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Abstract

We employ the light cone QCD sum rules to calculate ∆πN coupling constant by

studying the two point correlation function between the vacuum and the pion state. Our

result is consistent with the traditional QCD sum rules calculations and it is in agreement

with the experimental value.
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1 Introduction

The determination of hadronic parameters, in particular meson-baryon coupling constants, re-

quires some information about the physics at large distances. Therefore one has to employ

some specific nonperturbative method to obtain detailed predictions. Among the various non-

perturbative methods, QCD sum rules [1] have proved to be very useful to extract the low-lying

hadron masses and coupling constants. This method is a framework which connects hadronic

parameters with QCD parameters. It is based on short-distance operator product expansion

(OPE) in the deep Euclidean region of vacuum-vacuum correlation function in terms of quark

and gluon condensates. Further progress has been achieved by an alternative method [2] known

as the QCD sum rules on the light cone. The light cone QCD sum rules method is based on

OPE on the light cone which is an expansion over the twist of the operators rather than the

dimensions of the operators as in the traditional QCD sum rules approaches. In this expansion,

the main contribution comes from the lowest twist operators. The matrix elements of non-

local composite operators between meson and vacuum states define the meson wave functions.

The light-cone QCD sum rules have been employed to study hadronic properties and these

application can be found in [3]-[10] and references therein.

In this work we study the pπ+ → ∆++ transition and we employ the light-cone QCD sum

rules approach to calculate the ∆πN coupling g∆πN . We note that this coupling constant was

investigated by using the traditional QCD sum rules method in the soft pion limit [11]. In the

spirit of the philosophy of the light cone QCD sum rules we study the time-ordered two-point

correlation function of the interpolating field for N and ∆ with pion. We use a dispersion

relation that relates the hadronic spectral density to the correlation function and thus write

the correlator in terms of phenomenological hadronic spectrum. Since the interpolating fields

are written in terms of quark fields, we also calculate this correlator directly from QCD on

the light cone. We consider the structure qµ and match these two descriptions. In order to

calculate the coupling constant g∆πN , we invoke the double Boorel transformation so that the

excited states and the continuum contributions can be safely seperated out.

We consider the two-point correlation function with pion

Πµ(p, q) =
∫

d4x eipx < 0|T{η∆µ (x)η̄
N(0)}|π+(q) > (1)

with p and η∆µ the four-momentum and the interpolating current of delta, ηN the interpolating

current of nucleon, and q the four-momentum of pion. The interpolating currents for delta and

nucleon [12] are
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η∆µ = ǫabc(u
T
aCγµub)uc (2)

ηN = ǫabc(u
T
aCγµub)γ5γ

µdc (3)

where a,b,c are the color indices, C = iγ2γ0 is the charge conjugation matrix, T denotes

transpose, and u and d are up and down quark fields respectively.

In order to construct the phenomenological side of the correlator we use the following La-

grangian density

L = g∆πNN̄∆µ∂
µπ (4)

which defines the ∆πN coupling constant g∆πN and where N , ∆µ and π are the nucleon, delta

and pion fields. Thus, at the phenomenological level the correlator can be saturated by delta

and nucleon states as

Πµ(p, q) =
< 0|η∆µ |∆ >< ∆|Nπ >< N |η̄N |0 >

(p2 −m2
∆)(p

′ 2 −m2
N )

+ ... (5)

with the contributions from the higher states and the continuum denoted by dots. The over-

lapping amplitudes of the interpolating currents with delta and nucleon states are

< N |η̄N |0 >= λN ū
N(p′) (6)

< 0|η∆µ |∆ >= λ∆u
∆
µ (p) (7)

where u∆
µ is the Rarita-Schwinger spinor and the matrix element < ∆|Nπ > is given as

< ∆|Nπ >= −g∆πN qν ū∆
µ (p)u

N(p′) . (8)

Substitution of Eqs.(6,7,8) into Eq. (5) results in

Πµ(p, q) = −
λNλ∆g∆πN

(p2 −m2
∆)(p

′ 2 −m2
N )

[ gµν −
1

3
γµγν −

2pµpν
3m2

∆

+
γµpν − γνpµ

3m∆

]

× (/p+m∆)q
ν(/p′ +mN) + ... (9)

We then consider the theoretical part of the correlator Eq. (1), for which we obtain

Πµ(p, q) =
∫

d4x eipx [−2(S(γνC)ST (Cγµ)M(γνγ5)−M(γνγ5)tr((Cγµ)S(γνC)ST )] (10)

with

M = γ5 < 0|d̄a(0)γ5ua(x)|π > −γ5γλ < 0|d̄a(0)γ5γ
λua(x)|π >

+
1

2
σαβ < 0|d̄a(0)σ

αβua(x)|π > . (11)
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The full light quark propagator in Eq. (10) with both perturbative term and contribution from

vacuum fields is given as

iS(x) = i
/x

2π2x4
−

< q̄q >

12
−

x2

192
< q̄gs σ ·G q >

−i
gs

16π2

∫ 1

0

du {
/x

x2
σ ·G(ux)− 4iu

xµ

x2
Gµν(ux)γν}+ ... (12)

The matrix elements of the nonlocal operators between the vacuum and pion state defines the

two particle pion wave functions, and up to twist four the Dirac components of these wave

functions can be written as [13]

< 0|d̄(0)γµγ5u(x)|π
+ > = ifπqµ

∫ 1

0

du e−iqux(ϕπ(u) + x2g1(u))

+fπ(xµ −
x2qµ
q2

)
∫ 1

0

du e−iquxg2(u) , (13)

< 0|d̄(0)iγ5u(x)|π
+ > =

fπm
2
π

mu +md

∫ 1

0

du e−iquxϕP (u) , (14)

< 0|d̄(0)σµνγ5u(x)|π
+ > = (qµxν − qνxµ)

ifπm
2
π

6(mu +md)

∫ 1

0

du e−iquxϕσ(u) . (15)

We further define

G2(u) = −
∫ u

0

g2(v)dv, G2(1) = G2(0) = 0 (16)

and

g3(u) = g1(u) +G2(u) . (17)

From the theqretical part of the correlator given in Eq. (10), we consider the structure qµ, and

for this structure after Fourier transformation over x and double Borel transformations with

respect to variables p21 = p2 and p22 = (p− q)2 we finally obtain

Πtheor. = fπµπ < q̄q > [ 2M2f0(s0/M
2)−

1

2
m2

0 ] ϕP (u0)u0

+
fπ
π2

[−
1

2
M6f2(s0/M

2) +
1

24
g2s < G2 > M2f0(s0/M

2) ] ϕπ(u0)

+
fπ
π2

[−
1

6
M6f2(s0/M

2)−
1

24
g2s < G2 > M2f0(s0/M

2) ] u0ϕ
′

π(u0)

+
fπ
π2

1

6
g2s < G2 > g2(u0)

fπ
π2

f1(s0/M
2)g3(u0)

+
fπ
π2

[ 2M4f1(s0/M
2) +

1

6
g2s < G2 >] u0 g′3(u0)

+
1

18
fπµπ < q̄q > [−8M2f0(s0/M

2)ϕσ(u0) + (−4M2f0(s0/M
2) +m2

0)u0ϕ
′

σ(u0)]

(18)
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where the function

fn(s0/M
2) = 1− e−s0/M2

n
∑

k=0

(s0/M
2)k

k!

is the factor used to subtract the continuum, which is modeled by the dispersion integral in the

region s1, s2 ≥ s0, s0 being the continuum threshold, µπ = m2
π

mu+md

, and

u0 =
M2

1

M2
1 +M2

2

, M2 =
M2

1M
2
2

M2
1 +M2

2

with M2
1 and M2

2 are the Borel parameters, and ϕ′(u0) =
dϕ
du

|u0
.

Performing double Borel transformation over the variables p21 = p2 and p22 = (p − q)2 on

the phenomenological part in Eq. (9), and then equating the result obtained for the Lorentz

structure gµν part to that theoretical result given in Eq. (18) we finally obtain the sum rule for

the coupling constant g∆πN

g∆πNλNλ∆ =
2

(mN +m∆)2
e

m
2

∆

M2

1 e
m

2

N

M2

2 Πtheor. . (19)

We note that this sum rule depends on the value of the wave functions at a specific point, which

are much better known than the whole wave functions [14].

2 Numerical results and discussion

The various parameters we adopt arem2
0 = 0.8GeV 2, < g2sG

2 >= 0.474 GeV 4, fπ = 0.132GeV ,

µπ = 1.65 GeV , < q̄q >= −(0.225 GeV )3, s0 = 3 GeV 2. In our calculation of the theoretical

part we use the two particle pion wave functions based on the QCD sum rule approach given

in [14] as

ϕπ(u, µ) = 6uū [ 1 + a2(µ)C
3/2
2 (2u− 1) + a4C

3/2
4 (2u− 1) ] ,

ϕσ(u, µ) = 6uū [ 1 + C2

3

2
[ 5(u− ū)2 − 1 ] + C4

15

8
[ 21(u− ū)4 − 14(u− ū)2 + 1 ] ] ,

ϕP (u, µ) = 1 +B2

1

2
[ 3(u− ū)2 − 1 ] +B4

1

8
[ 35(u− ū)4 − 30(u− ū)2 + 3 ] ,

g1(u, µ) =
5

2
δ2(µ)u2ū2 +

1

2
ǫ(µ) [ uū(2 + 13uū) + 10u3 ln u (2− 3u+

6

5
u2)

+10ū3 ln ū (2− 3ū+
6

5
ū2) ] ,

g2(u, µ) =
10

3
δ2uū(uū) ,

G2(u, µ) =
5

3
δ2u2ū2 , (20)
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where ū = 1− u, C
3/2
2 and C

3/2
4 are the Gegenbauer polynomials defined as

C
3/2
2 (2u− 1) =

3

2
[ 5(2u− 1)2 + 1 ] ,

C
3/2
4 (2u− 1) =

15

8
[ 21(2u− 1)4 − 14(2u− 1)2 + 1 ] , (21)

and a2 = 2/3, a4 = 0.43 corresponding to the normalization point µ = 0.5 GeV . The remaining

parameters are taken from the QCD sum rule estimates of Ref. [15] as δ2(µ = 1 GeV ) = 0.2,

and ǫ(µ = 1 GeV ) = 0.5 and from those of Refs.[3, 13] as B2 = 0.48, B4 = 1.51, C2 = 0.10,

C4 = 0.07. Since the mass difference of N and ∆ is not very significant, we let M2
1 = M2

2 = 2M2

from which it follows that u0 = 1/2.

We study the dependence of the sum rule of Eq. (19) on the continuum threshold s0 and

on the Borel parameter M2. We find that the sum rule is very stable with resonable variations

of s0 and M2 as can be seen in Fig. 1. In order to determine the value of the coupling constant

g∆πN from the sum rule Eq. (19), the residues λ∆ and λN of the hadronic currents are needed.

We use the following values that are obtained from the corresponding sum rules for ∆ and N

which are [11]

|λN |
2 2(2π)4 e−

m
2

N

M2 = M6f2(s
N
0 /M

2) + b M2f0(s
N
0 /M

2) +
4

3
a2 , (22)

|λ∆|
2 5(2π)4 e−

m
2

∆

M2 = M6f2(s
∆
0 /M

2)−
25

18
b M2f0(s

∆
0 /M

2) +
20

3
a2 , (23)

where

a = −2π2 < q̄q >= 0.5 GeV 3 ,

b =
αs

π
< G2 >= 0.12 GeV 4 , and

s∆0 = (m∆ + 0.5)2 , sN0 = (mN + 0.5)2 .

We substitute these values of the residues into the sum rule in Eq. (19), and further study

the dependence of g∆πN on the continuum threshold s0 and on the Borel parameter M2. This

dependence is shown in Fig. 2, examination of which indicates that it is quite stable with

resonable variations of s0 and M2. We thus obtain the coupling constant g∆πN as

g∆πN = (14.5± 1.5) GeV −1 (24)

The uncertainty we included is due to the variation of the continuum threshold and the Borel

parameter.
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Finally, we consider the Lagrangian density in Eq. (4) and obtain the expression for the

decay width as

Γ(∆++ → π+p) =
1

6

g2∆πN

4π

(mN +m∆)
2 −m2

π

m2
∆

p3π (25)

where the pion momentum pπ is

pπ =

√

√

√

√(
m2

π +m2
∆ −m2

p

2m∆

)2 −m2
π .

We use the experimental result [16] for the decay width and obtain the coupling constant as

g∆πN = (15.2± 0.1) GeV −1

which indicates that our value in Eq. (24) is in satisfactory agreement with the experimental

result.

In summary, we calculated ∆πN coupling constant g∆πN using light-cone QCD sum rules.

Our result is consistent with the results obtained using traditional QCD sum rules [11] and it

is in good agreement with the value of the coupling constant deduced from the experimental

decay rate of ∆++ baryon.
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Figure Captions:

Figure 1: The dependence of g∆πNλ∆ΛN on the Borel parameter M2 and on the continuum

threshold s0.

Figure 2: The sum rule for g∆πN as a function of the Borel parameter M2 and the continuum

threshold s0.
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