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Stabilization of Integral-Equation Formulations
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Abstract—The solution of scattering problems involving
low-contrast dielectric objects with three-dimensional arbitrary
shapes is considered. Using the traditional forms of the surface
integral equations, scattered fields cannot be calculated accurately
if the contrast of the object is low. Therefore, we consider the
stabilization of the formulations by extracting the nonradiating
parts of the equivalent currents. We also investigate various types
of stable formulations and show that accuracy can be improved
systematically by eliminating the identity terms from the integral-equation kernels. Traditional and stable formulations are
compared, not only for small scatterers but also for relatively
large problems solved by employing the multilevel fast multipole
algorithm. Stable and accurate solutions of dielectric contrasts as
low as 10 4 are demonstrated on problems involving more than
250000 unknowns.
Index Terms—Dielectrics, electromagnetic scattering, multilevel
fast multipole algorithm (MLFMA), surface integral equations.

I. INTRODUCTION

S

URFACE integral equations are commonly used to formulate scattering problems involving dielectric objects with arbitrary shapes [1]. By using equivalent electric and magnetic
currents, boundary conditions are satisfied on the surface of
the scatterer. In the literature, there are various integral-equation formulations derived by using different combinations of the
boundary conditions, testing schemes, and scaling operations
[1]–[6]. Some of these formulations are known to be stable and
provide accurate results when they are used to formulate dielectric objects with moderate dielectric parameters. However, these
formulations tend to be less accurate as the contrast of the object decreases and the electric properties of the inner and outer
media converge to each other. There are various applications
that involve scattering from low-contrast objects. Examples are
red blood cells in blood plasma [6], [7], plastic mines buried
in soil [8], polymeric materials, such as sub-micron latex particles in water [9], and dielectric photonic crystals [10]. When
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the contrast is low, however, it becomes difficult to obtain accurate results with the conventional surface formulations unless a
stabilization procedure is applied.
In this paper, we consider stabilization of the dielectric formulations for the accurate solution of scattering problems involving low-contrast dielectric objects. Stabilization is achieved
by extracting the nonradiating parts of the equivalent currents
and solving only the radiating currents as the unknowns of the
problem [11]. We apply stabilization procedures to both the tangential (T) and the normal (N) formulations [5]. For large dielectric objects, scattering problems are solved iteratively with the
accelerated matrix-vector multiplications by the multilevel fast
multipole algorithm (MLFMA) [4]. By stabilizing the surface
formulations, accuracy is regained without a significant cost in
terms of processing time and memory usage.
To discretize various surface formulations, we employ RaoWilton-Glisson (RWG) [12] functions defined on triangular domains. For the same discretization of a scattering problem, the T
formulations usually provide more accurate results compared to
the N formulations. The inaccuracy of the N formulations has
been extensively investigated for perfectly conducting objects
[13]–[17] and moderate-contrast dielectric scatterers [5] in relation to the discretization order. Another explanation for the same
inaccuracy can be based on the existence of the well-tested identity terms in the N formulations [18]. Using a Galerkin scheme,
the T formulations do not contain any dominant identity terms.
Therefore, they provide more accurate results at the cost of the
decreased convergence rate of the iterative solutions. In this
paper, we show that the stable T formulations are more accurate compared to the stable N formulations. In addition, we also
consider a different stabilization procedure to further improve
the accuracy of the stable T formulations by carefully eliminating the identity terms arising in the straightforward stabilization procedure. We demonstrate the accuracy of various formulations for the solution of the scattering problems involving
sphere and cube geometries with various contrasts.
II. SURFACE FORMULATIONS OF DIELECTRIC PROBLEMS
To construct the surface integral equations, the operators for
and inside
the object are defined as
the outside
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where PV indicates the principal value of the integral, is eior the equivalent magther the equivalent electric current
defined on the surface of the dielectric object
netic current
is the wavenumber associated with medium , and
denotes the homogeneous-space Green’s function defined as

Both T and N formulations become inaccurate when the contrast of the dielectric object decreases. This breakdown is due
to the large nonradiating parts of the equivalent currents on the
scatterer [11]. Equivalent electric and magnetic currents defined
on the surface of an object can be decomposed as

(4)

(16)
(17)

When the tangential components of the fields are directly
sampled (tested) on the surface, the T formulations are derived
as

(5)
where the operators are defined as
(6)
(7)
(8)
(9)
(10)
and
represent the combination parameters. In
and
are the incident electric and
(5)–(10),
is the impedance of the medium
is
magnetic fields,
any tangential vector on the surface, and
is the outward
normal vector. Among various T formulations, the tangential
Poggio-Miller-Chang-Harrington-Wu-Tsai (T-PMCHWT) [1]
formulation and the combined T formulation (CTF) [5] are
well known and commonly used in the literature. Both of
these formulations are free of the internal-resonance problem
and provide accurate results for moderate-contrast dielectric
objects.
Unlike the T formulations, the N formulations are written as

do not radiate. However, when
where
the contrast of the object is small, these nonradiating currents
dominate the total currents and the radiating currents, i.e.,
, are numerically insignificant compared
to the nonradiating currents. As a consequence, scattered fields
cannot be calculated accurately using the traditional forms of
the surface integral equations. For accurate solutions, surface
formulations should be modified by extracting the known nonradiating currents from the total currents and considering only
the radiating currents as the unknowns of the problem [11], [20].
III. STABILIZATION OF SURFACE FORMULATIONS
In this paper, we investigate the stabilization of both T and N
formulations for the solution of low-contrast dielectric objects.
in (11) and extracting
Considering
the nonradiating parts of the currents, we obtain a stable CNF
(S-CNF) as

(18)
When the contrast goes to zero, i.e.,
S-CNF reduces to

and

,

(19)
(11)
by using a cross product with the outward normal vector to obtain the tangential field components on the surface of the scatterer. The operators in (11) are defined as
(12)
(13)
(14)
(15)
Among various N formulations, the combined N formulation
(CNF) [5] and the N Müller formulation (NMF) [19] are free of
the internal-resonance problem and extensively used to formulate the scattering problems of dielectric objects.

and the radiating currents become zero.
Considering
in (5), applying a
stabilization procedure, and using the identity

(20)
we obtain a stable CTF (S-CTF) as

(21)

ERGÜL AND GÜREL: STABILIZATION OF INTEGRAL-EQUATION FORMULATIONS

The identity in (20) is proved in the Appendix. When the contrast goes to zero, S-CTF reduces to
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Similarly, matrix equations for S-CTF can be derived as

(31)
(22)
where
and the solution is again zero. We note that CTF considered
in this paper is slightly different from the original CTF derived in [5], where the combination parameters are taken as
and the resulting integral equation
contains weakly-tested identity terms.
For the simultaneous discretization of the integral equations
and the scatterer surface, unknown current densities are expanded in a series of RWG functions, i.e.,

(32)
(33)
(34)

(23)
(35)
and
(24)
In (23)–(24),
and
are two sets of unknown coefficients,
and
,
which are decomposed as
respectively, where
and are the coefficients expanding the
incident fields, i.e.,

(36)
(37)
(38)

and

(25)
(39)

We note that only
contribute to the scattered fields.
By using the method of moments with a Galerkin scheme,
testing functions are also chosen as the RWG functions. For
matrix equations are derived as
S-CNF,

(26)
where

(27)
(28)
(29)

For the solution of a scattering problem, S-CNF provides a
better-conditioned matrix equation compared to S-CTF. This is
due to the well-tested identity terms on the diagonal blocks of
the discretized S-CNF in (26). However, for the same discretization of the problem, S-CNF results are significantly inaccurate
compared to S-CTF. This inaccuracy, which we relate the the
well-tested identity terms [18], is extensively investigated for
the N formulations of perfectly-conducting objects and dielectric bodies with moderate contrasts [5], [13]–[17]. It was shown
that the accuracy of the N formulations can be improved to
the levels of the T formulations by employing the linear-linear
(LL) basis functions instead of the RWG functions [5], [16],
[17]. MFIE inaccuracy can be reduced by using higher-order
basis functions. Regularizing the N formulation by smoothing
the identity terms is another method to improve accuracy; this
has been proposed for 2-D problems [18].
An important issue for the stable formulations in (26) and
(31) is to calculate the coefficients and for expanding the
incident fields. For both S-CTF and S-CNF, we perform this by
iteratively solving the sparse matrix equation

(30)
In the above, the matrix denotes the discretized form of the
identity operator defined in (3). With the choice of the RWG
functions for discretization, the matrix becomes highly sparse,
but not exactly an identity matrix.1
1The I
 matrix could be made strictly an identity matrix if an orthonormal set
of functions was used for discretization. In this paper, both the operator I in (3)
and the matrix I in (30) are loosely referred to as “identity terms.”

(40)
which usually requires negligible time compared to the iterative solutions of the main equations in (26) and (31) since
is a highly sparse matrix, as defined in (30). However, the
presence of the discretized identity operators in (40) deteriorates the accuracy of the results. Although this is not critical

802

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 56, NO. 3, MARCH 2008

for S-CNF, which already contains identity operators, the accuracy of S-CTF can be significantly affected. Therefore, to obtain more accurate results, we propose a double-stabilized CTF
(DS-CTF) based on calculating the coefficients related to the incident fields by solving the discretized form of (20), i.e.,

(41)
where
(42)
(43)
We note that the improved accuracy of DS-CTF comes at the
cost of reduced efficiency since it is necessary to solve an additional dense matrix equation rather than the extremely sparse
equation in (40).
IV. RESULTS
First, we demonstrate the improved accuracy of the stable formulations in the solutions of scattering problems involving a
, where is the wavelength outside
small sphere of radius
the sphere. The sphere is located in free space and illuminated
by a plane wave propagating in the direction with the electric field polarized in the direction. Discretization of the surface with
mesh size produces 620 triangles and 2 930
RWG functions are employed to expand the unknown surface
current densities. Matrix equations obtained by using conventional and stable formulations are solved iteratively. Elements
of the matrix equations (interactions) are computed by numerrelative error. Fig. 1(a) shows the relical integration with
ative root-mean-square (RMS) error in the computed values of
plane with respect to
the far-zone electric field on the
, where is the relative permittivity
different contrasts (
to
. We consider
of the sphere) from

Fig. 1. (a) Root-mean-square (RMS) error in the solution of a scattering
problem involving a sphere of radius 0:5 in free space. (b) Normalized
bistatic RCS (RCS= ) of a sphere of radius 0:5 and relative permittivity
1 + 10
in free space.

(44)
where

is the distance from the origin,
for
, and
is the component of the scattered
electric field. We compute (44) by using different integral-equation formulations presented in this paper and also by the Mie-series method as a reference. Then, the RMS error is defined as

(45)
where
and
are the computational and analytical values,
respectively, and
represents the 2-norm of the arrays involving 360 elements. Fig. 1(a) shows that CTF and CNF formulations encounter stability problems as contrast decreases and
they fail to provide accurate results for low-contrast levels. With
stable formulations, however, accuracy does not depend on the
.
contrast and we obtain accurate results even for

We also observe that S-CTF is more accurate than S-CNF, as
discussed in the previous section. In addition, DS-CTF provides
the most accurate results for low-contrast problems, since its implementation is completely free of the identity terms. Fig. 1(b)
presents the bistatic radar cross section (RCS) of the sphere
when the contrast is
. Normalized RCS (RCS/ ) is plotted
in decibels (dB) on the
plane as a function of the observation angle, where 0 corresponds to the forward-scattering
direction. We observe that the traditional formulations are inaccurate, while the values obtained by DS-CTF are in agreement
with the reference Mie-series solution.
For the solutions of larger dielectric problems, we employ
MLFMA to accelerate the matrix-vector multiplications required by the iterative solver. Fig. 2 shows the solution of a
scattering problem involving a sphere of radius
discretized
with 264 006 unknowns. In Fig. 2(a), we again consider the

ERGÜL AND GÜREL: STABILIZATION OF INTEGRAL-EQUATION FORMULATIONS

803

TABLE I
NUMBERS OF CGS ITERATIONS FOR 264 006-UNKNOWN SPHERE PROBLEM
(
RESIDUAL ERROR)

10

Fig. 3. Forward-scattered RCS (m ) for a cube of edges  and relative permit:
located in free space with respect to various discretizations
tivity 
of the scattering problem.

= 1 0001

Fig. 2. (a) Root-mean-square (RMS) error in the solution of a scattering
problem involving a sphere of radius 6 in free space. (b) Normalized bistatic
RCS (RCS/ ) of a sphere of radius  and relative permittivity
in free space.

6

1 + 10

relative RMS error for different formulations with respect to
the contrast of the sphere. In the MLFMA implementation,
near-field interactions are calculated by numerical integration
error and far-field interactions are computed by
with
multipole expansion with 3 digits of accuracy. Similar to the
previous example, stable formulations do not break down as
contrast decreases. In Fig. 2(b), bistatic RCS values (in dB)
are plotted as a function of the observation angle when the
. The traditional formulations are accurate only
contrast is
, while the accuracy is
in the forward-scattering direction
improved significantly by using DS-CTF.
For the solution of the scattering problem involving a sphere
with 0.1 contrast, Table I lists the iteration counts
of radius
of the conjugate-gradient-squared (CGS) method to reduce the
residual error to less than
. We note that the extra costs of
S-CTF and S-CNF are negligible compared to CTF and CNF,

respectively. These stable formulations require only 8–9 iterations to solve the extremely sparse matrix equation in (40). On
the other hand, using DS-CTF doubles the processing time compared to S-CTF since the solution of the dense matrix-equation
in (41) requires 670 iterations, in addition to the 616 iterations
for the solution of the main equation in (31). Table I also shows
that both conventional and stable T formulations (CTF, S-CTF,
and DS-CTF) require more iterations than N formulations (CNF
and S-CNF). However, T formulations are generally more accurate to calculate the scattered fields compared to N formulations. As also discussed in Section III, this trade-off between
the accuracy of the T formulations and the efficiency of the N
formulations is commonly observed in various studies on integral-equation formulations [5], [13]–[17].
Finally, Fig. 3 presents the results of a scattering problem involving a cube with edges of 1 meter illuminated by a plane
wave at 300 MHz. The cube has a relative permittivity of 1.0001
and it is located in free space. Fig. 3 shows the forward-scattered RCS values (m ) for different discretizations of the geomand
mesh
etry. Triangulation of the geometry with
sizes leads to 1008 and 36 756 unknowns, respectively. In the
MLFMA implementation, near-field interactions are again calerror and far-field interactions are computed
culated with
with 3 digits of accuracy. Fig. 3 indicates that all stable formulations tend to converge to a limit (correct) value as the discretization becomes denser. However, convergence characteristics depend on the formulation type. We observe that S-CNF
and DS-CTF have the slowest and the fastest convergence rates,
respectively. Another interpretation of Fig. 3 is that the most
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accurate results are provided by DS-CTF for a given mesh size.
triangulation (10 eleSpecifically, for the conventional
ments per ), the error of S-CNF is more than 3%; this may
not be acceptable since the elements of the matrix equation are
calculated with at most 1% error.
V. CONCLUSION
In this paper, we report accurate solutions for scattering problems involving low-contrast dielectric objects. As the contrast
decreases, traditional forms of the surface dielectric formulations break down. Therefore, we obtain accurate solutions by
stabilizing the traditional forms of the formulations. In addition,
we present various stabilization schemes and systematically reduce the error by eliminating the identity terms from the matrix
equations. Considering a trade-off between efficiency and accuracy, the choice of which stabilization is preferable will depend
on the application.
APPENDIX
To derive the identity in (20), we consider a “phantom” object
with zero contrast. Then, using
in
(5) leads to

(46)
or
(47)
Similarly, using

in (11) leads to

(48)
or
(49)
Since an actual scatterer is not present, no scattered field is produced. Therefore, the total field is equal to the incident field everywhere and we can substitute
(50)
(51)
in (47) and (49) to obtain

(52)
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