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Period doubling cascade in glow discharges: Local versus global differential conductivity
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Short planar glow discharges coupled to a resistive layer exhibit a wealth of spontaneous spatiotemporal
patterns. Due to similarities with other pattern forming systems that are described by reaction-diffusion models,
several authors have tried to derive such models from discharge physics. We investigate the temporal oscilla-
tions of the discharge system and find a cascade of period doubling events. This shows that the inner structure
of the discharge is more complex than can be described by a two-component reaction-diffusion-model with
negative differential conductivity. We also derive an alternative reduced model.

DOI: 10.1103/PhysReVvE.70.056220 PACS nun®)er05.45—a, 52.80--s, 47.54+r, 51.50:+v
|. PATTERN FORMATION IN SHORT “BARRIER” Il. SUMMARY OF OUR RESULTS
DISCHARGES

In the present paper, we first examine the concepts of

. . . . two-component reaction-diffusion models with negative dif-
Glow discharges are part of our daily environment in con-,

tional and g | b flat TV ferential conductivity. We then solve a simple explicit model
ventional and energy saving 1amps, beamers, fiat 1V.SCreéeng, . o gas discharge layer and confront the results with those
car and street lamps, as well as in various industrial apphca(-)f

i Whil licati woically trv t id instabili reaction-diffusion models. The analysis is performed in a
lons. e applications typically try 10 avoid any Instabili- 5 5 jater range where the discharge exhibits spontaneous
ties, experiments actually exhibit a realm of spontaneous pal

. emporal oscillations but no spatial structures transverse to
tern formation, see, e.g., Réfl]. P P

: . .. the current[9]. This means that the diffusion part of the
While composite gases or complex external electric cir-

. ; ; g model is not relevant, but, of course, our findings generalize
cuits with ac drive can create many additional structures

. . i : ) to cases with spatial structure.
even a simple planar discharge gap filled with pure nitrogen In short, we find the following

and subject to .dc driV(_-:- aIreagjy can form rich spatiotemporal (i) A discharge on the transition from Townsend to glow
structures. An Interesting series of experiments has been.pe&ischarge can combine a positive local differential conduc-
formed on such glow discharges with wide lateral extensmqivity with a negative global differential conductivity.

[2-13 where the formed patterns were explored very sys- (i) A glow discharge in a simple electric circuit shows

tematically. The observed struc_turgﬂripes, hexagons, spi- more complex behavior than can be expected from the pro-
rals, Spots, homogeneous oscnlatlon_:s,)gtesemble those posed reaction-diffusion mod@fs15-23 for voltageU and
observed n nglelgh-Ben_arq convection n flat c_ells, In eIef:'c:urrent J with (global) negative differential conductivity
troconvection in nematic liquid crystals, or in various Chem"dU/dJ<0

cal or biological pattern forming systems. In comparison to .

the other systems, the glow discharge system has the advairiwc-)

tage of particular cqr_wvenient experimental .h.andling and tim%bserved experimentally in glow discharges, but in more
scales[14]. In addition to structures familiar from other complex geometries and in longer systej28 24’J

physical systems., glow d|sch§rges contlnue to exhibit new (iv) Finally, we derive an effective dyna’mical model in
structures that might be specific for this systg?a13. We terms of a parameter and a function by adiabatic elimination

er1" foc(ljj_s on the feg%enmeint '2 Refa), whgre tf’}fl' cg.n;]plete of the electrons. There is no systematic way to reduce this
phase diagram of different patterns was identiiied: NOmMoges, g 1o a simpler onp4,15-22 with two scalar parameters
Aich as voltage) and current]). We draw this conclusion

temns W'th spatial and spaﬂotemporal structures, etc. both from direct analysis and from the occurence of period
As said above, the gas discharge patterns show mané(oubling in the numerical solutions

similarities with patterns formed in other physical, chemical
or biological systems that can be described by reaction-
diffusion models. This observation suggests that also to these
gas discharges, effective reaction-diffusion models could be
applicable. They would describe the phenomena in the two
transversal directions of the layered structure. Negative dif- To be precise, in the experiments of Rg¢-13, a planar
ferential conductivity of the glow discharge should then beglow discharge layer with short length in the forward direc-
the driving force of pattern formation. A number of authorstion and wide lateral dimensions is coupled to a semiconduc-
[4,15-23 actually have aimed at deriving such models fromtor layer with low conductivity. The whole structure is sand-
gas discharge physics, but not in a systematic manner.  wiched between two planar electrodes to which a dc voltage

(iii) In particular, the system can show a cascade of pe-
d doubling bifurcations. Period doubling actually has been

Ill. PREVIOUSLY SUGGESTED REDUCTIONS TO
REACTION-DIFFUSION MODELS
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U, is applied. Theoretical predictions on how the different (1) An oscillation can only occur in a region of negative

spatiotemporal patterns depend on the parameters of the gdsferential conductivitydU/dJ<0 of the glow discharge

discharge hardly exist. In Refd4,16-18, an effective characteristics.

reaction-diffusion model in the two dimensions transversalto (2) Only a single period can be formed, period doubling

the current is proposed. Roughly, it consists of two nonlineais not possible, since this would require at least three inde-

partial differential equations for the currehtind the voltage pendent parameters.

U of the form (3) In a phase space plot 1d andJ, the trajectory of an
oscillation can intersect the load liné=U,—RyJ only paral-

Uyt = FU,J), 4¢JIxy,t)=G(U,d) (1 lel to the J axis (since,U=0 anddJ+ 0), and it can inter-

sect the characteristics of the glow dischatdeU(J) only

where the nonlinear operatafsandg contain spatial deriva- parallel to theU axis (sinced,U # 0 anddJ=0).

tives dy, d, and possibly also integral kernels. The model is of

reactor-inhibitor form as studied extensively in the context of IV. THE FULL DISCHARGE MODEL

chemical and biological systems in the past decades. If ap- e now introduce the simplest classical model for a glow
plicable to gas discharges, _this identification lays a connecgischargel27—29, solve it numerically, and confront its re-
tion to a realm of analytical and numerical results ongyts with the predictions above. A discharge between
reaction-diffusion systems. , , Townsend and glow regime consists of a gas with Ohmic
To test whether a model such as Et) is applicable to  conductivity for the rare charged particles, electrostatic space
the gas discharge system, we will focus on its temporal 0Sgharge effects and two ionization mechanisms, namely, im-
cillations that can occur in a spatially completely homoge-pact jonization by accelerated electrons in the bulk of the
neous modg9]; hence a one-dimensional approximation is gischarge(the so-calledr process and secondary emission
appropriate. Similar oscillations have been observed in Refg,q, the cathodéthe  process In its simplest form, it can

[19,20,25,28 and similar effective models for curredtand e modeled by continuity equations for electron particle den-
voltage U of the general form1) have been proposed in gjwy n_and ion particle density,

Refs.[15,19-22.
Why have different authors come up with the same type dne+ V -Je=S, dn,+V -J,. =S, 3
of model? The equation fdd directly results from the sim-
plest form of an external electric circuit: a semiconductor
layer of thicknessl,, linear conductivityo,, and dielectricity

and the Poisson equation for the electric fieldn electro-
static approximation

constanteg will evolve as e
V-E=—(n,-ny), E=-VO, (4)
&
_U-U-RJ ’
U = T , 2 The particle currents are approximated as purely Ohmic:
S
Je=— e NeE, Ji=p, N, E. (5)

where Uy is the voltage on the total syster,is the total ) ) o o
current, andJ=[%E dzis the voltage over the gas discharge The source of particles in the continuity equati@nis writ-
which is the electric fieldE integrated in the direction over ~ ten as a sum of generation by impact ionization in Townsend
the heightd, of the discharge. For the experiments in Ref.@pproximation and recombination

[9], R=dJ/ o5 is the resistance of the whole semiconductor _ ~Ey/|E| _

layer, whenoy is its conductivity, andT=eseo/ 0s=C.R; is S= nepdE| age™€ - .. ®
the Maxwell relaxation time of the semiconductor with di- Finally, the secondary emission from the cathode enters as a
electricity constante;. In other experimental systems, the boundary condition at the positiafy of the cathode
quantitiesRg and T can have different realizations. Hence

the form of the equation fod in a reaction-diffusion model HeNe(g,1) = YN (dg ). @)
(1) is clear. This is the classical glow discharge modi2r—29.
However, the equation fal in a reaction-diffusion model We reduce the problem to one spatial dimensidrans-

such as Eq(1) is based on the plausibility of such a model verse to the layers which is an excellent approximation for
due to analogies with other pattern forming systems and othe experimentally observed homogeneous oscillati®hs
various attempts to derive such a form with ad hoc assumpeurthermore, we introduce dimensionless quantities as in
tions from gas discharge physics. Different choices havg29] by rescaling all parameters and fields zsr,/X,, 7
been suggested by different authors, but one feature is ge-t/t,, L=dy/Xo, o(z,7)=nr,,)/ny, p=n./ng, E=E,/E,
neric: to be physically meaningful, the current-voltage charith the scaleo=ag’, to=(aoueEy) ™% andng= epagEo/ €. A

acteristics of the glow discharge has to be a stationary solikey role is played by the small paramefer w./ ue, Which
tion, soG(U,J)=0 on the characteristics. Beyond that, therejs the mobility ratio of ions and electrons.

are different suggestions for the functional formgbénd the The gas discharge layer is now modeled by
intrinsic time scale.
If a model such as Eq1l) is applicable to oscillations in 3,0 = 3(E0) + o€a(€), (&) =e M, (8)
glow discharge systems, then the following predictions
apply. 0,p == pd(Ep) + o€alE), 9)

056220-2
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p(0,7) =0, (10
o(L,7) = yup(L,7), (11
p=0=0dL, (12)

where recombination was neglectgg=0 in Eqg.(6), a dis-
cussion of this approximation follows belgwwhile the ex-
ternal circuit is described by

1R L
U= w, Z/{(T)=fo &(z,7)dz (13

S

with the dimensionless voltageé=U/(EyX,), time scalerg
=T4/t, and resistanc® ;=Ry/ Ry, Ry=Xy/ (eueng) and with a
spatially conserved total current

(1) = 0,£+ upE + o€,

whered, j=0 follows from Eqgs.(8), (9), and(12) as usual.

dj(1)=0, (14)

As a result, the gas discharge is parametrized by the thr
dimensionless parameters of system length over ionizatioﬁ

lengthL, secondary emission coefficiept and mobility ra-
tio u (as discussed i1fi29,30), and the external circuit is
parametrized by relative resistan®®, ratio of time scales
7, and dimensionless applied voltage For calculational

purposes, the ion density can be completely eliminated

from the one-dimensional gas discharge equati@s(9),
(11), and(12) with the help of the Poisson equati¢ih?) and

the total currenf, see Ref[29]. The result are two equations
of motion ford,o andd,£. In our numerical calculations, the
system was implemented in this form. Our choice of param

eters was guided by the experiments in R8f. we chose the
secondary emission coefficient=0.08, the mobility ratio

PHYSICAL REVIEW E 70, 056220(2004)
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FIG. 1. Spontaneous oscillations of curr¢rend voltag€/ as a
function of time 7 for y=0.08, ©=0.0035,L=50, Rs=30597, 75
=7435, and applied total voltagé=19.

ture of this temporal structure becomes clear when the tra-
eigctory is plotted in the plane spanned by curr¢nand
oltage!/ in Fig. Zc). The figure contains the data of the
me span fromr=3X 10° to 6x 10° which amounts to ap-
proximately 90 current pulses. The phase space plot shows
that the system is actually periodic, with a period of eight
current pulses. Fig. 1 shows precisely one period.

This discovery raises the question whether our system ac-
tually follows the well-known scenario of period doubling.
Indeed, it does. Figure(@) for U,=18 shows an oscillation
where one current pulse is repeated periodically as observed
experimentally in Ref[9]. Fori/,=18.5, a period consists of
two current pulses as can be seen in Fig).ZFori4,=19, the
period is 8 pulses as in Fig. 1 andc® For 14=20, the
system seems to have reached the chaotic state as can be

©#=0.0035 for nitrogen, and the dimensionless system siz8%€N N Fig. &).

L=50 which amounts to 1.4 mm at a pressure of 40 mbar.

The external circuit ha®=30597,7,=7435, and a dimen-

sionless total voltag#, in the range between 18 and 20. This

corresponds to a GaAs layer with=13.1, conductivityoy
=(2.6x10° Q cm)™! and thicknessl,=1.5 mm, and a volt-
age range between 513 and 570 V.

V. SOLUTIONS OF THE DISCHARGE MODEL: A PERIOD
DOUBLING CASCADE

Figure 1 shows electric curreftand voltage on the gas
discharge/ as a function of time for a total stationary volt-
agel;=19 applied to the complete system of gas discharg
and semiconductor layer. The system exhibits spontaneo

oscillations with sharp current peaks: when the voltaigen

A detailed comparison of the experiments [@] with
Simple oscillations as in Fig.(2) will be given elsewhere
[31], and we only state here that there is semiquantitative
agreement of several features. Here we emphasize that pe-
riod doubling events in glow discharges have been observed
experimentally in other systenj&3,24. However, this was
always in systems with more complicated geometries such as
long narrow tubes, and the authors allude to general knowl-
edge on nonlinear dynamics rather than to solutions of ex-
plicit models. We state that period doubling can be a generic
feature of a simple, strictly one-dimensional glow discharge
when coupled to the simple circy2). We propose to search
gxperimentally for a period doubling route to chaos in such
l%’mple systems which would then allow quantitative com-
parison with theory.

the gas layer becomes high enough, the discharge ignites.
The conductivity of the gas increases rapidly and produces &, ~5\vPARISON WITH PREDICTIONS OF REACTION

current pulse that deposits a surface charge on the gas-

semiconductor interface. Therefore the voltdgeover the

gas layer breaks down. Due to the low conductivity of the

semiconductor, the voltage recovers only slowly. Eventu-

DIFFUSION MODELS

Let us return to the initial question: is a two-component
reaction diffusion model such as E@) with negative dif-

ally the gas discharge ignites again, and the cycle is repeatefitrential conductivity appropriate for the present system? At
Note that the oscillations in Fig. 1 are not quite periodic.the end of Sec. lll, we gave a list of three predictions for the
This is not due to initial transients since the system is obreaction diffusion mode(l) to be applicable. Prediction 2 is

served after the long relaxation time 4.745x 10°. The na-

falsified by the observation of period doubling. Prediction 3

056220-3
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FIG. 2. Phase space plots of the trajectories of the oscillations in the plane of duaedtvoltagel/. The time range is 3 10f<r
<6Xx10° in all figures. Shown are the orbits, the straight load lifwl;— R and the curved current voltage characteristicd/(j) of the
gas discharg§29]. The intersection of load line and characteristics marks the stationary solution of the sy3téhe data of Fig. 1 with
total voltagel;=19, (a) is for 4, =18, (b) for ¢,=18.5, and(d) for &/=20.

is also falsified by a simple check of either of the three fig-where a state with positive differential conductivity is un-
ures in Fig. 2: in the upper part of the figures that represenstable and develops into a limit cycle. Details will be given
the rapid current pulses, the trajectories definitely do not inelsewhere.
tersect with the characteristics with the angle prescribed by
Eq. (1). o _ o _ VII. AN ALTERNATIVE SYSTEMATIC

There rests prediction 1: is negative differential conduc- MODEL REDUCTION
tivity required for the oscillations to occur? We have not
found a numerical counter example where oscillations would ~ Finally, we have derived an analytical approximation of
occur while the current voltage characteristics of the gas disthe model8)—(14) that can be confronted with the suggested
charge shows a positive differential conductivity, but wereaction-diffusion form(1). The reduction is based on an
have found no reason to exclude its existence. Furthermor@diabatic elimination of the electrons.
we note that the characteristics are a global property of the Basically, close to the stationary state, the electric particle
whole discharge layer with its boundary conditiof9] current is conserved. Close to the anad®, this current is
while the local differential conductivity in our model is al- mainly carried by the electrons€ and close to the cathode
ways positive: the field dependent stationary ionization iZ— L, it is mainly carried by the iongp&. The electric field
n+:|MeE|aoe—Eo/\E\/lg according to Eq(6); hence the local stays of order unity throughout the system. Therefpye
conductivity increases monotonically with the applied field should scale similar to: O(up)=0(o). Now the fieldS and
|E|. The global negative differential conductivity is due to the system sizé& are of order unity, and therefore alggf
electrode effects being much stronger than bulk recombina=p—o. The conclusion is thgi=0(1), and hencer=0(u).
tion B. In the meantime, we have found a counter examplel'herefore we substitute=o/u where s is now of order

056220-4
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unity. This expresses more clearly that the electrons contrib- L
ute to the current in order unity, but to the space charge only U =f &(z,7)dz, (26)
in order . To focus on the dynamics of the ions, a time scale 0
‘7= is chosen. Then the model attains the form and
w 3:5= 0Es) + sEa(§), (15) _ £
’ i(M= o€l +(1+9) 47 (27)
L
I == IAEp) + Lald), (16) Let us decompose the field into its value on the cathode
p(0,9=0, (17) E(D=&L,7 (28
and the remainder
s(k,7) = yp(L,7), (18 £z =E.(D +e(zF with €, =0, (29)
p— uS=d,E. (19 where the ion density can be recovered throdagixp. The

_ _ _ ~equation of motion fore becomes
This rescaling allows to take two essential approximations in

the limit of small u: First, s evolves on the short time scale  dre= £ dq€l| — €| de— €d,e + 75|_<926||_(1 ~ oy Q(EL“))-

=1/ u while p evolves on the long time scale For small (30)

u, the electrons therefore can be eliminated adiabatically

from the ion motion. Hence on the ion time scal¢and as  Note that if (L,t)=0 initially at t=0, then the equation of

long as £+ 0), the electron distribution is equilibrated or motion fore conserves this property for all times, as required

“slaved” and we can approximate Ed.5) by by Eqg. (29. For the equation of motion fo€, first the
potential/(7) has to be expressed in terms&fand e

[d,+ a(&)][sE] = 0. (20) i
Second, the contribution of the electrons to the space charge U =LE(n) + fo dze(z 7). (31)
is negligible for smallx; hence Eq.(13) can be approxi-
mated by Equation(25) for ¢4 requires that we calculate
~ L é
p= 0. (21) f dz&?s:%o et LELpL
0

This can also be understood as follows: electrons and ions

are generated in equal amounts, but the electrons rapidly dz .

leave the system while the ions move slowly and therefore ><<1 ty-vy fefzdy “(5“5)), (32

reach much higher concentrations. 0

As a consequence of the differential equat{@f) and the  where we introduced the short-hand notation

boundary condition18), the electron current at positian

now can be completely expressed by the instantaneous ion pL= OaelL. (33

density at the boundary and the field betweerz andL as  |ntroducing the small parameter=Lu7/ R which is the
ratio of capacitances of semiconductor and gas discharge lay-

L
[s€](2) = v p(L)E(L)ezEN02, (22 ers, we find forg,
Using Eqgs(16) and(20), the equation of motion for the ions L
becomes U= LE - . dze
== +yE&p +
dp== 0 pE+[SE]), p=0L (23) & == (L mén (1+0)Rs
with [s£] from (22). R - d—zefédy . €lo+ 28 o
Because of Eq(21), p (or alternatively€) can be elimi- 1+l P o L L '
nated from the equations. The result is a rephrasing of the
model completely in terms of the fielfland its differentials (34)
and integrals The structure of the explicitbut somewhat lengthyequa-
2 2 tions (30) and(34) is
+ & + & el5al&@ldz = i 24
Oy HY Gy | TR, (29 rez=F(e&) and a£(D=Gles). (35
So this is not a system of two scalars such as previous au-
_L{t—u(_j—RSj(_ﬁ thors have suggested for a reaction diffusion model, but a
(1) = ur, ' (25 system of the scalaf, and the functiore.
s The electric field6, at the cathode=L determines the
where secondary emissiof as well as the local bulk ionization rate

056220-5
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a, and it is closely related to the potentidl over the gas gas gap, where the ion distributigrnthrough the gap carries
discharge. We therefore take it as the first characteristic scdhe memory of previous states of the system.

lar variable for the state of the system. A second such scalar
variable could be the ion densipy at the cathode, since it
characterizes the conductivity and therefore also the electric \y,e have recalled experimental observations of spontane-

particle currentp & + [s€]|.=(1+y)p &, at the cathode. A g pattern formation in layered gas discharges in the regime
two-component reaction-diffusion model could thereforepenyeen Townsend and glow discharge. Due to similarities
consist of equations for the two scaldisandp,. But can it yith pattern formation in reaction-diffusion models, a num-
be derived from the present equations? _ ber of authors have suggested effective reaction-diffusion
Taking the spatial derivative of EG30) atL, we find the  qqels for these discharges. The predictions of such models
equation of motion fop, are summarized and confronted with solutions of a full gas
discharge model where we focus on spatially homogeneous
temporal oscillations. First, we observe empirically that the
predictions of two-component reaction-diffusion models are
The evolution opr depends on its local Va_|ue, on the value in variance with the numerical solutions of the full discharge
of the local field€, and also on the local derivative pf If m0f3|9|- _S(e_cond, we reduce the disch_arge model by an adia-
this derivative d,0| =#%¢[, could be neglected, we would batic elimination of the electron motion and argue that the
have derived a two-component model. resulting mathematical and physical structure is too rich for a
However, it is not possible to neglegp|,. This can be reduction to only two relevant variables.
easily seen in the Townsend limit of very small space Along the way, we also identify a period doubling cascade
charges where the termpZ in (36) can be neglected. in the oscillations of our simple model. Period doubling
Whetherp, grows or decays, therefore depends on the sigigvents have been observed in more complex experimental
of ypLa(E)=dp|., i.e., on the local balance of generation S€tups in gas discharges, but it would be most interesting to
and transport of ions. search for this behavior in the simple experiments of type
An equation of motion fow,p|, in turn would depend on [9]-
a§p|L etc., so an infinite hierarchy of equations would have to
be considered. This observation, of course, corresponds to
the fact that the state of the gas discharge has been charac-We acknowledge support of D.S. by the Dutch physics
terized by the full functione(z,7) or p(z,7) throughout the funding agency FOM and of I.R. by ERCIM.

VIIl. SUMMARY AND OUTLOOK

FpL= = pp = EL dplL+ ypLELUED). (36)
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