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Energy and Angular Momentum in Generic F(Riemann) Theories
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We construct the conserved charge of generic gravity theories built on arbitrary contrac-
tions of the Riemann tensor (but not on its derivatives) for asymptotically (anti)-de Sitter
spacetimes. Our construction is a generalization of the ADT charges of linear and quadratic
gravity theories in cosmological backgrounds. As an explicit example we find the energy and
angular momentum of the BTZ black hole in the 2+1 dimensional Born-Infeld gravity.
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I. INTRODUCTION

For any geometric theory of gravity based on the Riemann tensor with a Lagrangian density
L ≡

√

− |g| F
(

Rµν
ρσ

)

, the conserved mass is given by the celebrated Arnowitt-Deser-Misner (ADM)

[1] formula for asymptotically flat spaces:

MADM =
1

κNewton

ˆ

SD−2

dSi

{

∂jhij − ∂ihjj

}

, (1)

where the perturbation is defined as hµν ≡ gµν −ηµν and the integral is to be evaluated on a sphere
at spatial infinity. Note that the formula is written in terms of cartesian coordinates even though
it is a geometric invariant of the spatial part of the spacetime manifold. For asymptotically flat
spacetimes, angular momentum (or momenta) has a similar expression.

JADM

(

ξ̄i

)

=
1

κNewton

ˆ

SD−2

dSi

{

ξ̄i∂jh0j − ξ̄j∂ih0j
}

, (2)

∗Electronic address: ctnsenturk@gmail.com
†Electronic address: tahsin.c.sisman@gmail.com
‡Electronic address: btekin@metu.edu.tr

http://arxiv.org/abs/1209.2056v2
mailto:ctnsenturk@gmail.com
mailto:tahsin.c.sisman@gmail.com
mailto:btekin@metu.edu.tr


2

where ξ̄i is the corresponding Killing vector.
For asymptotically (anti)-de Sitter [(A)dS] spacetimes, the story changes: the conserved charges

are no longer simply geometric invariants of the manifold, but theory-dependent quantities. The
parameters of a theory enter the conserved charge expressions in such a way that the charges are
numerically scaled1 of the ADM charges as we shall see below. Taking the risk of being pedantic,
let us note that while the asymptotically flat Kerr black hole solution has the same mass and the
same angular momentum in all geometric theories of gravity (in four dimensions), its asymptotically
(A)dS version Kerr-(A)dS black hole has different, numerically scaled masses and angular momenta
for each theory to which it is a solution.

Since at both low and high energies, general relativity is expected to be modified for different
reasons, one should build a procedure to construct conserved charges in a given higher derivative
theory. What is perhaps also important is to find a formula that works in all coordinates not just
a specific one.

The first generalization of the ADM mass was given by Abbott and Deser [3] in cosmological
Einstein’s gravity for asymptotically (A)dS spacetimes which reads in the notation of [4, 5] as

Qµ
Einstein(ξ̄) =

1
κNewton

ˆ

Σ
dSi

{

ξ̄ν∇̄µhiν − ξ̄ν∇̄ihµν + ξ̄µ∇̄ih − ξ̄i∇̄µh

+hµν∇̄iξ̄ν − hiν∇̄µξ̄ν + ξ̄i∇̄νhµν − ξ̄µ∇̄νhiν + h∇̄µξ̄i
}

. (3)

For µ = 0, Q0
(

ξ̄
)

gives the corresponding energy or angular momentum once the background

Killing vector ξ̄µ is specified. [Note that Qi
(

ξ̄
)

is some irrelevant current.] What is quite re-

markable about (3) is that it not only works for asymptotically (A)dS spacetimes but also for
asymptotically flat ones. Thus, (3) combines the ADM energy (1) and ADM angular momentum
(2) in an arbitrary coordinate system. (There is a small caveat here: the coordinates should be
sufficiently well-behaved at infinity, see the Appendix of [6].) The flat space limit of (3) in the
cartesian coordinates is [7]

Q0
(

ξ̄
)

=
1

κNewton

ˆ

SD−2

dSi

(

ξ̄0

{

∂jhij − ∂ihjj

}

+ ξ̄i∂jh0j − ξ̄j∂
ih0j

)

. (4)

as expected.
A second generalization of the ADM expression was carried out for asymptotically (A)dS back-

grounds in [4, 5] for quadratic gravity theory with the action

I =
ˆ

dDx
√−g

[

1
κ

(R − 2Λ0) + αR2 + βRµνRµν + γ
(

RµνρσRµνρσ − 4RµνRµν + R2
)

]

. (5)

We quote the result which shows that the effect of higher curvature terms leads to a scaling of the
charges computed in the cosmological Einstein theory:

Qµ
quadratic(ξ̄) =

(

1
κ

+
4ΛD

D − 2
α +

4Λ
D − 2

β +
4Λ (D − 3) (D − 4)

(D − 1) (D − 2)
γ

)

Qµ
Einstein(ξ̄), (6)

where Qµ
Einstein(ξ̄) is given in (3) (but with κNewton = 1), and the effective cosmological constant Λ

satisfies

Λ − Λ0

2κ
+

[

(Dα + β)
(D − 4)

(D − 2)2 + γ
(D − 3) (D − 4)
(D − 1) (D − 2)

]

Λ2 = 0. (7)

1 In certain theories, linear combinations of the scaled ADM mass and angular momentum are conserved charges,
see topologically massive gravity as an example [2].
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In this work, we will extend the discussion to generic L =
√

− |g| F
(

Rµν
ρσ

)

theories. Save the

theories which have
(

∇λ1
. . . ∇λi

Rµν
ρσ

)n
type terms in the actions, our discussion below exhausts

all the geometric gravity theories.
The layout of the paper as follows: in the next section which is the bulk of the paper, we

construct the conserved charges of a generic F
(

Rµν
ρσ

)

gravity by finding an equivalent quadratic

action that has the same O (h) and O
(

h2
)

expansions as F
(

Rµν
ρσ

)

gravity. In section III, we

apply the formalism to the Born-Infeld gravity in 2 + 1 dimensions (BINMG). We use the mostly
plus signature and the Riemann and the Ricci tensors are defined as [∇µ, ∇ν ] Vλ = Rµνλ

σVσ,
Rµν ≡ Rµλν

λ.

II. CHARGES OF F
(

Rµν

ρσ

)

GRAVITY

Our main task is to find the conserved charges of the following action

I =
ˆ

dDx
√

− |g| F
(

Rµν
ρσ

)

, (8)

for asymptotically (A)dS spacetimes. The natural assumption on the F
(

Rµν
ρσ

)

theory is that low
energy limit of the theory is Einstein’s gravity. To this end, we can follow the procedure given in
[3–5] which requires first to find the field equations and linearize them about the (A)dS vacuum of
the theory. Suppose the field equations coupled to a matter source read as

Φµν(g, R, ∇R, R2, ...) = κτµν , (9)

whose linearized forms symbolically become

O(ḡ)µναβhαβ = κTµν , (10)

where ḡµν satisfies Φµν(ḡ, R̄, ∇̄R̄, R̄2...) = 0 and the deviation is defined as hµν ≡ gµν − ḡµν and
Tµν includes all the higher order terms in hµν as well as the local matter source τµν . The fact that
(10) is background covariantly conserved; i.e. ∇̄µT µν = 0, leads to the following globally conserved
quantity

Q
(

ξ̄ν

)

≡
ˆ

Σ̄
dD−1y

√

γ̄n̄µT µν ξ̄ν =
ˆ

∂Σ̄
dD−2z

√

γ̄(∂Σ̄)n̄µσ̄νFµν , (11)

where we have made use of the Stoke’s theorem and assumed that a background Killing vector ξ̄µ

exists which leads to T µν ξ̄ν = ∇̄νFµν where Fµν is an antisymmetric tensor. Here, γ̄ is the induced
metric on the hypersurface Σ̄ which is the spatial part of the spacetime manifold M. ∂Σ̄ is the
boundary of Σ̄. n̄µ is the normal vector of the spatial (D − 1)-dimensional hypersurface Σ̄, while
σ̄ν is the normal vector of the (D − 2)-dimensional boundary ∂Σ̄. Note that written in (11), Q does
not have any index, it is the conserved charge. While this procedure is straightforward, its actual
execution for generic gravity, that is finding Fµν is rather tricky. Here, we follow another route,
the so called equivalent quadratic action formalism [8–11], and simplify the computation. This
formalism boils down to finding the equivalent quadratic action that has the same vacua and the
same linearized field equations as the F

(

Rµν
ρσ

)

theory under interest. From the above construction,

it is clear that conserved charges of the equivalent quadratic action and F
(

Rµν
ρσ

)

will be the same.
First, we recapitulate the construction of the equivalent quadratic curvature action for a generic

gravity theory defined with the Lagrangian density L =
√

− |g| F
(

Rµν
ρσ

)

. Note that the Riemann
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tensor is specifically chosen in the form with two up and two down indices because any higher
curvature term can be constructed by solely the Riemann tensor in this form without any need
for the metric or its inverse. In addition, for the (A)dS background, the Riemann tensor has the
form Rµν

ρσ ∼ δµ
ρ δν

σ − δµ
σδν

ρ where the background metric ḡµν and its inverse do not appear, and this
property simplifies the calculations of the equivalent quadratic curvature action.

To find the charges of the F
(

Rµν
ρσ

)

theory for asymptotically (A)dS spacetimes, the (A)dS

vacua and the linearized field equations for the F
(

Rµν
ρσ

)

theory should be determined through the

O (h) and O
(

h2
)

terms in the metric perturbation, hµν , expansion of the action
´

dDx L. The up

to O
(

h2
)

expansion of F
(

Rµν
ρσ

)

, which is symbolically

F = F (0) + τF (1) + τ2F (2) + O
(

τ3
)

, (12)

determines the O (h) and O
(

h2
)

of
´

dDx L where we introduced a small parameter τ . Therefore,

any two gravity theories defined with the functions, say, F1

(

Rµν
ρσ

)

and F2

(

Rµν
ρσ

)

have the same

vacua and the linearized field equations if and only if F1 and F2 have the same up to O
(

h2
)

expansions. Our aim is to define a quadratic curvature gravity

fquad-equal

(

Rµν
ρσ

)

=
1
κ

(R − 2Λ0) + αR2 + βRµ
ν Rν

µ + γ
(

Rµν
ρσRρσ

µν − 4Rµ
ν Rν

µ + R2
)

, (13)

with specific couplings to be determined below such that F and fquad-equal have the same up to

O
(

h2
)

expansions. Hence, the gravity theories defined with the actions
´

dDx
√

− |g| F
(

Rµν
ρσ

)

and
´

dDx
√

− |g| fquad-equal

(

Rµν
ρσ

)

are equivalent up to O
(

h2
)

.
Having described the idea underlying the concept of the equivalent quadratic curvature action,

let us move on to the determination of fquad-equal for a given F . Consider the Taylor series expansion
of F in the curvature around the (A)dS background as

f
(

Rµν
ρσ

)

=
∞
∑

i=0

1
i!

[

∂iF

∂ (Rµν
ρσ)i

]

R̄µν
ρσ

(

Rµν
ρσ − R̄µν

ρσ

)i
. (14)

The simple but important point to notice is that the leading order in the h expansion of
(

Rµν
ρσ − R̄µν

ρσ

)

is linear in h, that is

Rµν
ρσ − R̄µν

ρσ = τ
(

Rµν
ρσ

)

(1)
+ τ2

(

Rµν
ρσ

)

(2)
+ O

(

τ3
)

; (15)

therefore, the leading order in the h expansion of the ith order in (14) is O
(

hi
)

as

(

Rµν
ρσ − R̄µν

ρσ

)i
= τ i

(

Rµν
ρσ

)

(i)
+ O

(

τ i+1
)

. (16)

With this observation, it is clear that the terms F (0), F (1), and F (2) in the h expansion of F involve
contributions coming from only the orders i ≤ 2 in (14). Therefore, the first three terms in (14)
determine the O

(

h2
)

expansion of F . Then, fquad-equal can be defined as

fquad-equal

(

Rµν
ρσ

)

≡
2
∑

i=0

1
i!

[

∂iF

∂ (Rµν
ρσ)i

]

R̄µν
ρσ

(

Rµν
ρσ − R̄µν

ρσ

)i
. (17)
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As a side note, if the action for the higher curvature gravity solely depends on the Ricci tensor
as
´

dDx
√

− |g| F (Rµ
ν ), one may use again (17); however, the following equivalent form of the

fquad-equal (Rµ
ν ) will be more convenient

fquad-equal (Rµ
ν ) ≡

2
∑

i=0

1
i!

[

∂iF

∂ (Rµ
ν )i

]

R̄µ
ν

(

Rµ
ν − R̄µ

ν

)i
, (18)

which follows from the same basic idea. Of course, for this case the Gauss-Bonnet combination
does not appear.

Once the equivalent quadratic curvature action,
ˆ

dDx
√−g fquad-equal

(

Rµν
ρσ

)

=
ˆ

dDx
√−g

[

1
κ

(R − 2Λ0) + αR2 + βRµ
ν Rν

µ + γ
(

Rµν
ρσRρσ

µν − 4Rµ
ν Rν

µ + R2
)

]

, (19)

is found via (17), then one can find the (A)dS vacua and the charges for the asymptotically (A)dS
spacetimes by using the results of the generic quadratic curvature theory given in [4, 5]. Therefore,
there is no need to either find the field equations or do an expansion in hµν .

Suppose a specific theory is given, that is one knows the function F
(

Rµν
ρσ

)

, then let us summarize

the recipe to find the conserved charges of an asymptotically (A)dS solution of this theory. One
needs to calculate the following

[

∂F

∂Rµν
ρσ

]

R̄µν
ρσ

Rµν
ρσ ≡ ζR, (20)

1
2





∂2F

∂Rµν
ρσ∂Rαβ

λγ





R̄µν
ρσ

Rµν
ρσRαβ

λγ ≡ αR2 + βRλ
σRσ

λ + γ
(

Rµν
ρσRρσ

µν − 4Rµ
ν Rν

µ + R2
)

, (21)

where ζ, α, β, γ are to be determined from these equations. α, β and γ will appear exactly in the
equivalent quadratic action (19). The other remaining two parameters of (19) follows as

1
κ

= ζ −
(

4Λ
D − 2

(Dα + β) +
4Λ (D − 3)

(D − 1)
γ

)

, (22)

Λ0

κ
= −1

2
F
(

R̄µν
ρσ

)

+
ΛD

D − 2
ζ − 2Λ2D

(D − 2)2 (Dα + β) − 2Λ2D (D − 3)
(D − 1) (D − 2)

γ. (23)

Then, the gravitational charges of the F
(

Rµν
ρσ

)

theory is given as

Qµ
F (ξ̄) =

(

1
κ

+
4ΛD

D − 2
α +

4Λ
D − 2

β +
4Λ (D − 3) (D − 4)

(D − 1) (D − 2)
γ

)

Qµ
Einstein(ξ̄), (24)

where again α, β, γ, κ are to be found from (20–22), and the effective cosmological constant Λ
satisfies (7).

III. AN EXAMPLE: CHARGES OF BORN-INFELD GRAVITY (BINMG)

As an application of the formalism developed in the previous section, let us calculate the mass
and angular momentum of the BTZ black hole [12] for the BINMG theory [13] defined with the
action

IBINMG = −4m2

ˆ

d3x

[

√

− det
(

gµν +
σ

m2
Gµν

)

−
(

1 − λ0

2

)√−g

]

, (25)
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from which we can calculate the relevant quantities F
(

R̄µ
ν

)

, (20), (21) as

F
(

R̄µ
ν

)

= 4m2
[(

1 − λ0

2

)

− (1 − σλ)3/2
]

,
[

∂F

∂Rα
β

]

R̄µ
ν

Rα
β = σ (1 − σλ)1/2 R, (26)

1
2

[

∂2F

∂Rρ
σ∂Rα

β

]

R̄µ
ν

Rρ
σRα

β =
1

m2
(1 − σλ)−1/2

(

Rµ
ν Rν

µ − 3
8

R2
)

,

where λ ≡ Λ/m2 and σλ > 1 should be satisfied. Therefore, one can simply read the effective
parameters of the equivalent quadratic action as

ζ = σ (1 − σλ)1/2 , β = −8
3

α =
1

m2
(1 − σλ)−1/2 . (27)

Using this result in (22) and (23), one gets

1
κ

=

(

σ − λ
2

)

√
1 − σλ

,

Λ0

κ
= m2

[

λ0 − 2 +
1√

1 − σλ

(

2 − σλ − λ2

4

)]

. (28)

In [14, 15], it was shown that the BTZ black hole

ds2 = −N2dt2 + N−2dr2 + r2
(

Nφdt + dφ
)2

, (29)

where

N2 (r) = −M +
r2

ℓ2
+

J2

4r2
, Nφ (r) = − J

2r2
, (30)

is a solution to BINMG theory under the condition

λ = σλ0

(

1 − λ0

4

)

, λ0 < 2. (31)

With out further due, by using (24) the mass and the angular momentum of the BTZ black hole
in BINMG can be found as

E = σ
√

1 − σλM, L = σ
√

1 − σλJ. (32)

Observe that as expected from (24) the charges are scaled yet their ratio is intact. This result
matches with [14] where the charges were calculated using the black hole thermodynamics.

IV. CONCLUSIONS

We have extended the Abbott-Deser-Tekin charge construction of linear and quadratic gravity
in asymptotically (A)dS spacetimes to generic F

(

Rµν
ρσ

)

theory by finding a quadratic action which

has the same vacua and the linearized field equations as the F
(

Rµν
ρσ

)

theory. We have applied our
method to the Born-Infeld gravity theory in 2+1 dimensions and confirmed the earlier calculations
based on the thermodynamics of the BTZ black hole.
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Note added: One day before this paper was submitted to the arXiv, [16] appeared which
deals with the same problem and reaches the same conclusions.
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