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ONSOZ

Bu projede titresim enerjisi transferi problemi, hem klasik mekanik yontemlerle ve
hem de kuantum etkilerin katildigi Mixed-mode (MM) yontemi ile incelenmektedir. Bu
amagcla gerekli bilgisayar yazilimlari gelistirilmis ve uygulanmigtir. Bu proje TUBITAK
Temel Bilimler Arastirma Grubu tarafindan (TBAG-1218) desteklenmistir.
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Molekdlici titresim enerjisinin transferi, kontrolli reaksiyonlari gerceklestirmek
isteyen bilim adamlart igin cok énemli bir konudur. Bu olaylarin mekanizmalari ve
zaman olgekleri, molekulde secilmis baglarin olugmasi veya kirilmasi igin gerekli
bilgiyi saglarlar. Dinamik bir problemin kuantum mekaniksel analizi hesap zamani
agisindan buyuk guglukler gosterir, buna karsilik klasik mekanik yontemler ise sifir
noktasi enerjisi veya tunelleme gibi olaylari icermemeleri nedeni ile hatall sonuglara
neden olabilirler. Bu ¢alismada, her iki yaklagimi birlestiren bir yontem sunulmug ve
degisik uygulamalar tartisiimistir. SCF yaklagimi icerisinde problemin bir kismi
kuantum mekaniksel yollarla ¢ozulmusg ve diger kisimlari ise klasik mekanik
kanunlarinca yorumlanmistir. Ozellikle klasik kaosun, kismi kuantumlagma altinda
gosterdigi degdisiklikler, kuantum dalgapaketine karsilik olabilecek faz uzayinin
tanimi ve bir boyutlu zincir Gzerinde enerjinin transferi sorular caligiimig, degisik
¢ozum yontemleri gelistirilmig ve bazi ipuglar elde edilmigtir.

Anahtar kelimeler/ kuantum dinamigi, kaos, enerji transferi

ABSTRACT

Vibrational energy transfer in molecules is an important problem for the ultimate
aim of controlled reactions. The mechanisms and time scales of these processes
give us the information necessary to form or break preselected bonds in a molecule.
Quantum mechanical analysis of a dynamical problem is computationally prohibitive
whereas the classical mechanics suffer from the inability to incorporate effects such
as zero-point energy or tunneling. In this work a method which compromises both
approaches has been presented and it various applications are discussed. Within
the SCF approximation, part of the problem is solved under quantum mechanical
considerations and the other parts are treated classically. The specific questions of
what happens to the classical chaos under partial quantization, what is the
corresponding phase space description of a quantum wavepacket and how the
energy is transferred along a one-dimensional chain are studied, various solution
methods are developed and certain clues are obtained.

keywords/ quantum dynamics, chaos, energy transfer




GIRIS

Molekulici enerji transferinde rol oynayan faktérlerin bulunmasinda, ele alinan
problemin biyuklagune ve karmasgikligina gore degisik yontemler kullaniimaktadir.
Problemin dogru olarak anlagiimasi zamana bagli Scrodinger denkleminin ¢ozdmu
ile mumkianse de, ¢ok kugik sistemler (3-4 boyutlu problemler) diginda saysisal
acidan pratik sonuglar alinamamaktadir. Teorik olarak yéntemler uzun zamandan
beri bilinmekte ise de, ginimizun superbilgisayarlarinda bile nispeten buyuk bir
molekalGn kuantum dinamigini incelemek mumkdn olmamaktadir. Bu durumiarda
klasik mekanigin herhangibir formalizmini kullanarak dinamik ozelliklerin hesabi (
bizim durumumuzda titresim enerjisinin molekuliginde transferi) yapmak zorunda
kalinmaktadir. ister Newton veya Lagrange ister Hamilton denklemleri kullanilsin,
cok yuksek boyutta problemlerin (eger kisa mesafeli potensiyel fonksiyonlar
kullanihyorsa milyonlarca pargacigin  simalasyonu pek zor degildir) gozumleri
bulunmakta fakat klasik mekanigin temelinde yatan eksiklikler ciddi hatalara yol
acmaktadir. En basit yaklagimlia, tinelleme veya sifir-noktasi enerjisi gibi
kavramlarin klasik mekanikte yerinin olmamasi, enerji transferinde onemli bazi
sorunlari da beraberinde getirmektedir. Hem kuantum mekaniginin  6éngordagu
kosullarin saglanmasi ve hem de klasik mekanik yontemlerin sayisal kolayhklarindan
yararlanmak igin bazi hibrid yéntemlerin denenmesi gerekmektedir. Bunlardan Carr-
Parinello adi verilen yaklasimda klasik dinamik denklemler, her adimda yaklasik
kuantum yontemlerle hesaplanan potensiyeller altinda ¢ozulmektedir. Uzun vadede
cok vyararl olabilecek bu yaklagim, halen gereksinme duyulan bilgisayar

zamanlarinin ~ ¢oklugu  nedeni  ile  yeteri derecede  kapsamli  olarak
uygulanamamaktadir.

Baska bir alternatif yaklagim ise sistemdeki titresim modiarinin ozelliklerinin
farkliligindan yararlanarak, bir klasik-kuantum karmasik yontemin ( Mixed-mode MM)
gelistirmeye yonelikdir. Molekullerin elektronik yapisinin belirlenmesinde kullanilan
ilk yaklastirma Born-Oppenheimer yaklastirmast olup, atom cekirdeklerinin
elektronlara gore ¢ok daha agir olmalari nedeni ile daha yavas hareket edecekleri ve
baylelikle dalga fonksiyonunun gekirdek ve elektronik dalga fonksiyonunun garpimi
olarak yapilabilecegi esasina dayanir. Boylelikle her nukleer geometride yapilacak
olan kapsamli bir elektronik hesap ile, molekul ici hareket ki kisma ayrilacak ve
elektronlar kuantum yontemlerle calisilirken, gekirdeklerin hareketi bir klasik
felsefede incelenecektir. Gerektigi takdirde bu iki hareketin birlestinlmesi bazi
yaklasik ifadelerle sonradan yapilabilir. Buna benzer bir yaklagimi titresim
hareketine tasimak mumkundar. Titresim modlanni frekanslarina veya incelenen
probleme yapmakta oldugu katkilara gore siniflandirabilinz Ornegin gok hizh
hareket eden ( sert) modlar kuantum yontemlerle ama daha yavas olan yumusak
modlar da klasik mekaniksel yéntemlerle ¢ézebiliriz. Bagka bir yonden ise, modlari
islevlerine gore ayirabiliriz, érnegin bir Langevin tipi adsorpsiyon modellemesinde,
yuzeydeki ilk pargacikla adsorbant arsindaki etki kuantize olmak zorunda oldugu
halde, yuzeyin diger pargaciklaninin birbirleriyle etkilesmesi  klasik olarak
incelenebilir. Bu ayrimlar yapildigr takdirde, kigUk boyutlarda kuantum problemleri
biyuk ¢apta klasik alanlarin etkisi altinda ¢ozulebilecektir.




Bu proje cercevesinde boyle bir yoéntemin esaslari belirlenmis, bazi sorulara
yanitlar bulunmug ve degisik problemlere uygulamalarnin bir kismi bitmis ve bir
kisminda da caligmalar devam etmektedir. Yapilan isler su basliklar altinda
toplanabilir.

a) Self-consistent-field (SCF) yaklagimi altinda klasik ve kuantum dinamik
denklemierinin beraber ¢6zimu igin yontemler

b) Klasik anlamda kaos gosteren titresim hareketlerinin, kismi kuantumlasma
altindaki davraniglar

c) Klasik, kuantum veya MM sonuglarinin karsgilastiniabilmesi agisindan, belirli bir
dalga paketine karsilik gelen klasik pargaciklarin secimi

d) Zaman bagl Schrodinger denkleminin, Hamilton formalizmine benzer bir sekilde
¢ozumu

ve

e) Zincir tzerinde enerji transferi olayinin modellenmesi ve MM cozUmleri.

SCF YAKLASIMI

Klasik ve kuantum denklemlerinin ayni anda ¢ozumleri mumkun olmadigi igin,
elektronik hesaplarda kullanilan kendiyle geligmeyen 6zuyumlu alan (self-consistent-
field SCF) denklemlerinin bu sahaya bir uyarlamasi gerekmektedir. Ornek olarak iki
boyutlu bir problemi aldigimiz zaman, bunu iki ayri ama birbirinin etkisi altinda
hareket eden denklem halinde yazabiliriz. Bu dogal olarak ¢ozume bir hata
getirmektedir, bununila beraber biraz once deginildigi gibi hem Schrodinger
denklemini ve hem de Hamilton denklemlerini tek bir denklem setine donusturmek de

olasi degildir. iki boyutta bir Hamiltonyeni yazarsak (daha fazla boyutlara tagimak
basittir):

H = H, + Hy + V(XY)

eger V(X,y) ayrnistinlamayan bir baglanti terimi ise, SCF yaklagtirmasl altinda su hale
getirilebilir:

SOF | SCF
HSCF = Ho+ <V >y ve H™ = H <V

Burada < V >,, x koordinati (zerinden ortalama alinmig bir ifadeyi belirler. Simdi bu
iki ayrt hareket denkleminin ¢ozumieri yapilabilir. iteratif olarak basglangi¢ kosullan
belirlendikten sonra, 6rnek olarak x koordinatindaki denklem, y Gzerinden ortalama
alinmis olan potensiyelin etkisi altinda g¢ozulur ve ayni islem de vy boyutunda
tekrarlanir. Herzaman adiminda x ve y koordinatlarindaki degigkenler ( konumlar,
momentumlar veya dalga fonksiyonlari ) degisecedi igin etki eden potensiyel
fonksiyonlar da kapall bir sekilde zamana bagimiihik gostereceklerdir. Eger zaman
adimi yeteri derecede kuguk ise, sabit potensiyel kullanimindan ( zaman adimi
stresince) gelen hata da kugtk olacaktir. Bizim MM yaklagimimizda ise denklemlerin
biri klasik ve digeri de kuantum karakterinde olacadi igin soyle yazilacaktir.

6




opslot=-0H1ax
oxlaot= aH 1ap,
ve

iRow(y )/ at=H" Ty yb

Baslangi¢ kosullari ise x boyutunda bir pargacik (koordinat ve momentumu ile
belirlenmis) ve y boyutunda bir dalga paketi ile tanimlanir. Genelde dalga paketi ya
bir minimum belirsizlik dalga paketi veya ¢zfonksiyonlarin bir bilesimi olarak yazilir.
Her iki halde de harmonik (veya anharmonik) 6zfonksiyonlar cinsinden agihmi
yazmak hesaplar agisindan kolaylik getirmektedir. Baslangi¢ kosullari belirlendikten
sonra iki boyut Gzerinden ortalamalar alinir. Klasik pargacik Gzerinden ortalama
ancak birden fazla trajektoriden olusan bir paket varsa yapilir, aksi takdirde tek bir
deger kullanilir; dalga paketi Uzerinden ise bir beklenen deg@er integrali hesaplanir.
Kisa bir zaman adimi igin yukarida verilen denklemlere gére hem pargacigin yeni
konumu ve hem de yeni dalga paketi bulunur. Bu islemier yeterli veri toplanincaya
kadar devam edilir. Klasik denklemler sabit adimli 4-adim Runge-Kutta sayisal
integrasyonu ile ¢ozalmastir. Kuantum denklemlerin ¢6zimd igen ongorulen bir
yéntem, bu proje baslamadan énce yaymlanmisti ve detayli bilgi bu makalelerde
verilmistir ( E.Yurtsever ve J Brickmann, Berichte der Bunsenges.Phys Chem. 96,
142-146 (1992) ile E.Yurtsever ve T.Uzer, ibid., 96, 902-913 (1992) ). Daha sonra
gelistirilen bir baska yontem de biraz sonra anlatilacaktir. SCF yaklagiminin getirdidi
hatalar ise 1994 yazinda benim duzenledigim bir yaz okulunda verdigim ders
icerisinde tartisiimistir.  Eder klasik anlamda kaos gosteren bir sistem ile
cahsiliyorsa, do@al olarak SCF ve tam g¢ozUmler birebir uyumlu olmayacakiardir
Kaotik denklemlerde yapilacak en klguk tedirginliklerin bile sistemi faz uzayinda
baska noktalar goéturdukleri dustnulurse, bu normal karsilanmaktadir. Bununla
beraber denklemlerin nitel davranislarinin dedismemesi gerekmektedir. Bunun
anlami, sisteme SCF yaklastirmasi nedeni ile suni duzenliliklerin girmemesi sarttir,
aksi takdirde klasik mekanik sonuglari ile karsilastinlamaz. Su ana kadar elde edilen
sonuglar bu agidan tatminkar goézikmektedir ve Kluwer Press tarafindan basilacak
olan “Frontiers of Chemical Dynamics” kitabinda yayinlanacaktir.

KISMi KUANTUMLASMA

MM yaklasimi ile bir sisteme etki eden dis etkenlerin klasik veya kuantum alanlar
olmalarinin getirecegi farkhliklar incelemek mumkindur. Gene iki boyutiu problem
ele alip, bunlardan bir boyutunu klasik parcacik olarak tanimlayalim. Diger boyutu
ise bir hesap grubunda klasik pargacik olarak digerinde ise bir kuantum dalga paketi
olarak segelim. Klasik ve kuantum dinamiginin karsilastirimasindaki en buytk sorun,
farkli karakterdeki olgcumlerin nasil karsilastinlacagidir. Dalga paketi Uzerinden
alinan ortalama degerlerle, klasik pargacigin ézelliklerini goreceli olarak anlamanin
kolay bilinen bir yontemi yoktur. Ama MM yaklasiminda, bir boyut hep klasik kalacagi




icin, o boyuta ait 6lgumleri klasik ve kuantum alanlar altinda yapip karsilastirabiliriz.
Bu calismada klasik pargacigin koordinatinin, momentumunun, enerjisinin  ve
baglanti terimindeki enerjinin zamana gore degisimleri hem 2-boyutlu klasik sistem
icin ve hem de MM sistemi igin yapilmistir. Elde edilen zaman serilerinin periyodiklik
testleri gerek otokorelasyon fonksiyonlari ve gerekse de Fourier analizleri ile
yapilmistir. Sonugta benzer sartlar altinda gerceklestirilen sistemlerden, kismi
kuantumlastirimis olanlarinda ¢ok daha fazla duzenlilik goéralmustur. Bu bulgular
Phys.Rev E, 50, 3422-3430 (1994) de yayinlanmistir.

DALGA PAKETI-PARGACIK BENZERLIGI

Klasik ve kuantum mekaniginin sonuglarinin karsilastirimasindaki en énemli guglak,
birbirine karsilik gelen gosterimlerin  bulunmasidir.  Kuantum mekanigindeki
baslangi¢ kosulu bir dalga paketi olsun. Schrédinger denkleminin ¢oézumu ile elde
edilen dinamik 6zellikleri, klasik bir pargacigin hareketi ile karsilastirmak
istedigimizde beliren sorun, klasik pargacigin baslangi¢ kosullari olarak hangi
koordinat ve momentum degerlerini alacagimizdir. Daha dogrusu dalga paketi bir
dagilim fonksiyonu oldugu igin, aslinda bir degil ¢ok sayida baslangi¢ kosulunun bu
dalga paketine karsilik olmasi gerekir. Ayni soruyu diger yonden de sorabiliriz.
Eldeki bir dizi klasik parcaciga karsilik gelen dalga paketi nedir? Bu sorunun tam bir
cevabi yoktur. Yukarida anlatilan problem igin, enerjilerin ve koordinat ile koordinat
beklenen degerlerinin ayni oldudu kosullar segilmisti. Dalga paketinin klasik kargiti
icin 6nerilen ilk yéntem Wigner dénusturmesidir.
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Bu integral bir probabilite dagilimi olarak sadece asimptotik degerlerde dogrudur.
Dogal olarak klasik faz uzayinin bazi bolgelerinde negatif olacagi icin, bir probabilite
dagilimi  olarak kullaniimasi  zordur.  Wigner dagiiminin,  bir  Gaussian  ile
duzgunlestirilmis hali ise Husimi donusturmesi olarak adlandinithr ve hernekadar
matematiksel bir ispati yok ise de her yerde pozitif olmasi nedeni ile probabilite
dagilimi olarak kullanilabilir.
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Bu konudaki calismamizda, bir dalga paketinin Husimi donustarmesini agirhk
fonksiyonu alarak 1000-2000 civarinda klasik baslangi¢ kosulu sectik. Burada Monte
Carlo tipi bir yaklagim kullandik. Once bir 6rgu Gzerindeki her noktada dalga
fonksiyonunun Husimi dénustmunt hesapladik. Dalga paketi harmonik sarkag
6zfonksiyonlari cinsinden yazildigi igin bu integraller analitik olarak bulunabilir. Daha




sonra verilen enerji bolgesi igerisinde segcilen rastgele noktalardaki Husimi
dagibminin degeri gene yeni secilmis bir rastgele say! ile karsilatirildi. Boylelikle
Husimi agirlikli noktalardan olusan bir klasik parcacik demeti elde edildi. Bu
demetteki pargaciklann enerjileri  sabit degil ama bir enerji banti Uzerine
dusmekteydi. Bu baslangi¢ kosulundan yapilan simalasyonlar ile dalga paketinin
zaman icerisindeki degisimini karsilastirdigimizda bazi  benzerlikler gérduk.
Boylelikle elde edilen noktalarla yaptigimiz iki boyutlu sistemlerin Lyapunov
Gstellerinde ise cok belirgin olmayan bazi farkliliklara da rastlandi. Bulunan grafikse!
bulgular Tr.J Physics, 18 1095-1105 (1994) de yayinlandi. Bu problemin daha
detayli galigmalannin yapiimasi planlanmaktadir.

. e

HAMILTON TiPi KUANTUM DINAMIGI

Kuantum dinamiginin temel denklemi olan Schrodinger denkleminin ¢ézumu igin
degisik bir yontem gelistirildi. Bu biraz sonra anlatilacak olan zincir Gzerinde enerji
transferi problemi icin de oldukga blyuk bir kolaylik getirmekte. Anlatilacak olan
yontem, formalizm olarak daha once de onerilmis olmakla beraber kapsamli
uygulamasina rastlanamamistir. Bunun da nedeni MM’'a gecmekte ¢ok yararli olmasi
ama normal bir kuantum dinamigi icin belki de grid yoéntemlerinden gok daha kolay
olmamasi dusunulebilir.

Bir dalga paketini herzaman Hermityen bir operatérun 6zfonksiyonlarinin cinsinden
yazabiliriz.

v (qt) =2 adt) ox(9)

Zaman bagh dogrusal katsayilar ise kompleks olduklari icin, gergek ve sanal
bilesenlerine ayrilirlar.

Cy = X t i Py
Simdi Schrodinger denklemini atomik birimlerde yazarsak:
i};:{{)k()(k‘*‘ipk)3};(Xk4‘ipk)H({}k

Soldan ¢ ile carpip integralini aldigimiz zaman , dalga fonksiyonlarinin ortogonalligi
nedeni ile, denklem su hale donusur.

(X + 1P ) = 2 (X + 1P Hin
H.. Hamiltonyenin bir matris elemanidir ve kompleks de olacagi gozonune alinirsa .

Hmk = ek + ' bmk

olarak yazilabilir ve denklemin her iki tarafinin gergek ve sanal kisimlarin ayrt ayri
esitlersek su iki denklem ortaya ¢ikar:
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Xm & 2 Xk Dok + Pk 8mk

ve

Pm = L <X 8mic + P Dk

Eger yeni bir Hamiltonyen ifadesini tanimlarsak:
H=05Z2%Y Xmn -1 Pm) Xt 1 Pe) Hnk

Bu ifadenin x, ve pi'ya gore turevlerini, bir énceki denklemlerde verilen zamana gore
turevler cinsinden yazarsak:

Opml Ot=-0H/ X
OxmlOt= GHIDpn

Bu denklemler de bildigimiz klasik mekanigin Hamilton denklemleridir ve ¢ézumleri
icin pekgok yéntem uygulanabilir. Buna ek olarak bu denklemleri Newton
formalizminde yazmak ve dolayisi ile Gear, Verlet gibi sistemlerin simplektik yapisini
koruyan hizli yontemleri uygulamak mumkandar. Son elde edilen denklemlerle
kuantum dinamidinin  bir ve iki boyutlu problemlere uygulanmasi  da
Ber Bunsenges.Phys.Chem. 98, 554-559 (1994) ve ibid, 98 1552-1562 (1994) de
yayinlanmistir.

. *

ZINCIiR UZERINDE ENERJI TRANSFERI

iki boyuttan daha buyuk sistemlere ¢rnek olarak tek boyutlu zincir uzerinde enerjinin
transferi secilmistir. Burada model olarak birbirine nonlineer badl, parcalanmayan
sarkaclar secildi. Ara raporlarda bu problemin formilasyonunda beliren sorunlar
anlatiimisti. Boéyle bir sistemi pargaciklanin, baglann veya normal modlarnn
etkilesmesi olarak yazmak mamkanddr. Herbir yaklagim klasik mekanik yontemlerde
ayni kolaylikta ise de MM yaklagiminda ortaya gikan sorunlardir. O rapordan bu
yana gecen sure zarfinda bu sorunlar halledilmis olup, veriler surekli olarak
yaratiimaktadir. Pargacik bazinda ele alindiginda Hamiltonyen su sekilde
yaziimaktadir:

H=05% pﬂmk + 2 8y (xm*xk);% + 2 by (xm~xk)3 + 3 Cy (xmka}é
" 2 2
+ 3 di (Xierr-Xa) (Kies 2-Xa1)

Bu g6sterim MM felsefesinde kavramsal guglukler gikarmaktadir. Kuantize olmas
gereken birimin pargacik degil etkilegme olmasi gerekir. Parcacik gosteriminde ise
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kinetik enerji terimlerini ayristirmak (MM yaklasiminda) ve baglarin kinetik enerjilerini
bulmak oldukca zordur. Eger bag gosterimine agsagidaki sekilde gegersek:

Or = Xk+1 = Xk
Hamiltonyen ifadesi su sekli alir:
H=05% pkzluk + 2 8 qk2 + 3 bk qk3 + 3 Cy qk4 + 2 dk qknz qkz - Z P« pm/mm

Tabii bu gésterimden normal modlara da gegmek sdz konusu olabilir fakat
anharmonik terimlerin bulunmasi nedeni ile ¢ok yararli olmamaktadir. Bu gésterimin
sorunu da en sonda ‘verilen momentum baglanti terimlerindedir. Momentum
operatérinin kompleks olmasi, kuantum Hamiltonyeninin gergek olma 6zelligini
bozmakta ve problemi siradan bir ¢zdeger probleminden, kompleks &zdeger
problemine dénustarmektedir. Bu da milyonlarca defa yapilacagi dusunulen bir
hesap icin ciddi sorunlar olusturmaktadir. Bununla beraber bir énceki kisimda
anlatildigi gibi Hamilton denklemlerine benzer ¢ézim yéntemleri bu sorunu ortadan
kaldirmaktadir. SCF yaklasiminda kuantum denklemi su halde yazilir:

HO = 0.5/, d¥dq? + @, G + by Qo + Co Qo' + Aot Got” G
H=H® -i0.5pns/ m, dldg,
eger dalgapaketi harmonik osilator 6zfonksiyonlari cinsinden yazilirsa:
v (qt) = cdt) o (Q)
Hamiltonyen matris elemanlarinin ifadeleri agikga asagidaki sekli alirlar:
ok = Sk €m + Do Qi + €7 G ok + Aot Gt © @ ok

-1 0.5 ppa/ My Dk

D ise turev operatorudar. Bu sekilde gergek ve sanal kisimlari ayrilmig olan matris
elemanlari ile yukarida verilen x, ve p, katsayilarinin gozumleri bulunur.

Model olarak secilen Hamiltonyende butan osilatorler esdeger ahnmisgtir
Kullanilan parametreler m=1, a=0.5, b=0, ve ¢=0.25 olarak seg¢ilmistir Baslangi¢
kosullart olarak da sonuncu hari¢ butin osilatorler minimum enerji konumuna
yerlestirilmislerdir (q=0 ve p=0). Bir ucgtaki sarkag ise belirli uzakliklara ¢ekilmis (
minimum enerji konumundan uzaklastirdmig) ve sifir momentum verilmis olarak
yerlestirilmistir. Boylelikle gerilmis bir zincirin gevsemesi modellenmis olacaktir. Ik
olarak klasik mekanik simulasyonlar degisik gerginlikler ( dolayisi ile degigik
enerjiler) ve d,; baglanma katsayilari icin yapilmistir. Sistemin dinamiginin kaotik
veya duzenli olusunu tanimlayan o6lgek olarak genelde en buytk Lyapunov ustel
kullanthr. Bu Gsteller faz uzayinda birbirine ¢ok yakin konumda basglayan
hareketlerin zaman igerisinde ne kadar birbirlerinden uzaklastiklarini belirlerler. Eger
ustel O ise her iki hareketin de benzer kaldigi ve dolayisi ile dinamigin duzenli
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oldugu anlasilir. Buna benzer olarak kullanilan bir baska dlgek de Kolmogorov
entropisidir. Kullanilan zincir modelinde faz uzayr bag sayisinin iki kati (2N)
boyutludur ( tek boyut Gzerinde oldugu igin her bag: bir koordinat ve bir de
momentum ile tanimlariz) ve sistemin de 2N Lyapunov Usteli vardir. Hamiltonyen
sistemlerde faz uzayinin hacmi sabit kalacagi igin, Lyapunov Ustellerinin de toplami
sifir olmak zorundadir. Bu nedenle uUstellerin bir kisminin sifirdan bayuk ( eger
duzensiz bir dinamik var ise) ve digerlerinin de sifirdan kiguk olmasi gerekir.
Sifirdan buyUk olan ustellerin toplamina ise Kolmogorov entropi denir ve genelde
nitel davranislari da maksimum Lyapunov Usteline paralel olur. $ekil 1 de
Kolmogorov entropisinin, badlanti parametresinin degerlerinin 0, 2, 4, ve 6 oldugu
hallerde, son osilatéran boyu ile degisimini vermekteyiz. Toplam enerji ise baglant
parametresi cinsinden E=0.5*X*X + 0.25*X*X*X*X olarak verildigi i¢in, absisi enerji
ekseni olarak da alabiliriz. Bu seklin verdidi sonug ise sistemin kaotik davranisinda
enerji akisini saglayan baglanti parametresinin bir etkisi olmadigi ve esas duzenlilik
ile kaosun arasindaki gecisi belirleyen parametrenin toplam enerji oldugudur.
Kolmogorov entropisinin birimi bit/zaman birimi olarak verilmistir. Benzer olarak
model zincirin boyunun uzatiimasinin da dinamik karaktere etkisi gozlenmemistir
(daha uzun zincirler ile hesaplar yapiimis fakat farkh bir davranisa rastlanmamistir).

Bu kosullarda, mixed-mode gésterimine gegildigi zaman, hesaplarin yogun
bilgisayar zamanina ihtiyag gostermeleri nedeni ile baglanti parametresi igin d=1.0
alinmis ve ugtaki osilatérin uzunluguna ( dolayisi ile toplam enerjiye) goére enerj
transferinin  degisimi hem klasik ve hem de MM altinda gdézlenmistir. MM
hesaplarinda baslangi¢ dalga paketi 20 harmonik osilatdor 6zfonksiyonundan olusan
bir MUW (minimum uncertainty wavepacket) olarak alinmistir.

Y(MUW) = ¥ ¢k ok

¢ ise exp(-0.5*a*a) a“ (k!)" olarak verilir. Buradaki a parametresi ise dalga
paketinin yerlestirildigi klasik benzeri konum ve momentumdan olusur.

a=(05mw/mn" (x+il(mw)p)

Baslangi¢c kosullarinin detayl tanimlari ise soyledir. Klasik mekanik yontemde bir
6nceki kisimda anlatilan kosullar alinmistir. MM de ise, ilk (N-1) osilator gene klasik
olarak denge konumunda tanimlanmislardir ( x=0, p=0). Son osilator ise kuantum
dalga paketi olarak ayni enerjiyi verecek sekilde secilmistir. Her ki hesap da es bir
zaman surecinde ¢ozulmus ( MM hesaplarinin kararlihgi i¢cin daha kuguk zaman
adimlari kullanmak gerekmistir) ve belirli araliklarla hesaplanan pek ¢ok ozellik
saklanmistir ( Bu proje gercevesinde alinan DAT surtcl ve disk son derece ise
yaramistir. genelde 4 osilatérla bir sistemde yapilan tek bir hesap igin 20 MB
civarinda disk alanina ihtiyag belirmektedir; yodun bilgisayar zamani gerektiren
hesaplarin sonuclarinin saklanmasi ise 800-900 Mblik bir alani mesgul etmektedir).

Sekil 2 de ilk Ug osilatérun ortalam\énerjilermm toplam enerji (baslangi¢ kosulu) ile
degisimini hem klasik ve hem de MM yonteminde vermekteyiz. Kuantize edilen
osilatorin 4 numaral bag oldugunu burada belirtelim. Genel egilim, enerjinin ugtaki
osilatore kadar yayilabildigi fakat MM yaklasiminda bu yayiimanin klasik yontemlere
gore daha az miktarlarda oldugudur. Sekil 3 de ise baglarin ulastigi maksimum
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boyutlarin degisimi verilmistir ve sonuglar, baslangigta dengede olan baglarin da
buytk olgude enerji kazandigi, hareket ettigi fakat MM yaklagiminin bunu nispeten
kisitladigr yonundedir. Son olarak sekil 4 de 3 ve 4 numarall baglann arasindak,
kinetik ve potensiyel enerji baglanti terimlerindeki ortalama enerjiler verilmistir.
Potensiyel enerji degerleri her iki yontemde de farkhiliklar gostermemekte ise de
kinetik enerji egrileri 6neeki grafiklere benzer azellikler vermektedir.

SONUG

Butiin bu verilerin sonucunda MM yaklagiminin enerji transferini yavaslattigi ortaya
cikmaktadir. Bununla beraber bu yavaglatmanin iki nedeni olabilir, Birincisi, sisteme
katilan kuantum etkiler, digeri ise SCF yaklagimidir. Bunlarin —ayr ayri
degerlendiriimeleri igin gerekli teorik ve sayisal galigmalarin onumizdeki bir-iki
seneyi almalari s6z konusudur. Buradaki énemli sorun klasik ve kuantum mekanigini
SCF yaklagimi kullanmadan birlikte degerlendirebilecek bir yontemin olmamasidir.

Klasik ve kuantum dinamigi, SCF'e benzer bir sekilde ayrt ayri cozecek yontemlerin
incelenmesinde bazi ipuglarinin eldesi bu caligmalara baslangi¢ olacaktir.
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Abstract
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possible to interpret neg

wive probalbility, the Wigner transform has conceptual difficulty
in representing classicnl V!"JWU”W»‘:’ distribution !1»} However, it has been shiown in some

ss that Wigner function osallates with a high frequency m the semiclassical

limit, therefore, 1t can be smoothed out with a proper weight function U* Previous to
Lhis observation, Husimi has proposed that a Caussian averaging would mdeed yield a
-
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al and positive valued phase space representation {41
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2. Dynamical Systems
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ost common chotce for studying quantumn d

qncertainty wavepacket in terms of harmonic oscillator eigenfuncmaﬁs is given as (18]

y =

where ¢, = XD (—%[3) a™ = of which o

coordinate and momentuint.

.

3. Hlusimi Transforms

Since Husimi {ransformation of wavefunctions are functions of two variables, we
choose Lo display (hem as surfaces of the p-q plane.
mations of harmonic oscillator eigenfunctions {or various quantum aumbers. Bxcept (o
the v=0 state, all have distorted ellipsoid shapes and 7ero magnitude at the center
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Figure 2. Husimi transformations of anharmaonic oscillator eigenfunctions af
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i : ) . Sioure 2
Figure 4. Monte Carlo weighed pots from Husimi distributions of the functions wm Figure
(a) anharmonic v=10, (b) anharmomc v =720, {¢) Migimum uncertainty wavepacket
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We are in the process of computing Lyapunov exponent spectra {o

stem for sets of uutial points selected (rom different wavepacket

Phe vanation of the
chaotic behaviour of these sets hopefully would give us some clues for the ol

A twosdimensional

ssification of

quantum wavepackets
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(ii}) be extendable to time dependent SCF

procedures {71,
(iil) be extendable o0 classical quantum mixed mode prob-
tems [7 - 91,

and be
systems {1},

(iv) transferable

to massively parallel computer

In this paper we only present the formalism and the
results of some model calculations and some benchmarks.
ln order to work effectively even for large systems we
followed two lines of thought. One (method A) is based on
the Schrédinger representation while the other (method B)
begins at the intermediate representation [10]. In both cases
a formal transformation of the time dependent Schrodinger
equation (1.
for fo

i) to Hamilion-Jacobi type equations of motion
rmal position- and momentum-coordinates 1§ per-
formed and these equations are solved numerically with
technology of the molecular dynamics type. In Chap. 2 the
formal work is described, while i
results for

in Chap. 3 some numerical
he dynamics of an initially minimum uncertain-
ty Gaussian wave packet are presented. In the final C hap. 4
come conclusions are drawn and an outlook on future ap-

plications 15 given.

2. Formalism
2.1 Schrodinger

Sin e are basically it
opment of

Representation

werested initially in the time devels
given wave packets, the Schrodinger representas
tion {10] 15 the most convenent one because of the fact that
in this representation all the ame de pendence is (for sta
tionary Hamiltonians) focused on the wave functions.
Srarting with a Hanultoman

H o= Hy V (2.0
where Mg is Hamilto

mian for which the eigenfuncuions ¢y
are known and V

is a perturbation which does not necessart
Iy have 1o be small, the time dependent Schrodinger Bg.

reads

ales
.,

o
Expanding o formatiy with respect o the bases {funcuons
GIves
Lpy = 3 2.5

wis of Mans [ and substtate

sy, wih M p i gy A

We write the matrix elements of the Hamiltonian in the
form

., 3 7
we t lbur (2.6}

where a,, and b, are elements of real symmetric malyices,

(7 7
e = Ay s (1.7}

From the real and theimaginary part of Eq. (2.3) 1t results

that
ax, . U
S Y vt XDy 2%
a1 ,
and
ap, —
- \_4 {Xvamr ’/)vbur} {)? ‘5‘
o \
We define a formal Hamilionan as

[— i )
Ho= Yy - ip e ip) Hie (210

20
fmmediately we see that
OH L
e R (‘\’\‘{Iuv Iz /}ut ) (VIRRS
av,,
andd
aH = oy
e Yo ratxGbd (2.0
ap.,
Conseguently
ax, Ol a0, aH 213

o bp, o o

Hamilron
Hator

which are the Slacoh cquations of motion ot a

classical osal in n dime

snstons [T with the mom

nd position Component /2, and v, oo owe i

the approxumate solunon of the tme dependent

schrodimac {1 Hy oo problem which can

sl methods commmonty used 10

classical dvnam

1t should be noted here that by

ot problem unde

(?,‘ (3} i\ atso valid wihen

srniltoman H o explictly ome d&:pe mh 1t h\

Cone cannot say anvthing on the siability of !h»: S0

Gon wihou considering the exphent form of the i

1134
For ume independent Hanulonians (he dynamics of the

whole svstem are linear, 1.e. A1 a-dimensional trajector




are expected (o be stable. For this latter case one can take
the conservation of the energy to be:

Foe (MY = ) (x,

iy

i/)u) "{sw(«,x\y + V))

and the conservation of the norm (0 be:

LIS IS S 3 1s
L i+ pi] =i (2.1%)
as criteria for the quality of the numerical procedure.

2.7 Intermediate Representation

The intermediate representation (10} 15 useful for all case

where the model system can be split inoa way such that the

fast motion, which may be related to the action of the zero

order Hamiltoman Hy, can be rransformed out of the
equation of mouon, Such a separation may be very useful

in order 1o make numerical procedures more effective. In
this work we also have used this representation 1o test how

exphicit time dependence of an effec

Hamiltonian 1s o

fluencing the stability of numerical integration procedures

In the mtermediate representation the bime evolunion of

a wave packel g, 1s determined by (1]

{(2.16]
with the perturbation Hanulioman
v, Uy VU, (207

and the tme

fution operator for the zero order

e

Again we expand the wave v

S

yhy ol
tion ol the ¢

ersiates of the zero orda

S e

interpret the voand prromponenis ds positon. and

STIPONCHLS QUUUrTing 1 oa Hamihionan as

the Hamijtonian g, €2 the cguations of

With

for the Tormal position

AnG

OIeniui ConIpOneiy

ddentical 1o those of the Sehrod

Croyente entanon i

(2.13).

for the Sotution of

3.3 Newton’s Equation of Motion

As has been mentioned above, the formalism presented
here should be used in mixed classical

cal quantum calculations
of a time dependent SC
Sipce the numerical integration of the clas

within the scheme procedure.

cal motion m
cases (f
alporithms ke the Verlet scheme [14]) does not start trom
Hamilton-Jacobi  type equations of

most or example i most molecular dynamics

motion  but from
Newton's equation of motion, it is reasonable to use this

se of numerical integration scheme also

or the gquantum

motion, A transformation o Newton's type ol equation v

easily possible for the formalism based on the Schradinger
representation (see Geer, 2.1} at least i those cases +

the Hamiltonian is not explicitly nme dependent. brom

Fgs. (2.8) and (2.9 one obtains

LG G N 50
P Y bt huaud P (2.22)
and
a e )
- v L L R 1,1 jx,
ar” W
RS , T )
D YD I I IRt N IR EN
iR ¥

peo il the Hamiltoman represented by a real sy

matrix A, ey, Newto waations of motion read

i

i
|
3 AR
and
N |
(SR \,\ i \
ar : \ .

which both can be

1 Wase Packet Dyoamios in One Dimension




1 st

X)) = - 0.05 %" +0.00140625 X* (3.2)

s used. The complete potential X7/2 ¢ V{X) has a single
ninimum at X = 0 and a plateau value (V' = 0, V" = 0y for
i energy of ¥ = 15,

The expansion coefficients of a HOCS, located initially
it
X(1=0)=Xy=55, Pt=0)=P;=0 (3.3)
with respect to the eigenstate ol an harmonic oscitlator with

the angular frequency @ = 1, can be analytically given as {2,

3]

co=exp (o Ljalhatwn (3.4)
with

a=2 "X P (3.5)

Three independent series of calculation have been per
formed:

() The cigenfunciions of the complete Hamiltonan have
been determined within the variational scheme using, as a
basis. # harmonic oscillator eigenfuncuons of the zero
arder Hamiltonian. The time evolution of the imnal HOCS
i« caleulated in accordance with B, (1.3) with the coefhi-
cients of Fq. (1.4). The largest size of the basy sets used
here was 71 = 75 The maximum basis size was chosen such
that the expansion coefficients of the minal wave packet
(with respect to the approximate cigenfunction funcuon
with the highest quantum number) did not exceed a value of
10 % The solution of Fq.(1.1) m his approximation s
taken as a reference in the following and Is termed “exact”™

(b} The time propagation of the expansion coefficients has
heen determined numerically based on the Schrodinger
representation by integrating Hamitton Jacobi equations ol
motion Fg. (2.14) with a Runge Kutta integraton soheme
by using different tme steps

10 "= AL 10 (1.6)

| ‘
(measured o ow Uiis).

() The e propagation of the expansian coethivients fis
Been determimed numertcally on the bass of the mtermed;
QLo reptesentation as i (b)) where now the praire clements
Fon (221 of the Hamdtoman have the form

(l,l)“‘ Cr(:r \‘)/<“i l((\{”") (NS 7)

where vy are the eigenstates of the sero order harmonie
Hamiltoman BEg. (3.1

Hylvy = v+ [

3.2 Numerical Results

We have chosen an initial wave packet gg with Py and
Xy-values such that the total energy results as
£ = oyt Hg+ Vipy = 12.04 (3.9)
For this energy the anharmonicity of the potential funcuon
generates a fast decay of-the wave packel, i.c. ¢ remains
coherent only within a time scale which is comparable to a
classical oscillation period {12}, The real and maginary
parts of the wave function ¢
act” solution (a)

as obtained from the “ex-
are drawn 1 Fig. 1.
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plotted

ve been used it

- fgures that, for the present myoded

inital condinons, the resulis
the Schrodinger representaton ary
those obtamned wuh the intermedhae

- time step ol AL
quberantially in the 5¢
(125 the d-values do not depend any
e of the integration ume step

censitivity of the resulis i the mtermediate

Gonsly related to the pccurrance of
73.
range of the niual

CARC S 0D

ioh requencs

-

terms in the etfecuve Hlamiftonian Bqg. (3

These terms do

aot beeome small since in the ¢nc

for the Solution ©

wave packet the strong anharmonicities of the poteniial
generate lar nondiagonal terms in Hamiltonian.

for the determination of the ume
dependent coefficients o, (1) = x,(0)+ ip,(0) for the ”
solution and the Schrodinger representation type approx-

The numerical eftorts

ynation (by are of comparable magnitude, Le. the approx

imations described above are not faster in the present Case
than the diagonalization technique. However, the memory
requirements are much less in the difference technigues used
i the approximations (by and (c) than in the mainy
diagonalization meiliod (a). This factis definitely not im
portant for the model case studied 1n this paper, since the
number of basis functions i small, but it becomes mpor
sl

for reasonable accuracy of the expansion coel f1-

crems where 107 1o 10" basis functions

tant for large sy

be required

crents,

4. Conclusions

[t has been demonstrated  that the tme  dey
Sehradinger equation gan he effectively solved by introduc

ing  formal positon and momentum-coordin

ransforming this equation tod plamilton-Jacobit

cquations of Motor, © Wich then can be treated b
nigues known from moleculat dynamics simulation weal
ments, Two different schemes have been introduced, one

hased on the Schrodinger representation and one on

e n

ermediate representation of quantum states and

[Ha). For ume independent Hamiliontans (¢

where the time dependent expansion coelficient

128

e solutions of the time inde

ctly obramed from

At teast i principle) the m

procedure (method AY s very stable, because the equs

S
of motion become all inear with constant coefhaents I
iton ol and the conservation of the

COnse enet fOrm

can be taken as Criterions for the stability of the soluton {as

i done in molecular dynamics freatments.

pased on the

edliate representation (method B
t

the numerical

at least tor

flawever, this method can te anphe

+ the Hamilionan become

coible high frequency

term

s the numerical pie

was not motivated

proNTIaiive

4 formabivm whichs pariicularty useful |

ol nved

classical-guantaim systems 7

svample, the Creavment af two gquantum degrees o
(with N base Tuncuon considered) coupled 1o
s of freedom in a tme dependent se

4 H P P B N
(7] leads to an v v A

equations of monoet, which can be tra
wi oA very ol
1ol tos

Joaries simulation type rechniques

This will be demanstrated 1 pa
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Wave Functions

Methods for the approximate numerical integration of the time dependent Schrodinger equation with given initial
conditions (the initial wave packet) are presented. The methods are based on the Schrodinget representation of
the quantum dynamic system. The quantum dynamic equations are transformed into Hamilton-Jacoby type equa-

(ions of motion as they occlir in muln particle classical dynamics, i.¢e.

standard techniques in molecular dynamics

can be apphied for the integration. The dynamics of minimum uncertainty Gaussian wave packeis in strongly non-
harmonic, nonlinearly coupled oscillators are studied as examples. The numerically exact solutions are compared
to time dependent SCF approximations of the wave packet.

[. Intreduction

In g recent work of two of the authors [1] (referred 1o as
paper 1 in the following text) It has been demonstrated that
the time dependent Schrodinger equation 3

for the dynamics of a wave packel in one-dimensional,
bound systems can be effectively solved by introducing for-

mal position

and momentum coordinates and trans-

forming this equation to Hamilton Jacobi or Newton type
sets of equations of motion which can then be treated with
technigues already known rom molecular dynamics stmu-
lation treatments. Two different schemes have been e
troduced in paper 1, one based on the Schrodinger represen-
ation and one on the intermediate representation of
quantum states and operators 12]. For time independent
Hamilianians (e, systems where the time dependent ex-

pansion coefficient can in principle be divectly obtained

from the solution of the time ndependent Schrodinger

cquanion) the nomerical procedure 15 very siable, because

the eauations of moton all become hineat and with constan

Ihe conscrvation of ene

CO¢

AT

and the conserva

§

measured

L POSILONS 4r¢ meas aq muliples of e, hl

watits of fora Y where st dhe maes

s the anwular frequency of the basie oscillator,

constant divided by 2

Phivs, Chene, 98, 1557 1562 (1994) Noo 12

K VOH ("}?:'luyspmoi!wy!m{;"r sits b, 1rduas Weinhevn, 9ud

tion of the norm can be taken as criteria for the stabilins

the solution and ts analogous Lo treatments in motecutar dy
namics. The method based on the intermediate representa
tion is less numerically stabley at feast for the numerical ¢x

ample treated in paper L. However, the latter method can b
applied also 1o systems where the Hamiltonian becomes ¢«
plicity time dependent and possible high frequency terms
can be transformed out before staring the numerical pro
cedure.

In the present investigation the dynamics of a two-dim

sional wave packet 1noa strongly anharmonic, nonlin

coupled oscillator system s studied. In this case only
states have to be considered in the basis set and afl fon

coupling terms are real gquaniines. Two ditferent

proaches are considered:

(i) The expansion of the time dependent wave packet:

respect to a basis of products of one dimensional 2210

elgenstates, e, clgenstates af one-dimensional, e
oscillators, and

(it} The evolution ol the pitial wave

dependent SCEF approximation,

one coordinate 15 determied by the mean freld ¢

the wave packet mosing along - cecond coordimate and
VICE VETSa.

[ both cases the Sch

P, (1) s transfon

o a set of cquations of monon ol NewWlon' s 1vpe

tn section H the the quaniu

pransformations ol

tions o classical equations of ton e shortls

whilst section 1 deals with the

L,M’pn‘i\dg“‘*
anaby noal preatment

Thsd

proach. In secton 1Y, the

act” solution as well as myetiiod o

The resulis of aumericnd ST

of wave packels ma two din ot osaillaros

presented i sechion YooSome conclustons are drass e
final section VI

Gipis g e PR s




T. Gunkel et al

[I. Newton’s Equation of Motion

Since were are basically interested in the time evolution of
given wave packets, the Schrodinger representation (2] 15
the most convenient one bhecause in this representation all
the time dependence 15 {for stationary Hamiltonians) focus-
ed on the wave functions.

Starting with a FHamiltonian
[;r E2S ];’(’3 “+ I (? t)

where Hg is the Hamiltonian for which the eigenfunctions
@) are known and V is a perturbation which doesn’t
necessarily have to be small.

Expanding the

wave packet (the sotution  of the
Schrodinger Eq. (1.1)) @ with respect to a set of basis func

tions formally gives

oy =Y coloy) (2.2)

i

We follow the arguments of Manz {3} and numducc formal

position and momentum coor rdinates x, and p, respec tively:

Refc,) . Py~

Tide,) (7

T
fomd

Multiplying Eqn. (1.1 from the left by (g, | results

l: (X, if}z;)['[.ue

1

(i, +ip,) = with

}/{ﬁ ([’)¢>

(2.4

For bound systems the set of base functions can be chosen

as a set of real functions which leads to a real symmetne
matrix M, = Ho.
real

From the and imaginary part ol kg (2.4y 1t
transpires that
ax . o
o L !‘?3=1{115' (3\)
and
Py

YoxH,

(2.6}

o

4 formal Hamiltonian as

H (Xt pep ) Ho 7
and ser that

and

ii:mni&con _Jacobi Dynamics for the Solution of Time chndcm Quantum Problems i
i on- aco bt Ly R

OH
e ) Py (2.9)
Bp, v

Consequently

ax, ol

4

ar B,

which are the Hamilton-Jacobi equations of motion for a
classical oscillator
ston of

in n dimensions (where n is the dimen-
the basis set) 3] with the momentum and position
components g, and x, ie. we have reduced the Jm;m«
imate solution of the time dej sendent Schradinger Eqg. (1.
to a problem which can be treated with methods use dot
Newtonian dynamics.

It should be noted here that Eq. (2.10) is also valid when
the physical problem under consideration is not stationary,
e if the Hamilionian H is explicitly time dependent. How-
ever, one cannot say anything about the stability of the
solution without first const idering the explicit form of the
perturbatiorn.

For time independent I'I;umh(mm;w the dynamics of the

whole system is linear, i.e. all n-dimensional trajectories are
expected to be stable. For this latter case one can take the
conservation of the energy as a criterion for the stability of
the numerical m‘@ccdurc

Sipee the numerical mteg

f the classical motion
{for example in most molecular dynamics algorithms like
the Verlet scheme [4]) in most ¢ases does not start
Hamilton-Jacobi type

ration of

frosim
motion but from
it is also reasonable 1o use
ation scheme for

equations  of
Newtlon's equation of motion,
this type of numerical int the quantum
A transformation 1o New tonr’s type of equation 15

moton
eastly pmwblc for the formalism based on the Schrodinge
representation (see section 2.1} ar least in those cases w here

the Hamiltonian is not exphicuily time dependent. From
Fqns. (2.5) and (2.6 one obtams Ncwmn’s equation of mo
Lo

0 oA i (

sl b are

with

! N, H

ciandard MD

o for example, ihe Vertet

111, Time Dependent SCF Formalism

for svatable for

Pmportant i‘PP‘"”f‘i?"W“"*"

bg. U
) m’c!lmd\

endent Schrodinger
(TDHSCE
rmalism of this tvpe of app

the tome dep

dependent self-consistont field
e fo

roximation 1§ prosente
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‘¢ in a form which is suitable for transformation to sets
classical equations of motion.

fn the TDSCFE approximation we start with a Hamilto-
i [ which may be given in the form

hiR)+ VgL, -
i

L&) 3.0

it
[N aoka

H
here £; represents sets of coordinates and corresponding
omenta with pairwise empty intersections, i.e. the
amiltonians /1, only depend on the set x;, and Vis a term
yupling these sets. The solution of Fgn. (1.1} is then ap-
roximated by [6]

k K
oy, = 11 Inpeexp (F, (1) = H |7,

I ol K

(3.2)

‘here | n,y are functions depending on the i-th coordinate
et (in position representation)y and on time. Setting
ign. (3.2yinto Eqn. (1.1) and multiplying from the left with

0
[Tl = 11 @l (3.3)
j jetjwl
results in
B R~ o PP,
i—|ap=1h]" ~ Gntap (3.4)
M
where l??’{’i; is the SCF Hamiltonian for the /-th set
SCF £ 0 5]
h; o e [T oyl v IR (3.5
7 {
Gy(1) is a real function (see appendix A)
t o
A 3 h -
Gy =Y | i1 Sy LRy (3.6)
; at
determining the phase factors Fy(1) in BEg. (3.2)
H
Fi(o)y = Gode 3.7
o

From Eqs. (3.4) to (3.7) the 'l DSCF equations for the in-
dividual components become

K ey
N ) (3.8)
a1t

The explicit determination of the phase factors is not simple
sinee the integrant Gy in Eq. (3.7) depends on the phase fac-
tors Fi(1) with f not equal to 1. Fortunately the phase fac-
tors are irrelevant as long as only expectation values with
respect ta the TDSCE functions (Fgn. (3.2)) are calculated,
as it is done in this paper.

IV. Classical Equations of Motion

4.1 The “Exact” Solution

In the following section, we restrict the formalism to pro-
blems where only two set of coordinates are considered, i.¢.
where the Hamiltonian Eqn. (3.1) takes the form
= h &) +h,@)+VEP) (4.1)
The generalisation of the formalism to more than two sets
is straightforward. The--eigenstates of H can then be
approximated as linear combinations of product states
(fuplvp) where lupy and {uvp are eigenstates of the zero
order Hamiltonians /?X and A, respectively:

Ne N, '
=Y L cylupivp= Yooy lupivp (4.2

i=1j=1 ij

with

A X [T 4
hﬁu&»&ﬂﬂﬂ R H}U’j> ~~f,},“Uj'> .
The set of basis functions is not necessarily a tensor product

base, i.c. the pairs (Jup, {v;2) may be chosen according to
an energy condition such as

‘5:( + gf = Emax : (4.4)
Setting
x; = Reley) » py= I {e) (4.5)

Newton’s equations of motion (Bgs. (2.11) and (2.12)) read

= :L ( '}.« ['{r'j, “f»{“' min ) Ko (4.6 a)
mn S\ K 7
- L ( L [{{I. ?s'»'[{ki, i ) Penn (d‘ 6 h}
mn s Kl /
with the matrix elements
/'iu, mn ({:f + é:}!)(gxtrv é}ri + <z'3f [ PV % U 4.7

where &, is the Kronecker symbol.

4.2 The TDSCY Solution

Following the argument outhned in section 111 the time

dependent solution of the dynamic Bg. (1.1) 15 approx-
imated within the TDSCF scheme
Loy = {o ey (4.8)
where now the individual states bhecome
My Ny
lpy = Y ciiuy o lopn = Yoelie (4.9)
. Jo
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ading to the SCF-Hamiltonians and
P o4 Y, ol hy = v 1,44 92| - 0.0864 7§ 0.002916 77 . (5.3
ot ), O VLY 1y = -t ~0.0864 57 +0.002916 §7 . (5.3)
i1 a}
SCF _ g T . N
=F + Y ¢ eV 4.10
Y ty ‘;“ ) { b This model system has already been studied classically and
quantum mechanic ally by two of the authors {9, 10}
iith (“lassically, this system displays chaotic behavior even at
very low energies [10] bt it has been demonstrated that the
eV vy m = V) (4.1 quantum spectrum is much more regular than one shouid

expect from the classical results. Even for quantum
“he introduction of generalized coordinates and momenta  numbers 1> 100 there are eigenstates with a clear nodal

structure.
pHE . PTedmie])
2; — R A T (i"'f) (4.1 5.2 Initial Conditions and Dynamical Quantities

In this study we used minimum uncertainty Gaussian
- sy e Yelaceieal” e atiesre of e : PPN S B . .
eads to the “classical” equations of motion (see Eqs. (2.8)  wave packets (harmonic oscillators coherent  states,

Yy i srver 1)
wnd (2.9) in paper ) HOCSs) as initial states. The expectation values (0 and
. of the position and the momentuim, respectively, follow the
?wQ‘ = Y|P + O Bl classical equations of motion in the one- dimensional har-
- dst f??’ im b i . . .
at e monic oscillator while the amplitude remains Gausstan. The
apr o ar’xzzly{,ic properties of HOCSs {11 - 171 and the numl form
M(-mf« = = YO AL P B (4.13)  of the potential, presented as a power series in the x- - and y-
1 ” direction with coupling term 0.1 X7¥7, enable us to deter
) mine the energy expectation values of { HOCSs analytically
with after normal ordering of the total Hamiltonan H [see ap-
pendix Bl Ag an initial state, we have chosen two harmonic
Ay = 50+ L OO)+ P P /i oscillator coherent states jaffy, and lafin, located at
an
, oAy X0y = 02931, yA0) = 18069, 2 (0) = ~0.5724
) v ooy v (4.14)
By = Y 1QIPS P OUV e i e B e f — 3,216
n = Py = 012848 with e fi{Hlaf, = 3.2164
) ) ) ) ) and
and the matrix elements of the coupling term defined in ba.
(4.7). The equations of motion im Q7 and Py oare sym by x(0) = 5.6100 | X’(U) ,,,,, C0.0851 . !92(0) v (3368

metrical 1o Eqs. (4.13) and (4 14). The coupling term V N ‘
leads 1o a system of Ng oA N}A non-lincarly coupled Py = 16134 with foff [Hlafy, = 11.8443

equations of motion in contrast 1o N = NN, linear equi
tions in the “exact” solution with a tensor pmduu basis set. fhe dynamics of the (wo-dimensional wave packets s

The stability of a numerical procedure for solving these analyzed by considering the non-decay probability tunction

5 $ 0%
1o that the i

equations can be tested in both cases considert
norm and the energy of the system are stationary (6]

i

e il P
Papte) Ha Oy lafuni™ . (5.4}
. ave Packe cnanies i ST & 11 P . . .
V. Wave Packet Dynamics in Two Dimensions the energy of the individual modes

5.1 Model System

oy = {a oy

The formalism described above has been apphed 1o 4

. : , , R RCT I NS (5.5%
(wo-dimensional vibrational system with g aniiar AT e U T
monicities and a strong, non-linear coupling term )
and the coupling energy
H=h +vh,+01x°¥7 5.0 i I S S oo
Loy o iy o Xyt la iy (5.6}

with the zero order Hanuliomans ,

" golution (calculated s within the radi

for both the 3
3 i , tional variational scheme) and the DSCE approximation.
- P 00.00140625 3 {5 Within the variational scheme [10], we have calculated
ox } the cigenstates and cnergies of the total two-dimensiol nal

!
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Hamiltonian, (FBq. (4.1), in the basis of the product
eigenstates of the two zero order Hamiltonians (Egs. (4.2)
and (4.3)y. Then, the time evolution of the initial HOCSS
can be expanded in a basis of n eigenstates @) of the total
Hamiltonian [see Bg. (C9) in appendix C]. As in paper 1,
the size n of the basis (J¢p, 1= 1,n) was chosen by con-
sidering the expansion coefficient D, = (¢, |af of the ini-
tial wave packet with respect to the cigenstate | ¢, of the
total Hamiltonian, in such a way that the coefficient with
the highest quantum number did not exceed a value of
10

Within the TDSCF scheme [see appendix D}, the expan-
sion coefficients Eqn. (4.9) of the wave packet have been
caleulated numerically by a Runge-Kutta integration of a
et of Hamilton-Jacobt Eq. of motion (4.13) with different
time increments Al 1()"'5'125,\{53‘1()”3.

The deviation '
()= 1 - pEXACTTDSCE () (5.7)
between the “exact” and the TDSCF solution (see appendix
E| has been defined by evaluating the square of the overlap

TOSCE Lo

EXACT. G EXACT SNt g THSCE 2
P ()= a fnylapay I

(5.8)

which has to be unity at 7= 0.

5.3 Numerical Results

The propagation of two wave packets (low and high
energy) have been analyzed for both dynamical treatments
in terms of single-mode energy expectation values and
coupling terms as a function of time, and FFT characteris-
tics of non-decay probability functions. The deviation &(7)
has been calculated to compare TDSCE results with the
numerically “exact” solutions for the dynamics of wave
packets in the model systent.

We have considered the behavior of a wave packet o By
with a mean energy () = 3.2164. This has been located n
the harmonic regime (where the potential function can be
approxs

mated by a quadratic potential). Fig. 1a shows the
time series of the energies £.(0) (1), the coupling term
E. (1) and the total energy oo ) with a time increment 0.1
for 1024 time steps ¢a

Theretor,

ulated by the variational method.
60 harmmonic ascillator eigenstates have been used

for calculation of the one-dimensional anharmonic
eigenstates and the energies of the zero order Hamiltonians

i

ho(x) and (), The e
Hamiftonan

senstates and energies of the total

have been computed with a basis size of
n o= 300 product ag

i snstates of the two zero order Hamilto-
mians The total energy £, (1) varies within an absolute er-
ror of AF = 2210 %‘ whereas the error of the norm does
not exceed a value of 10

It appears that most of the energy of the HOCS [afiy, s
in the yemode and the tme series of the energies £ (1) and
£,y are almost constant, close (o that for two harmonic
oscillators, With the same initial conditions, the time series

of the energies EA0), £,0) and (E£,.(1) (see Fig. 1b) have

3 E\Dl(t)

[

£

Iy 3
&
o
o
&€
Loy
@
1 ELY Ay
A
B0
. /W\WAM}»}JMWAT/\J\JWMJ X
; ; (
« 2 40 64 BO 105
time {wy}
o . . N
T e
3 El lk 3
) 4
T e
o
B Wf 2
&
&
fel
@
-4 H

[ -
J\f«'\/ Vi B M,

|
RV J\)«f\f\v’”‘f\ VVAAAAAAT Y %
At ; 1;
: oMM AR
To 2 45 60 80
time {uy \]
Fig. |

Time evolution of

e energy contents £,(7}, E 1y of the individual
modes and the coup :

b
ling ene £y of an imitial minimum unee
; -

:
1y wave packet with mean enc £y e 3,216 (a) for the refe
method and (b) within the TD5S Approximaton

heen calcutated in the TDSCE approach, with a time nere-
ment 0.0025 for 40000 time steps (i.e.atotal ime of 100.0).
The energy £, (1) and the norm vary within an error of
less than 0.01% . The TDSCFE solutions in Fig. tb and the

“oxact”-solutions in T

;. la agree faurly well for a very
short time (several time units), but differ significantly for
the remainder of the tume interval. These differenc
tween the

bye-
woyaet” and the TDSCE results are not dueg (0
technical reasons, as the use of smaller time mcrements of

jarger basis sets do not improve the numerical results

Fig. I b shows that the TDSCOF time series are predominant

1
Iy periodic and have larger amplitudes than the correspon:

ding “exact” time series in Fig. ta. The results indicate that
the quality of the TDSCF approximation deteriorates rapid-
ly with time. An appropriate chowe of coordinates {60, 18]
or the inclusion of additional configurations [19] may
reduce the deviation of TDSCE expectation values from
“eyact” results as a function of time.

If the wave packet [ofiy is in the harmonic

Ehrenfest’s theorem ensures that the average position and

momenturm of the wave packet is very close to the clas

sical
value at any tme. Taking into congideration the necessary
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Time evolution of the enal ies B0,k
mean er CEY e 11.844 (a) Tor the refere
the TDSCEF approximation

v

) of a wave packet with
o method and (b) wihin

regular-classical-like dynamics of the center of the wave
packet, one can expect farge and periodic dilations of the
non-decay probability function, 2,400 = |{o Aiia /f(\!)}élE
in both methods over a long period of time.

The quantities Pup Ty and I*’ff/;"&;“’(r) are plotted
in Fig. 3a, confirming the arguments of the appearance of

large periodic ascillations. The peak positions and hewghts
qualitatively agree well for roughly 25 time units, but there
are discrepancies for larger Gimes 1. 10 is evident that the
“oxact” state decays faster than the TDSCF solution. These

discrepancies might result from the madequate description
of the energy transfer between the modes as a function of
time in the TDSCE framework [6¢l

We also have calculated the power spectral densities of

the non-decay probability functions using fast bouna
transform (see Fig. 4). Both power spectral densities are
mainly composed of two peaks at w = 12+ 0016 and
o = 2.4 +0.016. The absolute error i¢ half the frequency in
terval. Since in this example most of the energy of the inital

wave packet |a ), is localized in the y-mode (see Fig. ta o
{b), peaks have to occur al the

harmonic frequency
w, = 1.2 and at multiples of w = 1.2. One can sce in the

power spectrum of 132‘}’}“"1 (1) that the peaks in Fig. 4a

Pt

PUPPTEEEC

pra———

_;.;_:Mtw..:mw i

T
PP A

s

(=]
[»3
—
‘{,/-»4

S &WMA
ez
28

tme {md‘@

E,;}’\( Ty and
I~’;’igk’( F) of a wave packet (@) with mean energy (£ = 3216 and (B
with mean energy (£) = 11.844

Time series of the none-decay probability function P

are smaller relatve 10 TDSCEF method

(Fig. 4b), because the time series for the reference method

those for the

is less oscillatory.

In order to determine guantitatively the devianon bo-

tween the “exact” and the TDSCF solution, we have

catculated the quantity o0} [Fgn. (5.7), see also appendix

been used

] with the same simulation parameters that have bee
for the determination of the time series in Fig. ta and th
In Fig. 6a, the
o =0

wave packet (a i, for both dynamical treatments are the

aforementioned deviation starts with

- 0, since the expansion coefficients of the iitial
came. S(f) is an mcreasing function of tme and s far
than 0.9 after about 80 ume units; 1.¢

Cafrer this tme there

¢ no correlation between the expansion coelficients of the

TOSCE  approximation and  the  coefhoents of  the
aumerically “exact” colution. Note that the guant
/’57\‘ T(ry and If’/"/‘;,?&‘”'(z‘) displaved in Fig. g agree fau
Iy well for about the first 25 time units

At the i
Lo /)./[é SN

the square of the
L TDSCE
L ;i}é ot

averlap  between
is about 0%,

We also Tocus on the behavior of 4 wave packet

with a mean energy (£ = 24473 that belongs 1o the anhar-

monic regime (close o the

plateau value £ = 15y, The “ex
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16}
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1’7
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a.
z 3 4 5 6 7

1P {wl!

frequency  (Wgl
Fig. 4
Power speatral density, '@1»(«))*,3, of the non-decay probability func-
tion, £ (), of a wave packet with mean energy Y = 3,216 (a) for
the reference method and (b} within the TDSCF approximation

i

act” time series of the energies £, (1), E (1) and E(1) (see
Fig. 2a) have been calculated using the same set of simula-
tion parameters as for the lower energy with the exception
of the choice of the basis set size 7. The basis set size
n = 500 assures that the variations of the total energy re-
mains within an absolute error AL = 5-10
error in the norm is again less than 10 ’

3
* whereas the

Fig. 24 shows that most of the energy of the wave packel
is located in the x-mode. It can be seen that one energy
quanturm is ransferred from the x- to the y-mode during the
time evolution, whereas the noisy coupling energy L0
fluctuates around one energy unit for the entire time inter-
val. The time evolution of the individual energies (1),
E, (), B0 and the total energy B, (1) of the wave packet

“Jafy, within the TPSCE approximation, is shown in
Fig. 2b. In this case the time increment At is equal to 0.0025

and the total number of points for each time series is 1024,
The time series of the energles £,{/) and E.(t) are almost
periodic with a predominant fri:qucncy w = 4.0, which is a
multiple of the harmonic {requency with respect 10 the x-
coordinate. The transfer of an energy quantum from the
high energy x-mode to the low energy y-mode can not be ob-

,M \ b

i
frequency (gl
(b }\
1
H
0 " = fjg;;wA::tf&};rifx
1 b 3 4 5 6

frequency LWl
Fig. 5
Power spectral density, %[’(m)iz, of the non-decay probability func-
ton, I”,][,(z). of a wave packet with mean ene 11.844 (1) for
the reference method and (b) within the TDSCF approximation

served in Fig. 2a, confirming the arguments that TDSCYE
tends to produce too little energy transfer between the
modes [6¢].

The non-decay probability functions PE;;’“\T({) and
[’3,?}{?3(:‘;(&{) are displayed in Fig. 1b. They agree well dur-
ing the time of their first fall-off (about seven time units).
We expect many significant frequency components 1o ap-
pear in the Fourier expansion of these tirne series, since in
this case the wave packet belongs to (the anharmonic regime,
This is confirmed in Fig. 5, which show
densities  of 1"2;?”\”'({) and
the spectrum in Fig. 54 we see [our peaks occuring at
w, = 0.88£0.016, @y~ 189+ 0.016, @y =2.89+0.016
These peaks can be identificd as
multiples of the harmonic frequency @, = 1.0, shifted o
lower frequencies by Aw = 0. 2 In Fig. Sb, the power spec-

(ry exhibits peaks al the frequencies

STDSCE
w, = 1.0and w, = 1.2as well as some peaks at their lineat

5 the power spectral
STDSCE -
A e (O P

amining

trum of Pup

The deviation &{/) displayed in Fig. 6b has been

calculated with the same sirnulation parameters that have
heen used for the determination of the time series in Fig. 2a

B
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Deviation between the reference and the TDSCF solution, 8(¢), of a
wave packel {(a) with mean energy (&) = 3.216 and (b) with mean
energy (Fy = 11,844

and 2b. Fig. 6b shows that §(r) is larger than 0.9 after
about 50 time upits. At time £ = 7, the square of the overlap
between Q!}}fixm" and 1(1[3}; PEE s about 50%

After propagation of the wave packet |af,, with mean
energy (&5 = 11.844 for 100 uime units in the reference
method, the cpu time is plotted as a function of eight dif-
ferent basis set sizes nin Fig. 7a. Fig. 7b shows the ¢pu time
versus the time steps, after propagation of the packet
|afy, within the TDSCF :1()px'(3ximaiion, for the same
period of time as in Fig. 7 For a fixed level of accuracy,
e.g. for an error of less lhan 0.01% in the norm and energy,
the time increment must be less than 0.0028. To obtain the
results of the “exact” solution with the same level of ac-
curacy the tzasm size 1 must be greater than 425,

From Fig. 7, the TDSCF scheme is mughly eight times as
fast for the ujmpu tation of the time dependent coefficients
of the wave packet (and the rcqum:d memory storage is
much smalier) than the reference method.

V1. Conclusions

In this paper, we have made a comparison of the accu racy
and efficiency
pagation in a
the time

of quantum mechanical wave packetr pro-
two-dimensional anharmonic system within
dependent self-consistent field (TDSCF) approx-
imation and a linear variational scheme as a reference meth-
od. The TDSCF formalism has been presented in
which s suitable for the transformation
equations of moton, as occur
dynamics; t.e. n the
TDSCF method 15 eme
simulations of mixed ¢la

Although the TDSCF method conserves the norm and
energy, due 1o hermitian d‘;azaczsz of the TDSCF Hamilto-
nians, errors
wave packet.

a form
1o sets of classical
ring i multiparticle classical
field of molecular dynamics, the
important tool in the

ssical-quantum systems.

rEing as an

accumulate in the dynamic quantities mt the
From the numerical calculations, we have
found for the present model system and the selected initial
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(a) cpu time for 8 runs with different basis set sizes n (reference meth-
od) and (b) cpu time [s] versus different time steps (TDSCF approxima-
after

tiony, propagation of the wave packet with mean energy
Ay = 11.844 for 100 time units
conditions, the TDSCF results only agree well with

reference results for a time scale of the first fall-off of the
non-decay probability function. This is regardless of wether
the wave packet is started in the low or high energy regime
of the phase space.

The TDSCF method allows the [low of energy between
the modes with the total energy remaining constant. Never
theless,

for a wave packet started in the anharmonic regime,
the transfer of an energy quantum from the high energy x-
mode to the low energy y-mode within the reference method
cannot be observed in the
D%( Foapproximation.
FDSCE tends

the modes.

: corresponding plots for the

This confirms the arguments that
to underestimate the energy transfer between

reference method and the TDSCF
method assists in gaining an insight into the computational
advantages of the TDSCF approximation technique. As a
comparison between the TDSCEF and the reference method
for a given level of accuracy, e g. of less than 0.01% error
in energy and norm, computation of the time dependent
coefficients of a wave in the TDSCFEF scheme is

The benchmark of the

packet
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roughly eight times as fast and the calculations require
much less memory storage than the reference method.

Thus, we anticipate that future applications of the
THSCE approximation should be capable of handling
avixed classical-quantum systems with many degrees of
freedom.

This work has been supported by the Volkswagenstiftung, Han-
aover: TUBITAK, Ankara (TBAG-1218); Minerva Gesellschaft fir die
Forschung mbH, Munich; Cerman-lsracli Foundation for Seientific
Research and Development (GHFY

Appendix At Oy Functions

in arder to demonstrate that the expressions G(1) in Bq. (3.6) are
real numbers, it is sufficlent to demonstrate that all terms of the form
{1 D/ 81y are imaginary. This can be easily demonstrated in the posi-
tion space representation of the wave function ¢ = ¢(1, ¢ty where 115 4
coordinate set which may be correlated 1o one of the sets discussed
above. Seting

p=pprivg . @5 = ORI Ay
one obtaines from the stationasry of the normalisation integral

e . By g

Ngd?.g}i@;ziéf o g 4 e 0 (A2)
a1 S ar

On the other hand one has

S B¢y Z
fdrl gp—+re— -
a7 &1

’ - (AY

i.e. this integral and 50 all terms of the type U1 {an/dry are HnAginary
which proves that all Gi(ry are real.

Appendix B: The Energy Expectation Values
of Harmonic Oscitlator Colierent States
in a Two-Dimensional Anharmonic System

The coherent states (o fiy arg product eigenstates of the annihilation
operators 4, O with the

sigenvalues a, B, respectively:

(B

H{E, 5y #= i?‘?(,&} ¥ f%{{{j’} ¢y

with harmonic zero order Hamiliondans A%y and i

Te alate the energy expeciation values of HOCSs analytically, we
use the normal ordering {onmalism with the Boson creation and an-
pihilation operators & (for x-direction) and b v b (for y-divection)
to rewrite the Hamilioman:

-

At b by Yate Y d,, (YR (B2)

i

The energy expectation value of the normal ordered operator function
(B2 can be expressed by the corresponding cla ical value. For conve-
nience, we will indicate an operator function of & “ (b "y and aiby by
a bar if it is already in normal order.

The position operator of HOCSs along the x-component can formal-
by e written in a normal ordered form as

. Ly
P o e (T 4 d)

B3
View,
With the commutalor relation
W aty=aa’ —ata=1 B4y
one obtains
22 a4l s 520 1Y = . T
$lw e @ P24 @@ vy = , (B35
2y
S 32
i s
I {84}
2y
4 ! 4, na 3 Py 5 ¥
$t | e Je@ T waY = £ e (4w 2541 BN
fim‘zg 4oy

Fans. (BS) - (B 7y and the analogous equations for the y-compongnit of
the position operator lead to the following analytical form of the
energy expectation value of HOCSs:

s =5 Yx F% ary ot 3 -
@hiHafy = hov——% R N
2 * .

2 2y

e

{(B8)

appendix C: The «yixact” Time Evolution
of the Energies E (), E 6y, E. (1)
and of the Non-Decay probability Function
paﬁ(z)

The time evolution of a rwo-dimensional HOCS laffiping time -
dependent system can formally be wrilten as

lapy = e apon )

where the initial HOCS e 1)y can be expanded in & basis of product
cigenstates ([ o1k,0) of two harmonic oscillators

fa fLOy; = Y fi;,.\d,'{yi!«:r‘;%é; . ()
k?{g:\
with the expansion coefficients
d, Got/D and d, GRIFDY (€3)
;

Also, the initial HOCS a0y can be expanded in a basis of
cigenstates of the total Hamiltonian with the eigenvalue equalion

Higp, s L, L, [LOr3]
with
1.5~ ): S lugrtvg

(<5)
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o= ak k. luy= Kbl 1k (C6)
ky ky
yefining the expansion coefficients
5, =@ lapy = L chi-| L dueks (E apl, ) €D
k! Ky ky

where a’,ﬁx (b ) are expansion coefficients in a harmonic basis of the

one-dimensional anharmonic eigenstates in x (y) direction with the cor-

responding eigenvalue equation

TP AR Cri LA A R (C€®)
With the expansion coefficients D, of Eqn. (C7) and RBan. (C

obtains the time evolution of

tota! Hamiltonian

5), one
HOCSs in a basis set of eigenstates of the

1,0 = L () P10 - (€9

laBy = Y, DB
H ki

Thus, the “exact” time evolution of the energy along the x-coordinate

of HOCSs is:

@B A aB) = Vv P ) + POk (C 10)
ki

The equations for the energy along the y-coordinate can be derived in
an analogous way. The «exact” time evolution of the coupling term
E.(f) can be written as

@) lesf? P aBuy =cs L (e () + 1P (O (0 = 193, (O)

ijki
‘(”f\fz\“kﬂ%\ﬁz\vﬂ - (1)
The matrix elements in BEqn.(C11) are
RTIPR R IRCAPI U CRIE LT (€12)
mn
with
REITIR T AT AR N LR L (1)
k'rkn V ‘
using the wellknown relation:
{ - S
£k = {/m: <\//<,ik, i Vit i+ 0 (C14)
2w, \

The non-decay probahﬂity function Pqﬂ(t) of a time dependent wave
packet i$ defined as

Pty = i B tapupl’ (C19)

with Eq. (C9), the non-decay probability function becomes

Papt) = | L (e~ 1O i) Fipnt? - (C16)
ki
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Appendix D: The TDSCF Approximation of the Time
Evolution of the Energies E, (), E, (1),
E.(t) and of the Non-Decay Probabili(y
Function P,z(1)

The coherent state |af) can be approximated as a linear combina-
tion of product states {1 fvh where {up iy are cigenstates of the
one-dimensional, anharmonic Hamiltonians A% and hunh, respec-

tively.

lapey = T cHOe] @ ud o) = {atyifer

i

Yy

The (ime evolution of the energy in x-direction (and similarly in y-direc-
tion) can be written as

@By LA aBly = Y cf‘(t')c,"(t)c,’(r)«u,%\H,\ukup
ijkd
. D2
= ¥ et el o2
{

The time evolution of the coupling term £.(0) within the TDSCF
approximation can be calculated as
<a/3<r>\cgfzyztaﬁ<r>>xc«a(:)tfzxa(r>>wu>syz\/3(r>>

ceg ¥ e u
ik

({05}
-y c{*(r)v;'(e)w,\yl\u,> :
i
in analogy to Egs. (C12) ~ (C14) one obtains the matrixelements
77 \;22 tuy). The non-decay probability function Py () is defined as
Poptl) = L<a;3(0)\aﬁm>\2 . (1 4)
With Eq. (D1}, Pagll) becomes

GEED)Y X (0)-epr ) x0Tl 05
ki

E: Deviation Between (he “Exact” and the

TDSCF Solution

Appendix

The “exact” sohution

LaBupAet = T a0y ipia ) e L0 (Y
ki

and the TDSCE solution

\(1[}([ W TRSCE Z (‘IL([')L»]P({) \u/> \ ,)/> (!2)
i

can be compared by considering the overlap between the “exact”

wavepacket irz/}(l))‘;”‘“‘("T and the approximated one iaﬁ(l)}‘ DSEE,
PEXACT.TDSCE (/) ;]F,XACT<G puyiaBu NEERAE

(ED)

1 Y o) Cip ekl
ki
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We defined the quantity
S() = { - iEXAC’r«xﬂ(l) ‘aﬁ([»TDSCF}Z =y - PEXACT,TI)SCF(I) (BE4)

to calculate the deviation between the “exact” and the TDSCF solution
as a function of time.

References

{1} E. Yurtsever and 1. Brickmann, Ber. Bunsenges. Phys. Chem. 98,
554 (1994).

{21 A. Messiah, “Quantum Mechanics", Vol. 1, pp 110 - 323, North
Holland Publ. Co., Amsterdam 1961,

{31 J. Manz, 1. Chem. Phys. 91, 2190 (1989).

4] L. Verlet, Phys. Rev. 159, 98 (1967).

s} See for a review: R. Kosloff, J. Phys. Chem. 92, 2087 (1988).

6] (a) R.B. Gerber, V. Buch, and M. A. Ratner, J. Chem. Phys. 77,
3022 (1982).
(b) R.B. Gerber and M.A. Ratner, Adv. Chem. Phys. 70, 97
(1988). o
(c) R. Alimi, R.B. Gerber, A.D. Hammerich, R. Kosloff, and
M.A. Ratner, J. Chem. Phys. 93, 6484 (1990).

{7} P. Hofmann and J. Brickmann, J. Chem. Phys. 88, 6501 (1988).

[8] E. Yurtsever and T. Uzer, Ber. Bunsenges. Phys. Chem. 96, 306
(1992).

{9} E. Yurtsever and 1. Brickmann, Ber. Bunsenges. Phys. Chem. 96,
142 (1992).

{10] E. Yurtsever and J. Brickmann, Ber. Bunsenges. Phys. Chem. 94,
804 (1990).

[t1] (a) 3. Brickmann, J. Chem. Phys. 78, 1984 (1982).
(b) J. Brickmann and P. Russegger, Chem. Phys. Lett. 89, 239
(1982).
(c) J. Brickmann and P. Russegger, Chem. Phys. 68, 369 (1982).

{12] For a review of wave packet dynamics see: E.J. Heller in “Chaos
and Quantum Physics”, pp 1 - 134, Nato Lectures, ed. by A,
Voros, M. Gianonni, O. Bohigas. North Holland Publ. 1990

{13] (a) R.L. Glauber, Phys. Rev. /30, 2529 (1063); 131, 2766 (1963),
Phys. Lett. 21, 650 ($966).
(b) E.H. Kerner, Can. J. Phys. 36, 371 (1058).

{14] P. Caruther and M. M. Nieto, Am J. Phys. 33, 537 (1965).

{151 (@ C.C. Gerry, Phys. Rev. al3, 2148 (1986).
by C.L. Mehta and E.C.G. Sudarshan, Phys. Lett. 23, 574
(1966).

{16] R. Marquardt and M. Quack, J. Chem. Phys. 90, 6320 (1989).

{17] J. Brickmann and P.C. Schmidt, Intern. J. Quantum Chem. 23,
47 (1983).

{18] J. Kucar, H.D. Meyer, and L.S. Cederbaum, Chem. Phys. fett.
140, 525 (1987}

(19] A.D. Hammerich, R. Kosloff, and M. A. Ratner, Chem. Phys.
Lett. 153, 483 (1988).

(Received: July 8, 1994
final version: September 1, 1994)

E 8737




I St

PHYSICAL REVIEW E

Quantal-classical mixed-mode dynamics and chaotic behavior
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Dynamical behavior of a nonlinearly coupled oscillator system is studied under classical and quantal-
classical mixed-mode conditions. Classically, the system displays chaos above an energy threshold.
However, upon a partial guantization of the problem within a self-consistent-field formalism, the dynam-
ies becomes highly periodic, pointing out to the smoothing process of the quantum mechanics.

PACS number(s): 05.45.+1b, 03.65.5q, 82.20.Rp

INTRODUCTION

Intramolecular vibrational relaxation and energy redis-
tribution (IVR) have been among the most challenging
problems of chemical physics [1]. The description of the
internal motion of molecules, such that the energy in cer-
tain models) is transferred to other modes, forms the sub-
ject of molecular dynamics and the mechanisms and time
scales of these processes pose interesting questions.
These phenomena are almost invariably modeled by non-
linear equations and there are different approaches of es-
tablishing dynamical equations and their solutions. The
most simple and widely used methodology is the classical
trajectory analysis in which the Newton, Lagrange, or
Hamilton equations are solved for the nuclear motion
along the Born-Oppenhetmer potential energy surface.
Once the hypersurface is obtained from quantum
mechanical methods of various sophistication, or by
fitting to the experimental data, numerical integration
techniques can then be employed to follow the motion of
atoms in the 6N-dimensional phase space {2]. Despite its
general success, this approach has some serious draw-
backs. First of all, as the system gets larger, the proper
sampling of the phase space gets more and more difficuly;
that is, the necessary number of trajectories for a detailed
analysis becomes too large for practical purposes. But
more importantly, classical analysis suffers from its ina-
bility to incorporate several quantum effects such as
zero-point vibration and tunneling. Exclusion of these
effects may result in even qualitatively incorrect descrip-
tions of the system for certain cases. For example, a clas-
sical system may dissociate by the transfer of energy from
one mode to the dissociating mode, whereas in quantum
description of the system, the amount of enerpy
(ransferred would be less due to the zero-point effect, and
one may not observe any dissociation at all. On the other
hand, a full quantum calculation of the dynamics of a
reasonably large molecule is computationally very prohi-
bitive. Even though fast Fourier transforms allow us to
carry out such a task, at least for small systems 3,4}, the
computational burden is too heavy to analyze anything
but small molecules. There is a third alternative to
molecular dynamics in which both highly developed tech-
niques of the classical algorithms are employed and some
quantum effects are included. 1n the so-calied mixed-
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mode molecular dynamics, classical and quantum ap-
proaches are used together [5-9]. The basis of such a
mixed-mode approach lies in the fact that in large sys-
tems there is a great variety of frequencies, which can
roughly be classified as hard and soft modes, so that the
hard modes are treated quantum mechanically whereas
the slower ones can be studied within classical mechani-
cal approaches. Once this separation 1§ achieved, time
evolution equations can be solved in a self-consistent-field
methodology [10-12]. This is analogous to the Born-
Oppenheimer approximation, in which the fast electronic
motion is solved with quantum mechanical methodology
for the fixed nuclei since they move relatively slower
compared to electrons. Subscribing to this point of view,
an N-dimensional problem can be written as a sum of
smaller dimensional problems tn which nonlinear terms
appear as time-dependent perturbations.

There is also another very strong motivation of a de-
tatled description of the mixed-mode dynamics. The clas-
sical behavior of the Hamiltonian systems is generally
well understood with all the measures such as Poincare
maps, Kolmogorov —or information entropy, and
Lyapunov exponents allowing one to determine the regu-
lar and chaotic regimes in the phase space [13,14]. How-
ever, the quantum dynamics sufter from the lack of such
well-defined measures, which distinguish the regular and
“irregular’ behavior (15-17}. The previously suggested
measures, such as statistical analysis of the eigenvalue
spectra [18,19], sensitivity analysis [20--22], or autocotre-
lation functions (23], do not strictly respond the way the
classical mechanical counterparts work. In fact, the field
of “quantum chaology” now no longer searches for the
guantum chaos, but rather tries to distinguish different
qualitative behavior in the dynamics [24-27}. Mixed-
mode methodology offers an intermediate step tn which
ane can study purely classical measures of a system under
the effect of a quantum field. We would like to refer to
this mixing as ‘“parual quantization,” rather than the
more general “gemiclassical approach.” The idea s that
after partitioning the modes, classical ones can be studied
in two parallel sets of computations. The first one s the
fully classical one {(FC) and the other one is the mixed-
mode (MM, In both methods, one set of modes remains
classical but they move under the effect of “similar’ clas-
sical and quantum fields. Therefore, it is now posstble to

3422 ©1994 The American Physical Society
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. identical measures and observe changes upon
vantization of the system.

MIXED-MODE DYNAMICS

ut loss of generality, let us begin with a two-
anal oscillator system:

op)=H (x)+H, (y)+Vixy), (N

/(x,y) is a nonlinear coupling term, and if is as-
hat there is no transformation to obtain a separ-
m of the Hamiltonian. Within a self-consistent-
*F) approximation we obtain two one-dimensional
»nians in the form of

F=fg, +{Vix, ), , (2a)

FoH, 4 (Vix), (2b)

( ) denotes an appropriate average over the
ng coordinate(s). Now the dynamical equations
g these operators can be solved iteratively, that 1s,
e evolution of the system along one coordinate is
for a short time step under the influence of the
> field of the other models). Even though we do
ve rigorous proof that the averaging process of
uations does not destroy chaotic behavior, our ini-
culations show that classical trajectories of such a
do not show significantly different behavior than
of the original Hamiltonian if the time step is
ntly small, even under chaotic conditions.

> the new time-dependent SCF Hamiltonians are
| (since average quantities are constant only for the
»n of the small time step, H>“" and HyS(jF are time
lent), it is now possible to combine quantum and
al dynamical equations with proper boundary con-
. If we choose the x coordinate to be the classical
to be the quantum coordinate, our initial system is
i by a point in two-dimensional phase space {given
and p,) and a wave packet W(y,¢) (for a better
stion of the classical motion, an ensemble of 1nitial
nates can also be employed). In that case, dynami-
jations become

) /Ot = =3 x (3a)
/=N ap (3b)
DYy, ) /00 - HY T Wiy, ) (3¢)

202 Y . .
sing Ax “y© as the nonlinear couphng, we now define
{amiltomans as

SO AWy (4a)

P =H 4 hfxty? (4b)

( ) is the quantum average of y* over the wave
it and { | is the square of the classical coordmate

(again, for a bundle of trajectories, this is just an arith-
metical average over all trajectories). The time evolution
of classical trajectories can be obtained by the straighfor-
ward numerical integration techniques. The quantumn
equations can be solved by several methods. In order to
carry out a systematic analysis, we decide to expand the
initial wave packet as a linear combination of the eigen-
functions of the anharmonic oscillator H,, and follow the
time evolution again in terms of these basis functions.
Our mixed mode system is chosen as [28,29]

H=0.5(p2 +pl+x2+1.44p")—0.05x

+0.001 406 25x 4 —0.0864y°>
+0.029 16p*+0. 1x 2?2 . (5)

The coefficients of the polynomial are chosen such that
there are no double minima, and inflection points along
each coordinate are at the same level. This Hamiltonian
does not have any symmetry and there is no degeneracy
in either one-dimensional or two-dimensional eigenvalue
spectra. The wave packet is written as

Wiy, 00=3b,(g,y), (6)

where @, (y) is the eigenfunction of H, with quantum
number p.

H,p,(p)=ec,@,y) . {7
Now the Schrodinger equation in atomic units can be
written as

lzb.p(pp(y)::: szHprp(y) y (8)

with }}p denoting the time derivative of expansion

coefficients. By multiplying with ¢, from the left and n-
tegrating over the coordinate, we obtain

ib, ~’~’:2pr@ , (9)
where the matrix A is defined through

Ay =00 tp

Fafxt] [,y e, (idy (10)

In matrix notation, we obtain
iB= AB . (1

The above equation can then be simply solved by,

iB= ACC ‘B . (12)

Then,

i

iC B0 t4CC B R

Defining D = C
equation,

'B, we realize now a decoupled matrix

iD=ED (14)

where € s the pseudo-time-dependent unttary matrix
that diagonalizes the Hermitian matrix A, E being a di1-
agonal matrix with cigenvalues £, The solution is given
as
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! :Ngexp( """ £, (15)

N,? being undetermined integration constants.

ing in mind that the wave function must be continu-
a time, that is,

Ky, 80)=w**1(y,0), (16)
1 (k+ 1) define here two successive time steps. The
dary conditions can be expressed as
MB=by"10) . (17
i the final coefficients are
k k1
9,80)=23C,.d,, (0}, (18)
dEN0)=NY (19)

lly, we obtain formulas for

time-dependent
icients of the wave packet

BY=CkTINKYY and NEFT=pgpkCkty™! | (20

RESULTS AND DISCUSSION

1 the Introduction, it 1s discussed that mixed-mode
amics offers an extremely useful tool for the analysis
ne irregular dynamics as we go along from the clagsi-
to the quantum world. By quantizing part of the
niltonian, one can still concentrate on the classical
- of the system, that s, deterministic properties such
oordinates and momenta are analyzed instead of fol-
ing the time evolution of average quantities of the
ntum picture, which may give a completely different
cription due to  the smoothing processes.  Since
nitions of classical measures like Poincaré maps or
tpunov exponents of a mixed-mode system are some-
it ambiguous, we proceed to compute the usual quan-
s such as trajectories, time autocorrelation functions,
Fourier transforms of several observables of “‘simi-
 systems under {ully classical (FC) and mixed-mode
M) conditions. These conditions are defined as fol-
s: for FC conditions, classical trajectories in the
r-dimensional phase space are employed and for MM

0.60
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0.30 1
0.20
0.10

0.00 |

-0.10

[+}

ENERGY

Maximum Lyapunov exponents of the classical sys-

1.

F1G. 2. Poincaré map of trajectory no. 1.

conditions, a combination of a classical trajectory in
two-dimensions and a wave packet along the other coor-
dinate forms the total system. In the model system, the x
mode remains classical for both methodologies and the y
mode is a quantal one for MM computations.

To summarize the classical behavior of this two-
dimensional oscillator system, we present the Lyapunov
exponent spectrum from 5500 trajectories as functions of
the trajectory energy (Fig. 1). Lyapunov exponents are
computed by the tangent space method [30 31] and the
sum of all exponents remains less than 10~ © within our
integration times of 500 units (10° steps). Throughout
the discussion, generalized atomic units are employed
and Lyapunov exponents are given in units of bits/time.
Four-point constant-step Runge-Kutta integration is used
to solve both nonlinear and linear equations. Lyapunov
exponents generally converge around 250 units of time.
At very low energies (there is only a single eigenvalue
below 2.0 and 6 eigenvalues below 4.0), we start detecting
positive Lyapunov exponents. The critical energy is
around 8.0, after which there remains only a very small
number of zero Lyapunov exponents. This small number
of trajectories is attributed to initial conditions that are
stuck in the deep valleys of the potential surface and can-

X A

FIG. 3. Trajectory no. 1 along various cross sections of the
phase space.
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TABLE L. Initial conditions for classical trajectories.

not escape within time scales of our numerical expert-
i ﬁ ments. We conclude that the complete phase space is
Trajectory Y ,,,.w,..,,,_g,,,f,bk,,___M_E,,*,h,hfw, chaotic above this critical energy, and to fully realize the

1 1.943652  1.655468  3.497499  0.023611 effects of quantization an energy value that lays in the
2 — 1.943652  0.450488  3.497499  0.023611 completely chaotic regime is chosen for the comparison.
3 1625556 1.976260 3.687844  0.016515 For the definitian of the initial conditions for MM cal-
4 2.598642 0.0 3478904 0042206  culations, the coordinate and momentum along the x
(A) @ (B) @
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FIG. 4. (A) E, for FC and MM trajectories. (a) Mixed mode,
tory no. 4. (B) E, for FC and MM trajectories. (
tory no. 4.

(b} trajectory no. 1, (¢} trajectory no. 2, (d) trajectory no. 3, (¢} trajec-
al Mixed mode, (b) trajectory no. 1, {c) trajectory no. 2, (d) trajectory no. 3, (e) trajec-



mode are chosen as x=0.25 and p,=5.471 658 94, so
that the classical energy is equal to 15.0. (Mode energies
are computed only from Hamiltonians H_ or Hy, that 1s,
the energy in the coupling is excluded.) Along the y
mode, a wave packet as an equally weighed linear com-
bination of the anharmonic oscillator eigenfunctions with
quantum numbers 2 and 3 is used.

(A) )

(d)

(e)

e 1

[} 50 100 180 200

Time

FIG. S (A} x for FC and MM trajectories. (a) Mixed mode, () trajectory no |
tory no. 4 {Bi p, for FCand MM trajectories. (a) Mired mode, b} trajectory no. |
tory no. 4

Ry

Yy, 0)=(1/V2)p,+q,) . 2n

The quantum energy is then equal to 3.497498 97, cou-
pling energy is 0.02361115, and the total energy is
18.521 110 12.

The selection of the classical counterpart of the initial
conditions for FC computations poses a severe problens;

(B) ‘ (@)

{b)

o 50 100 180 200

Time

Clohtragectory no. 20 dd) trajectory no 3o tragee-

el tragectory nos 2 0d trajectory nos 3o trigece
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we do not know an accepted way of choosing clas-
ints that should correspond to a given wave pack-
e Wigner transformations (32] in general can be
r such phase space representations; however, they
rom the fact that they are not necessarily positive

lomains of the phase space, which makes them.

. to employ as probability distributions. In many
Husimi transformations [33-36] are proposed to
the phase space, as they are positive definite in all
, but they are of only intuitive nature. However,
study, as we do not claim to exhaust the complete
1 phase space, only a small number of trajectories
llyzed, and there may be different procedures of
g these trajectories. We select four different FC

3427

trajectories whose energies are exactly the same as the .

MM case. These initial conditions are chosen such that

(a) and (b) the energy along the y coordinate and the
coupling energy is the same in both the FC and MM

cases; in this case, there are two y values with opposite

signs (we choose only the positive momentum solutions).
(¢) The classical y coordinate is the same as the expec-
tation value over the wave packet.
(d) p, is taken to be zero and y is obtained so that total
energy is again the same. -

Actual values of these coordinates and energy in modes
and the coupling are given in Table I. These points sam-

/\/\/\/\/\NWWW\/\/\/V\/ |
1
FIG. 6. Autocorrelation func-
tions of x, P, E,, and E, for the
classical trajectory no. 1 and
MM.
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ple the available phase space very sparsely, but as we see
later they provide sufficient information on general
trends. The maximum Lyapunov exponents for these ini-
tial conditions are 0.466, 0.449, 0.414, and 0.480 respec-
tively. In Fig. 2, we present the Poincaré map, and in
Fig. 3 various cross sections of the phase space for trajec-
tory 1 are given. The other three trajectories give very
similar trends, pointing out that indeed we are in the
chaotic regime.

To compare two fundamentally different approaches
poses some interesting problems, and one of them seems
to be the partitioning of the coupling energy between two
modes. That is, how does one define the energy of each

mode? What are the contributions from the coupling en-
ergy? This separation is not unique and there is no stan- i
dard method of determining the contributions to indivi-
dual modes. Therefore, instead of computing energies of 3
each mode in an arbitrary way, we proceed to define
three energy terms E E,, and E_, which are either clas-
sical observables, quantum expectation values, or a com-
bination of them as in the case of E_.
Since the x mode is always analyzed classically, it is
more appropriate to compare properties of the FC and
MM methodologies along the x coordinate. In Fig. 4,
variations of E_ and E, in time are given for the duration
of 200 time units for_the MM and four FC trajectories.

FI1G. 7. Fourier transforms of B
autocorrelation functions of 1,
P E,E,.

0.76 1.0

E
C
S S N L/\MWJM
o 0.28 0.50

0.768 1.00

Freq.

Traj #1
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'e observe two types of distinct behavior. In all FC tra-
ctories, both amplitudes and frequencies of the oscilla-
ons display a large variety (longer time series for these
assical calculations are also carried out, but here only
i¢ relatively short ones are presented in order to be able
y display details). However, in the MM methodology, it
_clear that a great deal of periodicity appears in the cor-
ssponding time series. The variations of amplitudes are
usbdued and the very periodic looking structures are not-
4 In fact, they all seem to be composed of superposi-
ions of a few similar frequencies. This qualitative
hange in the chaotic behavior is more pronounced for
ke coordinate and momentum along the x coordinate
Fig. 5) where the motion in the classical phase space
cems to be only a single frequency one. In classical
nechanics, chaos is recognized by the sensitivity of the
nitial conditions; that is, one asks the question of how
fast the system forgets its past. One then can analyze the
time autocorrelation functions, since shey are thought to
be memory functions.

N

Cin=(/NY fft+7), (22)

(=

where f is the time-dependent function, 7 is the correla-
tion length, and N is the number of observations for the
given 7. After normalization, C (1) changes between ~ |
and 1, and any periodicity in it implies that the system
still remembers its past history, which is a fingerprint of
regular behavior. In Fig. 6, we display autocorrelation
functions of x, p,, E,, and £, for FC and MM cases. In
classical calculations, autocorrelation functions go to
zero quickly (sign of chaos) and then oscillate mildly
sround zero; however, those for the MM computations
show  strongly periodic structures. To determine the
magnitudes of periodicity, we have obtained fast Fourier
transformed (FFT) decompositions of autocorrelation
functions (Fig. 7). As is expected, FFT transforms of FC
trajectories show a variety of frequencies, whereas those
of the MM trajectory display usually single sharp peaks.
This final piece of evidence clearly points to a highly
periodic and regular motion for MM dynamics.

QUANTAL-CLASSICAL MIXED-MODE DYNAMICS AND . ..
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We would like to summarize our findings in the follow-
ing manner. In order to provide an opportunity to com-
pare classical and quantum mechanical dynamics, we ap-~
ply a mixed-mode formalism. Within this formalism,
part of the system remains classical; therefore, exactly the
same measures can be employed whether the system is
fully classical or is under a partial quantization. For a
reasonable comparison, we attempt to generate similar
initial conditions for both approaches. Classical calcula-
tions under these conditions display highly chaotic
behavior, as evidenced in the visual inspection of trajec-
tories along a certain surface of sections and Lyapunov
exponents. When we analyze several time-dependent
properties, i.e., their autocorrelation functions and
Fourier decompositions, we again note fingerprints: of
chaos. However, upon partial quantization, that is, by
switching from the internal ‘“‘classical” to “quantum”’
fields, radical changes in the qualitative behavior are ob-
served. The time variations of classical energies and
fields, radical changes in the qualitative behavior are ob-
served. The time variations of classical energies and
coordinates are no longer rich in frequencies, and they al-
most look “periodic.” In fact, autocorrelation functions
being highly periodic, we supply additional evidence to
the disappearance of chaos, and FFT's fail to produce
anything but single frequencies. It is reasonable to
deduce from these facts that even a partial quantization
smoothes out the chaotic details of a classical system.
This is in accordance with our previous findings that a
fully quantum description of a classically chaotic system
displays a2 much more regular behavior than expected
(28,29,37]. These resuits also provide additional evidence
to the belief that bound systems of quantum systems can-
not be chaotic [24,38].
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