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Abstract. The energy distribution in the Locally Rotationally Symmetric (LRS)
Bianchi type II space-time is obtained by considering the Mgller energy-momentum
definition in both Einstein’s theory of general relativity and teleparallel theory of rela-
tivity. The energy distribution which includes both the matter and gravitational field
is found to be zero in both of these different gravitation theories. This result agrees
with previous works of Cooperstock and Israelit, Rosen, Johri et al., Banerjee and Sen,
Vargas, and Aydogdu and Salti. Our result that the total energy of the universe is
zero supports the view points of Albrow and Tryon.
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1. Introduction

Energy-momentum which is associated with a symmetry of space-time geometry is re-
garded as the most fundamental conserved quantity in physics. Furthermore, the defi-
nition of an energy-momentum density for a gravitational field is one of the oldest and
most controversial problems of gravitation.

The problem of finding energy-momentum density associated with various space-
times are considered in a large number of researches. Both Einstein’s theory of general
relativity and teleparallel theory of gravity consider the problem of obtaining the gen-
erally acceptable energy-momentum definition. Various methods have been proposed
to deduce the conservation laws that characterize the gravitational systems since the
advent of these different gravitation theories. The first of such attempts was made by
Einstein who proposed an expression for the energy-momentum distribution of the grav-
itational field. Following the Einstein’s energy-momentum complex[I] used for calculat-
ing the energy in general relativistic systems, various energy-momentum complexes have
been introduced: e.g, Tolman[2], Papapetrou3], Bergmann and Thomson[d], Mgller[5],
Landau and Lifshitz[6], Weinberg[7], Quadir and Sharif[§], and the teleparallel grav-
ity analogs of the Einstein[d], Landau and Lifshitz[9], Bergmann and Thomson[9], and
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Mgller [10].

There exist an opinion that energy-momentum definitions are not useful to get fi-
nite and meaningful results for a given geometry. If we transform the line element into
quasi-cartesian coordinates, the energy-momentum complexes give meaningful results.
Specifically, the Mgller energy-momentum complex allows us to compute the energy
in any coordinate system[IT]. Using energy-momentum complexes, Virbhadra and his
colleagues re-opened the problem of the energy-momentum density. They have shown
that several energy momentum complexes give the same and acceptable results for a
given space-time[12, [[3, 14, 15, 16, 7, 18]. For a general non-static spherical symmetric
metric of the Kerr-Schild class, Virbhadra shown that Einstein, Landau and Lifshitz,
Papapetrou, and Weinberg complexes give the same energy distribution as in the Pen-
rose energy-momentum complex|[17].

Albrow[T9] and Tryon[20] claimed that all conserved quantities have to vanish in our
universe. Tryon’s big bang model predicted a homogenous, isotropic and closed universe
including matter and anti-matter equally. Therefore, they argue that any closed universe
has zero energy. Cooperstock and Israelit|21] found that the total energy of any homo-
geneous isotropic universe described by a Friedmann-Robertson-Walker(FRW) metric
in the context of general relativity is zero. Following this interesting work, Rosen[22]
who considered a closed homogeneous isotropic universe found that the total energy
is vanishing, using Einstein’s energy-momentum complex. Johri et al.[23], using the
Landau and Lifshitz’s energy-momentum complex, obtained that the total energy of a
FRW spatially closed universe is zero at all times. The total energy of the Bianchi type
[ space-time is obtained by Banerjee and Sen[24], using the Einstein’s definition. They
found that the total energy is zero. This result agrees with the studies of Johri et.al.
as the line element of the Bianchi type I space-time reduce to spatially flat FRW line
element in a special case. Using the definitions of Einstein and Landau and Lifshitz’s
energy-momentum complexes in teleparallel gravity, Vargas[d] calculated that the total
energy is zero in FRW space-times. These results agree with the works of Rosen and Jo-
hti et al.. In recent papers, Salti and Havare[25] who considered Bergmann-Thomson’s
complex in both general relativity and teleparallel gravity for the viscous Kasner type
metric and in other work, Salti[26], using Einstein and Landau and Lifshitz’s complexes
associated with the same metric in teleparallel gravity, found that the total energy is
zero. At the last, Aydogdu and Salti27] who used Mpgller’s definition in teleparallel
gravity for Bianchi type I metric and obtained that the total energy is zero everywhere.

The aim of this paper is to calculate the total energy of a model of the universe
based on the LRS Bianchi type II metric, using the energy-momentum complex of
Mgller. In the next section, we introduce LRS Bianchi type II cosmological models.
In section III, we review Mgller’s energy-momentum complex in general relativity and
calculate energy density. In section IV, we give Mgller’s definition in teleparallel gravity
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and compute the energy density. The final section is devoted to the discussion and
conclusion. Throughout this paper, Latin indices (i,j,k,...) represent the vector number
and Greek indices (p, v, A, ....) represent the vector components. All indices run from 0
to 3 and we use the convention that G = 1,¢ = 1 units.

2. LRS Bianchi type II space-time

The FRW models have a significant role in cosmology. Whether these models correctly
represent the universe or not isn’t known, but it is believed that they are good global
approximations of the present universe. Spatial homogeneity and isotropy characterize
these models.

In last decade, theoretical interest in anisotropic cosmological models has been
increased. In current modern cosmology, the spatial homogeneous and anisotropic
Bianchi models which present a medium way between FRW models and completely
inhomogeneous and anisotropic universes play an important role. Here, we consider the
LRS model of Bianchi type II. The metric for Bianchi type II in the LRS case is given
by [28]

ds® = dt* — A(t)*da® — B(t)*dy® — [A(t)? + 2° B(t)%]d2* — 22 B(t)*dyd=(1)
A(t) and B(t) which are expansion factors could be determined via Einstein’s field
equations. The non-vanishing components of the Einstein tensor G, (= 871, where

T, is the energy-momentum tensor for the matter field described by a perfect fluid with
density p, pressure p) are

B AB B

G11:AA+A2§+Z§+@ (2)
G22:232§+32§— Z’—i (3)
Gz = (22°B? + Az)é + Azg + x232§ + %AB + 43—; — xzi—ii (4)
GOO:%—2§2+£ (5)
Gas = Bz@% + i—z - i—ij) (6)

where dot represents derivation with respect to time.

For the line element given in Eq. (ll), g,, and its inverse g"” are given as follow:
G = 525,9 — A25i6,f — 325553 — (A% + :)3232)6353 — [1732(5253 + 5263) (7)

A? 4+ 22 B?

g,w/ = 655(1; o A—25f(511/ o B2 A2

Sho5 — A58 + x A2 (04 8y + 6554)(8)
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The riemannian metric arises as

v = HZJth,]/
Using this relation, we obtain the tetrad components

h; = 5652 + Adiéi + 35355 + Adééi + :EBéédi (10)
and its inverse is

WY = 005 + AT\5MSY + BT20E + AT\ 635k — Zodol

26 (1)

From the Christoffel symbols defined by

1
P;O:u = §gaT(augTV + aug'ru - a’rg;u/) (12)
we obtain non-vanishing components:
. . : . A
I = AA, I3, = BB, 33 = AA+2°BB, Loy A
B A z(AB — BA) 12 B?
1—‘(2)2 = Ev FgS = Za 1—‘(2)3 - 7314 s F%2 = —2A2
A? — 22 B? 2 B? 22 B2
2 _ 3 _ 3 _
Ds=—7m— Iy =<0 s =51 (13)

The notion of global rotation of the universe has become a notably significant physical
aspect in the calculations of general relativity since Gamov[29] and Ggdel’s[30] works.

For the LRS Bainchi type II metric, one can introduce the tetrad basis as follows:
Q" = dt, 0! = Adx, ©? = Bdy + vBdz, ©® = Adz (14)

Using the co-moving tetrad formalism, the kinematical variables of this model can be
expressed only in terms of the structure coefficients of the tetrad basis defined as

10¢ = 1=¢ o p o

L=, (15)
Four-acceleration vector : a, = Ago

Vorticity tensor L wyg = 3A%,

Expansion tensor : Xag = 3(Da0s + Dgoa)

Expansion scalar D x = Ay + AL+ A

Vorticity vector cw! = 1A%, w? = TAY, w? = $AY,

Vorticity scalar s w? = Z[(AY)? + (AY)? + (AY)?]

Shear tensor e %X(SW

We calculated the following kinematical quantities for the line element (), taking
the exterior derivatives of the tetrad basis and using the kinematics[31] formulas which
are given in Table 77:

ay=w"=wy=w=0 (16)
A B A AL B an
X1 = 7 X22 = 5 X33 = 1 X=31 7R
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on=3\y g T3\ Ty BT3Y TR

From above result, we see that the model given in Eq. () has non-vanishing shear
expansion. This model describes a cosmological model which has vanishing vorticity
and four-acceleration. We also note that LRS Bianchi type II universe has vanishing
shear expansion when we take A = B.

3. Energy distribution in LRS Bianchi type II space-times

In this section, we compute energy-momentum distributions associated with LRS
Bianchi type II universe models, using Bergmann-Thomson’s definition in both general
relativity and teleparallel gravity.

4. The Mgller Energy in General Relativity

In general relativity, the energy-momentum complex of Mgller[d] is given by

1
Ml/ — _EVCV (19)

H 87T o

Also, it satisfies the local conservation laws:

oMY

o =0 (20)
where the antisymmetric super-potential =, is

EZ“ =V =9(9u84 = Gy, B]gvvgaﬁ (21)

The locally conserved energy-momentum complex M, contains contributions from the
matter, non-gravitational and gravitational fields. M{ is the energy density and M_ are
the momentum density components. The momentum four-vector of Mgller is given by

P, = / / / MOdadydz (22)

Using Gauss’s theorem we obtain

N (23)

where 7, (where a = 1,2,3) is the outward unit normal vector over the infinitesimal
surface element dS. P; give momentum components Py, P», Py and Py (or Egg) gives
the energy.

We want to find the total energy in the LRS Bianchi type II space-time which is
described by the line element (II]) From Eq. ([21l) with Eqgs. (8) and (@), we obtain that

the required non-vanishing =7* component is
=0 = 2BAA (24)
Using above result, we find

M) =M=0 (25)
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As a result of this, we easily see that Mgller’s energy in the LRS Bianchi type II space-
time is

Ecr=0 (26)

5. The Mgller Energy in Teleparallel Gravity

The teleparallel theory of gravity(tetrad theory of gravitation) is an alternative approach
to gravitation and corresponds to a gauge theory for the translation group based on
Weitzenbock geometry[32]. The theory of teleparallel gravity is attributed to torsion[33],
which plays the role of a force[34], and the curvature tensor vanishes identically. The
essential field is acted by a nontrivial tetrad field, which gives rise to the metric as a
by-product. The translational gauge potentials appear as the nontrivial item of the
tetrad field, so induces on space-time a teleparallel structure which is directly related
to the presence of the gravitational field. The interesting place of teleparallel theory is
that it can reveal a more appropriate approach to consider some specific problem due
to its gauge structure. This is the situation, for instance, in the energy and momentum
problem, which becomes more transparent.

Moller modified general relativity by constructing a new field theory in teleparallel
space. The aim of this theory was to overcome the problem of the energy-momentum
complex that appears in Riemannian Space[35]. The field equations in this new the-
ory were derived from a Lagrangian which is not invariant under local tetrad rotation.
Saez[30] generalized M¢ller theory into a scalar tetrad theory of gravitation. Meyer[37]
showed that Mgller theory is a special case of Poincare gauge theory[38, B9].

In teleparallel gravity, the super-potential of Mgller is given by Mikhail et al.[I0] as

(=9)'?
Uy = Poe 19797 gy = Agep T — (1= 2X) g7, Y77 (27)

2% Xpo

where Ty3, = hioh’ B is the con-torsion tensor. k is the Einstein constant and A is free-
dimensionless coupling parameter of teleparallel gravity. For the teleparallel equivalent
of general relativity, there is a specific choice of this constant.

®,, is the basic vector field given by

éuiTTWr (28)
and P;gf can be found by
v __ T UB T vB T vB
Pxpo - 6Xgpo + 5pgox - 509)(0 (29)

with ggf being a tensor defined by
ng = 5;55 — 5Z5§ (30)
The energy-momentum density is defined by

5P — U (31)



Myller Energy-Momentum Prescription... 7

where comma denotes ordinary differentiation. The energy is expressed by the surface
integral;

E = lim Uy i, dS (32)

r—=00 Jr=constant
where /i, is the unit three-vector normal to surface element dS. Taking the results given
by Egs. [[) and () in T, = hiah' 5, We get the non-vanishing components given
as

Tior = —Ton = AA,

Yooz = — Y22 = BB,

Ya03 = —Yos3 = AA. (33)
From above result, the non-vanishing basic vector field component is given by

®° =24A + BB (34)

Using Eq. (1) with the results given in Eqgs. (B3) and (B4]), we obtain that the required
components of Mgller super-potential are zero. From this result, we easily see that
Mpgller’s energy which is given Eq. (B2) in the LRS Bianchi type II space-time is

Erp =0 (35)

at all times.

6. Discussions

The localization of energy-momentum in both general relativity and teleparallel grav-
ity has been very exciting and interesting and it has been associated with some debate.
Recently, some researches have shown interest in studying the energy content of the uni-
verse in various model. The total energy of a homogeneous isotropic universe described
by FRW metric calculated by Rosen using Einstein’s energy-momentum complex. He
found that the total energy is zero everywhere. Using Landau and Lifshitz complex,
Johri et al. shown that the total energy of the same universe is zero. Furthermore,
Banerjee and Sen and Xulu, using Landau and Lifshitz and Einstein complexes, ob-
tained that the total energy of the Bianchi type I universes is vanishing.

In this paper, using Mgller’s energy-momentum complex, we obtained the energy
distribution in the LRS Bianchi type II universes in both general relativity and
teleparallel gravity. These different gravitation theories give same result:

EGR =FErp=0 (36)

which agree with the result obtained by Cooperstock and Israelit, Rosen, Johri et al.,
Banerjee and Sen, Vargas, Salti et al.. Although Einstein’s energy-momentum tensor has
non-vanishing components which are given in Eqs. ([2))-(d), the total energy of the LRS
Bianchi type II space-time is zero; because the energy-momentum contributions from
the matter and field inside arbitrary two surfaces, in the case of the anisotropic model
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based on the LRS Bianchi type II metric, cancel each other. Because of the independence
of the dimensionless coupling constant of the teleparallel gravity, our result is valid for
any teleparallel model. Moreover, this result supports the view points of Albrow and
Tyron. Finally, our result that total energy density is vanishing everywhere maintains
the importance of the energy-momentum complexes.
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