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Abstract

The mass and leptonic decay constants of recently observed two new excited Bc states at LHC are studied 
within the QCD sum rules. Considering the contributions of the ground and radially excited states, the mass 
and residues of the excited states of pseudoscalar and vector mesons are calculated in the framework of 
two different approaches of the QCD sum rules, namely, linear combinations of the corresponding sum 
rules and its derivatives as well as QCD sum rules with the incorporation of the least square fitting method. 
The obtained results on mass m

B+
c

(2S) = 6.88 ± 0.03 GeV and m
B∗+

c
(2S) = 6.94 ± 0.03 GeV are in 

good agreement with the experimental data. Our predictions for the decay constants of these states are: 
f
B+

c
(2S) = 0.42 ±0.02 GeV and f

B∗+
c

(2S) = 0.46 ±0.01 GeV, which can be checked at future experiments 
to be conducted at the LHC. Comparison of our results with the predictions of the other approaches on mass 
and residues is also presented.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Bc-meson system formed from the two heavy quarks with different flavors can be very useful 
in obtaining information about heavy-quark dynamics and understanding the dynamics of the 
strong interaction (see [1] and [2] and references therein). The ground state Bc-mesons were 
discovered at CDF and DØ experiments for the first time through the decay channels Bc →
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J/�lν and Bc → J/�lπ decay modes [3–6]. Later, the discovery of the B-meson was confirmed 
by the LHCb, CMS and ATLAS Collaborations via various decay modes: Bc → J/�lν [7] and 
Bc → J/�lπ+ [8], Bc → J/�D∗

s [9], Bc → J/�π [10] etc.. Recently, two excited 21S0 and 
23S1 states of Bc meson have been observed in the invariant mass spectrum of the B+

c π+π−
by CMS Collaboration at the center of mass energy 

√
s = 13 TeV [11]. We will denote these 

states as B(2S) and B∗(2S) from now on. The state B+
c (2S) has mass mB+

c
(2S) = 6871 ±

1.2 (stat) ± 0.8 (sys) MeV, and the mass difference of these states is mB∗+
c

(2S) − mB+
c
(2S) =

29 ±1.5 (stat) ±0.7 (sys) MeV. Very recently, LHCb Collaboration announced the observation of 
these states and obtained that B+

c (2S) state has a mass m = 6841.2 ± 0.6 (stat) ± 0.1(sys) MeV, 
and mass difference of B+

c (2S) and B∗+
c (2S) is measured to be 31.1 ±1.4 (stat) MeV [12] which 

are excellent agreement with CMS Collaboration.
These experimental discoveries stimulated the theoretical studies for the investigation of the 

properties of these mesons. The mass and residues, as well as various decay channels of the 
ground state Bc-meson within different methods were investigated in many studies, such as 
quark model [13], lattice theory [14], QCD sum rules [15–19], Dyson-Schwinger and the Bethe-
Salpeter equations approaches [20]. In the present work, we calculate the mass and leptonic 
decay constants of the excited B+

c (2S) and B+
c (2S) mesons within the QCD sum rules. The rest 

of the paper is organized as follows. In section 2, we derive the mass sum rules, including the 
contributions of the ground and excited states. In section 3, with the help of the two different 
version of the QCD sum rules, i.e. employing the least square method as well as the construction 
of linear combinations of sum rules and its derivatives, we perform numerical analysis of the 
sum rules obtained in the previous section and extract the mass and leptonic decay constants of 
B+

c (2S) and B∗+
c (2S) excited states.

2. Sum rules for the spectroscopic parameters of the excited Bc meson

To determine the mass and leptonic decay constants of the excited states of Bc-mesons within 
the QCD sum rules approach, we consider following correlation functions at the quark level,

�1 = i

∫
d4xeiqx〈0|J (x)J (0)|0〉

�μν = i

∫
d4xeiqx〈0|Jμ(x)Jν(0)|0〉

= (gμν − qμqν

q2 )�2(q
2) + qμqν�3(q

2)

(1)

where the J (x) = (mb + mc)c̄iγ5b and Jμ(x) = c̄γμb are the interpolating currents carrying the 
same quantum numbers of pseudoscalar and vector mesons, respectively. To obtain the desired 
sum rules for the mass and residues, the correlation function needs to be calculated in two dif-
ferent domains in q2; in terms of hadrons and with the help of the operator product expansion 
(OPE) in deep Euclidean region. By matching the results of these representations, one can obtain 
the corresponding sum rules. The hadronic representation of the correlation function satisfies the 
dispersion relation

�α(q2) = 1

π

∫
ρα(s)ds

s − q2 + subtractions, (2)

where α = 1(2) corresponds to �1(�2), and ρα(s) is the corresponding spectral density. The 
hadronic representation of the spectral density can be obtained by inserting a complete set of 
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corresponding meson states carrying the same quantum numbers as the interpolating current 
into the correlation function. After straightforward calculations for the spectral densities of the 
correlation functions from the hadronic side we get

ρα = Fαδ(s − m2
α) + F ′

αδ(s − m′2
α ) + ... (3)

where

Fα =
⎧⎨
⎩

f 2
Bc

(1S)m4
Bc

(1S)

(mb+mc)2 ,m1 = mBc(1S) for α = 1,

f 2
B∗

c
(1S)m2

B∗
c
(1S),m2 = mB∗

c
(1S) for α = 2,

(4)

and

F ′
α =

{
Fα

(
mBc(1S) → mBc(2S), fBc(1S) → fBc(2S),m′

1 = mBc(2S)
)

for α = 1,

Fα

(
mB∗

c
(1S) → mB∗

c
(2S), fB∗

c
(1S) → fB∗

c
(2S),m′

2 = mB∗
c
(2S)

)
for α = 2,

(5)

in which fBc(1S)(fBc(2S)), mBc(1S)(mBc(2S)), and fB∗
c
(1S)(fB∗

c
(2S)), mB∗

c
(1S)(mB∗

c
(2S))

are the leptonic decay constants and mass of the ground (radially excited) pseudoscalar and vec-
tor Bc meson states, respectively. In this expression, dots represent the contributions of higher 
states and continuum. To obtain these spectral densities we used the standard definitions

〈0|J |Bc〉 = fBcm
2
Bc

mb + mc

,

〈0|Jμ|B∗
c 〉 = fB∗

c
mB∗

c
εμ

(6)

where εμ is the 4−polarization vector meson. The �α(q2) invariant functions can be calculated 
from local OPE at q2 � (mb +mc)

2 domain. The OPE part of these correlation functions within 
QCD sum rules are calculated in [15–17,19]. We use the explicit expressions of the correlation 
functions for vector and pseudoscalar currents presented in [17] and [18], respectively, in our 
calculations. Matching the results of the correlation functions from OPE and hadronic parts, 
we obtain the sum rules for the mass and residues of the pseudoscalar and vector Bc-mesons 
including the contributions of the ground and excited states

Fα

m2
α − q2 + F ′

α

m′2
α − q2 +

∞∫
s0

ds

s − q2 ρα(s) =
∞∫

(mb+mc)2

ds

s − q2 ρα(s). (7)

In this expression, the third term describes the contributions of higher states, and s0 is the contin-
uum threshold. The hadronic spectral density, according to quark-hadron duality ansatz is equal 
to the spectral density coming from the OPE part starting from some threshold s0.

Performing Borel transformation over −q2, using quark-hadron duality ansatz and matching 
two representations of the correlation functions, we get the desired sum rules:

Fαe−m2
α/M2 + F ′

αe−m′2
α /M2 = �α(s0,M

2) (8)

where �α(s0, M2) = ∫ s0
(mb+mc)2 ρα(s)e−s/M2

ds. From Eq. (8), we see that these sum rules con-

tain the contributions of the ground Bc(1S), B∗+
c (1S) and first radial excited B+

c (2S) and 
B∗+

c (2S) states. In other words, we have one equation and four unknowns (two masses and two 
residues) for each equation. To determine the masses and leptonic decay constants of the excited 
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Bc meson states, we will use two different approaches within the sum rules. In the first method 
(Method A), the linear combinations of the corresponding mass sum rules and its derivatives are 
constructed. On the other hand, the second method (Method B) is based on the corporation of 
the sum rules with the least squares method where the main idea is minimizing the square of the 
difference of the hadronic and QCD sides of the correlation function

N∑
i=1

|Fαe−m2
α/M2

i + F ′
αe−m′2

α /M2
i − �α(M2

i , s0)|2
N

. (9)

Choosing a set of {M2
i } in the optimal range, we can apply two parameters fitting in order to 

minimize this function. Both methods have common properties, namely the ground state mass 
and leptonic decay constants are used as the input parameters. Therefore, at the first stage, we 
work out the way to reproduce the parameters of the ground state only. It is achieved by choosing 
the appropriate values of s0, in which the hadronic part contains only ground state pole.

3. Numerical analysis

Having clarified the details of the methods, let us determine the mass and leptonic decay 
constants of the ground states Bc(1S) and B∗+

c (1S). Even though the mass and residues of the 
ground states Bc(1S) and B∗

c (1S) (Method A) are estimated in [15–17,19,20] within QCD sum 
rules, we recalculate these parameters for completeness within Method A. The similar calcu-
lations also were performed within method B where the main idea is to check how successful 
the method B in the predictions of the spectroscopic parameters of Bc meson is. As mentioned 
earlier, by choosing the appropriate values of s0, the hadronic part can be saturated only by the 
ground state pole. Hence, the second term in the left side of Eq. (8) can be omitted. Then applying 
derivative d

d(−1/M2)
to the both sides of Eq. (8) we get

Fαm2
αe−m2

α/M2 = �′
α(s0,M

2) (10)

where �′
α = d�α(s0,M

2)

d(−1/M2)
. Dividing these equations to the left side of Eq. (8) (without excited state 

contributions) we obtain

m2
α = �′

α(s0,M
2)

�α(s0,M2)
. (11)

The sum rules contain the auxiliary parameter, namely Borel mass square M2 and continuum 
threshold, s0. The working regions of M2 for the ground state is determined from the standard 
criteria; namely, both power corrections and continuum contributions in the sum rules have to 
be suppressed in this region. The threshold for s0 is chosen in a way that the differentiated sum 
rules reproduce the measured mass of the ground state meson mass about 10% accuracy.

Numerical analysis shows that these requirements are fulfilled if M2 and s0 vary in the re-
gions presented in Table 1. Here, we also depict the working regions of M2 and s0 for the 
excited states satisfying the conditions mentioned above. Using the values of M2 and s0 from 
their working regions, we can extract the spectroscopic parameters of the ground state Bc(1S)

and B∗+
c (1S) mesons. The obtained results that are acquired by performing the numerical calcu-

lations of Eq. (8) for the mass and residues of the ground states are presented in Table 2.
To check the consistency of the methods, we also calculated the mass and residues of the 

ground states of Bc-mesons with the help of Method B. Choosing a set of {M2} in Eq. (9) in the 
i
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Table 1
The working regions of M2 and s0 for the ground 1S and ex-
cited 2S states of Bc mesons.

M2 (GeV2) s0 (GeV2)

B+
c (1S) 5 ≤ M2 ≤ 15 42 ± 1

B+∗
c (1S) 6 ≤ M2 ≤ 16 43 ± 1

B+
c (2S) 10 ≤ M2 ≤ 20 53 ± 1

B+∗
c (2S) 10 ≤ M2 ≤ 20 54 ± 1

Table 2
The mass and residues of the ground state Bc(1S) and 
B∗+

c (1S) mesons. (In GeV units.)

Method A Method B

mBc(1S) 6.28 ± 0.03 6.28 ± 0.04
f
B+

c
(1S) 0.27 ± 0.02 0.27 ± 0.03

m
B∗+

c
(1S) 6.32 ± 0.03 6.32 ± 0.04

f
B∗+

c
(1S) 0.30 ± 0.02 0.30 ± 0.03

optimal range, we can apply two-parameters fitting in order to minimize this function. We chose 
100 points in the optimal interval of M2. Our results for the mass and residues are also presented 
in Table 2. We observed that both methods lead practically to the same results.

Having the mass and residues of the ground state Bc-mesons as input parameters, we applied 
these methods in order to find the mass and residues of the excited states. In this case, we still 
have to deal with two unknowns. For our first method, we take the derivative with respect to 
−1/M2 of the Eq. (8) again and solve for the mass of the excited state. However, note that the 
range of s0 parameter is different from the ones chosen for the ground state (see Table 1). In the 
method B, the parameters of the ground states are also taken as input ones similar to the method 
A, and we try to find the parameter regions of M2 and s0 that minimize the sum of the squares 
of the difference in Eq. (9).

In Figs. 1 and 2, we present the results of the numerical calculations of the dependence of 
the mass of B+

c (2S) and B∗+
c (2S) as a function of M2 at three fixed values of s0 within method 

A. From these figures, it follows that the mass of the excited states exhibits good stability to 
the variation of M2 from its working region. Our final predictions for the mass of B∗+

c (2S) and 
B+

c (2S) states within both methods are presented in Table 3.
In Figs. 3 and 4, the dependence of the leptonic decay constants of the B+

c (2S) and B∗+
c (2S)

states on M2 at three fixed values of s0 are presented in the framework of the method A. More-
over, we also calculated the leptonic constants of the excited 2S states within method B. Our 
final results on this quantity are given in Table 3.

A glance of our predictions on the mass of the excited Bc shows that our result is nicely in 
agreement with the experimental results. Besides, our findings on the mass difference �m ∼=
30 MeV is also in very good agreement with the experimental observation.

From the results stated in Table 2 and 3, we observe that fB(2S) > fB(1S) and fB∗(2S) >

fB∗(1S). These results indicated that the currents might have a large overlap with the excited 
states. This point needs further detailed investigation. It should be noted that similar results are 
observed for Zc(3900) and its radial excitations [21,22].
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Fig. 1. The dependence of the mass mBc (2S) on Borel mass parameter M2 at three fixed values of s0.

Fig. 2. The same as in Fig. 1 but for mB∗
c
(2S).

Table 3
The mass and residues of the excited B+

c (2S) and B∗+
c (2S)

meson. (In GeV units.)

Method A Method B

mBc(2S) 6.88 ± 0.03 6.88 ± 0.03
fBc(2S) 0.43 ± 0.02 0.43 ± 0.02
mB∗

c (2S) 6.94 ± 0.03 6.95 ± 0.03
fB∗

c (2S) 0.46 ± 0.01 0.46 ± 0.02
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Fig. 3. The dependence of the leptonic decay constants of Bc(2S) on Borel mass parameter M2 at three fixed values 
of s0.

Fig. 4. The same as in Fig. 3 but for B∗
c (2S).

At the end of this section, we compare our results on mass and residues of the excited Bc

meson states obtained in the framework of the Dyson-Schwinger and Bethe-Salpeter equation 
approaches of continuum QCD [20].

mB+
c
(2S) = 6.813 GeV

mB∗+
c

(2S) = 6.84 GeV

fB+
c
(2S) = −0.165 GeV

f ∗+(2S) = −0.161 GeV

(12)
Bc
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Comparing these results with our predictions, we observe that they are in good agreement for 
the mass of the excited states. However, the results for the leptonic decay constants are consider-
ably different. Future experiments can shed light into this discrepancy.

4. Conclusion

The two excited Bc meson states have been observed by LHC very recently. In this study, we 
calculated the mass and decay constants of these states through the QCD sum rule method. The 
obtained results on mass and mass difference are in good agreement with the experimental data. 
Moreover, we predicted the residues of the excited Bc mesons, which are considerably different 
from the one predicted in [20]. Our result on leptonic decay constants can be checked at future 
experiments.
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