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ABSTRACT 

In this paper, a closed-form expression 
to estimate the overlap angle in a slip energy 
recovery system is presented. The prediction 
of the overlap angle is important in the case 
of doubly-fed induction motor drives, because 
of its influence on speed and torque. A 
closed-form expression is derived using a 
hybrid model of the induction motor and a 
dynamic model of the rotor rectifier. The 
ripple content of the dc link current and the 
inverter input voltage are neglected. The 
predicted results obtained using the closed 
form expression are verified experimentally. 

1. INTRODUCTION 

The effects of the overlap angle on the 
rectifier output voltage in a slip energy 
recovery drive system shown in figure 1 [I] 
can be considerable. Neglect of the overlap 
can lead to a 15% or larger error in the 
calculation of the torque. A control strategy 
for maximizing the amount of the slip energy 
recovered from the rotor is also affected by 
the knowledge of the overlap angle. In normal 
operation, the overlap angle is less than 60' 
121. Overlap in a three phase bridge 
rectifier occurs when three devices in the 
three-phase bridge rectifier conduct 
simultaneously, one from the common anode 
group and two from the common cathode group, 
or vice versa. The overlap angle is the 
overlap period multiplied by the source 
frequency. 

The effect of the overlap angle on the 
drive performance under steady-state operating 
conditions has been considered [2] using a 
numerical integration technique. The 
estimation of the overlap angle based on the 
equivalent circuit neglects the stator and the 
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Fig. 1. Schematic representation of a slip 
energy recovery system 

rotor flux changes [3], and the effect of 
mutual inductance [4]. Some efforts to predict 
the overlap angle are based on the d,q model 
of induction machines and take both the stator 
and rotor electrical transients into account 
[2,5]. There are still ongoing discussions on 
whether the overlap angle depends on the speed 
or not. With a constant dc link current under 
steady state operating conditions, the effect 
of slip variation on the overlap angle has 
been noted [2,5], yet [6] states that the 
overlap angle might be independent of the 
rotor speed. 

All previous work used the average value 
of the dc link current, with the rotor speed 
and machine parameters being input variables 
in estimating the overlap angle under steady 
state operating conditions. They also assume 
that the rotor terminal voltage is always 
sinusoidal, and that the dc link current does 
not contain ripple. 

In this paper, a closed-form expression 
is obtained for the estimation of the overlap 
angle, based on a transient model developed 
for the slip energy recovery system [l] . The 
rotor terminal voltage is assumed to maintain 
its original non sinusoidal waveshape, hence 
one more variable, namely the mean output 
voltage of the recovery inverter, is included 
in the closed form expression to predict the 
overlap angle. The dc link current ripple is 
however neglected. 

2. MATHEMATICAL MODEL OF THE INDUCTION 
MACHINE 

A hybrid model which retains the actual 
rotor phase variables but transforms the 
stator only, has been proposed to examine the 
transient [ 13 and steady state [ 7 J performance 
of a slip energy drive system. In the model 
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used, it is assumed that the d' axis coincides 
with the fundamental component of the phase A 
of the rotor while the q' axis leads the d' by 
90° (electrical). The non-linear differential 
equations of the hybrid model for the 
induction machine are as follows [l]; 

'd' 

v '  
q 

v 

'b 
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where 

Vdl = W ) V m  cos (w,t-O) 

vql = m v ,  sin (w,t-O) 

w. = 2nf 
and v,, vb, v, are the rotor line to neutral 
voltages. 

3. RECTIFIER MODEL 

The operation of the rectifier in the 
rotor of the induction motor is complicated by 
the excessive complex source impedance of the 
motor. The operation of the diode bridge 
rectifier can-be analyzed using four different 
modes [8,9] , as a result of the overlap angle. 
In this work, it has been assumed that no more 
than three diodes ever conduct simultaneously. 
The instantaneous rotor phase voltages and the 
rotor phase currents are given in Fig.2. 
While sinusoidal voltages are shown in Fig. 2, 
the actual logic implemented is based on the 
true nonsinusoidal voltages that exist in the 
rotor when connected to a diode bridge 
rectifier. Fig.3 is an effective equivalent 
circuit of the rotor rectifier fed with the 
rotor phase voltages v,, v, and v,. Included are 
the link resistance and the average value of 
the inverter voltage, V,. Referring to Table 1, 
'in conduction sequence Ill, there are only two 
elements, D1 and D6 conducting. In sequence 
'2 I , however , there are three diodes D1 , D2 
and D6 conducting, and the first two carry the 
same dc output current in total. The current 
in rotor phase lar commutates to phase IbI 
causing the overlap phenomenon. Table 1 
summarizes twelve conduction sequences 
resulting from the operation of the rectifier 
and the constraints applied to the circuit as 
a result of the conduction sequences of the 
diodes. The governing voltage equations in 
the system for all 12 possible conduction 
sequences are summarized in Table 2 in 
accordance with the associated dc link current 
shown in Table 1. The mean input voltage, V, of 
the inverter is in opposite polarity in the 
first six equations to that in the last six 
equations, which are otherwise identical. Only 
three conduction sequences of the six, namely 
2, 4 and 6 relate to the rectifier operation 
during overlap. 

1 
0 0 Dl 0 02 0.03 0 04 

Time (sec.) 

Fig. 2. Conduction sequence of the diodes in 
the bridge rectifier based on the 
rotor phase voltages and currents 

The submatrices that correspond to each 
conduction sequence has been published 
previously [l]. They are basically derived by 
imposing the constraints in Table 2 to the 
general model of the machine given in (1). In 
order to derive the closed-form expression for 
the overlap angle, it is necessary to use 
equation (1) in state-space form, subject to 
the constraints of a given conduction 
sequence. The state-space form of equation (1) 
has the inverse of an inductance matrix, with 
several entries in that matrix being zero, 
when equation (1) is subjected to the 
constraints of conduction sequence 6. 
Conduction sequence 6 is therefore chosen for 
derivation of the overlap angle, 1.1. 

R f  Lf idc : 

Fig. 3 .  Rotor rectifier 
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Conduct.Condiict. Fhases  in Rotor Phase 

Seq. Diodes Overlap Constraints 

1 1,fi ib = 0 

2 1,6,2 a,b Vn-vb= 0 

Table 1 . 
Dc Link Current 

Idc 

-is 

i, 

9 

10 

I 

3,5 ia = 0 - i, 

3,S.l c,a va-vc= 0 ib 

* those underlined are the commutating diodes 

1 

2 

Table 2 

v,-v,= v,- (q+Lfp) i, 
v,-v,= v,+ ( q+Lfp) i, 

Conduction I Sequences I 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

System Voltage 
Equations 

v,-v,= VI+ (Rf+Lfp) i, 

vb-vc= VI- ( Rf+Lfp) i, 

v,-v,= VI+ (q+Lfp) i, 

vb-v,= VI+ (q+Lfp) i, 

V.-V~=-V,- (q+Lfp) i, 

v,-v,=-VI+ (Rf+Lfp) i, 

v,-v,=-VI+ (Rf+Lfp) i, 

vb-vc=-V,- (Rf+Lfp) i, 

v,-v,=-VI+ (Rf+Lfp) i, 

v,-v,=-v,+ (q+Lfp) i, 

4 .  OVERLAP PERIOD 

Consider conduction sequence 6 in which 
rotor phases b and c are in parallel through 
the conducting diodes D2 and D3 due to 
overlap, and the rotor circuit connections 
take the form shown in Fig.4. The dc link 

current, I, commutates from rotor phase b to 
c, and hence the sum of these two currents is 
-I, in this conduction sequence. The rotor 
phase currents at any instant satisfy the 
condition (i, + i, + i, = 0 ) ,  and therefore the 
dc link current is equal to +i, as shown in 
Table 1. 

Let the rotor phase voltage equations 
defined in (1) for conduction sequence 6 be 
rewritten as; 

( 3 )  V, = Mpidf+ si, + L,pi, 

vb = (-1/ 2 ) Mpidf + fi/ 2) Mpigf +qi,+L,pi, 

v, = (-1/ 2) Mpidf - fi/ 2) Mpiqf +qi,+L,pi, 

where L, = L, - M,. Substituting v, and v, of ( 3 )  
into the constraint equation for conduction 
sequence 6 given in Table 1, i, and i, are then 
related to each other through the dc link 
current, I,. One of these two currents may be 
eliminated from the voltage equations; ib is 
eliminated in this case. Also, I, in the rotor 
voltage equations is replaced by i,. 

The stator equations in (1) are also 
modified similarly, so that one of the 
commutating currents will be left in the 
voltage equations as given in (4) for 
conduction sequence 6. The associated voltage 
constraint equation gives the last row entries 
in (4). The mesh equation, which may be 
written around the loop formed by the rotor 
phase lfall winding, D1, dc link, the inverter, 
D2 and the rotor phase flcff winding yields the 
third row entries of (4). 

L -  
"i 

I V +  

Fig.4 Circuital diagram for 
conduction sequence 6 
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From (4) the general form of the 
expression for the state variable vector, 
which consists of two stator and two rotor 
currents is arranged as: 

pi = [L-'1 [v - Ri] = [L-']A (5) 

Considering the specific case for 
conduction sequence 6, derivatives of the 
rotor phase currents i, and i, can be obtained 
from (5) as: 

pi, = (-L,,A, + 2&A3 + &A4) /det EL] (6) 

pi,= ( L,,A,/2+L4,A,-L,A,+L,A4) /det [ L] (7) 
where 

L,, = -3MLAL, + 9M3/2 
r, = L:L, - ~ M ~ L J ~  

L42 = -n/5MLAS + d/5M3/4 
La = -2L,L: + 3M2L, 
det[L] = -3LYL: + 9M2L,L, - 27M3/4 
and A, i=1...4 is the element of the vector A, 
as; 

A, = v,cos(w,t-8) - Raid + w,L,iql 

-fi/2)w~i, - fiwpi, , 
A,= V,Sin (w,t-e) -weL,idl -Rsiq I - ( 3 /2 ) Mw,i,, (8) 

= v, + (2% + q)i, + Si, , 
A4 = -%i, - 2%i, I 

Assuming that the ripple on the dc link 
current I, (= i.) is negligibly small, i.e., 
pi, =. 0, Eqns. (6) and (7) can be solved for A, 
to yield; 

pi, = ((L34/2 + LdA4 + L42A2)/det[L1 (9) 

The solution of (9) requires knowledge of 
the initial conditions of the stator currents. 
Expressions for pidl and piq' are derived from 
the last two rows of (4) as; 

pid' = -(2/3M)(V, + qi, + (3/2)%i,) (10) 

pi,' = (1/d5~) (qi, + 2i,% + 2~,pi,) (11) 

The second derivative of i, is found after 
substituting (10) and (11) into (9): 

p(pi,) = Dpi, + Ei, + F + Gcos(sw,t) (12) 

where V, = m ) V m ,  s = (w, - we) /w, in 
which wet = 8, and 

D ={-Z%(L,+~,/~)-~L~Z%L~/ fiM) }/det[L1 
E = {-2L42%%/ fi') }/det[Ll 
F = sw,V,L4,/det [ L] 

= {(2L42w,LL,(Rf + 3%/2)/(3M) - 
'42%%/ M3M) 1, + (2L4pCL,/3M) V,}/detL 

The voltage vdl is in phase with the 
fundamental component of the rotor phase 
voltage llall in the hybrid reference frame, and 
hence 

SW,t = w,t - e . 
The solution of (12) can be carried out 

by using the final values of the rotor 
currents in conduction sequence 5 as the 
initial values in conduction sequence 6 which 
are; 

i,(to) = -&,(to) 

= I,, 
ic(to) = 0 

Pi,(t,) = 0 

at to, the beginning of the overlap period. The 
final values of the rotor currents at t,, the 
end of the overlap period, are: 

i,(tl) = I,, 

ib(tl) = 0, 

ic(tl) = -Idc (14) 

which are also the initial values for the 
rotor currents in state 7. The time elapsed in 
commutating the current from phase llbll to llcll 
in state 6 is then (tl-to). The solution for 
(12) is found, in accordance with these 
initial and final values of the respective 
phase currents, as; 

F D sw, 

(E + (SW,)~)~+ (Dsw,)' 
a = -  

I 4 

r, = ( D  + d(D2 + 4E)) /2 , 
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5 .  RESULTS 

The results presented in this section are 
carried out on a slip energy recovery system 
consisting of a 3 phase, 380 V, 3.5 kW, 8.1 A, 
50 Hz, 4-pOh2, slip ring induction machine 
having the following parameters referred to 
the rotor side; 

q = 0.144 ohms, L, = 0.065 H, 

R, = 1.49 ohms R, = 0.2 ohms, 

L, = 0.065 H, M = 0.0522 H 

Figure 5 shows the predicted and measured 
overlap angle variations with the rotor speed. 
The experimental results in figure 5 are 
obtained under closed loop current and speed 
control of a slip energy recovery system. The 
slip, inverter input voltage and dc link 
current are controlled in- order to obtain the 
data for figure 5. The process is repeated for 
different commanded values of speed to collect 
a set of data. Equation (15) is used to 
predict the overlap angle. This equation is a 
function of the machine parameters (%, L,, R,,  
L,, M) , filter resistance Et ,  infinite bus 
voltage V,, slip s ,  average value of dc link 
current I, and average value of the inverter 
input voltage V,. The predicted values of the 
overlap angle are obtained by keeping the 
machine parameters and infinite bus voltage 
constant. The experimental measurements of 
the rotor speed, dc link current and inverter 
input voltage are used in (15) to predict the 
overlap angle. 

The overlap angle is measured over a 
range of loads and speeds. The results show 
that the overlap angle and the rotor speed are 
interrelated. i.e, there is an increase in 
the overlap angle as the speed increases. This 
is caused by the source resistance. The 
magnitude of both the rotor leakage reactance 
and the rotor voltage decreases with the 

/ overlap angle (degree) / 
/ 

/ - 
Idc= IO A 

- _ _ _ _ _ _ _ _ -  --A ------ - - --- - A’ fd,=OA 

_-- - 

I O  
200 300 400 

~ - - - -  

Fig. 5. 

J 
500 600 700 800 W O  1000 1100 

rotor  speed (r.p.m) 

Predicted 
Measured 

Measured and predicted overlap 
angle 

reduction in rotor frequency. Hence in the 
absence of resistance, the overlap angle would 
remain constant with a reduction in slip (and 
hence rotor frequency) since the motor 
reactance and rotor open circuit voltage 
appear as a ratio in the overlap equation. 
However, the voltage drop on the rotor 
resistance remains constant for constant 
current at a given temperature. Hence the 
relative voltage drop across the source 
resistance increases as the slip reduces 
causing the effective source voltage to be 
reduced beyond that dictated by the reduction 
in rotor frequency . Also , the overlap angle 
increases as the dc link current increases. 
There is a small difference between the 
predicted and measured overlap angle, since 
the derivation of the closed-form expression 
for the overlap angle prediction is based on 
assuming a smooth dc link current. 

Table 3 presents the experimental 
results for the variation of the inverter 
input voltage with respect to the dc link 
current and rotor speed. It can be observed 
that the inverter input voltage is not unique 
at a particular value of rotor speed, it also 
depends on the magnitude of dc link current. 

Table 3. 

1061 4 50 1061 10 44 

6 .  CONCLUSION 

This paper has presented an analytical 
technique €or the calculation of overlap angle 
on the rectifier output voltage in slip energy 
recovery induction motor drives; the machine 
may be operated as a motor or generator. The 
rotor voltages are not assumed to be 
sinusoidal, leading to a more accurate result 
than [2]. The rotor current waveform may also 
be determined if it is desired, using equation 
(12) which can be used for an harmonic 
analysis of the current waveforms. This 
technique is only possible because of the 
hybrid dqjabc model used here which has a time 
invariant state space form at constant speed. 
A closed form solution is not possible if a 
full ABCjabc model is used, thus requiring 
numerical integration for solution. 
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LIST OF SYMBOLS 

a 
i,, ib,i, 

= Turns ratio of the transformer 
= Rotor phase a, b, c currents 

respectively, A. 

dc link current, A. 
dl , q.1 axis stator currents in 

Mean value of the dc link 
current, A. 
Frequency of the infinite bus 
voltage, Hz. 
Link inductor inductance, H. 
Self inductance of one phase of 
a three phase rotor winding, H. 
Self inductance of one phase of 
a three phase stator winding, H. 
L, + M,' 
Maximum value of the mutual 
inductance between a stator and a 
rotor phase winding, H. 
Mutual inductance between two 
rotor phases, H. 
d/dt 
Link inductor resistance, n. 
Per phase resistance of rotor 
windings, n. 
Per phase resistance of stator 
windings, n. 
Rotor terminal voltages of phase 
a, b, c,v. 
Instantaneous voltage at the 
inverter dc terminal, V. 
Mean value of the inverter input 
voltage, V. 
Peak value of the line to 
neutral voltage at infinite bus, 
V. 

hybrid reference frame, A. 

vdr,vqt = d', q' axis stator voltages in 

w , = Angular frequency of supply, 
radls. 

e = Elect. angle between stator and 
rotor phase A, rad. 

P = Overlap angle, rad. 

hybrid reference frame, V. 
wc = delat 
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