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Abstract

We study the spectral properties of electron quantum dots (QDs) confined in 2D parabolic
harmonic oscillator influenced by external uniform electrical and magnetic fields together with an
Aharonov-Bohm (AB) flux field. We use the Nikiforov-Uvarov method in our calculations. Exact
solutions for the energy levels and normalized wave functions are obtained for this exactly soluble
quantum system. Based on the computed one-particle energetic spectrum and wave functions, the
interband optical absorption GaAs spherical shape parabolic QDs is studied theoretically and the
total optical absorption coefficient is calculated.
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I. INTRODUCTION

In the recent years, the subject of quantum dots (QDs) as low-dimensional quantum
systems have been the focus of extensive theoretical investigations. Much efforts have re-
cently been done into understanding their electronic, optical and magnetic properties. The
application of magnetic field is equivalent to introducing an additional confining potential
which modifies the transport and optical properties of conduction-band electrons in QDs.
In addition, introducing electric field gives rise to electron redistribution that makes change
to the energy of quantum states which experimentally control and modulate the intensity of
optoelectronic devices [1,2]. Indeed, it is worthwhile to investigate the influence of electric
and magnetic fields on the electrons in QDs. Experimental research is currently made to
investigate the nonlinear optical and quantum properties of low-dimensional semiconduct-
ing structures for the fabrication purposes and subsequent working of electronic and optical
devices [3-14]. A number of works takes the effects of an electric or a magnetic field into
account in studying quantum wells, quantum wires and QDs [9-14]. For practical and the-
oretical reasons, more works analyzing these structures have been focused on the interband
light absorption coefficient and magnetic properties with restricted geometries [15] of spher-
ical [16,17,18], parabolic, cylindrical and rectangular [19] QDs and other nanostructures
such as superlatices, quantum wires, wells, antidots, well wires and antiwells [20,21,22] in
the presence and absence of magnetic field [1,2]. In recent years, the rapid development in
semiconductor physics and in nanostructures technology provides wide techniques for the
possibility of fabrication of low-dimensional quantum structures like quantum wells, quan-
tum wires and quantum dots which can be treated with high accuracy as two-,one- and
zero-dimensional nanostructures, respectively [23].

Harmonic oscillator belongs to the most important and most commonly used physical
models. Due to the formal simplicity, it is considered as one of the exactly solvable quan-
tum mechanical problems. It is used to model a wide variety of phenomena ranging from
molecular vibrations to the behaviour of quantized fields. The Schrodinger equation for an
electron in a uniform magnetic field confined by a harmonic oscillator type potential was
solved in 1928 by Fock [24] and Darwin [25]. There are many recent studies on n-particle
systems confined in a nonrelativistic harmonic oscillator potential [26] and rotation-vibration

spectra of diatomic molecules [27]. Harmonic oscillator potential may be used to describe



spatial confinement of quantum objects, the effects of embedding particles in nano-cavities,
in fullerenes, in liquid helium [28,29].

A relativistic harmonic oscillator is far from being trivial and is not unique. Nikolsky
[30] and Postepska [31] studied Dirac equation for an electron in the field of a quadratic
potential. The eigenvalue problem reduces to a quartic equation with no bound solutions.
Toyama and Nogami [32] discussed the relativistic systems which have infinite number of
bound states whose energy states are all equally spaced using the inverse scattering method
[33]. An approach leading to the Dirac oscillator based on construction of exactly solvable
Dirac equation which in the non-relativistic limit reduces to Schrédinger harmonic oscillator
equation [34,35].

Recently, interband optical absorption in GaAs spherical shape parabolic QDs in the
presence of electrical and magnetic fields was investigated by Atoyan et al [1,2]. They
solved the Schrodinger equation for a spinless particle confined by a two-dimensional (2D)
cylindrical harmonic oscillator potential. Su and Ma [36] solved the 3D and 1D Dirac
equations with both scalar and vector harmonic oscillator potentials. Qiang [37] obtained the
bound state energies and normalized wave functions for the Klein-Gordon (KG) and Dirac
equations with equal scalar and vector harmonic oscillator potentials. The 2D quantum
systems can probe the connection between classical and quantum chaos and has application
in a number of surface systems such as atomic corrals [38]. For this reason, Qiang [39]
studied the energy formulas and their corresponding normalized wave functions of a 2D
relativistic quantum harmonic oscillator system for the first time. In particular, Qiang
solved the spinless (spin-0) KG and spin-1/2 Dirac equations with equal scalar and vector
harmonic oscillator potentials in 2D space and obtained the normalized wave functions and
formulas for energy.

Very recently, we have studied the exact analytical bound state energy eigenvalues and
normalized wave functions of the spinless relativistic equation with equal scalar and vector
pseudoharmonic interaction under the effect of external uniform magnetic field and AB flux
field [40] in the framework of the Nikiforov-Uvarov (NU) method [41,42,43,44]. The non-
relativistic limit of our solution is obtained by making an appropriate mapping of parameters.
Further, the KG-pseudoharmonic and KG-harmonic oscillator special cases are also treated.
Furthermore, we carried out detailed exact energetic spectrum and wave functions of the

Schrodinger equation with a pseudoharmonic potential in the presence of external magnetic



and AB flux fields [45]. The low-lying energy levels serve as a base for calculating the
corresponding interband light (optical) absorption coefficient and the threshold frequency
value of absorption for the given model. In addition, the effect of the temperature on the
effective mass is also calculated for GaAs semiconductor.

An attempt is made in this paper to investigate the Schrodinger equation describing a
spinless particle confined by a 2D parabolic harmonic oscillator potential when external
uniform electrical and magnetic fields are applied together with Aharonov-Bohm (AB) flux
field. We obtain the energy spectra and wave functions in the non-relativistic harmonic
oscillators. So, we solve the Schrédinger equation in Refs. [1,2] in the presence of AB flux
field too. The NU method [41,42,43,44] is used in the present solution. In addition, the
interband light absorption coefficient and the threshold frequency value of absorption are
calculated.

The structure of the paper is organized as follows. In Sec. 2, we investigate the
Schrodinger particle in QDs confinement 2D parabolic harmonic oscillator potential when
electrical and magnetic fields together with Aharonov-Bohm (AB) flux fields are applied in
the framework of the NU method. The exact analytical expressions for the energy formulas
and normalized wave functions are calculated. We also calculate the direct interband light
absorption coefficient and the threshold frequency of absorption. The paper ends with a

brief concluding remarks in Sec. 3.

II. THEORY AND CALCULATIONS

In this section, we shall consider the solution of spinless Schrodinger equation for the
harmonic oscillator potential influenced by electrical, magnetic and AB flux fields. The NU

method [41,42,43,44] which has been proved its success is used in our treatment.

A. Bound-state solutions of the 2D harmonic oscillators

Consider a two-dimensional (2D) single charged electron, e, with an electronic effective
mass p (for GaAs, p = 0.067mg) in the conduction band, confined to a parabolic poten-
tial like quantum dots (QDs). We will study the spectral properties with QDs confinement

parabolic harmonic oscillator potential influenced by uniform electrical and magnetic fields



together with an Aharonov-Bohm (AB) flux field, applied simultanously. In cylindrical coor-
dinates, the Schrodinger equation describing a spinless (spin-0) electron in such a quantum
system is usually written in the form [46]

[i (ﬁ T 22)2 o 6? ’ ? + ‘/Conf(fj ?ﬂ(P, 2 Z) = E@D(,O, @, Z), (1)

where 7 is the vector momentum with the magnetic field ﬁ = ? X X (in the symmetric
gauge vector potential X =(A,=A,=0,A,=Hp/2)), ? =E7Z is the applied electrostatic

field along the z axis and the QDs confinement parabolic potential is taken as [1,2]

1 1

Veont(p; 2) = G’ = s’ (p* + 2°) (2)

where w is the frequency of QDs measuring the strength of confinement potential given by

h
w ~ M—T(%’ (3)

and rq is the oscillator length. The vector potential X of the magnetic field may be repre-
sented as a sum of two terms, 7 = Zl + Xg such that ? X Xl = ﬁ and ? X X2 =0,
where ﬁ = H7Z is the applied magnetic field pointing in the positive z direction and is
thus parallel to the two plane-parallel electrodes of infinite extent, and Zz describes the
additional magnetic flux 45 created by a solenoid inserted inside the QDs. Hence, the
vector potentials have azimuthal components, in the cylindrical coordinate system, given by
[40,45,47 48]
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The Schrodinger equation (1) with potential (2) in cylindrical coordinates has a form
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where ¥ = 1(p, ¢, 2) is a wave function and w. = eH/uc is the cyclotron frequency. .



Let us take the wave function ansatz for an electron as

U(p.p,2) = R(p,o)x(2), R(p, ) =g(p)e™, m=0,4£1,%+2,..., (6)

where m is the magnetic quantum number. Upon inserting the above wave function into

Eq. (5), we shall obtain equations whose solutions are g(p) and x(z) [1,2,49]:

2uk, e

1 1202 (m + a)?
" — _ 2 _ =
700+ o)+ (2 = Bt ) = 2 - T Y g 0. @
with
(I)AB he
Q:\/w3+4w2,a:?, @0:?, (8)
0

where @, is flux quantum and

X'(2) + % (2E. 4 2e£2 — pw?z%) x(z) = 0. 9)

Consequently, the wave function g(p) is required to satisfy the boundary conditions, i.e.,
g(0) =0 and g(p — o0) = 0.[1] In order to solve Eq. (7) by means of the NU method, we
introduce the new variable s = p? p € (0,00) —s€ (0, 00) which recasts Eq. (7) as in the

following hypergeometric type differential equation:

() + g (9 + Tz (<77 + M = 7)) = (10)
with
A2 = ;—’l;Ep— “;;C (m+a), (11a)
B =(m+a), (11b)
= (110)

where we have set g(p) = g(s). Now, we apply the basic ideas of NU method [41-45].
Comparing Eq. (10) with the standard form of the hypergeometric differential equation:

7(s) =2, o(s)=2s, o(s)=—2s+A\s— 3% (12)

[1] The solution of Eq. (7) and Eq. (9) are known in [49].



and further substituting the above polynomials into the expression 7 (s),

n(s) = 2O =TE) \/ (M) — 5(s) + kol(s),

gives

(s) = %\/7252 (2= X)s + B (13)

The expression under the square root of the above equation must be the square of a poly-
nomial of first degree. This is possible only if its discriminant is zero and the constant
parameter k can be determined from the condition that the expression under the square
root has a double zero. Hence, k is obtained as ky _ = M\?/2 + B~. In that case, it can be

written in the four possible forms of 7(s);

r(s) = + (ys £ B), for ky = 1IN+ B, (14)

—(ys £ B), for k_=1\2 - .
One of the four possible forms of 7(s) must be chosen to obtain an energy spectrum formula.

Therefore, the most suitable form can be established by the choice:
m(s) =B —7s,
for k_. The trick in this selection is to find the negative derivative of 7(s) given in
7(s) =7(s) + 27 (s),

which yields
7(s) =2(1+ ) —2vs, 7'(s) = =27 < 0. (15)

n(n—1)

5—0"(s) to obtain the

In this case, it is necessary to use the quantity A, = —n7'(s) —

eigenvalue equation:

Apn =290, n=0,1,2,... (16)

where n = 0, 1,2, ... is the radial quantum number. Another eigenvalue equation is obtained
via the equality A = k_ + 7/,
1
A:§ﬁ—Jﬂﬁ+1y (17)

Thus to find energy equation, we let A, = A and the result obtained will depend on E, in
the closed form:

M =202n+1+p3)7, (18)
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Upon the substitution of the terms on the right-hand sides of Egs. (11a)-(11c) into Eq. (18),
we immediately obtain the non-equidistant magneto-optical energy spectrum for the QDs

confinement parabolic potential as

2
Em(e) =E, = %hwc (m+ a) + hw, (n + |B|2+ 1) 1+4 (i) : (19)

We

where |5] = |m| + a > 0 is an integer. It is apparent from Eq. (19) that the electronic
energy levels are nondegenerate for all m. We have one set of quantum numbers (n, m, 3) for
a spinless electron in QDs. Therefore, the energy formula (19) may be readily used to study
the thermodynamic properties of quantum structures with QDs confined by the harmonic
oscillator potential in the presence and absence of external magnetic field (H) and AB flux
field (P 4p) .

Four special cases are of a particular interest:

e In the presence of a strong magnetic field; say , w./w = 30 [48], then Q@ — w. > w,
then E,, (o) = hw, [n+ a + 3(m + |m| + 1)] which is the formula in the presence of
magnetic (H) and AB flux (®4p) fields. Meanwhile, in the presence of a weak magnetic

field; say , w./w = 3 [48], then we can resort to Eq. (19).

o If we set a = 0, i.e., in the absence of AB flux field and presence of strong magnetic

field, we find By, = hw, [n + 3(jm| +m +1)] .

e In the absence of magnetic field (w, = 0) and an AB flux field (o = 0), we find
Eom =hw(2n+|m|+1).

e The case m = 0 is simply for harmonic oscillator energy spectrum, i.e., E, =

hw (2n +1).

Next, we need to calculate the corresponding wave function for the confinement potential

model. We find the first part of the wave function by

6. (5) = exp ( / is;ds) _ gBl2g=srz (20)

o(s

Then, the weight function defined by

plo) = e ([ Zas) = bl 1)

o(s



which gives the second part of the wave function

Rodrigues formula) given by

Yum(s) =y (s) = y(s) =

or alternatively

drr
(sn+|6|6—vs) ~ LUBD (~s) (22)
§nr

where LY (z) = (‘;Tbl?! F (a,b+ 1;z) is the associated Laguerre polynomial and F'(a,b+ 1;x)

is the confluent hypergeometric function. With the formula g(s) = ,,($)ynm(s), we may

write the radial wave function as
9(p) = Comp"™ 7 2F (=n, Im| + a + 1;75°) , (23)

and finally the total wave function (6) reads

1 n! 1/2 2 /402 ;
_ |m|+a  —p*/4a® T (Jm|+a) (2 2\ _imp
Rn,m(pv @) - q(+m]+a) |:7T2|m+a+1 (|m‘ T ot n)':| 1% € Ln (p /2@ ) e s

—(+ml+a) T(|lm| + a + n)!1] 2 .
_ a m o n): m|4a —p?/4a> .2 2 im
~ (jm| +a)! { oMl tatiy] } pmeeT P A E (| 4+ a4 1; p%/2a7) €™, (24)

where a = \/h/uS) is the effective length scale. The energy levels (19) with o = 0 (i.e.,

® 45 = 0) becomes

1 1
B = S 2em + hQ (n + |m|2+ ) , (25)

and the wave function (24) becomes

a=FImD T (n, + |m|)!
|m|! m2lml+1n, )|

1/2
Ry ) = } oM (<, | 413 p/20%) . (26)

which are identical to Egs. (10) and (8) in Ref. [1], respectively. On the other hand, Eq.

(9) can be recasted in the form:

X'(z) + (=022 + n’2 — €) x(2) =0, (27a)

2,ue 2uE,
=1\/— TR E, <O0. (27b)

We follow the same procedures of solution by writting

T(2) =0, o(z)=1, 7(2)=—-024+n%2— . (28)

In the present case, the polynomial m(z) is obtained as

L /o
m(z) = i§ \/5 22 —n?z 4 €+ k, (29)
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and thus the two possible forms of 7(z) are

+6 (2 —n?/26%) , for k =n*/46* — €,

m(z) = ) ) (30)
—6 (2 —n?/26%), for k =n*/46" — €.
Therefore, the most suitable form can be established by the choice:
(z) = =4 (z — 7)2/252) ,
and 7(z) is consequently found as
7(2) = =262 + n* /0. (31)
A new eigenvalue equation becomes
An, =20m,, n, =0,1,2,... (32)
where n, is the quantum number and another eigenvalue equation is obtained as
4
n
Hence, the energy formula reads as
1 e2&?
E,=h =) - : 4
w(n —|—2) 2 (34)
Next, we calculate the wave function x(z). The first part of the wave function is
b(z) = e D 1207) [t /58?, (35)
and the weight function is
p(z) = e 0 /28%) 187 (36)
which gives the second part of the wave function:
ns —5(2—172/252)2/2 2 2
Yo (2) ~ (—1)e Ha, [V (= = n/20%)
_ 1 U 1/4 —(uw/h/)(z—eg/uw2)2/2 2
= <ﬂ) e H,. [ pw/h(z — e€ [ pw )] , (37)

where H,_(x) is the Hermite polynomial. As to electronic energy levels, it is the sum of

expressions (19) and (34):

1 o\ 2 . 1
Ep (0, 0, we, €) = hw [(n+ W%) (w—) +4+ m;a (w—> +n.+ s
w W
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e2E?
C 2uw?’
where fw, = 0.11571589 H (meV') and H is to be in units of Tesla. Additionally, the term

(38)

a = ®,5/P, reflects the dependence of the electronic levels on the AB flux ® 45 where we
take o = 6.
As for the wave functions, it is taken as the product of (24) and (37):

a9 [(15] + )
V(p,p,2) = 18]! {Wzﬁﬂnp!

1/2
“m —p? /4a?
} e plPlem M (=, 18] + 15 p°/20°)

~1/2 ,
% 1/(5) e—(z—eé‘/uwQ) /2b2an
()7 /2=,
where b = /h/uw. Expressions (19) and (39) obtained above for a charge carrier energy

[(z — e&/wo?) /b] (39)

spectrum and wave functions are identical to Eqgs. (10) and (11) in Ref. [1] and Eqgs. (4)
and (3) in Ref. [50], respectively, in the case when a = 0.

To show the behaviour of the energy formula (38), we follow Ref. [51] in plotting it
versus w./w under the influence of magnetic and AB flux fields. In figure 1, we plot the
eigenenergies (in units fw) versus the ratio w./w (a) for various AB field, o (b) for various
magnetic quantum number m and (c) for various quantum number n,. As shown in figure
la, the ground state n = n, = 0 (singlet state, m = 0) under the influence of the AB field
leads to the phase transition to the high-lying states n > 0. The family of states for various
values of a = 0, 1,2, 3, 4 are non-linear in the presence of weak magnetic field 0 < w./w < 5.
In figurelb, the energy eigenvalues (in units Aw) is found increasing with the increasing
magnetic quantum number m when w,. > w. However, when w. < w, we notice the crossing
between m = 1 and m = —1 states. As shown in figure lc, the ground state n = m = 0
leads to the phase transition to the high-lying states n > 0 when the quantum number n,

is increasing. As n, is increasing we have a family of states for various n, = 0,1, 2, 3, 4.

B. Interband light absorption coefficient

Expressions (38) and (39), obtained above for electronic energy spectrum and correspond-
ing wave functions in cylindrical QDs influenced by external uniform electrical and magnetic
fields along with an AB flux field, allow us to calculate the direct interband light absorption

coefficient K (@) in the present system and the threshold frequency of absorption. In case
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of strong size quantization in which it is possible to neglect the electron-hole interactions.

According to Ref. [52], the light absorption coefficient is

=N D

TLm’I’LG m n

/¢nmnz PP, < )wn ,m/ n, (p7 ¥,z )PdeSOdZ 5(A Efezmnz EZ m/ n )

4(%>HIB(I5I+ (18] + n')! (ﬂew)lﬂ(uhwy/z
:N Z Z 4a€ah i n h h

(181H° 2n=+nznln’l mn;!n!

n,m,nz n’,m,n{z

2

/pdppw (Va1 03)0" B (| 8]+ 1; 02 /2a2) F (=, |B] + 1; p° /233
0

X266 (A—ES . —EN . ), (40)

n,m,nz nmn

where A = W — €4, €, is the width of forbidden energy gap, @ is the frequency of incident
light, N is a quantity proportional to the square of dipole moment matrix element modulus,
1™ is the wave function of the electron (hole) and E*™ is the corresponding energy of the
electron (hole).

Now, we use the integrals [53]

2w
/

/ei(m+m’)¢d¢ _ ) A ibme= - (41)
g if m # —m/,

[P X B () e = TODR A s ) (s )
0

i

qq
X Py (s X ) ) 42
2 1( (k—q) (k—¢) (42)
and ) 2 |
Lo = /e_(%)(z‘uiiz) () (e )

A KM;) (z - ;;)] e [<Mh;h) (z+ Miih)] =

where I'(x) is the Euler-Gamma function and ,F (a,b, ¢; ) is the hypergeometric function,

to calculate the light absorption coefficient:

=NY > PlLQlS(A—EL, s—El . a), (43)

nmﬁn m ﬁ/
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where

A (“e“")m(M)”z( Bl ¥4\ (0 18D (0 + |B))! (44)
SN N il I 20
and
p 2\ 4y i 1 1
) = / 17_7 ’ = /:_. 45
Qv <7+7f) i (n’n’WH (7—7’)2) T2 T T a2 (45)

Using Eq. (38), we find the threshold frequency value of absorption as

1 22 1/2 H 1 202
hw:eg+h<n+|m‘+o‘+)<e +4w2> +h€—<m+a>+hw<nz+—) e

2 22 jic 2 2) 2 pw?
/2 / 202
Im/| +a+ 1\ [e*H? ! eH (m'+ « 1 e*&
+h (n' + 5 /J,/2C2 + 4&12 +h% 9 +hw n'z + 5 - 2/1,/(,02 . (46)

For ground state, we set n = m = 0 in the above expression to obtain the threshold frequency

_ 2 a+1 62H2+4 NP e 1+1
Woo = — w — —+—
07y 2 p2c? 22 \ o W

a4+ 1\ [e2H? V2 eHa /1 1
40 — 4= . 4
+( 2 )(u’2c2+ w) T (u+u’)+w )

We follow Ref. [54] in plotting the threshold frequency of absorption @y, (in units of ¢, )

of absorption:

versus the magnetic field strength H and quantum dot size considering various AB mag-
netic flux values a = 0, 1,2, 3. In figure 2, we plot the variations of threshold frequency of
absorption Wy (in units of ¢, ) as a function of applied (a) large magnetic field and (b) small
magnetic field in unit of h = (ehH/pce,) with p = 89.53. It is seen from figure 2a (figure
2b) that the dependence of @y on H is linear (nonlinear) for large (small) applied magnetic
fields. The main feature in the application of the AB flux field leads to a family of the phase
transition for the ground state n = 0, mainly a = 0, 1,2, 3 leads to a phase transitions for
the high-lying states n > 0. In figure 3, we plot the threshold frequency of absorption wg
(in units of £, ) as a function of quantum dot size (in unit of p = /g, /wh = \/ue,/h?ro)
(see Eq. (3)) with h = 0.062. It is seen in figure 3 that the threshold frequency of absorp-
tion decreases when the quantum dot size increasing. The application of AB flux field ® 45

generates a family of state transitions for « = ®45/Py =0, 1,2, 3.
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III. CONCLUDING REMARKS

In this work, we have obtained the bound state solutions of the Schrodinger spinless
particle in QDs confined to non-relativistic harmonic oscillator in presence of electrical,
magnetic and AB flux fields. The electron (hole) energy spectrum and the corresponding
wave functions are used to calculate the the interband light absorption coefficient and the
threshold frequency of absorption. Also, the energy spectrum of the electron may be used to
study the thermodynamic properties of quantum structures with dot in electrical, magnetic
and AB flux fields. The electronic energy levels make a shift under the effect of an external
electrical field by an amount AE = —e2£?/ (2uw?). Tt explains the Stark splitting quadratic
dependence on ? The energy levels in the presence of external electrical field of different
strengths are nondegenerate. The threshold frequency of absorption wyy rises on the field
? by quadratic law and has also more complicated dependence on the magnetic field ﬁ
Further, it is noticed that the spinless particle (electron) is localized along the z-axis inside
the QDs.

In the quantum mechanics there is a relevant relationship between 2D and 3D harmonic
oscillator [35] in Schrédinger theory. We find that there are corresponding relationship

between 2D and 3D harmonic oscillators, p <+ r and |m| <> [ + 1/2.
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FIG. 1: Eigenenergies (in units hw) versus the ratio w./w for a) various AB field «, b) various

magnetic quantum number m and c¢) various quantum number 7.

FIG. 2: The variations of threshold frequency of absorption @y (in units of £, ) as a function of

applied (a) large magnetic field and (b) small magnetic field (in unit of h).

FIG. 3: The variations of the threshold frequency of absorption W (in units of €4 ) as a function

of quantum dot size (in unit of p).
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