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OzZET

Bu projede, degisik kriterler kullanilarak degerlendirilen seceneklerin en ¢ok tercih
edilenden en az tercih edilene dogru siralanmig kategorilere atanma problemi lzerinde
calistik. Bu problem cok kriterli siralama problemi olarak bilinmektedir ve {lkelerin
ekonomik ve sosyo-politik kriterlere gore degisik risk seviyelerine ayriimasi, banka
masterilerinin - kredi  basvurularinin degerlendiriimesi gibi durumlarda karsimiza

¢ikmaktadir.

Ustiin siralama (outranking) iligkileri Uzerine yapilandinimig siralama yéntemlerinden
Electre Tri metodu ardisik kategorileri ayiran sinirlar tamimlayan ¢ok boyutlu profillerin
belirlenmesini gerektirmekte ve secenekleri bu profillerin her biriyle karsilagtinp

kategorilere atamaktadir.

Ardisik kategoriler igin profillerin  agikga belirlenmesi karar vericiler icin zor
olabilmektedir. Profillerin acikca belirlenmesini gerektirmeyen yeni bir Ustin siralama
tabanl siralama metodu gelistirdik. Bunun yerine karar vericiden referans segenegi adi
verilen bir grup secene§i kategorilere atamasini istiyoruz. Sonraki asamada, bir
tamsayill program yardimiyla, geride kalan segenekleri bu referans segeneklerle

karsilagtirarak kategorilere atiyoruz.

Anahtar Kelimeler: Cok Kriterli Karar Verme, Siralama, Tam Sayili Programlama




ABSTRACT

We consider the problem of assigning alternatives evaluated on several criteria into
ordered categories Cy, Cy, ..., Cp. This problem is known as the multi-criteria sorting
problem and arises in many situations such as classifying countries into different risk
levels based on economical and socio-political criteria, evaluating credit applications of

bank customers.

We are interested in sorting methods that are grounded on the construction of
outranking relations. Among these, the Electre Tri method requires defining
multidimensional profiles that represent the “frontier” separating consecutive categories
Ch and Cy,q, and assigns an alternative to categories according to how it compares to

each of the profiles.

The explicit specification of the profiles for consecutive categories can be difficult for
decision makers. We develop a new outranking based sorting method that does not
require the explicit definition of profiles. We instead require the decision maker to
assign a subset of reference alternatives to the categories. To assign the remaining
alternatives, each such alternative is compared to reference alternatives, and assigned
to categories accordingly. The assignment of the remaining alternatives is done

simuitaneously via an integer program.

Keywords: Multiple Criteria Decision Making, Sorting, Integer Programming




1. GIRIS

Cok amagl karar problemierinde, segeneklerin degisik ve sirall gruplar altina
yerlestirilmesi probleminin ¢ok gesitli uygulamalan vardir. Kredi riski acisindan ulkeler,
sirketler, kisiler gesitli kriterler kullanilarak gruplanmaktadir. Universiteler ve akademik
programlar gesitli yaymn organlaninca siralanmakta veya gruplanmaktadir. Oteller ve
restoranlara, kalitesini digmek igin yildizlar veriimektedir. Bu gruplama islemini yaparken
cesitli teknikler kullaniimakta ve yeni teknikler geligtirimektedir. Bu projede, mevcut
tekniklerin bazi sakincalarini giderecek yeni bir yaklagim gelistiriimis ve cesitli verilerle

denenmistir.

2. GENEL BILGILER

Seceneklerin  gruplanmasi i¢in geligtirlen bazi teknikler durumu fazla basite
indirgemekte, bazilan ise karar vericiden (KV) kapsamli ve zor fercih bilgiteri
istemektedir. Bu projede her iki yaklagimin dezavantajlarini ortadan kaldirmak amaciyla

bir yaklagim gelistiriimigtir.

3. GEREC VE YONTEM

Bu projede, oldukca genel varsaymmlar kullanilarak KV’nin tercihleri temsil edilméye
cahisilmistir. KV az sayida segenegi gruplara yerlestirdikten sonra, geri kalan
seceneklerin yerlestirilmesinin modeller aracihdi ile yapiimasina galigiimakiadir. KV'nin
tercihlerinin “outranking” denilen, “cogunluk’ ve “veto” temelli genel bir tercin yapisina
uydugu varsayiimakta, bu yapimin parametreleri matematiksel modeller aracihgiyla
kestirilmeye calisiimaktadir. Bu parametreler kestirildikten sonra, geri kalan se¢eneklerin
yerlestiriimesi  yapiimaktadir. Matematiksel modellerde ortaya ¢ikan hesaplama

zorluklarinin giderilmesi igin gesitli yaklagimiar gelistiriimis ve kullaniimigtir.




3.1. Atama kurallarina uygun referans sec¢eneklerinin tanimlanmasi

Baslangi¢ atamalarini elde etmek igin, karar vericiden baz segenekleri kategorilere
yerlestirmesini isteriz. Bu segenekierin olusturdugu kiime A* olsun. Karar verici gerekli
yerlestirmeleri yaptiktan sonra yapiain atamalardan g¢evrim igcermeyen bir alt kiime elde
etmeye calisiriz. Gevrim olmamasi i¢in, C{ag)< C(a,) ise, aq segenedi a, segeneginden
dstiin olmamalidir. (P1) modelini kullanarak, varolan gevrimlere sebep olan se¢enekleri
referans secenek kimesinden eleriz. Sonugta kalan referans segenek sayisini en

¢oklamayi ¢alisiyoruz.

Karar degiskenleri:
a. bir gruptaki minimum altenatif sayis!
Ar uyum esigi
wy. j kriterinin agirligt
B {1 referans alternatifi g, silinmediyse
" |0 diger hallerde

(PV) Enfazia a+€y, . (1)
a< Z,-;C(ai):c,, v, Yhe H (2)

)= wela,a)va,a c A* (3)
S(a,a)< A—e+M1-y)+ M(1-y,),Ya,a c A*>C(a,) < C(a,) (4)
y,€{0,1},Vi (5)
we Q (6)
Ae[0.5,1] (7)

£ kiicUk bir pozitif tamsay ve M biiylk bir positif tamsayidir. Q kiimesini tanimlayan, w
(zerindeki kisitlar
W =1 (8)




£<w,;<0.5Yj (9)
Karar verici tarafindan tanimlanan baska tercih bilgileri oldugu durumda modele yeni

kisit olarak eklenebilir.

(2) numarall kisit &/nin her gruptaki silinmemis segenek sayisindan kiglik veya esit
olmasini saglar. Bu kisit ve amag¢ fonksiyonundaki o, karar verici tarafindan gruplara
atanmis secenek sayisina gére minimum grup bayGklugind maksimize eder. (3)
numarall kisit her kriterdeki bilesenlerinin agirlikhi toplamlari yoluyta toplam uyum OlgUtl
hesaplar. (4) numarali kisit a5 ve a, segenekleri arasinda gevrim varsa bunu tesbit eder.
Eger cevrim varsa, aq ve a, seceneklerinden birisi, amag fonksiyonundaki etkilerine gore

secilip elenecek.
3.2. Seceneklerin kategorilere atanmasi

Cevrimleri engellemek igin gerekli referans segeneklerinin elimine edilmesinin (A"
kiimesinin olusturulmasi) ardindan geride kalan segeneklerin atamasi yapilir. Bunun icin
profillerden degil, karar verici tarafindan atanmig referans seceneklerden faydalanilir
(As* kimesindeki segenekler). Karar verici tarafindan atanmig secenekler a, bizim
atamaya caligtigimiz secenekler a;ile gbsterilmistir.
Karar degiskenleri:

|1 g alternatifi C, kategorisine atandiysa
y’“_{o diger hallerde
um= a; secenedi Ch kategorisine atandiginda, & ve ax segenekleri arasinda Gstiin
siralama iligkisinin bozulma miktar

Parametreler: & kiiclik bir pozitif tamsay1 ve M blyik bir positif tamsaydir.

(P2) Epazia Y > > Uy —EA (10)
S(a,a)<A-e+M(1-y,)Va.eC,  h=1..ncat—1Vi (11)
S(a,a)<A-e+M(-y,),Va. e C,,h=2..,ncatVi (12)




Sla,a )z A-M(1-y,)-u,.Va. e C,,h=2..,ncalVi (13)

S(a.,a)zA-M(-y,)-u,.va eC, ,h=1..ncat-1Vi (14)

o Y =1Vi (15)
S(a,a)<A-¢gVa,a e A 3C(a)<C(a,) (16)
S(a,.,ak):Z?=?chj(a,.,ak),‘di,k (17)
Ae[0.5,0.8] (18)
Yn€{0,1},u,, 20 (19)
we Q (20)

(P2) modeli, atadigi secenek a/nin karar verici tarafindan daha Gst siniflardan birine
atanmis bir segenekten daha Ustlin olmamasini ve karar verici tarafindan daha alt
siniflardan birine atanmis bir segenegdin a/den daha Ustin olmamasini garantilemektedir
((11) ve (12) numaral kisitlar). Ayrica, model Ust siniflara atanan secgeneklerin alt
siniflara atanan segeneklerden Ustlin olmasint sadlamaya ¢ahligir; bu saglanamazsa,
uyumsuziugun en az olmasi saglar ((13) ve (14) numarall kisitlar). Amag
fonksiyonundaki ikinci terim de A degerini maksimize etmek igindir. (15) numaral kisit
her segcenedin bir gruba atanmasini sagdlar. (16) numarall kisit alt siniflara atanan
referans segeneklerinin (st siniflardaki referans segeneklerinden Ustin olmamasini

garanti eder. (18) numaral kisit 4 dederi i¢in sinir belirler.

(P2) modelinin yapitlamaz olmasi durumunda, atamalarnn (11} ve (12) numaral kisitlarda
en az uyumsuzluk ile yapimas: tercih edilebilir. Bu durumda asagidaki model

kullanilabilir.

_ |1 a ve a arasindaki Ustin siralama iligkisine uyulmadigt hallerde
*710 diger hallerde




Enaziay > z,+€> > > Up 21)
S(a,a )< A-e+M(-y,)+ Mz, Va, e C,, h=1..,ncat—1Vi (22)
S(a,a)< A-e+M(1-y,)+Mz,,Va, e C,,h=2..,ncat Vi (23)
Kisitlar (13)-{20)

zx degiskeninin 1 degerini almasi halinde, model, (22) veya (23} numarall kisitlarin z ile
iigili olanlara uyulmamasina izin verir. Amag fonksiyonu Oncelikli olarak bu gibi
uyulmama durumlannin adedini en azlar. [kincil amag ise upx degiskenlerinin toplam

degerlerinin en azlanmasidr.

Diger taraftan, uyulmama durumiarmin adedi yerine uyulmama miktarlarinin toplamin:

en azlamak icin asagida verilen mode! kullanilabilir. Bu modelde u; degiskeni (a;ax)

secenek ikilisi arasindaki Ustin siralama iligkisine uyulmama miktarina karsilik

gelmektedir.

Enazia . > U +&>. > > Uy . (24)

S(a,a )< A-e+ M-y, )+ U, Va, e C,, h=1..,ncat—1Vi (25)
S(a,a)<A-e+ M-y, ) +u,Va,eC, h=2,..,ncat Vi (26)
Kisitlar (13)-(20)

Kisit (24) uyulmama durumiarinin toplam degerini en azlar. Toplam uyulmama durumiarn
yerine en bilyiik uyulmama durumunun degerini en azlamak istenirse, model asagidaki

sekilde yazilabilir.

Enazla u+e). > > Uy (27)
U, Vik (28)
Kisitlar (25), (26), (13)-(20)




3.3. Seceneklerin atanabilecegi kategori araligi bulmak

(P1) modelinden elde ettigimiz referans sec¢enekleri kimesi A" kullanilarak elde
edebilecegimiz bir diger bilgi de her segenedin atanabilecedi kategori arahidir.
Secenek /nin kategori Aye atanip atanamayacagini bulmak i¢in (P2) modelinin degigik

bir varyasyonu kullanilabilir.

(P2) modeline yy- = 1 kisitimi ekleyerek f segeneginin f1” kategorisine atanmasinin
mimkin olup olmadidini belirleyebiliriz. Bu model (P24} olsun. Eger bu problemin
¢dzUmi varsa, diJer bltin segenekleri kategorilere yerlestirerek t secenegini h”
kategorisine atayabiliriz demektir. (P25) modelini bitlin h%<1,..., necat igin gbzerek t
secenedinin atanabilecedi butlin kategorileri bulabiliriz. Bu proseddri bitlin segenekler

icin tekrar edebiliriz.

(P24 modelinin gevsetiimesiyle (P3;) dogrusal modeli elde edilebilir.

(P3,) Enazla 0 (29)
s.t.

S(a.a)sA-egvVa,eC, (30)
S(a,a)<A-¢Va e C,, (31)
S(a,a)<A-&Va,a € A 30(a,)<C(a,) (32)
S(a,a,)=3., w,c(a.a,) vk (33)
Ae[0.5,1] (34)
we Q (35)

(P3;) modelinin kisitlar 6nceki modellerle benzerlik gdsterir. Amacimiz yalnizca
yapilabilir bir ¢ézim bulmak oldudu i¢in amag fonksiyonumuz bir sabit sayidan olusuyor.
Her a; icin, (P8 modelini bltin kategoriler igin ¢dzlyoruz. Yapilabilir bir ¢ozim, a
segenedini h kategorisine atamanin mimkin olduunu gdsterir. (P3;) modelinin




yapilabilir bir ¢ézimii yoksa, a secenegini h kategorisine atamak karar vericinin

yerlestirdigi referans segenekleri ile uyumiu olmayacaktir.

(P35 modeli aynica (P2) ve (P2y) modellerindeki tamsayi degiskenlerinin sayisini
azaltmak icin de kullanilabilir. Bu modellerde, yalnizca (P3;) modelinin yapilabilir sonug

verdidi vy degiskenlerini tanimlariz.

3.4. Kategori biiytkliiklerinin kisitlanmasi
Bazi durumlarda kategorilere atanmasi distindlen segenek sayisinda kisitlamalar
olabilir. h kategorisine atanabilecek secenek sayisini capy ile kisitlamak istersek, bunu

(P2) modeline
> Y =cap,vh

kisitlarini ekleyerek gerceklestirebiliriz.

4. YAKLASIMIN DENENMESI

Gelistirilen yaklasim gesitli problemler {istlinde denenmistir.
4.1. Lisansistii isletme (MBA) programlarinin siralanmasi

Financial Times (FT) tarafindan yapilan siralama verileri kullanilarak denemeler
yapiimistir. FT her yil 20 kriter kullanarak itk 100 MBA programini siralamaktadir. Biz
yaklasimimizin dzelliklerini géstermek igin 20 kriteri G¢ ana baslk altinda grupladik.
Yaklasimimizi, FT listesindeki 30 programi 5 kategoriye atamak igin calistirdik. Once
sectigimiz 8 programi referans olarak kullanarak (P1) modelini ¢bzdik. Referans
programlarinin higbir ¢ifti birbiriyle cevrim yaratmadi§i icin referans kimesinden
cikartmamiz gerekmedi. Diger programlar: kategorilere atamak igin dnce, cézmesi daha
kolay olan, {P3ih) modellerini ¢ézerek programlan atamanin mimkiin oldugu kategorileri
bulduk. Daha sonra, bu ¢éziimlerin sagladigi kolayliktan yararlanarak, géreceli olarak
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daha zor olan, kansik tamsayili model (P2ihYleri ¢bzerek de ayni isi yaptik. Bu model
az sayida ek bilgi kazandirdi. En son olarak (P2) modelini ¢bzerek programiar:
kategorilere yerlestirdik. Bu modellerle elde edilen ¢dzimleri Tablo 1’de veriyoruz.

4.2. Biiyiik Ornek

Bankacilik sektériinden alinmis 100 segenek ve 7 kriterli bir problem ¢dzdik. Referans
secenek sayisini, her kategoriye 2, 3, ve 4 segenek ekleyerek denemeler yaptik. Bu
problemlerde de (P1) bir gevrime yol agmadi. (P2) sonuglari referans segenek sayisina
pek duyarl cikmadi. Degisik referans sayilan ile ¢dzlldGginde, blylik Olglide benzer

atamalar yapildi.

Tablo 1: P3;,, P2i, and P2 Modellerinin Sonuglari

Program Name P3. P24 P2
Columbia Business School 4,5 4.5 5
Harvard Business School 4,5 4,5 5
New York University: Stern 34,5 3,4,5 5
Northwestern University: Keliogg 34,5 3,45 5
Stanford University GSB 34,5 3,45 B
University of Chicago GSB 3,45 3.4,5 5
University of Pennsylvania: Wharton 4.5 4.5 5
Duke University: Fuqua 1,2,34,5 1,2,34,5 4
Insead 2345 2345 4
UC Berkeley: Haas 2345 2345 4
University of Michigan: Ross 1,2,34,5 1,23,45 4
lese Business School 2345 2345 3
Cornell University: Johnson 1,2345 123 2
University of lowa: Tippie 1,2,3 1,2 2
University of Rochester: Simon 1,2,3 1,2,3 2
Vanderbilt University: Owen 1,234 1,234 2
York University: Schulich 2345 2345 2
Camegie Mellon: Tepper 1,2 1,2 1
Esade Business School 1,2,34,5 1,2,3,4,5 1
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Rotterdam School of Management 1.2,345 12,34,5 1
University of Virginia: Darden 1,234 1234 1
University of Western Ontario: ivey 1,2,3,4,5 12,345 1

5. PROJEDE GERGEKLESTIRILEN ASAMALAR

Proje 6nerisinde, proje slresinde gerceklestiriimesi planlanan asamalar ve proje
bitiminde alinmasi bekienen sonuglardan bahsedilmistir. Bu bdliimde gergeklestirilen
asamalar ve alinan sonuglardan bahsediimekte ve Onerilen-gergeklesen karsilastirmasi

yapllmaktadir.

Proje énerisinde &nerilen asamalarin nasil gergeklestirildigi agagida maddeler halinde

belirtiimistir.

 Profil bilgisi gerektirmeyen ¢ok kriterli siralama metodu gelistiriimesi. Projenin ilk
asamasi olarak belirtilen metot, proje kapsaminda geligtirimistir. Metotla ilgili
ayrintilar raporun 3. ve 4. bdlimlerinde detayl olarak agiklanmistir.

o Kategori blylkiiklerine gére atama yapma: Bu problem, Uzerinde caligilan
problem ile benzerlikler géstermektedir. Uzerinde galisilan problem, bu problemin
bir 6zel durumu olarak dustndlebilir. Kategori biykliklerinin énceden verilmis
olmast durumu yapi itibariyle probleme yeni bir boyut katmaktadir. Bu durum,

raporun 3.3 numaral bdliminde ele alinmisgtir.
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Yazihm geligtirimesi. 3. ve 4. bdlimierde belirtilen modelin uygulamasi olan
yazilm ODTU grubu tarafindan gergeklestirilmistir. Yazilim, modelin girdileri
verildikten sonra tim asamalan uygulayip kullaniciya alternatiflerin atandiklars
siniflart  vermektedir. Ayrica girdi ve ¢iktt dosyalarinin  standart olarak

tanimianmasi ile yazilim genel amagh olarak kullanilabilecek duruma getirilmistir.

Gercek hayat uygulamasr: Geligtirilen metot isletme ylksek lisans (MBA)
programlarinin siralanmasi problemine uygulanmis ve Bolim 4.1'de aynntili
olarak tartisilmigtir. Ayrica bankacilik sektérinden alinmig verilerle daha blytk
bir problemde de uygulamasi yapiimig (B&lim 4.2) ve sonuglart ahnmigtir.

Siralanmarms kategorilere atama problemi: Bu problem, ele alinan problemden
oldukga dnemli farkliliklar gdstermektedir. Karsilikh seyahatlerdeki (her iki tarafin
yodun programlari nedeniyle) aksamalardan dolayr éngérilenin ¢ok altinda
biraraya gelme firsati olmustur. Bu nedenle, soz konusu problemin daha ilerki

asamalarda ele alinmasi planlanmistir.

Proje dnerisinde projeden beklenen sonuglardan bahsedilmistir. Beklenen sonuglar ve

bunlarin gerceklesmeleri agagdidaki gibi olmustur.

Uluslararasi bilimsel toplantiarda sunumiar. Calismamiz asagida belirtilen

bilimsel toplantilarda sunulmustur.

Selin Bilgin, Murat Kéksalan, Vincent Mousseau, Ozgir Ozpeynirci, “A New
Outranking-Based Approach for Assigning Alternatives to Ordered Classes”, The
18th International Conference on Multiple Criteria Decision Making, Chania,

Yunanistan, Haziran 2006.

Selin Bilgin, Murat Koksalan, Vincent Mousseau, Ozgiir Ozpeynirci, “A New
Outranking-Based Approach for Assigning Alternatives to Ordered Classes’,
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Meeting of the FNRS Contact Group “Méthodes quantitatives de Gestion”, Mons,
Belcika, Ekim 2006.

o Modelin gercek hayat problemlerine uygulanmasr. 4. bdlimde belirtildigi gibi
modelimiz MBA programiarinin siralanmasi problemi ve bankacilik sektoriinden

bir problem izerinde uygulanmistir.

o Yazihm gelistiriimesi. Modelimizin uygulamasini gergeklestiren bir bilgisayar

programi geligtirilmigtir.

o Uluslararasi bilimsel dergilerde yayin yapiimasr. Calismamiz Naval Research
Logistics isimli dergiye de@erlendirme igin gdnderilmis ve hakemlerin istegi

dogruitusunda iki defa revize edilmigtir.

» Diger aragtirmactlarin konu (zerinde ¢alismaya tesvik edilmesi: Bu amacimizin
bilimse! toplantilarda yaptigimiz sunumiar ve gikacak yayinimizia uzun vadede

gerceklesmesini bekliyoruz.

Projede 6nerisinde Dbelirtilen iki yiliik caligma plam asadidaki gibi zamaninda

gergeklestiriimistir.

(0 - 6 ay) Kavramsal ¢calismalar.
. (6 - 12 ay) Algoritmik ¢alismalar.
. {12 - 18 ay) Yazilim ¢alismalar:.

P B \®

. (18 — 24 ay) lik uygulamalar.
6. SONUC

Proje kapsaminda gelistirilen yaklagim ornekler Gzerinde denenerek uygunlugu
gbsterilmistir. Bu yaklagim makul biyiikllikteki problemierde fazla hesaplama zorluguyla

14




karsilasmadan uygulanabilir. Yaklasimin daha da gelistirilmesi i¢in caligmalar yarari

olacaktir.

Bu asamada, projede yapilan galigmalari igeren bir makale hazirlanmig ve “Naval
Research Logistics” adli dergiye dederlendirme igin gonderilmigtir. Bu makalenin son

hali ekie verilmistir.
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Anahtar Kelimeler: Cok Kriterli Karar Verme, Siralama, Tamsayill Programlama

Projeden Yapilan Yayinlar:
Murat Kéksalan, Vincent Mousseau, Ozglr Ozpeynirci, Selin Bilgin Ozpeynirci, “A new
outranking-based approach for assigning alternatives to ordered classes”, Naval Research

Logistics, dedertendirme stirecinde.
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A new outranking-based approach
for assigning alternatives to ordered classes

Abstract

‘We consider the problem of assigning alternatives evaluated on several criteria into or-
dered categories Cy, Cg,..., Cp. This problem is knowr as the multi-criteria sorting prob-
lem and arises in many situations such ss classifying countries into different risk levels
based on cconomical and socio-political criteria, evaluating credit applications of bank
customers.

We arc interested in sorting methods that arc grounded on the construction of outrank-
ing relations. Among these, the Electre Tri method requires defining multidimensional
profiles that represent the “frontier” separating consecutive categories Cj, and Cpyq, and
assigns an alternative to categories according to how it compares to each of the profiles.

The explicit specification of the profiles of consecutive categories can be difficult for
decision makers. We develop a new outranking based sorting method that does not
require the explicit definition of profiles. We instead require the decision maker to assign
a subset of reference alternatives to the categories. To assign the remaining alternatives,
cach such alternative is compared to reference alternatives, and assigned to categories
accordingly.

Keywords: Multiple criteric sorting, Outrenking relafions.

1 Introduction

When modeling a real world decision problem using multiple criteria decision aid, several problemat-
ics {or problem formulations) can be considered. [16] distinguishes three basic problematics: choice,
sorting and ranking.

Given a set A of alternatives {or actions), the choice (or selection) problematic consists in a
chotee of a subset A’ C A, as small as possible, composed of alternatives being judged as the most
satisficing., Optimization problems are particular cases of a choice problematic where A’ is restricted
to a single alternative. Purchasing a car or a house are such problems. The ranking problematic
consists in establishing a preference pre-order (either partial or complete) in the set of alternatives
A. Ranking academic programs is a typical exasmple. Choice and ranking are comparative problem
statements in that comparisons among alternatives are required to reach the results.

The sorting problematic consists in formulating the decision problem in terms of a classifica-
tion so as to assign each alternative from A to one of the predefined categories. The assign-
ment of an alternative a to the appropriate category should rely on the intrinsic value of o (and
not on the comparison of e to other alternatives from A). Typical sorting examples arise in
situations such as classifying countries into different risk levcls based on economical and socio-
political eriteria. and evaluating credit applications of bank customers. For example, credit rat-
ing agencies like Standard & Poor’s (S&IP) regularly evaluate countries based on nine criteria.
(http:/ /www2.standardandpoors.com/serviet/Satellite?pagename=sp/Page/HomePg). S&P currently
classifies 113 sovereign governments into one of a number of catcgories between "AAA” and "CC”,
AAA corresponds to S&P’s estimate of the group of governments having the least risk of not fulfilling
their financial obligations. Naturally, these estimates have o huge impact on the potentials of these
countries to borrow and on their borrowing conditions. 5&I° indicates that they don't use a fixed
formula or weights to establish the ratings.

Ranking academic programs can also be treated as a sorting problem. [6] and [5] arguc that
characteristics of this problem makes it more suitable as a sorting problem and they mention various
shortcomings of the existing procedures. Whether it is treated as a ranking or a sorting problem,
the resulting evaluations are very important for the academic programs, especially in terms of the
recruitment of students.

The litersture proposes various multiple criteria sorting methods: Trichotomic Segmentation [10],
N-TOMIC [g}, ORCLASS [8], ELECTRE TRI [20], PROAFTN [1], UTADIS {3}, & gencral class of
filtexing methods [14], rough sets [4] or Koksalan and Ula methods [19],{7}.

In this paper, we are interested in the multiple criteria sorting problems when the preference
model is grounded on an cutranking relation. More precisely, our work is related to a well known
existing method called ELECTRE TRI (sec {20], [12]). This method uses a majority rule and a
veto rule to compare alternatives to the so called profiles that arc considered as representative vee-
tors defining categories. Roughly speaking, when an alternative ”outperforms” a category profile in
terms of the majority of criteria, and is not "inferior” to that profile by a *large margin”, then that
alternative cannot be assigned to a worse catogory than the category represented by that profile.
The DM has to define weights, thresholds and profiles in order to operationalize the method. In
practice, it is not realistic to assume that the DM would be able to give explicitly the values of these
parameters; the natural terms in which the DM usually expresses his/her preferences and expertise
arc by making assignments of alternatives to typical categories. Inferring the model pararmeters of
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¢;{a) - g;{by) that preserves indifference between @ and by, on criterion gy; p;{br) represents the small-
est difference g;{a) — g;(bs) compatible with a preference in favor of a on criterion g;.

2 - compute the comprehensive concordance index c{a, ba):

M.u.m? Euhu?; ewv AMV
Mua.m_q Wy

3 - compute the discordance indices d;{a, b)), Vi € F:

nmgu &:.v ==

0 i gy{b) < g;(a) + ps(bn}
dilaby) = ¢ 1 if g;(be) > gi{a) +v;:(bn) (3)
€ [0,1] otherwise

> gi(bn) + vi(by) can-

where v;(b), 7 € G, h € H, denote the veto thresholds: an alternative a such that g,{a)
95(04) — vy(by) cannot o:?m:w bp, and an alternative o' such that g;(a’)
not be outranked by b.

4 - compute the credibility index S{a, by) of the outranking refation:

S(a, bu) = cla, b} [ [ E where @ = {7 € G': dyle, bu) > cla, by)} (4)

1 L
o ef{a, br)

The values of S{a,by), S(ba, @) and A determine how a and b, compare:
Sla,by) 2 A and S{bs, a) 2 A = aSby, and bySa = alby, L.e., a is indifferent to by,
S(a,by) = A and S{by, a) < A => aSbhy, and not bpSa = aPby, i.c., a is preferred to by,
Sla, by) < A and S(by, a) = A =not aShy, and bySa = by Pa, Le., by, is preferred to a,
Sla,by) < A and S(by, &) < A =-not aSby, and not &,Sa = alib;, L., a is incomparable to by.

Two assignment procedures are then available:
Pessimistic precedure :

a) compare a successively to b;, for i=pp-1, ..., 0,
b} by, being the first profile such that aSb),
assign a to category Cpqq (Cla) = h+1).

Optimistic procedure :

a) compare a successively to b, =1, 2, ..., p,
b) by, being the first profile such that b, Pa,
assign o to category Cy (Cla) = R).

2.3 Properties and issues for cutranking based sorting

The assighment principle we intend to study is the following:

aSh = Cla) = C(b), Va,b € A (5)

This principle states that “if an alternative a is as good as an alternative b, e should be assigned
to a category at least as good as ¥, In other words, this principle forbids that b is assigned to &
higher category than ¢ whenever S5, Figure 2, in which no alternative outranks another alternative

assigned to a higher category, illustrates this assignment principle. Such assignment principle has
been used in {13].

e [ =
==
S
Category p Category p— 1 Category p— 2 Category 1
Figure 2: Qutranking relations between categories
Consider the following propesition:
Proposition 1. Considering the assignment principle (5) holds: If a15a2, a2Sa;3, ..., ax—1Say and

apSay, for ag,ag, ..., ar € A, then QAQHV = Qﬁauw == QAQ,&

Proof. Consider & alternatives ay, a2, ..., ¢ that are involved in a circuit of the outranking relation
5, i.e., such that w;5a:01, i = 1,.., &k — 1 and agSe;. According to the assignment principle {5) we
can deduce that C(a1} = Clag) = ... 2 Cle.) = Cla:). The only possible assignments respecting
these inequalities are @ C{ay) = Clag) = ... = Clan). 0

This proposition states that the assignment principle (5) implies all alternatives that are in a
eircuit of the outranking relation S should be assigned to the same category. Hence, the absence of
circuits among alternatives assigned to different categories is 2 necessary condition for the assignment
principle (5) to be fulfilled.

It should be noted that the Electre Tri method does not respect such property of absence of
circuit among alternatives assigned to different categories. A simple counter-example can be built,
considering three alternatives involved in a circuit resulting from a so-called Condorcet effect: 3
alternatives evaluated on 3 criteria (to be maximized) are o he assigned to two categories C7 and
Cy. The evaluations of alternatives are given in Table 1 below:

Table 1: Condorcet effect

G429
@y 2 G 1
ay{ 1| 210
az ] 0| 1] 2

The eriteria weights are equal (wy = wy = w3 = Wv and A is set to any value between 0.5 and 1.
Marcover, we consider true-criteria (g;{1) = p; (1) = 0, € G}, and veto thresholds are set so that

5
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Proposition 4. Even when categories are defined such that g;{bui1) 2 g;(0) + pi(bi) + pi{bat1),
¥i € G, ¥Yh e H, Electre Tri method’s assignments are nof necessertly compatible with the assignment
principle (6) when considering all alternatives, i.c., when A' = A,

Proof. The example presented in Table 1 provides a counter-example that proves that Electre Tri

method’s assignments are not necessarily compatible with the assignment principle (6) when consid-
ering all alternatives. 0

3 A new outranking-based sorting method

Specifying the category limits through profiles can be a difficult task for the DM. On the other hand,
in many decision situations, DMs can easily specify alternatives that are typical examples of a cate-
gory, say reference alternatives. Therefore, we propose a new outranking-based sorting method that
does not require explicit profiles characterizing the multidimensional limits of consecutive categorics,
but rather represents categories implicitly using reference alternatives.

In this section, we first develop a procedure that captures the circuits, if any, among alternatives
assigned by the DM to different categories. We detect the alternatives that cause these circuits and
determine which assignments to disregard in order to eliminate the circuits. We then try to assign the
remaining alternatives considering the available preference information. We assume that preference
and indifference thresholds, therefore partial concordance indices of alternatives are known. We treat
criteria weights as unknown.

3.1 Identifying assignment examples compatible with the assignment
principle

To obtain the initial assignments, we ask the DM to assign some alternatives to categories. Let A* be
the set of these alternatives. We would like to have approximately equal number of initially assigned
alternatives in each category. To achieve this, different approaches can be employed in selecting the
alternatives to be presented to the DM for initial assignments. For example, we could use a simplified
version of Electre Tri without the veto property. We could use equal weights and suitably chosen
profiles and thresholds to come up with some rough assignments. We can then select alternatives
from these categories with the expectation that the DM’s assignments will roughly be consistont
with Electre Tri's assignments. Ancther approach would be to select the alternatives scquentially
utilizing the information obtained from the previous assignments of the DM, We can keep presenting
new alternatives to the DM until a desired number of assignments are made to cach category. We
should emphasize that these are some possible ways of choosing the alternatives in 4*. The chosen
alternatives will be presented to the DM who will make the actual placement of them into categories.

After the DM assigns the given alternatives to categories, we would like to find a large subset
of the assignments that do not have circuits. A circuit occurs when two alternatives from different
catogories outrank each other. There may also be circuits between more than two alternatives. Since
there are no profiles for categories, circuits between different categories may exist. We are not con-
cerned about circuits within the same category but we do not allow circuits between categeries. In
order not to have such circuits, whenever Clag) < C(a,), aiternative ag should not outrank alterna-

tive a,. That is, if an alternative placed in a lower level category outranks an alternative placed in
a higher-level category, there is a circuit.

Using model (1), we eliminate these cireuits (if there exists any) from the reference alternative
set, We remove some of the assigned alternatives in order to eliminate these circuits. (F71) achieves
this by maximizing the minimum number of alternatives assigned to any category. This belps in
maintaining an approximately equal number of alternatives in cach of the categories. After the

necessary climinations from set A", set A} € A* is obtained so that there are no circuits between the
alternatives in Aj.

BDecision variables:

o minimum number of alternatives in a category

A concordance threshold

w;: weight of criterion j

1 if reference alternative a; is not deleted

%=1 0 otherwise

(P1) Maz a+pT,, et )
s.t.
@< Vicoc, Yo Th € H (12)
Slag ) = Ll wiclag, a0), Yag,a. € A (i3)
Slag o) LA—e+ M1 —y)+ M{1—y), Ve € A* 2 Cla,) < Cla,) (14}
we{0,1} Vi g€ A (15)
well (16)
Aei0.5,1] (17

where p and £ are arbitrarily small positive constants, and M (big-M) is an arbitrarily large positive
constant. The minimal restrictions on w that define set Q are

(18)

t
€ <w, <05, Vj (19)

If we have additional preference information of the DM, we can incorporate these asg additional re-
atrictions in (.

Constraints (12) assure that o is less than or equal to the number of assigned alternatives that
are not eliminated in each class. These constraints, together with the term, @, in the objective
function maximize the minimum category size in terms of the retained alternatives assigned by the
DM. Constraints (13) define the overall concordance measure in terms of the weighted sum of its
components in each criterion. Constraints (14) determine if a circuit exists based on the assignments
of ey and a,. If a circuit exists, either o, or a, will be eliminated depending on their effects on the
objective function.

3.2 Assigning alternatives to categories

After we eliminate some of the reference alternatives in order to prevent circuits (i.e. after we con-
struct set A}) we try to place the unassigned alternatives. In making these assignments, we do not
use any profiles. Instead, we utilize the reference alternatives assigned to categorics by the DM (i.e.
the alternatives in A}) as benchmarks to place the remaining alternatives. We denote the alternatives

9
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3.3 Finding a range of categories

Another uscful information is the range of categories each alternative can be assigned to in light of
the set of reference alterpatives, A, obtained from (P1). To find if alternative ¢ can be assigned to
categary h, we solve a slight variation of (P2).

Letting g = 1in (P2), we can find if it is possible to assign a specific alternative ¢ to a specific
category B Lot this model be (P24}, If there exists a feasible solution, then it is possible to assign
¢ to b while finding feasible assignments to all remaining alternatives. By solving (P2y,) for all
h' = 1,...,ncat, we can find all possible categories of alternative £. We can repeat the procedure for
all alternatives.

A relaxed version of (P2y,) can be obtained as a linear program given as (F3;s).

(P34} Min 0 (a1)
5.5,
m_ﬁﬁ.rm_;"v <A—g, Ya, € QV: T»Mv
Sog,ai) € A—¢, Vap € Cpy (43}
S{ag, a0} € A—g, Va0, € A 3 Clay) < Cla,) {44)
S(a,b) = 30 wici(a, b)), {45)
Aelns, 1 (46)
w € (47)

The constraints of (P3;,) are similar to those in previous problems. Since we need to find whether
a feasible solution cxists or not, the objective function is not relevant and we just st it to a constant
value, zero. For cach g;, we solve (P3;,) for all categories. A feasible solution indicates that it might
be possible to assign a; to category h. When (3;) does not have a feasible solution, assigning a,
to category A would not he consistent with the DM’s assignments of reference alternatives,

{P3) can also be used to reduce the number of integer variables in (P2) and (P2,). We may
define only those y,, variables for which (/”3.,) indicates a possible assignment.

4 Demonstration of the Approach

In this section we demonstrate the approach using several problems. We first consider the evaluation
problem of MBA programs using actual data. We then use a problem from the banking sector to
further demonstrate various aspeets of cur approach.

4.1 An Application to Global MBA rankings

Here, we demonstrate our method on the MBA program rankings using the Financial Thmes {(FT)
2005 data. Every year, FT announces top 100 global MBA programs. FT uses 20 criteria grouped
under three main criteria: alummni carcer progress, diversity and idea generation.

{6] studied the MBA program ranking probletn for 81 programs of the FT data. We use 30 pro-

grams of their list to demonstrate our approach. They create numerical scores that arc consistent
with the criteria information that are provided in ordinal scale by FT. We use this data set to assign

12

the 30 MBA programs to five categories using three criteria.

We assurne that cight programs {reference alternatives} have already been assigned to categories.
The scores and categories of the reference alternatives are given in Table 2. Table 3 shows the data
for the remaining alternatives that are to be assigned to categories by our models. We use indifference
and preference thresholds given in Table 4. When we solve (P1), none of the reference alternatives
is removed from set A™.

Table 2: Reference Alternatives

Program Name Aluynni Diversity | Idea Gen- | Category of
Carcer eration Reference
Progress Alternatives

London Business School 68.78 62.03 59.87 5

MIT: Sloan 60.01 24.10 85.81 4

Yale School of Management 79.01 25.98 51.84 4

University of North Carolina: Kenan-Flagler | 67.8C 22.45 62.40 3

University of Toronto: Rotman 59.34 36.68 60.79 3

UCLA: Anderson 55.46 21.52 T4.54 2

University of Oxford: Said 57.04 43.4% 47.12 2

University of Maryland: Smith 55.33 25.28 64.13 1

‘We first determine the categories each alternative can be assigned to without causing any circuits.
For this purpose, we solve the linear programming model (P3;,) for each alternative-category pair.
We then solve the mixed integer programming model {72;,). The possible categories of both models
for each alternative are given in Table 5. (P24r) reduces the passible number of categories for Cornell
Uriversity and University of Iowa compared to (?3,,). Note that, the size of (P2y.) can be reduced
by defining binary variables for the assignment of program ¢ only for the possible categories found
.Uu..' QU .wtb.

Then we solve (P2) and obtain the assignments given in the last column of Table 5. Optimal
weight set is found as 0.362, 0.276 and 0.362 for the three criteria, and A is found to be 0.638. The
size of {P2) can alse be reduced like (P2q¢) using the results of (P3,).

(P2) places each non-reference alternative o to a category such that ¢ does not outrank a reference
alternative of a better category. For example, consider two programs: University of Pennsylvania:
Wharton {W) and London Business School (L). According to the optimal eriteria weights and the
A value found in {P2), the concordance and outranking refations of these two programs can be cal-
culated as follows:

13
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4.2 Some Computational Results

In order to further demonstrate the performance of our approach, we consider a sorting problem
which corresponds to a real-world decision problem in the banking sector, see {20]. However, due
to the confidentiality of the data, the precise context of the problem had not been explained. In
this application, the DM considers each day a new set of alternatives. The sorting model aims at
distinguishing alternatives so as to eliminate those considered as unsuitable with respect to some
predefined norm; at a second stage, a preference ranking of the remaining alternative was build; the
final choice was made on the basis of this ranking, We are interested here in the first stage, which
consists in the elaboration of a sorting model.

This example problem contains 10¢ alternatives and seven criterjia. We consider placing alterna-

tives into three categories, we simulate DM’s responses using Electre Tri with parameters given in
Table 6, and we try to choose the reference alternatives to represent categories well.

Table 6: Indifference ard preference thresholds and weights of criteria for Electre Tri

Criteria
i _ g2 _ g3 w 21 A 95 _ gs ﬁ gr
Indifference threshold ¢; | 0.64 | 1.56 | 1.56 | 1.56 | 1.56 | 1.56 | 2.04
Preference threshold p; | 1.28 1 3.17 [ 3,17 | 3.17 | 3.17 | 3.17 | 4.15
Weights w; 0.2410321012]0.32|0.120.120.16

We first tried our approach by choosing two reference alternatives in cach category. In this case,
the remaining 94 alternatives were placed by our models. 'We next added one more reference alter-
native to each category and run the models again to place 91 alternatives. Finally, we repeated the
pracedure adding one more reference alternative to cach category and placing the 88 non-reference
alternatives.

In none of the cases did Model (P1) encounter any circuits. Hence we did not need to eliminate
any of the reference alternatives, The results of Maodel (P2) turned out to be very robust. Regardless
of the number of roference alternatives, {P2) placed the alternatives into the same category, with
the exception of one alternative. This alternative was placed to category one when using two and
four reference alternatives, but to category two when using three reference alternatives. When we
compare the results of the assignments with those of Electre Tri, we observe that a vast majority
of alternatives arc assigned to the same categories in all cases. There were at most 6 alternatives
assigned to different categories by Electre Tri and our approach. Of course, in theory there could be
more disagreement since these are two different approaches. In ali solutions, the A value turned out
1o be very close to its lower bound. This is expected since minimizing uyy values is in conflict with
larger A values. Although the assignments to categories were almost the same with our approach us-
ing different pumber of reference alternatives, there was some variation in the resulting weight values.

We also solved the variation of {P2) that minimizes the maximum viclation discussed in Section
3.2. In this case we minimized the maximum uy value, rather than the sum of u, values. The
placements made by the model were identical to the previous case except for one alternative. The
alternative that was an cxception in the previous case turned out tc be an exception here as well.
Tt was placed to category two when using twe and three reference alternatives, but to category one
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when using four reference alternatives.

Another observation we have is regarding the objective function value of the (P2) problem. Tt
turned out to be very small (around 0.001), indicating that non-reference alternatives in better cat-
egories could cutrank reference alternatives in worse categorics, and reference alternatives in better
categories could outrank non-reference alternatives in worse classes, in general. Looking more closely,
only around 10 w, variables turned out to be nonzero among 1000 to 2000 possible winy, values for
different cases.

The computational difficulty of {/°2) increases with the number of binary variables. Number of
binary variables is equal to the number of alternatives to be assigned by the model times the number
of categories. In order to sce the computational performance of our algorithm, we conducted a small
experiment. We tried 100 and 300 alternatives. For the 300-alternative case we randomly generated
200 alternatives in addition to the original 100 alternatives. We sclected 5 reference alternatives in
each category and solved each problem twice; once using only (2} and once preprocessing with {P3,)
first and then using {P2) for the simplified problem. We present the CPU times we obtained using
CPLEX 8.1 solver on a Pentium 4, 2.80 GHz computer with 520 MB RAM in Table 7. The results
indicate that the CPU times increase substantially with the number of alternatives, as expected.
The effectiveness of (P3;;,) also increases substantially with the number of alternatives. The problem
is manageable for reasonably large number of alternatives using the CPLEX solver directly. It may
be possible to further improve the computations by studying the features of the integer programs
solved. This is an issue we consider for future research.

Table 7: Computational results

CPU scconds
Using (P2} only | Using {P3y,) and (P2)
3.63 3.11
783.63 180.95

Number of alternatives
100
300

5 Conclusions and further research

In this paper, we developed an outranking based approach to place altexrnatives into preference-
ordercd categories. Qur approach aims to avoid asking difficult preference information from the DM
such as weights or category limits (profiles) or the A threshold. We only require the DM to place a
small number of reference alternatives into suitable categories. We then place the remaining alterna-
tives with the aid of an integer program that maintains desired relationships between the reference
alternatives and the alternatives that are placed by the model. We demonstrate our approach on a
small exampie problem and observe that it performs well on larger problems as well. Studying vari-

ous aspects of the infeger programs is a future research direction that might prove useful to further
improve the computation times.

We believe that there is need for further research to simplify the information requirements of
outranking-based approaches. Further developments and experimentation will lead to more realistic
autranking-based approaches.
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