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Abstract: The thermodynamic quantities of the isothermal 
compressibility, thermal expansion and the specific heat 
are calculated here as a function of pressure by using the 
observed Raman frequencies of the lattice modes and 
vibrons in the η phase of solid nitrogen. The Pippard 
relations and their spectroscopic modifications are con-
structed, and the slope dP/dT is deduced from the Raman 
frequency shifts in this phase of N2. It is shown that the 
thermodynamic quantities can be predicted from the 
Raman frequency shifts, in particular, in the η phase of 
solid nitrogen.
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1 �Introduction
The existence of the solid phase η-N2 has been reported in 
the literature from a Raman experiment when the lower- 
frequency vibron splits at a pressure of 20 GPa at room 
temperature [1], as also pointed out in a previous work [2]. 
Close to the η phase, it has also been observed from the 
Raman scattering that the vibrational frequency shifts 
exhibit an anomalous behavior with decreasing tempera-
ture in the δ phase of nitrogen [3]. This has been inter-
preted as the transition due to changes in the orientational 
behavior of the N2 molecules from a free rotation into an 
orientationally localized mode at 10.5 GPa at room tem-

perature (300 K) [4]. An evidence has been found from the 
high-pressure Raman scattering for a dynamical freezing 
of the N2 molecules within the δ phase and the δ-Є transi-
tion has been observed by a drop of the vibrational line-
widths around 17 GPa [4]. The Raman experiments have 
determined that the η phase is the nonmolecular phase 
which occurs at around 135 GPa in the solid nitrogen [5]. 
The experimental P-T phase diagram of N2 as given in a 
previous work [2], has been constructed using the experi-
mental data [1], [2], [6–9]. It includes the phases of Є, δ, ζ 
and η, and also the low temperature–low pressure phases 
of α, β and γ of solid N2. The α, β and γ phases have been 
studied extensively by using various experimental tech-
niques, mainly the Raman spectroscopy [2], [4], [5], [10–12] 
and x-ray diffraction [1], [5], [9]. We have also studied re-
cently the temperature dependence of the Raman frequen-
cies of the lattice and internal modes for the γ and β phases 
[13]. Some theoretical studies on the α, β and γ phases 
have also been reported in the literature [13–17]. Thermo-
dynamic properties of the solid nitrogen have also been 
studied for various phases. Studies on the thermal expan-
sivity [18], [19] and the specific heat [20] have been given 
in the literature. The volume dependence of the Raman 
frequencies of the lattice and internal modes through the 
mode Grüneisen parameter has been studied extensively 
in the α, β and g phases of N2 [12].

In this study, we relate the Raman frequency shifts for 
the lattice (external) modes and vibrons (internal modes) 
of N2 to the thermodynamic quantities such as the isother-
mal compressibility kT, thermal expansion ap and the spe-
cific heat Cp - Cv for the η phase of solid N2. By using the 
experimental data [2] for the pressure dependence of the 
lattice modes (u′L1 and u′L2) and internal modes (u1 and 
u2c(2)), the critical behavior of the isothermal compressibil-
ity kT close to the η-δ transition is investigated. The pres-
sure dependences of ap and Cp - Cv are then calculated. 
The spectroscopic modification of the Pippard relation, ap 
vs. (1/u)(au/aP)T, for the lattice and internal modes is ex-
amined in the η phase of solid nitrogen. Also, the Pippard 
relation of Cp - Cv vs. ap is calculated from the frequency 
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shifts of those Raman modes is constructed for the η phase 
of solid N2.

Below, in section 2 we give our analysis and results. 
Discussion and conclusions are given in sections 3 and 4, 
respectively.

2 Calculations and results
The pressure dependences of the Raman frequency shifts 
for the lattice modes and vibrons were analyzed and they 
were related to the thermodynamic quantities of the iso-
thermal compressibility kT, thermal expansion ap and the 
specific heat (Cp - Cv) in the η phase of solid nitrogen.

2.1 �Raman frequency shifts of the lattice 
modes and N2 vibrons

The Raman frequencies for the lattice modes of u′L1 and 
u′L2 which were measured at various pressures (T = 300 K) 
[2], were analyzed for the η phase of N2 using

u = u0 + cP (1)

where u0 and c are constants. For this analysis, the coeffi-
cients u0 and c were determined as given in Table 1. Fig. 1 
gives the Raman frequencies plotted as a function of pres-
sure (T = 300 K) for the lattice modes (u′L1 and u′L2). Solid 
lines in this figure represent Eq. (1) fitted to the experi-
mental data [2].

For the internal modes of u1 and u2c(2), a quadratic 
polynomial fit was employed to the experimental data [2] 
according to

u = u0 + cP + c′P2 (2)

where u0, c and c′ are constants. Our fit gave us the values 
of the coefficients, as given in Table 1. Fig. 2 gives a plot of 
Raman frequency as a function of pressure for the internal 
modes (u1 and u2c(2)) in the η phase of solid N2.

As the Raman frequency shifts, the mode Grüneisen 
parameters of the N2 lattice modes and vibrons are also 
pressure dependent, which have been determined from 
the experimental measurements in the η phase of solid 

Raman modes u0 (cm)−1 c′ (cm−1/GPa2) c′ c0 c1 × 10−2 (GPa)−1 c2 × 10−4 (GPa)−2

u′L1 276.31 5.22 _ 1.1 2.36 3.0
u′L2 179.43 4.35 _ 2.1 3.19 5.0
u1 2332.9 3.5 -0.024 0.05 0.17 1.0
u2c(2) 2325.2 2.93 -0.027 0.01 0.33 0.5

Table 1: Values of the coefficients ν0 and c for the pressure shifts of the N2 lattice mode vibrons (u′L1 and u′L2) (Eq. 1) and for the internal 
modes (u1 and u2c(2)) (Eq. 2). Values of the coefficients c0, c1 and c2 for the Grüneisen parameter gT of the Raman modes indicated according 
to Eq. (3), are also given here.

Fig. 1: The experimental Raman frequencies of the lattice modes u′L1 
and u′L2 [2] as a function of pressure in the h phase of solid N2. Solid 
lines represent Eq. (1) fitted to the experimental data with the 
coefficients u0 and c (Table 1).

Fig. 2: The experimental Raman frequencies of the internal modes u1 
and u2C(2) [2] as a function of pressure in the η phase of solid N2. 
Solid lines represent Eq. (2) fitted to the experimental data with the 
coefficients u0, c and c′ (Table 1).
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nitrogen [2]. The pressure dependence of the isothermal 
mode Grüneisen parameter gT can be expressed as

gT = c0 + c1P + c2P2 (3)

where c0, c1 and c2 are constants. Eq. (3) was also fitted 
to  the experimental data [2] given for the N2 lattice and 
vibrons, as plotted in Figs. 3 and 4, respectively. The coef-
ficients c0, c1 and c2 were determined for these Raman 
modes, which we give in Table 1.

By means of the mode Grüneisen parameter, the pres-
sure dependence of the isothermal compressibility kT can 
be predicted according to the relation

gT = (1/kT)(1/u)(∂ν/∂P)T (4)

Thus, using the pressure dependence of the Raman fre-
quency shifts for the N2 lattice modes and vibrons with 
their mode Grüneisen parameters, the isothermal com-
pressibility kT was predicted as a function of pressure 
(T = 300 K) in the η phase of solid nitrogen. This predic-
tion of the kT was made close to the η-δ transition as the 
pressure varies (T = 300 K) around the critical pressure 
(Pc = 18 GPa) [2] according to a power-law formula,

KT = A(P - Pc)-g (5)

where g is the critical exponent for the isothermal com-
pressibility and A is the amplitude. In Fig. 5, the kT is 
plotted as a function of P - Pc in a log-log scale according 
to Eq. (5), which was predicted using the Raman frequency 
shifts of the lattice modes (u′L1 and u′L2) and the N2 vibron 
(u1) (Eq. 4). The critical behavior of the isothermal com-
pressibility kT was determined in the two pressure inter-
vals (Table 2), which we plot as straight lines in Fig. 5. 
Table 2 gives the values of the critical exponent g for the 
isothermal compressibility kT and the amplitude A for the 
pressure intervals indicated. The Raman modes whose 
frequency shifts were used for the critical behavior of the 
isothermal compressibility kT, are also indicated in this 
table. From our study, the isothermal compressibility kT 
calculated from the Raman frequency shifts of u2c(2) was 
not adequate as a function of pressure.

Fig. 3: Grüneisen parameter gT of the lattice modes of u′L1 and u′L2 as 
a function of pressure for solid N2 [2]. Solid curves represent Eq. (3) 
fitted to the experimental data [2] with the coefficients c0, c1 and c2 
(Table 1).

Fig. 4: Grüneisen parameter gT of the N2 vibrons (u1 and u2C(2)) as a 
function of pressure for solid N2 [2]. Solid curves represent Eq. (3) 
fitted to the data [2] with the coefficients c0, c1 and c2 (Table 1).

Fig. 5: The isothermal compressibility kT in a log-log scale as a 
function of pressure in the η phase close to the δ phase (Pc = 18 GPa) 
of solid N2 at 300 K according to Eq. (5). The kT values were 
calculated using the frequency shifts of the lattice modes u′L1 and 
u′L2 and the internal mode u1 (Eq. 4) with the values of the critical 
exponent g and the amplitude A (Table 2).
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2.2 �Spectroscopic modification of the 
Pippard relations for the η phase of N2

Spectroscopic modifications of the Pippard relations can 
be obtained by relating the frequency shifts of the Raman 
modes studied to the thermodynamic quantities for the η 
phase of solid nitrogen. Using the Pippard relations [21]

CP = T(dP/dT)VaP + T(dS/dT) (6)

and

aP = (dP/dT)kT + (1/V)(dV/dT) (7)

the frequency shifts (∂ν/∂P) can be related to the thermal 
expansion ap. Eq. (7) can be rewritten through the isother-
mal mode Grüneisen parameter gT (Eq. 4) as

aP = (1/gT)(dP/dT) (1/ν)(∂ν/∂P) + (1/V)(dV/dT) (8)

Thus, a linear variation of ap with the (1/ν)(∂ν/∂P)T can be 
obtained by calculating the thermal expansion ap from 
the isothermal compressibility kT according to the thermo-
dynamic relation

aP/kT = dP/dT (9)

Since we obtained the pressure dependence of the isother-
mal compressibility kT close to the η-δ transition using 
Eq. (5) where the critical exponent g and the amplitude A 
were determined (Table 2), the pressure dependence of 
the thermal expansion ap was then determined according 
to Eq. (9). For this determination, the slope dP/dT was 
extracted from the experimental data [2]. By extending the 
experimental phase line between the Є and δ phases close 
to the phase η, to the room temperature (T = 300 K) ac-
cording to a linear relation

P = a0 + a1T (10)

where a0 and a1 are constants, the slope dP/dT (= a1) was 
obtained, as given in Table 3. Using this slope value and 
the pressure dependence of the isothermal compressibil-
ity (Eq. 5) which was obtained from the frequency shifts of 
the Raman modes, as given in Fig. 5, values of the thermal 
expansion ap were calculated (Eq. 9) as a function of pres-
sure (T = 300 K) close to the η phase of solid nitrogen. Figs. 
6 and 7 give our plots of ap as a function of (1/gT)(1/u)
(∂ν/∂P)T for the lattice modes (u′L1 and u′L2) and for the in-
ternal modes (u1 and u2c(2)), respectively, according to the 
spectroscopic modification of the Pippard relation (Eq. 8). 
The values of the slope dP/dT and the intercept (1/V)(dV/
dT) which we extracted from the Raman modes studied, 
are given in Table 4.

Phases −a0 (GPa) a1 (GPa/K) dP/dT (GPa/K)

η-δ 2.21 0.065 0.065

Table 3: V alues of the coefficients a0 and a1 according to Eq. (10) 
which was fitted to the experimental η-δ phase line [2] in the solid 
N2.

Raman modes g A Pressure interval  
P − PC (GPa)

g A Pressure interval  
P − PC (GPa)

u′L1 0.16 0.010 0 < P - PC < 12 0.43 0.020 11 < P - PC < 36
u′L2 0.35 0.022 14 < P - PC < 32 0.41 0.027 19 < P - PC < 32
u1 0.06 0.015 0 < P - PC < 6.5 0.13 0.018 7 < P - PC < 34
u2C(2) 0.21 7.26 × 10-6 0 < P - PC < 15.5 2.05 0.018 42 < P - PC < 46

Table 2: Values of the critical exponent g for the isothermal compressibility kT and the amplitude A in the pressure intervals according to 
Eq. (5) using the observed [2] frequency shifts of the Raman modes indicated at various pressures close to the h-δ transition in the solid N2.

Fig. 6: Thermal expansion aP as a function of the frequency shifts of 
the lattice modes (u′L1 and u′L2) according to Eq. (8) for the η phase 
of solid N2.
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The pressure dependence of the specific heat was also 
calculated in this study according to the thermodynamic 
relation

CP - Cv = TV ap
2/kT (11)

for the η phase of solid nitrogen. Using the pressure de-
pendence of aP and kT at T = 300 K, (CP - Cv)/V was ob-
tained at various pressures in the η phase of solid nitro-
gen. Since the values of aP and kT were obtained using the 
frequency shifts of the Raman modes (u′L1 and u′L2, u1 and 
u2c(2)), they were used to calculate (CP - Cv)/V as a function 
of pressure (T = 300 K). (CP - Cv)/V values are plotted as a 
function of aP using the frequency shifts of the lattice 
modes (u′L1 and u′L2) and the internal modes (u1 and u2c(2)), 
respectively, in Figs. 8 and 9 according to the Pippard rela-
tion (Eq. 6) where Cv = T(dS/dT). The experimental value 
of the slope, dP/dT = 0.065 GPa/K (Table 3) was obtained 
from both plots (Table 4) which was used initially as also 
shown in Figs. 8 and 9.

3 Discussion
The Raman frequency shifts of the N2 lattice modes (u′L1 
and u′L2) and vibrons (u1 and u2c(2)) were related to the ther-
modynamic functions of the isothermal compressibility 
kT, thermal expansion aP and the specific heat (CP - Cv) for 
the η phase of solid nitrogen. These correlations were 
obtained by analyzing the Raman frequencies considered 
according to Eqs. (1) and (2), as given in Figs. 1 and 2, 
respectively (Table 1). The pressure dependence of the 
Raman frequencies was represented by linear (Eq. 1) and 
quadratic (Eq. 2) relations using the experimental data, as 
shown in the figures. The Raman frequencies of the modes 
studied increase as the pressure increases as obtained 

Raman  
modes

dP/dT  
(GPa/K)

(1/V)(dV/dT)  
(K−1)

dP/dT 
(GPa/K)

u′L1 0.063 3.0 0.065
u′L2 0.096 4.0 0.065
u1 0.043 4.0 0.065
u2C(2) 0.067 0.7 0.065

Table 4: Values of the slope dP/dT and the intercept (1/V)(dV/dT) 
according to Eqs. (7) and (8) for the Raman modes indicated in the η 
phase of solid N2. dP/dT values η extracted from Eq. (11) through 
Eq. (8) for the Raman modes are also given.

Fig. 7: Thermal expansion aP as a function of the frequency shifts of 
the internal modes (u1 and u2c(2)) according to Eq. (8) for the η phase 
of solid N2.

Fig. 8: The difference in the specific heat per unit volume as a 
function of the thermal expansion aP according to Eq. (6) using the 
Raman frequencies of the u′L1 and u′L2 modes of solid N2.

Fig. 9: The difference in the specific heat per unit volume as a 
function of the thermal expansion aP according to Eq. (6) using the 
Raman frequencies of the u1 and u2c(2) modes for the η phase of solid 
N2.
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experimentally (Figs. 1 and 2). However, the pressure de-
pendence of the mode Grüneisen parameters for the 
Raman modes except the u1 mode (Fig. 4) is completely 
different, as shown in Figs. 3 and 4. The gT values increase 
as the pressure increases up to 55 GPa for the u1 mode, 
whereas for the u2c(2) mode the gT increases with the pres-
sure to about 30 GPa, then it decreases with increasing 
pressure (Fig. 4). Regarding the u′L1 and u′L2 modes (Fig. 3), 
the pressure dependence of the mode Grüneisen parame-
ter gT is not very well represented by a quadratic function 
(Eq. 3) because of the scattered experimental data [2] for 
both lattice modes (Fig. 3), although the quadratic func-
tion is the best suited to the data available.

In this study, we also analyzed the critical behavior of 
the isothermal compressibility kT which was calculated 
using the Raman frequency shifts of the Raman modes 
through the mode Grüneisen parameter gT (Eq. 4). From 
the pressure dependence of the frequency shifts of both N2 
lattice modes and vibrons, values of the critical exponent 
g for the kT were extracted (Table 2) which increase as the 
pressure interval increases with respect to the critical 
pressure Pc. For the lattice modes of u′L1 and u′L2 and the 
internal mode u1, this increase in the g value is reasonable, 
but the value of g = 2.05 due to the u2c(2) mode close to the 
Pc (Table 2) is too large to describe the critical behavior of 
kT in the η phase of solid nitrogen.

We finally constructed the Pippard relations here ac-
cording to Eqs. (6) and (8) using the pressure dependence 
of the Raman modes studied for the η phase of solid N2. 
As  shown in Figs. 6–9, a linear variation of αp with the 
(1/u)(∂u/∂P)T and also a linear variation of (CP - CV)/V with 
the aP were obtained. The slope value of dP/dT = 0.065 
GPa/K was deduced from our linear plots (Figs. 8 and 9), 
which is the same value obtained experimentally (Table 
3). In the case of αP plotted as a function of (1/u)(∂u/∂P)T 
for the lattice modes of u′L1 and u′L2 (Fig. 6), values of the 
slope dP/dT were deviated from the experimental value of 
0.065 GPa/K. Since we calculated the pressure dependence 
of the specific heat (CP - CV) from Eq. (11) where the slope 
value of dP/dT = 0.065 GPa/K was used initially as the 
experimental value (Table 3), the same slope value should 
be extracted from a plot of (CP - CV)/V vs. aP using the 
Raman frequency shifts of both N2 lattice modes (Fig. 8). 
On the other hand, the slope value of dP/dT deduced from 
the Raman frequency shifts (1/u)(∂u/∂P)T for the lattice 
modes of u′L1 and u′L2, as plotted in Fig. 6, is determined by 
the pressure dependence of the Raman frequencies (Fig. 1) 
and also of the mode Grüneisen parameter gT (Fig. 3). In 
the pressure interval studied, variation of the Raman fre-
quencies of the u′L1 and u′L2 modes (Fig. 1) with the pres-
sure is well represented by Eq. (1). However, the mode 

Grüneisen parameter gT is not well represented by a qua-
dratic function due to the scattered experimental data, as 
stated above. This may cause a nonlinear behavior of our 
plots of aP vs. (1/u)(∂u/∂P)T for the lattice modes of u′L1 and 
u′L2 (Fig. 6) in the η phase of solid nitrogen according to 
Eq. (8). So, the slope dP/dT changes for this nonlinear be-
havior (Fig. 6) if we choose, say, two different pressure in-
tervals in the η phase of solid N2. As plotted in Fig. 7, the 
spectroscopic modification of the Pippard relation (Eq. 8) 
was obtained from a linear variation of the ap with the fre-
quency shifts (1/u)(∂u/∂P)T for both the internal modes of 
u1 and u2c(2). This linear variation deviates as the frequency 
shifts decrease for the u1 mode (Fig. 7), whereas for the 
u2c(2) mode this linearity is better represented by Eq. (8). 
This linear variation of ap with the (1/u)(∂ν/∂P)T for the 
u2c(2) mode (Fig. 7) gives rise to the experimentally obtained 
value between the phases η and δ in solid N2 (Tables 3 and 
4). On the other hand, the dP/dT value extracted from the 
Raman frequency shifts of the ν2c(2) mode is not too far 
away from the experimental value of 0.065 GPa/K (Table 
4). When we plotted (CP - Cv)/V vs. ap using the Raman fre-
quency shifts of the u1 and u2c(2) modes, as given in Fig. 9, 
linear variations were obtained according to Eq. (6), from 
which the slope value of dP/dT = 0.065 GPa/K (Table 4) 
was extracted, as for the lattice modes of u′L1 and u′L2. This 
slope value is the same as the experimental dP/dT value 
(Table 3). A linear variation of (CP - Cv)/V vs. ap (Figs. 8 
and 9) and the dP/dT values deduced, also validates the 
Pippard relation (Eq. 6) through the spectroscopic modifi-
cation of the Pippard relation (Eq. 8) for the N2 lattice 
modes and vibrons in the η phase of solid nitrogen.

Finally, regarding the quadratic pressure dependence 
of the isothermal mode Grüneisen parameter (Eq. 3) we 
deduced the gT values of the lattice modes at zero pressure 
(P = 0) with the coefficient c0 (Table 1) as 1.1 (u′L1) and 2.1 
(u′L2). Our value of gT = 1.1 for the u′L1 is close to the value 
of  5/6 expected for a quadrupolar interaction potential 
using the quasi-harmonic approximation and it is also in 
the range of 1 < g ≤ 1.5 due to nuclear quadrupole reso-
nance methods [22]. Our gT values for the internal modes 
(u1 and u2c(2)) are too small to be compared with the model 
expectations.

4 Conclusions
The experimental Raman frequency shifts and the mode 
Grüneisen parameters were analyzed for the N2 vibrons at 
various high pressures (T = 300 K) in the η phase of solid 
nitrogen. The critical behavior of the isothermal com-
pressibility calculated from the Raman frequency shifts 
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was described by the critical exponent close to the η-δ 
transition. By calculating the pressure dependence of the 
thermal expansion and the specific heat, the Pippard rela-
tions (and their spectroscopic modification) were estab-
lished in the η phase of solid nitrogen.

Our results show that the thermodynamic quantities 
can be calculated from the Raman frequency shifts and 
that the Pippard relations can be verified for the η phase 
of solid nitrogen.

Received: October 19, 2012. Accepted: November 30, 2012.
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