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ABSTRACT

A TWO-DIMENSIONAL TIME-DEPENDENT EULER SOLVER
FOR MOVING BOUNDARIES IN CARTESIAN GRIDS APPLIED
TO INJECTION DRIVEN INTERNAL FLOWS

Pekkan, Kerem
Ph.D., Department of Mechanical Engineering
Supervisor: Prof. Dr. Ahmet §. UCER

November 2000, 167 pages

A Cartesian grid Euler solver is developed for 2D applications involving arbitrary
combinations of stationary and moving boundaries. Some standard Cartesian grid
procedures are revised. The systematic handling of degenerate cells, which is the
requirement for a practical moving boundary Cartesian solver is accomplished.
Boundary offsetting in Cartesian grids with examples from special applications is
presented. Flux calculation procedures in finite volume solvers, for stationary-grid,
moving-grid and moving solid boundaries are reviewed utilizing the fundamental
Godunov method with an exact Riemann solver. Selected examples illustrate
independently complex geometry and boundary movement handling features. The
solution method is progressively developed, leading to applications in multi-
dimensions and applied to axisymmetric internal flows in Solid Propellant Rocket

Motors.

Keywords: Cartesian grid methods, Euler solutions, Finite volume, Moving
boundary problems, Offsetting, Grain Burnback, Internal Flows,
Solid Propellant Rocket Motors, Axisymmetric. Riemann Solvers



HAREKET EDEN SINIRLARDA IKi BOYUTLU ZAMANA BAGLI
KARTEZYEN AG EULER COZUCUSU VE GAZ ENJEKSIYONUNA
DAYALI IC AKISLARA UYGULANMASI

Pekkan, Kerem
Doktora, Makina Miihendisligi Bolimi
Tez Damigmani: Prof. Dr. Ahmet UCER

Kasim 2000, 167 sayfa

Hareket eden ve sabit simrlann herhangi degisik geometrilerdeki kombinasyonunu
kapsayan iki boyutlu uygulamalara yonelik Kartezyen ¢oziim aglarinda g¢ahsan bir
Euler ¢oziiciisii geligtirilmigtir. Standart Kartezyen ¢6ziim agi prosediirleri gézden
gegirilerek  degistirilmis. Hareket eden siur problemlerine yonelik tasarlanmis,
pratik bir Kartezyen ¢oziicii igin gerekli oldugu gorillen, dejenere elemanlarin
sistematik takibi saglanmugtir. Offset eden siurlarin, 6zel uygulamalardan alinmig
ornekleri sunulmugtur. Sabit-ag, hareketli-ag ve hareket eden kati simrlan igin aki
hesap yontemleri, temel kesin bir Riemann céziiciilii Godunov metodu agisindan ele
alinarak derlenmistir. Geligtirilen metodun simir hareketli ve karmagik geometrilere
uygunlugu secilen omeklerle ayn ayn gosterilmistir. Coziim metodu adim adim
geligtirilerek, ¢ok boyutlu uygulamalarda ve son olarak bir kat: yakith roket

motorunun eksenel i¢ akig ¢ozimiinde kullamlmigtir.

Anahtar Kelimeler: Kartezyen ¢6ziim ag1 metodlan , Euler ¢6ziimleri, Sonlu
hacim, Hareketli simr problemleri, Ofsetleme, Cekirdek
geriye yanma, I¢ akiglar, Kat1 yakitl: roket motorlan , Eksenel

simetrik. Riemann ¢oziiciileri
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CHAPTER 1

INTRODUCTION

L1 THE PURPOSE OF THIS STUDY AND COURSE OF WORK

In this thesis, “a general 2-D time-accurate Euler solver for internal flow problems
involving complex moving boundaries” is aimed. Cartesian grid approach is chosen
mainly because of its versality in the geometric definition when complex geometries
are concerned. Cartesian grid methods, unsteady and moving boundary problems will
be reviewed in this chapter, which are currently the attractive Computational Fluid

Dynamics (CFD) research areas.

Prediction of internal flow in a solid propellant rocket motor is the primary
application of this type of study where complex geometries, moving boundaries and
transient operation modes coexist. Besides all these features, the surface combustion
of the propellant must be modeled sufficiently complex so that the developed solver
can be efficiently used in design environment. The solver should also cover
axisymmetric geometries, if it is intended to be used as a design tool for solid

propellant rocket motors.



The core of this work is a finite volume solver. Fluxes from cell faces are calculated
by the Godunov method, which utilizes an exact Riemann solver that is generic in
terms of the code structure and its functions. The exact Riemann core solver can
easily be replaced by higher order flux calculation schemes (Variations of Total
Variation Diminishing (TVD) and Weighted Average Flux (WAF) 'schemes,
Monotone Upstream Schemes for Conservation Laws (MUSCL)-Hancock methods)
that are available from the solver database [1], coded in the form of C language

classes.

Developing the Riemann solver and utilizing it in the 1D Euler code was the start of
the study. This 1D code is extended further to problems with moving boundaries,
with arbitrary source terms and solid propellant burning models. Being a transient
code, its usage in combustion instability research is demonstrated. Moving boundary
handling and injection models are verified and tested with 1D code for several
applications. For the 2D extension of this study, complete geometric algorithms are
developed for Cartesian grid approach and tested in moving boundary problems that
demonstrate the initial objective. Same solid propellant injection models are used in
one- and two- dimensional solvers without changing the basic method of approach;
an axisymmetric version of the code is developed and applied to a solid propellant

motor test case with injecting grain surfaces.

1.2 FINITE VOLUME FORMULATIONS OF CONSERVATION LAWS
Computational fluid dynamics algorithms are based on the differential or integral
formulations of conservation laws. These formulations lead to finite difference and

finite volume algorithms, respectively. When it is desired to compute flows over
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complex configurations and internal flows, as in this thesis, finite volume approach
has advantages in mass and geometry conservation and treatment of singular points
over the finite difference approach.

The grid definition is different in the two approaches. In finite difference, grid points
represent the vertices of the control volume whereas in finite volume the cell center
value can be approximated from the vertices, which affects the practical handling of
boundary conditions, singularities and zonal procedures. The review article [2] is
comparing the two formulations in all aspects. For considerations on grid methods

that are employed [3] should be referred.

1.3 CARTESIAN GRID METHODS

For computational gas dynamics applications, involving complex 2D bodies,
Cartesian Grid approach is an alternative to unstructured grid solvers. By both
methods automation is brought to the fluid flow simulations. Other attractive features
of Cartesian grids are, simplified data structures and possibility of obtaining grid
shape independent solutions [4]. Recently there is a growing interest in using
Cartesian grids for complex geometries. Quirk [5] defines the building blocks and
solver related requirements for such an approach. External flows around stationary
bodies were considered. Unlike [6] where various in cell boundary approximations
are compared, Quirk has kept the exact orientations of the cut portions of solid walls
relative to Cartesian control volumes. Cartesian grid generation algorithms are
readily applicable to modern hybrid grid methods. Cartesian elements utilized in
mixed grids can be found in references [7], [8] and [9]. An up to date study is [10],

where quadrilateral grids, defined on the solid boundaries are overlapped with
3



adaptive Cartesian grids. By this combination it is made possible to use Cartesian
grids in a viscous application. Since in viscous boundary layer type flows, the
essential directional boundary adaptation, is not probable when Cartesian meshes are
used. In parallel, the resulting randomly distributed surface cell areas are not suited
well for the Navier-Stokes equations especially in three dimensions. A remedy taken
by [11] is to use a coupled Euler/Integral boundary layer formulation. Another
interesting feature of [10] which is designed for steady flow applications is the
elimination of tiny cell combinations by utilizing systematic local time-stepping

methods. However this short cut in grid algorithms is applicable only to steady flows.

When refined solutions of the Euler and Navier-Stokes equations are needed, a
Cartesian cell based grid adaptation technique is required. In [12] the viscous and
compressible detectors are used for cell sub division. Refined cells are stored in a
suitable structured database. Binary tree data structures provide and store cell-to-cell
connectivity information in a logical way. Adaptive mesh refinement is also utilized
in studies [4], [5] and [13]. Cartesian grid methods can be extended to three
dimensions. One practical approach suggested by [6] is to perform Cartesian griding
on section planes that are parallel to two Cartesian directions. Similar idea is used in
[13] where a multi-grid solution scheme in Cartesian grids is developed, in addition,

for complex configurations.

All the studies noted in this survey of Cartesian cell-based approach are for
stationary boundaries. To the author’s knowledge, the study in this thesis, is the first

moving boundary handling attempt in Cartesian grids.



1.4 MOVING BOUNDARY PROBLEMS

Interface movement is the typical feature of moving boundary problems. Across the
interfaces flow features, compositions, phases, material properties can vary rapidly.
Interfaces move under the influence of flow field and in turn affect the bebavior of
the flow. Besides the momentum, heat and mass transport, formation, evolution and
dynamics of the interface is also crucial. Near-surface thermochemical phenomena is
reviewed in [14] from a CFD perspective, with particular emphasis on computational

boundary conditions for surface mass and energy transfer.

There are many technological applications where moving bodies play a major role. In
fluid machinery there are systems where an externally driven rigid boundary interacts
with flow. Aeroelgsticity is a typical example to problems where boundary
movement is coupled directly to flow properties. In solidification and flame-
propagation, the interface is a part of the continuous media and evolves with flow. In
liquid-gas systéms, the formation and coalescence of droplets and other surface
instabilities present challenges in tracking multiple interactive interfaces [15].
Mechanisms of ablation, pyrolysis, melt flow spallation and icing are other areas that

involve a moving boundary.

Moving boundary problems can be handled by Fixed Grid, Boundary Conforming
[15] or Level Set Methods [16]. Each method has its own advantages. The fixed grid
finite volume approach is especially suitable for solvers utilizing Cartesian Grids and
favored in this study, since the correct representation of characteristic waves
generated by the moving boundaries requires the accurate orientation of moving

5



boundary relative to the control volume [17]. Wall boundary conditions are applied
with respect to the moving boundary. Moreover satisfying an extra geometric

conservation law [18],{19] is not required for every cell in the solution domain.

Boundary conforming methods are suitable for highly automated unstructured grids
since remeshing is generally required after a certain solution step. When cell faces
are allowed to move, numerical flux calculation schemes should take this movement

into account. In some cases, complete derivations may be required.

LS INTERNAL FLOW MODELLING OF SOLID PROPELLANTS

In this study, moving boundary techniques are applied to internal flow in solid
propellant motors where solid propellant surface regression is coupled to flow
properties. Complex surface reactions are present and boundary movement is not
uniform due to physical processes such as erosion. Moreover, design requirements

force complex initial grain geometries.

Prediction of solid propellant motor internal flow field using CFD methods is a
challenging task. Main reason is due to the different flow regimes existing in a single
problem, Present CFD methods are being developed for a specific flow regime thus
the method of approach is considerably different for low speed and high-speed flows.
Contrary to the nozzle divergence region, where the flow field is highly supersonic,
gas flow behaves like an incompressible fluid inside the motor chamber. Motor
chamber flow velocities are very low and pressure level is high resulting Mach

numbers in the order of 0.07.



In the literature, the general approach is to solve the motor internal flow field at the
choked steady state for fixed internal grain geometry. Vuillot [20}{21] presents
solutions for stability applications by superposing the disturbances on a solution
obtained for steady state. Schley et. al. [22], used an explicit finite volume code to
solve 3D, unsteady N/S equations for a liquid motor chamber. This study comments
on using compressible schemes in the large subsonic part of the combustion
chamber. In [23], Vortex shedding and unsteady flow inside combustion chambers of
solid propellant motors are analyzed with 3D Euler and 2D axisymetric N/S
equations on unstructured meshes. [24] Developed two computer programs based on
the implicit ADI scheme of Beam and Warming and the explicit Runge-Kutta multi
stage scheme to simulate unsteady flow fields in solid propellant motor
environments, without reaction. Other attempts to solve cold flow inside solid
propellant motors are described in [25], [26], [27]. In [28], a simple solid propellant
chemical kinetics is included to a 2D N/S formulation and a semi-implicit four stage
Runge-Kutta scheme is applied. Another branch of modeling studies in literature
focuses on injection induced flows, which is crucial for understanding the details of
the internal flow field of solid propellant motor chambers. To be complete, the

following references will be given related to this area [29],[30],[311,[32],[331,[34].

Efforts to predict full motor internal solution with the grain boundaries modeled as
moving surfaces are relatively rare. To the author’s knowledge, there are two recent
studies. In [35] with a body-fitting unstructured grid, the performance of a cylindrical
grain motor is predicted. Euler equations are solved on a moving grid employing the
flux-difference scheme of Roe. Numerical prediction of internal flow details was not

presented but a pressure time history of a single motor is compared. An erosive

7
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burning rate model is applied. Complex motor grain geometries are studied by [36],
where at each time step the combustion chamber geometry is computed by a separate
surface burnback code and triangular mesh is automatically generated. Prediction of
combustion instabilities is the aim. Multi-block and hybrid grids are possible and this
feature in [36] is used to generate nozzle grid separately using the specialized

techniques.

L6 CONTENTS OF THE THESIS

The contents of this thesis are grouped into five main chapters. The governing
equations are stated in Chapter II. Together with Appendix E, a fairly general set of
equations are provided. In Chapter III, an exact Riemann solver is developed and
tested for problems that are available from literature. Most of the mathematical
groundwork of this study, which is required in the development phase of a numerical
scheme for conservation equations, is sited in the Appendix F in order to maintain
continuity in the main body of the thesis. Chapter IV is devoted to one-dimensional
problems. Topics like discretization of the governing equations with moving
boundaries, handling moving geometries in Cartesian grids, and solid propellant
surface injection models are covered in this chapter, explaining their extensions to
multi-dimensional problems. Chapter V is on the Cartesian grid methods, algorithms,
and solver. Test cases are selected from real life problems that demonstrate the
possibility of moving boundaries in Cartesian grids. In Chapter VI, two-dimensional
method of approach is extended to cover axisymmetric geometries. Features of an
axisymmetric formulation are completely presented and the numerical experience
gained during the implementation of various equation forms are documented.

Results obtained for a steady full solid propellant motor test case are discussed.
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CHAPTER I1

GOVERNING EQUATIONS

Governing equations for reacting, three-dimensional axisymmetric, swirling flows
with dispersed solid particles in a non-inertial coordinate system are discussed from a
physical point of view and presented in Appendix E. These equations are derived in
integral form, from which corresponding differential equations in conservative form

follows naturally.

For future possible applications and research studies, Appendix E is intended to be a
reference and a starting point for the discretization. For this reason, it covers a wide
range of fluid flow phenomena in a fairly extended form. Terms that govern these
-extensions can be collected under a general source term. The remaining terms are
identical to homogeneous Euler equations, which will be presented in the following
section. In these form, equations become suitable for numerical methods that are
developed for Euler equations with no source terms. Thus, with the same code,
without changing the flux calculation procedure, a wide range of phenomena can be

studied.



Reactive source terms may require the solution of stiff ordinary differential equations
(ODE). Since for stiff ODE, in literature, there exists powerful numerical methods,
numerical solution of problems with reactive source terms is clear-cut. Geometric
source terms requires special treatments, like in many cases, an extra geometric
conservation law have to be solved. Mass generation and axisymmetric source terms
are studied in this thesis. These two are respectively reactive and geometric in nature.
For this reason, problems encountered with both types are discussed in the related

chapters of this work,

II.1 EULER EQUATIONS
Time dependent, three-dimensional Euler equations govern the flow of a

compressible fluid for which the effects of body forces, viscous stresses and heat flux
are neglected. In terms of the conserved variable vectorUand flux

vectors F(U),G(U)and H(U) in the three spatial directions with no source terms,

they are
U, + F(0), +G@O),+ D), =0 @.1)
[ p ] o | [ v ] [ ew ]
pu pu’+p puy puw
U=|pv|, F=| pu G=|pi+p|,H=| pw 2.2)
pw puw pw pw'+p
| E | | u(E+ p) | | V(E+ p)|  W(E+ p) |

With the total energy per unit volume, given by
E=p(-;—(u2 +v2 +wh)+e) 2.3)

Specific internal energy e, can be related to the other flow variables using the ideal

gas equation of state and the equations are closed via Equation (2.4).
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e=pl(p(y-1) 24)
In the form given in Equation (2.1), the system is homogeneous. When terms that
model injection of mass, momentum and energy, body forces, chemical reactions and

other phenomena are included as discussed in Appendix E, inhomogeneous form of
the equations with the source term symbolized as S(U) is obtained.

U, + FO),+G@O),+HO), = 5O) (2.5)

The components of the source term S(U) that are relevant and used to model the

phenomena covered in this thesis are presented in the next section for a generalized

one-dimensional flow.

I1.2 GOVERNING EQUATIONS FOR QUASI-ONE-DIMENSIONAL
COMPRESSIBLE GENERALIZED FLOWS

Quasi-one-dimensional simulations provide quite detailed information about
transient gas dynamics [57]. Moreover, a broad range of applications can be covered
with a relatively simple set of equations. Such as [58], where unsteady gas /particle
flows, and [59], magneto-gas dynamics with varying are terms are studied. Classic
analysis and a complete set of equations are well documented [60], with area changg,
heat transfer, friction and mass injection. These equations will be presented here by
extending them to include a generalized spatial/temporal area change and mass
injection terms for solid propellant motors [61]. For unsteady flows with friction, the
methodology in [62], which completes the equation set with boundary-layer
momentum and mean-flow kinetic energy integral equations, should be preferred
instead of using a simple friction factor.
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Dropping multi-dimensional, non-inertial, particle-fluid and species interaction,
phase change, radiative and conduction terms, and representing viscous terms by a
friction factor, Equations (E.1), (E.4), (E.24) and (E.34), in Appendix E, can be
reduced to Equation (2.6). With the addition df two extra conservation equations for
the velocity components, v and w components of velocity vector, whose purpose is
related to the chosen numerical method of extending a one-dimensional solver to
multi-dimensions. This numerical method of extension will be discussed in the
related sections of Chapter III and IV. The variables v, w are treated as passively

advected quantities, similar to the species term g, in this formulation.

d,+F(0), =5@) (2.68)
where,

[ p ] [ pu ]

pu pu’+P
. E v E+P
g=| £ |, Fo| ETP) (2.6b)

pv puv

pw puw

qui_ | puqf _

In Equation (2.6b), the conserved variable E represents the total energy per unit

volume as defined previously in Equation (2.3)

12



and the source term,

A.5pu+pA,—-dm‘
dx
A.u.é‘pu pu’ 4fA_ am;
x 2 D " dx
) 1 6u(E+P) +EA-H %M dm, dQ
S=_Z x5 . dx dx (2.6c)
A p +pv4 —
A.5puw+pw _uizdm,.
dx
J puq dm,
i A. : ———+pq, 4, ~ qi(by')d ]

By Equation (2.6), governing equations are switched to the vector form of
representation. Since it will be more straightforward to discuss the mathematical

properties and develop computational schemes in this form.

In the general source term (2.6¢), m; is injection mass flow rate. u,, represents the x-
component of injection velocity. and f is the Fanning friction factor, which is

included to facilitate partial modeling in possible viscous applications.

For solid propellants the rate of mass injection can be represented in the equations
via Equation (2.7)

dm,./dx=r,,pp%i- 2.7

13



In this equation, S is the propellant surface area. p,and r, are propellant density
and burn rate, respectively. For completeness a simple burning rate law can be used

as r, =a.P". Where a and n are empirical constants of the propellant.
The total enthalpy per unit mass H, in (J/kg), which is the input to the flow by
injection is (H,, =k, +(uj, +uj +u2)/2) Also it is assumed that, the mass dm, , that

is added to the main stream flow mixes completely.

In the quasi-one-dimensional flow, in generally used coordinate systems can be

revealed by selecting the parameter & , from the following list.

6=0 for cartesian coordinates

0=1 for cylindirical coordinates
6=2 for spherical coordinates
6=x4,/4 for quasi-one-dimensional flow

A, and A, are the rate of change of normal area with respect to x-component and

time.

14



C R I}

THE RIEMANN SOLVER

HI.1 MULTIDIMENSIONAL EULER EQUATIONS IN X-SPLIT FORM

Engineering applications of fluid mechanics are generally multi-dimensional and the
boundaries of the solution domain are not aligned with the rectangular Cartesian
coordinates. Transforming the governing equations to curvilinear coordinates and
using body-fitted orthogonal grids is a classical approach for handling such problems
[51]. The flux and velocity vectors are expressed by their contravariant components
[50] and the governing equation system can still be expressed in the form given in

Equation (2.1) of Chapter II.

Another approach to the problem is possible which is called dimensional splitting in
CFD literature [63]. Along with the discussion of this topic, no change will be made
in the notation of velocity components; in a general curvilinear system, u, v, w
now representing contravariant velocity components, where, v andw are the
velocity components perpendicular to # . For any orthogonal control volume in this
system that is spanned by the unitary basis vectors, one-dimensional Euler equations
are solved for each of the three orthogonal directions successively. In these solutions,

15



u represents the primary solution direction and other velocity components are
treated as simple advected quantities. These directions, where 1D solutions are

performed will be termed as “x-split” directions.

A flux-based approach of the method is more pracﬁcal, if a one-dimensional flux
stencil, i.e. a coded numerical scheme to calculate flux vector of conservation laws,
is available. By the flux-based dimensional splitting approach, the flux vector
through each arbitrarily oriented cell face can be calculated, using the contravariant
velocity components in the flux stencil. The calculated fluxes, after they are back
transformed to the Cartesian direction can be used in the control volume balance

equation.

In this thesis, the latter method is practiced where an exact Riemann solver is utilized

to calculate one-dimensional fluxes. This Riemann solver is the topic of this Chapter.

The solution of x-split Riemann initial value problem is needed which is stated in
Equation (3.1). In order to cover splitting in three dimensions and allow for species

terms, variables v, w and ¢, also take part as advected quantities along the splitting
direction. In Equation (3.1), U(x,0) defines the initial conditions of the problem

which is a discontinuity at x = 0, with the given left and right states{/ ,, and U,.

U,+FU), =0
O0e0) =00 =12r T *<0 G-
U, if x>0
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where

e T

R R -

U=| E|, FO)=\uE+p)
pv puv
pwW puw

e - L. =

The structure of the time dependent solution is sketched in Figure ITI-1, on the x-t
plane. Four distinct states are developed from the given initial left and right states.
The boundaries of these states are defined by the characteristic waves in the x-t
plane. (¥—a) and (w-+a) characteristic fields are genuinely nonlinear and
associated with rarefactions or shock waves. Across these waves, regardless of their
type, the tangential velocity components v and w remain constant. The remaining
three characteristic fields that are associated with three coincident characteristic
speeds (w,u,u) are two shear waves where v and w change discontinuously, and a
contact wave with a jump in density [39]. Across the middle wave (star region) both

normal particle velocity # and pressure remains constant.

Figure II-1: Solution structure of the three dimensional x-split Riemann problem.
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Equation (3.1) is a one-dimensional nonlinear hyperbolic conservation law, with

properties that are presented in Appendix F, Section F.2.

IIL.2 EXACT RIEMANN SOLVER FOR A GENERAL X-SPLIT EULER
EQUATION

The Riemann problem is the generalization (for arbitrary left and right states) of the
classical shock-tube problem in Gas Dynamics [43]. Starting with Godunov [40], its
exact solution formed the foundation of the current upwind methods. An
approximate solution may be utilized to reduce the computation time in some
numerical methods. Especially when the problems are steady and very fine solution
details are not desired. A detailed error analysis to gain confidence in the
approximate solver is needed in that case [52]. Moreover, incomplete modeling of
the tangential velocity components in the x-split form can be undesirable and
approximate solvers are not preferred for Navier-Stokes equations [39]. The
Riemann problem solution, exact or approximate, is used locally in the method of
Godunov and high-order extensions of it. Such as the higher order schemes like
WAF [54] and MUSCL [53]. Additionally, when testing/verifying the numerical
methods, analytical solutions are generally obtained using the exact Riemann
solutions. Other popular numerical methods that use Riemann solution are Random
Choice Methods (RCM), Roe’s and Osher’s Riemann Solvers, HLL and HLLC

solvers.

Since there is no closed solution to the Riemann problem, an iterative scheme should
be developed. The equation of state influences the mathematical character of the

equations, The following formulation for the exact Riemann solver that is developed
18



in this study, is based on the procedure given in [39] assumes calorically perfect ideal
gases. For gases with covolume equation of state where molecular volume is taken in
to account is generally studied in literature, in {42] with an RCM type scheme and in

[52] with a two-rarefaction approximate Riemann solver.

Since v and p are constant across the contact discontinuity, it is often easier to work

with primitive variables W rather than conserved variables U [38]. W is given

below in Equation (3.2).

(3.2)

s
Il
T = |

Exact solution of the Riemann problem is a two-step process. First pressure and u-
velocity at the star region is determined, Figure ITI-1. The calculation of states
separated by the contact wave is the final step, where for shock waves, only density
and shock speed, for rarefaction waves full solution inside the rarefaction fan is

needed.

right shock

left shock o left rarefaction ©
right shock tight rarefaction

Figure IT-2; Possible Wave Patterns.
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1I1.2.1 SOLUTION FOR # *AND p*

For each possible wave pattern plotted in Figure ITI-2, the left or right data state will

be related to the unknown % *. In these relations, terms, that depend on the other

unknown p*, will be identified with special functions; f; (p*,WL) and j;(p*,WR).

If left wave is a shock wave, function £, will be derived as follows. With pre-shock
values p,, u,, p, and post-shock value_s p.*, u*, p*and with the relative
velocities given below

,=u,—-S,, W=u*-§, (3.3)

Mass, momentum and energy across the discontinuity are as follows;

pll, = p, *a* (3.4
Pr ﬁg +p, = py i ¥ip* (3.5)
ﬁL (EL +p)= u* (EL *+p*) (3.6)

Using mass and momentum equations and defining mass flux (J,, the relation for
u * is obtained as

_ (p*_pz,) (37)

From momentum relation (3.5) and the definition of mass flux in Equation (3.8),

. _ O = _QL (3.8)

i, ===,

P P

Q, asafunctionof p* and p*, is obtained as

*_
P P
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Using the energy relation (3.6) and caloric equation of state the density behind the

shock is related to p* by Equation (3.10)
- *
GG
7+1) \Puy (3.10)

Substituting (3.9) and (3.10) into (3.7) produces the desired relation

u*=u; - f,(p*,W,) (3.11)
where,
- A 12
S @ W)= (p*-pL)[p*i BJ (3.12)
with,
2 =D

4 =—= B = 3.13
Gidp ET e P (3.13)

If the left wave is rarefaction, then a different f; is derived using the isentropic

relation and the generalized Riemann invariants for the left wave.

The isentropic relation;
1
*Yr
p*, = p{—?—) (3.14)
43

is substituted to the definition of speed of sound leading

Ll

*\2
a*, =aL(-‘D——] ’ (3.15)
I 43

Across the left rarefaction the Generalized Riemann Invariant is constant

*
2a; ___u*+2a .

- = (3.16)

u; +
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Combining (3.15) and (3.16) results the required relation (3.17).

u*zuL—fL(p*’u-}L) | (3.17)
with

- = 2a, p"";__f'1 ,
L@ WL)= —| -1 3.18
- %5 (2 o1

The function fR(p*,WR) for the right wave is derived similarly. The complete
derivation can be found in [39] and [41].

For a right shock wave

¥ =y + fo (%) (3.19)
with,

o = @t -p)| | (3.20)
rR\P "R R p*+B, .

And for a right rarefaction wave

-1

- 2a p* 2y
(P W)= =R | £ -1 3.21
Te# W) - (PRJ G2D

Eliminating #* from (3.12), (3.18), (3.20) and (3.21), Equation (3.22), for p*,

which covers all possible wave structures are obtained.
F@* T, W) = (0" W)+ fo(p* W) + Au =0 (3.22)
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The type of wave, whether it is shock or rarefaction, is determined by comparing
magnitudes of p* with the related right or left states, p, and p, . For example if the
right wave is a shock then (p* > p,).

After p* is determined from (3.22), u* can be obtained from (3.11), (3.17), (3.19)

depending on the wave type in the problem.

With the given initial states and Aw =w, ~u,, a vacuum state is possible in the

solution of the Riemann problem. Vacuum is generated by the non-linear waves if

the pressure positivity condition (3.23) is violated [39].

(Au)m., = —2&+ 20, > U, — U, (3.23)

y-1 y-1

II1.2.2 NUMERICAL SOLUTION FOR p*
An iterative solution is needed to calculate p* from Equation (3.22). Given left and

right states the pressure function (3.22) is concave down and monotone increasing

[39]. Then the Newton-Raphson iteration scheme, given in Equation (3.24) can be

safely employed in which,
f(p *(k—l))
P*e = D*gr o D7, (3.24)
® “n f(p *(k—l))

Where £ is the iteration level. It is important to have the initial guess for the p*
value to be good to increase the rate of convergence. There are some approximations

for p* that can be good starting points. One such approximation is so called two-

rarefaction approximation, which is given as
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a, +a, -1/2(y ~-Wu, —u
g =| G50 =V 2 =Dy =) 625

aL/p;{ +aR/pRT

Another possible way for fixing the initial value for the iteration, which can be

computed by Equation (3.26), is found from the linearized solution based on

primitive variables.
p, = max (CHECK , p,, ) } (3.26)
Prr =1/2(py + pr)—1/8(ug —u X pr — p)ag —a;)
A third guess value alternative is given by two-shock approximation as:
P, = max(CHECK, py;) N
+ +
Prg = g.(p)p, £ (p){’n ! 3.27)
£.(P)+g:(P)
A | A
8«(p)= (p +B,

In Equation (3.27), 4, and B, has been defined previously in (3.13), p is an initial
estimate for the solution. Taking p = p,, works well. CHECK is a non-negative

value chosen to prevent negative pressures that may be produced by the formulas.

A fourth guess is the arithmetic mean of the left and right data:

by = %(pL + pR) (3.28)

There are studies comparing the success of these estimates [39]. A hybrid method is

used in the present code based on [42].
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I1.2.3 COMPLETE SOLUTION IN THE STAR REGION
Left and Right density values int the star region is still unknown. More over for shock
waves the shock speed, for rarefaction waves head and tail wave speeds must be

found. There are four possibilities as given in Figure II-2.

For a left shock wave, with condition p*> p,, the density is found from Equation

(3.10). The shock speed given by Equation (3.29) follows from the relations in (3.3).

(3.29)

1

* 11z

SL=uL—aL[y+1p +7 1}
2y pp 2

For left rarefaction wave, with condition p*< p,, density follows from Equation
(3.14). The head and tail characteristic speeds of the wave are obtained found from
Equation (3.30) [43]

Sy =u, ~a,, Sy =u*-a, * (3.30)

For a characteristic starting from origin (0, 0) and a general point (x, t) inside the

rarefaction fan, primitive variables inside the fan can be calculated from Equation

(3.31).
X 2 ]
_ 2 -y . _x
p”pL[(yﬂ) 7 +1a, )]
5 _ _ 2 -n  x
Wiim = = (7_'_1)[‘% +———2 u, + J (3.31)
_ 2 (r-1 X 7_‘71
~p—p{(},ﬂ) UH)GL(L 1)} |
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For a right shock wave, with condition p* > p,, the density is found from,

»[7_“1_}(_1”_*)

+1

¥y = Py | Pl L (332)
(2’_:1].(2_)“
y+1) \ Pr

The shock speed is computed by Equation (3.33).

Ll R

* —
SR=uR+aRP+1p +7 1] (3.33)
2r P 2r

For right rarefaction wave, with condition p* < p,, density

!

* Yy
Pt = p{—”—) (3.34)
Pr

The speeds of head and tail characteristics and solution inside the right rarefaction

fan can be calculated from the Equations (3.35) and (3.36) respectively.

Spr =Up+ap, Sy =u*+a, * (3.35)
_ |2 _e-n . _x]7
p"PR[(},_*_l) @ +Da, (up t)_
WRfm= u= 2 [-—aR +(—},—:-Qu},{+-J-c-T (3.36)
(y+1) 2 t
-2
| pe 2 __@=n . _x
_p—pR[(}"l‘l) (7+1)aR (uR t)_ |

For each passively advected quantity ¢ =v, w, g, ... an extra conservation law can
be derived;

(pq) +@wpq). +(pq), +(wpg), =0 (3.37)
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The corresponding solution of the one-dimensional Riemann problem is given as

qr if = <u*
q(x,t) = ! (3.38)

X
qr if7>u*

The remaining variables (v, w) of the x-split Riemann problem (1), behave similar to

a passively advected quantity ¢, .

For combustion problems, g, represents the species that take part in the chemical

reactions. In that case, the extra source terms will then appear in the equations as

presented in detail in Appendix E.

I11.2.4 EXACT RIEMANN CODE AND SOLUTION SAMPLING

The solution to a general Riemann problem is self-similar. By observing the
Equations (3.31), (3.36), (3.38), solution at a general point (x,#) depends the speed
S =x/t. Comparing this speed S with the speed of existing waves, appropriate
equations can be selected and used. These equations are plotted schematically in

Figure ITI-3 for the left side of the contact wave.
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LOCUS OF DESIRED LOCUS OF DESIRED

SOLUTION S, <x/t<u* SOLUTION 3, <x/t<u*
CONTACT WAVE x/t=S. CONTACT WAVE
x/t=u‘l} - xlt=u*A
x/t=8 W e ' P \ pilm
Equation (3.48) TN Wi =| u* p \ Win=| u*
\ * HL \ »
LOCUS OF DESIRED k P on 349 ' P
S . .
SOLUTIONX/ < S, ' SwEm(3.29) for p;i“’ LOCUS OF DES! \ | See Equation (3.33) for p,f;"‘
SOLUTION x/t < Sy W7,js given in Eqation (3.50)
<+ <+
(@) Left Wave Shock (i) Left Wave Rarefaction

Figure III-3: Solution sampling for the left side of the contact wave.

If the desired solution falls to the right side of the contact wave i.e. S =x/t>u*,
and if the right wave is shock with speed S, then the complete solution is given in
Equation (3.39).

W ifu*<x/t< S8,

(3.39)
Wy, if x/t=2S,

W(x,t)= {

sho
Per
In this equation, W,;° =| u* | where p{*° is calculated by Equation (3.32).
p*
If the right wave is rarefaction with speeds given in Equation (3.35), then the

complete solution will be sampled according to Equation (3.40).

Wa™ if ut<x/t< Sy
W(x,0) = Wsn if Sp Sx/1< Sy (3.40)
Wy if x/t<8y

In the above sampling procedure the solutions, for v, w and ¢ are not presented.
These three variables are treated as simple advected quantities in the context of
splitting and their solution is given in (3.38) previously.

The first output code of this study is the exact Riemann solver. The source code is

given with the program name “riemann”. Given the initial left and right states and
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the desired solution point (x,7), this program calculates the state vector W, in
primitive variables. The solution is calculated for a general x-split state vector, with 6
components, together with a single chemical species term. This code is verified using

the test cases that are presented in the next chapter.

Subroutines of this code are used exactly as building blocks in the preceding
computer programs that are developed for one- and two- dimensional applications of

gas dynamics.

.3 TEST CASES

To test the performance of the Riemann solver four initial value problems are
selected from the literature. These test cases are generally used to test numerical
schemes in one-dimension. However in this study, their exact solutions will be
developed. These results are obtained using the code riemann with 40 grid points.
The position x varies from —0.5 to 0.5 m. After the solution in the star region is
obtained, at each grid point x/¢ is calculated for the desired solution time and the

appropriate equation set is used. Specific heat ratio is ¥ =1.4 in all test cases.

For Test Cases, which are summarized below, results obtained using the Riemann
code are in exact accordance with the corresponding solutions available from the
literature. When over plotted the curves become coincident in the Figures given

below.
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Exact Solution Fot Test Case 1. Solufion Time = 0.25 s.
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Figure ITi-4: Exact Solution for Sod's Test Problem. Test Case 1.

The first problem is Sod’s Test Problem [55], Solution consists of left rarefaction, a
contact and a right shock. The solution at t=0.25 s which is presented in Figure ITI-4
is found using the exact Riemann solver subroutine, with the initial conditions listed

in Table III-1.

Table III-1: Initial conditions for Test Case 1.

LEFT STATE RIGHT STATE
Density (kg/m") 1.0 0.125
U-Velocity (m/s) 0.0 0.0
Pressure (Pa) 1.0 0.1
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Exact Solution Fot Test Case 2, Solution Time = 0.15 s.
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Figure ITI-5: Exact solution for Test Case 2.

Test 2 is referred as 123 Problem [56] in literature. Its useful in assessing the

performance of numerical methods for low density flows [39]. Solution consists of

two strong rarefactions and a stationary contact discontinuity. The solution at t=0.15

s is presented in Figure ITI-5 with the initial conditions of Table ITI-2.

Table III-2; Initial conditions for Test Case 2.

LEFT STATE RIGHT STATE
Density (kg/m’) 1.0 1.0
U-Velocity (m/s) 2.0 20
Pressure (Pa) 04 0.4
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In Test 3 a one-dimensional blast-wave is generated due to the high initial pressure
level. A left rarefaction, a contact discontinuity and a right shock is developed.

Solution at t=0.012 s. is presented in Figure ITI-6. The initial conditions for this

Exact Solution Fot Test Case 3. Sofution Time = 0.012 s,

2

20F . e p
1
16F -
14 T
12 N
10f e ]
sf T2 ey ]
.
af f\ ]
2F o ) ]
o4 T —— [\ 177777
'zr'.'.u.,L#IK..,|.,..|...41L.j

04 02 0 02 04

Riemann problem are presented in Table HI-3.

Table II-3: Initial conditions for Test Case 3.

LEFT STATE RIGHT STATE
Density (kg/m’) 1.0 1.0
U-Velocity (m/s) 0.0 0.0
Pressure (Pa) 1000. 0.01
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Figure I-6: Blast-wave problem. Exact solution for Test Case 3.



Exact Solution Fot Test Case 4. Solution Time = 0.035 8.

6| 250

) /

2 200
z 2F ] 8
8 150 2
o - M' s
£ f Donsty _1oo§
§ 2F ] o
[a] N 4 [-%
3 _ 50
-S_W—A»v—v-/ ——a -0

_J;IllLlllLlll|I|||'lllIlll—

04 0.2 02 04

0
Position

Figure III-7: Exact Solution for Test Case 4.

Test 4 is the reverse of Test Case 3 with a slightly lower pressure ratio. A left shock,
a contact discontinuity and a right rarefaction is developed. Solution at t=0.035 s. is
presented in Figure III-7. The initial conditions for this Riemann problem are

presented in Table I1I-4 below.

Table III-4: Initial conditions for Test Case 4.

LEFT STATE RIGHT STATE
Density (kg/m") 1.0 1.0
U-Velocity (m/s) 0.0 0.0
Pressure (Pa) 0.01 100.
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CHAPTER IV

ONE-DIMENSIONAL FORMULATION

IV.1 MOTIVATION

Unsteady gas dynamics and prediction of unstable burning in solid propellant test
motors that are used in combustion instability research is the basic motivation. A full
transient solution with injecting and moving propellant boundaries is needed. Apart
from this motivation, a one-dimensional study is essential before extending a
numerical technique to higher dimensions. Likewise, in this thesis, the proposed
retarding surface model is first verified using the developed transient moving
boundary one-dimensional code. Also for design purposes, one-dimensional codes

are practical in terms of both time and accuracy.

IV.2 INTRODUCTION

In this chapter, after the general solution procedure is stated, the building blocks of
the 1D transient, moving boundary Euler code will be presented. Although the
applications are selected from the field of propulsion, depending on the problem at
hand, any type of source term can be implemented. The core part of this study is the

Riemann solver that is developed by the methods discussed in Chapter II1.
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IV.3 SOLVER

IV.3.1 GEOMETRY

A one-dimensional solution domain is plotted in Figure IV-1 for two consecutive
times t and t+At. The solution' domain models a pipe with moving left and right

boundaries. In Figure IV-1, left is an advancing boundary while right is retarding.

-0 -]
A
!

adere

P i o o vy e
ot S I SN S A NN S SNNPRTSNORI SRR SEOTYOR SUN S S i

LEFT
BOUNDARY Xap X Xy BOUNGARY

Figure IV-1: Solution domain with moving ends for two consecutive time steps.

The spatial domain [0,L] is discritised into m finite volumes. Except at the moving
boundaries the control volume size is regular; Ax=x,,,, ~x, ,, = L/m. The location

of cell center and cell boundaries are given by

Xy =(E-DAx, x, =(-1/2)Ax, x,,,, =ilx 4.1)

IV.3.2 GOVERNING EQUATIONS
Equation (2.6) of Chapter II that is derived for a general one-dimensional flow is

simplified to govern only mass injection, spatial and temporal area variations. By

replacing the notation used for mass injection per unit volume, dm, /dx,by S,, the

source term with reduced terms is repeated below, in Equation (4.2).
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1

A.pu+ph -S,

A, upu+pud, -u,_ S,
A, . wW(E+P)+EA -H,S,
A.puv+pvd, —u,S,
A.puw+pwd —u, S,
| A,.puq; + pg; 4, — iy S5 |

Ly
1l
]

4.2)

N

IV.3.3 SOURCE TERM SPLITTING
Unlike Equation (2.6) of Chapter II, the Riemann solver in Chapter Il is developed

for homogeneous Euler Equations, in the form that is given by Equation (4.3)

+F(0), =0 43)

In this study, the source terms will be treated by the method of splitting. Apart from
upwinding of source terms, the general approach in numerical studies is the source
term splitting method [39]. Splitting methods are also used to manage
multidimensional and diffusive type source terms. Although different variations of

the algorithm can be implemented, the most basic form is utilized.

For the solution at time t+At, the homogeneous partial differential equation (4.3) is

solved with the given initial conditions, at the first round. The initial condition is the
state vector U" at time t. This solution produces the intermediate solution o™,
This intermediate solution U™ will then be the initial condition for the ordinary

differential equation

d

E;U =5U) 4.4)
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Equation (4.4) can be then solved via explicit, stiff-explicit or implicit methods
depending on the stability limit of the source term. In this study, an explicit forth
order Runge-Kutta method is used to obtain the desired solution ™. In operator
notation this method can be symbolized by Equation (4.5).

gm =g e (gn) (4.5)
Other variations are available in the literature. A second order accurate version is

) Gan

Frntl (%Ar (A) g2 ' n
g = 55 cw g™ (ny (4.6)

IV.3.4 GODUNOV SCHEME [40]
Given the initial data [7 (x,t") (which may be continuous), to evolve the solution to a
new time t+At, a piecewise constant distribution of the data over each control volume
is needed. The piece-wise constant distribution is obtained by defining cell averages

§ R

Ur = | Uty @7

Xi-)y2
At each inter-cell boundary, the given initial data is now discontinuous, defined by
the control volume averaged state vectors of the left and right cells. These local

discontinuities form different Riemann Problems (RP) whose solution can be

evaluated by the methods of Chapter 1.

Reglon 2

1
1
t
]
1
[
)
!
t
1

—& "2
| |
12

Figure IV-2: Wave patterns of local Riemann problems at the cell boundaries and regions affected.
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For the i control volume the solutions of two local Riemann problems
RP(T",,U") and RP(U",U",) will be used to calculate the state vector at new time
t+At. Due to these discontinuities, wave patterns emerge from the cell boundaries.
See Figure IV-2. The solution at new time t+At of i cell consists of three parts that
are valid over three regions of i" cell. Region 1, is determined by the Riemann

Problem RP(U",,U"), Region 2 is by RP(U",U?",). Since emerging waves has not

yet propagated into Region 3, its state vector is same as the initial datal/". By

integrating the two Riemann problem solutions ﬁ: l(i) and U . 1(é) over the
2 "2

control volume, solution at new time t+At of i® cell is obtained in (4.8)

Las

- 1%~ .x 1 ¢~ x
Ut=— U ,(Ddx+— | U ()& 4.8
= j v A"_l{, G (4.8)

These Riemann problem solutions are correct if there is no wave interaction within

the control volume, which can be controlled by limiting the size of time increment At.

At < 128 (4.9
S e

A simple estimate for maximum wave speed is used

Sn. =maxiy +a’'} (4.10)

where a; is the speed of sound of i® cell.
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For practical implementation of the Godunov scheme, it can be shown that in

conservative form [39]

Gr =07 + 2P = Foa

with intercell numerical flux given by

Fon = F‘(ﬁ% )

Required that the time step At satisfies the condition

Mt <

n
max

Introducing the CFL condition (0<CFL<1), (4.8) can be rewritten as

_ CFL Ax
S e

At

IV.3.5 BOUNDARY CONDITIONS

(4.11)

4.12)

(4.13)

(4.14)

The boundary conditions are specified by assigning appropriate state vectors to the

fictitious cells, which are assumed to exist at the left and right ends. See Figure IV-1.

Four types of boundary conditions will be discussed. These are inflow/outflow,

transmissive, reflective and moving wall boundary conditions, from [64] [41].

Transmissive boundary condition is equivalent to a zeroth order extrapolation. All

fictitious flow variables are assigned boundary cell values as given in Equation(4.15)

p mil = p m
um+1 = um
P m+l = P m
vm+l = vm
wm+1 = m
Vi = 9
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Similiarly a reflective boundary condition, along the axial direction, is given in

Equation (4.16) as,

pm+1 = pm
Upy = U,
P m+l = Pm

: .1
vm+1 = vm (4 6)
Wm+1 = Wm
D = 4,

The moving wall boundary condition is derived with respect to the observer moving

with the quasi-steady boundary velocity. For the right end it is given below.

p m+l = p m
um+l = _um + 2 ) (uwall)
P =P
" (4.17)
vm+l ~ vm
wm+l = wm
qim-)-l = qim

The exact solution of the Riemann problem containing a moving boundary is
symmetric about the path of the moving wall and consists of either two shocks or two
rarefactions with the contact wave coinciding with the moving wall [39]. See Figure

IvV-3.

Path of
t moving
/ \A‘all

(a) Two shocks {b) Two rarefactions

Figure IV-3: Wave patterns generated by the moving boundary. (a) Left-end advancing (b) Right-end
retarding
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Since the boundaries have no mass, Equation (4.17) is valid, not only for a constant

boundary velogity, but also for boundaries moving with an arbitrary acceleration.

For supersonic outflow, all of the three fictitious flow variables are extrapolated from
the solution domain. For subsonic outflow, the pressure is the only variable that is
specified. For subsonic inflow, atmospheric pressure and density are specified for
fictitious cell states. Whereas for supersonic inflow, all variables are specified from

outside. Single neighbor cell states are used in the extrapolation routine.

IV.3.6 CONSERVATION LAWS IN A DEFORMING CONTROL VOLUME
The discussion in this chapter is applicable also to multi dimensions, For simplicity,
related illustrations are made for a one-dimensional geometry. For the physical

meaning of x-splitting, material presented in Section IIL.1 should be reviewed.

The homogeneous governing Equation (4.3) can be written in the most basic integral

form as given below,
%Jﬁdvz%JUdVJrsjﬁ(V—Vs).ﬁds (4.18)
The material derivative in (4.18) can be combined with the flux terms, leading to
Equation (4.19).
£ [Oav+ i -ids =0 (4.19)

v H
where H = (F™,G",H") is the tensor of fluxes. In (4.19) letter “M” stands for
“moving” and implies that flux terms are compatible with the one in Equation (4.18),
ie. with [0 -7)-AdS.

$
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In moving grid finite volume solvers, these flux terms, (F*,G",H™), is computed
using the same flux stencils for fixed grids by taking normal velocity vector relative

to the moving interface [7]. In these equations, 173 is the cell boundary velocity.

=t (R) i, = (cosd, ,sin6,)

x direction

Figure IV-4: Geometric conventions of intercell boundary of a finite volume cell.

Refering to Figure IV-4, for two-dimensional intercell boundaries, the second term in

(4.19) can be written as

jHM RdS =Y ATH“ A, A= AT[cosesﬁM (0)+sin6,G¥ (U)]dA (4.20)
s 4

N sides N sides 4,

For one-dimensional x-split form last term of (4.20) can be written in a compact form

with a single flux term
'AS‘+ - . - - - -
> ﬂcosHSFM Q) +sinf,G* (U )]dA = ZFM ) 4.21)
N sides 4, N sides

The first integral in (4.18) assuming averaged properties in the control volume can be

taken as

< Jﬁd‘v’:%(ﬁlvl) (422)
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From (4.18), (4.20), (4.21) the properties vector U is advanced to the next time step

by discritization of the total derivative as follows.

Uy -0y =~At Y FM () (4.23)
N sides

Where F is any selected flux stencil for moving cell sides. The “stationary control

volume” i.e. constant volume version of equation (4.23) is

g™ =g" —% > FU) (4.24)

N sides

Since U"V" needs to be approximated for cells that are initially solid and becoming
flow cells in Cartesian grids with moving boundaries, the balance equation (4.23),
which in literature, is generally used with adaptively moving meshes, becomes
impractical.

In the present method, Cartesian sides of the control volumes are stationary. Only
moving sides are the arbitrarily oriented sides of moving boundaries. Besides if the
boundary movement is restricted to pure translating motions, it will appear as a
contact surface (Figure IV-3) in the x-split direction. Then the same control volume
balance equation, both for fixed and moving grids can be used following the method
shown below.

The total derivative on the left-hand side of (4.18), by Leibnitz rule can be expressed

in two terms;

d ¢ ol S

— U aV =|—av + UV, -1dS 425
dtJ J ot ! g (423)
The first change term on the right-hand side of (4.25), which is the local part,

provides the solution for constant cell volume. The state vector for this undeformed

43



control volume can be calculated via the basic balance equation (4.24) by the
procedure given above. Where fluxes for the moving cell boundaries are calculated
using the left and right states without any transformation. Standard flux stencils

mentioned in I1I.1 are used.

retarding
moving wall

Fictitious Cell M+1
Right-End
Equation (4.24)
t Cell 1
——t——+——+——
thoy, tha,,,,~rho,
Uy uuﬁ"-_ul‘*z(u.au)
a) RETARDING RIGHT END Pu Pusi=Pu
advancing
wall
Fictitious Cell M¥1
Right-End

tho, tho,,,,=tho,
Hu U™ty 2W)
b) ADVANCING RIGHT END Pu Pus=Pu

Figure IV-5: Solution update with advancing/retarding wall motion.

The second change term in (4.18), when multiplied by the time step, corresponds to
the solution in the deformed part. It is calculated exactly by averaging discrete
Riemann solutions over the retarding region. The initial left and right states are again
obtained from the wall boundary conditions. In this study, these solutions will be

defined as “extra solutions”



This approach is sketched in Figure IV-5. Local and extra solutions are combined by
area averaging and new cell center is calculated. Depending on the size at time t+At
of the advancing/retarding cell a new control volume may be added to the solution

domain. These boundary cell size adjustments will be illustrated in the next section.

IV.3.7 MOVING BOUNDARY HANDLING (CELL SIZE ADJUSTMENTS)

As the walls of boundary cells (first and last cell of the solution domain) move, their

size increases or decreases from the nominal cell size. Since fixed grids are used and

to be compatible with boundary handling procedures in 2D Cartesian code, boundary

cell size adjustments are performed in the following way (Figure IV-6):

e For retarding walls if the boundary cell size exceeds 1.5 times the nominal cell
size, two new control volumes are defined one with the nominal cell size. The
other cell is formed by the remaining part.

e For advancing walls when the boundary cell size is smaller than the half of the
nominal cell size, it is combined to its neighbor cell by area averaging of the state

vectors.

New boundary cell New boundary cell

at time tedelta t\ at time t+dolta t_\
} . J.“f P t :
‘*_@_‘——e—ﬁ g tedelta t
———& t —e

New boundary cell
attime tidelta t
New boundary ecell
at time tideita t
} —— ' & 1

'e'§ielﬁdeﬂat
*— t -+ ——r——

t

a) RETARDING WALL b) ADVANCING WALL

Figure IV-6: Boundary cell sizes for different wall velocities
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IV.4 INJECTING INTERFACES AND SOURCE TERM MODELLING

IV.4.1 THE DISPLACEMENT OF INTERFACES

Accurate modeling of a reacting/regressing solid interface requires a detailed study
of the kinematics of a moving solid-gas interface. Due to physical and chemical
processes that take place at the interface, boundary movement will be observed. The
nomenclature for velocities with respect to different observers is as follows:

r,: Displacement velocity of the condensed phase with reference to the

absolute frame of reference.

V', : Gas phase velocity at the boundary with respect to the interface

v, - Gas phase velocity at the boundary with respect to the absolute frame of

reference.

Density of gas phase and condense phase at the interface will be denoted by p,, and

P» > respectively. Mass conservation at the interface gives Equation (4.26).

Prly = pinjv'w = P (vinj +1,) (4.26)

In most cases, the solid density is much greater than the gas density and the

following approximations can be maQe P >> Pujs by <<V

Then Equation (4.27) is obtained.

Prely ® Py (vinj) (4.27)

Under this assumption, the so-called “quasi-stationary” treatment can be used, as it is the
general strategy in solid propellant motor internal flow studies [65] [66]. That is, coordinate

fixed to the moving interface can be treated as stationary, coinciding with the absolute frame



of reference. However in some cases, such as under very high pressure, when p,, and p,
are of the same magnitude, the quasi-stationary treatment will be inappropriate.

IV.4.2 A SOURCE TERM MODEL FOR SOLID PROPELLANTS

The source term given in Equation (4.2) requires the specification of the following
terms related to the energetic phenomena occurring on the propellant surface.

Mass injected per unit volume, S,
Injection velocity components, u, , %, and u,

Total enthalpy per unit mass of the injected gas, H,, (J/kg)

To specify these terms, a model is required. The combustion on the propellant
surface will be assumed to occur very fast and confined to a zero thick region. After
the combustion, the propellant gas at its flame or stagnation state is expanded to the
injection state. These flame properties are found using thermochemical codes [48]

[49].

Burning rate 7, is a function of pressure given by Equation (4.28) in the simplest

form.

r,=a.pP" (4.28)
with a and » are empirical constants of the propellant. This burning rate equation
can be modified with extra terms to account for instable burning, erosion [46] and
transient burning. There may also be spatial variations in the burning rate due to
manufacturing processes. This topic is more severe in end burning motors, which
results non-uniform burning patterns in the grain [67]. The corresponding models are
available from literature [35] [36] and may be replaced by Equation (4.28).
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The injection velocity, since it is in general subsonic, is assumed to be controlled by
the local internal motor pressure. For an expansion process from the stagnation to the
injection state, the injection velocity can be calculated from Equation (4.27). The
only unknown in this equation is the density of injecting gas and can be solved from

the energy equation as,

(:PJ+\K:PJ +2C,T,(py1,)?
— — (4.29)

2G,T,

P =

IV.5 APPLICATIONS

Some test cases that are used during the verification of 1D solver will be presented in
the order of growing complexity. The test cases are gradually developed so that at the
end of the study 1D transient prediction of Euler flow in a solid propellant rocket

motor with moving boundaries has become possible.

IV.5.1 1D SHOCK TUBE PROBLEM

Time evolution of the initial discontinuity will be predicted for a classical shock tube
problem. Numerical results, obtained using the quasi-one-dimensional solver are
compared with the corresponding exact solution and with the Test Case 1 of

Reference [68].
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Exact solution, which is used to compare the numerical results for this test case is
obtained using the Riemann solver code, which is developed in this thesis, discussed
in Chapter III with 40 grid points and in [68] the exact solution is computed by the

method of characteristics.

Transmissive boundary conditions are used at both ends where pipe length is 1 meter

and the initial conditions are presented in Table IV-1.

Table IV-1: Initial conditions for 1D test case I.

LEFT STATE RIGHT STATE
P (Pa) 5
p (kg/m’) 5
U (w/s) 0

Number of grids in x-direction is 200, with the CFL number used is 0.1 throughout
the solution and the solution period is from 0 to 0.5 sec. In Figure IV-7 and IV-8,
density and velocities are plotted for selected time steps. In Figure IV-7 at
time=0.242044 s, the corresponding exact solution is also plotted for comparison.
The steady velocity behind the shock wave is calculated as 0.6800 m/s with the
present method. The corresponding speed is given as 0.6862 m/s in [68]. No
difference is detected in the plotting resolution of Figure IV-8, the small difference

may be due to the numerical dissipation of the present solver.
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Figure IV-7: Density values for test case 1
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Figure IV-8: Velocity values for test case 1.
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IV.5.2 FLOW IN A PIPE WITH RETARDING/ADVANCING WALLS

The evolution of waves generated by a moving piston in a one-dimensional pipe is
going to be studied. For an impulsively started piston, which is moving with constant
velocity, analytical solution is available [69]. Solutions for arbitrary piston speeds
can be obtained by the method of characteristics.

Moving wall boundary conditions specified at left and right ends of the one-
dimensional solution domain and wall boundary clipping routine is checked using the

following test cases.

IV.5.2.1 CENTERED EXPANSION WAVE

As the piston at the left pipe end is withdrawn, an expansion wave starts to
propagate. It continuously flattens as time passes. See Figure IV-9. The front of the
wave moves with the speed of sound of the undisturbed fluid in the direction
opposite to the piston and fluid motion. The subscript 3 and 4 will denote the states at

the head of the piston and of the undisturbed fluid, respectively. Piston velocity, u,

is 4m/s.

Before the piston movement the initial state in the pipe is,

P 12kg/m’®
u, |=| 0.0m/s (4.30)
P, | |1013000Pa

The pressure and density ratios can be calculated using the isentropic relations. In
Table IV-2, these ratios are compared with the analytically obtained values [69],

which shows a successful agreement.
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Figure IV-9: Centered expansion wave at consecutive times. Wave is generated by a retarding piston
at left pipe end. Piston speed is 4m/s.

Table IV-2: Comparision of pressure and density ratios for a retarding wall.

Ratio Analytical Computed

P,/ P, 0.9838247 0.9838223

Pl p, 0.9884193 0.9884167

1V.5.2.2 PROPAGATING SHOCK WAVE
A shock wave is generated by a piston advancing in a pipe. Similar to IV.5.2.1 the
piston is impulsively started at t=0 s. Initial conditions are same with the values

given in (4.30). The states at piston head and of the undisturbed fluid will be denoted

by subscripts 1 and 2 respectively. Piston velocity u, is 4m/s.
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Figure IV-10: Propagating shock wave at consecutive times. Wave is generated by an advancing
piston at left pipe end. Piston speed is 4m/s,

Table IV-3: Comparision of pressure and density ratios for an advancing wall.

Ratio Analytical Computed

P, /P, 1.0164026 1.0164067

0,1 P 1.0116888 1.0116833

The pressure and density ratio in Table IV-3 is obtained from 1D gas dynamic
equations for a given suddenly accelerated piston. It is worthwhile to note that the

pressure and density ratios predicted well while the spatial form of the shock is
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smeared over an appreciable distance. This is because of using low number of grids
in x-direction (50 grids) and very low cfl number (0.02). The shock wave is
generated at the first node, and since at each time step its effect is averaged over the
control volume, its sharpness disappears, unlike the real situation where its

development takes an infinitesimal time.

IV.5.2.3 PRESSURE INCREASE IN A PIPE DUE TO COMPRESSING
WALLS

Transient flow in a closed pipe developed as its two boundaries approach each other
will be presented here. The pipe volume constantly decreases and pressure and

density level increases due to this advancing movement.

Since the size of the solution domain is constantly decreasing the boundary clipping
features of the one-dimensional code is demonstrated with this problem. With fixed
grids there was no re-meshing needed at each time step. This reduces the spatial
accuracy, as the walls approach each other, because the remaining grids are relatively
coarser for the decreased pipe length. At the start of the problem there are 100 grids.
For the solution at time=0.38899 s in Figure IV-11 there are approximately 30 grids.
Pipe length is 1 meter and both left and right wall which are accelerated suddenly,

approaches each other with 1 m/s.
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Figure IV-11: Pressure build-up in a pipe with advancing walls.

Pressure increase is observed gradually, as the waves generated by the walls are
reflected. In Figure IV-11, this process is plotted in sequence, starting from the upper
left plot, where pressure and density are at their initial values and there is zero

particle velocity everywhere. When the generated shock waves from both boundaries
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met at the middle of the closed pipe, they reflect each other and resulting a step
increase in the pipe pressure. When the reflected waves reaches back to the moving
pipe walls, another reflection occurs, which increases pipe pressure further, Wave
reflections at the wall boundaries are always smooth and no oscillations are
observed. This is associated with the numerical method used and one-dimensionality
of the problem. No extra precautions need to be taken except specifying the

appropriate states for fictitious cells.

IV.5.3 DISCHARGE FROM AN OPEN END PIPE

Another step towards the full transient motor prediction is the study of transients in a
relatively simple test case. A natural selection is the discharge from an open end pipe
to atmospheric pressure. This problem is chosen because of its geometric simplicity
and its close relation with fundamental solid propellant combustion instability studies

that are discussed in the next section. Moreover, the same transient inflow/outflow
boundary condition scheme is used exactly in full motor test cases that are presented

in sections IV.5.5 and IV.5.6.

IV.5.3.1 HELMOLTZ RESONATOR TYPE TEST-SET UPS FOR
COMBUSTION INSTABILITY RESEARCH

A brief survey will be presented to reveal an application area of the one-dimensional
constituents of this study. To measure the unsteady component of the propellant
burning rate, small test motors with simple geometry, usually having an end burning
grain configuration is being used. Since with these devices propellant burning rate
transients cannot be measured directly, non-intrusive methods are becoming popular

in current research and replacing them graduaily [70] [44].
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A propellant in cylindrical or end burning grain configuration located at the two far
ends of the pipe defines a basic T-burner configuration. Oscillations occur at the
natural acoustic frequency of the T-burner, which is a function of the burner length
and speed of sound, which depends on the temperature of the combustion gases.
Various configurations of this device exist and it can be used eﬂ‘ectively for
frequencies up to 300 Hz [71]. A rotating valve, located at the nozzle throat can also
generate disturbances in the motor chamber. This is known as rotating throat valve
experiment and can be used down to 100 Hz [72]. Helmoltz resonator burners are
devices for very low frequencies, down to few Hertz. Propellant grain in the form of
a disk is located at the end of a primary chamber with known volume. This chamber
is connected by a pipe to a surge chamber where the pressure is regulated at constant
the set value. By changing chamber values different frequencies can be experimented
[731.

In these devices, effective frequency is limited by the physical length of the set up.
For example, for an experiment at 300Hz a T-burner length of 2m is requited. (Speed
of sound=1200m/s, £=300 Hz) Fortunately for the numerical experiments, there is no

limitation on geometry.

IV.5.3.2 DISCHARGE FROM AN OPEN END PIPE (TRANSIENTS)

The capability of the one-dimensional code is tested in a full transient problem.
Some numerical experiments are performed to explore the flow details. By way of
this study a confidence about the behavior of the code in similar type of problems is
gained. A preliminary frequency analysis is performed which is necessary if the code

is intended for combustion instability predictions.
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In this investigation, the pipe length is 1 m. This length is divided into 100 grids. Left
end of the pipe is closed, which is modeled by the reflective boundary condition.

Right pipe end is open to atmospheric pressure, with density and pressure is taken as
1.2 kg/m* and 101300 Pa respectively. At this open end, inflow and outflow
boundary conditions given in section IV.3.5 are specified. These boundary conditions
also represent discharge to a surge tank. Working fluid is air with a specific heat ratio
gamma 1.4, Initially the surge tank is separated from the pipe by a diaphragm and is
pressurized to several values above the surge tank pressure. Due to an isothermal

pressurization process density in the pipe is increased in the same ratio as pressure.

Table IV-4: Pressure dependence of exit flow behavior for the six test runs.

Run Pressure Ratio Exit Choked
1 2 No
2 4 Yes
3 6 - Yes
5 10 Yes
6 12 Yes

Six runs are made with increasing chamber to discharge pressure ratios as given in
Table IV-4. These solutions are performed until the oscillatory steady state is

reached.

Depending on the initial pressure ratio two different transient behaviors are observed.
Referring to the solution plot for Runl, in Figure IV-12, for low-pressure ratios, at
right end cell, pressure reaches to the atmospheric value immediately after the
diagram at right end is opened. The maximum Mach number reached is around 0.5 in

that case.
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Figure IV-12; Behavior at low pressure ratios. Run 1.

For higher pressure ratios, such as the sample solution for Run5 given in Figure IV-
13, before reaching to the atmospheﬁc exit state, a temporary critical state is reached
where the pressure at the open end is higher than the atmospheric value. The Mach
number, during this time where pressure and density at the last cell remains constant,
is very close to 1. As expected increasing the initial pressure ratio keeps this sonic

condition and increases the temporary critical density and pressure values.
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Figure IV-13: Behavior at high pressure ratios. Run 5.

In Figure IV-14, time dependent pressure and Mach number variation at the first and
last cell (at open end) is plotted. The discussed behavior as a function of pressure
ratio can be seen more clearly. After these transients are over the remaining solutions
are oscillatory. The start of this oscillatory behavior can also be observed in Figure

[V-14 for runs with low-pressure ratios.
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Figure IV-14: Pressure and Mach number variation at head-end cell (top) and last cell (bottom) of the

Time . (3)

open-end pipe, plotted on left and right respectively. Initial transients. (0-0.015 s.)

The frequency spectrum of this time variation will be analyzed. To demonstrate the
possibility and contend of such an analysis, the carpet plot of pressure signal for the third run
is plotted in Figure IV-15. Spectrum data analysis is performed for overlapped time

intervals. Since the time-step generated by 1D-code depends on the wave structure in the
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solution domain time intervals were not regular. They are made uniform by interpolation.
The time step is chosen considerably low, so that it does not interfere with the expected
frequency. Record length is 2’ bits with 80% of the data are non-overlapping. A hanning data

window is used. Sampling frequency is 6000Hz with half of this value is used as cut-
off frequency. For comparison, the acoustic longitudinal frequency (the natural frequency

of the organ pipe) of the chamber can be estimated as 140 Hz. For P, =1.5x10°Pa and

P =2.5kg/m’,
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Figure IV-15: Carpet plot for frequency vs. time for pressure at first cell (head-end) node. Run 3 (0-
0.5 seconds)

IV.5.4 1D STEADY NOZZLE TEST CASES

To verify source term calculations, a diverging nozzle test case is selected [51]
Characteristic inflow/outflow boundary conditions are applied for two different flow
conditions, supersonic/supersonic and supersonic/subsonic for the inflow/outflow

boundaries, respectively. The nozzle area variation is given by the equation below
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where x is in meters and A(x) is in m% Nozzle shape is plotted in Figure IV-16. The

nozzle length is 3.048 m.

A(x) = 0.0929 - (1.398 — 0.347 - tanh(4 — 2.6248 - x)) (431a)

A'(x) =1.21555 - (1/ cosh(4 — 2.6248 - x))> (4.31b)

For both test cases, initially uniform flow is specified in the nozzle. When the steady

state is reached, the flow field is compared with the analytical solution. The quasi-

one dimensional solution is obtained for each case.

Diameter (m)

x (m)

Figure IV-16: Nozzle shape used in steady nozzle test cases.

Gas properties are y = 1.4 and R =286.9 J/kg K. The CFL number used in both test

cases is 0.3. For both test cases, number of grids used is 100.
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Density (kg/m3)

1D SUPERSONIC INFLOW, SUPERSONIC OUTFLOW

The supersonic flow at the inlet is specified by (4.32). Inlet Mach number is 1.5.

p| |1.2215kg/m’
u, |=| 351lm/s (4.32)
P, 47880 Pa

All the variables at the exit fictitious cell are extrapolated, identical to a transmissive
boundary condition. The analytical solution to this problem is obtained using gas
dynamics tables. Comparison of computed and analytical results is shown in Figure

IV-17.
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Figure IV-17: Comparisons of density/Mach number distributions for the steady state of supersonic
inflow/outflow divergent nozzle test case.
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The solution of this test case contains, a normal stationary shock wave at x=1.524
m. To accelerate convergence to steady state, initial states given below in Equation

(4.33) are used in the nozzle [51].

po| [12215kg/m*]
u, |=| 351m/s x<0.8534 (4.33a)
R | | 47880Pa
o] [1.2215kg/m ]
u, |= 119.1m/s x> 0.8534 (4.33b)
P, 47880 Pa

- L -

For the subsonic outflow exit boundary, only the velocity is specified as 119.1 m/s.
Results are plotted in Figure IV-18. There is agreement with the analytical

calculations and no shock smearing is observed.

Nezzle Iength (m) Nozzle Iength (m)

Figure IV-18: Comparisons of density/Mach number distributions for the steady state of supersonic
inflow, subsonic outflow divergent nozzle test case.
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High resolution of the exit shock wave is evident; this is due to a high number of
grids in a relatively short domain and the numerical method used. Which is an

encouraging result for the fm‘ther studies.

This is a steady problem solved by a transient code. Since the code is intended for
time-dependent problems a convergence history is not a direct output. However
based on the total change in pressure, approximately 3000 iterations are needed for

convergence for the CFL number and grid size used.

IV.5.5 1D MOTOR TEST CASE I (CYLINDRICAL TEST MOTOR)

A test motor, whose pressure and thrust vs. time histories are available ﬁ'om static
tests, is selected as the first test case. It has a cylindrical grain. The predicted
pressure-time histories are plotted and compared with static firings. Also the steady
state pressure level is compared with the value obtained from a zero dimensional

mass balance calculation.

IV5.5.1 GEOMETRY
The assembly drawing of the cylindrical grain test motor, abbreviated as. 2x4, is

given in Figure IV-19.
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Figure IV-19: 2x4 Test motor. 1D Motor test case 1.

To represent area burned correctly for 1D calculations, an equivalent length calculation is

performed keeping the port area constant. Corresponding one-dimensional geometry is

presented in Figure IV-20. Along the cylindrical grain average port diameter is used. The

nozzle region is modeled by the area functions of Table IV-5.

Table IV-5: Geometry of the nozzle.

Momenclature Description Value
D, Throat Diameter 7.24 mm

D. Port Diameter = Nozzle Inlet 45.09 mm

‘ Diameter

m, Motor Length up to Nozzle 104.7 mm

X, Total Motor Length 209.4 mm.

ch Length of Convergent Section 2-(x,, —m)+m,
A Constant D,/2—(D,+D,)/4
B Constant (D, +D,)/4

X, Position along x-axis

6 X, in radians 3-(x, ~m)-w/2-(x,y —m;))
D Nozzle Diameter 2-a-cos@+2-b

A Nozzle Port Area z-D*/4

dA /! dx First Derivative of Nozzle Port Area 2.7-D

-(~asing -3z (x,,, —m,))

67




SRR DA A SR SRR BN RO e RS A AN

%
—y

Figure IV-20: Simplified one-dimensional motor geometry of test case 1.

Thermochemistry codes are used to determine gas properties of the propellant. The
propellant batch that is used in this test case has the following thermochemical
properties at 2250 psi; R=320.31 J/kgK y=1.2111 T 4em, =3012.5 K. The total
enthalpy at flame conditions can be calculated assuming constant specific heats,
giving H, =5535.9 kJ/kg. The speed of sound and characteristic exhaust velocity

values can be calculated using these thermochemical properties as a=1081 m/s and

C*=1509.67 m/s respectively.

Empirical pressure dependent linear burning rate law corresponding to the Equation

(4.28) is given below as,
r,[m/s)=14.5177284¢ - 6 - P[Pa]"* (4.34)
In the governing equations, momentum source term is zero since mass is injected

normal to the motor axis.
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IV.5.5.2 STATIC FIRINGS FOR COMPARISION

Two firings of the same motor with similar geometric dimensions are used for
comparison. Some parameters that affect the final pressure-time history and
performance are presented in Table IV-6. In this table results of the two predictions
that are made using the quasi-one-dimensional code. One prediction is made with the
nominal motor dimensions, taken from the technical drawing. Other prediction is
made specifically for firing 1293, whose pressure-time history at motor head-end is
given in Figure IV-19 over plotted with the corresponding test values. As seen from
the table, small variations in burn area, port length, throat diameter and burning rate

affect the average test pressure obtained.

Table IV-6: Geometric and Steady State Pressures for Static Firings and Predictions.

Average Average Average Average

.- Buming Rate Port Pressure Pressure Throat
Firing Propellant | @Prefand | AT€3BUM | Diameter | LPort | Test Predited | Dia
Number Batch Tref (um/s) | (M) (mm) (mm) | (Mpa) Mpe) (mm)
1293 XX-X-003 14.82 0.0127616 | 44.50 91288 | 14.58 14.26 T7.747
1D
Prediction of | XX-X-003 14.82 0.0127816 | 44.50 91.288 | 14.42 14.26 7.747
Firing 1293
1292 XX-X-003 14.54 0.0128633 | 44.62 91.770 | 16.10 16.05 7.525
1D
Prediction ’
with nominal | XX-X-003 14.82 0.0132964 | 45.09 93.865 | 19.98 19.54 7.240

' motor

dimensions
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Figure IV-21: Head End Pressure (Comparison with Static Firing 1293)

As seen in Figure IV-21, agreement of motor chamber pressure with the experiment
is good. The initial peak in firing 1293 may be due to the start-up erosion/volumetric
change, which affects the experimentally determined burning rate. Chamber pressure
further decreases due to the erosion of graphite nozzle insert. This throat erosion is
absent in the computational model. In the one-dimensional prediction, propellant
disappears in a zero time interval. However in the real case some sliver may remain
in the motor that effect tﬁe shape of the tail-off region. However, general shape of the

motor depressurization curves is similar.
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IV.5.6 1D MOTOR TEST CASE II (END BURNING TEST MOTOR)

This test motor is relatively larger and has a cylindrical planar end-burning grain. The
complete assembly drawing is given in Figure IV-22. The basic motor and nozzle
dimensions are given in Table IV-7. Nozzle area functions are same with the previous test

case and they are available from Table IV-5.

it /L]

\ SRR

Figure TV-22: 6C4 Test Motor in End Burning Configuration. (1D Motor Test Case IT)

Continuity and energy source terms are identical to the previous test motor, whereas
momentum source, due to the end-burning configuration, has a non-zero source term

in this test case.

Table IV-7: Geometry for the Second Motor Test Case.

Initial Motor Length 255.8 mm
Initial Port Length 82.2 mm
Final Motor Length 463.3 mm
Predicted Burning Time 30.s
Throat Diameter 12.95 mm
Motor Inside Diameter 152.4 mm

Predicted pressure rise at the propellant surface is plotted in Figure IV-23. The

solution is performed until the steady state is reached. This steady state pressure level
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can be calculated from a zeroth order mass balance. Equilibrium between choking

nozzle mass flow rate and injected mass flow rate leads to the Equation (4.35) given

below.

1
C'A i-n
P, =( urn P W"“‘“J (4.35)

With the given dimensions and propellant properties, P,,,, = 4.308 MPa is obtained.

and from the full transient 1D moving boundary code P, is predicted as 4.385

Mpa.
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Figure IV-23: Predicted Pressure-Time History for the End Burning Test Motor.

In Figure IV-24, Mach number distributions inside the motor are plotted at three

consecutive times, showing a traveling shock in the nozzle, which is developed

during the starting period.
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CHAPTER YV

TWO-DIMENSIONAL CARTESIAN GRID AND SOLVER

V.1 INTRODUCTION

In this chapter a two-dimensional Cartesian grid Euler solver will be explained. The
solver is intended for complex geometries, with any number and combination of
solid and moving boundaries. Cartesian grid approach is chosen to facilitate an
efficient and rapid geometry definition. As will be demonstrated, Cartesian grid
intersections depends on the local topological character of the boundaries, For this
reason the end user of the code does not have to perform a special grid generation
process for the given application. The geometry dependent problems of classical grid
generation are eliminated. The generated Cartesian grids are rectangular and may not
be in the best possible quality for the given application. However it is general, and
with a single program - satisfactory results are obtained for different type of
applications. For boundaries with sharp corners, this approach is another alternative

to triangulation and multi block structured grids.

The Cartesian grids became unstructured near the boundaries. The triangular,
quadrilateral and pentagonal elements may coexist even in a fairly simple problem.

Since the geometric possibilities are close to unlimited a systematic approach is a
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requisite throughout the study. The structured programming features, CAD
algorithms and approaches from constructive solid geometry are indispensable for
the fulfillment of this highly geometric task. Including the axisymmetric and solid
propellant regression models that will be discussed in the next chapter, the lines of

code sum up to 10267.

V.2 DEFINITIONS AND TERMINOLOGY
Before starting, a terminology should be developed to discuss Cartesian grid
approach. Since the literature about Cartesian Grids known to the author’s

knowledge, up to now, does not enfold a complete moving boundary treatment, some

definitions are original to this work.
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Figure V-1: Terminology for cell intersections.
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The solution domain is rectangular. Given its length and width, square grids are
generated inside. The rectangular boundaries and square grids form the solution
‘“template”. Square grids are termed as “cells”. In the template plotted in Figure V-1.
there are seven and five cells, in the x- and y- directions, respectively. Template
boundary sides are EAST, WEST, SOUTH and NORTH, where inflow/outflow,
reflective, transmissive, injecting, moving wall boundary conditions can be specified.
Also for the side of any cell inside the template, a boundary condition can be
assigned. This feature may be useful in some specific problems and increases the

versatility of the code.

In applications, solid and moving walls are bordering the flow field of interest.
“Curves” that form the boundaries of solid/moving walls are specified as line
segments, in an order so that when the curve parameter increases, solid bodies are

always on the left.

In a general problem there may be moving and solid boundaries connected in series
as shown in Figure V-1, These series of curves are termed as “streams.” In streams
intersection points of moving and solid curves are labeled as “kink points”. A stream
can be composed of a single moving or solid curve. Streams are allowed to loop,

forming voids or closed bodies, with coinciding start and end points.

A boundary curve, passing through a template cell, intersects its sides in two points.
Tracing the curve with the solid region being on the left-hand side, first intersection
is denoted as “point 1a” and second as “point 2a.” Cell intersection points are stored

with respect to coordinates relative to the cell.
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If number of intersection points in a cell exceeds two, cell types that are not covered
by the solvers’ cell-type-domain may appear. These cells need special treatment and
named as “degenerate cells” in the Cartesian literature [5]. Extra intersection points
will be labeled and stored as “point 1b” and “point 2b.” A simple degenerate cell

example is given in Figure V-1,

V.3 SOLUTION PROCEDURE

The main algorithm consists of the steps that are listed in Figure V-2.

Define Template Dimenslons end Generate
Cartestan Template Grida.

{ mitial and Boundary Concitions are Specified. |———!  Saiid and Moving Wels are input. |

TIME L.OOP
|  Frndsweams. |

. Find Gell
[ nitiaize Cel Atiriutes. |-——[ e

| Degenerate Cell Management. |-

| Find Cell Type and Call Sub Type. |

I
| Mark Solid Celis. 1

I
Moving Wall Handling Routines Cormbine Cals
Find Cell Arsas. N Avea Aversgn the Cell States of Combined Cells,
Perform State ntiinterp Find Combined Ceil Area.
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Figure V-2: Solution algorithm and time loop.
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V.3.1 CARETSIAN GRID GENERATION ROUTINES

Cartesian grid solvers does not require a separate grid generator programme.
However, when the aim is arbitrary complex geometries, generation of the template
grids and finding local intesections becomes a complicated geometric task. An
addition to this is the complexity brought by the boundary movement in the solution

domain.

Unlike boundary-conforming grids where global remeshing, at each time step, alters
the positions of grid pointg [35] [58], Cartesian grid points are stationary. Thus for
Cartesian control volumes that are not cut by a moving boundary, any geometric
conservation law or a Jaeobian transformation that cares for the time dependent grid

movement is not applied.

V.3.1.1 INPUT FILES AND MODELLING OF SOLID/MOVING WALL
BOUNDARIES

Data specifying boundary conditions, template dimensions, gas properties and
geometry of solid/moving curves is input to the code via the related data files. The

contents of these files are presented in Appendix B.

Curves that form the boundaries of solid or moving walls are approximated with line
segments. A line segment is the lowest object of the stream structure, It is defined by
the parametric equation of straight line. Parametric representation of line segments is
found useful especially in finding cell intersections. For this type of representation,

position vectors of the start and end points of the straight line are needed. A single
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curve parameter defines the position of any point on the line segment. In the code,

the line segments are defined using the following C++ structure;

struct line {
double p0([2] ; /* start vector */
double pl{2] ; /* end vector */
double n{2] ; /* unit vector in offset direction */
double rb ; /* offsetting velocity */
}:

Besides start and end position vectors, segment center velocity and its magnitude are
also stored to allow for variable offsetting along a moving type curve.
The curve structure used in the code composed of the line segments, number of line
segments that make up the curve and type of curve, which may be moving or solid.
Line segment sequence of each solid/moving curve is arranged so that solid bodies
are always on left. The geometric information of the input curves are kept in the
following structure:
struct curve {

struct line seg[N_SEGMT] ;

short int type ; /* SOLID or MOVE */

int n_segmt ; /* end indis of seg[]

end ind=(# of segments-1) */
};

V.3.1.2 CELL SIZE AND NUMBER OF CARTESIAN GRID LINES

Since the domain is rectangular and the cells are square, number of grid lines in x-
and y- directions are dependent on each other. First the minimum number of grids in
each direction is calculated, which is the coarsest possible grid for the given template
dimensions. Then, if an extra refinement is required, number of grids are increased in
both directions with the same ratio. If the template side dimensions are not whole
numbers, then they should be expressed in ratio form, i.e. numerator over
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denominator. In that case, to calculate cell size and template grid line locations
accurately, integer arithmetic should be performed. Please refer to Appendix B, for
the details of calculations and related input file used.

V.3.1.3 FINDING STREAMS

In a given geometry, composed of arbitrary number of solid and moving curves, at
the start of the problem, i.e. at initial state, some part of the solid boundaries are
covered with moving curves and may not see the flow region. For a propellant type
regressing material this situation is shown in Figure V-3. At the later times of the
solution, these solid boundaries will expose out and start affecting the flow. In order
to obtain the transient solution, at each time step the flow boundaries should be
determined. Curves defining flow boundaries or wetted argas are called streams and

the corresponding process is stream generation.

In Figure V-3, initially there is one moving curve (A-B) and one solid curve (1-c.c-
2). Solid curve is composed of two line segments and the initial stream is made up of
the moving curve (A-B) only. As the boundary moves, at a later time step the number
of moving curves increases to two. The stream is now made up of three curves (a-b,

b-c.c-d, d-). In a general problem, the number of streams may be more than one.

80



§§§§§§Q\p\<

.

-
\ \\\ \\ \ k

Figure V-3: A Solid Boundary Exposing out Which is Initially Covered with a Regressing Material.
(A-B is the Stream at Time t. a-b.b-c.c~d.d-e is the Stveam at a Later Time.)
For finding streams, algorithms developed in this study covers situations involving

merging and break-up of moving boundaries and also generate loop streams.

If there are no moving walls and all the geometry that defines fluid boundaries are
solid, then each solid wall is assigned as a new stream. If there are moving walls,
new streams are generated by tracing moving and solid curves alternatively. In this
trace, “A stream can form a closed loop or start and end at a template boundary” is
the basic rule. Until this rule is satisfied, each trimmed/extended moving curve is
traced first in its start direction and then towards its end. During this trace,
intersections with other curves will be detected. Each new detected curve during this
trace is kept in the order as a member of the generated stream. The stream

information is kept in the following structure:

struct stream {
struct curve sw_mv[N_CURVE] ;
int n_curve ;
short int cloop ; /* Switch for whether
the stream is closed or not */

}:

81



V.3.1.4 CARTESIAN CELL INTERSECTIONS

The basic geometry, which defines the variables used in the algorithm, is presented
in Figure V-1. For each stream, their line segments are searched for an intersection
with vertical and horizontal grid lines. If an intersection is found, intersection point
and its type (moving or solid) are stored in the cell structure relative to cell
coordinates. The coordinates should be specified relative to square cells because of
the accuracy considerations. This algorithm is different than the one proposed in [5].
In that study boundary curves were traced and cell coordinates are defined as integer

variables taking discrete values to overcome the accuracy problem.

The intersection routine considers the sense of each line segment and covers different
cases including specific orientations of segments that are parallel to Cartesian grid

lines. These cases are compiled in Appendix C for future reference.

Two intersections are allowed and typical for each Cartesian cell. If more than two

intersections are found, their positions are stored for degenerate cell considerations.

FULL FLOW
Line segment Lino segment
1-2 Is solid or 1-3 is moving
moving. and 3-2 is solid

Figure V-4: Basic cell types (SOLID, FULFLOW, CUT-M/S, KINK)
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For geometries involving moving and solid boundaries, there are five basic cell
types. These are: full flow, solid, cut-solid, cut-move and kink cells as shown in
Figure V-4. Cut cells contain a single curve segment, which may be moving or
stationary. Kink cells are cut cells where a solid curve ends and a moving curve starts
or vice versa. The same convention also holds for segments inside cells: the solid

part is on left, in the direction of curve parameter increase.

V.3.1.5 CARTESIAN CELL STRUCTURE
In the solution domain each square formed by the grid lines defines a control volume,
named as cell. Number of cells are equal to the number of grid lines. For each cell,

besides flow variables the following information is also stored:

= Basic cell type (Figure V-4)

= Cell sub-type (Figure V-5)

* Position vector of first and second intersection points.

® Intersection types of first and second intersections. (Which depends whether
the cell is intersected at that point by a solid or a moving curve.)

= Position vector of first and second degenerate intersection points and their
types.

= Position vector of the kink point.

= List number that the cell is combined.

= Cell area.

= Position of cell center.

» The boundary condition specified for any of the cell sides.
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V.3.1.6 CELL SUB-TYPES

The intersection type and the cell side each intersection point is located determines
the cell sub-type. These sub-types are grouped and presented in Figure V-5 in
compact form. Depending on the conditions given in Figure V-5, the solver
differentiates 48 different cell sub-types. Although only cut-moving/solid (CUT-
M/S) cells are drawn, for each cut cell sub-type there is also a corresponding KINK
cell with intersection points at the same locations. In that case the kink point, point-3

in Figure V-4, is located at an arbitrary position inside the Cartesian cell.

COND 1:

COND 2:
cuUT2s COND1: E V2 V2ZE WV4AVAW SViVIS NV3V3N
CUT2M COND2: WVIWVI EV3E V3 NVAN V4 SV2 S V2

KINK2

_

CUT3S COND1: EV2ZEV2 WVA4W V4 NVIVBN SVI Vi S
CUT3M COND2: NVAVAN SV2V2S WVIWVI EVBE V3

KINK3

Figure V-5: Cell types; cell sides (E, W, S, N) and four vertices (V1, V2, V3, V4) clockwise, starting

from southwest corner are possible locations for the intersection points.



V.3.1.7 DEGENERATE CELLS

In the solution domain, if arbitrary intersections with the input geometry are allowed,
some cells that are not recognized by the Cartesian Solver may appear. These cells
are named as Degenerate Cells in the Cartesian literature. (A simple example is a cell
with more than two intersections, Figure V-1) By increasing grid size or slightly
shifting the input geometry some of the problematic cases can be overcomed.
However such remedies work only for bodies that are not moving. For applications
involving continuously changing shapes and offsetting, these problematic geometries

must be identified and suitably approximated.

Table V-1: Number of possible unit geometries for each degenerate cell problem type.

PROBLEM NUMBER of UNIT
TYPE GEOMETRIES
P1 32
P2 8
P3 64
P4 giagonat 16
P4 88

Depending on the number of intersections in the degenerate Cartesian cell,
geometrically possible problem types can be grouped in to four. Thm problem
topologies will be labeled as P1, P2, P3 and P4 cells (With one, two, three and four
intersections in a Cartesian cell respectively.) For each problem type, the rotations
and symmetries of the basic geometry should be considered, together with the type
(moving or solid), of the intersecting boundary. The total number of unit operations

that is taken into account for each problem type is given in Table V-1.
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P2 AND P4 PROBLEMS

1 souw
All P2 cells, whether their
intersecting line segment
type is same or differant, are
marked as FULL FLOW.

2 saem  (cell a)
P4(cell b) P4(cell c)

All P4 cells, that has the
following points (1b and 2a)
and (1a and 2b) placed in
opposite sides are marked
as FULL FLOW or SOLID.
{cellb, d, e, g)

(cell a)

P4 cells that 1a and 2b
points are placed on
different sides and 1b and
2a are placed on the same
side, make boundary
approximation.

(cellh, ¢, 1)

Figure V-6: P2 and P4 type degenerate cells. In all figures dashed lines represent the approximated
boundary. Both line segments are of same type (Both move and both solids). For the definitions of cell
intersection points 1a, 2a, 1b and 2b refer to Figure V-1.

To disclose the scope of degenerate cell work, some examples of the primary
geometries and rules that are used in the code are given in the Figures V-6, V-7 and
V-8. For degenerate cells with different curve type of intersections, approximated
geometry becomes more accurate and results a kink type of cell. Without considering

these topologies, an efficient moving body Cartesian solver is not possible.
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Pt PROBLEM

Basic Geometry la
1
(celin) 1a 1a
2a 1a
2 2
2aonly (1a 2a 2aonyjla 2a
P11 (calle) Pt | (celle)
(cell ¢) (cell ¢)
Basic Geomelry ib Basic Geemetry Ib

Figure V-7: P1 problem. P1 problem is possible if the segments that make a sharp corner are of the
same type and one of the segments coincide with the template grid lines. There are two basic
geometry types. (And each type has two variations, a and b) For the basic geometry type 1a (top left
figure), to overcome the ambiguity in cell intersections; Mark (cell ¢) and (cell s) as FULL FLOW.,
Move Point 1a of (cell se) to Point 2a of (cell €). Each of the four topologies that are plotted above has
also four different orientations depending on the position of the cell that is marked 1a/2a-only.

2 ! 2 1 P4Sce
\ rd \ 4 \ \ \
18 1b a~_ \* 1a 1b NN
2 1b§ 2a 1b‘\

Basic Geometry C-B Baslc Geometry C-B
{Same 73) Basic Geometry (Different ‘l?:pyes) Basic Geometry
Converging From (Same Type) Converging From (Different Types)
Corner-NW Towards Comer-NW Towards
Comer-SE Comner-SE
. 2 2 ! . 2 1 P4Scc
\ &S \\w \\Zb\ 2\\13
4 & 2a “" > 2a
1]\ 1b\ N’ \ 1al\, k 2b\. \
Za\ 1b\ 2a\ 11\
wmﬁ)@ Besic Geometry Basic Geometry C-B Basic Geometry
c ing From (Same Type) mﬁmm (Different Types)
Comer-SE Towards Comer-SE Towards
Comer-NW Comer-NW

Figure V-8: Diagonal P4 problem. One of its four sub-types. The four cases that are shown on the left

are same type of curve intersections and different type intersections are on right.
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V.3.1.8 MARKING SOLID CELLS

Following the above approach attributes for each cut cell in the solution domain is
now known. The remaining cells are either solid or full flow. For solid cells, no flow
solution is needed. Hence they must be distinguished from the full flow cells before
starting the solution. Since the geometry is going to change at each time step

calculations should be repeated.

The procedure that is developed for identifying full-flow cells is similar to the one
used in [5]. All the Cartesian cells are traced first horizontally and then vertically.
During each trace, cell type does not changed and marked as either SOLID or
FULFLOW, depending on the initial cell type assumption. When a cut cell is
reached, during these traces, the marking type is reversed and switched to
FULFLOW or SOLID. The tracing proceeds with this marking type afterwards. By
taking into account the detected cut cell sub-type, initial cell type assumption and
previous type marks are corrected. The algorithm is tested in various complex

geometries and found to be working in all cases considered so far.

The solid cell marking procedure of [5] does not take the cut cell sub-type into
account. For this reason an extra trace, either in horizontal or vertical direction is
needed. Even with this extra trace, ambiguous geometries are still possible. In this
study, depending on the cut cell sub-type initial cell type assumption is corrected
when the marking type is switched. By that way, the number of horizontal and

vertical traces is decreased to two.
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V.3.1.9 STATE INTERPOLATION/ASSIGNMENT FOR NEW DOMAINS
CREATED BY RETARDING MOVING BOUNDARIES

When the boundary geometry of the problem is updated at each time step due to
retarding boundary movement, “new domains” are created inside Cartesian cut cells.
These domains whose solution is not yet known, dbes not exactly overlap with the
“extra solutions” that are calculated during the solver phase. (“Extra solutions™ have
been defined in Section IV.3.6.) These “extra solutions” are valid for rectangular

regions that are generated by the cut segments sweeping during the time step.

@&E R 5 & s N
1) Cut Segments, Solid Region and Solutions assigned to Cell Centers® .

3 > R -
4) cu Ends are
or the nearest Template Boundary.

2) Normal Offsetting of Cell Segments. Extra Solutions are calculated at  5) New Segments in Cartesian Cells and final disptaced solid body.
the centers® of the rectangular regions generated by retarding segments.

S =
5 =
ST

= S G % ¥ S5
3) Cell Segment Mid-points are normal offsetted. These new points, ~ 8) New Cell Domains. Thelr state vectors are assigned by Inverse distance
b)y fon-mnggﬂne segmgms' define the displaced boundary. P interpotation from the nearest reclangular domains (Extra Solutions).

Figure V-9: Steps of boundary offsetting and state vector interpolation/assignment.
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New cell center and area of the investigated cell determines if there is a created
domain without a solution. The center position of this new solution domain is
calculated. Nearest four rectangular extra solutions are then found, their state vectors
are inverse-distance approximated and assigned as a solution to the new solution
domain of the investigated cell. The visual interpretation of the algorithm is depicted
in Figure V-9. This procedure is exact for purely translating boundaries without
rotation. Offset boundary movement is a translating motion in the surface normal
direction, which occurs in surface reactions, evaporation or agglomeration. Inverse

distance interpolation formulas are presented in Appendix C.

V.3.1.10 CELL COMBINATIONS

Intersections of arbitrary line segments may produce tiny cells, which minimize the
time step size. If an efficient Cartesian Cell solver is the aim, these tiny cells must be
combined and treated as a single control volume. Combined cells become a member
of the same list. These combined cell groups will be referred as “combination lists”
and the assigned list number will identify them. When finding the cell to be
combined the segment mid-point normal rule [5] is practiced here. The cell, which is
found by this rule, is known as the best combination.

Around confined regions and for cut cells with neighboring template boundaries, the
best possible combination may not exist or the planned combination may produce an
undesired size increase that decreases the local spatial accuracy. In order to acquire a
consistent control volume size as much as possible, throughout the template,

maximum three alternatives of the four neighboring cells are returned to the code in



the order of the best combination possibility. In cases when the best combination cell

does not exist other alternatives are considered in order.

CELL (I, j+1)/

CELL (i+1, )

Figure V-10: Cell (i, j) is combined with the first of the two alternatives.

In Figure V-10, the segment mid-point normal marks cell (i-1, j) as the best
combination candidate. If grouping with this cell is not possible the second
alternative, cell (i, j+1) will be considered. There are no other alternatives since east
and south sides of cell (i, j) neighbor solid material.

For all the combined cells in the template, cell states are area-averaged, area and cell

center of the combined cells are found.

In Figure V-11, Cartesian Grid Information from various template locations of the
letters ‘S’ and ‘A’ are presented. These closed-up positions are selected to
demonstrate some critical locations and treatment of degenerate cells. Labels F, C
and S stand for FULLFLOW, CUT and SOLID respectively and the numbers shown
on Cartesian cell centers, represent the combination list that the cell is a member.
This cell information is generated by the code for each time step and plotted over
automatically on the output file. Intersections of dotted lines are cell centers and

solid lines are Cartesian grids.
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V.3.1.11 BOUNDARY OFFSETTING, END TRIMMING/EXTENDING

After the solution at a new time step is obtained, moving curves are offset in the
following way; for cells that contain a moving type cut segment, segment center
points are displaced in the wall velocity direction. New curve points for the moving
wall are generated without loosing the curve parameter sense. Curves that form loops
are separately detected and displaced. Moving curve ends are trimmed or extended to

a nearest solid wall or a template boundary.

Explanation and geometric details about moving curve trimming/extending

algorithms can be found in Appendix C.

At the end of the trimming and extending process, it is established that each moving
curve starts from or end at a solid boundary /template side, or form a loop. This then
enables the stream generation algorithms that are discussed in Section V.3.1.3, can

trace the moving and solid curves without any breaks.

V.3.2 THE SOLVER

In the solver routine, time step size calculation and balance equations for the control
volumes of cut and full-flow cells are solved. For conventional solvers, the grid
usually consists of cells of one geometry. In Cartesian approach similar to hybrid
methods, different element types coexist and the solver must distinguish each type.
Moreover cells that are combined must be solved together, and in this study, since
orientation and number of combinations is allowed to vary, extra controls are needed

to realize this task.
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V.3.2.1 DETERMINATION OF TIME STEP

Time step size Az, that the solution is advanced to the next time level depends on the
speed of the fastest wave in the solution domain and cell size. The procedure is
discussed in Chapter IV for one-dimensional applications and its extension to higher
dimensions is utilized here. For a given Cartesian cell of any type, its sides are traced
for the maximum wave speed. For sides that are not aligned with the Cartesian
directions, the speed is calculated from the Equation (4.10) of Chapter IV, using the
rotated left and right states. Twice the normal distance between the cell center and
the cell side is taken as the linear distance, of Equation (4.14) of Chapter IV. The
minimum time step is calculated for each cell in the solution domain, and the cell
with the minimum value compared to other cells in the domain determines the time
step size.

For combined cells, each combination list and each side in the list is traced; the linear
distance used in that case is twice the shortest distance between the cell center of the

combination list and the cell side that is considered.

V.3.2.2 FLUX TERMS AND BALANCE OF CONSERVATIVE VARIABLES
The integral form of the conservation laws, which are presented in Chapter IV by

Equations (4.19) and (4.20), will be repeated here.

%(mv[): > Asj[cosesﬁ"’ @) +sin 6,6 () (5.1)
Nsides

In which, sides of the control volume |V| are inclined to the x-coordinate with

arbitrary angle 6,. By the use of the rotational invariance property, which is

discussed in Chapter III, and for a control volume that is not deforming, Equation
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(5.1) can be represented in the form given in Equation below. This form of the

governing equations is suitable for a x-split method of approach.

4G)el 5 Hrrles
20)- .2 I Flr,0)a4 52)

T, is the rotation matrix given in full form in Appendix A and 7' is its inverse
matrix. Tsfj is the state vector in the x-split direction. Using this state vector, flux
F‘(TSU' ) is calculated by a suitable flux stencil, like an exact Riemann solver as in

this study. 7'F (Tsl7 ) is the final flux contribution from side s, that is rotated back

to the original direction before summation.

In discritized form, for a two-dimensional planar control volume, with sides s, side

length L, and cell area 4, ; the governing equations are;

Uz =07, -5 1 [ Flr0) (53)
=

Using Equation (5.3), state vector of cut and full-flow cells is updated at each time

step. The flux contributions from cell sides that are aligned with the Cartesian

directions are calculated first.

Flux contribution from the cut segment, which may be oriented in any direction is

calculated by rotating the state vector of the Cartesian cell to the direction of wall

normal. This rotated state will form the left state, of the intercell Riemann problem.

Using this left state, moving/stationary wall boundary conditions will be applied and

the corresponding fictitious right cell-state is determined. With these left and right

states, local Riemann problem will be solved which leads the flux through the cut

side. This flux is the component along wall normal and should be rotated back to the

original direction before placing it in the balance Equation (5.3).
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Cells that are combined are treated as a single control volume. Flux contribution
from all sides are calculated via intercell Riemann problems and sides that are

common to two cells of the same combination list are ignored.

Details of the algorithm, which is used to calculate fluxes for each cell side is

presented in Appendix D.

V.4 MOVING WALL EXAMPLES

To demonstrate the performance of geometry handling and moving wall-offsetting
functions two examples are presented. Geometric problems encountered during
normal offsetting are discussed in [74]. These are related to the local curvature and
offsetting distance. For both examples that are presented wall offset velocity is

constant.

Figure V-12 is the burnback [75] of an arbitrary solid propellant grain. Burnback
data is the basic input for one-dimensional performance prediction codes of solid
propellants rocket motors. This data consists of wetted perimeter and area burned vs.
web burned (offset distance) One tenth of the cylindrical shell is plotted. 50x60
Cartesian grids are used in the template of 5/6-léngth ratio. Due to its high convex
curvatures this geometry may cause some problems in geometry dependent burnback
codes [76]. Sharp grain corners are tolerably rounded. At the end points of the
regressing curve, which represents the moving propellant, to force symmetry, slope

is specified.
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Figure V-12: Grain burnback in a Cartesian template. One of the four consecutive time steps are
plotted.

In order to demonstrate the performance of degenerate cells, some simple merging
and break up situations can be simulated, no merge/break-up routines are used but
the present code detects brake as an integral capability of the algorithm. Break-up
region is detected by marking some degenerate cells as full flow. Figure V-13
demonstrates an offsetting sequence leading to break-up. Template is a square 8x8

millimeters. The offset velocity is 2.5mm/s. 46x46 grid is used in the calculation.

Break-up Region time = 0.147 s.

|
1 11 [
H I~ T
- P
| 7
P A
1 -
oz L1 ,/
i i £
I L4 113
1 // 7 - —
P Ji! Pt L] 11
papi =sESupEs Break-up Region time = 0.1485 s.
A PN
v 4/ = 4 . : = =
ot /r TN H L\_,/
11 W A1 :
p 7 4 . 7y
z
/ |
- {7 A i —
A, . I /
L /(
T / ;
| ! | LT 1 Z

Figure V-13: Break-up of an arbitrary solid body. Demonstrating the degenerate cell handling
procedures and stream formation. The initial geometry is drawn using thick lines. Not all the zones are
plotted. During break-up, time step is modified.
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V.5. APPLICATIONS

V.5.1 2D IMPULSIVE PISTON WITHDRAWAL AND ADVANCE

Gas dynamics of the simple piston problem is a good test case to verify the moving
boundary handling routines. The analytic solution obtained via characteristic
methods for different piston velocities are available in the literature [69].

In this test case, the chamber length is 10 and width is 4 meters. A relatively high
piston velocity, 40 m/s is selected. The moving piston head is placed at the left-hand
side (at t=0. s piston is at x=1 m). Open-end boundary condition is specified at right
end, all other template boundaries are reflective simulating closed chamber walls.
The CFL number is 0.1.

The results are compared in Table V-3 and V-4 for 80x32 and 40x16 grid sizes. For
both advanced and withdrawn cases, as the grid size increases results become more
close to the corresponding 1D analytic solution. Even for coarse grid, the presented
percent errors are acceptable. The sixth column in the table gives the speed in the
first cell close to the piston head. These values are not exactly same with the piston
speed since they represent the cell-averaged value assigned to the cell center. The
sample solutions (density contours) are plotted when the generated wave is
approximately at one-third of the solution domain, i.e. before the whole domain

reaches to the piston velocity and to piston head state, Figure V-14.

Table V-3: Comparison of results with 1D analytic solution, piston withdrawn. (Values of the piston
head cell is compared at time = 0.019744 5.)

Grid Size P3 (Pa) P3 from 1D | Rho3 Rho3fromID | U cell | % error in

(Pa) (kg/m3) | (kg/m3) (m/s) Rho (density)
40x16 85897 85907 1.064807 | 1.066724 -40.0003 | 0.18
80x32 85900 85907 1.065071 | 1.066724 -40.0001 [ 0.15
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Table V-4: Comparison of results with 1D analytic solution, piston advanced. (Values of the piston

head cell is compared at time = 0.015269 s.)

Grid Size P2 (Pa) P2 from 1D | Rho2 Rho2 from1D {U cell | % error in
(Pa) (kg/m3) | (kg/m3) (m/s) Rho (density)

40x16 118975 118994 1.343465 | 1.346068 +39.9997 | 0.19

80x32 118982 118994 1.343916 | 1.346068 +39.9999 | 0.16

For comparison density flood plot for a 45°

mc

lined wall that is withdrawn 40m/s

impulsively, perpendicular to the piston surface is also presented in Figure V-14.

Although template boundaries are transmissive, generated waves are not parallel to

the inclined wall because of the unsymmetrical decrease of retarding wall length. In

Figure V-15, velocity vectors are plotted for an advancing 45° inclined wall. The

turning of velocity vectors at the top corner of the piston is distinguishable.

Advancing Piston time = 0.01573 s.
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Figure V-14: Density flood plots of impulsively advanced/withdrawn piston for different orientations.
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Velocity
Vectors

(40 m/s)

Figure V-15: Velocity vectors for 45 degree inclined advancing piston.

V.5.2 FLOW AROUND THE LETTERS ‘S’ ‘E’ ‘A’

For the qualitative assessment of the algorithms that has been developed can be
accomplished by means of a typical arbitrary complex geometry. In this study the
flow around the letters ‘S’ ‘E’ ‘A’ as presented in Figure V-16 and V-17, is selected
for this purpose. Letters are occasionally used in CFD literature to typify complex
solid geometries [5] [77]. The template grid size is 70x42 and transmissive boundary
conditions of Section IV.3.5 are specified for all its sides. A discontinuous initial
condition is specified for the flow state. The discontinuity is positioned at X=1 and
its left side is high pressure and density. U, = (12 kg/m3, 0.0 m/s, 1013.0 kPa), U,
= (1.2 kg/m3, 0.0 m/s, 101.3 kPa). All over the solution domain, initial velocity is

zero. The cfl number is 0.1 throughout the solution duration, which is 2 s.
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CHAPTER VI

AXISYMMETRIC FORMULATION AND SOLID PROPELLANT
ROCKET MOTOR SOLUTIONS

VL1 INTRODUCTION

Axisymmetric formulation is a natural extension of 2D planar codes and essential for
many practical problems. Same problems can be solved via the full 3D codes, however
this approach becomes impractical especially in a design environment for the following
two reasons. The time step limitation, due to small 3D finite volume elements at the
center region [78] and large number of control volumes need to be solved due to the

extra spatial dimension.

The goveming equations, when derived in axisymmetric coordinates, become
inhomogeneous with a geometric type source term. This is due to the unbalanced normal
pressure in the azimuthal direction. For this reason, the equations, when written for
axisymmetric coordinates, cannot be represented in the full conservative form.

Alternative forms of the equations are possible, if some part of the geometric source is
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covered in flux terms. Besides the discritized equations, the boundary condition
treatment, evaluation of flux terms and other practical numerical issues becomes
different for each alternative arrangement. In this chapter, the numerical implementation
details of three alternative equation forms will be discussed and applied to a steady solid

propellant rocket motor internal flow problem.

Since a Jacobian transformation is implicitly involved, both finite difference and finite
volume discritizations may have problems in satisfying the Geometric Conservation
Law (GCL) [18]. Especially in the r-scaled flux formulation [79], where cell areas
implicitly defined in flux calculations may not match with those in the overall discritized
balance equation [2]. The free stream test reveals the source term problems and must be
conducted for all axisymmetric codes. Another numerical problem of finite difference
schemes is the 1/r problem at the centerline. This singularity is overcomed by
introducing derivatives and L Hopital rule [80]. 1/7 Singularity problems are not faced

in finite volume schemes.

V1.2 CENTERLINE BOUNDARY CONDITIONS

At the centerline, due to flow symmetry first derivatives of all the primitive variables is
zero. Except for radial velocity, which is anti-symmetric at the center, instead of a
condition for the first derivative, its second derivative should change sign. Radial
velocity becomes zero at the center, since there is no flow through the centerline. Mach
number contour plots, is a good evidence for an acceptable centerline treatment since it
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involves all four variables. Centerline conditions are similar to a wall boundary
condition. Thus for a ghost cell approach, to specify the fictitious cell state, radial
velocity is taken with a sign change, and all other variables are zeroth order extrapolated
from the boundary cell. Another approach is the direct calculation of flux at the
centerline, without using the Riemann solver. Since radial velocity is zero at the center,
the radial flux term contains pressure only, which can be interpolated from inside {41].

Both methods have practical advantages depending on the alternative form used.

VL3. ALTERNATIVE FORMS OF AXISYMMETRIC EULER EQUATIONS
FORMULATION (A)

The first form of the axisymmetric governing equations, which results from direct

derivation, is presented in Equation (6.1), including species terms g, .

7, +F0),+6(0), =50) 6.1)
where,
pu pu’+P v
U=|pv|, F=| pw |, G=|pv*+P (6.2)
E u(E +P) WE + P)
| P4 | | puq; | | PYq; |
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The source term,

—————————

§O)=4 pvr (63)

—_————— e ———

In some discretization schemes, this equation structure is prone to the geometric
conservation problems since all geometric terms are grouped as a source. Moreover,
from numerical point of view, noting that the flux derivations assumes zero source term
in the governing equations, loading the source term with many quantities makes our zero
source term assumption unrealistic, especially for large radial velocity components.
Utilization of source term splitting methods also fails since unlike mass injection or
chemical reaction source terms, axisymmetric source terms are geometric in nature and

should be discritized synchronously with the flux terms.

However, the form given in Equation (6.1) becomes practically advantageous for control
volume methods, especially in internal flow applications, with boundary conditions are
specified by the fictitious cell approach. if planner flux stencils and numerical

procedures can be used cautiously in axisymmetric problems without any alteration.

FORMULATION (B)
The r-scaled form of the equations can be obtained from Equation (6.1) by scaling

conservative variables by the radial coordinate.

oy0 _0yF(0), 2yG{0) _ 50) 64)
ot ox oy
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where,
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(6.5)

—
L

Although Equation (6.4) is still not completely divergence free due to the pressure term,
only source term is in the radial momentum equation. By scaling the conserved variables

and fluxes as shown below, same flux stencils can be used [81] [65].

l;}', +f"(l7), +C;?Q;J=)z = §(l7) (6.6)

U=wU,F=rF,G=rG (6.7

The incompatibility between the geometric properties implicitly defined in the flux
calculations and in the overall volumetric balance still exists in this formulation. A

remedy is to apply the corrective quantities suggested in [79].

FORMULATION (C)

In this approach, to overcome the drawback stated in Formulation (B), areas and
volumes are found from the geometric relations, both in the overall balance and flux
calculations. No flux scaling is made but areas associated with the fluxes are taken into
account as suggested by [82]. No problems associated with the violation GCL are
observed and divergence that is sometimes faced in the above formulations has been

disappeared.
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In the program developed, the volume of a single cell is calculated according to the first
theorem of Pappus-Guldinus, which states that the volume of a body of revolution is
equal to the generating area times the distance traveled by the centroid of the area while
the body is being generated.

Vg =2ryA (6.8)
yis the radial coordinate of the centroid of the area 4 and for quadrilateral cells it is
calculated by averaging the radial coordinates of four comers. The surface areas
associated with the flux terms are calculated using the second theorem of Pappus-

Guldinus, which is given in Equation (6.9).

B=r(+y) (& -x) - (- )’ (69
Coordinates xand y defines the generating 2D line segment where the fluxes are

passing through the generated lateral area.

VL4 DISCUSSION ON THE DIFFERENT FORMULATIONS

All the three formulations are applied and studied in the context of the developed
Cartesian grid method and solver. Since the solution method used in this thesis is an
unstructured method in principle, most of the experience that follows may also be

applicable to unstructured finite volume solvers.

To preserve the accuracy of the developed solution method, which is due to the usage of
an exact Riemann solver in flux calculations, Formulation (B) 1s selected first. Each state

vector is scaled by the radial coordinate of the corresponding cell and the solution is
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performed for the new variables. For combined cells, the coordinates of the combined
cell center is used. This scaling produced a linear variation in the all the state variables
along the radial direction, even though the initial condition of the problem is uniform.
This y-scaled initial condition when solved produced an unrealistic flow away from the
center. Although all of this flow must be canceled by discritized source term given in
(6.5), at the balance step, some residual remained. The magnitude of this residual was
tolerable for the interior cells of the solution domain, however at the center and near

curved boundaries its magnitude is large enough to deteriorate the desired solution.

The reason for this excess flow is due to the difference between the y-values used in the
calculation of fluxes and cell volume. When control volume size approaches zero
E)quation (6.4) becomes exact, since the y-scale used for all flux terms and radial
coordinate of the cell center that defines the control volume becomes identical. However
for finite control volumes, fluxes are scaled using the center points of the cell sides and

cell volume is defined by the radial coordinate of the of the cell vertex.

Specification of boundary conditions both for wall and center becomes impractical for
this formulation. In curved wall, which is modeled as cut segments in Cartesian cells, the
calculation of y-values for the fictitious cells are needed. Since the wall boundary
conditions are applied in the x-split direction, several rotations and back rotations is
required. The combined cell at near wall region also complicates the task considerably.
Moreover, since in this study wall boundary movement is also possible, this formulation

requires the storage of y-values for the extra solutions generated by retarding walls.
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Although for each of these problems a solution is proposed and tested in the application

considered. An efficient and acceptable solution was not possible.

At centerline, where the geometric conservation error was the most apparent, the y-scale
value for the fictitious cell, which is needed to reflect radial velocity, is undefined. Use
of the negative radial coordinate produces negative pressure and density, which are
assigned to the fictitious left state. For this reason, when this form is used the center-
state is interpolated from inside, similar to a finite difference treatment of the center.
Cells neighboring the centerline are not solved and the interpolated values weakly

imitate the exact boundary behavior.

Formulation (C), uses the exact areas for the flux terms, from purely geometric
formulas. Same areas are used in the definition of the control volume. This approach has
solved all the geometric conservation problems that are faced in Formulation (B).
However it must be noted that radial flux terms are passing through curved surfaces,
although they are generally derived for planner surfaces. For the case of the Riemann
solver, to calculate exact flux terms, the Riemann invariants that are derived for
cylindrical coordinates should be used. In that case, the Godunov metl_lod looses its
advantage since Riemann solution will now provide the discrete values along the radial
direction of the control volume, but not the flux values through the cell boundaries as for
the planar control volumes. These discrete states must be averaged for a wedge shape
control volume at each time step. Reference [83] gives extension of Godunov method in

radial direction, for one-dimensional formulation. Even the flux terms are calculated
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exactly via the proposed method, a practical problem at the center will still exists. At the
center, the flow area, for which centerline flux should pass is zero, as the exact areas are
used. Thus centerline boundary condition could not be specified via flux. The approach
in the previous formulation could be used. However, at center geometric conservation is
effected and a weak boundary condition is specified at best. The result of weak boundary

conditions is the severe cusps in flow variables near the center.

Finally, formulation (A) is exercised in the steady motor test problem. These forms of
equations are utilized in literature in [65] for applications to internal flows. Also
following the opinion given in [84], where time step eéfects the accuracy, the desire to
use exact flux terms are suspended. This formulation brought numerous advantages. The
most important is the specification of the exact boundary conditions both at wall
boundaries and at the center via the fictitious cell approach, which is very practical for
Cartesian grids. Also the moving boundary algorithms developed for planner problems
are exactly used. The only change is that the states are averaged by volumes instead of

areas.

VLS APPLICATIONS

VL5.1 2D AXISYMMETRIC SHOCK-TUBE

This test case is used to check the discritization method for the free stream reproduction
condition when the solution contains no solid body in the solution domain. Besides this
basic task, it also demonstrates the accuracy of flux calculations in x-direction in a

cylindrically symmetric geometry. For the complete treatment and finer details of the
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flow in cylindrical shock tubes, including viscosity and thermal effects associated with

the inhomogeneity of the test gas in the shock tube refer to [85].

The results presented are obtained with the source vector of Formulation (C) where cell

areas in flux terms are calculated directly from geometry without any conservative

variable scaling. Initial shock-tube pressure and density ratios are 5/1. Grid size is

160x16. CFL number is 0.02. Centerline passes from y=0,

In Figure VI-1. density contours are plotted for different solution times. The density,

pressure and velocity variations along an arbitrary horizontal line are compared with the

exact 1D solution, Section IV.5.1. Discontinuities of contact surface and shock wave are

distinguishable. The axial variation is similar to the computed 1D solution of IV.5.1.

Shock-Tube problem. Axisymetric Geometry
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Figure VI-1: Density Contours in a Cylindrical Shock-Tube. Initial State Ratio is 5.
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VL5.2 2D MOTOR TEST CASE: (Steady End-Burning Motor of ONERA [65])

A test case is suggested by [78], for validating codes that are developed solely for the
prediction of internal flows in solid propellant rocket motors. The main characteristic of
the internal flow in solid propellant rocket motors is the co- existence of very low and very high
Mach numbers in the same problem. Mach number ranges from 0.07 to 5., where chamber flow
is pressure and nozzle flow is density driven. For this reason, to capture flow details accurately

the convergence criteria, in the p* calculation routine in section I1L.2.2 of the Riemann solver

is decreased.
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Figure VI-2: Test case grid and Cartesian templates.
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Grain geometry of the test case is end-buming. Propellant in the gas phase is injected
from the head-end. Results that are obtained by the Cartesian grid solver will be
compared, with the converged results of the code SIERRA, which was available in the

context of the project [86].

The SIERRA ONERA/FRANCE code is a research code dedicated to internal flows
inside solid rocket motors as well as to unsteady regimes that can develop on the motor
acoustic modes. It is based on a cell centered, finite volume, explicit predictor-corrector
Mac Commack’s scheme, in its original unsplit form (1969). Artificial viscosity can be
added in the form of second and fourth order terms that are adapted to the flow by
sensors reacting to the pressure and/or the velocity fields (Jameson’s type). The code is
multi-block and can be applied to a variety of geometries. Several boundary conditions

are available and can be chosen by the user.

Besides the differences in the solver and numerical scheme, for this particular problem
the grid methodology in SIERRA is completely different compared to the present work.
The Cartesian grid results are obtained for two different grid sizes. For comparison grids
are plotted in Figure VI-2. The test solution is obtained using a high quality grid, which
is continuously refined near the boundaries. In the Cartesian grid method that is
employed, nozzle wall region is composed of cut cells. Since many of them are
combined cells the effective grid size near the wall is decreased further. Grid size close

to wall is important since the streamlines that pass near the nozzle boundaries are being
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originated from the stagnation region, which is located at the upstream of the nozzle,

away from the flow core.

Table VI-1: Grid Sizes.

Feature Grid Size | Number of Radial Grids {| Number of Grids at the Throat
Structured, Body-Fitted | 99x16 16 16
Cartesian, Fine Mesh 192x32 32 12
Cartesian, Coarse Mesh | 96x16 16 6

In Table VI-1, grid sizes of the three solutions are presented. The number and density of
grids at the throat of the nozzle is also important for the quality of the solution. In fine
grids, Cartesian method generates 12 of 32 radial cells, at the throat. whereas SIERRA

solution utilizes all 16 grids at the throat due to the structured body fitted feature.

BOUNDARY CONDITION

The head-end injection boundary condition used in the SIERRA solution is different
then the propellant injection boundary condition developed in this study, which is
discussed in Chapter IV, for 1D applications. The main difference is that in Cartesian
grids the injected propellant is introduced to the solution domain as a mass source from
the cell center, whereas in SIERRA, injecting gas is specified as a subsonic inflow
condition from the head end boundary. In both solutions the energy equation is used to

calculate p, , the injection density. which depends on injection mass flux, flame

temperature of the propellant, specific heat ratio, gas constant and pressure. The pressure

of the injecting gas is assumed to be same with the static pressure of the boundary cell.
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Dividing the injecting mass flux by the injection density gives the injection velocity.

This velocity is in the axial direction for an end-burning motor.

Supersonic outflow boundary conditions are used. For the fictitious cells at the nozzle

exit all variables are first order extrapolated from inside.

CONTOUR PLOTS
The contour plots for Mach number, pressure and density are given in Figures VI-3, VI-
4 and VI-5 respectively. They are presented together with the corresponding solutions of

the code SIERRA of ONERA/FRANCE.

From the Mach number plot, the acceleration of the low subsonic inlet flow is clearly
visible, where near the throat it reaches to the sonic speed. Waves initiated along the
wall just down stream of the throat and they propagate toward the axis of symmetry.
This is a characteristic of a typical nozzle flow [87]. The difference in the Mach
contours at the throat entrance is associated to the small differences in the nozzle
contour used in the calculation. Except the nozzle entrance, stagnation region the

behavior of all the variables are similar.

Using the relations of isentropic flow of a perfect gas, stagnation pressure and density,

inlet and exit Mach numbers can be calculated for comparison. Mach numbers depend
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on the inlet and exit area ratio and are useful for the initial verification of the numerical
nozzle solution. In Table VI-2, values obtained, for these variables by various test runs
are listed, together with the corresponding analytical solution.

The IBSE2D code in Table VI-2 uses a cell vertex, finite difference, explicit multistage

Runge-Kutta solution scheme based on the work of Jameson, Schmidt, and Turkel [86].
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Figure VI-3: Mach contours obtained for the motor test case.
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Table VI-2: Comparisons of different axisymmetric codes with the analytically obtained values.

Inlet Mach Exit Mach Stagnation Stagnation
Number (center) | Namber ( center) Pressure (Pa) Density (kg/m3)
Isentropic[88] 0.08314 2460 129561. 0.12772
SIERRA[65] 0.0828 2.456 129048. 0.12728
IBSE2D[86] 0.0829 2476 129470. 0.12770
2D  Cartesian, 0.0807 2.465 131443 0.12954
Fine Grid
2D  Cartesian, 0.0792 2.385 136331 0.13440
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Figure VI-4: Pressure contours for the motor test case.
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As seen in Table VI-2, stagnation pressure and density values are larger than the
corresponding values of isentropic flow by the two axisymmetric codes. However it is

also seen that as the grid size increases both parameters approach to their isentropic flow

values.
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Figure VI-5: Density contours and two streamlines of Cartesian grid solution.

From the contour plots of pressure and density, the shape variance in the nozzle inlet
stagnation region is evident. The flow behavior in this low subsonic region is directly
related to the near wall nozzle inlet flow. As demonstrated in Figure VI-5 by the

streamline emanating from this region. The entire nozzle near wall streamlines pass from
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this region before reaching to the nozzle inlet and due to the low subsonic character of
the flow, accuracy in the nozzle wall, effects the accuracy in the upstream stagnation
region.

The grid quality of Cartesian cells near the nozzle wall due to arbitrary cut and
combined cells is evident and discussed previously in detail. As the grid size decreases
the region of irregular cells that neighbors the nozzle wall boundaries also decrease
which results a corresponding decrease in the size of the upstream region effected.

The two codes IBSE2D and SIERRA, that their results are compared in Table VI-2 are
specially designed for internal motor applications. Moreover, exactly the same grid is
used in the solutions obtained by them. The grid they utilize is very adequate for nozzle
solutions, as this issue is discussed in the previous sections in detail.

Another difference between the methods compared in Table VI-2, is the nozzle contour
geometry. In Cartesian grids, the nozzle geometry is generated from the discrete data
that is obtained manually. The resulting nozzle contour is linear at the throat along
approximately three cell sizes for coarse grids, where as SIERRA nozzle has no linear
region. The minimum throat diameter exists at a unique x- location. Due to this constant
area cylindrical region, nozzle modeled by the Cartesian grids behaves like a blast-tube,
where Mach number becomes unity, by a short delay, at the end of this linear region,
from then on, nozzle area starts changing again. This throat shape difference may also
contribute to the contour plots obtained and effects the solution.

Mach number values are acceptable and close to the isentropic solution when fine grids
are used. This is also evident from the contour plots that are given in the previous

section.
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C TER VII

CONCLUSION AND FUTURE STUDIES

Moving boundary problems, in Cartesian grids and in solid propellant motor internal
flow predictions, is thé fundamental subj‘ect, where this thesis contributes. Three
computer codes are developed. A Riemann solver, quasi-1D moving boundary
transient solver and Planner/axisymmetric 2D time dependent moving boundary
Cartesian grid solver.  Splitting methods to handle source terms and

multidimensional terms are applied to unstructured control volumes of Cartesian

grids.

Chronologically, the exact Riemann solver is the first output of this study. By itself
this 1D solver can generate exact analytical solutions for any given discontinuous
initial states. These results can be used for comparing accuracy and performance of
numerical schemes that may be designed in the future. The Riemann solver assumes
perfect gas with constant specific heats in the equation of state. A modification to the
equation of state is possible. However complete derivations will be needed for

functions that govern the wave structure.
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A large number of one-dimensional applications are studied with the quasi 1D
moving boundary code. Finally, it is shown that it can be used to predict internal
transient flows in solid propellant motors with moving boundaries. Fine details of the
transient behavior are predicted especially at the start-up period of solid propellant
rocket motors. Subroutines of the exact Riemann solver are utilized in the context of
the Godunov method. Since Godunov method is fundamental to current flux vector
difference and flux vector splitting schemes both from the coding and physical point
of view, higher order numerical schemes can be implemented easily in future

extensions.

Detailed boundary clipping and approximation algorithms are developed so that fast
and slowly moving end boundaries can be handled at the same time. Transient
pfessure increase in a closed vessel is studied. These types of problems can be
increased in number and interesting comparisons are possible in thermodynamics. In
this context an example problem that can be attacked is the calculation of piston
speed for a freely retarding piston where forces acting on the piston is due to the

pressure and piston weight.

Although quasi-one dimensional transient code assumes a general source term vector
with many terms for possible future applications, in this thesis only mass injection
and spatial area variation is demonstrated. One future application area is the
combustion instability [47], where to the authors knowledge, in literature, there is no
study with moving boundaries yet. Due to the efficiency and satisfactory results of

the time dependent one-dimensional code, investigations in this area are possible.
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Chemical reactions can be included further since the species terms that are kept in

the formulation of the solver can also be utilized in such a study.

Propellant regressing speed is coupled to the flow variables by a suitable model and
its time evolution can be predieted numerically. Otherwise speéiﬁc non-intrusive
experiments are needed to measure the regression speed. The present numerical
approach is relatively new for solid propellant rocket motor research. In this work,
implementation of coupled solution was the priority; therefore injection model is
selected to be as simple as possible. More detailed models in any complexity are

available in the literature.

Besides the transient solutions, steady applications are possible which are
demonstrated by the nozzle test cases. Features related to convergence should be

included to the code if steady applications are aimed.

In higher-dimensions, a practical moving boundary 2D Euler code is put to use that is
free from any classical meshing considerations. Usage of Cartesian grids is a topic of
growing popularity. Moreover, studies involving moving boundary problems in
Cartesian grids are relatively few and limited in complexity, which adds to the
originality of this study. A systematic degenerate cell consideration is accomplished
since moving complex geometries are covered by this thesis.

The governing equations are derived for deforming control volumes in the form
suitable for a two-dimensional Cartesian grid solver. By this derivation and due to
the nature of x-splitting, problems involving only translating and offsetting boundary

movement is allowed.
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Some issues of moving boundary problems in fixed Cartesian cells are studied. Each
' requirement, such as stream generation, solid cell marking and cell combination
procedures are extended as much as possible to reduce the number of unambiguous
geometries. The geometrical problems and moving boundary-handling procedures
are presented with proposed remedies in the domain of the available finite volume

solver.

Apart from the Euler solution, the code also generates burnback data (Burn perimeter
and port area) for some grain geometries that are difficult to burn with the available
burnback tools. Burn perimeter and port area data is required as input for internal
balistic flow prediction programs of solid propellant rocket motors. Generation of
burnback data is a special topic by itself. In this study its possibility is demonstrated
using the already available algorithms that are written originally for Cartesian grid
methodology. If required, results can be made more accurate using extra algorithms
that are developed solely for grain burnback. Another area of future study is the three
dimensional burnback. Consecutive two-dimensional grain sections placed in

Cartesian templates may offer a practical solution method.

Adaptive mesh refinement feature worth the fairly involved coding work. Different
data structures can be utilized. Mesh refinement should be performed at boundaries
and increase spatial resolution of shock waves. Boundary mesh refinement is
required if a viscous solution is desired or Cartesian grids are utilized in a hybrid grid

structure.
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The axisymmetric extension of the developed two-dimensional planer Cartesian grid
method has been performed for three discretized formulations of the governing
equations. One of the formulations is found to work well for the selected internal
flow application. Centerline treatments differ and geometric conservation problems
appeared in the remaining formulations. Two axisymmetric test cases are studied.
The last test case is a steady end burning solid propellant rocket motor. Due to the
rectangular template many Cartesian cells are marked as solid for nozzles with
narrow throat diameters. Solid cells allocate memory although for those cells no flow

solution is performed.

Another point that should be mentioned about the Cartesian grid method is that in its
current state curved boundaries are approximated as line segments whose length is
approximately same as the nominal cell size. These line segments produce non-
smooth solution boundaries. Whereas in conventional structured grid solvers
boundary geometries are continuous up to their second derivative. One remedy to
this problem is to store cut cell curvature besides the other cell attributes and to

modify the solver accordingly.

Stmilar to the species terms, the third spatial direction is kept in the formulation in all
the routines of the developed solver, for this reason the exact Riemann solver can be
tried in a three dimensional problem with extra coding work. The solver being a

finite volume solver can also be applied to any type of unstructured grids.
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Compressible viscous flows are another direction of extension. Although extra
modeling related to the physics of viscous flow is needed, treating diffusive viscous
terms as source terms, and applying the source term splitting methods that are

designed and already available in this thesis can initiate a study in this area.
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