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Abstract
This paper studies optimal growth when househobige hbliss points in their
consumption sets. Optimal policies are charactdrfpe a one-sector, discrete-time
growth model with quadratic utility and linear tedfogy. The optimal consumption
function turns out to be non-linear in an essential. Depending on the level of
patience and initial capital, poverty traps, Solywe growth and endogenous
growth are possible outcomes.

1. Introduction

The linear-quadratic framework is extensively used both
theoretical and empirical macroeconomics. In anertamporal
optimization problem with quadratic utility, the topal policies are
postulated to be linear, which is convenient. Hosvevthe quadratic
utility function exhibits a bliss point in the camsption set of a
representative consumer. Unless the unrealistig¢utisnal requirement
of zero present value of wealth at infinity is ingpd, it is not reasonable
for the optimal consumption to be a linear and easing function of
wealth. Therefore one should make sure that theauy is operating far
below the bliss level, if the linear policy funat® are to be reasonable
approximations. This observation has been made hyodue and
Lamaire (1997) on theoretical and by Lewbel (19&n) empirical
grounds.
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In the context of a life-cycle permanent income dtpgsis model,
Laroque and Lamaire (1997) show that under frepodial, the optimal
consumption function is non-linear and tends tosamirated for higher
levels of wealth. They assume, in a partial equiiin setup, that the
subjective and market discount rates on savingsguel.

Here we study the same phenomena in the contakedBrock and
Mirman (1971) general equilibrium growth model. Owersion of the
model exhibits a linear production function in thmgle cumulative
factor of production, capital, and a quadratic itytifunction for the
representative consumer. This setup is essentiadlysame as that of
Laroque and Lamaire (1997) under borrowing constsai Our
contribution is to allow the level of subjectivesdbunt rate to be below
or above the reciprocal of the marginal productiwit capital.

In the deterministic setup, we first find a critidavel of capital
stock, above which growth is of a Rebelo-type fireaonomies. For
sufficiently patient societies, which start belokist level, Solow-type
growth takes place towards the critical level. Felatively less patient
societies, however, a low level of initial capitally end up in a poverty
trap characterized by a decreasing output and agptson sequence.

In the stochastic case, a sharp level of critieglital stock does not
exist. In this case, however, one can talk abaaiptiobability of take-off
as a function of initial capital. Since the stgtace is unbounded and an
ergodic set does not exist for this problem; weetlgy a novel numerical
algorithm for calculating the optimal value functibased on a result by
Stokey and Lucas (1989). We then use the calculaiptimal
consumption function in Monte-Carlo simulations &stimate the
probability of take-off in a given finite amount tine.

The model is described in section 2. The determninggd stochastic
cases are studied in sections 3 and 4. Section@umes.

2. The model

We consider a model of endogenous growth to reftfecproblem of
a social planner trying repeatedly over an infirfiterizon to allocate
society’s output between consumption and investmé/g specify a
linear production function following the Ak-model” of endogenous
growth whereA>1 is a coefficient representing factors that deteenthe
level of technology andk denotes the single factor of production
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representing capital stock in a broader senseydimay both physical and
human capitat.

Stochasticity is introduced through a random vagiabrepresenting
any favorable or unfavorable shock affecting thedpction process is
defined from a constant probability space into fee, is assumed i.i.d.
and enters the production function in a multipivatvay, i.e.y=Akz.

The social planner ranks stochastic consumptionuesemps
according to the expected utility of the represgrgaconsumer. The
underlying utility function takes the additivelypgrable form:

Eluco, )] = E{i AU (q)}
t=0

Here,(0,1) is the discount factoE(.) denotes the expected value
with respect to the probability distribution of thrandom variables

{cth=p. In order to capture the idea of bliss, we adoptoavenient
quadratic utility function of the fornu (ct)=—aq2+bc[ with a, b>0 to
assure strict concavity and(0)=0. Such a utility function clearly
exhibits a bliss point = b/2a > 0.

The problem can then be written as

max i B'U (c,)

{keaio t=0

subject to

G+ K = Akz

C k =0 t=0,1,2,...

ko >0, given

3. Deterministic case

Under the deterministic scenario, we simplyzel for all possible
states of nature. For such a problem, it is clear for a sufficiently high
level of initial capital stock, consuming always the bliss point is
feasible, and hence optimal. Proposition 3.1 sthissact.

For a relatively low level of initial capital stockhowever, the

relationship between the patience and productipiyameters bears
importance. For relatively patient societies, ao8etype growth towards

1 Aktype of production function has been used by Relf&b91) in order to show that
positive rates of endogenous growth can be obtadespite the absence of increasing
returns.
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the bliss point takes place. In contrast, relayivaipatient societies end
up in a poverty trap, whenever their initial leweglcapital stock is below
a threshold level. In between these two casese thlso exists a knife-
edge society where both consumption and outputsignant for low
levels of initial capital. Propositions 3.2-3.4 cheterize optimal policies
for these three cases.

Without any further parameter restrictions, it issgible to find a
critical value of capital stock over which the ecoy follows a sustained
growth path.

Proposition 3.1.For (> ¢ /(A-1)) optimal will{k};>, be a strictly
growing sequence, Witt"f}o k, = at an asymptotic growth rate of A.

Proof. We will show that the policy of always consumiag bliss
levelc, = ¢ for all t, is feasible and leads to sustained growthkjeté /
(A-1). Then ¢é < ko (A-1). Sincek; = Aky- ¢, we havek; > Akg- ko (A-1) =
ko. Now, k, = Aks- é. Then

ko> Aky —¢ = kg

ks = Ak, —¢ > Ak - ¢ = ks

ks =Aks — ¢ > Aky- ¢ = ks

kt+1 > kt [t
Sincek; = Ak.,— ¢, we can write:
t-1
k = Alkg =& > A
i=0
-1 .
k= Ak, - ATE D WU A)
i=0
It is possible to express the summation term iremtdesis as the
difference of the two geometric series; then weshav
ke = Allky ——— ) +——
=AY
We have assumedy(> ¢/(A-1)) which impliestlimoo k =0. DO

The existence of such a critical capital stock lledistinguishes a
region where growth is ‘Rebelo-type’ in the senbattwe witness
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endogenous sustained growth, from a region wheoeitpris ‘Solow-
type’ in the sense that we observe a zero raterafity at the steady
state.

To fully characterize the solution, we use a setjgempproach
below. Sufficiency of the Euler equations and tlamsversality condition
for sequences of the state variable where the @nstorrespondence is
non-binding is a well-known result (Stokey and LsicB989). We present
in the Appendix an extension to this classical ltesuorder to allow for
non-monotone utility functions and the possibilitf corner solutions
along optimal paths.

If the discount ratg8 is equal to the inverse of the marginal product
of capital, the Euler equation reduces to

C=C1 Jt=0,1.. Q)
which leads to the following result.

Proposition 3.2. LetfSA = 1. The social planner's optimal
consumption function is,
Ct_{(A—l)kt if k <C/(A-1)

& if k >E/(A-) 2)

Proof. For the problem witlfA = 1, the Euler equation
U{c) = fAU(Ca)
and the transversality condition

T”m =BTV (cr)kray =0

are satisfied for the consumption plan
_[(A-Dk, if  k <EI(A-D)
“TV e ik >E/(A-D)

Then, byProposition A.3.1the plan, which in this case gives an
interior solution for each is optimal.o

The above statement characterizes the optimal bmivador an
economy as follows: An economy starting from atiahievel of capital
stock below the critical levek, = ¢/(A-1), stays in its initial state forever
(Note thatc, = (A-1)k impliesk.; = k;). On the other hand, an economy
starting from an initial capital stock which is aleahe critical value, will
always consume at bliss levelFigure 1 shows the optimal consumption
function for the knife-edge case A =1. Figure 2 shows the investment
function, which at the same time can be seen apliase diagram for
capital stock.
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For more patient societies, a drift towards thessbiconsumption
level is observed as follows:

Proposition 3.3 Let SA > 1. The social planner's optimal
consumption function is,

0 if Osktskc((ﬁA—l)/(,GAz—l))
o = | (AL )k +8 H”AJ it kol(BA-1/(BA2-D)<k <ke (3)

BA BAA-D)
0 if k = ke
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Proof Under the given condition, BA > 1, for
k >k ((BA-1)/(8A% 1)), the Euler equation

Ufc) = BAU(Cu1)
and fork, < kc((,BA—l)/(ﬁA2 —1)), the modified Euler equation

U1c) < pAUTCu1)
with k.1 = Ak with the transversality condition

T”m =BTV (cr)kray =0

hold for the consumption plan stated. Therefereposition A.3.implies
that the plan is optimah

The consumption function and the associated phésgragn are
shown in Figures 3 and 4 respectively. For initapital stock levels,
Figure 4 clearly shows the presence of a uniquedgtstate capital stock
(ks9 which actually equals the critical level that wave calculated
before, i.e.kss = k.. The optimal behaviour for an economy Witk kg <
k. is to move to the steady state; more sluggishlyhasrepresentative
household gets more and more impatient, and they thiere forever
consumingé. On the other hand, a starting pdipt> k. will provide the
chance for always consuming at the bliss level.

Figure 3
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Figure 4
Investment Functionp@ > 1)
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When g < 1/A, the representative household, being impatient, is
biased towards consuming today rather than tomorrblis action
results in a poverty trap.

Proposition 3.4.Let SA < 1. Given the initial capital stockykthe
social planner’s optimal consumption function J&s,

Ak if  0<ki <kc@-BA)
_ _ 1 A 1-BA : _
ct =4 (A ,B’A) ki +C(,6’A(A—1)J if  ko(@-BA) <kt <kc 4)
g if ke = ke

Proof. For SA < 1, the consumption plan stated above satisfies the
modified Euler equation

Ufc) > BAU(Cu1)
with k.1 = 0 for all k, k. (1-#A), and the Euler equation

Ufc) = BAU(Cu1)
for k. > k. (1-5A), together with the transversality condition

T”m =BTV (cr)kray =0

Therefore, applyind’roposition A.3.1lonce more, we arrive at the
conclusion that the given plan is optimal.

For the case gBA < 1 then, an economy starting wikh < k.(1-5A)
converges to zero by consuming all the productiothe first period. An
economy withky /7 [ke(1-5A), k] gradually moves towards the poverty
trap to stay there for a lifetime. These observetioan be made using
Figures 5 and 6.
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4. Stochastic case

In the Brock-Mirman model of optimal growth, intnodng
uncertainty into the problem changes the long-rquildrium concept.
Rather than simply characterizing the optimal pedgha fixed stationary
capital stock level, the solution to the stochagtmblem describes it as a
(unigue) probability distribution on amprgodic set of capital stocks.
Likewise, in this section we analyze how the resoftthe deterministic
case change in a stochastic environment. Howevemur case, an
ergodic set for the capital stock does not existessustained growth is
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possible. This requires a computational noveltyfimaling a numerical
solution to the corresponding dynamic programmirapfem.

The functional equation for the stochastic probiem

Wk2) = max {U [2f(k)-K]+ BEIV (K, 2)k. 2] (FEJ)

To characterize the behaviour under the stochaséinario, we follow
the monotone operator idea of Stokey and Lucas9198m.4.14) and
use the corresponding numerical dynamic programnaipgroach by
recursive iterations on some functi@nan upper bound to the solution of
the sequential problem.

We initialize the recursion with:
u(©
1-B
followed by application of the operatdr to v,(n = 0,1,2...), iterating
down to a fixed point

T Un()=Vp =max{ U()+ BE [%,(.)] | ©)

Now, it turns out that the fixed point oflf, which is
v=lim,__(T"V) is the solution to the problem of the social plarofe

infinite horizon as welf.

As a simulation exercise, we solved the probldis) explicitly
through the algorithm defined. While doing this, Wwave adopted a
quadratic utility functiorlJ(c) = -c+4c, which has a bliss point @f= 2.
The production function has a technology parameéter 1.4 For
simplicity, we introduce two possible shock values,= 0.8 with
probability 0.5 andz, = 1.2 with probability 0.5. We le =0.7 so that
E(AZz8) =0.98 < 1 The maximum value of capital stock is taken asn40
the implementation of th& map.

Under the stochastic setup, the critical value h& initial capital
stock allowing for sustained growtk, of the deterministic case, leaves
its place to a probability distribution over thétied values of the capital
stock, ko denoting the probability of having a divergent igmace from
each starting point. Figure 7 is obtained by caling an optimal
consumption function in Monte Carlo simulations whéhe economy is
allowed to operate for 100 periods.

Vo(k,2) = 0k, 2) ®)

2 A slightly modified version of Theorem 4.11 ofoRéy and Lucas (1989) to cover our

simple stochastic setup is applicable in the poddhis statement.
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5. Concluding remarks

There has been a number of papers studying powsps and
growth. Murphy, Shleifer and Vishny (1989), analythe idea ofbig
push in an imperfectly competitive economy with aggriegalemand
spillovers and show that it is possible to movenrfra bad to a good
equilibrium. Azariadis and Drazen (1990) study tledation between
poverty traps and growth with human capital. Ab898), in a model
with public goods gives policy implications to aehe sustained growth.
Zilibotti (1995)’s model of endogenous growth extiity aggregate non-
convexities and thresholds separates a region vgneveth is Solow-type
from a region where growth is Romer-type. Similavigtsuyama (1999),
combining the issues of capital accumulation anchowation,
characterizes the notion of growing through cycles.

In contrast, our work has no increasing returnsegternalities.
Firstly, we show that only allowing for satiatiom the consumption set
may lead to results similar to those found in tlugli®s mentioned above.
Secondly, our study emphasizes the fact that daveld be given when
using a linear-quadratic setup in macro-modelsesiespecially in the
stochastic setups, the optimal policy may turntoute non-linear under
the quite plausible assumption of free disposal.

Figure 7
Probability of Take-off Within 100 Periods
as a Function of Initial Capital Stock
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Appendix

In this section we present a theorem for the defiicy of a modified
set of Euler inequalities and a transversality domd for a class of
discrete time dynamic optimization problems whemner solutions
along optimal paths are allowed. In the case ofuadratic felicity
function, the F, > 0 condition is violated. Hence, we relax this
assumption as well. The theorem extends StokeyLands (1989, Thm.
4.15).

1. The Problem

Let F:0,x0, - 0O be a concavffecentiable function. Also
let0 < g <1.

Maximize Z B'F (X, X¢41)
t=0
subject to
X1 O [1, b(4)]
%o 2 | given,
over all admissible sequences. Hérés a common lower bound on

possible states in all periods and 1. - [, is a function determining an
upper bound on next period’s state. We asshoifae> | CxUX.

2. Modified Euler and Transversality Conditions

Modified Euler Conditions (MEC)

Fao(X,%+1) + B Fi(Xes1, %+2) = 0 andx., O int[l,b(x)]
FZ(Xtyxt+1) +ﬁ I:l(Xt+11 Xt+2) >0 andXt+l = b(xt)
FZ(Xtyxt+1) +ﬁ I:l(Xt+11 Xt+2) <0 andXt+l =1

Transversality Condition (TVC)

o7 _
T“Enoo B Fo(Xr Xr42) %141 =0

3. Sufficiency Results

PROPOSITION A.3.1et x be an admissible sequence satisfying the
transversality condition and for each t the modifiEuler equations.
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Moreover, suppose B, %.1) < 0 for all t. Then x solves the
maximization problem.

Proof: Let x be an admissible sequence satisfying the tranditgrsa
condition, and for eachthe modified Euler equations, Wilp(X, %+1) <
0. Also lety be any other admissible sequence.

Define D as the difference between the lifetime utilitiéx@andy. It
IS now possible to follow steps analogous to thos&tokey and Lucas’s
(1989) proof of Theorem 4.15.

-
D TlimmZﬁt[F(&.ml) ~F(Yt Yea)l
“ 7 t=0

\Y)

=
T!immZ,Bt[Fl(xt Xean) % = Vi) + Fo (X, Xea1) (%41 Yewn)]
7 t=0

Since % = Yo, rearranging the terms, we get:

T4
D=z T"m Z,Bt[Fz(Xt Kes) *F BF (%41 % 2)] (Kag = Yesr) + BT Fo O, Xr40) 041 = Yraa)

Sincex satisfiesMEC, the terms in the summation are all greater than o
equal to zero.

Then,
D

\Y)

Jim BTFo (%, X1 41) (X141 = Yr1)

—
T“Enw B Fo(Xr, X 41)Xr 41

\Y)

where the last line follows fror,(x, %+1) < 0 andy; > 0 for eacht. It
then follows from theTVC thatD > O for each admissiblg; x must be
maximal in the admissible set.
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Ozet

Doyum ve optimal blyime

Bu makale, bireylerin tiketim kimelerinde bir doyumktasina sahip olmalari
hipotezi altinda, optimal bilyimeyi atamaktadir. Bu amacla tek sektorld, birinci
dereceden homojen bir tiretim ve parabolik fayd&$omonlari altinda, rassal bir endojen
biyuime modeli icerisinde optimal politikalar karatite edilmgtir. Modelin ¢6zimu
“tiketici sabirhlgl” ve “ekonominin bglangic noktasi”’na kg ve Kkalitatif olarak
¢esitlilik gdsteren dengelerin vaglina karet etmektedir. Bu sonug, “yoksutlun kisir
dongusu” ve “sirekli buyume” konularinin ortak lainalitik ¢ercevedeslenebilirligini
goOstermektedir.



