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ABSTRACT

GRAVITATIONAL WAVES AND 2.5 PN GRAVITATIONAL WAVE
MEMORY

Uçanok, Onur

M.S., Department of Physics

Supervisor: Prof. Dr. Bayram Tekin

September 2020, 79 pages

Since the discovery of general relativity, the Einstein field equations have explained

many phenomenon (e.g. precession of orbits) and predicted others (e.g. gravitational

lensing, gravitational time dilation and black holes). Among its many predictions,

the wave-like nature of the linearized theory has garnered a lot of attention due to

the possiblity of gravitational wave propagation; their effects, their observability and

the complicated nature of gravitational radiation. Many scientists (that can be found

in references) have worked on ways to approach the non-linear limit of this theory

through methods such as post-Newtonian (PN) expansion and post-Monkowskian ex-

pansion. From these methods, one can find that for weakly self-gravitating object,

we can approximate the production of waves up to corrections of O(v/c)n. These

corrections also predicts observable gravitational corrections in the far zone called

“memory effect”. This effect corresponds to a permanent change in the metric after

the wave has long passed the observer. In this thesis, I will go through the process

of deriving these intriguing predictions which are soon to be put to the test by free-

fall interferometers (e.g. LISA and DECIGO) or matter-wave interferometers (e.g.

MIGA).
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Keywords: General Relativity, Gravitational Waves, Post-Newtonian expansion, Grav-
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ÖZ

YERÇEKİMSEL DALGALAR VE 2.5 PN YERÇEKİMSEL DALGA
HAFIZASI

Uçanok, Onur

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Prof. Dr. Bayram Tekin

Eylül 2020 , 79 sayfa

Einstein alan denklemleri genel göreceliğin keşfinden beri bazı doğa olaylarını açık-

lamış (örn. yörünge ötelenmeleri), bazılarını ise öngürmüştür (örn. yer çekimsel lens-

leme, yerçekimsel zaman genişlemesi ve karadelikler). Bu alan denklemlerini doğru-

sallaştırarak elde ettiğimiz dalga denklemleri olası yerçekimsel dalgalara işaret ettiği

için ilgi çekiyordu; böyle dalgaların etkileri, gözlemlenebilirliği ve yerçekimsel rad-

yasyonun karışık doğası öncelikli olmak üzere. Bu yerçekim teorisinin hakkında bir-

çok bilim insanı yöntemler geliştirmişlerdir (referanslarda da görülebileceği üzere),

bunların arasında post-Newtonian (PN) açılımı ve post-Minkowskian açılımı ise bu

dalgaların doğrusal olmayan düzeltmelerinin incelenmesini sağlar. Bu metotlar sa-

yesinde, yerçekimsel kuvvetlerin egemen olmadığı kaynakların yarattığı dalgaların

üzerinde O(v/c)n mertebelerinde düzeltmeler yapılabilir. Bu düzeltmelerin arasında

da gözlemlenebilir “hafıza etkisi” bulunmaktadır. Bu etki yerçekimsel dalgaların geçi-

şinden sonra uzay-zaman üzerinde kalan kalıcı değişimdir. Bu tezde amacım, yakında

serbest-düşüş interferometreler (LISA ve DECIGO gibi) ve madde-dalga interfero-

metreleri (MIGA gibi) tarafından gerçekliği teyit edilecek bu dalga öngörlerinin nasıl
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çıkartıldığının üzerinden gitmek.

Anahtar Kelimeler: Genel Görelilik, Yerçelimsel Dalgalar, Post-Newton açılımı, Blanchet-

Damour yöntemi ile yerçekimsel hafıza
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CHAPTER 1

INTRODUCTION

In 1916, 3 years after the publication of his papers introducing General Relativity,

Einstein had predicted the existence of gravitational waves [1] for the first time. This

was achieved through linearization of the Einstein field equations, a method which is

now refered to as the leading term expansion in the Post-Minkowskian approxima-

tion. 2 years later in 1918, Einstein had calculated the energy loss rate of a source

with such gravitational emissions [2] . Even though this approach was questionned by

some authors [3] (e.g. Infeld and Plebanski argued that the analysis they made did not

include exact wave-like solutions), the existence of mechanics resulting in the decay

of orbit in star binaries were in fact eventually observed [4] (one such observation is

the Hulse-Taylor binary, which is in accordance with the predicted waves).

The next breakthrough came in 1959 by Fock. He argued in his book [5] that the

asymptotic behaviour of the spacetime can be linked to the motion inside the source

through the matching between the gravitational field in a region outside the source

and another gravitational field including the inside of the source. A method called

Bondi-Sachs-Penrose was revised between 1959-1984 by multiple authors (Traut-

man, Newman, Geroch, Schmidt, Ashtekar, etc. being among ones that are not cited

into the name of the method), but was later discredited due to its inconsistency on a

global scale along with some physically inappropriate definitions [6].

Among the analytical approaches devised to remedy this problem were post-Newtonian

expansion (which had its own set of problems in the form of divergent integrals; see

Kerlick (1980)), which was later improved (Persides 1971, Winicour 1983, Futu-

mase and Schutz 1983, Schäfer 1985). The post-Minkowskian methods were also

vital to the advancement of the field (Kovacs and Thorne 1977, Damour 1983), but

fell short as they were limited in the types of sources they could be worked on.
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This was later fixed by revision of this method (Bonnor 1959, Bonnor and Roten-

berg 1966, Couch et. al. 1968 Thorne 1977,1980,1983), which now expanded the

post-Minkowskian expansion into its multipoles (which is sometimes refered to as

Multipolar-post-Minkowskian expansion). Later on, works by Blanchet and Damour

(1986, 1987, 1988, 1997) reconsiled these two PN and MPM approaches in order

to expand the scope of both approaches, and to ultimately use PN expansion in the

radiative field of a source.

In this paper, I am to introduce the reader to some general understanding of the con-

ventions used by introducing to some basic concepts of differential geometry and to

tie this knowledge to the General relativistic picture by deriving the Einstein Field

equations. The introduction chapter is thus dedicated to such a task.

The second chapter will be aimed at linearizing the Einstein field equations and ex-

ploring the gauge freedom’s choice that will ultimately lead us to some wave equa-

tion. The waves described by these wave equations will then be converted to some

very special gauge, in which they take a simple form that allows our intuitions to

understand more of what is actually happening -in terms of space-time- when one of

those waves passes through. We will then make general calculations for some source

containing low-velocity matter at a linearized level, after which an example will be

solved to understand what the implications of these calculations are.

The third chapter is a preparation chapter for the next one. We introduce briefly the

solutions of wave equations in terms of multipolar expansions for different types of

entities (such as scalars, vectors and two-tensors).

The fourth chapter will focus on the methodologies explained in this introduction;

such as the post-Newtonian approach (velocity expansion of a source), and how it

relates to the Einstein Field Equations. We will then recast the Einstein field equa-

tions by defining a new variable, one that will be more suitable for the introduction of

the post-Minkowskian expansion (G parameter expansion of space-time). I will then

use the post-Newtonian expansion to this new variable, whose solutions will be put

into multipolar expansion. After a brief analysis of the structures of the Multipolar-

post-Minkowskian solutions, I will show how to match the solutions found in the

PN-multipolar expansion to the MPM expansion, which will give us the radiative

gravitational fields coming from any source. One of the terms in this radiative fields

will be the “non-linear memory effect”. The fifth and last chapter will about the
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conclusions and remarks on our findings inside the previous chapter.

1.1 A brief lesson in Differential Geometry

1.1.1 Vectors and Dual Vectors

Vector spaces in differential geometry are defined at each point of the manifold sep-

aratly, as opposed to the cartesian vector spaces we so often see in classical physics.

These entities live inside the tangent space at p of some manifold M , denoted as Tp

(also written TpM to specify which manifold this point belongs to).

These abstract vectors’ existence do not depend on whether or not we have chosen our

coordinates, although one usually has to pick a basis in order to make calculations.

Given a vector V and a coordinate basis with basis vectors êµ = ∂µ, the abstract

vector can be expressed as

V = V µêµ. (1.1)

Where the summation of repeated indices are implied. We call V µ the vector compo-

nents of our abstract vector in the basis êµ.

A generic example of a vector component can be expressed with the help of a parametrized

curve xµ(λ), where the tangent vector’s component V µ(λ) can be expressed as

V µ =
dxµ

dλ
. (1.2)

The abstract vector V itself can be expressed with the use of (1.1).

Given a different basis êν′ , one can transform this vector components in one basis

into the vector components in the other. Most notably in the case of two frames

connected via Lorentz transformations, one can express this transformation via the

Jacobian matrix ∂xν
′

∂xµ

V µ(x)→ V µ(x′(x)) =
∂x′µ

∂xν
V ν(x). (1.3)

With the help of this vector space, we define another entity called dual vector space.

This new space is in fact a new vector space, and is defined with the knowledge of

the tangent space at some point Tp. It is denoted as T ∗p and is called cotangent space

at p. This dual space is the set of all linear maps from the original vector space to the

3



real numbers R.

ω :Tp → R

ω(V ) = a with V ∈ Tp , ω ∈ T ∗p and a ∈ R.
(1.4)

We can define basis vectors θ̂µ = dxµ in some coordinate basis for this new construc-

tion, and demand that the following holds

θ̂µ(êν) = δµν . (1.5)

This in turn allows one to write the abstract dual vector (occasionally called one-form)

as

ω = ωµθ
µ. (1.6)

Upon which the action of a one-form on a vector can be expressed as

ω(V ) = ωµθ̂
µ(V ν êν)

= ωµV
ν θ̂µ(êν)

= ωµV
µ.

(1.7)

The last line also demonstrates how the resulting sum is ∈ R.

The components of this dual vector can be transformed similarly to our regular vector

but with the inverse tranformation matrix;

ωµ(x)→ ωµ(x′(x)) =
∂xν

∂x′µ
ων(x). (1.8)

1.1.2 Tensors

The generalization of vectors and dual vectors can be summed up as tensors. A tensor

of rank (k, l) are multilinear maps of the following kind

T : T ∗p × · · · × T ∗p︸ ︷︷ ︸
k times

×Tp × · · · × Tp︸ ︷︷ ︸
l times

→ R. (1.9)

This abstract tensor can be expressed in any coordinate with vector basis êµ and one-

form basis θ̂µ as

T = T µ1...µkν1...νl êµ1 ⊗ · · · ⊗ êµk ⊗ θ̂
ν1 · · · ⊗ θ̂νl . (1.10)

4



The coordinate transformation on the components of this tensor can be implied through

the transformation of the individual bases, and is

T µ1...µkν1...νl(x)→ T ′µ1...µkν1...νl(x
′(x)) =

∂x′µ1

∂xα1
. . .

∂x′µk

∂xαk

∂xβ1

∂x′ν1
. . .

∂xβl

∂x′νl
Tα1...αk

β1...βl
(x).

(1.11)

Considering an infinitesimal transformation xµ → x′µ = xµ − ξµ(x), the Jacobian

matrix ∂x′µ

∂xα
and its inverse ∂xα

∂x′µ
corresponding to such a transformation can be found

as

∂x′µ

∂xα
= δµα −

∂ξµ

∂xα
,

∂xα

∂x′µ
= δαµ +

∂ξα

∂µ
.

(1.12)

When we plug these into our tensor component transformation relation (1.11), we get

δξT
µ1...µk

ν1...νl
= ξσ∂σT

µ1...µk
ν1...νl

− T σ...µk ν1...νl∂σξ
µ1 − · · · − T µ1...σ ν1...νl

∂σξ
µk

+ T µ1...µkσ...νl∂ν1ξ
σ + · · ·+ T µ1...µkν1...νl∂νlx

σ

(1.13)

Where we’ve made use of δξT µ1...µkν1...νl = T ′µ1...µkν1...νl(x) − T µ1...µkν1...νl(x). The

right hand side of the equation is then defined as the lie derivative denoted as

LξT µ1...µkν1...νl (1.14)

1.1.3 Metric Tensor

The Metric tensor is a two-form describing the distances inside a manifold. The

coordinate dependent components of the metric tensor are denoted as gµν and can be

used to calculate the inner product of two vectors

< V,W >= gµνV
µW ν = V µWµ. (1.15)

Where upon lowering one of the indices, one can notice the similarity with (1.7). This

is also why the inner product can be defined as the operation taking one vector and

one dual vector to give a real number.
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Considering an infinitesimal vector ds, we can also calculate its length using this

inner product

< ds, ds >= gµνdx
µdxν . (1.16)

1.1.4 Connection and Covariant Derivative

A covariant derivative∇ is a multilinear mapping defined as

∇ : T (M)× T (M)→ T (M), (1.17)

Which satisfies the Leibniz’s rule. The specific definition of this derivative is depen-

dent on a chosen connection, whose choice is arbitrary.

The motivation for this new derivative comes from the fact that basis vectors are not

shared between points on the manifold. Generally speaking, we can investigate the

change of an abstract vector V as

dV = d(V µêµ)

= dV µêµ + V µdêµ

=
∂V µ

∂xα
dxαêµ + V µ ∂êµ

∂xα
dxα.

(1.18)

We note that ∂êµ
∂xα

can be represented as a linear combination of basis vectors, thus
∂êµ
∂xα

= Γσαµêσ, meaning that after relabeling some of the dummy indices, (1.18) be-

comes

dV =
(∂V µ

∂xα
+ ΓµαβV

β
)
dxαêµ

= ∇αV
µdxαêµ

(1.19)

One can check that the transformations of the connection’s coefficients are non-

tensorial, meaning that they transform as

Γµνσ(x)→ Γµνσ(x′(x)) =
∂x′µ

∂xα
∂xβ

∂x′ν
∂xγ

∂x′σ
Γαβγ(x)− ∂xα

∂x′ν
∂xβ

∂x′σ
∂2x′µ

∂xα∂xβ
. (1.20)

The last term in this transformation is what makes the connection coefficients non-

tensorial. An important remark is that since this last term is symmetric in the ν ↔ σ

indices, the new quantity defined as

T µνσ = Γµνσ − Γµσν . (1.21)

is in fact a tensorial, and is called torsion tensor.

6



1.1.5 Curvature

The curvature tensor (or Riemann tensor) is denoted asRµ
νσλ. All of its entries vanish

when the metric is flat. This tensor manifests itself in the calculation of a multitude

of quantities, such as when we consider the parallel transport of a vector V living in

Tp along some loop defined as in the figure below

Figure 1.1

∇µ

∇ν
p

Where the commutator of the covariant derivatives acting on this vector V gauges

how much the vector differs when we parallel transport it one way along the loop,

compared to when we transport it along the other way.

[∇µ,∇ν ]V
σ = Rσ

λµνV
λ − T λµν∇λV

σ, (1.22)

Where one can calculate the Riemann tensor to be

Rσ
λµν = ∂µΓσνλ − ∂νΓσµλ + ΓσµαΓανλ − ΓσναΓαµλ. (1.23)

Where not all of its symmetries are apparent in this mixed form, but once written in

its fully covariant form, one can Another calculation where the Riemann tensor arises

is when we calculate geodesic deviations of test masses in curved spaces which will

be studied in detail in chapter 2.4.

1.2 General Relativity

In this chapter, we shall derive the General relativistic framework starting from a

Lagrangian. We shall make use of the Levi-Civita connection (No torsion and metric

7



compatible connection). The specific value of this connection can be derived by a

method called the Palattini approach in Appendix C).

We want to first derive the linearized theory in order to see for ourselves how the

existence of gravitational waves is predicted by this theory and what happens at a

physical level when one of them passes through a spacetime with test charges on it.

To this end, let us start with the action to our gravitational theory

S =

∫
dnxL(gαβ,∇µgαβ, x, ∂x, τ). (1.24)

Where L can be decomposed as

L = cHLH(gαβ,∇µgαβ) + cMLM . (1.25)

Where cH and cM are some proportionality constants to our geometric (LH) and mat-

ter (LM ) contribution to the lagrangian. We take LH =
√
−gR, where g = det(gµν)

and R is the Ricci Scalar.

To find the dynamical equations, let us vary the action S with respect to the dynamical

field gµν .

gµν → g′µν = gµν + δgµν

S → S ′ = S + δS.
(1.26)

Where

δS =

∫
dnx δL(gαβ,∇µgαβ)

= cH

∫
dnx δLH + cM

∫
dnx δLM

= cH

∫
dnx δ(

√
−g)R + cH

∫
dnx
√
−gRµνδgµν

+ cH

∫
dnx
√
−ggµνδRµν + cM

∫
dnx δLM .

(1.27)

We need to develop both the varied quantities, to this end, starting with the identity

valid for a matrix A = logB

eTr[A] = det[eA],

eTr[logB] = det[B],

Tr[logB] = log
(
det[B]

)
,

Tr[B−1δB] =
(
det[B]

)−1
δdet[B],

δg

g
= gµνδg

µν ,

(1.28)
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Where we have replaced B = gµν and B−1 = gµν in the last line. This allows the

calculation of the relation

δ(
√
−g) = − δg

2
√
−g

=
ggµνδgµν
2
√
−g

= −1

2

√
−ggµνδgµν .

(1.29)

The second varied quantity in our action variation is the δRµν term. We start with the

connection

Γαβγ =
1

2
gαλ(∂βgλγ + ∂γgλβ − ∂λgβγ)

δΓαβγ =
1

2
δgαλ(∂βgλγ + ∂γgλβ − ∂λgβγ),

+
1

2
gαλ(∂βδgλγ + ∂γδgλβ − ∂λδgβγ),

δΓαβγ = −1

2

(
gλβ∇γ(δg

λα) + gλγ∇β(δgλα)− gβλgγρ∇α(δgλρ)
)
.

(1.30)

Which can be used, in turn, to find

Rµ
νρσ = ∂ρΓ

µ
νσ − ∂σΓµνρ + ΓµρλΓ

λ
νσ − ΓµσλΓ

λ
νρ,

δRµ
νρσ = ∂ρδΓ

µ
νσ − ∂σδΓµνρ + δΓµρλΓ

λ
νσ + ΓµρλδΓ

λ
νσ − δΓ

µ
σλΓ

λ
νρ − ΓµσλδΓ

λ
νρ,

δRµ
νρσ = ∇ρδΓ

µ
νσ +���

���: iΓµλρδΓ
λ
νσ −����

��: ii
ΓλρνδΓ

µ
λσ −����

��: iii
ΓλρσδΓ

µ
νλ

−∇σδΓ
µ
νρ −����

��: ii
ΓµλσδΓ

λ
νρ +���

���: iΓλσνδΓ
µ
λρ +���

���: iiiΓλσρδΓ
µ
νλ

+���
���: ivδΓµρλΓ
λ
νσ −����

��: iv
ΓµρλδΓ

λ
νσ −����

��:v
δΓµσλΓ

λ
νρ +���

���:vΓµσλδΓ
λ
νρ

= ∇ρδΓ
µ
νσ −∇σδΓ

µ
νρ,

gνσδRνσ = gνσδRµ
νµσ

= ∇λ

(
gµν∇λ(δgµν)−∇σ(δgλσ)

)
.

(1.31)

What we should notice is that this is a full derivative term, which corresponds to a

boundary term when integrated. The action variation (1.27) thus becomes Thus, from

Hamilton’s principle δS = 0

δS = cH

∫
dnx
√
−g
(
−1

2
gµνR+Rµν

)
δgµν+cM

∫
dnx

(∂LM
∂gµν

−∇σ
∂LM

∂(∂σgµν)

)
δgµν .

(1.32)
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From which, if we define the matter Stress-Energy tensor

∂LM
∂gµν

−∇σ
∂LM

∂(∂σgµν)
∝
√
−gT µν . (1.33)

We end up with

Rµν − 1

2
gµνR = κT µν , (1.34)

Or contracting the indices

R = −κT, (1.35)

Which implies another form of the equation

Rµν = κ
(
T µν − 1

2
gµνT

)
. (1.36)

Now in order to find the proportionality κ, we need to check its validity for the new-

tonian limit.

Knowning that in the newtonian limit, the gµν field is weak and is asymtotically flat.

We might thus expand the field gµν as

gµν = ηµν + hµν . (1.37)

Using the property gµλgλν = δµν , up to first order in hµν

gµν = ηµν − hµν +O(h2). (1.38)

We also assume the gravitating body is made of space dust, which is just uninteracting

particles but particles in the local bunches moving at the same speed. This description

fits into the stress energy tensor as follows

Tµν = ρUµUν . (1.39)

Knowning that the four-velocities are normalized as

gµνU
µUν = −1, (1.40)

Which gives us the contraction for Tµν

gµνTµν = ρ

−1︷ ︸︸ ︷
gµνUµUν

= −ρ.
(1.41)

10



And the four velocity of the small local bunches

(At rest frame)→ Uµ = (U0, 0, 0, 0),

(−1 + h00)
(
U0
)2

= −1,

U0 = (1− h00)−1/2,

U0 = 1 +
1

2
h00 +O(h2).

(1.42)

Our next trick comes from the fact that we are talking about weak fields. This implies

ρ is relatively small compared to other quantities, say of the order of hµν . While

looking for ways to express T00 in terms of ρ, we can disregard the O(h) terms.

T00 = ρ
(
g00

)2(
U0
)2

= ρ.
(1.43)

Now, let us find the Ricci tensor’s R th
00 component

R00 = Rλ
0λ0

= ∂λΓ
λ
00 −��

��*
∂0Γλ0λ +O(h2)

=
1

2
∂λg

λσ(��
��*0

∂0gσ0 +��
��*0

∂0gσ0 − ∂σg00).

(1.44)

Noting that in the λ contraction, the λ = 0 case gives us the R0
000 term, which is

known to be 0 in the static case. So we might skip this null term, and reduce the

summation to a spatial one (λ→ i)

R00 = −1

2
∂i(g

iσ∂σh00)

= −1

2
∂i(δ

ij∂jh00)

= −1

2
∇2h00,

(1.45)

Which finally, coupled with T = −ρ and T00 = ρ, gives us a familiar equation.

R00 = κ
(
T00 −

1

2
g00T

)
∇2h00 = −κρ.

(1.46)

We now need to express h00 in terms of newtonian potential φ.

For this, consider the geodesic equation

d2xµ

dτ 2
+ Γµνρ

dxν

dτ

dxν

dτ
= 0. (1.47)
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In the newtonian limit
dxi

dτ
� dt

dτ
, (1.48)

So the 4 dynamical equations become

d2xµ

dτ 2
+ Γµ00

( dt
dτ

)2
= 0. (1.49)

In the static case that we’re looking at ∂0gµν = 0, where the Christoffel symbols Γµ00

can simply be written as

Γµ00 =
1

2
gµλ(��

��*0
∂0gλ0 +��

��*0
∂0gλ0 − ∂λg00)

= −1

2
gµλ∂λg00,

(1.50)

With which, evaluating Γµ00

Γµ00 = −1

2
(ηµλ − hµλ)∂λ(g00 + h00)

= −1

2
ηµλ∂λh00 +O(h2).

(1.51)

Noting the µ = 0 case will simply give us

d2x0

dτ 2
=

1

2
η0λ∂λh00

( dt
dτ

)2

=
1

2
η00
��

��:∂0h00

( dt
dτ

)2
.

(1.52)

Where we have used the fact that the metric is static (∂0hµν = 0).

The dynamical equations thus becomes

d2xi

dτ 2
=

1

2
ηiλ∂λh00

( dt
dτ

)2

d2xi

dt2
=

1

2
∂ih00.

(1.53)

We recognize that this would be equivalent to the Newtonian mechanics dynamical

equations, since they obey those equations in the Newtonian domain, which should

read
d2xi

dt2
= −∂iφ, (1.54)

Where φ is the gravitational potential, as understood in the classical limit.

The above lets us reconsile this classically defined term, and see its place in the new,

relativistic domain. We have discovered that in our static, weak field case

h00 = −2φ. (1.55)
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Or as the entire metric

g00 = −(1 + 2φ). (1.56)

We can now find the proportionality constant

−2∇2φ = −κρ

∇2φ =
κ

2
ρ.

(1.57)

This here, is the kinematic description of the field in the weak limit. Recall that in

Newtonian mechanics, we have a field equation that goes (c = 1)

∇2φ = 4πGρ. (1.58)

Which tells us to set κ = 8πG, such that we get our normalized field equations.

Rµν − 1

2
gµνR = 8πGT µν , (1.59)

Rµν = 8πG
(
T µν − 1

2
gµνT

)
. (1.60)

Or we can rewrite them in covariant form by simply lowering indices

Rµν −
1

2
gµνR = 8πGTµν , (1.61)

Rµν = 8πG
(
Tµν −

1

2
gµνT

)
. (1.62)
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CHAPTER 2

GRAVITATIONAL WAVE PREDICTIONS AND LINEARIZED THEORY

ANALYSIS

2.1 Linearization of Einstein Equations on flat background

The linearization of the Einstein equations upon a flat background metric can be ex-

pressed by decomposing a “weak” metric into its Minkowski background ηµν and a

small perturbation around it hµν . The weakness of the field simply implies the pertu-

bation to be small.

gµν = ηµν + hµν

gµν = ηµν − hµν +O(h2).
(2.1)

We investigate what our field equations would look like up to first order in this limit.

For this part, we adopt the notation that a quantity written as [Aµν ]
(n) simply denotes

the part of the tensor Aµν which includes the terms of order O(hn). We thus begin to

decompose the Einstein equations up to their linear

Rµν −
1

2
gµνR = 8πGTµν ,

[Rµν ]
(0) + [Rµν ]

(1) − 1

2
[gµνR](0) − 1

2
[gµνR](1) +O(h2) = 8πGTµν ,

���
��:0

[Rµν ]
(0) + [Rµν ]

(1) − 1

2
[gµν ]

(0)
�
��
�*0

[R](0) − 1

2
[gµν ]

(1)
�
��
�*0

[R](0)

−1

2
[gµν ]

(0)[R](1) +O(h2) = 8πGTµν ,

[Rµν ]
(1) − 1

2
[gµν ]

(0)[R](1) +O(h2) = 8πGTµν ,

[Rµν ]
(1) − 1

2
ηµν [R](1) +O(h2) = 8πGTµν .

(2.2)

Where the flat space-time Riemann tensor of the background is simplified. Now, to

attain [Rµν ]
(1) and [R](1), one must first find [Rα

βµν ]
(1), then contract indices accord-
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ingly.

To achieve this, we first expand our connections up to first order as

Γαµν =
1

2
gαλ(∂µgλν + ∂νgλµ − ∂λgµν)

=
1

2
(ηαλ − hαλ)(��

��*
0

∂µηλν +��
��*

0
∂νηλµ −��

��*
0

∂ληµν)

+
1

2
ηαλ(∂µhλν + ∂νhλµ − ∂λhµν) +O(h2)

=
1

2
ηαλ(∂µhλν + ∂νhλµ − ∂λhµν) +O(h2).

(2.3)

Which is simply composed of O(h) and higher order terms, meaning [Γαβγ]
0 = 0.

Thus our Riemann Tensor’s O(h) terms becomes

[Rα
βµν ]

(1) = [∂µΓαβν ]
(1) − [∂νΓ

α
βµ](1) + [ΓαλµΓλβν ]

(1) − [ΓαλνΓ
λ
βµ](1)

= ∂µ[Γαβν ]
(1) − ∂ν [Γαβµ](1) +���

��:0
[Γαλµ](0)[Γλβν ]

(1) + [Γαλµ](1)

��
��
�*0

[Γλβν ]
(0)

−����
�:0

[Γαλν ]
(0)[Γλβµ](1) − [Γαλν ]

(1)
��

���:
0

[Γλβµ](0)

=
1

2
ηαλ
(
∂µ(∂βhλν + ∂νhλβ − ∂λhβν)− ∂ν(∂βhλµ + ∂µhλβ − ∂λhβµ)

)
=

1

2

(
∂µ∂βh

α
ν − ∂µ∂αhβν − ∂ν∂βhαµ + ∂ν∂

αhβµ

)
.

(2.4)

Where we have used the fact that ∂αηµν = 0 and lowering/raising indices with the flat

background metric introduces corrections to higher order terms.

So finally, contracting to get [Rµν ]
(1)

[Rµν ]
(1) = [Rα

µαν ]
(1)

=
1

2

(
∂α∂µhαν + ∂α∂νhµα − ∂2hµν − ∂µ∂νh

)
,

(2.5)

While [R](1) becomes

[R](1) = [Rαβg
αβ](1)

= [Rαβ](1)[gαβ](0) +���
��:0

[Rαβ](0)[gαβ](1)

=
1

2

(
∂α∂βhαβ − ∂α∂αhββ − ∂

β∂βh
α
α + ∂β∂αhαβ

)
= ∂α∂βhαβ − ∂2h,

(2.6)
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And thus, plugging these back into (2.2) to get

[Rµν ]
(1) − 1

2
ηµν [R](1) +O(h2) = 8πGTµν

ηµν∂
2h+ ∂α∂µhαν + ∂α∂νhµα − ∂2hµν − ∂µ∂νh− ηµν∂α∂βhαβ = 16πGTµν .

(2.7)

And once we substitute hµν = hµν − 1
2
ηµνh ⇒ hµν = hµν − 1

2
ηµνh and h = −h for

convenience, we get

−ηµν∂2h+ ∂α∂µ(hαν −
1

2
ηανh)

+∂α∂ν(hµα −
1

2
ηµαh)− ∂2(hµν −

1

2
ηµνh)

+∂µ∂νh− ηµν∂α∂β(hαβ −
1

2
ηαβh) = 16πGTµν ,

���
��: i−ηµν∂2h+ ∂α∂µhαν −

�
�
�
��>
ii

1

2
∂µ∂νh+ ∂α∂νhµα

−
�
�
�
��>
ii

1

2
∂µ∂νh− ∂2hµν +

��
��
�* i1

2
ηµν∂

2h+��
��*

ii
∂µ∂νh

−ηµν∂α∂βhαβ +
��

�
��*

(a)
1

2
ηµν∂

2h = 16πGTµν .

(2.8)

Which leads to

∂α∂µhαν + ∂α∂νhµα − ∂2hµν − ηµν∂α∂βhαβ = 16πGTµν (2.9)

Which is the linearized Einstein equations in arbitrary gauge.

2.2 Gauge freedom

Let us consider a slowly varying coordinate transformation such that

xµ → x′µ = xµ + ξµ(x). (2.10)

Where |∂αξβ| ≤ O(h).

Knowning the metric two form’s components transforms as follows

gµν(x)→ g′µν(x
′) =

∂xλ

∂x′µ
∂xσ

∂x′ν
gλσ(x). (2.11)
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We inquire as to how the perturbation on the flat background metric hµν(x) varies in

this case.

gµν(x)→ g′µν(x
′) = ηµν + h′µν(x

′) =
∂xλ

∂x′µ
∂xσ

∂x′ν
gλσ(x)

ηµν + h′µν(x
′) = (δλµ − ∂µξλ)(δσν − ∂νξσ)(ηλσ + hλσ(x))

ηµν + h′µν(x
′) = ηµν + hµν(x)− ∂µξν − ∂νξµ,

(2.12)

Which yields the variation for hµν

hµν(x)→ h′µν(x
′) = hµν(x)− ∂µξν − ∂νξµ. (2.13)

Now let us remark something about the variation of the linearized Riemann Tensor

under the above diffeomorphism.

Rαβµν(x)→ R′αβµν(x
′) =

1

2

(
∂µ∂βh

′
αν(x

′)− ∂µ∂αh′βν(x′)

− ∂ν∂βh′αµ(x′) + ∂ν∂αh
′
βµ(x′)

)
R′αβµν(x

′) = Rαβµν(x) +
1

2

(
���

���
�: i−∂µ∂β∂αξν����

���: ii−∂µ∂β∂νξα����
���: i+∂µ∂α∂βξν

+���
���: iii∂µ∂α∂νξβ���

���
�: iv

+∂ν∂β∂αξµ���
���

�: ii
+∂ν∂β∂µξα���

��
��: iv−∂ν∂α∂βξµ����

���: iii−∂ν∂α∂µξβ
)

R′αβµν(x
′) = Rαβµν(x).

(2.14)

The Riemann Tensor’s contractions are essentially the dynamical part of our Field

equations (C.16), and since it is invariant under these transformations, we have a

freedom to choose whichever is more convenient among these gauges.

Now to figure out how we can manipulate the linearized equation (2.9), we first look

into how hµν varies

hµν(x)→ h
′
µν(x

′) = h′µν(x
′)− 1

2
ηµν h

′(x′)

= hµν(x)− ∂µξν − ∂νξµ −
1

2
ηµν
(
h(x)− 2∂αξ

α
)

= hµν(x)− ∂µξν − ∂νξµ + ηµν∂αξ
α

= hµν(x)− ξµν .

(2.15)

Or the term that appears more often in the Field equations :

∂µhµν(x)→ ∂µ
′
h
′
µν(x

′) = ∂µ
′
xβ ∂

β
(
hµν(x)− ∂µξν − ∂νξµ + ηµν∂αξ

α
)

= ∂µhµν −�ξν +O(h2).
(2.16)
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This implies that no matter what ∂µhµν = fµ(x) is in our gauge, we can swap to a

Lorentz gauge where ∂µ′h
′
µν = 0 by simply setting �ξν = fµ(x). This simplifies the

field equation to

�h
Tr
µν = −16πGTµν . (2.17)

Picking this gauge, we have set 4 restrictions onto our initial 10 degrees of freedom,

reducing them to 6.

One should note that generally, we cannot set a specific component of hµν to 0 over

the manifold in a certain coordinate system. The proof is simple, suppose we want

to fix a specific component of hµν , say hab where a and b are specific values among

{0, 1, 2, 3} assume we can find a ξµ for which the function ξab is exactly equal to that

function hab everywhere on the manifold. Then this function should satisfy �ξab =

−16πGTab. But this would break our Lorentz gauge, which we do not want to break

if we want the linearized field equations to have this simple sourced wave equation

form. Thus, unless Tµν = 0, we cannot fix any further component of hµν .

2.3 Vacuum solutions to the Linearized Einstein Equations in the Transverse

Traceless gauge

For the special case of vacuum (Tµν = 0), the gravitational wave’s propagation can

be regarded as easy. We could pick a further gauge transformations, without breaking

the Lorentz gauge, such that h (the trace of our perturbation field) and h
0i

vanishes.

Seeing how the trace is varied,

h(x)→ h
′
(x′) = h(x) + 2∂µξ

µ. (2.18)

we could pick ξµ such that ∂µξµ = −1
2
h and ∂0ξi + ∂iξ0 = h

0i
are satisfied. A quick

look at equations (2.15) and (2.18) tells us that these conditions will make sure those

components vanish.

The Lorentz condition in this gauge reads

∂0h00 + ∂i�
��

0
hi0 = 0

∂0h00 = 0.

(2.19)
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We can interpret the independence of the h00 from time as this being the gravitational

effect’s static part. The gravitational waves are expected to be time dependent phe-

nomena, so as long as we work in flat spacetime - far from any Tµν components -, this

component can be set to 0.

This introduces 4 new restrictions on the remaining 6 independent components of hµν .

The gauge studied above, the Transverse Traceless gauge (TT gauge), is the choice

of hµν that sets

∂jhij = 0, h
0µ

= 0, h = 0. (2.20)

The reader might also note that in this gauge, since h = 0, we automatically have

hµν = hµν , so our gauge conditions along with the linearized field equation becomes

∂jhij = 0, h0µ = 0, h = 0. (2.21)

We can also resume our analysis in this gauge by disregarding the h0µ = hµ0 = 0

components of our metric perturbation, denoting the spatial indices with latin letters.

Far away from the source, we are able to put this solution into the TT gauge by the

usage of a projection tensor Λij,kl(n̂), dependent on the propagation direction n̂ = k
|k|

(as a side note, nαnα = −1).

We conclude that in order for this h
TT
ij to be a solution to the field equation �h

TT
ij = 0,

we also require �hij = 0 to be true, thus the initial metric perturbation should at least

be in Lorentz gauge. The vacuum equation �h
TT
ij = 0 admits the following solutions

(which can be chequed through Fourier analysis)

hTT
ij (x) =

∫
d3~k

(2π)3
(Aij(~k)eikx +A∗ij(~k)e−ikx). (2.22)

Upon subtituting the components of the 4-vector kµ = (ω,~k) where |~k| = ω and
~k

|~k|
= n̂ (From which we can obtain the volume element to be d3~k = |~k|2d|~k|d2n̂ =

ω2dωd2n̂) :

hTT
ij (t, ~x) =

1

(2π)3

∫ ∞
0

dω ω2

∫
d2n̂

(
Aij(~k)e−iω(t−n̂·~x) +A∗ij(~k)eiω(t−n̂·~x)

)
. (2.23)

When we consider the waves propagated from a singular astrophysical source, the

direction of propagation of the wave, say n̂0, is a specific direction in the sky, thus we

can rewrite

Aij(~k) = Aij(ω)δ(2)(n̂− n̂0). (2.24)
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Upon which we can rewrite

hTT
ij (t, ~x) =

1

(2π)3

∫ ∞
0

dω
(
h̃ij(ω, ~x)e−iωt + h̃∗ij(ω, ~x)eiωt

)
. (2.25)

Where the h̃ij(ω, ~x) are

h̃ij(ω, ~x) = ω2

∫
d2n̂Aij(ω, n̂)eiωn̂·~x

= ω2Aij(ω)eiωn̂0·~x.

(2.26)

Another thing one that is facilitated in this TT gauge is the general assumptions one

can make about the wave by taking into account the transversality equation ∂jhij = 0;

we can reformulate it with the help of (2.23) as njhij = 0. If we take the propagation

direction of the wave towards the z direction
(
nj = δj3

)
, we can further deduce

the vanishing components hi3 = h3i = 0. The symmetric property of the metric

perturbation, along with its tracelessness in this gauge, we obtain that h11 = −h22

and h12 = h21. So finally, it is possible to write the metric perturbation in the TT

gauge as

hTT
ij (t, ~x) =


h+(t, ~x) h×(t, ~x) 0

h×(t, ~x) −h+(t, ~x) 0

0 0 0

 . (2.27)

It is also convenient to define new polarization vectors by considering two unit vectors

û and v̂ which are perpendicular to the propagation direction n̂ and to eachother. The

new polarization tensors eAij (Where A ∈ +,× labels the two different polarizations)

is defined as

e+
ij(n̂) = ûiûj − v̂iv̂j,

e×ij(n̂) = ûiv̂j + v̂iûj,
(2.28)

Where one can notice that upon picking û = x̂ and v̂ = ŷ, with the propagation vector

being in the z direction again, one gets

e+
ij(ẑ) =


1 0 0

0 −1 0

0 0 0

 .

e×ij(ẑ) =


0 1 0

1 0 0

0 0 0

 .

(2.29)
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Which facilitates the expression (2.30) into a more compact form

hTT
ij (t, ~x) = hA(t, ~x)eAij. (2.30)

Where a sum over the counting indice A is implied.

2.4 Gravitational waves passing by test masses

The equation of motion for free particles inside a spacetime endowed with metric gµν

can be found as our geodesic equation

d2xµ

dτ 2
+ Γµαβ(x)

dxα

dτ

dxβ

dτ
= 0. (2.31)

We consider a neighboring geodesic line xµ(τ)+ξµ(τ) near our initial geodesic xµ(τ),

such that we are mereley considering 0 6= ξµ(τ) � 1 -the lines are only differing by

a non-zero, small perturbation-. The newly introduced geodesic line obeys its own

geodesic equation

d2(xµ + ξµ)

dτ 2
+ Γµαβ(x+ ξ)

d(xα + ξα)

dτ

d(xβ + ξβ)

dτ
= 0,

d2xµ

dτ 2
+
d2ξµ

dτ 2
+
(
Γµαβ(x) + ξσ∂σΓµαβ(x)

)(dxα
dτ

+
dξα

dτ

)(dxβ
dτ

+
dξβ

dτ

)
+O(ξ2) = 0,

d2xµ

dτ 2
+ Γµαβ(x)

dxα

dτ

dxβ

dτ︸ ︷︷ ︸
=0

+
d2ξµ

dτ 2
+ ξσ∂σΓµαβ(x)

dxα

dτ

dxβ

dτ
+ 2Γµαβ(x)

dxα

dτ

dξβ

dτ
= 0.

(2.32)

Where we have also assumed that the derivative dξµ

dτ
= O(ξ). This last equation is

called the deviation equation. we denote the derivatives uµ(τ) ≡ dxµ

dτ

d2ξµ

dτ 2
+ 2Γµαβu

αdξ
β

dτ
+ ∂σΓµαβξ

σuαuβ = 0. (2.33)
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Which can be simplified through the introduction of the covariant derivative along the

curve xµ(τ)

Dξµ

dτ
= ∇uξ

µ = uα∇αξ
µ

=
dξµ

dτ
+ Γµαβu

αξβ,

D2ξµ

dτ 2
=

d

dτ

(dξµ
dτ

+ Γµαβu
αξβ
)

+ Γµαβu
α
(dξβ
dτ

+ Γβσλu
σξλ
)

=
d2ξµ

dτ 2
+ 2Γµαβu

αdξ
β

dτ
+ ∂σΓµαβξ

βuσuα

+ Γµαβ
duα

dτ
ξβ + ΓµαβΓβσλξ

λuαuσ.

(2.34)

Upon using the geodesic equation duα

dτ
= −Γασλu

σuλ and changing some of the con-

tracted indices, we use this last line to express the deviation equation (2.33) covari-

antly

D2ξµ

dτ 2
=
(
∂αΓµβν − ∂βΓµαν + ΓµαλΓ

λ
βν − ΓµβλΓ

λ
αν

)
ξβuνuα. (2.35)

The term in the paranthesis can be recognized as the coordinate components of the

Riemann tensor, that is Rµ
ναβ

D2ξµ

dτ 2
= Rµ

ναβξ
βuνuα . (2.36)

Let’s say we want to investigate what the effects of gravitational wave propagating

in the z direction has on a collection of static masses spread around the space in the

following way :

Figure 2.1
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We shall first analyse the effect the gravitational wave on the above system in the TT

gauge. For this analysis, I will use equation (2.33) with the premise that the masses

are initially at rest. We are, for now, only concerned about the physical seperation of

the masses, so the proper time evolution of the ith component of the separation vector

ξi is [d2ξi

dτ 2

]
τ=0

= −2
[
Γiαβu

αdξ
β

dτ

]
τ=0
−
[
∂σΓµαβξ

σuαuβ
]
τ=0

. (2.37)

Where in the TT gauge, given our initial conditions, we have

[u0]τ=0 = 1,

[ui]τ=0 = 0,

Γµ00 =
1

2
gµλ
(
∂0gλ0 + ∂0g0λ − ∂λg00

)
= 0 in the TT gauge,

Γi0α =
1

2
giλ
(
∂0gλα + ∂αg0λ − ∂λg0α

)
=

1

2
(ηiλ − hiλ +O(h2))∂0hλα

= −1

2
∂0hi0 +

1

2
∂0hij +O(h2)

=
1

2
∂0hij.

(2.38)

Our deviation equation in this gauge then becomes

[d2ξi

dτ 2

]
τ=0

= −
[
∂0hij

dξj

dτ

]
τ=0

. (2.39)

This equation tells us that for test masses initially at rest with respect to eachother

in the TT gauge frame (i.e.
[
dξj

dτ

]
τ=0

= 0), they will always remain at rest in this

frame (i.e. d2ξi

dτ2
= 0 for all τ ). But what about their physical separation ? Assume the

events E1 = (t, x1, y1, z1) and E2 = (t, x2, y2, z2), which represent the measurement

events of two of the masses sitting on the x axis simultaneously with respect to the

TT frame. If these masses are at rest initially, we know that the coordinate distance

(x2 − x1, y2 − y1, z2 − z1) = ~L will not change. We express the proper distance

between these two events as

ds2 = (ηµν + hTT
µν)dx

µdxν . (2.40)

For the eventsE1 andE2, they are simultaneous (dt = 0), meaning the proper distance
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can be expressed as

ds2|E1E2 = (ηij + hTT
ij )dxidxj,

ds|E1E2 = (ηij + hTT
ij )1/2dxidxj

≈ (ηij +
1

2
hTT
ij )dxidxj +O(h2),

s|E1E2 ≈ L+
1

2L
hijLiLj,

(2.41)

Where upon defining Ri = Li
L

and s = siRi, we can quantify the proper distance’s

rate of change

s̈i|E1E2 =
1

2
ḧijLj. (2.42)

2.5 Quadrupole Gravitational waves generated by weak-field sources with ar-

bitrary velocity

We have seen that in the lorentz gauge, the equations gouverning a pertubation field

hµν around a minkowskian background metric has the form

�hµν = −16πGTµν . (2.43)

Let us generally inspect gravitational waves propagating from a central gravitational

phenomenon, where Tµν(x) = 0 in the distant regions outside the source. Using

the Lorentz gauge, but noting that we cannot force the TT gauge on a general space

with energy-matter, our field equation can be solved by making use of radiation type

Green’s function; retarded Green’s function.

�xG(x− x′) = δ(4)(x− x′),

G(x− x′) = − 1

4π|~x− ~x′|
δ(x0

ret − x′0) where x0
ret = x0 − |~x− ~x′|.

(2.44)

With the use of which we can infer the non-homogeneous solutions as

hµν(x
0, ~x) = −16πG

∫
d4x′G(x− x′)Tµν(x′)

= 4G

∫
d3~x′

Tµν(x
0
ret, ~x

′)

|~x− ~x′|
.

(2.45)

For an observer sufficiently far away from the localized source (where Tµν ≈ 0), we

had also mentionned that it is possible to further tweak our perturbation field using
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the gauge freedoms mentioned, where a very simple form can be attained by passing

to the transverse traceless gauge.

hTT
µν(x

0, ~x) = −16πG Λ αβ
µν (n̂)

∫
d4x′G(x− x′)Tαβ(x′)

= 4G Λ αβ
µν (n̂)

∫
d3~x′

Tαβ(x0
ret, ~x

′)

|~x− ~x′|
.

(2.46)

Expanding

|~x− ~x′| =
(
(~x− ~x′) · (~x− ~x′)

) 1
2

=
(
|~x|2 − 2~x · ~x′ + |~x′|2

) 1
2

= |~x|
(
1− 2

~x · ~x′

|~x|2
+
|~x′|2

|~x|2
) 1

2

= |~x|
(
1 +

1

2
(−2

~x · ~x′

|~x|2
+
|~x′|2

|~x|2
) +

1
2
(−1

2
)

2
(−2

~x · ~x′

|~x|2
+
|~x′|2

|~x|2
)2 + . . .

)
= |~x| − ~x · ~x′

|~x|
+O(

|~x′|2

|~x|
).

(2.47)

We can thus express the retarded time inside the stress energy’s arguments up to

leading term x0
ret = x0 − |~x|+ x̂ · ~x′, while a similar treatment for the term

1

|~x− ~x′|
=
(
(~x− ~x′) · (~x− ~x′)

)− 1
2

=
(
|~x|2 − 2~x · ~x′ + |~x′|2

)− 1
2

=
1

|~x|
(
1− 2

~x · ~x′

|~x|2
+
|~x′|2

|~x|2
)− 1

2

=
1

|~x|
(
1 + (−1

2
)(−2

~x · ~x′

|~x|2
+
|~x′|2

|~x|2
) +

(−1
2
)(−3

2
)

2
(−2

~x · ~x′

|~x|2
+
|~x′|2

|~x|2
)2 + . . .

)
=

1

|~x|
+
~x · ~x′

|~x|3
+O(

|~x′|2

|~x|2
).

(2.48)

Since we are interested in the metric perturbation far away from the source, we gener-

ally speak of distances where |~x′| � |~x| (For any |~x′| comparable to |~x| , Tαβ(x0
ret, ~x

′)

itself vanishes by assumption.)

We can also express the stress energy tensor itself in the momentum space with its

fourier transform

Tαβ(t, ~x) =

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iωt+i

~k·~x. (2.49)
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Such that, far away from a localized source, we can use the the above approximations

to get∫
d3~x′Tαβ(x0 − |~x|+ x̂ · ~x′, ~x′) =

∫
d3~x′

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|+x̂·~x′)+i~k·~x′

=

∫
d3~x′

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i(~k−ωx̂)·~x′

=

∫
dω

2π
d3~k T̃αβ(ω,~k)e−iω(x0−|~x|)δ(3)(~k − ωx̂)

=

∫
dω

2π
T̃αβ(ω, ωx̂)e−iω(x0−|~x|).

(2.50)

Where n̂ is the direction in which the gravitational wave radiation will be propagating.

The metric perturbation hTT
µν , to leading order, is then

hTT
µν(x

0, ~x) =
4G

|~x|
Λ αβ
µν (n̂)

∫ ∞
−∞

dω

2π
T̃αβ(ω, ωn̂)e−iω(x0−|~x|). (2.51)

We can calculate the stress energy tensor of the gravitational wave with [7]

tµν =
1

32πG
< ∂µhαβ∂νh

αβ > . (2.52)

We have also seen its invariance under gauge transformation ξµ. This means we

can simply calculate it using any gauge. Picking the TT gauge, we see that only

the physical α and β indices makes contributions to the overall quantity, and that

∂µhµν = 0, we are only left with the time derivatives, yielding

tµν = t00 =
1

32πG
< ḣTT

ij ḣ
TT
ij > . (2.53)

2.6 Low velocity expansion

Let us make the assumption that the velocities of matter making up the stress energy

tensor are sufficiently small. For a periodically moving piece of matter with angular

frequency ωs inside the source, the relevant velocities are v ≈ ωsd � 1, where d is

the approximate size of the mentioned source. The angular frequency of the radiation

emited from such a source is of the same order as the source’s angular frequency,

ωs ≈ ω. If we take back the relation (2.49) found previously for a more general case,

applying the current low velocity regime gives us

Tαβ(x0 − |~x|+ n̂ · ~x′, ~x′) =

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i(~k−ωn̂)·~x′ . (2.54)
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We know that the source is localized within |~x′| ≤ d . Using all of the assumptions

above (ωsd � 1, ωs ≈ ω and |~x′| ≤ d), we can relate the exponential ω term to

another one; |ωn̂ · ~x′| ≤ ωsd � 1. This makes sense; the leading contribution to

the stress energy will come from areas where |~x′| ≤ d, because that is the condition

which reduces the oscillatory term inside the ω integral the most. We can assume

from now on that the main part contributing to the above Fourier reverse transform is

the part where |ωn̂ · ~x′| � 1, so we can expand (defining u′ = x0 − |~x|+ n̂ · ~x′)

Tαβ(u′, ~x′) =

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′e−iωn̂·~x

′

=

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′

(
1− iωn̂ · ~x′ − 1

2
ω2(n̂ · ~x′)2 + . . .

)
=

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′

− in̂ · ~x′
∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′ω

− 1

2
(n̂ · ~x′)2

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′ω2 + . . .

)
=

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′

+ n̂ · ~x′∂0

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′

+
1

2
(n̂ · ~x′)2∂2

0

∫
dω

2π

d3~k

(2π)3
T̃αβ(ω,~k)e−iω(x0−|~x|)+i~k·~x′ + . . .

)
= Tαβ(x0 − |~x|, ~x′) + n̂ · ~x′∂0Tαβ(x0 − |~x|, ~x′)

+
1

2
(n̂ · ~x′)2∂2

0Tαβ(x0 − |~x|, ~x′) + . . . ,

(2.55)

Which amounts to expanding the initial time argument x0−|~x|+n̂·~x′ around x0−|~x|,
taking n̂ · ~x′ to be small. I have chosen to derive it from here to emphasize the need

for ωsd� 1 in our expansion.
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If we define new momenta for the stress energy tensor as follows

Sαβ(x0) =

∫
d3~x Tαβ(x0, ~x),

Sαβ,i(x0) =

∫
d3~x Tαβ(x0, ~x)xi,

Sαβ,ij(x0) =

∫
d3~x Tαβ(x0, ~x)xixj.

. . .

(2.56)

Going back to the metric perturbation far outside the source, in TT gauge and replac-

ing the stress energy integrals with the newly defined momenta:

hTT
ij (t, ~x) =

1

|~x|
4GΛij,kl(n̂)

∫
d3~x′ T kl(x0 − |~x|+ n̂ · ~x′, ~x′),

=
1

|~x|
4GΛij,kl(n̂)

∫
d3~x′

(
T kl(x0 − |~x|, ~x′) + nmx

m∂0T
kl(x0 − |~x|, ~x′)

+
1

2
nmnpx

mxp∂2
0T

kl(x0 − |~x|, ~x′) + . . .
)
,

=
1

|~x|
4GΛij,kl(n̂)

(
Skl(x0 − |~x|) + nmṠ

kl,m(x0 − |~x|)+

1

2
nmnpS̈

kl,mp(x0 − |~x|) + . . .
)
.

(2.57)

Just to see if this expansion makes sense in our current domain of validity (ωsd ≈
v � 1), one can check that compared to Skl, Ṡkl,m has an extra factor ofO(d) coming

from the xm term and O(ω) ≈ O(ωs), giving us a total factor of O(ωsd) ≈ O(v).

Similarly, compared to Skl, S̈kl,mp has an extra factor of O(v2), so this is indeed a

low velocity expansion.

To simplify things further, let us define the following momenta

M(x0) =

∫
d3~x T 00(x0, ~x),

M i(x0) =

∫
d3~x T 00(x0, ~x)xi,

M ij(x0) =

∫
d3~x T 00(x0, ~x)xixj.

(2.58)

And

P i(x0) =

∫
d3~x T 0i(x0, ~x),

P i,j(x0) =

∫
d3~x T 0i(x0, ~x)xj,

P i,jk(x0) =

∫
d3~x T 00(x0, ~x)xjxk.

(2.59)
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Using the conservation of the stress energy tensor ∂µT 0µ = 0

∂0T
00 = −∂iT 0i,

∂0

∫
V

d3~x T 00 = −
∫
V

d3~x ∂iT
0i,

Ṁ = −
∮
∂V

dSiT
0i

= 0.

(2.60)

Where we have taken the space V such that Tαβ vanishes at its boundaries ∂V .

Starting off from the conservation relation yet again, we can relate the the time deriva-

tives of the momenta M ... as follows

∂0

∫
V

d3~x T 00xi = −
∫
V

d3~x ∂jT
0jxi,

Ṁ i = −[T 0jxi]j ∂V +

∫
V

d3~x T 0jδ ij

=

∫
V

d3~x T 0i

= P i.

(2.61)

∂0

∫
V

d3~x T 00xixj = −
∫
V

d3~x ∂kT
0kxixj,

Ṁ ij = −[T 0kxixj]k ∂V +

∫
V

d3~x T 0kδ ik x
j +

∫
V

d3~x T 0kxiδ jk

=

∫
V

d3~x T 0ixj +

∫
V

d3~x T 0jxi

= P i,j + P j,i.

(2.62)

∂0

∫
V

d3~x T 00xixjxk = −
∫
V

d3~x ∂lT
0lxixjxk,

Ṁ ijk = −[T 0lxixjxk]l ∂V +

∫
V

d3~x T 0lδ il x
jxk

+

∫
V

d3~x T 0lxiδ jl x
k +

∫
V

d3~x T 0lxixjδ kl

=

∫
V

d3~x T 0ixjxk +

∫
V

d3~x T 0jxixk +

∫
V

d3~x T 0kxixj

= P i,jk + P j,ik + P k,ij.

(2.63)
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While the time derivatives of P i,... can be found through

∂0

∫
V

d3~x T 0i =

∫
V

d3~x∂0T
0i,

Ṗ i = −
∫
V

d3~x∂jT
ji

= −
∮
∂V

dSjT
ji

= 0.

(2.64)

With the same assumptions over the boundaries of V as previously mentionned.

Repeating the same procedure, we find

∂0

∫
V

d3~x T 0ixj =

∫
V

d3~x∂0T
0ixj,

Ṗ i,j = −
∫
V

d3~x∂kT
kixj

= −[T kixj]k ∂V +

∫
V

d3~x T kiδ jk

=

∫
V

d3~x T ji

= Sji = Sij.

(2.65)

∂0

∫
V

d3~x T 0ixjxk =

∫
V

d3~x∂0T
0ixjxk,

Ṗ i,jk = −
∫
V

d3~x∂lT
lixjxk

= −[T lixjxk]l ∂V +

∫
V

d3~x T liδ jl x
k +

∫
V

d3~x T lixjδ kl

=

∫
V

d3~x T jixk +

∫
V

d3~x T kixj

= Sij,k + Sik,j.

(2.66)

Using what we’ve derived here to substitute all Sij,... in (2.57).

Using (2.62) and (2.65)

Sij =
1

2

(
Ṗ i,j + Ṗ j,i

)
=

1

2
M̈ ij.

(2.67)
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Using (2.63), then applying the results of (2.66)

Ṁ ijk = P i,jk + P j,ik + P k,ij,

M̈ ijk = Ṗ i,jk + Ṗ j,ik + Ṗ k,ij

= Sij,k + Sik,j + Sji,k + Sjk,i + Ski,j + Skj,i

= 2
(
Sij,k + Sjk,i + Ski,j

)
,

...
M

ijk
= 2
(
Ṡij,k + Ṡjk,i + Ṡki,j

)
,

1

6

...
M

ijk
=

1

3

(
Ṡij,k + Ṡjk,i + Ṡki,j

)
= Ṡij,k +

1

3

(
Ṡjk,i + Ṡki,j − 2Ṡij,k

)
= Ṡij,k +

1

3

(
Ṡkj,i + Ṡki,j + Ṡki,j + Ṡkj,i − Ṡki,j − Ṡkj,i − 2Ṡij,k

)
= Ṡij,k +

1

3

(
2P̈ k,ij − Ṡik,j − Ṡij,k − Ṡjk,i − Ṡji,k

)
= Ṡij,k +

1

3

(
2P̈ k,ij − P̈ i,jk − P̈ j,ik

)
,

(2.68)

Which requires that the following be true;

Ṡij,k =
1

6

...
M

ijk
+

1

3

(
P̈ i,jk + P̈ j,ik − 2P̈ k,ij

)
. (2.69)

We can now express our metric perturbation in the TT gauge hTT
ij up to the second

highest contribution term

hTT
ij (x0, ~x) =

1

|~x|
4GΛij,kl(n̂)

(
Skl + nmṠ

kl,m + . . .
)

=
1

|~x|
4GΛij,kl(n̂)

(1

2
M̈kl

+
1

3
nm
(1

2

...
M

klm
+ P̈ k,lm + P̈ l,km − 2P̈m,kl

)
+ . . .

)
.

(2.70)

Some knowledge of Group Theory would hint at the fact that what we did here was

mere decomposition of Skl and Skl,m into their irreducible representations of SO(3).

Since Skl is symmetric in k and l, it can only be decomposed into a spin-2 represen-

tation (M̈kl) called "Mass Quadrupole". Skl,m’s treatment must include the fact that

k an l indices are symmetric, while m doesn’t have any property under interchange

of indices, meaning the initial Skl,m can be decomposed into a spin-3 representation

(
...
M

klm
) called "Mass Octupole" and a spin-2 representation (−

(
2P̈m,kl − P̈ k,lm −

P̈ l,km
)
) called "Current Quadrupole". This analysis could also be made through the

use of Young Diagrams, which facilitates the decomposition process.
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2.7 Gravitational Radiation -Simplifications-

We now dwelve into how to treat (2.70) in order to simplify them as much as possible.

We will treat the leading and up-to-leading terms separately

Leading term - Mass Quadrupole

The leading term in our expansion is

[hTT
ij (x0, ~x)]Leading =

1

|~x|
2GΛij,kl(n̂)M̈kl. (2.71)

Since we can write out our symmetric tensor Mkl as a traceless spin-2 tensor field

and a scalar trace part,

Mkl =
(
Mkl − 1

3
δklM

)
+

1

3
δklM

= Qkl +
1

3
δklM.

(2.72)

Where we have defined the symmetric trace free tensor (STF) Qkl ≡Mkl − 1
3
δklM .

When contracted with δkl, our TT projection operator Λij,kl vanishes by construction.

This allows us to neglect the trace part of the above expansion, so our leading term

reads

[hTT
ij (x0, ~x)]Leading =

1

|~x|
2GΛij,kl(n̂)Q̈kl, (2.73)

Up to leading term - Mass Octupole

The up-to-leading mass octupole term in our expansion is

[hTT
ij (x0, ~x)]Octupole =

1

|~x|
2G

3
Λij,kl(n̂)nm

...
M

klm
. (2.74)

Similarly to the Mass Quadrupole treatment, one can write out this tensor as

Mklm =
(
Mklm − 1

5

(
δklMnnm + δkmMnln + δlmMknn

))
+

1

5

(
δklMnnm + δkmMnln + δlmMknn

)
= Oklm +

1

5

(
δklMnnm + δkmMnln + δlmMknn

)
.

(2.75)
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Where we have defined another STF tensorOklm ≡Mklm− 1
5

(
δklMnnm+δkmMnln+

δlmMknn
)
.

When our Λij,klnm hits on δkl, it vanished as argued in the previous section concerning

the leading term. One can also check that upon hitting either δkm or δlm, the indice of

nm is raised to either k or l, which vanishes when hitting Λij,kl due to the transversal

projection nature of the operator. Both of the above cancelations lead to

[hTT
ij (x0, ~x)]Octupole =

1

|~x|
2G

3
Λij,kl(n̂)nmÖklm. (2.76)

Up to leading term - Current Quadrupole

The up-to-leading current quadrupole term in our expansion is

[hTT
ij (x0, ~x)]C.Quadrupole =

1

|~x|
4G

3
Λij,kl(n̂)nm

(
P̈ k,lm + P̈ l,km − 2P̈m,kl

)
. (2.77)

Let’s first try to understand what the quantity P k,lm + P l,km − 2Pm,kl corresponds to

physically.

P k,lm + P l,km − 2Pm,kl =

∫
d3~x
(
T 0kxlxm + T 0lxkxm − 2T 0mxkxl

)
=

∫
d3~x
(
xl
(
xmT 0k − xkT 0m

)
+ xk

(
xmT 0l − xlT 0m

))
.

(2.78)

One might notice the quantities of the form xmT 0k−xkT 0m to be angular momentum

densities associated with the (m,k) plane. Denoting them as jmk ≡ xmT 0k−xkT 0m,

P k,lm + P l,km − 2Pm,kl =

∫
d3~x
(
xljmk + xkjml

)
. (2.79)

Reminding ourselves that the angular momentum density vector jl = εijlxipj =

εijlxiT 0j can be contracted as follows

εmkljl = εmklεijlxiT 0j

= (δmiδkj − δmjδki)xiT 0j

= xmT 0k − xkT 0m

= jmk.

(2.80)

So finally, with the definition of the angular momentum moment J i,j ≡
∫
d3~xjixj ,

P k,lm + P l,km − 2Pm,kl =

∫
d3~x
(
xlεmkpjp + xkεmlpjp

)
= εmkpJp,l + εmlpJp,k.

(2.81)
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This means we can express the Current Quadrupole term in our metric perturbation

as moments of the angular momentum symmetrized over k and l;

[hTT
ij (x0, ~x)]C.Quadrupole =

1

|~x|
4G

3
Λij,kl(n̂)nm

(
εmkpJp,l + εmlpJp,k

)
. (2.82)

2.8 Gravitational Radiation -Radiated Energy and Angular Momentum-

We shall now calculate what each of the above terms contribute to the loss of energy

and angular momentum of a system. For this, we have the relation for the power

radiated by gravitational wave [8]

dP

dΩ
=
|~x|2

32πG
< ḣTT

ij ḣ
TT
ij > . (2.83)

The time derivative of the linear momentum P k was also described to be

dP k

dt
= − 1

32πG

∫
dΩ|~x|2 < ḣTT

ij ∂
kḣTT

ij >, (2.84)

While the time derivative of the total angular momentum J i of such a system was

dJ i

dt
= − 1

32πG
εijk
∫
dΩ|~x|2

〈
ḣTT
lmx

j∂khTT
lm

〉
︸ ︷︷ ︸

= dLi

dt

+
1

32πG
εijk
∫
dΩ|~x|2

〈
2ḣTT

lj h
TT
lk

〉
︸ ︷︷ ︸

= dSi

dt

.

(2.85)

Expressing these losses as an expansion of velocity O(vn), we study the contribution

of the leading mass quadrupole contribution.

Leading term - Mass Quadrupole

The power relation for the leading term reads[dP
dΩ

]
Leading

=
|~x|2

32πG
< ˙[hTT

ij ]
Lead

˙[hTT
ij ]

Lead
>

=
G

8π
Λij,kl <

...
Q
ij ...
Q
kl
> .

(2.86)

Using the property of the TT projector Λij,kl (Appendix A)∫
dΩΛij,kl =

2π

15

(
11δikδjl − 4δijδkl + δilδjk

)
. (2.87)
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one can integrate the Power radiated per unit solid angle to find the total power radi-

ated due to the leading term.

PLeading =
G

8π

2π

15

(
11δikδjl − 4δijδkl + δilδjk

)
<

...
Q
ij ...
Q
kl
>

=
G

5
<

...
Q
ij ...
Q
ij
> .

(2.88)

For the damped linear momentum for the leading term, we take the above relation

dPm

dt
= − 1

32πG

∫
dΩ|~x|2 < ˙[hTT

ij ]
Lead

∂k ˙[hTT
ij ]

Lead
>

= − 1

32πG

∫
dΩ Λij,kl <

...
Q
ij
∂m

...
Q
kl
> .

(2.89)

Noting that under the parity transformation ~x → −~x, the STF Quadrupole tensor

is even Qij → Qij while the partial derivative is odd ∂k → −∂k. This implies

that the leading linear momentum loss is equal to minus itself, thus the leading term

contribution vanishes identically.

In turn, the change in total angular momentum can be expressed as the above relation,

dJ i

dt
=

1

32πG
εijk
∫
dΩ|~x|2

〈
− ˙[hTT

lm]Leadx
j∂k[hTT

lm]Lead + 2 ˙[hTT
lj ]

Lead
[hTT
lk ]Lead

〉
. (2.90)

We first treat some of the terms this includes;

∂k[hTT
lm]Lead = 2G∂k

( 1

|~x|
Λlm,pq(n̂)Q̈pq

)
= 2G

( xk
|~x|3

Λlm,pq(n̂)Q̈kl +
1

|~x|
∂kΛlm,pq(n̂)Q̈pq

+
1

|~x|
Λlm,pq(n̂)

∂|~x|
∂xk

d

d|~x|
Q̈pq
)
.

(2.91)

Where upon using the fact that Qpq is a function of the retarded time x0 − |~x|, we

can equate d
d|~x|Q̈

pq = −
...
Q
pq

. We also can relate ∂|~x|
∂xk

= xk

|~x| , upon which it becomes

obvious that among the three terms presented above, those with εijkxjxk vanishes.

We are thus left with

∂k[hTT
lm]Lead =

2G

|~x|
∂kΛlm,pq(n̂)Q̈pq. (2.92)

This can in turn be simplified even further with the knowledge that nl = xl

|~x| →
∂ns

∂xk
=
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δsk

|~x| −
xsxk

|~x|3 = P sk

|~x| , which implies

∂kΛlm,pq =
∂ns

∂xk

∂

∂ns
Λlm,pq

= −P
sk

|~x|

((
δlsnp + δpsnl

)
Pmq + Plp

(
δmsnq + δqsnm

)
− 1

2

(
δlsnm + δmsnl

)
Ppq −

1

2
Plm
(
δpsnq + δqsnp

))
= − 1

|~x|

((
P k
l np + P k

p nl
)
Pmq + Plp

(
P k
m nq + P k

q nm
)

− 1

2

(
P k
l nm + P k

m nl
)
Ppq −

1

2
Plm
(
P k
p nq + P k

q np
))

= − 1

|~x|

(
nl
(
P k
p Pmq −

1

2
P k
mPpq

)
+ nm

(
P k
q Plp −

1

2
P k
l Ppq

)
+ np

(
P k
l Pmq −

1

2
P k
q Plm

)
+ nq

(
P k
mPlp −

1

2
P k
p Plm

))
= − 1

|~x|

(
nlΛ

k
m,pq + nmΛk

l,pq + npΛ
k
q,lm + nqΛ

k
p,lm

)
.

(2.93)

Since the TT Projector is transverse to n̂ on all indices, the terms proportional to nl

and nm will cancel out with the projector inside ˙[hTT
lm]Lead in the orbital momentum

part of dJi

dt
.

dLi

dt
=
G

2
εijk <

...
QrsQ̈pq >

∫
dΩ

4π
Λlm,rsnj

(
npΛlm,kq + nqΛlm,kp

)
=
G

2
εijk <

...
QrsQ̈pq >

∫
dΩ

4π
nj
(
npΛrs,kq + nqΛrs,kp

)
.

(2.94)

Expanding Λrs,kq’s in terms of n’s, while noting that any term containting nk will

eventually cancel out due to εijknjnk = 0, coupled with the fact that under the averag-

ing out operation, we can use integration by part to equate<
...
QrsQ̈pq >=< Q̈rs

...
Qpq >

where the full derivative part will vanish due to averaging. We can then express the

above as
dLi

dt
=
G

2
εijk
( 8

15
<

...
QkrQ̈jr > −

1

5
<

...
QkjQ̈rr >

)
=

4G

15
εijk <

...
QjrQ̈kr > .

(2.95)

Where we have used the symmetry of Qkj in the k and j indices to cancel out with

εijk .

The spin contribution is straightforward

dSi

dt
=

1

32πG
εijk
∫
dΩ|~x|2

〈
2[ḣTT

lj ]Lead[h
TT
lk ]Lead

〉
= Gεijk <

...
QrsQ̈pq >

∫
dΩ

4π
Λlj,rsΛlk,pq.

(2.96)
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Upon expanding the first Λ traceless projector in terms of P ’s, we make use of the

identity PlrΛlk,pq = Λrk,pq. Reminding ourselves that due to the symmetric nature of

the Λ traceless projector in the first two and last two indicese, we have εijkΛjk,pq = 0.

Making use of these, we can express our spin contribution as

dSi

dt
= Gεijk <

...
QrsQ̈pq >

∫
dΩ

4π

(
PlrPjs −

1

2
PljPrs

)
Λlk,pq

= Gεijk <
...
QrsQ̈pq >

∫
dΩ

4π

(
PjsΛrk,pq −

��
��

��*1

2
PrsΛjk,pq

)
.

(2.97)

After expanding both Pjs and Λrk,pq in terms of n’s, we carry out the operations

similarly to the orbital angular momentum contribution, we end up with

dSi

dt
=

2G

15
εijk <

...
QjrQ̈kr > . (2.98)

Yielding a total angular momentum total derivative of

dJ i

dt
=
dLi

dt
+
dSi

dt
=

2G

5
εijk <

...
QjrQ̈kr > . (2.99)

2.9 Examplification of an oscillatory newtonian system

We will now compute the gravitational radiation of a single mass in circular orbit

using what we have learned so far. As we have not yet introduced the reader to what

effects on the background a self-gravitating object has, we ignore the non-linearities

of the theory for now, and simply focus on the quadrupole radiation emitted on a

flat background. Let’s start by defining our problem; a mass µ is rotating around the

origin, such that its coordinates are given as

xp1(t) = R cos(ωst),

xp2(t) = R sin(ωst),

xp3(t) = 0.

(2.100)

This might be understood as a two body binary with reduced mass µ = m1m2

m1+m2
obey-

ing Newtonian gravity, or simply as a particle of mass µ rotating inside a star, forced

to move at some radius R. The latter case is instructive, as it will give us some in-

sight as to what sort of a radiation one might expect in the case of a star (even though

the theory is non-linear, and the amplitudes of the different modes cannot simply be

added up to the whole star’s contribution, it gives us good insight as to what frequency

38



modes are at play.)

We first find the Mass Quadrupole moment of the system

Mij =

∫
d3~x T 00(t, ~x)xixj

= µxpix
p
j .

(2.101)

Where we have used the stress energy tensor derived in Appendix B, using its non-

relativistic (p0 ≈ µ) and flat spacetime (
√
−g = 1) limits.

This eventually leads to the following Mass Quadrupole

Mij = µR2


cos2(ωst) sin(ωst) cos(ωst) 0

sin(ωst) cos(ωst) sin2(ωst) 0

0 0 0


ij

=
1

2
µR2


1 + cos(2ωst) sin(2ωst) 0

sin(2ωst) 1− cos(2ωst) 0

0 0 0


ij

.

(2.102)

As we have calculated previously, the quantity that is of importance to us is the second

time derivative of this figure, which is

M̈ij = −2µω2
sR

2


cos(2ωst) sin(2ωst) 0

sin(2ωst) − cos(2ωst) 0

0 0 0


ij

, (2.103)

One can check that since this is already traceless, Q̈ij = M̈ij .

The Mass Quadrupole term inside the metric perturbation, [hTT
ij (x0, ~x)]Leading, in this

case is then

[hTT
ij (x0, ~x)]Leading = −4G

r
µω2

sR
2


cos(2ωst) sin(2ωst) 0

sin(2ωst) − cos(2ωst) 0

0 0 0


ij

. (2.104)

For an observer far away on the x3 axis. We have bypassed the projector Λ since

our matrix was already Symmetric and Trace-free. We thus end up with the two

polarization amplitudes h+ and h×

h+ = −4G

r
µω2

sR
2 cos(2ωst),

h× = −4G

r
µω2

sR
2 sin(2ωst).

(2.105)
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In order to find the polarization amplitudes for an observer arbitrarely placed far away

from the source (i.e. in order to find the angular dependency of the radiation), one can

first rotate the Mass Quadrupole by Rx2
ikR

x3
jl Qij = Q′kl before equation (2.104). Even

though an angular dependence will appear, the frequency of the radiation remains the

same; the gravitational radiation’s frequency of repetition is two times the frequency

of the source. This knowledge will be useful later on when making our assumptions

when dealing with Post-Newtonian corrections to the source.
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CHAPTER 3

GENERALIZATION TO FIND THE MULTIPOLE EXPANSION UP TO

ARBITRARY ORDER

It is useful to introduce a generalization that allows one to make a multipole expan-

sion to the solution of a sourced wave equation (such as our linearized Einstein field

equation) up to arbitrary order. [8]

Some new notation has to be introduced in this section, such as the multi index nota-

tion (introduced by Blanchet & Damour [9]) which facilitates the index notation of a

tensor with l separate indices into a more compact form

FL ≡ Fi1i2...il . (3.1)

The Symmetric Trace Free (STF) projection of a tensor can also be denoted by brakets

around the projected indices.

K<L> or K̂L Describes the K tensor’s STF components through all of its l indices.

εij<kKL−1>l Describes the STF components along the indices inside the brackets.

3.1 Scalar Fields

Let us first consider a scalar field φ satisfying the relativistic wave equation

�φ(t, ~x) = −4πρ(t, ~x), (3.2)

Where the generally time dependent source ρ(t, ~x) is considered to be localized in

some region (ρ(t, ~x) = 0 when |~x| > d for some finite d).

Then one could start with the ansatz that the general solution can be found through
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some arbitrary function FL(x0 − |~x|)

φ(t, ~x) =
∞∑
l=0

(−1)l

l!
∂L

(FL(t− |~x|)
|~x|

)
. (3.3)

Where a summation between the indices of the partial derivatives ∂L with the indices

of the arbitrary function FL(t− |~x|) is implied.

One way we could check that this does indeed satisfy the wave equation is to check

�
(FL(t− |~x|)

|~x|

)
= − 1

|~x|
∂2

∂t2
FL(t− |~x|) +∇2FL(t− |~x|)

|~x|

= − 1

|~x|
∂2

∂r2
FL(t− |~x|) +

1

|~x|2
∂

∂r

(
r2 ∂

∂r

FL(t− |~x|)
|~x|

)
− L2

|~x|2
FL(t− |~x|)
|~x|

= 0.

(3.4)

Another way we can rewrite the general solution is by using the Green’s function

method, which in the case of a radiation problem, corresponds to the retarded Green’s

function

φ(t, ~x) =

∫
d3~y

1

|~x− ~y|
ρ(t− |~x− ~y|, ~y) (3.5)

The explicit calculation is done in Blanchet & Damour 1986, Appendix B, and the

function FL(t− |~x|) satisfying the equality of both these solution is

FL(u) =

∫
d3~y y<L>

∫ 1

−1

dzδl(z)ρ(u+z|~y|, ~y) Where u ≡ t−|~x| from now onwards,

(3.6)

Where the function δl(z) defined as

δl(z) =
(2l + 1)!!

2l+1l!
(1− z2)l, (3.7)

also satisfies the following properties∫ 1

−1

dzδl(z) = 1,

lim
l−>∞

δl(z) = δ(z).

(3.8)

3.2 Vector Fields

Before making our way to rank two tensors satisfying the wave equation, let’s first

investigate an Electromagnetic vector fieldAµ in the Lorentz gauge (∂µAµ = 0). This
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field is known to satisfy

�Aµ(t, ~x) = −4πJµ(t, ~x). (3.9)

Where the vector source is defined as Jµ(t, ~x) = (ρ(t, ~x), ~J(t, ~x)), which is taken to

be time dependent but localized (in the same manner the source of our scalar field

was). Then each component of Aµ can be written out as scalar quantities obeying the

scalar wave equation

�A0(t, ~x) = −4πρ(t, ~x),

�Ai(t, ~x) = −4πJ i(t, ~x).
(3.10)

Which, as we demonstrated for the scalar case, have as general solution

A0(t, ~x) =
∞∑
l=0

(−1)l

l!
∂L

(FL(u)

|~x|

)
,

Ai(t, ~x) =
∞∑
l=0

(−1)l

l!
∂L

(GiL(u)

|~x|

)
.

(3.11)

Where the functions FL(u) and GiL(u) can be found through the expression of the

solution in terms of Retarded Green’s function, as was done previously.

FL(u) =

∫
d3~y y<L>

∫ 1

−1

dz δl(z)ρ(u+ z|~y|, ~y),

GiL(u) =

∫
d3~y y<L>

∫ 1

−1

dz δl(z)Ji(u+ z|~y|, ~y).

(3.12)

Where δl(z) has the same definition as in the scalar case.

We also note here thatGiL is STF in theL indices, but it isn’t symmetric nor trace-free

between i and any of the L indices, and is thus further reducible into its irreducible

represensentation of the SO(3) rotation group using the newly defined irreducible

tensors

UL+1 = G<L+1>,

CL = Gab<L−1εil>ab,

DL−1 = GaaL−1.

(3.13)

When decomposed, GiL becomes

GiL = UiL +
l

l + 1
εia<ilCL−1>a +

2l − 1

2l + 1
δi<ilDL−1>, (3.14)
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Then Ai becomes the sum of all of these STF components, among which the term

containing the tensor D can be gauged away (Aµ → Aµ − ∂µθ all the while keeping

the Lorentz gauge through �θ = 0).

The components of our vector field solution Aµ thus become

A0(t, ~x) =
∞∑
l=0

(−1)l

l!
∂L

(QL(u)

|~x|

)
,

Ai(t, ~x) = −
∞∑
l=1

(−1)l

l!
∂L−1

(Q(1)
iL−1(u)

|~x|
+

l

l + 1
εiab∂aL−1

(MbL−1(u)

|~x|
))
.

(3.15)

Where Q(1)
iL−1(u) ≡ d

du
QiL−1(u), and the new tensors’ expressions in terms of he

source vector is

QL(u) =

∫
d3~y

∫ 1

−1

dz
[
δl(z)ρ(u+ z|~y|, ~y)

− 2l + 1

(l + 1)(2l + 3)
δl+1(z)y<iL>J

(1)
i (u+ z|~y|, ~y)

]
ML(u) =

∫
d3~y

∫ 1

−1

dzδl(z)ŷ<L−1mil>(u+ z|~y|, ~y)

(3.16)

Where mi = εijkyjJk is the magnetization density of the source. We have thus shown

that the Electrimagnetic Vector potential can be expressed in terms of a sum of STF,

time dependent multipole moments, notably the Electric moments QL(u) and the

Magnetic moments ML(u)

3.3 Tensor Fields of rank 2

Consider the linearized gravitational field hµν in the Lorentz gauge ∂µh
µν

= 0. As

we’ve previously seen in detail, this weak field limit of our gravitational theory obeys

a wave equation of the form

�h
µν

(t, ~x) = −16πGT µν(t, ~x). (3.17)

As we did for the vector potential case, we can write out three separate equation which

behave similarly to the scalar case [10]

�h
00

(t, ~x) = −16πGT 00(t, ~x),

�h
0i

(t, ~x) = −16πGT 0i(t, ~x),

�h
ij

(t, ~x) = −16πGT ij(t, ~x).

(3.18)
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The computation can be followed through Damour & Iyer (1991) [9], where the

solutions can be expressed as

h
00

= 4G
∞∑
l=0

(−1)l

l!
∂L

(ML(u)

r

)
,

h
0i

= −4G
∞∑
l=1

(−1)l

l!
∂L−1

(M (1)
iL−1(u)

r
+

l

l + 1
εiab∂a

(SbL−1(u)

r

))
,

h
ij

= 4G
∞∑
l=2

(−1)l

l!
∂L−2

(M (2)
ijL−2(u)

r
+

2l

l + 1
∂a
(εab(iS(1)

j)bL−2(u)

r

))
.

(3.19)

Where we have defined two new STF tensors, ML and SL, as follows

ML(u) =

∫
d3~y

∫ 1

−1

dz
(
δl(z)x̂Lσ −

4(2l + 1)δl+1(z)

(l + 1)(2l + 3)
x̂iLσ

(1)
i ,

+
2(2l + 1)δl+2(z)

(l + 1)(l + 2)(2l + 5)
x̂ijLσ

(2)
ij

)
(u+ z|~y|, ~y),

SL(u) =

∫
d3~y

∫ 1

−1

dzεab<il

(
δl(z)x̂L−1>aσb

− (2l + 1)δl+1(z)

(l + 2)(2l + 3)
x̂L−1>acσ

(1)
bc

)
(u+ z|~y|, ~y),

(3.20)

Where σ, σi and σij are expressed in terms of stress-energy tensor as

σ = T 00 + T ii,

σi = T 0i,

σij = T ij.

(3.21)
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CHAPTER 4

MULTIPOLAR POST-MINKOWSKIAN SOLUTION OUTSIDE A

POST-NEWTONIAN SOURCE

4.1 PN Expansion of the Einstein field equations

For this section of the chapter, we shall follow the methods employed in Weinberg

(Chapter 9) [11] to argue the validity of the post-Newtonian approach.

We first begin by arguing that the velocities inside the source are such that ε = v
c
� 1.

If we neglect the radiation emission, we can safely assume that a system subject to

conservative forces will be invariant under time reversal. Since the velocity itself is

odd under such a transformation, while g00 and gij are even and g0i is odd. This

implies that there is such a coordinate for which, under time reversal, the metric

components of the system can be expanded into the velocities of the system involved

as

g00 = −1 +(2) g00 +(4) g00 + . . . ,

g0i =(3) g0i +(5) g0i + . . . ,

gij = δij +(2) gij +(4) gij + . . . ,

(4.1)

Where (n)gµν denotes terms of order εn inside gµν . The inverse metric reads similarly

g00 = −1 +(2) g00 +(4) g00 + . . . ,

g0i =(3) g0i +(5) g0i + . . . ,

gij = δij +(2) gij +(4) gij + . . . .

(4.2)

One thus finds, through the contraction of two metric tensors gµαgαν = δ νµ , that the

leading corrections to the metric and the inverse metric are connected through the
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following relations
(2)g00 = −(2)g00,

(3)g0i =(3) g0i,

(2)gij = −(2)gij.

(4.3)

The scales of distances and of times inside our system are of order a and a
v
, respec-

tively. We can thus give an order of magnitude estimate to the following derivatives

when they act on objects of our system
∂

∂xi
= O(

1

a
),

∂

∂t
= O(

v

a
).

(4.4)

Using this, coupled with (4.1) , (4.2) and (4.3), we find that the connections’ expan-

sions goes as

Γµαβ =(2) Γµαβ +(4) Γµαβ + . . . For Γi00,Γ
i
jk and Γ0

i0,

Γµαβ =(3) Γµαβ +(5) Γµαβ + . . . For Γij0,Γ
0
00 and Γ0

ij,
(4.5)

While the lowest order corrections to the Riemann tensor can be found to be

R00 =
(2)Γi00

∂xi
+

(3)Γii0
∂t

−
(4)Γi00

∂xi
+(2) Γ0

i0
(2)Γi00 −(2) Γi00

(2)Γjij + . . . ,

Ri0 =
(2)Γjij
∂t

+
(3)Γji0
∂xj

+ . . . ,

Rij =
(2)Γ0

i0

∂xj
+

(2)Γkik
∂xj

−
(2)Γkij
∂xk

+ . . . ,

(4.6)

Which, when simplified to their metric components and expressed in harmonic coor-

dinates gµνΓαµν = 0, yields the following expressions

R00 =
1

2
∇2 (2)g00 +

1

2
∇2 (4)g00 −

1

2

∂2 (2)g00

∂t2

− 1

2
(2)gij

∂2 (2)g00

∂xi∂xj
+

1

2

(
∇2 (2)g00

)2
+ . . . ,

Ri0 =
1

2
∇2 (3)gi0 + . . . ,

Rij =
1

2
∇2 (2)gij + . . . ,

(4.7)

Where the∇2 are Laplacian operators.

The matter stress energy tensor can be expanded in a similar fashion

T 00 =(0) T 00 +(2) T 00 + . . . ,

T 0i =(1) T 0i +(3) T 0i + . . . ,

T ij =(2) T ij +(4) T ij + . . . .

(4.8)
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In order to facilitate the task ahead, let us simplify our task by using the Einstein field

equations cast into the following form

Rµν =
8πG

c4

(
Tµν −

1

2
gµνT

)
. (4.9)

Which, after plugging in the expansions we’ve mentionned above, gives us an equa-

tion for each order in the expansion. The first few orders equations are given as

∇2 (2)g00 =
8πG

c4

(0)

T 00,

∇2 (2)gij =
8πG

c4
δij

(0)T 00,

∇2 (3)g0i = −16πG

c4

(0)

T 0i,

∇2 (4)g00 =
(∂ (2)g00

∂xi

)(∂ (2)g00

∂xi

)
− 1

c2

∂2 (2)g00

∂t2
−(2) gij

∂2 (2)g00

∂xi∂xj
,

+
8πG

c4

(
(2)T 00 + (2)T 00 − 2 (2)g00

(0)T 00
)
.

(4.10)

The first equation is at Newtonian order (0PN), and admits as a solution

(2)g00 = −2φ(t, ~x) With φ(t, ~x) =
G

c4

∫
d3~x′

(0)T 00(t,~x′)

|~x− ~x′|
. (4.11)

From which one can notice the similarity with the weak field metric we’ve postulated

in Chapter 1.

The next three equations in (4.10) are said to be of (1PN) order. Solving for (2)gij and
(3)g0ifirst

(2)gij = −2δijφ(t, ~x) With φ(t, ~x) =
G

c4

∫
d3~x′

(0)T 00(t,~x′)

|~x− ~x′|
,

(3)gij = ζ(t, ~x) With ζ(t, ~x) =
4G

c4

∫
d3~x′

(1)T 0i(t,~x′)

|~x− ~x′|
.

(4.12)

For the solution of (4)g00, we make use of the vector calculus identity ∂iφ∂iφ =

1
2
∇2φ2 − φ∇2φ, and take the solution ansatz

(4)g00 = −2
(
φ2(t, ~x) + ϕ(t, ~x)

)
. (4.13)

We then find that the postulated ϕ(t, ~x) function satisfies the following equation

∇2ϕ = ∂2
0φ+

4πG

c4

[(2)

T 00 +(2) T ii
]
. (4.14)

Requiring the field vanishes at infinities, we have the following solution

ϕ(t, ~x) = −
∫
d3~x′

∂2
0φ+ 4πG

c4

[(2)

T 00 +(2) T ii
]

|~x− ~x′|
. (4.15)
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It is more convenient to work with the quantity V = c2(φ+ ϕ), since under this field

and up to this order, we might write the g00 part of the metric as follows [8]

g00 = −1 +
2

c2
V − 2

c4
V 2 +O(

1

c6
), (4.16)

Where upon the inspection of our metric equations (4.10), one also notes that this

new field V (t, ~x) satisfies the following equation (Up to 1 PN order)

�V = −4πGσ. (4.17)

Where we have defined σ = 1
c2

Tr
[
T µν
]
.

Since the retardation effects were negligible up to 1PN order, we can express the

solution in terms of the retarded integral

V (t, ~x) = G

∫
d3~x′

σ(t− |~x− ~x′|/c, ~x′)
|~x− ~x′|

. (4.18)

The same treatment can be applied to the ζi field, where find a new field Vi, and upon

defining σi = 1
c
T 0i, one finds that

�Vi = −4πGσi. (4.19)

Which then implies

Vi(t, ~x) = G

∫
d3~x′

σi(t− |~x− ~x′|/c, ~x′)
|~x− ~x′|

. (4.20)

Which is the same as our ζi field up to 1PN order, so we can merely replace it with

this new vector field.

So finally, our metric in terms of these scalar V and vector Vi potentials becomes

g00 = −1 +
2

c2
V − 2

c4
V 2 +O(

1

c6
),

g0i = − 4

c3
Vi +O(

1

c5
),

gij = δij
(
1 +

1

c2
V
)

+O(
1

c4
).

(4.21)

4.2 Relaxed Einstein Equations

We have studied the general behaviour of the linearized theory on a flat background

in Chapter 2 of this thesis. We will now generalize the method by first deriving the
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relaxed Einstein field equations by following the methodology of Landau Lifshitz

1994 [12].

We first notice how the Einstein equations inherits a property from the second bianchi

identity,

Rµναβ;σ +Rµνσα;β +Rµνβσ;α = 0,

Rαβ
αβ;σ +Rαβ

σα;β +Rαβ
βσ;α = 0, ← ×gµαgνβ

R;σ −Rβ
σ;β −R

α
σ;α = 0,

Rα
σ;α −

1

2
R;σ = 0,

Rα
σ;α −

1

2
gασR;α = 0,(

Rα
σ −

1

2
gασR

)
;α

= 0,

Gα
σ;α = 0,

(4.22)

Which encodes the information that the stress energy tensor T µν is covariantly con-

served (T µν;µ). Playing around with the expression, we have

T µν;µ = 0,

∂µT
µ
ν + ΓµµαT

α
ν − ΓαµνT

µ
α = 0,

∂µT
µ
ν +

1

2
gµβ
(
gβµ,α + gβα,µ − gµα,β

)
Tαν

−1

2
gαβ
(
gβµ,ν + gβν,µ − gµν,β

)
T µα = 0,

∂µT
µ
ν +

1

2
gµβ
(
gβµ,α +����:

igµα,β −����: igµα,β
)
Tαν

−1

2

(
gβµ,ν +���:

iigµν,β −���: iigµν,β
)
T µβ = 0,

(4.23)

Where on the last line, the symmetry of gµβ and T µβ in their indices were used to

change the dummy indices inside the parenthesis. We’ve derived in Appendix C that

gµνgµν,σ = 2∂σ
√
−g√
−g , using this, we can simplify the above even further

T µν;µ = ∂µT
µ
ν +

∂µ
√
−g√
−g

T µν −
1

2
gαµ,νT

αµ = 0,

1√
−g

∂µ
(√
−gT µν

)
− 1

2
gαµ,νT

αµ = 0.

(4.24)

Let’s consider a special coordinate frame (∂αgµν = 0 is satisfied but gµν = 0 isn’t

necessarily true), the above relation then becomes

T µν,µ = 0. (4.25)
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Where we have also used the fact that in these coordinate systems, we have ∂µ
√
−g =

0.

Or in the totally contravariant form

T µν,µ = 0. (4.26)

We can then define T µν through a new quantity ηµνα

T µν = ηµνα,α. (4.27)

We can assess an anti-symmetry to this new tensor

T µν,µ = ηµνα,αµ = 0→ ηµνα = −ηανµ or since T µν is symmetric ηνµα = −ηναµ.
(4.28)

We can put the stress energy tensor in this form by using the Einstein equation, but

first, I want to prove an identity relating the fully covariant Riemann tensor to the

metric.

For a general coordinate frame, we have the following indentity (we introduce the

Christoffel’s symbol of the first kind Γµνα = gµσΓσνα)

Rµναβ = gµλR
λ
ναβ = gµλ

(
Γλβν,α − ∂βΓλαν + ΓλασΓσβν − ΓλβσΓσαν

)
= gµλ

(
(gλσΓσβν),α − (gλσΓσαν),β

)
+ gσλ

(
ΓµασΓλβν − ΓµβσΓλαν

)
= gµλg

λσ
,αΓσβν + δ σµ Γσβν,α − gµλgλσ,βΓσαν

− δ σµ Γσαν,β + gσλ
(
ΓµασΓλβν − ΓµβσΓλαν

)
= Γµβν,α − Γµαν,β +

��
��*

0
(δ σµ ),αΓσβν − gµλ,αgλσΓσβν

−
�
��
�*0

(δ σµ )βΓσαν + gµλ,βg
λσΓσαν + gσλ

(
ΓµασΓλβν − ΓµβσΓλαν

)
= Γµβν,α − Γµαν,β + gσλ

(
Γλβν (Γµασ − gµσ,α)︸ ︷︷ ︸

=−Γσαµ

−Γλαν (Γµβσ − gµσ,β)︸ ︷︷ ︸
=−Γσβµ

)
= Γµβν,α − Γµαν,β + gσλ

(
ΓλανΓσβµ − ΓλβνΓσαµ

)
= Γµβν,α − Γµαν,β + gσλ

(
ΓλανΓ

σ
βµ − ΓλβνΓ

σ
αµ

)
=

1

2

(
gβµ,να +���

�: igνµ,βα − gβν,µα − gαµ,νβ −����: igνµ,αβ + gαν,µβ
)

+ gσλ
(
ΓλανΓ

σ
βµ − ΓλβνΓ

σ
αµ

)
=

1

2

(
gβµ,να + gαν,µβ − gβν,µα − gαµ,νβ

)
+ gσλ

(
ΓλανΓ

σ
βµ − ΓλβνΓ

σ
αµ

)
.

(4.29)
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Returning to our problem in the specially picked coordinate system, we know that we

can write the Einstein equation as

T µν =
1

8πG

(
Rµν − 1

2
gµνR

)
. (4.30)

into which one can plug in the values ofRµν andR from the equality we’ve just found

in (4.29). We have to note that both Γµνα and Γµνα are vanishing in this frame

T µν =
1

16πG
∂α

( 1

(−g)
∂β
(
(−g)(gµνgαβ − gµαgνβ)

))
. (4.31)

In this frame we can simply take the 1
(−g) out of the derivative to get

(−g)T µν =
1

16πG
χµναβ,αβ. (4.32)

Where χµναβ =
(
(−g)(gµνgαβ − gµαgνβ)

)
.

Let’s say that in a general frame, this equation is balanced out by some quantity tµν

defined such that, in such a general frame

τµν = gT µν +
1

16πG
χµναβ,αβ. (4.33)

From which the symmetry of τµν is apparent due to the symmetries of the quantities

T µν and χµναβ,αβ in their µ and ν indices. Please remark that we have made no

assumption indicating this might be a tensor.

Using the Einstein field equations, and defining a new variable hµν = gµν−ηµν , where

gµν =
√
−ggµν and ηµν is the inverse flat minkowski metric, we can express the new

quantity which we rename for simplicity χµναβ,αβ = Λµν in harmonic coordinates

(∂αhαβ = 0) as [13]

Λµν = −hαβ∂α∂βhµν + ∂αh
µβ∂βh

να +
1

2
gµνgαβ∂σh

αλ∂λh
βσ

− gµαgβσ∂λhνσ∂αhβλ − gναgβσ∂λhµσ∂αhβλ + gαβg
σλ∂σh

µα∂σh
νβ

+
1

8

(
2gµαgνβ − gµνgαβ

)(
2gσκgδγ − gδκgσγ

)
∂αh

σγ∂βh
κδ.

(4.34)

Having defined this new quantity, our Einstein field equation can now me recast into

the following form (again, using harmonic or de Donder gauge)

�hµν = 16πGτµν(h). (4.35)

We know that the metric tensor is highly non-linear in the newly defined dynamical

variable hµν , this means that Λµν also inherits such a non-linearity. Expressing Λµν
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in powers of hµν , while noting that we do not have terms of the first order due to how

we’ve defined the quantity, we express

Λµν = Nµν [h, h] +Mµν [h, h, h] +O(h4). (4.36)

Where Nµν [h, h] and Mµν [h, h, h] represents all of the terms that are quadratic and

cubic in h, respectively. One can find [14] their full expressions as

Nµν = −hαβ∂α∂βhµν +
1

2
∂µhαβ∂

νhαβ −
1

4
∂µh∂νh

+ ∂αh
µβ(∂αhνβ + ∂βh

να)− 2∂(µhαβ∂
νhν)β

+ ηµν
[
− 1

4
∂αhβσ∂

αhβσ +
1

8
∂αh∂

αh +
1

2
∂αhβσ∂

βhασ
]
,

Mµν = −hαβ
(
∂µhασ∂

νhσβ + ∂σh
µ
α∂

σhνβ − ∂αhµσ∂βhνσ
)

+ hµν
[
− 1

4
∂αhβσ∂

αhβσ +
1

8
∂αh∂

αh +
1

2
∂αhβσ∂

βhασ
]

+
1

2
hαβ∂(µhαβ∂

ν)h

+ 2hαβ∂σh
(µ
α ∂ν)hσβ + hα(µ

[
∂ν)hβσ∂αh

βσ − 2∂βh
ν)
σ∂αh

βσ − 1

2
∂ν)h∂αh

]
ηµν
[1

8
hαβ∂αh∂βh−

1

4
hαβ∂σhαβ∂

σh

− 1

4
hαβ∂αhσλ∂βh

σλ − 1

2
hαβ∂σhαλ∂

λhσβ +
1

2
hαβ∂σh

λ
α∂

σhβλ

]
.

(4.37)

4.3 Iterative multipolar post-Minkowskian solution

In this section, we shall iteratively and approximately solve the field equation (4.35)

with the gauge condition ∂αhαβ = 0. Before doing so, I’d like to specify the assump-

tions under which we undertake such an action:

1. The matter Stress Energy tensor T µν is localized at some point in space (it is

also said that T µν has spatially compact support). This means that there exists

some a for which all points satisfying a < |~x| also satisfy T µν(t, ~x) = 0.

2. The gravitational source term Λµν is divergence free outside the source. This

means that ∂µΛµν = 0 when a < |~x|

3. The matter distribution inside the source is spatially smooth : T µν ∈ C∞(R3).

This also implies this approach does not include black holes, but merely non-

singular objects.

54



4. The matter source can be expanded in post-Newtonian formalism, meaning that

a small parameter ε = max
{∣∣ T 0i

T 00

∣∣, | T ij
T 00 |
}
� 1 must exist.

5. The gravitational field is required to be time independent before some finite

distant time −T . This condition naturally brings the no-incoming radiation

condition.

The metric outside the source, in the external domain where d < r < ∞ can be

expanded into its post-Minkowskian form. For our weakly self-gravitating object

where Rs/d � 1, we can expand the variable hµν as an expansion in Rs/r. Since

Rs = 2Gm is proportional to G, we can express this epansion as powers of this

constant

√
−ggµν = ηµν +Ghµν1 +G2hµν2 + . . . ,

hµν =
∞∑
n=1

Gnhµνn .
(4.38)

We plug this into our relaxed Einstein equation, while noting that outside the source,

T µν = 0. Equating terms in the same order of G yields

�hµν = Λµν ,

�hµνn = Λµν
n ,

(4.39)

Where Λµν
n denotes all the terms inside Λµν having Gn as its coefficient, writing them

out explicitly

�hµν1 = 0,

�hµν2 = Nµν [h1, h1],

�hµν3 = Mµν [h1, h1, h1] +Nµν [h1, h2] +Nµν [h2, h1].

· · ·

(4.40)

While the gauge condition reads

∂µh
µν
n = 0, (4.41)

Where one can solve these equations iteratively, starting from the first equation, solv-

ing for h1, then plugging that answer into the next set of equations and solving it for

higher orders.
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To this end, one can find the general solution of the first equation in terms of retarded

multipolar waves,

hµν1 =
∞∑
l=0

∂L

[1

r
Kµν
L (t− r)

]
, (4.42)

Which does, in fact, solve �hµν1 = 0. But if we also want to use the ∂µhµν = 0

gauge condition, then this solution isn’t fit to be used. Instead, we can use the gauge

freedom to also satisfy the gauge condition [10, 15]

hµν1 = kµν1 + ∂µϕν1 + ∂νϕµ1 − ηµν∂αϕα1 . (4.43)

Where kµν1 is defined as

k00
1 = −4

∞∑
l=0

(−1)l

l!
∂L

[1

r
IL(t− r)

]
,

k0i
1 = 4

∞∑
l=1

(−1)l

l!

[
∂L−1

(1

r
I

(1)
iL−1(t− r)

)
+

l

l + 1
εiab∂aL−1

(1

r
JbL−1(t− r)

)]
,

kij1 = −4
∞∑
l=2

(−1)l

l!

[
∂L−2

(1

r
I

(2)
ijL−2(t− r)

)
+

2l

l + 1
∂aL−2

(1

r
εab(iJ

(1)
j)bL−2(t− r)

)]
.

(4.44)

Where the functions IL(t − r) and JL(t − r) are time dependent functions of the

retarded time, except for I , Ii and Ji which are proportional to the mass, the center-of-

mass position and the angular momentum of the system, respectively. These functions

encode the physical properties of the source.

The gauge vector ϕµ1 is itself defined as

ϕ0
1 = 4

∞∑
l=0

(−1)l

l!
∂L

[1

r
WL(t− r)

]
,

ϕi1 = −4
∞∑
l=0

(−1)l

l!
∂iL

[1

r
XL(t− r)

]
− 4

∞∑
l=1

(−1)l

l!

[
∂L−1

(1

r
YiL−1(t− r)

)
+

l

l + 1
εiab∂aL−1

(1

r
ZbL−1(t− r)

)]
.

(4.45)

One thing to specify here is that the set of moments (IL, JL,WL, XL, YL, ZL) describ-

ing a certain source are not equivalent to the one described by the set (IL, JL, 0, 0, 0, 0).

What is meant by this is that we cannot simply equate the gauge moments (WL, XL, YL, ZL)

to zero and hope it describes the same system. But rather, another set of moments, say
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(ML, PL, 0, 0, 0, 0), that differ from the initial moments IL and JL by some non-linear

corrections is in fact isometric to our first choice of moments describing the system.

The reason why we do not simply give the new ML and PL (called the cannonical

moments) is that they do not immediatly have a closed form [13] such as the ones we

have presented in (4.44) and (4.45).

The iteration can be made from the above first order solution hµν1 to the desired order

of the post-Minkowskian expansion. The method, a priori, seems straightforward;

�hµνn = Λµν
n ,

hµνn = �−1
ret

[
Λµν
n

]
.

(4.46)

But one notices that in the right hand side of the last equation above, the retarded

integral has an integrand which is the product of a multitude of multipoles, meaning

its poles are no longer simple. This means that the integral itself will become singular

thus breaking this approach. One way to get over this is to regularize the source term

Λµν by multiplying it with some factor rB, where B ∈ C . We thus define a new

function with argument B as

Iµν(B) ≡ �−1
ret

[
r̃BΛµν

n

]
. (4.47)

We have also defined r̃ ≡ r
r0

, where r0 is some constant. Normally, this integral is

only defined when the real part of B is larger than some minimal value. This is due

to the fact that R(B) is what regularizes the divergent terms inside the source term

Λµν . So although the domain of B is limited by this requisite, it also admits a unique

analytical continuation into the entirety of the complex plane [6, 14] (although some

integers should still be exempt). Knowing this, we write the Laurent expansion of

Iµν(B) around B = 0 as

Iµν(B) =
∞∑
p=p0

Iµνp B
p. (4.48)

The order of the poles, p0, depend on which source term we are refering to (or in

other words, it depends on n). Applying the d’Alembertian operator to both sides

�Iµν(B) =
∞∑
p=p0

Bp�Iµνp ,

eln rBΛµν
n =

∞∑
p=p0

Bp�Iµνp ,

∞∑
p=0

Bp ln rp

p!
Λµν
n =

∞∑
p=p0

Bp�Iµνp .

(4.49)
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After equating the powers of B among themselves, we get

�Iµνp = 0 For p0 ≤ p < −1,

�Iµνp =
ln rp

p!
Λµν
n For p ≥ 0.

(4.50)

This demonstrates that the finite part coefficient Iµν0 is in fact a solution to the desired

equation �Iµν0 = Λµν
n . Let us rename this solution to uµνn ≡ Iµν0 , in other words

uµνn = FPB=0�
−1
ret

[
r̃BΛµν

n

]
. (4.51)

Where FPB=0 indicates the process of finding the finite part coefficient as we did

above. This solution does however not satisfy the harmonic gauge condition ∂µhµνn =

0. Instead, the solution’s divergence reads

wνn = ∂µu
µν
n = FPB=0�

−1
ret

[
Br̃B

ni
r

Λνi
n

]
. (4.52)

Where we have used the fact that the source term is divergence free ∂µΛµν
n = 0.

The above expression for wνn is only zero for the special case in which the retarded

integral has no simple pole atB → 0. Due to how we’ve defined this function, it must

satisfy the homogeneous solution of the source-free d’Alembertian equation. We can

thus express wνn’s solutions in terms of four STF-tensorial functions of the retarded

time u = t− r/c (call them NL(u), PL(u), QL(u) and RL(u))

w0
n =

∞∑
l=0

∂L
[NL(u)

r

]
,

win =
∞∑
l=0

∂iL
[PL(u)

r

]
+
∞∑
l=1

(
∂L−1

[QiL−1(u)

r

]
+ εiab∂aL−1

[RbL−1(u)

r

])
.

(4.53)

The trick now is to find another function vµνn which inherits the property of wνn -which

is that it is also a solution to the homogeneous d’Alembertian-, and whose divergence

is exactly the negative of wνn, meaning ∂µvµν = −wνn. Such a function is not unique

[16], so we chose a relatively simple form which satisfies these prerequisites

v00
n = −N

(−1)

r
+ ∂a

[1
r

(−N (−1)
a +Q(−2) − 3Pa)

]
,

v0i
n =

1

r
(−Q(−1)

i + 3P
(1)
i )− εiab∂a

[R(−1)
b

r

]
−
∞∑
l=2

∂L−1

[NiL−1

r

]
,

vijn = −δij
P

r
+
∞∑
l=2

{
2δij∂L−1

[PL−1

r

]
− 6∂L−2(i

[Pj)L−2

r

]
+ ∂L−2

[1
r

(N
(1)
ijL−2 + 3P

(2)
ijL−2 −QijL−2)

]
− 2∂aL−2

[1
r
εab(iRj)bL−2

]}
.

(4.54)
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We have used the notation that the superscripts indicate derivatives when they are

positive N (2) = d2

du2
N(u) and an antiderivative when they are negative N (−1) =∫ u

∞ dvN(v).

We now have a full algorithm in order to find our post-Minkowskian solution up to

an arbitrary order n in the harmonic gauge. The solution for each order goes as

hµνn = uµνn + vµνn . (4.55)

Which can indeed be checked that it satisfies both the sourced d’Alembertian (4.40)

and the gauge condition (4.41).

4.4 PN Expansion in the near region using the hµν field

As we did in the first section of this chapter, we want to expand the hµν field up to its

1PN order. Following a similar treatment to what we previously did, one obtains the

following set of equations [8, 17]

�h00 =
16πG

c4

(
1 +

4V

c2

)
T 00 − 14

c4
∂kV ∂kV +O(

1

c6
),

�h0i =
16πG

c4
T 0i +O(

1

c5
),

�hij =
16πG

c4
T ij +

4

c4

(
∂iV ∂jV −

1

2
δij∂kV ∂kV

)
+O(

1

c4
),

(4.56)

whose solutions can be expressed as

h00 = − 4

c2
V +

4

c4

(
Wkk − 2V 2

)
+O(

1

c6
),

h0i = − 4

c3
Vi +O(

1

c5
),

hij = − 4

c4
Wij +O(

1

c6
),

(4.57)

Where the V and Vi fields are defined as before, and the newly introduced Wij field

is defined as

Wij(t, ~x) = G

∫
d3~x′

1

|~x− ~x′|

[
σij+

1

4πG

(
∂iV ∂jV−

1

2
δij∂kV ∂kV

)]
(t−|~x−~x′|/c, ~x′).

(4.58)

One can use the equations that both V and Vi satisfy -(4.17) and (4.20)- in order to

expand them in terms of their multipoles, as we saw in Chapter 3. Their general
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solution can be expressed as

V (t, ~x) = G

∞∑
l=0

(−1)l

l!
∂L

[FL(u)

r

]
,

V (t, ~x) = G

∞∑
l=0

(−1)l

l!
∂L

[GiL(u)

r

]
.

(4.59)

Where the multipoles FL(u) and GiL(u) satisfy the equations when

FL(u) =

∫
d3~yŷL

∫ 1

−1

dzδl(z)σ(u+ z|~y|/c, ~y),

GiL(u) =

∫
d3~yŷL

∫ 1

−1

dzδl(z)σi(u+ z|~y|/c, ~y).

(4.60)

Up to 1 PN order, these two potentials are enough for our purposes.

4.5 Concerning near and far zone structures of the post-Minkowskian expan-

sion

The general structure of the post-Minkowskian exterior metric in the near zone is of

the following type [6]

hµνn (t, ~x) =
N∑

m=m0

∑
p≤n−1

n̂Lr
m(ln r)p[F µν

L ]m,p,n(t) + o(rN). (4.61)

Where o(rN) is the symbol defined in Landau means that there is a remainder of the

order of rN . [F µν
L ]m,p,n(t) is a collection of multilinear functional depending on the

source multipole moments (IL, JL,WL, XL, YL, ZL). The logarithmic term is trou-

blesome; if we want to reconsile the post-Newtonian expansion -which doesn’t have

such terms- with our post-Minkowskian one, we need to get rid of these inconvi-

nences if we can.

So let us see about the far zone structure of such a solution. The far zone structure at

Minkowskian future null infinity has also been studied [5, 13], and has been found to

be

hµνn (t, ~x) =
N∑
k=1

∑
p≤n−1

n̂L
(ln r)p

rk
[Gµν

L ]m,p,n(t) + o(
1

rN
). (4.62)

The logarithmic terms are still present, but thanks to the work of Bondi, Sachs and

Penrose [18, 19, 20, 21], these logarithms are known to be an artifact of our cho-

sen coordinates (i.e. of our harmonic gauge). As proven in [22], the most general
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post-Minkowskian solution compatible with the no-incoming radiation admits some

radiative coordinates (T, ~X) for which the expansion at future null infinity takes the

form

Hµν
n (T, ~X) =

∑ N̂L

Rk
[Kµν

L ]k,n(U) + o(
1

RN
). (4.63)

Where [Kµν
L ]k,n(U) are multipoles that are functionals of the source multipole mo-

ments, and which takes as argument the retarded time in this coordinate system

U = T − R/c. This new radiative metric Hµν
n (T, ~X) is a coordinate transformed

version of the harmonic gauge metric hµνn , whose first linear term is related via (4.43)

Hµν
1 = hµν1 + ∂µξν1 + ∂νξµ1 − ηµν∂αξα1 . (4.64)

Where the gauge vector ξµ1 is defined as

ξµ1 =
2M

c2
η0µ ln r̃. (4.65)

This gauge transformation makes it so that our new radiative metric’s first termHµν
1 (T, ~X)

no longer satisfies the harmonic gauge.

This new radiative metric corrects the logarithmic deviation of the retarded time in

harmonic coordinates at a linearized level U = u − 2GM
c3 ln r̃

+ O(G2). This condition

need to hold for a linearized metric in order to constitute the linearized approximation

to a full post-Minkowskian radiative field [23].

Getting rid of similar effects for higher orders of post-Minkowskian corrections re-

quires one to define the following gauge tensor [22]

ξµn = FP�(−1)
ret

[ kµ
2r2

∫ u

−∞
dvσn(v, n̂)

]
. (4.66)

After which the nth post-Minkowskian radiative metric is defined by

Hµν
n = Uµν

n + V µν
n + ∂µξνn + ∂νξµn − ηµν∂αξαn . (4.67)

Where Uµν
n and V µν

n are defined analogously to uµνn and vµνn of the harmonic case ;

their sum is divergence free. This, again, breaks the harmonic gauge.

We now have everything to express our gravitational radiation with. These Uµν and

V µν radiative multipoles can be expressed as functionals of ML and PL plus the PN

corrections which we will soon find.
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4.6 Matching of the post-Newtonian regime with the post-Minkowskian one

We have studied the post-Minkowskian expansion outside the source and found their

multipole moments (IL, JL,WL, XL, YL, ZL), or equivalently, (ML, PL) and have

linked them iteratively to any order of the expansion.

On the other hand, we have expressed the post-Newtonian expansion of the source in

the near region in terms of their multipole expansions dependent on the source mat-

ter. We now note that by comparing these two solutions in the overlapping region (the

near zone), we can determine the multipole moments (IL, JL,WL, XL, YL, ZL) of the

post-Minkowskian approach in terms of the multipoles of the PN expansion, which is

to say, in terms of the source matter.

To achieve this, we start by noting that the harmonic metric up to some order n; hµνn ,

has terms of order [8, 13]

h00
n = O(

1

c2n
),

h0i
n = O(

1

c2n+1
),

hijn = O(
1

c2n
),

(4.68)

Which implies that working in a certain order in our PN regime also lets us “cut off”

the post-Minkowskian expansion up to a certain point.

Comparing the multipolar PN expansion with the multipolar post-Minkowskian one,

we can fix the IL, JL (also noting that the gauge vector multipoles only come into

play at above the 1PN approximation) as [8, 15]

IL(u) = FP
∫
d3~x

∫ 1

−1

dz
{
δl(z)x̂LΣ− 4(2l + 1)δl+1(z)

c2(l + 1)(2l + 3)
x̂iLΣ

(1)
i

2(2l + 1)δl+2(z)

c4(l + 1)(l + 2)(2l + 5)
x̂ijLΣ

(2)
ij

}
(u+ z|~x|/c, ~x),

JL(u) = FP
∫
d3~x

∫ 1

−1

dzεab<il

{
δl(z)x̂L−1>aΣb

− (2l + 1)δl+1(z)

c2(l + 1)(2l + 3)
x̂L−1>acΣ

(1)
bc

}
(u+ z|~x|/c, ~x),

(4.69)

Where we have defined Σ = 1
c2

(τ 00 + τ ii), Σi = 1
c
τ 0i and Σij = τ ij . One can note

that despite the non-linearities that we are dealing with, this is the same result as the

one found in Chapter 3, where we have essentially solved the linearized theory with

no regards of non-linearities -with the only difference being the FP treatment-. The
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bar above the τ denotes its PN expansion up to the desired order.

To express our radiative multipolesUL and VL in terms of the newly fleshed out IL and

JL, we first start with our metric (4.43), where we can neglect the gauge vectors (for

the same reasoning that they will have consequences only at higher PN orders). We

then write, retaining only the two lowest order mass multipole contributions (I = M

and Iij ≈Mij until 2.5 PN)

hµν1 = hµν(M) + hµν(Mij)
. (4.70)

Where hµν(M) denotes the contribution to the metric from the monopole and hµν(Mij)
,

where using (4.44) with these yield

h00
(M) = −4M

c2r
,

h0i
(M) = 0,

hij(M) = 0,

h00
(Mab)

= − 2

c2
∂k∂l

[Mkl(u)

r

]
,

h0i
(Mab)

=
2

c3
∂k
[M (1)

ki (u)

r

]
,

hij(Mab)
= − 2

c4

1

r
M

(2)
ij (u),

(4.71)

Which now allows us to calculate the next iteration hµν2 . Since Λµν
2 is quadratic in hµν1 ,

the second order metric will be composed of the squares of the mass monopole and

the square of the mass quadrupole, but it will also have a mixed monopole-quadrupole

term

hµν2 = hµν(M2) + hµν(M×Mij)
+ hµν(Mij×Mkl)

. (4.72)

The source term Λµν
2 = Nµν [h1, h1] can then be written out as a sum of each of the

hµν1

Nµν [h1, h1] = Nµν [h1, h1](M2) +Nµν [h1, h1](M×Mij) +Nµν [h1, h1](Mij×Mkl). (4.73)

Where due to the linearity of our d’Alembertian in �hµν2 = Λµν
2 , we can solve each

contribution to hµν2 . Denoting the (M2) monopole-monopole contribution of the wave

equation to hµν2 as hµν(M2) (and similarly defining them for the other (M ×Mij) and

(Mij ×Mkl)), we calculate the (M2) contribution, as an example [15]

N00[h1, h1](M2) = −14M2

c4r4
. (4.74)

63



Solving for h00
(M2) -which doesn’t require theFP approach since the integral converges-

yields

h00
(M2) = −7M2

c4r2
. (4.75)

A similar approach for the other components gives [8]

h0i
(M2) = 0,

hij(M2) = −ninj
M2

c4r2
.

(4.76)

But we note that since these fields are all proportional to 1
r2

, they do not contribute to

the radiative field.

For our next step, while we try to find the hµν(M×Mij)
contributions, we note that

Nµν [h1, h1](M×Mij) has the following form [15]

Nµν [h1, h1](M×Mij) =
∞∑
k=2

nL
H

(k)
L (u)

rk
. (4.77)

To calculate its contribution to our metric, we need to take the retarded integral of this

term, which is divergent. Alas, when one tries to integrate these terms, the integral

varies for each value of k = 2 and for k ≥ 3. Since in this case, we are interested in

the radiative zone effect, we can disregard terms that diverge faster than 1
r3

, and focus

on the k = 2 case [?, 24]

�−1
ret

[
nL
H(u)

r2

]
= −nL

r

∫ ∞
r

dzQl

(z
r

)
H(t− z/c). (4.78)

Where the Ql(x)’s are Legendre functions of the second kind. The asymtotic be-

haviour of such functions are [8]

Ql(x) = −1

2
ln(

x− 1

2
)− al +O((x− 1) ln(x− 1)). (4.79)

Where al =
∑l

k=1 k
−1. Knowing this, after changing the integration variable to

y = (z − r)/c, we finally get

�−1
ret

[
nL
H(u)

r2

]
= −cnL

2r

∫ ∞
0

dyH(t− r/c− y)
[

ln
(cy

2r
+ 2al

)]
+O(

ln r

r2
). (4.80)

Using the asymptotic expansion, we can now compute the contribution of hµν2 to the

radiation field at infinity.[15] (The Nµν [h1, h1](Mij×Mkl) contribution can be found in

[25])

UL(u) = M
(l)
L (u) +

2GM

c3

∫ ∞
0

dτM
(l+2)
L (u− τ)

[
ln
(cτ

2r
+ κl

)]
+O(

1

c5
), (4.81)
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Where κ = 2l2+5l+4
l(l+1)(l+2)

+
l−2∑
k=1

1
k

To get rid of the logarithmic term, recall our radiative coordinates via the transforma-

tion (4.65). Our radiative moments in radiative coordinates are thus given by

UL(U) = M
(l)
L (u) +

2GM

c3

∫ ∞
0

dτM
(l+2)
L (U − τ)

[
ln
( cτ

2r0

+ κl
)]

+O(
1

c5
). (4.82)

While the current type multipoles VL(U) can be calculated similarly [13]

VL(U) = S
(l)
L (u) +

2GM

c3

∫ ∞
0

dτS
(l+2)
L (U − τ)

[
ln
( cτ

2r0

+ πl
)]

+O(
1

c5
). (4.83)

Where this time, π = l−1
l(l+1)

+
l−1∑
k=1

1
k

Now that we’ve seen the methodology behind

how to find PN corrections to the radiative fields, let us mention the mass octopole

moment Uij up to order 2.5 PN, which illustrates the memory effect of the sources in

the radiation zone. [13]

Uij(U) = M
(2)
ij (U) +

2GM

c3

∫ ∞
0

dτM
(4)
ij (U − τ)

[
ln
( cτ

2r0

+
11

12

)]
− 2G

7c5

∫ ∞
0

dτM
(3)
a<i(U − τ)M

(3)
j>a(U − τ)

− G

c5

[2

7
M

(3)
a<iM

(2)
j>a +

5

7
M

(4)
a<iM

(1)
j>a −

1

3
εab<iM

(4)
j>aSb

]
.

(4.84)
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CHAPTER 5

CONCLUSIONS AND LAST REMARKS

The last result obtained for the mass octopole moment Uij has some classically un-

expected results up to its 2.5 PN order. In Electromagnetism, we’ve known that a

wave traveling at the speed of light, detected at some time t0 is dependent on the in-

stantaneous state of the source at some retarded time u0 = t0 − r/c. This is reflect

in how we calculate the four-vector potential Aµ at some point p through a series of

retarded integrals, which gives us the multipole moments all evaluated at the retarded

time u0. The same cannot be said for the gravitational waves. As we see from the last

expressions, there are contributions on the radiation which depend on the entire past

of the multipoles, rather than just some retarded time U .

The first integral term, for instance is called the hereditary tail integral, it is thought

to be the contribution coming from gravitons scattering off the background curvature

generated by the mass of the source [8]. It comes from the hµν(M×Mij)
contribution in

hµν2 , and due to the logarithmic term inside, the contribution from distant times are

less "weighted".

The second integral in Uij in the last equation is what is called the non-linear mem-

ory term. It comes from the integral part of hµν(Mij×Mkl)
in hµν2 . Christodoulou [26]

first introduced (although, not in this form) the effect by analyzing the asymptotic

behavior of the graviational field at null infinity, which was later attributed by [27]

to the graviton-graviton scattering contribution. This term is especially intruiging,

since unlike the tail hereditary term, which has diminished contributions from the

very distant past of the source (due to its logarithmic integrant piece), this one has

“equally weighed” contribution from from its remote past. This is the memory effect

we wanted to show the derivation methods of during this thesis.

The last (non integral) term is the only correction up to order 2.5 PN which is instan-
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taneously dependent on some retarded time u. It comes from the instantaneous part

of hµν(Mij×Mkl)
in hµν2 .
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Appendix A

TT GAUGE PROJECTOR

We can first begin the derivation of the full form of this TT gauge projection tensor

by the definition of the Transverse projection tensor which simply acts on the spatial

components of a 4-vector.

P i
j = δij − ninj, (A.1)

Which, when hitting a 3-vector vj gives us

P i
jv
j = (δij − ninj)vj

= vi − (n · v)ni

= vi⊥.

(A.2)

Where vi⊥ indicates the component of vi which is transverse to ni. We can now find

the transverse part of hij

h
Tr
ij = P k

iP
l
jhkl. (A.3)

Note that by virtue of the definitions of the quantities, we can check the transverse

nature of this new quantity

∂jh
Tr
ij = ∂jP k

iP
l
jhkl

= njP k
iP

l
jhkl

= P k
i��

���
�:0

(ni − ni)hkl

= 0.

(A.4)

One should note that this form is far from being traceless. We can remedy this by

proposing a projection tensor which also includes a term which gets rid of the traces

of the original tensor. It reads

Λ kl
ij = P k

iP
l
j −

1

2
PijP

kl. (A.5)
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Defining

h
TT
ij = Λ kl

ij hkl, (A.6)

The second term can be seen to be transverse to the propagation direction, so expres-

sion is clearly transverse in i and j. The traceless nature can, again, be verified from

the fact that Λ kl
ij is traceless in the contraction of i and j.
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Appendix B

SOLID ANGLE INTEGRATION OF ARBITRARY UNIT VECTORS

Consider the integral
1

4π

∫
ni1ni2 . . . nikdΩ, (B.1)

where ni is the ith component of some unit vector n̂.

We might note that this integral should be the same under the parity transformation

n̂ → −n̂ due to the nature of the integral being over all solid angles, but then this

implies that for an odd number k, the integral can be written as the negative of itself;

1

4π

∫
ni1ni2 . . . nikdΩ = − 1

4π

∫
ni1ni2 . . . nikdΩ = 0. (B.2)

This implies that the only non-zero case can be for even k’s.

In the even case, we now argue that since this integral will be symmetric over all the

indices’ exchange, it has to be proportional to all the indice combinations of Kro-

necker Deltas δ. As examples that are useful for our purposes, the k = 2, 4 cases

would read
1

4π

∫
ni1ni2dΩ = Aδi1i2 ,

1

4π

∫
ni1ni2ni3ni4dΩ = B

(
δi1i2δi3i4 + δi1i3δi2i4 + δi1i4δi2i3

)
.

(B.3)

Where A and B are constants that can be determined through contraction of all in-

dices. For the k = 2 case, it is straightforward to see that contracting the single δ

yields the number of dimensions over which the indices run (δii = 3 in our case).

Contracting i1 with i2, with the knowledge that |n̂|2 = nini = 1, we obtain

1

4π

∫
dΩ = Aδi1i1 ,

1 = 3A.

1

3
= A.

(B.4)
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Following a similar treatment for k = 4, we contract i1 with i2 and i3 with i4, obtain-

ing

1

4π

∫
dΩ = B

(
δi1i1δi3i3 + δi1i3δi1i3 + δi1i3δi1i3

)
,

1 = B
(
9 + 3 + 3

)
,

1

15
= B.

(B.5)

So our k = 2 and k = 4 integrals becomes

1

4π

∫
ni1ni2dΩ =

1

3
δi1i2 ,

1

4π

∫
ni1ni2ni3ni4dΩ =

1

15

(
δi1i2δi3i4 + δi1i3δi2i4 + δi1i4δi2i3

)
.

(B.6)
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Appendix C

PALATINI FORMALISM AND DERIVATION OF THE VACUUM EINSTEIN

FIELD EQUATION

As we have introduced in the Introduction of this thesis, I shall go over a similar

approach to deriving the Einstein field equations. We shall adopt here the Palatini ap-

proach which, in my opinion, gives a satisfactory reasoning as to why the Levi-Civita

connection has the specific form we’ve touched upon there. This formalism essen-

tially implies treating the metric two form components gµν and the connection Γρµν

as independent dynamical fields which are later related through the variation in those

fields. I shall omit the matter contribution to the lagrangian, since it is essentially the

same one we have found in the first chapter.

LH =
√
−gR, (C.1)

Where R = gµνRµν is the trace of the Ricci tensor Rµν = Rρ
µρν , which is itself the

contraction of the Riemann tensor Rµ
νρσ.

Taking the inverse metric (gµν) and the affine connection Γµνρ as our dynamical fields,

the variation of the action (S) (c=1)

S =
1

16πG

∫
d4x
√
−ggµνRµν(Γ, g

µν). (C.2)

With respect to those fields, individually, will give us the equations gouverning our

calculations.

Remembering our Ricci tensor definitionRµν = Rρ
µρν , we first vary our action across

Γµνρ

δS =
1

16πG

∫
d4x
√
−ggµνδRµν(Γ)

=
1

16πG

∫
d4x
√
−ggµν

(
∂ρδΓ

ρ
µν − ∂νδΓρµρ

+ δΓρρσΓσµν + ΓρρσδΓ
σ
µν − δΓρνσΓσµρ − ΓρνσδΓ

σ
µρ

)
.

(C.3)
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Even though the connection is not a tensor, its variation is. We can thus simplify the

above expression by introducing the covariant derivative as follows

δS =
1

16πG

∫
d4x
√
−ggµν

(
∇ρδΓ

ρ
µν −∇νδΓ

ρ
µρ

)
=

1

16πG

∫
d4x
√
−g
{
∇ρ

(
gµνδΓρµν − gµρδΓσσµ

)
+ δΓσµσ∇ρg

µρ − δΓρµν∇ρg
µν
}
.

(C.4)

Note that the full derivative part of the integrand can be evaluated at the boundaries

through Stokes’ theorem. The variation δΓµνρ, by construction, vanishes at those

boundaries. Those parts will equivalently vanish. Putting the rest of the terms into

order

δS =
1

16πG

∫
d4x
√
−g
(
δνρ∇σg

µσ −∇ρg
µν
)
δΓρµν . (C.5)

We know that in a torsionless geometry, we expect Γρµν = Γρ(µν) to hold. Any anti-

symmetric term in µ↔ ν inside the paranthesis can thus be disregarded, since for an

antisymmetric tensor Aµν = A{µν} contracted with a symmetric tensor Bµν = B(µν),

we have

AµνBµν = −AνµBµν

= −AµνBνµ

= −AµνBµν = 0.

(C.6)

So extracting the symmetric parts of the paranthesis term, the action variation be-

comes

δS =
1

16πG

∫
d4x
√
−g
(1

2

(
δνρ∇σg

µσ + δµρ∇σg
νσ
)
−∇ρg

µν
)
δΓρµν . (C.7)

According to Hamilton’s principle, the variation of the action vanishes throughout the

motion (δS = 0). Inside the hypervolume over which the integration is carried, δΓρµν
is completely arbitrary, thus the only way this principle is obeyed for any variation of

Γρµν is when the integrand equivalently vanished.

1

2

(
δνρ∇σg

µσ + δµρ∇σg
νσ
)
−∇ρg

µν = 0. (C.8)

One solution to this is by simply setting ∇ρg
µν = 0, or ∇ρgµν = 0. A connection

satisfying this relation with the metric is called metric compatible connection.
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For the explicit relation between the metric gµν and the connection Γρµν , we need to

elaborate on the previous results

∇ρgµν = ∂ρgµν − Γσρµgσν − Γσρνgµσ = 0,

∂ρgµν = Γσρµgσν + Γσρνgµσ.
(C.9)

Rewriting this last term with interchanged indices in two other ways

∂µgρν = Γσρµgσν + Γσµνgρσ,

∂νgρµ = Γσνµgσρ + Γσρνgµσ.
(C.10)

And finally substracting the one found above from these two

∂µgρν + ∂νgρµ − ∂ρgµν =���
��: iΓσρµgσν + Γσµνgρσ + Γσνµgσρ

+���
��: iiΓσρνgµσ −�����:

i
Γσρµgσν −�����:

ii
Γσρνgµσ.

(C.11)

Thus we get the relation

Γρµν =
1

2
gρσ
(
∂µgσν + ∂νgσµ − ∂σgµν

)
. (C.12)

Let us now vary with respect to the inverse metric δgµν

δS =
1

16πG

∫
d4x
{
gµνRµν(Γ)δ

√
−g +

√
−gRµν(Γ)δgµν

}
. (C.13)

The variation term δ
√
−g can be found in the Introduction chapter, at equations (1.28)

and (1.29)

δ
√
−g =

1

2

ggµνδg
µν

√
−g

= −1

2

√
−ggµνδgµν .

(C.14)

Finally yielding the action

δS =
1

16πG

∫
d4x
√
−g
{
Rµν(Γ)− 1

2
gρσRρσ(Γ)gµν

}
δgµν . (C.15)

Using Hamilton’s principle once more, we deduce the integrand to be vanishing ev-

erywhere

Rµν −
1

2
Rgµν = 0. (C.16)

This is the vacuum Einstein field equation. In the absence of matter, the metric de-

scribing spacetime in that vacuum should satisfy the relation above.
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