We construct the conserved charge of generic gravity theories built on arbitrary contrac-
tions of the Riemann tensor (but not on its derivatives) for asymptotically (anti)-de Sitter
spacetimes. Our construction is a generalization of the ADT charges of linear and quadratic
gravity theories in cosmological backgrounds. As an explicit example we find the energy and
angular momentum of the BTZ black hole in the 241 dimensional Born-Infeld gravity.
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I. INTRODUCTION

For any geometric theory of gravity based on the Riemann tensor with a Lagrangian density
L=+/—g|F (R‘“’) the conserved mass is given by the celebrated Arnowitt-Deser-Misner (ADM)

po )
| formula for asymptotically flat spaces:
1 . .
Mapy = 7/ ds; {oh — o'hy;}, (1)
KNewton JSD-2

where the perturbation is defined as h,, = g, — 1., and the integral is to be evaluated on a sphere
at spatial infinity. Note that the formula is written in terms of cartesian coordinates even though
it is a geometric invariant of the spatial part of the spacetime manifold. For asymptotically flat
spacetimes, angular momentum (or momenta) has a similar expression.
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where £ is the corresponding Killing vector.

For asymptotically (anti)-de Sitter [(A)dS] spacetimes, the story changes: the conserved charges
are no longer simply geometric invariants of the manifold, but theory-dependent quantities. The
parameters of a theory enter the conserved charge expressions in such a way that the charges are
numerically scaled! of the ADM charges as we shall see below. Taking the risk of being pedantic,
let us note that while the asymptotically flat Kerr black hole solution has the same mass and the
same angular momentum in all geometric theories of gravity (in four dimensions), its asymptotically
(A)dS version Kerr-(A)dS black hole has different, numerically scaled masses and angular momenta
for each theory to which it is a solution.

Since at both low and high energies, general relativity is expected to be modified for different
reasons, one should build a procedure to construct conserved charges in a given higher derivative
theory. What is perhaps also important is to find a formula that works in all coordinates not just
a specific one.

The first generalization of the ADM mass was given by Abbott and Deser |3] in cosmological
Einstein’s gravity for asymptotically (A)dS spacetimes which reads in the notation of [4, 5] as
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For 1 = 0, Q° (f_) gives the corresponding energy or angular momentum once the background

Killing vector £* is specified. [Note that Q° (f_) is some irrelevant current.] What is quite re-
markable about (B]) is that it not only works for asymptotically (A)dS spacetimes but also for
asymptotically flat ones. Thus, ([B)) combines the ADM energy () and ADM angular momentum
@) in an arbitrary coordinate system. (There is a small caveat here: the coordinates should be
sufficiently well-behaved at infinity, see the Appendix of [6].) The flat space limit of (3] in the
cartesian coordinates is [7]
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as expected.

A second generalization of the ADM expression was carried out for asymptotically (A)dS back-
grounds in [, 5] for quadratic gravity theory with the action

1
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We quote the result which shows that the effect of higher curvature terms leads to a scaling of the
charges computed in the cosmological Einstein theory:

-~ (1 4AD 4N 4N (D —3) (D — 4) .
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where Qf; coin (§) is given in @) (but with knewton = 1), and the effective cosmological constant A
satisfies
A—Ag
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! In certain theories, linear combinations of the scaled ADM mass and angular momentum are conserved charges,
see topologically massive gravity as an example [2].



In this work, we will extend the discussion to generic £ = /— |g| F’ (R%) theories. Save the

theories which have (V)\l e VAZ.R%)” type terms in the actions, our discussion below exhausts
all the geometric gravity theories.

The layout of the paper as follows: in the next section which is the bulk of the paper, we
construct the conserved charges of a generic F (Rf;g) gravity by finding an equivalent quadratic

action that has the same O (h) and O (h?) expansions as F (Rgg) gravity. In section III, we

apply the formalism to the Born-Infeld gravity in 2 4+ 1 dimensions (BINMG). We use the mostly
plus signature and the Riemann and the Ricci tensors are defined as [VM,VV] Vi = RunVs,
Ry = Ry A

II. CHARGES OF F (R;)‘j,’) GRAVITY

Our main task is to find the conserved charges of the following action

I:/de,/—|g|F(R;;g), (8)

for asymptotically (A)dS spacetimes. The natural assumption on the F (Rgg) theory is that low
energy limit of the theory is Einstein’s gravity. To this end, we can follow the procedure given in
[3-5] which requires first to find the field equations and linearize them about the (A)dS vacuum of
the theory. Suppose the field equations coupled to a matter source read as

®,,(9, R, VR, R?,...) = kT, (9)
whose linearized forms symbolically become
O(g)}waﬁhaﬁ = KT;LV; (10)

where g, satisfies @uy(g,}_ﬁ, VR, R?.) = 0 and the deviation is defined as hyw = guv — Guw and
T, includes all the higher order terms in h,, as well as the local matter source 7,,,. The fact that
() is background covariantly conserved; i.e. V,T"" = 0, leads to the following globally conserved
quantity

Q (5}) = / dP Yy /A, THE, = / dP=221\/50%)q 5, 717 (11)
X %
where we have made use of the Stoke’s theorem and assumed that a background Killing vector £*
exists which leads to TH€, = V, F** where F is an antisymmetric tensor. Here, 7 is the induced
metric on the hypersurface ¥ which is the spatial part of the spacetime manifold M. X is the
boundary of ¥. 72# is the normal vector of the spatial (D — 1)-dimensional hypersurface ¥, while
" is the normal vector of the (D — 2)-dimensional boundary 0%. Note that written in (IT]), Q does
not have any index, it is the conserved charge. While this procedure is straightforward, its actual
execution for generic gravity, that is finding F** is rather tricky. Here, we follow another route,
the so called equivalent quadratic action formalism [8-11], and simplify the computation. This
formalism boils down to finding the equivalent quadratic action that has the same vacua and the
same linearized field equations as the F' (Rﬁg ) theory under interest. From the above construction,

it is clear that conserved charges of the equivalent quadratic action and F' (R*p‘f,’) will be the same.
First, we recapitulate the construction of the equivalent quadratic curvature action for a generic
gravity theory defined with the Lagrangian density £ = /— |g| F (Rﬁ(’,’) Note that the Riemann



tensor is specifically chosen in the form with two up and two down indices because any higher
curvature term can be constructed by solely the Riemann tensor in this form without any need
for the metric or its inverse. In addition, for the (A)dS background, the Riemann tensor has the
form REY ~ 6405 — 640, where the background metric g, and its inverse do not appear, and this
property simplifies the calculations of the equivalent quadratic curvature action.

To find the charges of the F (R;;g) theory for asymptotically (A)dS spacetimes, the (A)dS

vacua and the linearized field equations for the F' (R;;g) theory should be determined through the
O (h) and O (hz) terms in the metric perturbation, h,,, expansion of the action dex L. The up
to O (h?) expansion of F (Rﬁ(’,’), which is symbolically

F=rO47p0 4 2@ 4 o (73) , (12)

determines the O (h) and O (h?) of [ dPz L where we introduced a small parameter 7. Therefore,
any two gravity theories defined with the functions, say, Fi (R%) and Fp (R%) have the same
vacua and the linearized field equations if and only if F} and F5 have the same up to O (h2)
expansions. Our aim is to define a quadratic curvature gravity

1
Jaad-cauat (R ) = = (R — 2A0) + oR? + BRURY, + 4 (R R — ARLR, + R?),  (13)
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with specific couplings to be determined below such that F' and fquad-equal have the same up to
O (h?) expansions. Hence, the gravity theories defined with the actions [ dPx/— g F (R;;g) and

[ dPx /= g[ fquad-equal (Rﬁf,’) are equivalent up to O (h?).

Having described the idea underlying the concept of the equivalent quadratic curvature action,
let us move on to the determination of fyuad-equal for a given F'. Consider the Taylor series expansion
of F' in the curvature around the (A)dS background as

y 21| OF BN
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The simple but important point to notice is that the leading order in the A expansion of
(Rgg — R%) is linear in h, that is

Ry — R =7 (Ryy) 7 (R) 40 () (15)

) 2)

therefore, the leading order in the h expansion of the i order in () is O (hl) as

(R — )" =+ (R o O (7). (16)

With this observation, it is clear that the terms F(©, F) and F® in the h expansion of F involve

contributions coming from only the orders ¢ < 2 in (I4]). Therefore, the first three terms in (I4])
determine the O (h2) expansion of F. Then, fquad-equal can be defined as

2 i B i
fquad—equal (RZZ) = ;%‘ l%ﬁf;)l] » (Rgg — Rgg) . (17)
= pod



As a side note, if the action for the higher curvature gravity solely depends on the Ricci tensor
as [dPx+/—]g| F (R%), one may use again (I[T)); however, the following equivalent form of the
fquad-equal (R%) will be more convenient

2 7 .
f (R“)Ezl OF | (g _ gr)’ (18)
quad-equal v il P (Rﬁ)z . v v )] >

i=0
which follows from the same basic idea. Of course, for this case the Gauss-Bonnet combination
does not appear.
Once the equivalent quadratic curvature action,

/ dDm' \/—_g f quad-equal (RZZ )

1
_ / iPr =g [E (R —200) + aR? + SRR, + (RIRES — ARLR, + RQ)} (19)

is found via (I7)), then one can find the (A)dS vacua and the charges for the asymptotically (A)dS
spacetimes by using the results of the generic quadratic curvature theory given in |4, |5]. Therefore,
there is no need to either find the field equations or do an expansion in h, .

Suppose a specific theory is given, that is one knows the function F (Rgg ), then let us summarize

the recipe to find the conserved charges of an asymptotically (A)dS solution of this theory. One
needs to calculate the following

OF
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where (, a, 3, v are to be determined from these equations. «, 8 and ~ will appear exactly in the
equivalent quadratic action (I9]). The other remaining two parameters of (I9) follows as

1 4A 4N (D -3
E:C—<m(D@+ﬁ)+ﬁ’Y)a (22)
No 1 /=0 AD 2A%D 2A%2D (D — 3)
K _iF(RZU) Tpo2t (D —2)* (Da+5) - DO-1)(D-2)" (23)
Then, the gravitational charges of the F' (Rgg ) theory is given as
- 1 4AD 4A 4N (D - 3) (D — 4 -
%O =5+ 5got D3Pt o) U@ (21)

where again «, 3, v, £ are to be found from ([20H2Z), and the effective cosmological constant A
satisfies ().

III. AN EXAMPLE: CHARGES OF BORN-INFELD GRAVITY (BINMG)

As an application of the formalism developed in the previous section, let us calculate the mass
and angular momentum of the BTZ black hole [12] for the BINMG theory [13] defined with the
action

A
Iginmg = —4m2/d3~’6 l\/— det (Quu + %Gw) - (1 - 70) \/—9] ; (25)



from which we can calculate the relevant quantities F' (Rﬁ), 0D, 1) as

R (R
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where A = A/m? and o)\ > 1 should be satisfied. Therefore, one can simply read the effective
parameters of the equivalent quadratic action as

C=—o(l—oN)?, 5:—§a: %(1—@*1/2. (27)

Using this result in (22) and (23), one gets
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In [14, [15], it was shown that the BTZ black hole

2
ds® = —N2dt2 + N~ 2dr? + 2 (N% + d¢) , (29)
where
r2 J? J
N2(r)=-M+ — + — N°(r)=——
(=Mt T N =, (30)
is a solution to BINMG theory under the condition
Ao
)\:J)\0<1—Z>, o < 2. (31)

With out further due, by using (24]) the mass and the angular momentum of the BTZ black hole
in BINMG can be found as

E=0V1—-0\M, L=0oV1—-0oAJ (32)

Observe that as expected from (24)) the charges are scaled yet their ratio is intact. This result
matches with [14] where the charges were calculated using the black hole thermodynamics.

IV. CONCLUSIONS

We have extended the Abbott-Deser-Tekin charge construction of linear and quadratic gravity
in asymptotically (A)dS spacetimes to generic F (R*p‘f,’ ) theory by finding a quadratic action which

has the same vacua and the linearized field equations as the F' (Rgg) theory. We have applied our

method to the Born-Infeld gravity theory in 2+ 1 dimensions and confirmed the earlier calculations
based on the thermodynamics of the BTZ black hole.



Note added: One day before this paper was submitted to the arXiv, [16] appeared which

deals with the same problem and reaches the same conclusions.
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