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ABSTRACT

A SHEAR FLEXIBLE FACET SHELL ELEMENT
FOR LARGE DEFLECTION AND INSTABILITY
ANALYSIS

BARUT, Atila
M.Sc. Thesis in Engineering Sciences
Supervisor : Asst. Prof. Dr. Siiha Oral

September 1990, 137 pages

A facet shell element based on the superposition of a C° type
anisoparametric plate bending element and a quadratic plane stress element
with vertex rotations is formulated for geometrically nonlinear and .
instability analysis of plates and shells. The incremental equilibrium
equations are derived using the updated Lagrangian formulation which proves

to be effective for three-node elements.

The restriction of small rotation between succesive increments is removed
by using the Hsiao’s method which eliminates the large rigid body motions

from the total displacements.

A displacement incrementation strategy is used to alleviate the singularity
of the tangential stiffness matrix in the limit point type problems. The solution

algorithms are based on the Newton-Raphson incremental-iterative method.
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Several numerical examples for beams, plates and shells under conservative
or non-conservative loadings are solved to assess the performance of the

element.

Key words : updated Lagrangian formulation, finite rotation, displacement

control, shells, plates, nonlinear analysis, finite element.

Science Code: Engineering Sciences (620)
620.01.00. Applied Mechanics 620.01.01,
Mechanics Strength.
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OZET
BUYUK YER DEGISTIRME VE KARARSIZLIK
ANALIZLER] IGIN KAYMA SEKIL DEGISTIRMELI
U'¢ BAGLANTI NOKTALI BIR DUZLEM SONLU ELEMAN
BARUT, Atila
Master Tezi, Mihendislik Bilimleri Anabilim Dali
Tez Yoneticisi: Yard, Dog. Dr. Sitha Oral
Eylil 1990, 137 sayfa

Bu calismada, plak ve kabuklarm biyik yer degistirme ve kararsizlik
analizleri icin, C° devamhilik tipinde olan, anizoparametrik bir plak eleman ile
ikinci dereceden bir diizlem-gerilme elemanmin birlesmesinden meydana gelen

ii¢ baglanti noktali bir dizlem kabuk eleman: sunulacaktir. Denge durumlarinin

tespitinde koordinat diizeltmeli Lagrange algoritmasi kullamilmigtir.

Yik artimmu sirasinda meydana gelen donmelerin kigik kalmasi

zorunlulugu, Hsiao'nun sonlu donmeler metodu ile ortadan kaldirilmigtir.,

Rijitlik matrisinin tekil davranig gosterdigi bazi kararsizhk problemlerinde
yer degigtirme artirimh algoritma kullanilmigtir. Goziim algoritmalari Newton-
Raphson teknigine dayalidir.

Coziim problemlerinde yonii sabit veya degigebilen yiikler goz oOniine

alinmig, coziimler eleman performansinin yiksek oldugunu gostermigtir.



Anahtar kelimeler : Koordinat dizeltmeli Lagrange/algoritmam,
sonlu donme, yer deistirme kontrol, kabﬁﬁar, plaklar, nonlineer analiz, sonlu

eleman,

Bilim Kodu: Miihendislik Bilimleri (620)
620.01.00 Uygulamali Mekanik 620.01.00
Mekanik Mukavemet
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CHAPTER 1
INTRODUCTION

1.1 General

A large number of structural systems in civil, mechanical and aerospace
engineering is composed of plate and shell components. The reliable and
economical design of these structures requires an investigation of their nonlinear
behaviour. Such a structure may undergo large deflections that alter its shape
go that geometric nonlinearity has to be considered. It is also possible that
the structure may admit the possibility of buckling due to its doubly-curved
geometry. Another possibility is that the stresses due to membrane action,
usnally neglected in plate flexure, may cause a considerable decrease of
displacements as compared with the linear solution even though the
displacements are quite small. In this case, a design using nonlinear analysis
will be more economical than the linear analysis. Therefore, the nonlinear finite
element analysis has gained increased importance in recent years. This is partly
due to the development of high-speed computers.

The evaluation of nonlinear response of shell structures necessitates the use
of efficient finite element models. The natural choice for such models seems to
be doubly curved shell elements [1-8]. However, the satisfaction of interelement
continuity conditions and proper representation of rigid body and constant
strain modes in doubly-curved elements can be achieved by higher order field
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assumptions. Moreover, the element stiffness matrix is relatively large in size
and numerical integration over the thickness increases the computational time.
Hence, the use of these sophisticated elements presents practical difficulties in the
non-linear analysis of large engineering structures where the cost effectiveness

becomes a prime factor.

A simple but efficient alternative is the facet shell element which proves to
be accurate enough when used with the updated Lagrangian formulation [12-16].
Although a more refined mesh becomes necessary compared with the doubly-
curved elements, the overall cost of the analysis may still be less. Moreover, the
modelling is considerably simplified due to the simple nodal configurations of

facet elements.

In nonlinear finite element analysis involving large displacements and
instability, it is necessary to resort to an incremental formulation for the
equations of motion. There are basically two approaches for the description of
motion. In the first approach the initial configuration of the structure is selected
as reference when describing the motion, stresses, strains etc. The formulation
based on this approach is called the total lagrangian formulation. In the second
approach, the current configuration is referred to in the description of motion.
Since the reference configuration is continuously updated during deformation,
this approach is called the updated Lagrangian or moving coordinate

formulation.

Theoretically, there is no difference in the results obtained by using any of



the methods, However, the updated Lagrangian approach requires less
computational time in the calculation of element stiffness matrices if simple type
elements are used [15). Moreover, the formulation can be extended to deal with
non-conservative loading . This can be achieved by treating nonconservative
loads as piecewise conservative loads whose directions are continuously updated

together with the reference configuration [14}.

In most of the element formulations the displacement field is linearized with
respect to nodal rotations and the nodal rotations are considered fo be vector
quantities. However, it is a known fact that finite rotations (large rotationé)
are not true vector quantities, i.e., they do not comply with the rules of vector
operations [14]. In such situations the formulations based on linearized element
approximation require small increments, and thus the nodal rotations are

restricted in magnitude.

In developing solution algorithms for nonlinear shell problems, one has to
take into account all factors governing the complex behaviour of such stru(;tures.
Sudden instabilities may occur accompanied by singular and indefinite
incremental stiffness matrices. In this case, the load incrementation strategy
fails and it becomes necessary to change the solution strategy to proceed beyond
the limit point.



1.2 Survey of Past Research

One of the earliest attempts to develop finite element models for
geometrically nonlinear analysis is reported in [9). In this study, the well known
constant strain membrane element is employed with the use of Green Lagrangian
strain tensor. This model, however, does not include plate bending behaviour.
The first developments of plate bending elements for nonlinear analysis are
presented in [1,2]. These models are based on the Von Karman nonlinear
plate assumptions [19] and they are formulated using the Kirchhoff plate theory
in which C? continuity is imposed on the displacement field. The nonlinear
finite element analysis of such models using Mindlin plate theory which includes
shear deformations has been reported in [3]. Different types of higher order
isoparametric elements have been compared in this study.  However,
the applicability of such elements based on Von Karman assumptions are limited

to moderate rotations only.

Chang and Sawamiphakdi [4] developed a 9-node Lagrange shell element
for large deflection, and post-buckling analysis . The formulation is based
on updated Lagrangian description of motion. The degenerated isoparametric
concept [10] has been used in the derivation of the element displacement field.
The formulation of this element has also been discussed by Hsiao and Chen [5]
using finite rotation vectors to define the orientation of the surface normal of the
element. The use of degenerated concept, however, requires much computational

effort to form the element matrices and the numerical integration over element



thickness increases the computational time as stated in [16].

Fafard, Dhatt and Batoz [6] presented a six node triangular shell element
for geometrical and material nonlinear analysis. This element is obtained by
superposing a discrete Kirchhoff model for bending and a linear strain triangular
element for membrane. The updated Lagrangian formulation has been adopted
to study the oriented structures undergoing large displacements and large
- rotations. It has been pointed out that the choice of transverse displacement field
i8 very important to obtain an efficient nonlinear element. After a number of
numerical examples, it has been concluded that the best choice for such models

is to assume linear interpolations for transverse displacements.

There are also quadrilateral models available in the literature. These models
differ in their shape, nodal variables and variational methods used. In [7] a 48
d.od. quadrilateral shell finite element including effect of geometric nonlinearity
has been developed. The displacement functions are assumed to cqnsist of
bicubic Hermitian polynomials defined by curvilinear coordinates. The element
i8 free from membrane locking; however, the introduction of second derivative
displacement as a nodal degree of freedom may present difficulties when imposing

boundary conditions.

In [8] a quadrilateral C° model based on the Hellinger - Reissner principle
has been developed. The displacement, strain and stress fields are assumed
independently. It has been observed that the element requires a careful selection

of polynomial functions for the assumed strain field to avoid shear and membrane



locking and the results in some of the problems are diverging.

The most popular models in nonlinear finite element analysis of shell
structures have been the simple flat triangular elements due to their
computational advantage and low cost of stiffness matrix formulations. Various
triangular elements have been proposed, each of which contains different

interpolation models.

One of the early attempts on efficient nonlinear triangular models has been
reported in [12]. In this study a hybrid stress flat triangular element with 15
d.of. has been developed for analyzing the large deflection and static behaviour
of shells. Two models called as consistent { Total Lagrangian ) and inconsistent
(Updated Lagrangian) have been compared using this element. The inplane
displacements along boundaries are interpolated linearly, while the transverse
displacements cubically. In-plane and bending stress fields are assumed in terms
of constant and linear functions, respectively. It was reported that much less

computational effort was required using inconsistent model.

Argyris et al. (13] developed a facet triangular shell element called TRUMP
which is applicable to thin or thick shells with shear deformations. The element is
based on physical lumping ideas described in [17]. In this study various possible
cases for the elastic stiffness of the element including thickness variation were
considered and their associated matrices were derived. The in-plane rotational
stiffness matrix of the element was established by introducing a triangular model

which consists of rotational springs at its nodes and rigid sliding bars along



its vertices, Thus the singularity of the global stiffness matrix due to the
coplanar assembly of elements of a common node was avoided using the above
model. Various numerical examples showed that although the element membrane
behaviour was improved by in-plane rotational stiffness, the results were not
accurate enough for problems where the main load is carried by varying

membrane stress.

Horrigmoe and Bergan [14] formulated a facet triangular shell element for
large deflection and instability analysis of free form shells. The element is of G*
type and derived by utilizing the free formulation concept |18]. In this study a
base coordinate system which is fixed to the shell surface has been introduced to
remove the in-plane rotational d.o.f. The element was tested in several numerical
examples and it was observed that the performance of the element is superior
for thin plate regimes. However, less accuracy is expected for thick plates since

the model does not include shear deformations.

Recently, Bathe and Ho [15] developed a three node, shear
flexible, triangular finite element for geometrically nonlinear analysis of general
shells. The element displacement field is defined by different order of
polynomials. In this model, the in-plane displacements are linear, the normal
rotations are in quadratic form, and thus the transverse displacements are in
cubic form which is one degree higher than the rotations. Although the element
is simple and accurate it is restricted to small rotations beiween load increments

and the use of higher order interpolations increases the computational time to



form the required matrices. The element performs satisfactorily with the use of
finite rotation strategies which alleviates the small rofation restriction between
load increments [16].

It is a well known fact that finite rotation components are not vectors
and that the sum of finite rotations depends on the order of rotations{14]. In
geometric nonlinear analysis this has led to the adoption of many different type of
rotation variables and different rotation strategies to accomodate Jarge rotation

capability during the large deformation process.
The finite rotation problem was first discussed in detail by Wempner [20] in

1969 and a tensorial formulation for large deflection analysis has been developed
in this study. It has been pointed out that the motion of a body is decomposed
into a large rigid-body motion and a small deformation. So if the rigid-body
part is eliminated then the infinitesimal approximations can be employed for
the deformational part of the motion. This study can be considered as a good
tool serving further studies.

Argyris [21) has also discussed this problem and developed a novel matrix
formulation for finite rotations in space. In this study a rotation vector § referred
to as pseudo vector has been introduced to define a finite rotation about an axis
whose unit normal is #. Hence, a vector can be rotated to a new position with

the use of this rotation vector.

Using the rotation vector described in [21], several rotation strategies have

been proposed to determine the orientation of the shell normal for degenerated



isoparametric elements [22-24]. In each method, different type of rotation axis
has been chosen and the rotation of the shell normal has been determined

incrementally by the application of rotation vector associated with this axis.

Recently, Hsiao |11] developed a finite rotation method to remove the
restriction of small rotations between succesive load increments for triangular
shell elements. In this study two approaches termed as direct and incremental
methods have been presented and compared. It has been observed that both
methods yield identical results. However, the in-plane rotations are not included
in the determination of element deformational rotations. In many cases this is
appropriate because most of the triangular flat shell elements neglect the in-plane
bending deformations. In a later work, Hsiao [25] also developed a corotational
finite rotation strategy for straight beam elements.

The development of numerical techniques for the solution of nonlinear
structural problems in recent years has been studied extensively. Early methods
for solving incremental equilibrium equations were the classicai load
Incrementation techniques which are well suited for the prediction of nonlinear
response prior to the limit point. However, when these techniques are utilized for
predicting the response beyond the limit point, they yield unsatisfactory results
due to the singularity of the tangential stiffness matrix at the limit point in
the load deflection curve. In order to overcome this difficulty, several different
numerical techniques have been developed. Bergan et al [27), and Bergan [28],

utilizing the current stress parameter, suppress the equilibrium iterations in



the critical zone until the limit point has been traversed. Alternatively Wright
and Gaylord [29] developed the technique of adding fictitious springs to the
incremental stiffness matrix to enable it to remain positive definite in a snap-
through problem. The main disadvantage of this method is that trial and error

18 required in the selection of appropriate springs.

Another commonly used strategy has been to increment a characteristic
displacement component by a prescribed amount and evaluate the corresponding
load level. This technique was first described by Argyris [30]. However, this
approach does not preserve the symmetry of the incremental stiffness matrix.
The nonsymmetric matrix restriction was overcome by Pian and Tong [31],
but their method did not perform iterations to equilibrium convergence. A
scheme which preserved the symmetry and allowed for equilibrium iterations
was developed by Haisler et al (32]. In this study an unknown load factor
which controls the external load vector has been introduced. The incremental
equilibrium equations are rearranged in a partitioned form to keep the unknowns
on one side of the equation. The partitioned equations are then expanded to
obtain two sets of symmetric equations to be solved individually for the load
factor and the unspecified displacement components. Thus, the corresponding
load level can be easily calculated by multiplying the load factor with the external
load vector. This method yields accurate results.

10



1.3 Objective and Outline of the Present Study

The objective of the present study is to develop a simple and efficient
nonlinear finite element model for large deflection and instability analysis of
plates and shells. Particular emphasis is given here to the development of

effective solution procedures to deal with large incremental rotations and snap-
through.

The starting point for the present model is the MIN3 plate bending and
Allman’s plane-stress elements which have already been employed in linear
analysis [38,39]. MIN3 [38] is an efficient Mindlin element in which only C°
continuity requirement is imposed on the kinematic field. The performance of
the element is improved by an in-plane shear correction factor. The element is
of correct rank, does not lock in the thin plate limit and rapidly converges. Due
to its relability, economy and good stress recovery, MIN3 has been considered to
constitute the bending part of the present facet element. As for the membrane
part, the plane stress element developed by Allman [39] has been used. In
this element, the in-plane bending response is improved by introducing in-plane
rotational d.of at the vertex nodes only. The introduction of the rotational
d.o.f does not increase the cost of the element since the transformation yields six
d.of. per node. One disadvantage of this element is the existence of spurious
zero energy mode, however this is easily suppressed by prescribing an arbitrary

value for any one of in-plane rotations in the entire mesh.

An updated Lagrangian approach given by [35] has been used to derive the

11



governing incremental equilibrium equations for the present shell model. In this
derivation the principle of virtual displacements, which is valid for nonlinear

analysis, is used .

The restriction of small rotations between load increments during
deformation process has been removed by using the motion process proposed
by Hsiao [16] for flat triangular elements. Via the use of this motion process,
the element rigid-body rotations are subtracted from the the nodal rotation
increments of the individual elements. Hence, only the deformational part of
the rotations are considered in the calculation of the geometric stiffness matrix

and element internal load vector.

The numerical algorithms used here are incremental iterative procedures
based on the Newton-Raphson method. The difficulty of singular tangential
stiffness matrix encountered in stability problems of the limit point type has been
circumvented by adopting a displacement incrementation strategy described in
32].

The validity of the element has been assessed by large deflection and
instability problems of wide beams, plates and shells under conservative and
nonconservative loads. The results indicate that the present element is reliable

and accurate.

12



CHAPTER 2
VARIATIONAL FORMULATION

2.1 General

An incremental updated Lagrangian formulation (35| for the equations of
motion of a body undergoing large deflections is derived using the principles of
virtual displacements. The most general approach to incremental Lagrangian
formulation is to consider the nonlinear kinematic relations within a linear
increment. Hence, all higher order incremental terms in displacements and in
strains can be discarded. This leads to the well known expression for a single

geometric stiffness matrix.

Different stress and strain measures referred to the updated configuration
are given with their incremental decompositions. Then the generalized stress
and strain components of a plate based on the Mindlin plate theory are defined.

2.2 Description of Motion

Consider the motion of a body in a Cartesian coordinate system as shown
in Figure 2.1. The objective is to evaluate the equilibrium position of the body
in the deformed configuration at time 5.

13



0, 1, 2
XA]/ X»]/ X»]

Figure 2.1. Motion of a Body in a Cartesian Coordinate System

In Figure 2.1, 92,%, and %z3 are the coordinates of the initjal
configuration, 'z;,1z, and !z are the coordinates of the current or updated
configuration and the coordinates describing the deformed configuration of the
body are denoted by 2z;,%z; and 2z; where the left superscript of each
coordinate is replaced by the number 2. The notation for the displacements
of the body is similar to that for the coordinates. °V,1¥ and 2V are volumes
at different configurations. The relation between the deformed and current

configurations is given as follows.

14



2o=lntu (1=1,23) (2.1)

where u; are the unknown increments measured from time ¢; to ¢ and defined

as,

u; =2y — Ly (2.2)

2.3 Variational Formulation

In order to solve the state variables defined in the deformed configuration,
the principle of virtual displacements is employed;

ﬁ 2 SaelV = W (2.3

where 27;; are the components of the true Cauchy stress tensor measured in the
deformed configuration , §2W is the work done by external forces that the body
is subjected and finally 6e¢;; are the infinitesimal virtual strains defined as,

1,0u; 0Ou,
=35+ i)

(2.3) can not be solved directly since the configuration at time to(= £, +At)
is unknown. A solution can be obtained by referring all variables in the deformed

configuration to a previously calculated equilibrium configuration. Hence, in

Is



the updated Lagrangian formulation, the variables in (2.3) will be referred to
the current configuration denoted by ¢ = {;. The stress and strain measures
used in a Lagrangian formulation are the 27 Piola Kirchhoff stresses and Green
Lagrangian strain tensors, respectively. They are not true quantities, but related
to the true Cauchy stress and variation of infinitesimal strain tensors through

the following transformations.

2. . — 25 0%; 5 32"’3’

TgJ — T;Blzml mn 319:,, (2.5.5)
' 024 5
628” =] -6—2—5"8—2—% lemn (2‘5.b)

where ;% represents the ratio of the mass densities at time ¢; and ¢z, 2Sma
and 2epy, are the Cartesian components of the 2*% Piola Kirchhoff stress and

Green Lagrangian strain tensors corresponding to time &, but referred to the
configuration at #;. - |

We also have,

—f o
w |

dei(3J) (26)
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and

2y 1

— =det2 ]} = ——
Vi det(3J) ) (2.7)
where 2J is the deformation gradient matrix given by,
Bz Pz Pz
21 | Pm Pn Pm
lJ = 7 72 mg‘ (2.8)

2 2 2
il e
Substituting |(2.5)-(2.8)] into (2.3}, one obtains the virtual work expression
used in the updated Lagrangian formulation as,

[v 18 feid'V = 6'W (9)

The stresses S;; may be defined by the following incremental decomposition
[33-35].

25 =4 S5+ S (2.10)

where 15;; are the "¢ Piola Kirchhoff stresses both measured and referred to

the same configuration. If is clear from {2.5.a) that we can prove

% S(J' 1 % {2.11)

17



in which !7;; are the Cauchy stresses measured in the current configuration. The
second term S;; on the right hand side of (2.10) is the tensor representing the
incremental form of the Kirchhoff stresses. The Cauchy stress tensor in (2.11) is
calculated as,

'ij = Cijr ' B (2.12)

where

1,0%  dlu; 3w 0lug
ip 1 j
B = 2(319:,- + dlg;  Olg; 319:,-)

(2.13)

is the Almansi strain tensor at { = {;.

In the updated Lagrangian formulation the Green-Lagrangian strain tensor
takes an incremental form and is defined by its linear and nonlinear parts as,

2, — =g ..
165 = &5 = €55 + Wiy

R YL LT
&y = 5(;3'1';; + 51-;;) (214)
1, 0ug Oug
i = 5(31:6,- 61:1:3-)

where ¢;; and n;; are the incremental forms of the linear and nonlinear parts of

the Green Lagrangian strain tensor,respectively.
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Having determined the incremental tensors S;; and ¢;;, they can be related

to each other through the constituve relation as,

Sis = Cijrien (2.15)

where C;4y are the componenis of the material property tensor.

The equations of motion with incremental decompositions are obtained
upon substitution of (2.10),(2.11),(2.14) and (2.15) into (2.9) as,
/ CimenbeisdV + [ Ly, ibisd'V = 63 - [ ldedV  (216)
1y 1y 1y

The solution of (2.16) can not be calculated directly since they are non-linear

in displacement increments. However, approximate solutions can be obtained by
assuming in (2.16) that ex = ey and fe;; = Se;;. Therefore the incremental

constituve relations become

Siy = Cijkt exi (2.17)

Upon linearization we obtain the approximate equilibrium equations solved

in the updated Lagrangian formulation as,
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[ Cisreribe;d'V-+ / 15i5603d"V = 6*W - / Lriibei;d'V
1y . 1y 1y

2.4 Mindlin Theory

2.4.1 The Displacement Field

Figure 2.2. Sign Conventions for Displacements and Rotations

20
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The displacement field based on Mindlin theory(36] is given as,

Ulz,y,2) = u(z, ) + 2y (=, 9)

Viz,3,2) = v(z,9) + 28:(2,y)

Wiz,y,2) = w(z,y)

(2.19)

where U,V and W are the displacements in x,y and z directions, respectively,

and they are defined in terms of mid-surface translations uv,w and normal

rotations #; and fy about x and y axes, respectively. The sign convention for

the displacement field is as shown in Figure (2.2).

'2.4.2 The Strain Field

The Green Lagrangian strains of a plate including transverse shear is given

in as,
) [ UeHime e
; AT M
Vg = Uy 4 Vo4 Ul + V7 W,
Vz2 Us+Wo+U U +V,V+ W W,
s )\ Vet Wyt U Uy + V.V + W W,

where ”,” represents differentiation.

21
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We can express the strain components in terms of mid-surface deformations

in partitioned form as follows;

( €z )

4 {{em}} {z{eb}} {{am}}
{ ™ =L o xS L (2.21)
%z {fs} {0} {0}

Yoz

where

{EM}={ ?):: }1 (2‘22'a)

Uy +¥s

are the in-plane strain components,

- By =
{eb} = az,y 3 {2.22.6)
: byy +0zz

are the curvatures and twist, and

{es} = {j,:: } (2.22.¢)
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are the transverse shear strains. {fm} are the the nonlinear components of

in-plane strains :

sul + 3%+ Jud
{ﬂm} = g’u y ’02 + ng (222d)

Uzly + ”,x”,y + WaWy

In (2.22) the nonlinear components of bending and shear strains are
neglected. ~This is appropriate because the effect of bending and shear
deformations on the geometric stiffness matrix is very small as compared with the
effect of in-plane deformations [15]. Therefore it is justifiable to neglect these
effects.The components defined in equations 2.22 form the generalized Green
Lagrangian strain vector denoted by {¢} and expressed as follows.

¢ z% \
4,
;c“ {{fm}} {{ﬂm}}
@={"t=Lar b1 ) (033
Ey {es} {0}
Y
T
\ Yyz /




Finally,

(e} ={e} +{n} (2.24)

2.4.3 The Stress Field

The stress resultants are

{r}f = [ Ne Ny Noy Mo My My Qo Qf (2.25)
where N, Ny and Nyy are the in-plane stress resultants, My, M, and Mg,
bending and twisting moments, ), and @, transverse shear forces.

The stress resultants are determined by integrating the stresses through the
thickness h of the plate.

hf2

(Nz, Ny, Noy) = / hlz(az,ay,aw)dz
B2

(Mg, My, Myy) = / 2(0,,,0,,,0‘@).243 (2.26)
b2

(Qe,0y) = [ (0,0,

The positive convention for the stress resultants is shown in Figure 2.3,
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CHAPTER 3

FINITE ELEMENT MODEL

3.1 General

A three node, shear flexible, flat shell element will be presented. This
element is obtained by the superposition of a Mindlin plate element MINS for
bending part [38], and a plane stress element including vertex rotations for
membrane part[39]. The inclusion of vertex rotations improves the element
inplane bending behaviour. The nodal degrees-of-freedom are three translations
and three rotations. Therefore, there are totally 18 d.o.f for the present model.
The displacement field will be expressed in terms of area coordinates. The

locking phenomenon which is significant for shear flexible elements will be
discussed.

The variational formulation given in Chapter 2 will be implemented to a
facet shell element. In updated Lagrangian formulation there are two element
matrices referred to as linear and geometric stiffness matrices as a result of the
linearization of equations of motion. These matrices will be derived explicitly in

the following sections,
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3.2 Finite Element Implementation

In the following the finite element equilibrium equations of a shell element
undergoing large deflection will be derived.

Consider a facet shell element under three different states as shown in Figure
3.1. Similar to the linearized form of the equations of motion given in (2.18),

one can write the following matrix relationship for such an element.

[ o{e}"[Dl{etd' A+ [ 5{n}" {'m}d' A = 6{g}" {R}
14 14
- ﬁ / §{e}T{*7} d'4 (3.1)

where

@ =wm v us by By O ... O] (3.2.0)

is the vector of incremental nodal displacements,

ErT =[N Wy Wey My 1My My Qs 'Qy] (320

is the Cauchy stress vector referred to the current configuration at ¢ = ¢, [D] is
the material property matrix, which is given in Appendix C, {R} is the vector
of externally applied forces in the absence of body forces, and finally
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()T = [N, 1N, "Ny (3.2.c)

- is the membrane part of {17}. This is due to the negligible effect of shear and

bending deformations in the calculation of geometric stiffness matrix as described

in section 2.2.2.

The first integral on the left hand side of (3.1) can be expressed as

[, st iDiaea= ([ NI DB A
= 8{g}" [Kil{a} (33)
where [B] is the linear strain displacement matrix given in Appendix C, [N] is the

shape matrix of the element model which will be defined later in this chapter,
[Ky] is the linear stiffness matrix.

The second integral on the left hand side of (3.1) can be evaluated as [317),

|, st e A=t ([ INFIGPPSICIN A
= 8{q}" [Kel{q} (34)
where [G] is the nonlinear strain displacement matrix given in Appendix C, [K¢]

is the geometric stiffness matrix. [*S] is a 6x6 matrix containing the membrane

stresses as follows.



[81= [[[ G [[ISS?I]]

where

llSzl = le[I3]
[ISy] = lNy[I3]
[} Szg) = ! Ny Is]

with (/5] being 3x3 identity matrix.

The Cauchy stresses ['7] can be calculated as,

['7]=[DI{'E}

where

{'£} = [B|[Nl{ga}

(35)

(36),

61)

(3.8)

is the vector of Almansi strains which can be defined linearly in terms of the
deformational part of the nodal displacements represented by vector {g;}. The

deformational nodal displacements are obtained by subtracting the rigid-body
motions from total displacements. Then the integral on the right hand side of

(3.1) can be written as,
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,/;A ey {'r)d' A= 8{g}"| ﬁ INTIBIIDIBI[Md A)aa)
- = 6{gY [Kul{ge) (3.9)

Substituting (3.3),(3.4) and (3.9) into (3.1), one obtains

|Kl{q} = {F} (3.10)

where

[Kr| = [KL] + [Kg] (3.11)

is the tangential stiffness matrix, and

F={)- (1 o1
is the unbalanced load vector where
| ()= Kia 319
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3.3 Area Coordinate System for a Triangle

In this study, area coordinates are used as described in Figure 3.2 In this
figure sidesl, 2 and 3 are identified by the opposite vertices 1,2 and 3,
respectively. “The area coordinates § (f = 1,2,3) for an interior point are
defined as the ratios of the areas A; to the total area A.

A A A
fl—‘--zl', 2=—A£, €3=—AE (3.14)
since
Ai+Ag+As=4A (3.150)
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then

& + €2 +&=1 (3.15)

The local coordinates x and y of the element are related to the area

coordinates in matrix form as,

ol 2 21
gy=|2 @ z|{& (3.16)
y {m ¥2 w} &

inverting (3.16), one obtains

1 . ‘
§=gzlatbiztay) (=123 (3.17)
where

1 21 n
lxgyg
1 23 ys

A=t

2 .mm)

and
C; = TiYk — TkYy
bi=y;— Yk

G =%k—%;

(i=1,2,3;=23Lk=312) (3.19)



The integral of a polynomial over the area is given as,

_ alfint
[ AL a+ﬂ+";+2)!2A (320

3.4 Membrane Part

A possible choice for a triangular model to constitute membrane part of the
present shell element would be the well known constant strain triangle in which
the displacement field is approximated by linear interpolations. However, this
model yields inaccurate result for in-plane bending problems where the strain

field varies linearly.

In order to improve the in-plane bending response, Allman{39] developed a.
three node plane stress element based on a compatible quadratic dlsplacement

field including vertex rotations as shown in Figure3.3.

The displacement field is approximated as follows.

u = §iu; + %(bjfkﬁi ~ b i)z
v=§v + -;-(a,’fk&- —ag ;)0

(i=1,2,37=231k=312). (3.21)
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Figure 3.3. Nodal Variables for the Quadratic model

The inclusion of in-plane rotation #,; as a degree-of-freedom enhances the
performance of the element since the quadratic displacement field provides linear

variation in membrane strains ¢;, €y and 7zy.

3.5 Bending Part

One major simplification associated with the utilization of Mindlin theory
is that only Cy continuity requirement is imposed upon interpolations of the
kinematic field (i.e the derivatives of the deflection and rotation kinematic
variables encountered in a variational theorem are no higher thanthe first

order). This enables the Mindlin elements to be generated from low-order
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interpolations. Regrettably, the use of standard isoparametric approach for low-
order interpolations may yield stiffer solutions in displacements due to the lost
of bending strain energy. This phenomenon is often called * locking *, and it is
discussed in [38,40]. To alleviate this difficulty, Tessler and Hughes [38] proposed
the anisoparametric approach in which different order of polynomials have been
used for the kinematic field. Using this approach they developed a three-node
trianguiar Mindlin plate element (MIN3) with 9 d.oJ. as shown in Figure 3.4.

(\/‘\/3/ 8x3/ey3 )
3

] 2

x2*9y0)

Figure 3.4. Nodal Variables for the Anisoparametric Model

According to this methodology the transverse displécement field w is one
degree higher than the rotation fields 6, and 8. The displacement field is given

in terms of area coordinates as follows,
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w= G + %(b;s&'fj — biilk)loi + -;—(a,'&'& = 0k §iks)fys

0, = Eifs (3.22)

By = Eiflys

A characteristic feature of Mindlin elements based on the displacement

formulation is that they become numerically ill-conditioned when the plates are
extremely thin. This numerical deficiency is due to the differences in the order
of bending and shear stiffnesses{41]. The ratio of shear to bending stiffness
is approximately A/k2. For very thin elements A/h® becomes very large and
bending stiffness coefficients can not be accurately represented because of the
finite precision in digital computations. Tessler and Hughes [38] investigated |
the locking phenomenon and proposed an element appropriate shear con'ectionf

factor by making use of energy principles. This factor is given by,

k=k¢ (3.23)

where k* = £#? is the classical shear correction factor, ¢ is the in-plane

correction factor given as,

(3.24)




and

%_ ¥ (3.25)

is a generalized parameter defined as a ratio of the diagonal shear and bending
stiffness coefficients.

3.6 Element Shape Matrix

(3.21) and (3.22) yield the shape matrix as

[N] = [[N][ V] [¥s]] S (326)
where_
& 0 0 0 0 R
0 & 0 0 0 §
[M]=10 0 & L M; O (3.27)
000 & 0 0
0 0 0 0 & O
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where

R = 5{bi6s6i — bei6)
: ‘
§ = %’(a‘? Ekéi =0k E%&J) (3.28)
Li = {buié; — bi&it)
M; = %(a, Eile — akié;)

The linear and geometric stiffness matrices can be calculated by substituting
(3.26) into {3.3) and (3.4), respectively.
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CHAPTER 4
FINITE ROTATIONS AND THE DEFORMATIONAL

PART OF THE MOTION

4.1 General

A simple and practical formulation and procedure to remove the restriction
of small rotations between succesive increments for geometrically nonlinear
analysis of shells using flat triangular elements are presented. The rigid-body
rotation of the coordinate system is assumed to be accomplished by an out-of-
plane rotation followed by an in-plane rotation. The element internal stresses and
nodal forces are calculated using the total deformational in-plane displacements.
and deformational nodal rotations which are obtained by subtracting the rigid-
body motions from total displacements. The direct method proposed by Hsiao

is used in the calculation of the deformational nodal rotations.
4.2 Finite Rotation of a Vector

I a vector is transported to a new position by the application of finite
rotation vector about an axis whose normal is denoted by 7, the relation between

initial and rotated position of a vector is given as [16}.

-,

R = cosdR + (1 - cosf)(.R)f +sin (7 x R) (41)
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where R and A are the vectors of initial and rotated positions, respectively. 8 is

the angle of finite rotation. Figure 4.1 illustrates the rotation of a vector around

an axis whose normal is .

Figure 4.1, Finite Rotation of a Vector

4.3 Element Rigid Body Motions

Assume that the incremental-iterative method is used for the solution of
nonlinear equilibrium equations and the configuration of the F** increment is
known. Then the rigid body motions are accomplished by the succesive

application of the following motions.

1. A rigid body translation by AU; (global displacement of node 1 ): The
element coordinate system is translated parallel to itself to the new position of
node 1 as shown in Figure 4.2.
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Figure 4.2. Rigid Body Translation of the Element Coordinate
System

2. An out-of-plane rotation by the rotation vector @ The {z; axes are
tated by an angle |& about the axis perpendicular to {23 and 23 axes. This
indicated in Figure 4.3.a. In this figore the resultant coordinate system is

elled as z} and referred fo as intermediate coordinate system. The out-of-

1e rigid body rotation vector & is determined as

Iég X €3
!{53 X Ea[

- I~~

& = cos™! (163.83) (4.2)

I, and &5 are the unit vectors associated with the Tz and 3 axes,
ively, and they are referred to global coordinate system.
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Figure 4.3. (a) Out-of-Plane Rigid-Body Rotation
(b) In-Plane Rigid-Body Rotation

3. An in-plane rotation by the rotation vector B: The intermediate axes zh
are rotated by an angle 4] about the axis perpendicular to #| and z; axes 10

coincide with z; axes as shown in Figure 4.3.b. This rotation vector is determined
by

151 XE]

3 —ecag—t{I5 &
§=cos™( el°el)|‘§1 <l (4.3)
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4.4 Determination of Element Deformations
4.4.1 In-Plane Deformational Displacements

The in-plane relative nodal displacements are represented by vector {g;}
and are calculated from the difference in the local coordinates at the initial and

current configurations as illustrated in Figure 4.4. Then the displacement vector:
contains the following

@f=1000000d 00
000 3 % 00 0 0] (4.4)

.
45 L
-~/ 3 V3 current
/ \ I cenfiguration
/
/
2 initial
y XZ configurction
1 -
ﬁlu ——

Figure 4.4. Element Membrane Deformational Displacements



4.4.2 Out-of-plane Deformational Rotations

The representation of the deformational nodal rotations are based on the
assumption that these rotations are small enough to assure validity of vector
operations. On the basis of this assumption the deformational nodal rotations
of the element shown in Figure 4.5 is determined from the angles measured
between the deformed normals 74 and undeformed normal %, of the element.
Thus,the components associated with the flexural deformations are represented

in a matrix {gs} as

{@F=00048 6 0000
frs 82 0 0 0 0 i3 B 0 (4.5)

Figure 4.5. Deformational Nodal Rotations
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In order to determine these normals, Hsiao [16] proposed two methods
termed as direct and incremental methods. In that study the performance of
each method has been tested with a number of numerical examples and it was
concluded that both methods give identical results. In the present study the
direct method has been selected for the determination of deformed normals.

The procedure associated with this method is as follows

1. The whole element is translated by AU; (the global displacement of
node 1 as illustrated in Figure 4.2).

2. The whole element is then rotated by the rotation vector & passing
through node 1 except {fig, the deformed normals of the element surface in

the I** equilibrium configuration. See Figure 4.3,

3. The deformed normals 74 are rotated to ny by the application of finite
rotation vectors Aff; which are the projections of Aé;- in the z} — ¢4 plane as

shown in Figure 4.6.

4, The rotation vector J passing through node 1 is applied to the whole
element including the unit vector #if;. In Figure 4.7 vector 74 are rotated by
this vector to reach their final position.

Finally, the out-of-plane deformational nodal rotations, referred to the
current element coordinate system can be expressed as

- )ﬁnx;idj

N7 e | = 1)
u-Tdj lﬂuXﬂdjl(s 1,2,3) (4.6)

s}
|
e,
&
S,
N —
]
&
1
ek
———
P11
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Figure 4.6. Step 3 of the Deformational Process of
the Direct Method

Figure 4.7 Step 4 of the Deformational Process of the Direct Method
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4.4.3. In-Plane Deformational Rotations

The element in-plane deformational rotations defined in the current

equilibrium configuration can be determined, incrementally, as

where £§,, are the in-plane deformational rotations calculated in the previous
equilibrium configuration, Af,; denote the in-plane incremental deformational
rotations to be defined as

AR, = Abpj - 8 - 43)

where Af); is the component of the finite rotation vector Af; in local z direction.

Finally, the in-plane deformational nodal rotations are represented in vector form

as

{a}¥=1000004F; 000
00 8200000 4§y (4.9)
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4.5. Element Stresses and Nodal Force Vector

The vector storing the deformational part of the total element motion as

discussed in chapter 2 is obtained by superposing {g }, {go} and {gs} as

{0a}'=1000 8 8 0% 00
9,;2 %2 0 3 73 0 6,;3 9-93 OJ (4.10).;

This vector is then used fo find the stress and load vectors in (3.7) and (3.13),
respectively.
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CHAPTER 5
SOLUTION ALGORITHM

5.1 General

The incremental-iterative strategies described here are based on a full
Newton-Raphson approach in which the tangential stiffness matrix is updated
throughout the iterative cycles. The matrix implementations associated with
both load and displacement incrementation strategies are given with their

algorithms.The convergence creation required to achieve a succesive accuracy
also discussed here.

5.2 Load Control

The load incrementation process is very simple to implement computer and

it requires the following incremental equilibrium equations.

KUY+ = ¥{R}- {1} (5.1)

where {U}*+1 is the vector of incremental displacements required for the next
iteration, A* is the load parameter varying from zero to one and it determines the
current load level on the structure when multiplied by the external load vector
as seen in (5.1). The true equilibrium configuration is then achieved by means
of the pure Newton Raphson iteration method in which the tangent stiffness
matrix is updated at each iteration.
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The iterations required between two successive load increments should be
terminated when sufficient accuracy is obtained. There are a few convergence
criteria proposed to achieve the desired accuracy. The most common criterion

employed is the displacement norm criterion [35] .

o] &

where {U} and {Ur} are the incremental and fotal displacements respectively,
Ptol 18 a tolerance value for the given criterion, .|| denotes the norm of a vector
and it is defined as

=Y %4 53
i=1
where
=17 (54
T

The algorithm dealing with the load control strategy is shown in Figure 5.1.
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i) Newton-Raphson algoritm for force incrementation:

i =0
k =0
A, =0
—— k = k+l
A = M +AM
n =20
A" = 0
— 1 = i+l
n = .n+1
Krq™*' = A, R-f'
Am = Anl 4 gi+i))
q'ixfl = q§~+ (li"'1 (q7= total displacements)
. "qi+1“ 7
False A"
True
Y
x* =x°+ q-i; 1 (x = nodal coordinates)

Figure 5.1. Solution Algorithm of the Force Control Strategy



5.3 Displacement Control

As pointed out in section 5.1, the tangent stiffness matrix of a doubly curved
structure approaches singularity as the load deflection curve is near the limit
point. In such cases the analysis procedure should be switched from load control
to another strategy which avoids the singularity of the tangent stiffness matrix.
The common way of improving the stiffness matrix is to increment displacement
components rather than the loads. The procedure given in [32] is shown to be

efficient, reliable and easy to implement.

Suppose that one of the displacement components g; is specified. Removing

g; from the left side of (5.1) and partitioning the remaining equations, one

5 B0 e

where [K] is the [Kr| matrix with j** row deleted, {K,} is the j** colurin of
[Kr| with j*» row deleted, {R} is the external load vector with j** component
removed, R; is the j*% component of {R}, {g} is the vector of unspecified

obtaing

displacements, ¢, is the specified displacement component, A is the load factor
to be determined, {f} is the internal load vector with 7 component deleted
and finally f; is the j** component of {f}.

The partitioned form of the coefficient matrix i (5.5) seems to be
unsymmetric. Hence, the direct solution of this equation would be difficult.
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However, it is possible to expand (5.5) as follows,

[KI{@} = MR} +{f} - ¢;{K;}
(K Y {a) = i - K.

then the solution for 5fg may be written

(@} ={4}+ B}

where {A} and {B} are the solutions of

{KHA} = (]} - ¢;{K;}
{K}{B} = (R}

When (5.8) are substituted into (5.6.b}, one obtains

y = fi A {A} - Kisq;
{1 {B}- &

(5.8.a)
(5.6.)

(5.7)

(5.8.0)

- (58.)

 69)

Having determined the load parameter A with the solution vectors {A}

and {B}, the vector of unspecified displacements {} can be computed directly

using (5.6). The procedure given after expanding (5.5) avoids the solution of

e



nonsymmetric equations. Moreover the solution of the two sets of equations
({5.6.2) and (5.6.b)) is shown to be computationally efficient due to the existence

of the same coefficient matrices which may be solved simultaneously.

The convergence criterion chosen for the present strategy is the same as
that used in the previous case.
The algorithm based on displacement incrementation strategy is given in

Figure 5.2.
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k =0
A =0
k = k+l
n =0
At = 0
q = q* (q* = a prescribed value for the specified
displacement component)
—— 1 = i+l
n = n+l
il R .(.l.i+1 5 K}‘ i
qj=0 ; b A?LM =- £ - dy Ky
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xX =x°+qq

Figure 5.2. Solution Algorithm of the Displacement Control Strategy
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CHAPTER 6
NUMERICAL STUDIES

6.1 General

In this chapter the performance of the present element is to be assessed
by means of a number of numerical examples consisting of wide beams, plates
and shells undergoing large deflections, large rotations and instability. Some of
the problems are studied under non-conservative loading where the direction of |
applied loading remains normal to the deformed surface of structure. The results
obtained by the present model are compared with either analytical or other
numerical solutions. The numbers enclosed by paranthesis in each load deflection
curve indicate the number of iterations between two succesive increments. The
deformed configurations at various load levels are also plotted to demonstrate .
the applicability of the present formulation. In all problems considered here,
the error tolerance is taken as p = 0.005 for convergence at each equilibrium

configuration.
6.2 Wide Beams

6.2.1 Pure Bending of a Cantilever Beam

The first example considered in our numerical analysis is a cantilever beam
subjected to a concentraded end moment as shown in Figure 6.1. This problem
has been widely used by many investigators as a test for large deflection and

large rotation analysis. The beam is discretized by 20 elements as shown in
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E=12x10° kN/m? ;v =0

Figure 6.1. Cantilever Beam with End Moment

—

L ]

Figure 6.2, The Finite Element Discretization of the Beam

Using 20 Elements

58

O.lm



M= 126

M = 6.28 kN

Figure 6.3. Deformed Configuration of the Cantilever Beam

with End Moment

a9



JISWIOW Uy qyis
UIed] JoAs[1jue) 9} 10} SAINY) UOIIR[A(I-PRO 9 danSiy

(w) IN3W3IVI45]0

vl Cl 0l B g 4 4

TSN EESIE RN NEEEERERRIEEN SRR RRER SR RN SANRNNERNARNANEN A ENRRNA RN

ih

quasaxd Vv O

\/
() SrakTowy —

suotjeasly ( )

(UN1)  INWOW

60



Figure 6.2. The solution is obtained in five equal load increments until the end
point is rotated 2r radians. The deformed configurations at each increment are
illustrated in Figure 6.3. This problem has also been solved by Horrigmoe and
Bergan [14] with 12 increments (using 10 elements), by Surana and Sorem [50]
using a curved beam element with 10 load increments and by Hsiao[16] by 3

increments. The load-deflection curve is shown in Figure 6.4.

It is seen that the results are in very good agreement with the analytic

solution given in [42].
6.2.2 Cantilever Beam Subjected to End Shear
The beam discussed in the previous example is selected to study the effect

of non-conservative loading. To this end, two loading situations were considered,
the first of these being that of a standard conservative load P, with fixed
direction normal to the initial straight beam. The second one is considered
as nonconservative loading P, which follows the direction of the normal to
the element at the tip. The beam is discretized by 20 elements. The final
configuration is achieved in four equal load increments. The deformed
configurations for both cases are shown in Figure 6.5.2 and Figure 6.5.b,
respectively. As can be observed from Figures 6.5, there is a considerable

difference in the responses for conservative and nonconservative loading at the
higher load levels.

In Figure 6.6. the present solution for conservative loading case is compared

with the solution given by Mattiasson [43]. Also shown in Figure 6.7 are the
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Figure 6.6, Load-deflection Curve for the Cantilever Beam
with Conservative Tip Load
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solutions for non-conservative case obtained by the present model and Horrigmoe
and Bergan [14] in which 7 rectangular elements are used . Again the results

show that the present model is highly accurate under both conservative and

nonconservative loading.

6.3 Plate Bending Problems
6.3.1 Simply Supported Plate Subjected to Lateral Pressure

This example is chosen to study the effect of membrane stresses on bending
action of a plate. The plate is subjected to a uniform pressure loading as shown.
in Figure 6.8. Dimensions and physical properties are also illustrated in Figure
6.8. Due to symmetry,only one-quarter of the plate is studied using a 3x3 mesh..
The number of load increments to obtain the solution is five. This problem.
has been solved analytically by Levy [44]. The comparison between the present
and Levy’s results are shown in Figure 6.9. As can be seen that the results are
in agreement with the analytic solution although there is a slight difference at
the higher load levels. it is observed from Figure 6.9 that there is a decrease of
displacements in the load deflection curve due to the stiffening effect eventhough
the largest deflection is of the order of the thickness of the plate. In Figure 6.10,
the final deformed configuration of one quarter of the plate is demonstrated.
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E =10 psi
/7 t=012in
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pressure

Figure 6.8. Simply Supported Plate Subjected to Lateral

Pressure

66



Uniform Pressure Ratio, qa*/Eh

300

250

200

150

100

50

. a (3

-

3

.

3 (3)

-

] ®

3

3

3 (4

] Levy

e (6) AALANA Present
3

.

. 17 17T 1T 1 I['lTl1TL‘r1*l T T
0 1 2

Central Deflection Ratio, W./h

Figure 6.9. Load-deflection Curve for the Simply
Supported Plate

3



\
\
0
i
RO
O
i
Wit
iy
)
’

Figure 6.10. The Final Deformed Configuration of One-Quarter

of the Plate

68



6.3.2 Cantilever Plate with Conservative and

Non-conservative End Load

A cantilever plate subjected to a concentrated load at its one end has been
studied. Figure 6.11 shows the geometry and physical properties of the plate.
A 5x5 mesh model is used to analyze the large deflection and rotation of the
plate considering two loading cases : (a) load with a constant vertical direction
(conservative loading) and (b) load always normal to the deformed middle surface
(non-conservative loading). Five equal load increments have been used in this
analysis, The deformed configurations at each increment upto 34 kN for the two
loading cases are shown in Figure 6.12.2 and Figure 6.12.b, respectively. The
conservative loading case has also been solved by Hsiao |16] using a 6x8 mesh
discretization. the load-deflection curves for this case are shown in Figure 6.13
and very good agreement is observed with respect to Hsiao’s solution. There is
however, 1o ’benchmark’ solution available for nonlinear response of the non-
conservative loading case. In this study,the non-conservative case has also been
solved and the load deflection curves are given in Figure 6.14. From Figure 6.13
and Figure 6.14, it can be seen that non-conservative loading yields very large
displacements at the higher load levels.
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6.4 Shell Problems
6.4.1 Clamped Cylindrical Shell

A circular cylindrical shell as shown in Figure 6.15is considered.The shell
i8 clamped along all four boundaries and subjected to uniform inward radial
loading. This example has been extensively studied by a number of finite:
element investigators. Due to symmetry, only one-quarter of the panel has been -
discretized using a 3x3 mesh model. Five equal load increments have been used.
in this study. Fig 6.16 shows the final deformed con?iguration of the shell. The
results are shown in Figure 6.17 with the solutions reported by Dhatt [45] and
Sabir and Lock[46] using curved elements and by Horrigmoe and Bergan[14]
with triangular elements. If is observed that the present results are in good
agreement, with the other results. The discrepancies at the higher load levels my
be due to the large membrane forces that develop when the load is increased.

R = 2540 mm
{ =254mm
h =3.175mm
@ =0.1 rad.

E = 3.10275kN/mm?
v =0.3

Figure 6.15. Clamped Cylindrical Shell Subjected to Inward Radial Loading
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Figure 6.16. The Final Deformed Configuration of the Clamped
Cylindrical Shell.
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Figure 6.17. Load-deflection Curve for the Clamped
Cylindrical Shell
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6.4.2 Snap-Through of a Hinged Cylindrical Shell

The first example for snap-through analysis is a thin cylindrical shell which
has hinged supports along the longitidunal edges and free along the curved ends.
All dimensions and material properties are illustrated in Figure 6.18. Due to
symmefry, the shell is modelled by a 3x3 mesh discretization. 5 levels of equal
displacement increments for the vertical deflection at the crown(W, ) are used in
this example. the final deformed configuration corresponding to W, = 300mm is
shown in Figure 6.19. The load v.s. central deflections at the crown and at the
middle of one end are shown in Figure 6.20. Also shown in Figure 6.20 are the
results reported by Surana [48] and Oliver [49] using degenerated isoparametric
elemets and by Hsiao [16] using facet shell elements. It is seen from Figure 6.20
that almost identical results are obtained.

6.4.3 Hinged Spherical Shell with Central Point Load

The final numerical example is the instability analysis of a hinged spherical
shell subjected to a concentrated load at the crown as shown in Figure 6.21. All
four edges are hinged and immovable. Due to the symmetry, only one-quarter of
the shell is discretized by using a 5x5 mesh model. 5 levels of equal displacement
increments upto 300 mm for the central deflection at the crawn are used in this
analysis. The final deformed configuration corresponding to W, = 300mm is
plotted in Figure 6.22. The load deflection curve of the vertical displacement;
component W, at the crawn compared with the solutions by Horrigmoe and
Bergan {14], Hsiao and Chen [16], Pica and Wood [47] and Surana [48]. In
Figure 6.23 it is seen that all five solutions are agree rather well.

(i



proT jiog
[eIyue)) T31A [IPYS [ROPWIAD) PoBUTE ‘819 ML

¢0= 6

JWW/NY G2201'E = 3
poI |0 = 7

ww 272l =y

ww $Gg =

ww 0pge = Y

78



9

Figure 6.19. The Deformed Configuration of Hinged Cylindrical
Shell Corresponding to W4 = 300 mm.
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CHAPTER 7
CONCLUSIONS

A three-node facet shell element which is the combination of the
anisoparametric plate bending element of Tessler and Hughes [38] and the plane-
stress element with vertex rotations developed by Allman [39] has been
presented. The element has six d.of per node. The nodal variables are
three translations and three rotations of C° continuity type. An incremental
updated Lagrangian formulation has been used. The vector operations have been
applied to the rotations by subtracting the rigid-body part of the motion from
the total displacements. Newton-Raphson algorithms for force and displacement
incrementation have been used in the incremental iterative solutions. The
singularity of the tangential stiffness matrix has been alleviated by displacement
incrementation. Accurate results have been obtained for beam, plate and singly
or doubly curved shells under conservative or non-conservative loads. The
present element proves fo be an alternative for large deflection and instability

problems.
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APPENDIX A
USER’S MANUAL FOR PROGRAM NLFEM

A.1 Introduction

The program NLFEM performs the large deflection and instability a.nalysis%
of plates and shells subjected to either conservative or nonconservative loading.
The general structure of the program is shown in fig A.1. In this figure INPUT
is a user created file which contains the type of incrementation, type of loading,
nodal and element data, connectivities, restraints as well as nodal forces.
DISOUT and CONOUT are output files created by execution of NLFEM. These
files list the force-displacement relations of pre-selected nodes and the

coordinates of deformed configurations corresponding to each increment.

Data preperation for INPUT is explained below. Typical input and output
files for large deflection analysis of a sample problem are shown in APPENDIX-
B.

A.2 Creation of the File INPUT

INPUT is the data file required to execute the program NLFEM. There
format specification for the variables in each data block since they are free

formatted. These variables will be explained in detail.
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ISTR : Type of control strategy

)[R Force Control

) J— Displacement Control
ILOAD : Type of loading

() J— Conservative

4} JR— Non-conservative

NINC : Number of increments
TOL : Error tolerance to stop iterations
ND, ID: A critical node and its degree of freedom associated with the prescribed |

displacement component.

DTOT : A prescribed value for the displacement component required in the

displacement incrementation strategy.
NNOD : Number of nodes to be studied
INOD : An array containing the node numbers selected fo study their load- !

deflection relatios.
NOEL : Number of elements.
NODES : Number of nodes.
NEDOF : Number of d.of. per element.
NDOF : number of d.o.f. per node.
NPE: Number of nodes per element.
NELOD : Number of nodal forces.
NOD: Node number.
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XY7Z:
NEL:
ICON :

IDOF :

YM:
RN :

. Thickness of the shell.
LG:

The global cartesien coordinates of a node.

Element number.

defines the element connectivity, i.e. the number of nodes belonging to
that element. The sequence determines the number of element.

shows the constrained degrees of freedom at a node.

0 : unconstrained.

1 : constrained.

for the order U,V,W, 8,0y, 07.

Modulus of elasticity.

Poissons ratio.

An integer value indicating whether the forces will be given in local or
global coordinates.

. force components of a node either in local or global coordinates.

33



In the folloving, the syntax diagram of the file INPUT will be given. It is

useful here to explain some of the important shapes used in the diagram.

F_ coweeo—q : Start and end of a data block,

— :  The data block will be input n times. |

T A _T :  The variable will be input 1 times.

(lNPUT
L

NLFEM

n

/ oisout / /CONOUT /

Figure A.1. The General Structure of the Program NLFEM
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START

ISTR 4
ILOAD —4
p— NINC — TOL ND ID DTOT ———=
p—NNOD C INOD ) —4
NNCD
/{ NOEL— NODES — NEDOF — NDOF —— NPE — NELOD —+
, ]
: «NOD X Y A 4
N
3
p—NEL ICON <4
3

6
—YM RN H —4
>— NEL NOD — LG t - ) —4
6
L FINISH

- Figure A.2. Syntax Diagram of the file INPUT
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APPENDIX B
A SAMPLE RUN

A diamond structure composed of four equal bars shown in fig B.1 is
analysed as a sample problem. A finite element model of a quarter of the
structure using six triangular elements is shown in fig B.2. The load is applied by
incrementing displacements in 5 equal increments of 18m.The data file IN'PUTl
i8 given in fig B.3, the output files DISOUT and ONOUT are given in figures-
B.4 and B.5. Figures B.6 and B.7 show the deformed configurations at each

dislplacement level.

Tm
222210 cm

Sec. A-A

E=12x10° k Pg
v=0.
$= 18m

Figure B.1. Sample Problem for Large Deflection Analysis
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(110101) 1

A
(011111)

Figure B.2. Discretization and Boundary Conditions of
the Sample Problem
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Figure B.3. INPUT for the Sample Problem
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INCREMENT

1

NUYBER OF TTERATIONS 5
NODE, NUMBER 1
FORCE DISPLACENENT
0.00000000E<00  0..00000000E=00
0.00000000E+00  0.0000C000E+00
0366647301 -0, 360000005+01
0.00000000Es00  0..00000000E+00
0.00000000E+00 -0, S3503757E+00
0.00000000E+00 000000000500
TNCREMENT 2
NIMBER OF TTERATIONS 5
NODE, NUMBER 1
FORCE DISPLACEENT
0.00000000E+00  0.00000000E+00
0.00000000E+00  0.0000OUOOE+00
06207482501 0.T2000000E+01
0.00000000E+00  0.00000000E+00
0.00000000E+00  ~0.9805011E+00
(1. 60000000E+00 1. 0000000000
TNCREMENT 3
NOYBER OF TTERATIONS 5
KODE NNBER 1
FORCE DISPLACRAENT
0.00000000E+00 0. 000D0000E00
0.00000000E+00  0.00000000E+00
099212630501 -0, 10800000E+02
0.00000000E+00  0.00000000E+00
0.00000000E+00 0. 14201780E+01
000000000400 0. 00000000E00

INCREMENT 4
NUMBER OF ITERATIONS 5
NODE NUMBER 1
FORCE DISPLACEMENT
0.00000000E+00  0.00000DOOE+00
0.0000000CE+00  0.000C0000E+00
-0.18307911E«00  -0.14400000F+02
0.000000C0E+00  0.000000DOE+00
0.00C00000E+00  -0.18792454E+01
0.00000000E+00  0.000C00D0E~00
INCREMENT 5
NUMBER OF ITERATIONS 7
NODE NUMBER 1
FORCE DISPLACEMENT
0.00000000E+C0  0.00000000E+00
0.00000CO0E+00  0.00000000E+00
~0.63779262E+00  ~0.18000000E+02
0.000C0C00Es00  0.000000O0E+0D
0.00000000E+00  -0.23205227E+01
0.00000CO0E+00  0.0000C000E+00

Figure B.4. DISOUT for the Sample Problem



0.00000000E+00, 0.0000000CE+0R,  0.90000000E+01,
0.30000000E+01, 0.000BOGO0E+0D, 0.60000000E+01,
{.60000000E+01, 0.00000000E+08, 0.300C0000E+(1,
0.90000000E+01, 0.00000000E+00,  0.00000000E+GO,
0.000000C0E+00, 0.10000000E+01, 0.90000000E01,
0.30000000E+01, 0.10000000E+01, 0.60000000E+01,
0.60000000E+01, 0.10000000E+01, 0.30000000E+01,
0.90000000E+01, 0.10000000E+01, 0.G0000C0CE+CO,

T o
nou
p [~}

(= W T N

-

0.00000000E+00, 0.0OCOC00OE+00,  0.54000000E+01,
, 0.40763763E+01, 0.00000000E+00, 0.42238111F«01,
0.79722124E+01, 0.G000000CE+00, 0.23438116E+01,
0.11367662E+02, 0.00000000E+00, 0.0C0000C0E+00, D =3.6m
0.000000C0E+00, 0.10000000E+01, 0.53999818E+01, P =74 N
, 0.40763781E+01, 0.10000000E+01, 0.42238159E01,
0.7972123E+01, 0.10000000E+01, 0.25438115E+01,
, 0.11367662E+02, 0.10000000E+01, 0.0000000CE+0O,

- -

-

-

W\JC'\“QH.I.‘MND—‘

0.0000C0COE+00,  0.00000000E+00, 0.18000000E+01,
0.41991307E+01, 0.00000000E+00, 0.24060893E+01,
0.84293033E+01, 0.000C0000E+00, 0.20811198E+01,
0.12126436E+02, 0.00000000E~00, 0.00000000E«00, D=7.2m
0.00000000E+00, 0.10000000E+01, 0.17998911E+01, P=124N
0.41991303E+01, 0.10000000E+01, 0.24060910E+01,
0.84293053E+01, 0.10000000E+01, 0.20811197E+01,
0.12126436E+02, 0.10000000E+01, 0.0CO000COE+00,

-

-

- e -

OO ~f O b 2= G B
-

-

0.000000C0E+00, 0.00000000E+00, -0.15000000E+01,
, 0.33824354E+01, 0.000000COE+00, 0.47300703E+00,
0.76827319E+01, 0.00000000E+00, 0.15628364E+01,
0.11627015E+02, 0.00000000E+C0, 0.00000000E+00, D =108m
» -0.00000000E+00, 0.10000000E+01, -0.18000098E+01, P =198 K
0.35824342E+01, 0.10000000E+01, 0.47300932E+00,
0.76827319E+01, 0.10000000E+01, - 0.15628364E+01,
0.11627015E+02, 0.10000000E+01, 0.00000COOE+00,

-

-

-

OO ~J N LN & L B =

-

0.000000O0E+00,  0.00000000E+00, -0.54000000E+01,
0.22188103E+01, 0.000000C0E+00, -0.17836548E+01,
0.35615368E+01, 0.00000000E+00, 0.82917859E+00,
0.97223480E+01, 0.00000000E+00, 0.00000000E+00, D = 14.4
0.000000G0E+00,  0.10000000E+01, -0.54000026E+01, P = 366 N
, 0.22188088E+01, 0.10000000E+01, -0.17836338E+01,
, 0.33615363E+01, 0.10000000E+01, 0.82917857E+00,
0.97223480E+01, 0.10000000E+01, 0.G0000000E+00,

- -

-

~

m\la\MFWNI—‘

By

0.00000000E+00,  0.0000000CE+CO, -0.900000C0E+01,
0.26574322E+00, 0.00000000E+00, -0.47652137E+01,
0.14906698E+01, 0.00000000E+00, -0.70274918E+00,
0.36747778E+01, 0.00000000E+00, 0.00000000E+00, D =18.0m
0.00000000E+00, 0.10000000E+01, -0.90000002E+01, P =1.28 kN
0.26575236E+00, 0.10000000E+01, -0.47652159E+01,
0.14906643E+01, 0.10000000E+01, -0.70275365E+00,
, 0.36747774E+01, 0.10000000E+01, 0.00000000E+00,

. e -

<

-

ooxlc\}na—wwn—-
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Figite B.5. CONOUT for the Sample Problem
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APPENDIX C
MATRICES DEFINED IN CHAPTER III

D 1 v 0
m
Eh
D= Db M Dm=—-—2' 1 0 ’
D; 10 | sym. 12 (1-v)
) A
h _ 1 0
I

where E is the extensional modulus, G is the shear modulus, v is the Poisson's

ratio, h is the shell thickness and k is the classical shear correction factor.

\ 0/0 1x 0 0 0 0o |
0 /0 ly 0 0 0
ply Pk 0 0 0
B=| 0 0 0 0 9/0 1x
0 0 0 o ly 0
0 0 0 /3 1x /0 ly
0 0 9/ 1x 0 1
0 0 3ty 1 0 |
[ 9/olx 0 0 0 0]
0 o/otx 0 0 0
0 0 9/9'x 0 0
G=| 9y 0 0 0 0
0 ofdly 0 0 0
|0 0 ofoly 0 0
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APPENDIX D
LISTING OF THE PROGRAM

OPEN(1,FILE = " INPUT")
OPEN(2,FILE = °*CONOUT?®)
OPEN(3,FILE = °*DISOUT’)

READ(1,%*) OPT

IF (OPT.EQ.1) CALL FORCE
IF (OPT.EQ.2) CALL DIS
sToP

END

SUBROUTINE ACTIVE (NEQ,NEQP)

COMMON /1ID/ IDOF (6,100)
COMMON /7 IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NFE

NEQ=0
DO 10 N=1,NODES
DO 20 I=1,NDOF
IF (IDOF(I,N)) 30,40,30

40 NEG=NER+1
IDOF(I,N) = NEQ
GOTO 20

30 IDOF(I,N)=0

20 CONTINUE

10 CONTINUE
NEGP=NEG+1
RETURN
END

SUBROUTINE ADDRES (NEQ,NEQP ,NWK)

COMMON /MAX/ MAXA(4350)
COMMON /7MHT/ MHT (450)
COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE

DO 10 I=1,NEQP
10 MAXA(I)=0

MAXA(1)=1

MAXA(2)=2

104



30

20

[ =]

20

40

50

30
10

MK=0

IF (NEQ.EQ.1) GOTO 20

DO 30 I=2,NEQ

IF (MHT(I).BT.MK) MK=MHT(I)
MAXA(I+1) = MAXA(I) + MHT(I) +1
MK=MK+1

NWK=MAXA (NEGP) - 1

RETURN

END

SUBROUTINE ASMBLY (NEL)
IMPLICIT REAL *8(A—H,0-2)

COMMON /ES/ ES(171)

COMMON /S/ S(20000)

COMMON /MAX/ MAXA(4350)

COMMON /LM/ LM(18)

COMMON /IC/ ICON(1350,3)

COMMON /ID/ IDOF(6,100)

COMMON /7 IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE

DO 1 I=1,NEDOF
LM(I) = O

DO 2 M=1,NPE
1=ICON (NEL ,M)
MM=NDOF % (M=1) + 1
MMM=MM+NDOF ~ 1
JJ=0

DO 3 J=MM,MMM
JI=JJ + 1
LM(J)=IDOF (JJ, 1)
CONT INUE

NDI=0

DO 10 I=1,NEDOF
1I=LM(I)

IF (II) 10,10,20
MI=MAXA(II)

KS=1

DO 30 J=1,NEDOF
JI=LM(J)

IF (JJ) 30,30,40
1J=11-3J

IF (1J) 30,50,50
KK=MI+1J

KSS5=KS ,
IF(J.GE.I) KSS=J+NDI
S (KI) =8 (KK) +ES (KSS)
KS=KS+NEDOF—~J
NDI=NDI+NEDOF—I
RETURN

END

105



30
20

40

20

70

SUBROUTINE COLHT (NEQ,NEL)

COMMON /LM/ LM(18)

COMMON /ID/ IDOF(6,100)

COMMON /IC/ ICON(150,3)

COMMON /MHT/ MHT (450)

COMMON. /7 IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE

DO 10 I=1,NEDOF

LM(I) = ©

DO 20 M=1,NFE
I=ICON(NEL ,M)

MM=NDOF#* (M~1) + 1
MMM=MM+NDOF — 1

JJ=0

DO 30 J=MM,MMM

JI=3J + 1
LM(J)=IDOF (JJ, 1)

CONT INUE

DO 40 J=1,NEDOF

IF (LM(J).EQ.0) GOTO 40
DO 50 K=1,NEDOF

IF (LM(K).EQ.0) GOTOD S0
IF (K.EQ.J) GOTO 50

IF (LM(K).LT.LM(J)) GOTO 40
CONT INUE

MIN=LM(J)

GOTO 90

CONT INUE

RETURN

DO 70 J=1,NEDOF

NNEQ = LM(J)

IF (NNEQ.EG.0) GOTO 70
IF (MHT (NNE@) . LE. (NNEQ-MIN)) MHT (NNEQ) = NNEQ-MIN
CONT INUE

RETURN

END

SUBROUTINE DECOMP (NEQ)
IMPLICIT REAL *8(A-H,0-2)

COMMON /S/ §(20000)
COMMON /MAX/ MAXA(450)
COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE

DO 10 N=1,NEGQ
KN=MAXA (N)
KL=KN+1
KU=MAXA (N+1) -1
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KH=KU-KL.

IF (KH) 20,30,40
40 K=N-kKH

1C=0

KLT=KU

DO 50 Jd=1,KH

IC=1C+1

KLT=KLT~1
KI=MAXA (K)
ND=MAXA (iK+1) -KI~1
IF (ND) 50,50,60
40 KK=MINO(IC,ND)
C=0
DO 70 L=1,KK
70 C=C+8(KI+L)*S (KLT+L)
S (KLT) =5 (KLT)—C
50 K=K+1
30 K = N
B=0
DO BO KK=KL ,KU
K=K—1
KI = MAXA(K)
C = S(KK)/S(KD)
IF (ABS(C).LT.1E07) GOTO 90
STOP
90 B=B+C*S (KK)
80 S(KK)=C
S (KN) =8 (KN) ~B
20 IF (S(KN)) 110,110,10
110 WRITE(6,%) * MATRIX NOT POSITIVE DEFINITE *
STOP
10 CONTINUE
RETURN
END

SUBROUTINE REDBAK (NEQ)
IMPLICIT REAL *B(A-H,0-2)

COMMON /8/ S(20000)

COMMON /MAX/ MAXA (4350)

COMMON /V/ V(450)

COMMON 7/ IMFO/ NOEL,NODES,NEDOF ,NDOF ,NPE

DO 10 N=1,NEQ
KL=MAXA (N) +1
KU=MAXA (N+1)~1
IF (KU-KL) 10,20,20

20 K=N
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C=0
DO 30 KK=KL,KU
=K—1
30 C=C+S (KK) #V (K)
V (N) =V (N) ~C
10 CONTINUE

DO 40 N=1,NEQ
K=MAXA (N)
40 V(N)=V(N) /S(K)

N=NEQ

DO 50 L=2,NEQ
KL=MAXA(N) +1
KU=MAXA(N+1) -1

IF (KU-KL) 50,60,60
&0 K=N

DO 70 KK=KL,KU

K=K-1
70 VA(K) =V (K) -8 (KK) ¥V (N)
S0 N=N-1

RETURN

END

SUBROUTINE UDLOAD (PP)
IMPLICIT REAL *8(A-H,0-2)

COMMON / IMFO/ NODEL,NODES,NEDOF ,NDOF ,NPE
COMMON / F/ FT(100,4) ,FI2(100,6) ,FIT(100,6)
DO 10 I = 1,NODES
DO 10 J = 1,NDOF
FIZ2(I,J) = PP#FT(I,J)
10 CONTINUE
RETURN
END

SUBROUTINE SETLD
IMPLICIT REAL *8(A-H,0-2)

COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE
COMMON / V/ V(450)
COMMON / F/ FT(100,6) ,FI2(100,6) ,FIT(100,6)
COMMON / ID/ 1DOF(4,100)
DO 10 I = 1,NODES
DO 10 J = 1,NDOF
N = IDOF(J,I)
IF (N.ER.O) GOTO 10
V(N) = FI2(I,J) - FIT(I,J)
10 CONTINUE
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RETURN

END

SUBROUTINE LLOAD (NEL)
IMPLICIT REAL *8(A-H,0-2)

COMMON / IC/ ICON(150,3)
COMMON / COOR/ X{100,3),Y(100,3),Z(100,3)

COMMON / T/ T(3,3)

COMMON / ESL/ ESL(18,18),68(18,18) ,EL(18,18)

COMMON / LF/ F(18)

COMMON / D/ DIT(100,4),DT(100,6),D(18) ,ROT(150,3,3)
COMMON / IMFO/ NOEL,NODES,NEDOF ,NDOF ,NPE

DD S I = 1,18
D(I) = 0.00
CONT INUE

I = ICON(NEL,1)

J
K

o

I
I

CON (NEL , 2)
CON (NEL , 3)

CALL DIRCOS (NEL,1,T11,7T12,7T13,T21,T22,T23,731,T32,T33)
CALL DIRCOS (NEL,2,C1:1,C12,C13,C21,C22,C23,C31,C32,C33)
CALL DIRCOS (MNEL,3,511,512,515,521,822,823,531,5832,833)

X521
YS21
2521

X831
YS31
2831

XT21
YT21
ZT21

XT31
YT31
ZT31

vG21
vT21

vsX
vsYy

vTX
vTY

s
=

nu

X(J,3) - X<(I,3) "
Y(J,3) - Y(I,3) ‘
Z(J,3) - Z(1,3)

n

= X(K,3) - X(I,3)
= Y(K,3) - Y(I,3)
= Z(K,3) - Z(I,3)

Y3, 1) - Y(I,1)
Z(3,1) - Z(I,1)

Y(K,1) - Y(I,1)
Z(K,1) - Z(I,1)

SART (XS21#X521 + YS21#YS21 + Z821#%21521)
SART(XT21#XT21 + YT21%YT21 + IT21#ZT21)

S511%#XS31 + S12#YS31 + S513%ZS31
S21%X831 + S22#YS31 + S23%Z531

TL1#XT31 + TI2%YT31 + T13*ZT31
T21%XT31 + T22#YT31 + T23%ZT31
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uz2x = vsa1 - vT21
U3X = Vv8X - VTX
usy = vgy - VTY
DC 1) = 0.00

D( 2) = 0.00

D( 3) = 0.00

DC 7) = U2X

D{ 8) = 0.00

D( 9) = 0.00
D(13) = U3X
D(14) = U3Y
D13 = 0.00

ALl = C32#833 — 532#C33
ALZ = B831#C33 - C31#833
ALS = C31%832 -~ §31%C32

AL = SART(AL1*ALL + ALZ2¥ALZ + AL3I*AL3J)

ALF = C31#531 + C32#532 + C33%S33
IF(ALF.GT.1) ALF = 1.
ALF = ACOS (ALF)

IF( AL.LT.1D~-20) THEN

ALl = 0.00
AL2 = 0.00
AL3 = 0.00
ELSE
ALL = 1./AL
ALL = AL1+*ALL
ALZ = AlLZ*all
ALI = AL3I*ALL
ENDIF

CALL ROTAT (ALF,AL1,AL2,AL3,C11,C12,C13,E11,E12,E13)
CALL ROTAT(ALF,AL1,AL2,AL3,C21,C22,C23,E21,E22,E23)
CALL ROTAT(ALF,AL1,AL2,AL3,C31,C32,033,E31,E32,E33)

BN1 = E12%#513 - B12%E1J
BN2 = S11%E13 — E11%8513
BNT = E11%#512 — S11%#E12

BN = SORT(BN1%¥BN1 + BNZ#BNZ2 + BN3#*BN3)
IF (BN.LT.1D-20) THEN
BET1 = 0.00

1

BET2 = 0.00

BET3 = 0.00
ELSE

BET1 = BN1/BN

BET2 = BN2/BN

BET3 = BN3/BN
ENDIF

BET = E11#S11 + E12#512 + E13%513
IF (BET.GT.1.) BET = 1.
BET = ACOS(BET)
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DO 10 I = 1,NPE

J = ICON(NEL,I?

TJ1 = DIT(J,4)

T2 = DIT(J,S)

TJ3 = DIT(J,6)

TPL1 = E11%TJ1 + E12#TJ2 + E13%TJ3
TPL2 = E21#TJ1 + E22#TJ2 + E23%TJ3
TPLI = ES1#TJ1 + E32#TJ2 + E3IIF*TIT
TP1 = E11#TPL1 + E21%TPL2

TP2 = E12#TPL1 + E22%TPL2

TP3 = E13%TPL1 + E23*TPLZ2

TP = SART(TP1*TP1 + TP2%TP2 + TP3*TP3)
TPP = SGRT(TPL1*TPL1_+ TPL2#TFL2)

IF (TP.LT.1D-20) THEN

TP1 = 0.00
TP2 = 0.00
TP3 = 0.00
ELSE
TP1 = TP1/TF
TP2 = TP2/TP
TIP3 = TF3/TP
ENDIF
DNJ1 = ROT(NEL,I,1)

DNJ2
DNJ3

ROT (NEL, I,2)
ROT (NEL, I,3)

I

cALL ROTAT(TP,TP1,TP2,TP3,DNJ1,DNJ2,DNJ3,DNF1,DNPZ,DNP3)
CALL ROTAT(BET,BET!1,BET2,BET3,DNP1,DNPZ,DNP3,DNJ1,DNJ2,DNJI3)

ROT(NEL,I,1)
ROT (NEL,I,2)
ROT (NEL, I,3)

DNJ 1
DNJZ2
DNJ3

SDN1
SDNZ
SDN3

S3I2*DNJ3 —~ DNJ2*833
DNJ1#833 ~ SJI1#DNJ3
S31#DNJ2 —~ DNJ1%832

SDN = SQRT (SDN1i*SDN1 + SDN2%SDN2 + SDNI*#SDNJ)
SDNN = S31#DNJ1 + S32#DNJ2 + S33*DNJ3
IF (SDNN.GT.1) SDNN = 1,
IF (SDN.LT.1D-20) THEN
TET = 0.00
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30

10

ELSE

TET = ACOS (SDNN) /SDN

ENDIF

RX
RY
RZ

R

RLX
RLY
RLZ

o

N =

D(N+1)
D (N+2)

CONTINUE

S11%RX

TET*SDN1
TET#*SDN2
TET*SDN3

6%(I - 1) + 3

RLX
RLY

DO S0 I = 1,NEDOF

FI)

= 0.00

DO 530 J = 1 ,NEDOF
FCI) = F(I) + EL(I,Jd)*D(J)

CONTINUE
RETURN
END

SUBROUTINE SLOAD (NEL)

+ S12#RY + S13*RZ
S21%RX + S22#RY + S23*RZ
SI1*RX + §32#RY + S3I*RZ

IMPLICIT REAL #8B(A-H,0-Z)

COMMON 7 F/ FT(100,6),FI2(100,6) ,FIT(100,6)
COMMON /7 LF/ F(18)
COMMON /T/ T(3,3)
COMMON / IC/ ICON{130,3)

CALL DIRCOS(NEL,3,Si1,512,813,521,522,523,531,832,533)
DO 10 I = 1,3

N = 6%(1 - 1)

J = ICON(NEL,I)
FIT(J,1) = FIT(J,1)
FIT(J,2) = FIT(J,2)
FIT(J,3) = FIT{(J,3)
FIT(J,4) = FIT(Jd,4)
FIT(J,3) = FIT(J,5)
FIT(Jd,6) = FIT(J,6)
CONTINUE

RETURN

END

++ 4+t

S11%F (N+1)
S12#F {(N+1)
S13%F (N+1)
S11%F (N+4)
S12%#F (N+4)
S13#F (N+4)

12

+ S21%F (N+2)
+ G22%F (N+2)
+ S23%F (N+2)
+ S521%F (N+5)
+ S22%F (N+3)
+ G23%F (N+35)

4+t

831 %F (N+3)
S32%#F (N+3)
S3I3%F (N+3)
SI1%F (N+&)
SI32%F (N+6)
S3II*F (N+6)



SUBROUTINE ROTAT(TET,T:1,T2,T3,R1,R2,R3,P1,P2,P3)
IMPLICIT REAL *8(A-H,0-Z)

TR = Ti*R1 + T2#R2 + T3I*RJ

TR1 = T2#R3 ~ R2*T3
TR2 = R1*T3 ~ T1i*R3
TR3 = T1*R2 ~ R1%T2
CTET COS(TET)

STET = SIN(TET)
DN (1 — CTET)*TR

]

CTET#*R1 + DN*T1 + TRI*STET
CTET*R2 + DN*T2 + TR2#STET
CTET*#R3I + DN#T3J + TR3I*STET

P1
P2
P3

¥ on

RETURN
END

SUBROUTINE DIS
IMPLICIT REAL *8(A-H,0-2)

COMMON / ES/ ES(171) ,
COMMON / S/ S(20000)

COMMON / MAX/ MAXA(450)

COMMON 7 LM/ LM(18)

COMMON / COOR/ X(100,3),Y(100,3),Z(100,3)

COMMON / MP/ YM,RN,H

COMMON /IDEN/ IDC,IDGS

COMMON / ID/ IDOF (6,100)

COMMON / IC/ ICON(150,3)

COMMON / MHT/ MHT (450)

COMMON /7 V/ V(450)

COMMON / F/ FT(100,6) ,FI2(100,6) ,FIT(100,6)

COMMON / ESL/ ESL(18,18) ,65(18,18) ,EL(18,18)

COMMON / D/ DIT(100,6),DT(100,6),D(18) ,ROT(150,3,3)
COMMON / ETOT/ ETOT

COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE

COMMON 7 LF/ F(18)

COMMON / AB/ AA(450) ,BB(450),512(450) ,FPP,S22,DELP

COMMON /T/ T(3,3) :
DIMENSION INOD(10)

READ (1,#) IDC
READ(1,%) NINC,TOL,NOD,ID,DTOT

CF = 1.00
CX = 1.00
CYy = 1.00
CR = 1.00

READ (1 ,%) NNOD, (INOD(I),I=1,NNOD)
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CALL INPOUT
CALL SFORCE

CLOSE (1)

CLOSE (2,STATUS = *DELETE")
OPEN(2,FILE = *GRP”)

CALL ACTIVE (NEQ,NEQP)
CaLL INIT(NEQ)

DO 5 NEL=1,NOEL
CALL COLHT (NEQ,NEL)

CALL DIRCOS(NEL,1,T11,T12,T13,721,722,T23,7T31,7T32,T33)

DO 3 II = 1,NPE
ROT(NEL,II,1) = T31
ROT(NEL,I1I,2) = T32
ROT(NEL,II,3) = T33
CONT INUE

CONT INUE

CALL ADDRES (NEG,NEGQF , NWK)

I1DGS 1.
PP Q.00
DPRES = DTOT/NINC

tu

CALL OUTPUT
DO 100 INC = 1,NINC

SUMO = 0.00

DO 18 I = 1,NODES
DO 18 J = 1,NDOF
FIT(I,J) = 0.00
CONTINUE

WRITE (6 %) ° ?
WRITE(4,%) * STEP NUMBER = *,INC
ITER =1

WRITE(6,%) * ITERATION = *,ITER
CALL ZERO (NWK)

WRITE(4,%) * UPDATING °

IF( IDC.EQ.1 ) CALL SFORCE

CALL UPDATE (NWK)

WRITE(6,%) ° PARTITIONING °

CALL PART (NEQ,NOD,ID)
WRITE(4,%) * SOLVING °

CALL DECOMP (NEQ)

CALL DISP (DPRES,NOD,1D,NE®)

CALL NEWCON

WRITE(6,#) * TESTING *
CALL TEST (TOL,TST,NEQ,SUMO)
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CFF = CF#FIT(NOD,ID)
CXX = CX*DT(NOD,1)
CYY = CY#DT(NOD,2)
CRR = CR*DT (NOD,3)
WRITE (b,%) ° ?

WRITE (6,4444) INC,CFF,CXX,CYY,CRR,ITER
WRITE(6,%) *  ° ;
WRITE (& 5 EIRE T LT YR Y L I R Y
WRITE(6,%) ° °

22 ITER = ITER + 1
WRITE(&,%) * STEP NUMBER
WRITE(4,%) ° ITERATION
DO 25 I = 1,NODES

DO 25 J = 1,NDOF
FIT(I,d) = 0.00

CONT INUE

?  INC
*  ITER

[
)

CALL ZERO (NWK)

WRITE(&6,%) ° UPDATING °*

IF( IDC.EQ.1 ) CALL SFORCE

CALL UPDATE (NWK)

WRITE(6,%) ° PARTITIONING °

CALL PART (NEQ,NOD,ID)

WRITE(&,%*) *> SOLVING °

CALL DECOMF (NEQ)

CALL DISP(0.00DO,NOD,ID,NER)
28 PP = PP + DELP

CALL NEWCON

WRITE(6,%) ° TESTING °
CALL TEST (TOL,TST,NEQ,SUMO)

CFF = CF*PP*FT{(NOD, ID)
CXX = CX*DT(NOD,1)
CYY = CY#DT(NOD,2)
CRR = CR#DT(NOD,3)

WRITE(6,%) * ?

WRITE(é6,4444) INC,CFF,CXX,CYY,CRR,ITER

WRITE(6,%) * ?

WRITE (6 %) 7 HBEHMH I H R 33366363636 36 363636 363696 96 9696 96 36 363636963636 36
WRITE(6,%#) * *

IF (TST.EQR.1) GOTO 22

CALL OUTPUT

DO 38 I = 1,NNOD
NN = INOD(I)

DO 45 J = 1,6

FIZ(NN,J) = PP#FT(NN,J)
45 CONTINUE
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WRITE(3,5555) INC,ITER,NN
WRITE(3,5566) FIZ(NN,1),DT(NN,1),FI2(NN,2),DT(NN,2),
* FI2(NN,3) ,DT(NN,3) ,FI2(NN,4) ,DT (NN, 4) ,
* FIZ(NN,5) ,DT (NN,5) ,FIZ(NN,&) ,DT (NN, 5)
38 CONTINUE
100 CONTINUE

RETURN
2222 FORMAT(/° LOAD FACTOR = *,F15.10,/,

* . TOTAL LOAD = *,E15.8//,

* R I LT LTSI ILL LSS LL LTI LIS E S TSI S LT ]
3333 FORMAT(® PRESCRIEBED DISPLACEMENT = *,E15.5)
4444 FORMAT(14,2X,E14.7,2X,E14.7,2X,E14.7,2X,E14.7,2X,12)
5555 FORMAT (1X, ? NUMBER : *,15,/

* 1X,°NUMBER OF ITERATIONS : °,I5,/

* 1X, " NODE NUMBER : 7 15,77

* 1X,° FORCE DISPLACEMENT *,/

* 1X,° *)
5566 FORMAT (6 (7X,E15.8,4X,E15.8,/)//)

END

© 9636 96 3 3696 36 2 36 36 963 36 I 36 36 3 6 3 36 I 3636 26 36 16 W 2696 3636 3 336 3 36 3696 36 36 9 36 3636 I I 96 W W 36 F oo I b 2636 696 A
c f
C %933 9 3 I 36 369 36 b 36 2 6 3 I I I 6 636 3 I 3 I I I W I I I 6 I I I I I I W W I I I Ie e I W I NN

SUBROUTINE FORCE
IMPLICIT REAL *8(A-H,0-2)

COMMON / ES/ ES(171)
COMMON / 5/ S(20000)

COMMON / MAX/ MAXA (450)

COMMON / LM/ LM(18)

COMMON / COOR/ X(100,3),Y(100,3),Z(100,3)

COMMON 7/ MP/ YM,RN,H

COMMON /IDEN/ IDC,IDGS

COMMON / ID/ IDOF(6&,100)

COMMON / IC/ ICON(150,3)

COMMON / MHT/ MHT (450)

COMMON / V/ V(450)

COMMON / F/ FT(100,6) ,FI2(100,6) ,FIT(100,4)

COMMON / ESL/ ESL.(18,18) ,65(18,18) ,EL(18,18)
COMMON / D/ DIT(100,6),DT(100,6),D(18) ,ROT(150,3,3)
COMMON / ETOT/ ETOT

COMMON / IMFO/ NOEL,NODES,NEDOF ,NDOF ,NPE

COMMON / LF/ F(18)

COMMON /T/ T(3,3)
DIMENSION INOD(10)
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READ(1,%) IDC
READ (1,%) NINC,TOL,NOD,ID,DTOT

CF = 1.00
CX = 1.00
CY = 1.00
CZ = 1.00
IDGS = 1.

READ (1,%) NNOD, (INOD(I),I=1,NNOD)
CALL INPOUT

CALL SFORCE

CLOSE (1)

CLOSE(2,5TATUS = °"DELETE®)
OPEN(2,FILE = "GRP’)

CALL ACTIVE (NEQ,NEQP)

CAaLL INIT(NEQ)

DO 10 NEL=1,NOEL
CALL COLHT (NEQ,NEL)

CALL DIRCOS(NEL,1,T11,T12,T13,T21,722,T23,T51,T32,T33)
DO 3 II = 1,NPE

ROT (NEL,II,1)
ROT (NEL,1I,2)
ROT (NEL . II,3)

T31
T32
T33

3 CONTINUE
10 CONTINUE

CALL ADDRES (NER, NEGP , NWK)

PP = 0.00
DELP = 1./NINC

CALL OUTPUT
DO 200 INC = 1,NINC

SUMO = 0.00
ITER = 0O
PP = PP + DELP

90 ITER = ITER + 1

WRITE(&,%) * STEF NUMBER = *,INC
WRITE(&,%) ° ITERATION = *,ITER
DO 55 I = 1,NODES
DO 35 J = 1,NDOF

FIT(I,J) = 0.00
S5 CONTINUE



200

&&b
1111

CALL ZERO (NWK)
WRITE(&6,%) ° UPDATING °
IF(IDC.EQ.1) CALL SFORCE
CALL UDLOAD(FP)

CALL UPDATE (NWK)

CALL SETLD

WRITE(&,%) ° SOLVING °
CALL DECOMP (NE@Q)

CALL REDBAK (NEQ)

CALL NEWCON
WRITE(&,%) " TESTING °

CALL TEST(TOL,TST,NEQ,SUMO)

CFF = CF*FI2(NOD,ID)
CXX = CX*DT(NOD,1)
CYY = CY#*DT(NOD,2)
CRR = CR*DT(NOD,3)

WRITE(4,%) * 7

WRITE(&,666) INC,CFF,CXX,CYY,CRR,ITER

WRITE(6,%) * °

WRITE (&%) 7 %3886 500530503903 3630 30 30963 930 96 3 26 30 90 3696336

WRITE(6,%) * °

IF (TST.EQ.1) GOTO 50

DO 70 I = 1,NNOD

NN = INOD(I)
WRITE(3,5555) INC,ITER,NN

WRITE(3,5564) FIZ2(NN,1) ,FIZ(NN,2) ,FI2(NN,3)
WRITE(3,5566) FIZ2(NN,4) ,FIZ(NN,5),FI2(NN,&)

WRITE(3,5566) DT(NN,1),DT(NN,2),DT(NN,3)
WRITE(3,5566) DT(NN,4),DT(NN,S),DT(NN,&)

CONT INUE
CaLL OUTPUT
CONTINUE

RETURN -

FORMAT (3X,I2,2X,E14.7,2X,E14.7,2X,E14.7 ,2X,E14.7,2X,12)
FORMAT (/// 43X, NODAL DISPLACEMENTS

#,3X, > NODE

U

’,BX,’

*,3X,°————-
* " P17
9555 FORMAT(1X,3(IS5,%,%))

5566 FORMAT(1X,3(E15.8,7,7))

END

SUBROUTINE DISP (DPRES,NOD,ID,NEQ)
IMPLICIT REAL #*#8(A-H,0-Z)

COMMON / S/ S(20000)
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30

40

S0

60

COMMON / COOR/ X(100,3),Y(100,3),2(100,3)

COMMON / ID/ IDOF(46,100)

COMMON 7/ V/ V(430)

COMMON /7 F/ FT(100,46) ,FIZ2(100,4) ,FIT(100,6)

COMMON / ESL/ ESL(18,18),65(18,18) ,EL(18,18)
COMMON /7 D/ DIT(100,4),DT(100,6),D(18) ,ROT(150,3,3)
COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF , NPE

COMMON/ AB/ AA(4350) ,BR(430) ,512(450) ,PP,S22,DELP
NPR = IDOF (ID,NOD)

DO 20 I = 1,NDDES

DO 20 J = 1,NDOF

N = IDOF(J,I}

IF (N.ER.O) GOTO 20

VIN) = PP*FT(1,J) - FIT(I,J) - DPRES*S12(N)
CONTINUE

V(NFR) = DPRES

CALL REDBAK (NEQ)

Ak = 0.00

DO 30 I = 1,NEQ

AACIY = V(1)

AK. = AK + S12(I1)*AA(I)
CONTINUE

DO 40 I = 1,NODES
DO 40 J = 1,NDOF

N = IDOF(J,I)

IF (N.EQ.0) GOTO 40
VIN) = FT(I,d)
CONTINUE

VI(NPR) = 0.00

CALL REDBAK (NEQ)

BK = 0.00

DO 50 I = 1,NEQ

BEB(I) = V{(I)

BE = BK + S1Z(I)*BB(I)
CONTINUE

FF = PP¥FT(NOD,ID) - FIT(NOD,ID)
DDD = BK - FT(NOD,ID)
DELF = (FF - AK-S22*DFRES) /DDD

DO 60 I = 1,NEQ

V(I) = AA(I) + BB(I)*DELF
CONTINUE

RETURN

END
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SUBROUTINE FART (NEQ,NOD,ID)
IMPLICIT REAL *B(A-H,0-2)

COMMON / S/ S(20000)

COMMON /7 MAX/ MAXA(450)

COMMON / MHT/ MHT (450)

COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NFE

COMMON/ AB/ AA(4350) ,BB(450) ,512(450) ,PP,S22,DELP

COMMON / ID/ IDOF (6,100)

DO S I = 1,NEQ
S12(I) = 0.00
CONTINUE

J =0

N = IDOF(ID,NOD)
NN = MAXA (N)

MH = MHT(N)

DO 10 I = NN,NN+MH
JJ = NN + J

S12(N-Jd) = §(JJ)
S{(JJ) = 0.00

= J+1
CONT INUE

22 = 512(N)
S12(N) = 0.00
S(NN) = 1.00

J =0
DO 20 I = N+1,NEQ
J=J+1

NN = MAXA(I)
IF(MHT(I).LT.J) GOTO 20
JJ = NN + J

S12(1) = S(JJ)

S(JI) = 0.00

CONT INUE

RETURN
END

SUBROUTINE OUTPUT
IMPLICIT REAL *8(A-H,0-Z)

COMMON /ID/ IDOF (6,100)
COMMON /V/ V(450)

COMMON /MP/ YM,RN,H

COMMON / COOR/ X(100,3),Y(100,3),Z(100,3)
COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE
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DO 10 I = 1,NODES
WRITE(2,111) I,X(I,3),Y(I,3),2(I,3)
10 CONTINUE

WRITE(2,222) | v

111 FORMAT(I4,”," ,3(E16.8,%,7))

222 FORMAT(® *)
RETURN
END

SUBROUTINE STRESS(NEL)
IMPLICIT REAL *B(A-H,0-2Z)

COMMON / COOR/ X(100,3),Y(100,3),Z(100,3)

COMMON/ IC/ ICON(150,3)

COMMON / D/ DIT(100,4),DT(100,6),D(18) ,ROT (150,3,3)
COMMON / ESL/ ESL(18,18),65(18,18) ,EL(18,18)
COMMON. / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NPE

COMMON / MP/ YM,RN,H

COMMON / STRS/ SNXX,SNXY,SNYY

CALL DIRCOS (NEL,3,T11,Ti2,T13,T21,T22,T23,T31,T32,T33)

I = ICON(NEL,1)
J = ICON(NEL,2)

K = ICON(NEL,3)

X21 = X(J,3) - X(I,3)
Y21 = Y(J,3) - Y(I,3)
721 = 2(J3,3) - Z(I,3)
X31 = X(K,3) - X(I,3)
Y31 = Y(K,3) - Y(I,3)
731 = Z(K,3) - Z2(I,3)
V1 = Y21%Z31 — Y31#Z21

XI1%Z21 — X21%I351
X21#Y31 — X31#YZ21

<
2
nouon

AREA = O0.5%SERT(V1*V1 + V2#V2 + VI*V3)

DX1 = D(1)
DY1 = D(2)
DXZ = D(7)
DY2 = D(8)
DX3 = D(13)
DY3 = D(14)
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+ T13%Z21
+ T23%Z21

+ T13%Z31
+ T23%Z31

+ B3#DX3)*CON
+ A3I*DY3) *CON
+ AZ*DX3 + B1*DY1 + B2x%DYZ + RB3%*DY3

XL = 0.00

Yi = Q.00

X2 = T11#X21 + T12#Y21
Y2 = T21#X21 + T22*Y21
X3 = T11#X31 + Ti2%Y31
Y3 = T21%X31 + T22#Y31
BRI = Y2 - Y3

B2 = Y3 — Y1

B3 = Y1 — Y2

Al = X3 - X2

A2 = X1 - X3

AT = X2 ~ X1

CON = 1/(2.*AREA)

EXX = (B1#DX1 + B2*DX2
EYY = (A1%DY1l + AZ*DY2
EXY = A1#*DX1 + AZ2*DX2
EXY = EXY#*CON

CE11l = YM#H/ (1 ~ RN#*RN)
CKE12 = (1- RN) /2.

SNXX = CE11%(EXX + RN*EYY)
SNYY = CK11%(EYY + RN*EXX)
SNXY = CK11#CE12%EXY
RETURN

END

SUEBROUTINE INPOUT
IMPLICIT REAL *8(A-H,0-2)

COMMON /COOR/ X(100,3),Y(100,3),Z(100,3)
COMMON /IC/ ICON(150,3)
COMMON /ID/ IDOF(6,100)
COMMON /MP/ YM,RN,H
COMMON /IDEN/ IDC,IDGS
COMMON /F/ FT(100,6) ,FI2Z(100,6) ,FIT(100,6)

COMMON / D/ DIT(100,6),DT(100,6),D(18) ,ROT(150,3,3)
COMMON / IMFD/ NOEL ,NODES,NEDOF ,NDOF ,NPE

COMMON /FEL/ FEL (100,18)
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WRITE(2,1111)
READ (1,%) NOEL ,NODES,NEDOF ,NDOF ,NFE ,NELOD
WRITE(2,1122) NOEL ,NODES,NEDOF ,NDOF ,NELOD

DO 10 I = 1,NOEL
DO 10 J = 1,3
ROT(I,Jd,1) = 0.00
ROT(I,J,2) = 0.00
ROT(I,J,3) = 0.00
ICON(I,d) = O

10 CONTINUE
DO 30 I = 1,NODES
DO 20 J = 1,3
X(I,0) = 0.00
Y(I,d) = 0.00
Z(I,J) = 0.00

20 CONTINUE
DO 30 J = 1,NDOF
IDOF(J,1) = O
FT(I,J) = 0.00
FIZ(I,J) = 0.00
FIT(I,J) = 0.00
DT(I,J) = 0.00
DIT(I,J) = 0.00

30 CONTINUE
WRITE(2,1133)

DO 40 I=1,NODES

READ (1,%) NOD,X(NOD,1),Y(NOD,1),Z(NOD,1)
WRITE(2,121) NOD,X(NOD,1),Y(NOD,1),Z(NOD,1)
X (NOD,2) = X(NOD,1)

Y(NOD,2) = Y(NOD,1)

Z(NOD,2) = Z(NOD,1)

X(NOD,3) = X(NOD,2)

Y(NOD,3) = Y(NOD,2)

Z(NOD,3) = Z(NOD,2)

40 CONTINUE
WRITE(2,1211)

DO 350 I=1,NOEL

READ(1,#%) NEL,NOD1,NOD2,NOD3

ICON(NEL. , 1)=NOD1

ICON(NEL ,2)=N0OD2

ICON (NEL ,3)=NOD3

WRITE(2,222) NEL,ICON(NEL,1),ICON(NEL,2),ICON(NEL,3)
S0 CONTINUE

123



WRITE(2,1155)
DO 60 I=1,NODES
READ (1,%) NOD,IDOF (1,NOD), IDOF (2,NOD) , IDOF (3,NOD) ,

* IDOF (4 ,NOD) , IDOF (5,NOD) , IDOF (4 ,NOD)
WRITE(Z2,333) NOD,IDOF(1,NOD),IDOF(2,NOD) ,IDOF(3,NOD),
* IDOF (4,NOD) , IDOF (5,NOD) , IDOF (6 ,NOD)

60 CONTINUE

WRITE(2,1166)
READ(1,%) YM,RN,H
WRITE(2,444) YM,RN,H

WRITE(2,1177)
DO 65 I=1,NDEL
DO 65 J = 1,18
FEL(I,J) = 0.00
&5 CONTINUE
DO 70 I=1,NELOD
READ(1,%) NEL,NOD,LG,FX,FY,FZ,BX,BY,BZ
IF( NOD.EG.ICON(NEL,1)) NOD = 1
IF ( NOD.EQ.ICON(NEL,2)) NOD = 2
IF( NOD.EQ.ICON(NEL,3)) NOD = 3
IF({ LG.EQ.1 ) CALL TRLD(NEL,FX,FY,FZ,BX,BY,BZ)
NN = &% (NOD - 1)

FEL (NEL ,NN+1) = FX
FEL (NEL ,NN+2) = FY
FEL (NEL ,NN+3) = FZ
FEL (NEL ,NN+4) = BX
FEL (NEL ,NN+5) = BY
FEL (NEL ,NN+&) = BZ

70 CONTINUE

111 FORMAT(5X,12,5X,12,5X,12,5X,12,5X,5X, IA,ux F10.4)
121 FORMAT (84X, 13.° 0% JF10.5,7 07 \5K,% 0 WF10.5.7 4% 85X F10.5)
222 FORMAT (SX,12.5X,12,5K,12.5X,12/)

333 FORMAT(4X,13,5X,12,5X,I12,5X,12,5X,12,5X,12,5X,12/)

a3 FORMAT (4X, 13,46 (2X, F”.l 2X) 4/} :
1111 FDRMAT(///, ANALYSIS STARTED *)
1122 FORMAT(///,5X, NUMBER OF ELEMENTS 12,/

* ,5X,°NUMBER OF NODES : L 12,/
* ,5X , * NEDOF : L 12,/
* ,5X, * NDOF : *,I12,/
* ,SX, * NPE 2 2 L,I12,//)
1133 FORMAT (/,3X,”NODAL COORDINATES :°,//
* ,3X,* NODE X Y z°,/
* ,3X,° e [ /)

11355 FORMATI(///,3X,"JOINT FIXITIES®,//
yoX 4 " NODE DX DY DZ TET-X TET-Y TET-Z7,/

2 5Xy° ")

*
*
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&6 FORMAT(//7/,3X, ELASTIC PROPERTIES @ *,//7 )
44 FORMAT ( 10X, "ELASTIC MODULUS T 4E1S. &,/

-

* 10X, " POISSONS RATIO * JE15.6,/

* 10X, ’ THICKNESS = *,E15.4)
77 FORMAT(///,3X,"NODAL FORCES : *,//

*  ,5X, NODE FX FY Fz MX MY MZ’,/

*  ,5X,° )
11 FORMAT(///)

RETURN
END

SUBROUTINE NEWCON
IMPLICIT REAL +8(A~H,0-Z)

COMMON /7 IMFO/ NOEL ,NODES,NEDOF,NDOF,NPE

COMMON /7 D/ DIT(100,6),DT(100,6),D(18) ,ROT(150,3,3)
COMMON / COOR/ X(100,3),Y(100,3),Z(100,3) '
COMMON 7/ ID/ IDOF(6,100)

COMMON / IC/ ICON(150,3)

COMMON /7 V/ V(450)

DO 10 I=1,NODES
DO 10 J=1,NDOF
 N=IDOF(J,I) |
IF ( N.EQ.0 ) GOTO S
DIT(I,Jd) = V(N)
6O0TO 10

5 DIT(I,d) = 0.00

10 CONTINUE

DO 15 NOD =1,NODES
DT(NOD,1) = DT(NOD,1) + DIT(NOD,1)
- --DT(NOD,2) = DT(NOD,2) + DIT(NOD,2) . -
DT(NOD,3) = DT(NOD,3) + DIT(NOD,3)
DT(NOD,4) = DT(NOD,4) + DIT{(NOD,4)
DT(NOD,3) = DT(NOD,3) + DIT(NOD,3)
DT(NOD,&é) = DT(NOD,6) + DIT(NOD,&)

15 CONTINUE

DO 20 NOD=1,NODES

X(NOD,2) = X(NOD,3)
X(NOD,3) = X(NOD,2) + DIT(NOD,1)
Y(NOD,2) = Y(NOD,3)

Y(NOD,3) = Y(NOD,2) + DIT(NOD,Z2)
Z(NOD,2) = Z(NOD,3)

Z(NOD,3) = Z(NOD,3) + DIT(NOD,3)

20 CONTINUE



RETURN
END

SUBROUTINE TEST (TOL,TST,NEQ,SUMO)
IMPLICIT REAL *8(A-H,0-Z)

COMMON / IMFO/ NOEL,NODES,NEDOF ,NDOF ,NPE

COMMON / ETOT/ ETOT .

COMMON / D/ DIT(100,&),DT(100,6) ,D(18) ,ROT(150,3,3)
COMMON / F/ FT(100,6) ,FI2(100,6) ,FIT(100,6)

COMMON / ID/ IDOF (é,100)

EC = 0.00
SUMl = 0.00
SUMZ = 0.00

DO 10 I = 1,NODES
DO 10 J = 1,6

N = IDOF(J,I)

IF (N.EG.0) GOTO 10

SUMO = SUMO + ABS(DIT(I,J))
SUMl = SUM1 + ABS(DT(I,Jd))
SUM2 = SUMZ2 + ABS(DIT(I,J))

10 CONTINUE
ERR = SUMZ/SUMO

WRITE (&,100) ERR,TOL
100 FORMAT(/,5X, ERROR = °,F10.5,/,
* 5X,°TOL = *,F10.5)

IF ( ERR.LE.TOL ) T8T = 0
IF ( ERR.GT.TOL ) TST = 1

RETURN
END

SUBROUTINE ZERO (NWK)
IMPLICIT REAL *8(A-H,0-2)

COMMON / S/ S(20000)
DO 10 I = 1,NWK
S(I) = 0.00

10 CONTINUE
RETURN
END
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SUBROUTINE INIT(NEQ)
IMPLICIT REAL *8(A-H,0-7)

COMMON / MAX/ MAXA(4350)

COMMON / MHT/ MHT (450)

COMMON /7 V/ V(450)

COMMON / IMFO/ NOEL,NODES,NEDOF,NDOF,NPE

DO 10 I = 1,NEQ

V(I) = .00

MHT (I} = 0Q.00

MAXA(I) = 0.00
10 CONTINUE

RETURN

END

SUBROUTINE UPDATE (NWEK)
COMMON 7/ IMFO/ NOEL ,NODES,NEDOF,NDOF ,NFE
DO 100 NEL = 1,NOEL

CALL LSTIFF (NEL)
CALL LLOAD (NEL)
CALL STRESS (NEL)
CALL GSTIFF (NEL)
CALL ESLOC (NEL)
CALL ESGLOB (NEL)
CALL ASMBLY (NEL)
CALL SLOAD (NEL)
100 CONTINUE
RETURN
END

SUBROUTINE DIRCOS (NEL,L,C11,C12,C13,C21,C22,C23,C031,C32,C33)
IMFLICIT REAL *B(A-H,D-2)

COMMON /IC/ ICON(150,3)
COMMON /COOR/ X(100,3),Y(100,3),Z2(100,3)
COMMON /T/ T(3,3)

ICON(NEL,1)
ICON (NEL,2)
ICON (NEL,3)

R
i

X(J,L) - X¢I,L)
Y(J,L) - Y(I,L)
Z12 = Z{(J,L) - Z(I,L)

<
[y

-J

[ |
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c13

Z12/V12

VZ1 = Y12%#Z13 — Y13%Z12
VZI2 = X13%Z12 — X12%Z13
VZ3 = X12%Y13 — X13*Y1Z2

VZ = SQRT(VZI*VZL1 + VZI2#VI2 + VIFIHVIF)

C31 = VZI1/VI

C32 = VI2/VI

C33 = VI3/VZ

C21 = C3I2*C13 - C12#C33
22 = C11%C33 —~ C31#C13

C23 = C3I1%C12 - C11%C32

T(1,1) = C11

T(1,2) = C12

T(1,3) = C13

T(2,1) = C21

T(2,2) = C22

T(2,3) = C23

T(3,1) = C31

T(3,2) = C32

T(3,3) = C33

RETURN

END

SUBROUTINE ESLOC (NEL)
IMPLICIT REAL #*8(A-H,0-2)

COMMON / ESL/ ESL(18,18),65(18,18) ,EL.(18,18)
COMMON / IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NFE

DO 10 I = 1,NEDOF

DO 10 J = 1,NEDOF

ESL(I,d) = EL(I,J) + GS(I,J)
CONTINUE

RETURN

END

SUBROUTINE ESGLOB(NEL)
IMFLICIT REAL *8(A-H,0-2)
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Ny ES (N)

s %)
COMMON /PREV/

= ESG(I.d)
QO CONTINUE

o
20
Jd
N+1
WRITE (=
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/
/
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IMPLICIT REAL *B(A-H,0~-Z)

SUBROUTINE LSTIEF (NEL)

N
ng
Do
RETURN
END
4
X
COMMON
COMMON
COMMON
COMMON
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Ll |

Lol

ES4 = B4S(I1)%XD4SXES4(J) + B&S(1)XD&&¥BL4(I) +
B75(1) XD77%XB74(J) + BBS(I)%DSBXEB4 (J)
ESS = B4S(I)%D44%¥B45(J) + B&aS(I) XD&A%BAS (J) +
B7S5(I)XD77XEB75(J) + B85(I)XxDSBXESS5(J)
E6l = B1&(I)X¥DI1%BE11(J) + B26(I1)XD12¥B11(J) +B3&(I
E&2 = BR1&(I)XDIZXBE22(J) + BR6(I)XD22XEB22(J) +B3I6(1
Eb66 = Blo(I)%(D11%Bl6(J) + DIZ2XBZ6(J)) + B36(I)%XD3
BR&(I)X(DI2%XB16(I) + DR2%XBZ6(J))
IT = &6%¢(I - 1)
JJ = &%x(J - 1)
EL(II+1,JJ+1) = EL(II+1,JJd+1) + WAKDETJIXEL1
EL(II+1,JJ+2) = EL(II+1,JJ+2) + WYDETJXEL2
EL(II+1,d0+6) = EL(II+1,Jd+6) + WEKDETJ¥EL6
EL(II+2,JJ+1) = EL(II+2,JJ+1) + WXDETJ¥EZ21
EL (I1I+2,JJ+2) = EL(II+2,JJ+2) + WXDETJIXEZZ
EL(II+2,JJ+6) = EL(II+2,JJ+&) + WEKDETJ¥EZA
EL(II+3,dd+3) = EL(II+3,JJ+3) + WKDETJXEZS
EL(II+3,JJ+4) = EL(II+3,JJ+4) + WKDETJXE34
EL(II+3,JJ+5) = EL(II+3,JJ+5) + WEXDETJXESS
EL(II+4,JJ+3) = EL(II+4,JJ+3) + WKDETJ¥E43
EL (I1+4,JJ+4) = EL(II+4,JJ+4) + WKDETJXE44
EL(II+4,JJ+5) = EL(II+4,JJ+5) + WXDETJXE4S
EL (I11+45,3J+3) = EL(II+5,Jd+3) + WKDETJXESS
EL(II+5,JJ+4) = EL(II+5,Jd+4) + WEDETJ¥ES4
EL(IT+5,dd+5) = EL(1I+5,Jd+5) + WKDETJXESS
EL(II+6,JJ+1) = EL(II+4,Jd+1) + WKDETJ4EG]
EL(II+&,JJ+2) = EL(I1I+&,dd+2) + WKDETJIXEGLZ
EL(II+6,JJ+&) = EL(1I+6,dJ+&) + WXDETJXE&é&
CONT INUE
CONTIMNUE
DO 40 I = 1,18
DO 40 J = 1,1
EL (I,J) = EL(J, 1)
CONT INUE
DO S0 I = 1,18
EL(4,I) = —~EL(4,1)
EL(I.4) = —EL(I,4)
EL{(10,I) = —-EL(10,I)
CELA(IL10) = ~EL(I, 1)
B A
. = —
SR A oo,
FEXTELC(T L, 14, ,° 2y = oa
RE-ISURN a 4& ] .“14! ) 5E16-8)

SUBROUTINE GSTIFF (NEL)
IMPLICIT REAL %8(A-H,0~Z)

COMMON / COOR/ X(100,3),Y(100,3),Z(100,3)
gogmow/ IC/ ICON(150,3)

OMMON / D/ DIT(100,6),DT(100,4),D(18) ,ROT(150.3.3)
COMMON / ESL/ ESL(18,18),GS(IB,ié),EL(IB,IB) T
COMMON / IMFO/ NOEL,NODES,NEDOF ,NDOF , NFE
COMMON / MP/ YM,RN,H
COMMON /IDEN/ IDC,IDGS
COMMON / STRS/ SXX,SXY,SYY
DIMENSION PS(3,3)
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ES(15:16) = BS(15,16) + Wk (
*68(15,17) = BS(15,17) + WX
*88(16,16) = GS(1lo,16) + WX
*ss<1a,17> = G5(16,17) + WK
*68(17,17) = BS(17,17) + Wk

10 CONTINUE

15 DO 20 I = 1,18

DD 20 J = 1,18

GS(J,I) = G&¢I,J)
20 CONTINUE

DO 30 I = 1,18

ES (4, I) = -B6S(4, 1)

BS(I1,4) = —GS(1,4)

65 (10,I)= -6S(id, I)

GS(I,10)= —B5(I,10)

GBS (1b, 1= —6S(14, 1)

GS(I,16)= -G5(I,16)
30 CONTINUE

RETURN

END
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SUBROUTINE TRLD(NEL,FX,FY,FZ,BX,BY,BZ)
IMPLICIT REAL #*#8(A-H,0-Z)

CALL DIRCOS(NEL,3,T11,T12,T13,T21,T22,T23,T31,T32,T33)

F1 = T11#FX + Ti2%FY + T13*FZ
F2 = T21#FX + T22#FY + T23#FZ
F3 = T31#FX + T3I2#FY + T33%FZ
F4 = T11%BX + T12#BY + T13%BZ
FS = T21%BX + T22#BY + T23%
F& = TELRBX + T3I2%BY + Eé*g%
FY =.F1

Fy = F2

FI = F3

BY = F4

BY = FJ

BZ = Fé&

RETUR

EMD

SUBROUTINE SFORCE
IMFLICIT REAL #*8(A-H,0-2)

COMMON /7 F/ FT(100,6) ,FI2(100,6) ,FIT(100,6)
COMMON 7 LF/ F(18)

COMMON 7T/ TA(3,3?

COMMON 7 IC/ ICON(150,3)

COMMON /FEL/ FEL (100,18)

CoOMMON 7/ IMFO/ NOEL ,NODES,NEDOF ,NDOF ,NFE

DO 5 I=1,NODES
DO 5 J=1,6

FT(I,d) = 0.00

CONTINUE

DO 10 K = 1,NDEL

cALL DIRCOS(k,3,S511,512,813,521,522,523,531,5832,533)

DO 10 I = 1,3

J = ICONC,I)

N = &%(I~1)

F1 = FEL (E,N+1)
F2 = FEL(k,N+2)
F3 = FEL (K ,N+3)
F4 = FEL (K ,N+4)
FS = FEL (k. ,N+3)
Fé& = FEL (K N+&)
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10

FT(J,1)
FT(J,2)
FT(J,3)
FT(J,4)
FT(J,5)
FT(J,6)

B nnn

CONTINUE

RETURN
END

FT(J,1)
FT(J1,2)
FT(J,3)
FT(J,4)
FT(J,5)

FT(J,&)

+ +++ 4+

511%#F1
S12%F1
G13%F1
S11%F4
512#F4

S13%F4

+ ++ 4+ o+

S21#F2
S22%F2
S2TXF2
S21%F5
S22%¥F5

23%FS
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+ +++ A+t

S531%F3
S3I2%F3
SII%F3
S31%F&
S32%xF&

§33%Fé&

S A o X
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