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ABSTRACT

BAYESIAN MODEL POOLING FOR THE ANALYSIS OF GENERALIZED
LINEAR MODELS WITH MISSING-NOT-AT-RANDOM COVARIATES

Ciftci, Sezgin
Ph.D., Department of Statistics
Supervisor: Assoc. Prof. Dr. Zeynep Isil Kalaylioglu

September 2020, pages

Missing data in modeling is one of the main problems of researchers. If the miss-
ingness mechanism is related to the value of the variable itself, then the missing is
defined as not-at-random (MNAR). Additionally, finding the best model in statistics
has always been the focus of researchers. However, it’s known from examples that
there may be any other model with the same best fit but has different estimated co-
efficients. Hence, an uncertainty about model selection that may be problematic in
estimation especially when there is also uncertainty about the accuracy of the estima-
tions caused by MNAR mechanism can cause misleading inferences. In this thesis, a
hybrid Bayesian method is developed for the analysis of a generalized linear model
(GLM) with MNAR covariates. In the analysis of GLM with MNAR covariates, main
response and missingness probabilities of the MNAR covariates are modeled jointly.
In our approach, we create a model space as a set of the best fits among all possi-
ble joint models. This is accomplished by the Reversible Jump Monte Carlo Markov
Chain (RIMCMC) approach that is adopted here. Coefficient estimates are obtained
by pooling the posterior estimations of each model with the posterior model proba-

bilities, which are also calculated within RIMCMC algorithm.



Keywords: Missing-Not-At-Random, Bayesian Approach, Generalized Linear Mod-
els, Reversible Jump Monte Carlo Markov Chain, Bayesian Model Averaging
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0z

RASTGELE OLMAYAN KAYIP VERILI DEGISKENLER ICEREN
GENELLESTIRILMiS DOGRUSAL MODELLERIN ANALIZi iCiN
BAYESIYEN MODEL HAVUZU

Ciftci, Sezgin
Doktora, Istatistik Boliimii

Tez Yoneticisi: Dog¢. Dr. Zeynep Isil Kalaylioglu

Eylil 2020 , sayfa

Kayip veri, modelleme ve istatistiksel analizlerde arastirmacilarin en temel sorunla-
rindan biridir. Kayip veri mekanizmasi degiskenin kendisine bagli ise, rastgele olma-
yan kayiptir (MNAR). Ayrica, istatistikte en iyi modeli bulmak her zaman arastir-
macilarin odak noktasidir. Bununla birlikte, ayni en iyi uyuma sahip ancak katsay1
tahminlerinde farklilik gosteren modellerin olabilecegi literatiirdeki bazi 6rnekler-
den bilinmektedir. Dolayisiyla model secimi konusunda bir belirsizlik vardir ve bu
belirsizlik 6zellikle MNAR mekanizmasinin neden oldugu tahminlerin isabeti ko-
nusundaki belirsizlikle birlikte model katsayisi tahminlerinde sorun yaratabilir. Bu
tezde, MNAR’a sahip ortak degiskenleri bulunan genellestirilmis dogrusal bir mo-
delin (GLM) analizi i¢cin Bayes Yaklasimli Model Ortalamas1 (BMA) ve Geriye si¢-
ramali Monte Carlo Markov Zinciri (RIMCMC) metotlarim1 kullanarak olusturulan
hibrit bir Bayes yaklasimli model havuzlama sistemi (BMP) 6nerilmistir. MNAR’a
sahip verilerde degisken hakkinda g6z ardi edilemeyecek ek bilgiler oldugundan, ana

model (GLM) ve kayip veri mekanizmasi birlikte modellenmelidir. Tam kosullu mo-
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del ve Bayes yaklagiminin 6zellikleri kullanilarak birlesik model adaylar1 arasindan
en iyi uyumlular1 igceren uygun bir model uzay1 tanimlanir. Ardindan, model uzayin-
daki her bir model i¢in model katsayilarinin sonsal dagilimlart RIMCMC yaklagimi
kullanilarak elde edilir. Son olarak, nihayi katsay1 tahminleri, her model i¢in bulunan
sonsal dagilimlardan elde edilen tahminler, yine RIMCMC algoritmasinda hesapla-

nan sonsal model olasiliklariyla agirliklandirilarak elde edilir.

Anahtar Kelimeler: Rastgele Olmayan Kayip Veri, Bayesiyen Yaklasim, Genellesti-
rilmis Dogrusal Modeller, Geriye Sicramali Monte Carlo Markov Zinciri, Bayesiyen

Model Ortalama
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem Definition

Missing data in statistical analyses and modeling is one of the main problems of
researchers. Although a variety of methods are used to overcome this issue, the
uncertainty about the missingness mechanisms and thus the uncertainty about the
accuracy of estimations made under uncertain assumptions still occur often. As Lit-
tle and Rubin [46] define, missingness mechanisms are explained in three different
types: Missing-Completely-At-Random (MCAR), Missing-At-Random (MAR) and
Missing-Not-At-Random (MNAR). If the missingness does not depend on data val-
ues itself, then it is called MCAR. If the missingness depends on only the observed
data, not the missing data itself, then it is called MAR [46]. When the missing-
ness is independent from the missing data part, then it is called ignorable. When
the missingness mechanism is MCAR or MAR, the missing parts can be ignored and
only observed values are used or the missing parts are fulfilled by using imputation
methods in order to overcome the uncertainty caused by missingness. On the other
hand if the data are of an MNAR mechanism, which is non-ignorable, missingness
depends on the missing values itself and it is not considered random anymore [46].
If the missingness mechanism is related to the value of the variable itself, then the
missing is said to be not at random. It means that there is additional non-ignorable
information in missingness aside from the observed part. Therefore the distribution
of response and missingness mechanism should be modeled jointly. Some methods
for factorization of this kind of joint distribution found in the literature are selec-
tion model [26], pattern-mixture model [46] and shared parameter model [46]]. These

methods are chosen according to the researchers’ interest of the way of factoring the
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joint distribution. The details will be given in preliminaries section.

There are also imputation methods for handling MNAR such as Complete-case anal-
ysis, Mean imputation, likelihood based multiple imputation, Bayesian iterative sim-
ulation approaches such as Data Augmentation, Gibbs sampling, Expectation - Max-
imization (EM), etc. However, for missingness models for MNAR mechanism that
are weakly identified or for which there is a large fraction of missing information,
convergence to a maximum may be very slow. An advantage of the Bayesian ap-
proach is that it mimics Maximum Likelihood (ML) inference in large samples, but
also provides inference based directly on the posterior distribution without invoking
large-sample normal approximations, which is likely to be superior to ML in small
samples. However, each MNAR method consists of unstable assumptions since the
uncertainty about the data mechanism. For example, in the study of Galimard [18]],
the multiple imputation method works only for MNAR in response variable, not in
covariates. Also ignorable likelihood causes biased estimations [80]. Moreover, it
is quite impossible to be sure about whether the missingness mechanism is MAR or
MNAR without any additional information [S1]. So, in addition to untestable as-
sumptions there is also an uncertainty about ignorability. This problem may mislead

the inference about estimations and modeling.

Studies for modeling MNAR with some approaches in the literature are likelihood-
based with some other frequentest based approaches, based on sensitivity analy-
sis [[79] [[75] [34] [74] and Bayesian approaches. Bayesian approach estimations for
modeling MNAR can be seen in the literature in different types such as linear regres-
sion [54]], generalized linear regression [31] [33]], [44]], [32]], [70], [37], [81], [17],
logistic regression [45] [40], survival models [27], spatial models [63]. For exam-
ple, Mason et. al (2010) proposed a strategy that a base model is selected and then a
sub-model to impute the missing covariates is added to it. They also indicate that the
occurrence of missingness mechanism with regard to the response variable or covari-
ates specifies the appropriateness of the analysis. They study missingness mechanism
on response variables. Lastly, they argued that a strategy of modeling with MNAR
covariates should be developed [49]. Nandram and Woo (2015) has developed a
methodology in order to analyze the uncertainty of non-ignorable non-response with

a Bayesian perspective and they have proposed a model for it [53].



In addition to all these, finding the best model in statistics is always the focus of
the researchers in any scientific area. Fitting a best model for MNAR mechanism are
studied by the researchers above and more. However, Hoeting et. al. ask the following
question: what if there is any other model with the same best fit but has different
estimated coefficients and standard errors [29]. Also note that literature is abundant
with examples of models with the same good fit but different coefficients and standard
errors [62]] [48] [39] [59]. There is always a model uncertainty that should be in
consideration especially when there is missingness in the data. Because in addition to
the uncertainty, which is caused by missingness, there is another uncertainty occurs
about selecting the missingness model. For minimizing the uncertainty of model
selection,we believe it is better not to choose a final best model, but instead using
multiple model approaches seems more reliable. Thus, the estimation of parameters
can be done by using the tools of averaging or pooling for some specified models in

order to reduce the uncertainty.

There are both frequentest and Bayesian approaches for model selection, but using
only data and likelihood may mislead the selection in this study, since the data con-
tains non-random missingness and trusting the data in hand only does not help to
solve or minimize the uncertainty of missingness. On the other hand, as Ntzoufras
(1999) mentioned, Bayesian model selection may offer better solutions by using a
well known Bayesian approach called Markov chain Monte Carlo (MCMC) tech-
nique which can construct the model space, identify good models and estimate their
posterior probabilities based on both prior knowledge and observed data [55]. By
using careful diagnostic tools and sensitivity analysis which MCMC method offers, it
might be possible to reduce the uncertainty of MNAR. Posterior probabilities are also
very useful for model selection because it can be seen as the weights of the models in

that model space as well.

Therefore, using a Bayesian model pooling system in MNAR modeling may reduce
the uncertainty and increase the accuracy of the estimation of the parameters of inter-
est in the base model. First of all, there should be a “well-constructed" model space
in order to build a pooling system. “Well-constructed" can be taken as the ability
to select or filter the most efficient models among all the potential models. There are

several Bayesian methods used for model selection as well such as Gibbs, Metropolis-



Hastings, Bayesian Model Averaging, Reversible Jump Markov Chain Monte Carlo,
etc. Naturally, in a finite countable set of candidate models, the dimensions of mod-
els may vary according to the parameters (coefficients) of the models. So, a standard
Gibbs or Metropolis-Hastings algorithm for model selection may not work well. In-
stead, an algorithm which has flexible trans-dimensional ability among the models
should be taken into account such as Reversible Jump Markov Chain Monte Carlo
(RIMCMC). Green (1995) introduced RIMCMC as a method that provides a general
outline for Markov Chain Monte Carlo (MCMC) simulation where the dimension of
the parameter space may vary among the Markov Chain iterates [24]. This flexibility
and the ability to move in different dimensions makes RIMCMC method a suitable
candidate for model selection, or better, for creating a “well-constructed" model space
for model pooling. For instance, Dey and Jhamb (2018) has used this algorithm for
model selection of varying dimensions for user-movie recommendation [11]. Boura-
nis et. al. (2018) also used RIMCMC algorithm for model comparison [[7]. Moreover,
Kwak and Kim (2019) studied recently on finding the best model in multiple reggres-
sion by using RIMCMC [42]. For the first time, Hoegh et. al. (2017) has tried
RIMCMC method for model selection containing MNAR components while exam-
ining possible changes to foxhound training enclosure policy and fox survival [28].

However, they have just focused on finding the best fit.

In this study, for the sake of simplicity, only some of the covariates are assumed
to have MNAR mechanism while the others are fully observed in a base model, a
set of missingness models, which are the elements of the model pooling system are
taken and added jointly to the base model by using the properties of full conditional
model and Bayesian approach in order to build the methodology. If the number of
covariates contains missingness is just one, it might be easy to apply RIMCMC di-
rectly, since the model space will be in one dimensional space. It means that, let M
be the model space where M € R. But when the number of covariates containing
missingness parts increases, the model space become enormous and the dimension
of the model space increases at the same time. For a better expression, let M be the
model space with 3 MNAR missingness mechanisms, then M € R3. When there
are only a few potential covariates for the missingness mechanism, a 3 dimensional

model space may not be a problem. For example, if there are 4 potential covariates



in which 3 of them have missingness mechanisms, then the model space will contain
24x24x2* = 16x16x16 = 4096 different missingness model trios. If there are 5 po-
tential covariates there would be 32768 different missingness model trios. Therefore,
before applying RIMCMC directly, some other model space reduction methods like
Occam’s razor and Occam’s window as Hoeting et. al. (1999) suggest for model
averaging [29]], might be applied in order to reduce the model space. By applying
RIMCMC, model posteriors can be achieved, and they can be used as weights of the
parameter estimations for every model in the model space. Finally, by using a hybrid
Bayesian modeling system, instead of a single model estimation, the weighted mean
of all the parameter estimations can be assessed in order to reduce the uncertainty

about the accuracy of estimations.

1.2 Contributions and Novelties

Contributions made in modeling of GLMs with covariates containing MNAR through-

out the thesis are as follows:

e Reduction of uncertainty about missingness mechanism and the accuracy of
parameter estimations by using RIMCMC method (see Section [3.2)): Putting
RIMCMC method in the center of the methodology provides a freedom to work
with varying dimensional models. Hence, this benefits the reduction of uncer-

tainty caused by both parameter estimates and MNAR mechanism.

e Definition of a “well-constructed" model space by using the T-step Occam’s
window method (see Section [3.3.1): Classical Occam’s window method can
not be used properly for filtering the best candidate models in the model space
when MNAR mechanism occurs in some of the covariates. Therefore, it is
possible to apply Occam’s window method to these kind of data by using the

T-step proposal given in methodology section.

e Usage of dimension difference impact on the construction of model transition
probabilities (see Section [3.4): Model transitions within the same dimension
are expected to be easier than the transitions among other dimensions. Also,

as the dimension difference increases between two models, the transition prob-

5



ability is assumed to decrease evenly. So the impact of this effect should be

taken into consideration when calculating the transition probabilities.

e Hybrid Bayesian Modeling system definition called Bayesian Model Pooling
(BMP) (see Section [3): The combination of both RIMCMC and Bayesian
Model Averaging (BMA) is considered to be a helpful system for reducing
the uncertainty about model selection and MNAR mechanism at the same time.

This system is studied for GLMs containing covaraites with MNAR.

e R code: Since the methodology is based on computational algorithms, the nec-
essary genuine codes are written in R software consist of interpenetrated RIM-
CMC, Metropolis-Hastings sampling, Gibbs sampling, T-step Occam’s window
and BMA algorithms.

e Sensitivity analysis (see Section4.1.7): The sensitivity of the methodology are

assessed for parameter estimation in terms of assumptions.

1.3 The Outline of the Thesis

Handling both uncertainty about the missingness mechanism, especially with non-
ignorable missing data in the covariates, and uncertainty about accuracy of param-
eter estimations are the main focuses of this study. The organization of this the-
sis is as follows: In Chapter 2, the concepts of missingness mechanisms (especially
MNAR), Generalized linear models, modeling MNAR, methods of model selection
and Bayesian inference methods are introduced briefly. In Chapter 3, the methodol-
ogy of the thesis is described in detail with model definition, RIMCMC algorithm,
model space construction, transition probability assessments for RIMCMC and the
process of BMP for parameter estimations. In Chapter 4, the methodology is applied
with a validation study on a simulated dataset with known true parameters by generat-
ing artificial data under the assumption of a GLM model contains covariates of which
only one has an MNAR mechanism. The validation study on a simulated dataset is
tested by using sensitivity analysis under different assumptions and scenarios such
as missingness percentages and parameter assumptions. After the validation study, a

real data application is conducted and the results of the analysis is compared with an-
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other method, of which has the same data, in order to see the efficiency and accuracy
of the proposed Bayesian pooling system. In Chapter 5, the study is concluded with

some discussion.






CHAPTER 2

PRELIMINARIES

The thesis focus on estimation of coefficients in Generalized Linear Models of which
some of the covariates contain MNAR mechanism. The literature and methods on
missingness in GLM is vast and should be carefully reviewed first. In this section we

provide literature review and preliminaries for the following:

1. Generalized linear models (GLM)
2. Missing data in GLM

3. Bayesian missing data analysis in GLM

2.1 Generalized Linear Models

Generalized Linear Models (GLM) are generalizations of ordinary linear regression
models. While ordinary linear regression models are used under the assumption of
normally distributed response variables, in GLM the response variable may be non-
normal and therefore the model itself may be non-linear [[1] [2]. GLM has three
components: response variable (random component), explanatory variables (predic-
tors or covariates) with parameter vector and a monotone link function [[1]] [2] [[12]. It

is defined in equation [2.1]
g(E(Y)) = Xp 2.1)

where Y is the response variable with a probability distribution belongs to the expo-
nential family, E(Y") is the expected value of Y, X = [X;, X5, ..., X, is the vector

of predictor variables (covariates) with parameter vector 3 = [f1, Ba, ..., B,]7, g(*) is
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the monotone link function. The link function g(-) connects the predictors to the re-
sponse variable. If g(+) is an identity function, then GLM turns into an ordinary linear
regression model. GLM can be specialized according to specific response variables
and link functions. For instance, when the response variable is binary (occurrence=1,
non-occurrence=0) and the link function is the logarithm of odds, called logit link
function, GLM is called as logistic regression [1]]. If the link function is chosen as
cumulative probability function for standard normal distribution, then it is termed as
probit regression. Since our interest in this thesis lies in binary response variables, we

will next review logistic and probit regressions.

2.1.1 Logistic Regression

If the response variable is binary then,

1 if occurrence
Yy — 2.2)

0 if no occurrence

. e o o _ 1 _ _ezp(Xp)
with probabilities P(Y" = 1) = mand P(Y = 0) = 1 — 7. When 7w = 055
then the link function is defined as g(m) = log (=) and the GLM is called logistic

regression or logit regression [1].

logit(m) = log (&) = X3 (2.3)

Logistic regression is used when there is a non-linear relationship between the data

X and 7(X) [1]. An example of logistic regression that shows this nonlinear relation

is given in Figure

2.1.2 Probit Regression

If the response variable is binary, as in logistic regression, the probabilities are defined
as P(Y =1) = mand P(Y = 0) = 1 — 7. As in Figure[2.1] the shape of regression
when 3 > 0 looks like a cumulative distribution function. So, this time let us denote
m = ®(X3) where ®(-) is the standard normal cumulative distribution function. If the

link function is defined as g(7) = ® () the GLM is called probit regression [[1] [2]].
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B>0

T(x)

T(x)

X

Figure 2.1: Logistic Regression Plot Example, taken from the book "Categorical Data
Analysis" by Agresti (2003) [1]]

o l(7) =XB (2.4)

In this thesis, MNAR mechanism is assumed to occur in some of the covariates of
GLM with binary response. Both logistic and probit regression are used for model-
ing binary response data and both show very similar performance. However, in some
areas one can be more favorable than the other. When odds ratio is meaningful for in-
ference like in epidemiology, logistic regression is preferable, on the other hand, pro-
bit regression is more popular in econometric analysis. Concerning handling MNAR
mechanism, Enders (2010) indicates that the classic selection model uses probit re-
gression to predict missingness indicator R, although logistic regression is a common
approach for analyzing binary outcomes [|14]]. In this thesis, logistic regression is ap-
plied for response variable and probit regression is applied for predicting missingness

indicator as the selection model is chosen for the thesis’ purposes.
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2.2 Missing Data and Missingness Mechanisms

Incomplete or missing data occur if the data planned to be ascertained are not ob-
served. This is a very common problem in practice for statistical inference. If the data
to be analyzed are thought to be a rectangular block, missing data can be imagined
as holes or/and non-filled columns in this block. In statistical inference, missingness
may cause a bias on the inference of the parameters. Various methods are available
to resolve this problem. The decision of which method to use is determined by the
reason behind the missing data occurrence. The information of the mechanism of
missing data is substantial in choosing the suitable missing data handling method.
The related information can be gathered by asking the right questions, such as why
the data is missing, whether it is randomly missing or not, and if there is a specific rea-
son which depends on the data itself etc. As Rubin (1976) and later Little and Rubin
(2002) defined, missingness mechanisms are basically categorized into three different
types: Missing-Completely-At-Random (MCAR), Missing-At-Random (MAR) and
Missing-Not-At-Random (MNAR) [[68] [46]. All three mechanisms are inspected
carefully in the following sections. The knowledge gathered about the mechanism
of the missing data leads to suitable selection of the methods for handling the miss-
ingness, methods being as substantial as the missing mechanisms. These methods
are applied accordingly and can be generally categorized into deletion methods, sin-
gle imputation methods, multiple imputation methods and likelihood based methods
including Bayesian methods in the literature. The following sections deal with the
details of these methods. When the missingness is independent from the missing vari-
able, then the impact of the missingness can be relatively small and it can be called
as ignorable. So if the missingness mechanism is identified as MCAR or MAR, the
missing parts in this case can be ignored. In order to overcome the uncertainty caused
by the missingness, only observed values can be used or imputation methods can be
carried out for the missing parts. On the other hand, if the data are of an MNAR
mechanism, which is non-ignorable, missingness depends on the missing values it-
self and it is not random anymore [46]]. In this particular case, traditional deletion or
imputation methods don’t function standalone to handle the missingness mechanism.

The missing data and the mechanism should be taken into consideration jointly.
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2.2.1 Missing-Completely-At-Random (MCAR)

If the missingness depends on the observed variables but does not depend on data
values itself, then the related mechanism is called Missing-Completely-At-Random
(MCAR) [46]]. An electronic device that measures and records the seismic movements
of the ground in an area would create a good example for MCAR. If that device is
broken at some point, the device can not measure and record the rest of the seismic
movements until it is fixed again. Therefore, the data will be MCAR. For a better
expression, let us denote D = (D% D™%) is the data matrix where D°* is the ob-
served part and D™ is the missing part. Also let us define the missingness indicator

as R={r;, fori=1,...,n}and

0if x; € D
r; = , (2.5)
Lif oy € D™
where z; is the i*" observation of variable X containing missing values. The missing-

ness mechanism can be specified as the conditional distribution function f(R|D, 6)

where 6 is the unknown parameter. So, if
P(R|D,0) = P(RI|0) (2.6)

for all D and 6 then the data are MCAR. If the mechanism is MCAR, it is assumed
that there is no relation between complete cases and missing cases, which means the
missingness is ignorable. So, handling the missingness can be done by omitting the
missing parts with deletion methods such as listwise deletion (complete case analysis)
or pairwise deletion. Let the columns of the data block are variables and rows of the
data block are individuals. In listwise deletion, all of the information (whole row)
of that individual in the data is deleted if any value is missing on that row. So only
complete data is left at hand. In piecewise deletion method, the deletion is done for
the particular analysis carried out. For example, some observed information in the
row, containing missing parts, may contribute to some analysis. So the size of the
data may differ in different analyses. Imputation methods can also solve the problem
of MCAR mechanism. The details about missing data handling methods is given in

the following sections.
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2.2.2 Missing-At-Random (MAR)

If the missingness depends on the observed data and variables, but not the missing
data itself, then it is called Missing-At-Random (MAR) [46]. In other words, the
mechanism can be explained by the variables with full information. Let us think
about the same example in MCAR case. The same electronic device can measure and
record the seismic movements if the temperature is between —10°C and 30°C. Thus,
the data would be missing when the temperature is less than —10°C or more than
30°C, meaning the missing data is MAR. The same notations in MCAR case can be

used in here as well. The missingness mechanism is MAR if

P(R|D, ) = P(R|D*,0) (2.7)

for all D™ and §. MAR mechanism can also be ignorable and handling methods
as deletion, imputation and likelihood based can be used in order to make reliable

inferences about the parameters of interest.

2.2.3 Missing-Not-At-Random (MNAR)

If the missing mechanism (non-response) is related to the value of the response itself,
then the missing is said to be not at random [46]. In other words, if the reason of
missingness is related with the variable itself then the missing mechanism is Missing-
Not-At-Random (MNAR). Additionally, the mechanism can be explained or modeled
by the observed part of that variable and other variables as well. Let us give an
example about a survey on teenage addiction of illegal drugs. If questions regarding
drug usage are asked directly to teenagers, they will either not answer those questions
or lie. Thus, the missing data depends on the question itself and we can say that it is
MNAR. Let us use the same notations like in MCAR and MAR cases. The mechanism
is MNAR if],

P(R|D,#) = P(R| D D™= ) (2.8)

for all D™*5, D and . MNAR is non-ignorable, so using traditional methods
(deletion, single imputation, etc.) may not be a good idea since the characteristics

(mean, variance, etc.) of observed data and the missing data may not be the same. It
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can be explained as follows:

Under MAR :  P(D™* §|D* R; = 0) = P(D™**,0|D R; = 1) 29
Under MNAR:  P(D™ 0|D® R; = 0) # P(D™ 0|D% R, =1)

Therefore, the traditional approaches may be invalid for handling MNAR. A joint
model of the data D and the missingness mechanism indicator R as in the equation

2.10| can be proven helpful.

P(R, D|0) = P(R, D™*¢| D ) (2.10)

Deciding on the factorization of the joint models may differ. Three different factoriza-
tion methods can be found in the literature: selection models, pattern-mixture models

and shared parameter models. The details are given in the following sections.

2.3 Handling MNAR Mechanism

The best method for handling the missingness is the ability to prevent the possibility
of missingness before the research. But in practice, fully preventing it would prove
nearly impossible. Therefore, the main purpose lies in reducing the uncertainty and
the bias for the inference of parameters of interest. Several different methods with
different classifications are given in the literature over years [46[] [14] [52]. Most
studies can be categorized under three main methods; deletion methods, imputation
methods and likelihood-based methods. As an example, Skarga-Bandurova et al.
(2018) has classified methods as in Figure [2.2] [72]]. According to the Figure 2.2]
the main deletion methods are listwise deletion and pairwise deletion. Imputation
methods vary by the research areas and the nature of the data. Mainly, it can be
categorized as single and multiple imputation methods. Model-based methods are
based on likelihood principle which also includes Bayesian methods. There are also
some machine learning methods for handling the missingness mechanism, but it is

out of the content of this thesis.
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Figure 2.2: Classified Missing Data Methods of Skarga-Bandurova et al.(2018)

2.3.1 Deletion Methods

Deletion methods are based on the principle of omitting missingness. If the missing
percentage is small and assumed to be ignorable, deletion of missing cases can help
to handle the problem. Though in practice, this method should be chosen carefully
since it may lead to biased inference for parameters of interest [[14] [67]. Deletion

can be performed in two different ways; listwise or pairwise.

Listwise Deletion (Complete-Case Analysis): It can be defined as basically the
deletion of all cases that include missingness. [14]. That is to say, if the data is
represented as a rectangular shaped block with multiple covariates (columns) and
sample size of n (rows), any row that includes any missing cells will be deleted. Since
only the complete cases (rows) are left in the data set, it is also called complete-case
analysis. Therefore, loss of information can cause biased inferences about the data.
That is why this method should not be preferred if the missingness mechanism is

ignorable and the missing percentage is too high [67].

Pairwise Deletion (Available-Case Analysis): It is simply omitting the cases in-

cluding missing data depending on the particular analysis carried out [14]. For ex-
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ample, an individual answers all the questions in a survey except one. So omitting
just that missing case and using the rest of the data provided by the individual can be
useful for some analysis. By doing this, the sample size will differ for each analysis.
Both listwise and pairwise deletion methods always cause a loss of information and

hence misleading inference about the parameters of interest [67]].

2.3.2 Imputation Methods

Imputation refers as placing new values instead of missing values [46] [14] [52]. In
here, it is assumed that the imputed values should have been the real values if the
missing data weren’t missing. Of course, it is not possible to know the real value of a
missing value in practice. Therefore, imputation methods still contain an uncertainty
about missingness even though it may help with reducing it [13]. There are a lot
of imputation methods according to the missingness mechanism and the nature of
the data, however it can basically be categorized as single and multiple imputation

methods.

Single Imputation Methods: They are done simply by imputation for once. The
most well-known ones are mean imputation, regression imputation and hot-deck im-
putation. In longitudinal studies, another method called last observations carried for-

ward can be found.

Mean Imputation can be defined as a method that all the missing values are re-
placed by the mean of the observed values of that variable [[14] [46]. This method
ensures to maintain the sample size but, the variability of the data reduces. Hence,
the variance and standard error will be underestimated. Further, the inferences for
parameters of interest may be biased, especially if the missingness mechanism is

identified as MAR or MNAR [14] [13].

Regression Imputation is a method through which the missing values are replaced
by the predicted values which are obtained from a regression model or a predictive

distribution, that is obtained from the available data [[14] [46]]. In here, the predictions
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are based on the regression model, which makes the imputations highly correlated
with the regression model. As Enders (2010) indicated, this method may also cause
underestimated variance and standard error although it reduces the bias of the esti-
mates [14]]. Stochastic regression models are suggested in order to reduce the corre-
lations of imputations by adding normally distributed residual terms with mean zero
and variance equal to the residual variance of the predicted value in regression model.
This addition adds randomness to the imputations and reduces the correlations, how-

ever the standard error is underestimated [[14]].

Hot-Deck Imputation is the method applied when the missing value is replaced
by the value of the other observed values in other variables of which are very similar
or matching. Therefore, it is also called matching imputation [[14] [46]. For a better
explanation, if the columns of the data are variables and the rows are individuals, the
missing value of an individual is replaced by the same value of another individual
of which their other available values are matching or very close to each other. This

imputation may also cause an underestimated standard error and variance [67].

Last Observation Carried Forward method is used in longitudinal studies. If the
individual drops out from the research after a specific time, the last value observed

from that individual is used as it is not changed until the end of the study [14].

Multiple Imputation Methods: They are the methods that missing values are re-
placed by new values for multiple times. This means that multiple data sets are ob-
tained and used in order to reduce the uncertainty about the imputed values [68]] [46].
These data sets are generated from predictive distributions or constructed regression
models with available data. Rubin (1987) indicates the process of multiple imputation
as imputation, analysis and pooling [68]. After the imputation, the necessary analysis
can be performed with imputed data sets and inference for parameters of interest are
obtained for each imputed data sets. Then, all of the inferences or estimations are
combined to a single result with a pooling technique [[68]]. Therefore, the uncertainty
about the missingness is naturally reduced. In single imputation methods, the im-

puted values are applied only once, so the missing value is treated as a known single

18



value which doesn’t reflect the variability of the missing value and causes inaccurate
estimates. Multiple imputation, on the other hand, handles this problem, although

with a burden of more work such as multiple data sets, multiple analysis, etc. [46].

2.3.3 Likelihood-Based Methods

Handling missing data can also be performed by using likelihood principles. Likeli-
hood functions for observed or complete data with some specific model assumptions
are used in order to handle missingness [68]] [46] [52]. These methods can be based

on both Maximum Likelihood (ML) and Bayesian Approach.

Maximum Likelihood Methods: Generally, maximum likelihood methods are used
when the missingness mechanism is ignorable. The most well-known method is an
iterative approach called the Expectation Maximization (EM) Algorithm. It is a two-
step algorithm of which the first step is Expectation (E-step) and the second step is
Maximization (M-step). In E-step, the complete-data are obtained as the the missing
values are replaced by the conditional means given the observed data and parame-
ter estimates. In other words, E-step can be given in Equation [2.11] with the same
notations in section 2.2.11

Dz‘mputed _ E<D;niss|D;JbS’ 9)’ 1= 1’ eevy Numiss (211)

where Dfmp uted is the imputed value of i*" missing value and 7, is the size of the
missing data. So the complete-data is Deolete — (DimPuted [obs) Then in M-step,
the complete-data is maximized with ML principle [52]. The likelihood to be maxi-
mized is L(6]Deomplete),

This method is said to be suitable in MCAR and MAR mechanisms, since the pa-
rameters estimation are unbiased, but it is not recommended for MNAR mechanisms,
since the estimations tend to be biased [46] [14]. Little and Rubin (2002) also men-
tions that when the missing data proportion is large, the convergence may be very
slow and additionally at times, a closed form of the likelihood can not be obtained in

M step [46].
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Bayesian Methods: Posterior distributions for parameters of interest can be ob-
tained by combining priors for unknown parameters with the likelihood [46]. Bayesian
methods use multiple imputation methods. Data Augmentation is one of the most

popular Bayesian method for handling missing data.

Data Augmentation is an iterative method with 2 steps. The first step is called the
Imputation step (I-step), in which the data imputation is done by using a predictive
stochastic regression model by using the observed data and estimated parameters for
the missing data [14]. This predictive stochastic regression model can be expressed
as conditional distribution given the observed values and estimated parameters or
posterior predictive distribution. The detailed information about posterior predictive
distribution and other Bayesian Approach terms is given in Section 2.4.1] Imputed
data sets are obtained from I-step and after that every data set is used to get likelihood
functions in the second step called Posterior step (P-step), where the Bayesian analy-
sis is applied. Also, prior distributions for the parameters are specified and posterior
distributions are defined in order to get alternative parameter estimations. These two
steps are applied for number of times by using another Bayesian approach method
called Monte Carlo Simulation. Let us explain this part by using notation used in

section[2.2.1
I—Step: Dy™"“! ~ P(D™*|D*", 6;) 2.12)
, Q.
P — Step . 0’{ ~ P(9|Dobs’ Dzlmputed)
where D’imputed is the imputed data set of the trial 1, P( sz‘ss‘ Debs. 87) is the poste-

rior predictive model for missing data and 6, is the initial parameters. This iteration

is applied for t times as Monte Carlo Simulation. So the steps becomes as in Equation

213l
I—Step: D"’ ~ P(D™| D", 6;_))
2.13
P — Step: @; ~ P(6|D**, D}""""*%) &1
where D" is the imputed data set of the trial ¢, P(D?"55| D% 0,_,) is the poste-
rior predictive model for missing data and 6,_; is the simulated values of parameters
from trial ¢ — 1. So, every iteration uses the information of the previous iteration,

which means every iteration depends on the previous one. That creates a chain, which

is called Monte Carlo Markov Chain (MCMC). The detailed information is given in
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Section If the chain is long enough (t is large enough), the draws for the '
imputation can be obtained from a posterior distribution that averages of the entire
range of all possible values for the missing data [14]. This means the imputations
may converge to proper values that represents the missing values at best. Conver-
gence diagnostics for MCMC can also be used in order to see if the imputations are
accurate. The meaning of convergence and convergence diagnostics are discussed on
Section [2.4.1| as well. Data Augmentation method can further be taken as the first
step of multiple imputation method. The imputed data sets in the chain can be taken
and the multiple imputation steps (imputation, analysis and pooling) can be applied

in order to handle missing data.

2.3.4 Joint Models for Dealing MNAR

When the data has MNAR mechanism, it is not possible to think and analyze the data
and the missing mechanism separately. The joint model of the data and the missing
mechanism should be considered together in order to handle the missingness. As it
is stated in the Equation [2.10]in Section [2.2.3] the joint model should be factorized
for analysis. There are three main factorizations for MNAR joint models; selec-
tion model, pattern-mixture model and shared parameter model. These factorization
methods imply the same joint model with different assumptions, and that is why they
can produce different estimates [14]. Therefore, sensitivity analysis with different

assumptions to the same data is very crucial in handling MNAR mechanism.

Selection Model: It is a factorization method for joint models in MNAR mecha-

nism [|14]] [52] [46]]. It can be denoted as follows;
P(R,D|B,¢) = P(R|D, ¢)P(D|p) (2.14)

where R is the missingness indicator, D is the data, ¢ is the parameter vector for the
missingness model and 3 is the parameter vector related with the data, P(R|D, ¢)
is the conditional distribution for missingness model indicator given the data and

P(D|p) is the marginal distribution of the data. When the data is separated as D =
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(D™iss | D) the factorization becomes as in the Equation

P(R,D|3,¢) = P(R,D™*|D",3,¢
(B, D|5, ¢) = P( | | ) | .
— P<R|mes, Dobs’ ¢)P(DmZSS|DObS, 6)
where P(R, D™5| D 3. ) joint distribution of the missingness indicator and the
missing data given the observed data, P(R|D™#%, D% ¢) is the conditional distri-

bution for missingness model indicator given the data and P(D™¥%| D3 3) is the

conditional distribution of the missing data given the observed data.

Pattern Mixture Model: It is another factorization method for joint models used in
MNAR mechanism when the missingness mechanism has been divided into different

stratifications or patterns [14] [52] [46]]. It can be denoted as follows;
P(R,D|B,¢) = P(D|R, B)P(R|¢) (2.16)

where R is the missingness indicator, D is the data, ¢ is the missingness indicator
parameters and [ is the parameters related with the data, P(D|R, 3) is the condi-
tional distribution for the data under different patterns of missingness mechanism and
P(R|¢) is the marginal distribution of the missingness mechanism. When the data is
separated as D = (D™ D) the factorization becomes as in the Equationm
P(R,D|B,¢) = P(R,D™*| D", 3, ¢) 217
— P(D™*|R, D B)P(R|D®, $)
where P(R, D™5| D 3, $) joint distribution of the missingness indicator and the
missing data given the observed data, P(D™*|R, D% f3) is the conditional dis-
tribution for the missing data under different missingness mechanism patterns and
P(R|D?, ¢) is the conditional distribution of the missingness mechanism given the

observed data.

Shared Parameter Model: Sometimes MNAR mechanism may depend on an un-
known latent variable. Therefore, latent variables or random effects are needed to
be added the joint model as a new unknown parameter which is shared by both the
missing data and missing mechanism. Shared Parameter Models are used in these

cases when the factorization is not convenient by only selection or pattern-mixture
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models [52]. It can be denoted with both selection model factorization and pattern-

mixture model factorization as follows;

Selection :P(R, D, Z|3,6,€) = P(R|D, Z,6)P(D|Z. B)P(ZI¢) o1
Pattern — Mizture :P(R, D, Z|,,€) = P(D|R, Z, 3)P(R|Z, ) P(Z|¢) '

where R is the missingness indicator, D is the data, Z is the latent variable or random
effect variable, ¢ is the missingness indicator parameters and [ is the parameters
related with the data, ¢ is the parameters related with the random effect, P(R|D, Z¢)
is the conditional distribution for missingness model indicator given the data and the
random effect, P(D|Z, 3) is the conditional distribution of the data given the random
effect and P(Z|¢) is the marginal distribution of the random effect. When the data is
separated as X = (D™ D°) the factorization becomes as in the Equation m

P(R,D, Z|B,¢,£) = P(R, D™, Z|D**, 3,6, )
Selection : (R|D™5%, D% | Z ¢)P(D™**| D%, Z, BYP(Z|D°* €) (2.19)

=P
Pattern — Miature : = P(D™*°|R, D, Z, B)P(R|D**, Z,¢)P(Z| D", ¢)

where P(R, D™, Z| D> 3, ¢, £) joint distribution of the missingness indicator, the
missing data and the random effect given the observed data, P(R| D™, D Z )
is the conditional distribution for missingness model indicator given the missing data,
observed data and the random effect, P(D™5| D% Z_ 3) is the conditional distribu-
tion of the data given the observed data and the random effect, P(D™*%| R, D>, Z, 3)
is the conditional distribution of the data given the missingness indicator, observed
data and the random effect, P(R|D®*, Z, ¢) is the conditional distribution for miss-
ingness model indicator given the observed data and the random effect, P(Z|¢) is
the conditional distribution of the random effect given the observed data. In this the-
sis, selection model is chosen for factorizing the joint distribution of the main GLM

model and missingness models (also GLMs).

2.3.5 Selection Model For MNAR in GLM

Both main and the proposed missingness models are considered as GLM models and
the joint distribution of them should be taken into account. The main model is as-
sumed to be a logistic model with binary response variable Y, covariates X = (X,

Xo, ..., Xp). If the missingness mechanism belongs to the response variable, then the
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selection model will be as in Equation [2.20]

P(RY|X,B,¢) = P(R,Y™ Y X ,B,¢) (2.20)

— P(R|Y™, Y% X, ¢)P(Y™ |y, X, B)
where Y% is the missing part, Y° is the observed part of the response, 3 is
the main model parameter vector and ¢ is the missingness model parameter vec-
tor, P(R,Y™35|Y°" X (3, ¢) joint distribution of the missingness indicator and the
missing data given the observed data, P(R|Y ™5 Y% X ¢) is the conditional dis-
tribution for missingness indicator model given the data and P(Y™*5|Y°* X 3)is

the conditional distribution of the missing data given the observed data.

If the missingness mechanism belongs not to the response variable but to the co-
variates then the covariates are separated as X = (X ™% X°%s) the factorization

becomes as in the Equation 2.21]

P(R,Y, Xmiss‘Xobs”B’ ¢) :P(R‘Y, Xmisijobs’ ¢)
P(Y|X™iss X obs 3) (2.21)
P(xmiss|Xobs)

where P(R,Y, X™3|X°b 3 ¢) joint distribution of the missingness indicator,
main model and the missing data given the observed data, P(R|Y, X ™% X b3 o)
is the conditional distribution for missingness indicator model given the data and
P(Y|X™ss X b5 3) is the conditional distribution of the main model given the
data and P(X™%| X °%) is the conditional distribution of the missing covariates
given the observed data. The study proceeds with brief explanation of fitting methods

of the main and missingness models.

2.4 Model Selection for Missingness Mechanism

As George E. P. Box once said "Essentially, all models are wrong but some are use-
ful", model selection in statistical modeling is always challenging. Since modeling is
a way of approximation of how the data behave, the true and correct model does not
exist. The aim should be towards choosing the best model or models that fit the data.

However, Hoeting et. al. ask a question like what if there is any other model with the
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same best fit but has different estimated coefficients and standard errors [29]]. And
also, there are some examples of models with the same good fit but different coeffi-
cients and standard errors [[62] [48] [39] [59]. All this implies to model selection’s
uncertainty and it may be problematic in estimation. We cannot know that in predic-
tive modeling, the chosen model is definitely the best model. There is always a model
uncertainty that should be considered. In addition to the uncertainty of choosing the
best fit for the main model, there is also uncertainty about the MNAR mechanism and
for choosing the best missingness indicator model. In this thesis, Bayesian inference
and Bayesian model selection methods are used in order to take these uncertainties in

to consideration together.

2.4.1 Bayesian Inference

Bayesian inference can be made with conditional probability for parameters of inter-
est or for unobserved data given the observed data. This conditional probability is

based on Bayes’ Rule.
P(D,0)
P(0)

Equation is the simplest form of Bayes Rule where P(D|0) is the probability

P(DI0) = (2.22)

distribution of the data D given the parameter of interest 6, P(6, D) is the joint prob-
ability distribution and P(#) is the marginal distribution for 6. So this equation can

be rewritten as P(D,0) = P(D|0)P(0). This expression can be used in the following

equation:
P(D,0) P(D|0)P(6)
POD)=——=P0O|D)= ———+—— 2.23
01D) = 5y’ = POID) = =5k 2.23)
The Bayes’ rule is applied as in the Equation and the joint probability P(D, )
is rewritten as P(D|0)P(6). In here, P(D) = [, P(D|0)P(6)d0d is the integration.

Since, P(D) does not depend on ¢ and the data are observed, it can be considered as

a normalizing constant. Therefore, Equation [2.23| can be written as follows:
P(0|D) < P(D|0)P(6) (2.24)

Equation [2.24]is the basis of Bayesian inference and Bayesian data analysis. When
dealing with modeling, the conditional probability of parameter of interest 6 given

the observed data D, P(6|D), is called the posterior distribution (or density), the
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conditional probability of observed data D given the parameter ¢, P(D|#), is called
the likelihood function, and the marginal probability of 0, P(6), is called as prior
distribution (or density). Posterior distribution can be considered as updating the
prior information about the parameter of interest, by using the likelihood function,
which is the information from the data at hand. Regarding this, if this process is
repeatedly performed as iterations, the posterior density of the previous iteration is

actually the new prior of the next one.

In a single parameter model, likelihood function is basically the likelihood of the cho-
sen model and the prior is the density function or density probability for that single
parameter. Choice of prior is an important matter for Bayesian Analysis. Especially,
when there is no information about the prior, the discussions continue about the sub-

jectivity of the analyses.

Choosing Prior Distribution: Prior distribution can be chosen as informative or
non-informative. If there is apriori information about the parameter, it should be
written in a suitable probability function [41]. Conjugate prior is a suitable solution
for this problem. If the prior has the same distributional form with the model, then
it is called conjugate prior [41]. Non-informative priors, also called as weak, vague,
nonsubjective, etc., can be chosen when there is no apriori knowledge about the pa-
rameter of interest. In order to put this lack of knowledge to the model properly, the
prior should be chosen carefully. Uniform priors or flat priors are used generally as
non-informative priors, although there are some problems of these priors like invari-
ant reparameterization and improper posterior [19] [41]. Jeffreys (1946) solve the
invariance problem by proposing a new prior, called Jeffreys prior, that is the square
root of the Fisher Information [35]]. Mathematically, it is given as follows:

P(0) = (—E <W))m (2.25)

d*logP(D|0)
do?
likelihood function. Although, it solves the invariant reparameterization problem, it

where is the expected value of the second derivative of the log-

may also cause improper posteriors if it is not used properly [43]]. Informative priors
are also called as subjective priors. These priors are chosen when there is historical

data at hand other than the present data, also when there is expert knowledge about
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the prior.

After calculating the posterior distribution by using the prior and the likelihood (of the
data), the inference for the parameter of interest can be made, however the estimation
may not be easy to determine. The computation of the integration in the normalizing
constant is usually hard to handle when the number of parameter of interest is large.
Therefore, there are some numerical integration methods for Bayesian data analy-
sis. The most well-known class of methods is called as Markov Chain Monte Carlo

(MCMC) simulation. The details are given in the following section.

Markov Chain Monte Carlo (MCMC) Methods: Sampling from well-known
densities are computationally available in statistical softwares. Markov Chain Monte
Carlo (MCMC) methods can be defined as Bayesian sampling methods used when
the form of the posterior density is not familiar [10] [43]]. The chain starts with sam-
pling from posterior density with pregiven initial values at time 0. Then, at time 1,
new samples are drawn depending on the sample obtained from the posterior density
at time 0. If the chain is long enough, the sample obtained from the posterior density
at time t is taken as the estimates of real values. This sample can be the estimates of
the parameter of interest or unobserved data. In Equation [2.26 the MCMC sampling

process is given in a very simple form.

0" ~ P(6°| D)

6? ~ P(6*|D)
(2.26)

6" ~ P(6"'|D)

where 6° is the initial value, 6! is the first sample from posterior density P(6°|D) and
0" is the sample at time ¢. Obviously, all the sampling steps depends on the previous
one, which may cause autocorrelation problems and it requires attention. At this
point, it is good to mention about "burn-in" term. It is basically discarding the early
iterations of the MCMC process [20]. Because of the dependency, and the effect of
starting values, the early iterations may cause unstationarity in the chain. Discarding
the part of the chain up to the first indications of convergence of the posterior is

needed [10]. There are some MCMC diagnostics that show whether the posterior

27



distribution converges or not and also show the autocorrelation among the iterations.

The details about the diagnostics are given at Section [2.4.3]

The most popular MCMC methods are Metropolis-Hastings Sampling and Gibbs

Sampling. Details about these methods are given in the following sections.

Metropolis-Hastings Sampling is the extension of Metropolis Algorithm, proposed
by Metropolis (1953) [50]. Hastings (1970) had extended this algorithm and after-
wards the algorithm has been called Metropolis-Hastings Algorithm [25]. In this
algorithm, candidate samples are obtained from a proposal density, and then the can-
didate samples are tested with an acceptance-rejection rule. Let us denote ' as the
sample of parameter (or parameter vector) at time (iteration) ¢ and 6¢ as the can-
didate sample of parameter (or parameter vector) obtained from the proposal den-
sity q(0°|0"). The proposal density is also called as jumping probability or transi-
tion kernel. The sample of the next iteration #*™! is obtained with a ratio tested by
an acceptance-rejection rule. If the ratio is acceptable then §'™! = 0°, otherwise

G'+1 = 9. The steps of Metropolis-Hastings algorithm can be illustrated as follows;
Step 1: 6° ~ ¢(6°]0")

Step 2: 01 = §° with probability (6", 6¢)

Step 3: Otherwise 61 = ¢,

In here, the acceptance probability (67, 6°) is,

PeDe) |\

(6| D)q(6°]67) (2:27)

a(0,0°) = min {

where P(6°| D) is the posterior probability of ¢, ¢(#*|0) is the proposal density (tran-
sition kernel) for 6, P(6'|D) is the posterior probability of #* and ¢(6°|¢") is the
proposal density (transition kernel) for #°. The results of the Metropolis-Hastings

algorithm can differ according to the use of proposal density [43]].

Gibbs Sampling was first introduced by Geman and Geman (1984) [22]. It is an

iterative algorithm used when the parameter of interest vector has more than one
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dimension. The joint posterior density of the parameter vector 8 = (6y,...,0,) is

P(by,...,0,]|D) and it can be factorized by using Bayesian context as in Equation

2.28
P8, ..., 0k, ..., 0,|X) =P(60|61..., 6,,, D)

P(0300..., 051, 01, .., O, D) (2.28)

P(0nlbo..., 001, D)
In Gibbs sampling, this factorization property is used. Every element in the right hand
side of this equation is a marginal posterior density. Marginal posterior densities of

parameters are also called as full conditional distributions or just full conditionals
[43]].

Gibbs sampling algorithm starts off with an initial value vector of 8(®) = (0(()0), cey 0&0))
at time (iteration) 0. In iteration 1, the algorithm generate samples for each parameter
in the vector, by using the initial values. Equation [2.29|shows the sampling algorithm
at time 1.

0" ~ P(6]6, ...,0©), D)

Y Yn 0

0" ~ P(oy]6", 6%, ...,609, D)

Y n )

(2.29)

rvn 0

01 ~ P(O:165", ... 6,21, 02, ., 00, D)

oD ~ P(6,]65",....6%,, D)

» Yn—1>
where 9,(:) is the k' parameter generated from full conditional density of 6, at itera-
tion 1. Equation [2.30|shows the general process of Gibbs sampling.
0y ~ P(Ooloy ™", ....04~", D)
0\ ~ P66, 657V, ... 0%V D)

(t) o0 gD g1 (2.30)
60 ~ P66, ... 00,0070, ..., 64D, D)

00 ~ P(6,16,....6", D)

9 Yn—1»
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where 0,(;) is the k™" parameter generated from marginal posterior density of 6, at

iteration t.

Both Gibbs and Metropolis-Hastings sampling algorithms are iterative approaches
and they can both run repeatedly. These repetitions are called chains of MCMC.
The chains can run one after the other or run at the same time according to the soft-
ware and the written codes. Deciding on which sampling algorithm to use, Gibbs
or Metropolis-Hastings, depends on the structure and the aim of the analysis. If full
conditionals for parameters are in forms, from which sampling is slightly easy, Gibbs
sampling may be more preferable. When the proposal density for the parameter of
interest in Metropolis-Hastings algorithm enables better and fast convergence, then

this algorithm is more favorable.

These sampling methods are very practical, on the other hand, they are challenging
in performance of convergence of the parameter of interest. Further, the accuracy of
posterior results should be diagnosed with some visual and computational techniques.
There are a lot of methods called MCMC Diagnostics for monitoring and improving
the convergence and the performance of the sampling method. They are very crucial

for a proper Bayesian analysis.

2.4.2 Bayesian Model Selection Methods

Model averaging approaches are useful to solve the uncertainty about model selec-
tion. There are both frequentest and Bayesian approaches for model selection and
model averaging. Ntzoufras (1999) indicates that Bayesian model selection may of-
fer better solutions by using a well-known Bayesian approach called Markov Chain
Monte Carlo (MCMC) technique which can construct the model space, identify good
models and estimate their posterior probabilities based on both prior knowledge and
observed data [55]]. The focus of this thesis is estimating the parameters of interest
by using models in a model space constructed with Bayesian model selection meth-
ods. The model selection in Bayesian point of view is based on choosing the models
of which the posterior distributions are most likely. In model averaging or model
pooling, estimations are calculated from the models with high posterior probabilities

by averaging or pooling with different methods. Giving more details about Bayesian
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model selection methods helps for better comprehension.

Bayes Factor: Raftery and Kass (1995) proposed an odds ratio by using the Bayes’
Formula properties as comparison of two hypotheses for a given data [39]. It is basi-
cally a quantity for comparing the models pair-wisely. Let D is the data, model M;

and model M; are two models. The posterior probabilities for models are given in

Equation [2.31]
P(D|M;)P(M;)

In here, P(D|M;) = [ P(D|M;,0;)P(6;|M;)df; is the marginal likelihood of the
model M; where 6; is the parameter (or the vector of parameters) under model M,
and P(6;|M;) is the prior density for the parameter (or the vector of parameters) [39].
Integrating P(D|M;) needs some numerical methods most of the time [4]. The odds

for these two posterior probabilities is as follows in Equation [2.32]

P(M;|D) — P(D|M;)  P(M;)

X
P(M;|D)  P(D|M;)  P(M;) (2.32)

Posterior Odds = Bayes Factor x Prior Odds
According to Equation [2.32] Bayes Factor B;; can be calculated as in Equation[2.33]

Y Prior Odds(M;, M;) — P(M;)/P(M;) .

The main purpose is comparing two models and the ratio should be interpreted ac-
cording to some criterion. Jeffreys (1961) suggested how Bayes Factor should be

interpreted as a scale of evidence [36]. The interpretation is given in Table[2.1]

When one of the priors or both models are improper, a problem occurs in calculating
Bayes factors. There are alternative solutions for this problem such as Psuedo Bayes

Factor.

Bayesian Information Criterion (BIC): Information criteria are used for model
selection. Bayesian Information Criterion (BIC) was firstly introduced by Schwarz
(1978) for model selection by using a penalty term for the parameters in the models

[69]. Let L(D|M;) be the likelihood of the data D under the model M; and 6; is the
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Table 2.1: Jeffreys Interpretation for Bayes Factor

Bayes Factor (B;;) Interpretation

Less than 1 M,; is not favorable
Between 1 and 3 Barely worth to mention M; is favorable
Between 3 and 10 Substantial evidence for favoring M;

Between 10 and 100 Strong evidence for favoring M;

More than 100 Decisive evidence for favoring M;

parameter vector of M; to be estimated, then the BIC of the M, is given in Equation

2.34
BICy, = —2In L(D|M;) + length(6;)log(n) (2.34)

where length(6;) is the dimension of the model, n is the sample size for data D. For
this equation, the smaller the BIC, the better the model is. In Bayesian approach, BIC
can be used in calculating posterior probability of a model. The details is given in

following sections.

Bayesian Model Averaging (BMA): Itis a method of model averaging with Bayesian
perspective. Hoeting et al. (1999) proposed this method with a simple weighted av-
eraging formula. The model is given in Equation [29].

P(0|D) = i P(6|M;, D)P(M;|D) (2.35)
i=1
where k is the length of the model space, P(6|M;, D) is the posterior distribution
of the parameter of interest given the data D and the model M; and P(M;|D) is the
posterior probability of model M; given the data. In here, P(M;|D) can be regarded
as the weights for parameter estimations. However, calculating these weights can be
challenging. P(M;|D) is expressed in Equation[2.36]
P(D|2) PO

P(M;|D) = (2.36)
S P(D|M;)P(M;)

where

P(D|M;) = /P(D]Qi, M;) P(6;|M;)db; (2.37)

32



is the integrated likelihood for model M; and 6; is the parameter vector for the model
M;. Calculating P(D|M;) is not always easy. As it is mentioned in Section [2.4.2]

numerical methods are needed. The main problems of BMA can be stated as below;

1. If number of models are very large, the estimation process for the parameter of

interest for every model, i.e. calculation of each P(6|M;, D), takes too long.

2. The integral for posterior distribution of model M;, P(M;|D), is hard to com-
pute.

3. Specification of the prior probability of the model M;, P(M;), needs attention

for the analysis.

There are some methods for reducing the number of models, stated as the first prob-
lem of BMA, such as Occam’s Window, Occam’s Razor, Leaps and Bounds and
Monte Carlo Model Composition, etc. Occam’s Window method is one of the most
popular methods used for solving this problem. Madigan and Raftery (1994) pro-
posed this method by defining a set for models, which are chosen according to a
criteria. This set is given in Equation [2.38] [48].

;L ~maz {P(M;|D)}
A = {Mk : P(M,|D) < C} (2.38)

where max;{ P(M;|D)} is the posterior probability of the most likely model M
among the other models in the model space, C is the threshold value, chosen arbi-
trarily. Generally C is chosen 10, 20 or 100 but it may change up to the aims of the

research.

About the second potential problem, as it is stated earlier, the computation of the
posterior probabilities is challenging. As Raftery et al. (2003) indicates, the posterior
probabilities can be computed with an easier way by using BIC or AIC [61]. In
this thesis, BIC adaptation is used. So posterior probabilities of the models can be
computed by using the formula in Equation [2.39]

P(D|M;)P(M;) P(M;) exp(—%B]CMi)

P(Mi|D) = — Np— :
> P(DIM;)P(M;) 325, P(Mj)exp(—5BICh;)

(2.39)

where

BICy;, = —2In L(D|M;) + length(9;) log(n) (2.40)
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Lastly, the choice of the prior probabilities, P(};), depends on the specifications of
the study. If all the models in the model space are equally likely, then it can be omitted
from the Equation [2.39]

After Occam’s window, the model space is reduced to a decent size and then the
parameter of interest can be estimated by using the BMA Equation [2.35] where the
posterior distribution of that parameter given each model is P(6|M;, D) and the pos-

terior probability of each model is P(M;|D).

Reversible Jump Monte Carlo Markov Chain (RJMCMC): Green (1995) intro-
duced a new method called Reversible Jump Markov Chain Monte Carlo which pro-
vides a general outline for Markov Chain Monte Carlo (MCMC) simulation where
the dimension of the parameter space may vary among the Markov Chain iterates.
The methodology is suitable for very different areas including factorial experiments,
variable selection in regression, non-nested regression models, mixture deconvolu-
tion with an unknown number of components, Bayesian choice between models with
different numbers of parameters, multiple change-point problems, image segmenta-
tion, object recognition, layout design etc. [24]]. The studies of Green [24], [64],
Waagepetersen [76]], Sisson [71], [[16], Ai [3], Ozmen & Demirhan [56], Lunn [47],
Yeh et. al. [78], Baghfalaki and Jalali [5], Karakus [38]], Theorell and Noh [73]]
about reversible jump method are examined carefully. There is also a table, in which
the software programs, the researchers used, are stated in Sission’s (2004) article
on RIMCMC [71]. The reversible jump algorithm can be defined as an extension
of the Metropolis-Hastings algorithm onto more general state spaces with different
dimensions. Model selection is one of the functions of RIMCMC. In this thesis, the
focus for RIMCMC will be the estimation of joint posteriors for parameters as well as
model posteriors by using model selection techniques because of some practical ad-
vantages. The first advantage is using an MCMC method, in which model space can
be simulated easily. Details about the model space is given in the following sections.
The second advantage is that when dealing with the computations for joint models
with varying dimensions, an MCMC approach provide convinience in computations
and model selection. Suppose that a model space M = {M;, My, ..., M} } in which

the models have different dimension of parameter spaces with vector of 8y,. Dimen-
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sions of the spaces where 6y ’s lie are R"*. So the joint distribution of (Mj, 6y, D),

where D is the data, is given as;
P(My, 6y, D) = P(D|6y, M,;)P(6y|My)P (M) (2.41)

where P(D|6y, M) is the likelihood under model My, P(6y|M}) is the conditional
probability of the parameter vector of interest under model M}, and P (M) is the prior
for model M;,. Markov Chain Monte Carlo (MCMC) approach allows to reach a target
density by using transition kernels of a current state to the next state of the simulation.
In reversible jump case, the transition can be among any state with different parameter
spaces. Let ¢(x,dz’) is the transition kernel where, z is the current state while 2’ is
the next state. The reversibility basically means that the transition can be done from
both states, which means ¢(2’, dx) # 0, where z’ is the new current state and x is the
new next state. According to this information with the MCMC Approach, Reversible
Jump algorithm is said to be the extension of Metropolis-Hastings Algorithm. An

acceptance probability, which is used for every proposed value, is given as,

p(da")q(z’, dz)
" p(dz)g(z, dz’)
where p(dx’) is the target density while p(dx) is the density of the current state.

a(z,z') = min {1 (2.42)

In RIMCMC, there are 3 types of moves: moving to a state with higher dimension,
moving to a state with lower dimension and moving to a state with the same dimension
(Metropolis-Hastings). So, let (M}, 6y ) be the current state and (M, 6y ) be the next

state.

Higher Move: If the dimension of M/, is higher than the one with M, (|My/| >
| My|), a new vector u with dimension |Mj,| — | M| should be generated from a pro-
posed prior h(u) and therefore the new parameter space, 6y, will be equal to the
bijection of @y and u, which can be defined as 0y, = g(6y,u). The acceptance prob-
ability for the new state is given as,

P(D|Mk/,Bk')P(Ok;|Mk/)P(Mk/)q(h,Mk/,Ok,)
P(D| My, ) P(0x| M) P(Mi)q(h, My, 6x)h(u)

a(My, Ox, My, 0yr) = min {1, | Ju |} (2.43)
Here, P(D|Mys, 0y) P(Oy/| M) P(My,) is given as in Equation2.41|and | J,, | is the

Jacobian for u. Dimension of 0y is dim(6y) = dim(6x) + dim(u), so for dimension

dg(0
matching, determinant of the Jacobian, | J, |, is needed where | J,, |= 99(6x, u) .

(9(91(, ll)
Lower Move: 1If the dimension of M/, is lower than the one with My (|My/| <
| My|), the vector w’ with dimension | M| — |M;.| should be discarded from the new
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parameter vector, 0. It is the inverse transformation of the bijection ¢g=1(6y) =
(Ok/, ll,) .

D|]\4k/7 BkI)P(GkI |Mkl)P(Mkl)q(d, ng Gk/)h(u’)
P(D[My, 0:) P(0w[My) P(My)q(d; M., 01c)

a(Mk,Ok,Mk/,Gk/) = min {1, P( ‘ Ju/ |} (244)

Here, dimension of 6y, is dim(0y,) = dim(0y/) + dim(u’), so for dimension matching,

) . ) dg1(6
determinant of the Jacobian, | J, |, is needed where | J,, |= g—(k,> .
(9(01(/, u )
Current Move: If the dimension of My, is equal to the one with Mj, (|My/| = | Mg)),
the classical Metropolis-Hastings algorithm is applied.
o P(D| My, 0yr) P(Oxr | Myt ) P(Myr)q(s, My/, O/ )
(M, 81, My, Bur) = mim {1’ (DM, 61) PO Mi) P(Me)a(s, My, 0r) } (24

The algorithm follows with obtaining the visiting probabilities, which are calculated
by counting the total visits to that model during the process. Visiting probabilities
is a useful tool to pick the best models since, they can be used as model posterior
probabilities P(Mj|D). These posterior probabilities can be used in Equation [2.33]

for averaging the parameter of interests, P(6|D).

RIMCMC algorithm should continue until the joint posterior converges. There are
specific indicators, measures and charts in order to detect the convergence, station-
arity and autocorrelation of the Markov Chain called MCMC Diagnostics. Burn-in
and iteration sizes can be decided and the convergence can be seen according to these

Diagnostics.

2.4.3 MCMC Diagnostics

Improving the convergence and the performance of MCMC methods means that when
the sampling is slow or having problems regarding converging, MCMC diagnostics
can detect these and moreover, they can help to speed up the convergence. Clarifi-
cation of the term convergence in MCMC context would be helpful at this point. It
should not be understood as the convergence of the parameter of interest to its MLE
or any unbiased estimator. Convergence describes how the sampling algorithm gets
close to the true posterior distribution [43]]. MCMC diagnostics can be examined in

two parts: convergence diagnostics and accuracy diagnostics.
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Convergence Diagnostics

Trace Plots: They are basically scattered line plots showing the value of the pa-
rameter in each iteration. Iterations are shown on the x-axis, while the values of the
parameter of interest are on the y-axis [I0]. In Figure [2.3] a simple example of a
trace plot for one parameter and one chain is provided. The example is plotted with R

software for 20000 iterations. Trace plots are very basic forms for understanding the

Trace of chain1beta1

' | | I | |
0 5000 10000 15000 20000

lterations

Figure 2.3: Trace plot example

stationary and convergence. If the moves of the parameter are not distinguishable, the
trace plot looks like a thick line, which indicates stationarity [43]. Any change that
breaks the stationarity can be monitored with this graph. If the samples of the param-
eter of interest do not change by iteration, some horizontal lines appear, which shows
slow convergence and unstationarity. In addition, trace plots are useful to identify the
mixing behavior of the chains. When there is more than one chain in the sampling
algorithm, the same stationarity should be monitored at all chains. Trace plots can be
plotted with chains all together, in order to see the chains are intermixing after some

point.

Autocorrelation Plots: This graph is for measuring and identifying how the sam-

ples are correlated with each other by iteration. At it is stated in Section every
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sample depends on the previous one. This dependence causes slow convergence of
the posterior. The distance among iterations is called lag. The autocorrelation is the
measure of the correlation between parameter §' and 0% for lag k [43] [10]. The

formula for autocorrelation is given in Equation [2.46]

N —0) (O — 0
Z”Z(N (9-)£ 0+)t2 ) (2.46)
1=1\"1

where p; is the autocorrelation for parameter of interest ¢ at lag-t [§]]. So, autocorrela-

Pt =

tion plots show which lag or distance the autocorrelation of the iteration continues up
to. Autocorrelation level is expected to drop around zero immediately when the lags
start to increase. If it does not drop immediately and decrease gradually, it is a sign
of slow convergence. Though paying attention is recommended at this point, since it

does not mean that the posterior does not converge.

chainlbetal

L2
= |||..

-1.0

T T | T 1 T | I
0 & 10 15 20 25 30 35

Autocorrelation

Lag

Figure 2.4: Autocorrelation plot example

In Figure [2.4] there is a simple autocorrelation plot, constructed by R software. After

lag 5, the autocorrelation drops to zero.

Acceptance Rate in Metropolis-Hastings: The percentage of the accepted sam-
ples in Metropolis-Hastings algorithm is called Acceptance Rate. It measures the
speed of convergence. According to Gelman and Rubin (2013) good acceptance rate
is between 20% and 45% [20]]. Low acceptance rate indicates most of the sampling
is rejected and convergence is slow. High acceptance rate indicates, most of the sam-
pling are accepted and thus Markov chain explores the posterior slowly, which is also

an indication of slow convergence [43|].
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Monte Carlo Standard Error (MCSE): It is a measure of performance of the
MCMC process. MCSE measures the error of sample values of the parameter of
interest (mean, median, etc.) estimated in the posterior of the MCMC process and
shows the convergence performance of the posterior. There are some methods to
calculate MCSE such as batch means, spectral variance etc. [43]. The most popu-
lar calculation technique is the batch means method which divides the chain into b
batches, then calculate the means for every batch 0, and also the overall mean of the

chain 6. Then MCSE can be calculated by using the Equation [43].

b p 2
MCSE = S} = W (2.47)

If MCSE is small enough, this would mean that the posterior converges. On the other

hand, higher MCSE indicates the need of longer chain size. As a rule of thumb,
1

the MCMC process should continue up until MCSE is less than 20 of the estimated

posterior standard deviation for the parameter of interest [[10].

Effective Sample Size (ESS): It is a measure to see the number of independent
samples in an MCMC process according to the autocorrelation. ESS can be calculated

by the formula given in Equation (18] [[66].

N
1+2327, pi(0)

where N is the total iteration (sample) size, p;(0) is the autocorrelation for the pa-

ESS = Njj = (2.48)

rameter of interest at lag . Lower ESS indicates more dependent samples and high
autocorrelation, thus a slow convergence and mixing. In order to increase ESS, the
methods for reducing autocorrelation can be applied and the size of the chain should

be increased.

Accuracy Diagnostics Examining the accuracy of desired posterior parameters are
as important as monitoring the stationarity and convergence of the MCMC process.
There are a variety of diagnostics for this purpose, although these diagnostics not only
examine the accuracy, but also they can monitor the convergence and stationarity as

well.
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Geweke Diagnostics: It is an MCMC diagnostic that helps to detect the stationar-
ity and provides valuable insight to detect the size of the burn-in part of the chain.
Geweke (1991) proposed this diagnostic as identifying the stationary of the Markov
chain [23]]. After discarding the burn-in part, the iterations are divided in to two parts,
early half A and late half B. After taking the means of the parameter values (94, )
in these parts, Geweke diagnostic actually uses a well-known unpaired Z-test for two
pairs [43]. However, Casella and Robert (2004) states that the Geweke diagnostic
in R software uses a t-test rather than a Z-test [|66]. The equations and test statistics
are stated in both Lesaffre et. al (2012) and Casella and Robert (2004). Having said
this, eventually the process is the same. The significance of Geweke statistic indicates
stationarity, otherwise it implies that the burn-in part or the whole size of the chain is
short [43]]. The same diagnostic can be applied by slicing the iterations into %k parts

and testing it with pairs. This method is called "dynamic Geweke" diagnostic [43]].

Raftery-Lewis Diagnostic: When the posterior distribution is skewed, posterior
median is preferable than the posterior mean. This diagnostic is for ensuring the
accuracy of the quantiles with a probability [43]]. Raftery and Lewis (1992) proposed
this diagnostic in two steps that in the first step it calculates the burn-in size and
necessary size of the iterations in order to get the accurate convergence of the quantile
with a probability, in the second step it calculates the minimum number of iterations
to calculate the accurate quantile [60]. If the quantile is denoted by U and at the first
step the diagnostic calculates the minimum burn-in size M, the necessary chain size
N for P(U < ul|data) = q where ¢ is the desired probability for accurate quantile.

At the second step the diagnostic calculates the minimum chain size N,,;,, and a ratio
I M+ N

called "dependence factor". [ is expected to be close to 1. According to

Raftery and Lewis, if I is more than 5, than the chain implementation is problematic

because of high autocorrelation or bad starting values [60]].

The Brooks, Gelman,and Rubin (BGR) Diagnostic: This diagnostic was pro-
posed for detecting a problem of being stuck around a local mode in a chain, a con-
vergence problem, occurring especially when the chain is single and the posterior is

multi-modal [43]]. In order to avoid this convergence problem, at least two chains are
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applied with different starting values. This diagnostic compares the chains with dif-
ferent starting values within themselves. Gelman and Rubin (1992) proposed a con-
vergence diagnostic at first and then Brooks and Gelman (1998) have extended this
diagnostic in multivariate cases [21] [9]. When different starting values are assigned
to at least two chains, the posterior means by chains and an overall mean are calcu-
lated in order to calculate the with-in and between chain variability like in ANOVA

= 1 _ 1 _
analysis. Let 0, = N Zf;l 0, is the posterior mean of the ¢ chain, 6 = c ZCCZI 0.

. : 1 2o : :
is the overall posterior mean and S? = ———— SV (6,; — ,)? is the posterior vari-

N -1
ance of the ¢/ chain. In Equation calculations of within and between-chain

variances are given [20] [43]].

Between — chain Variability B =

HMQ

(2.49)
Within — chain Variability W =

I|MQ H

Based on these equations, Gelman and Rubin (1995) and later Lesaffre and Lawson
(2012) gave the unbiased estimator (under stationarity condition) of posterior variance
as a weighted average of IV and B in Equation [2.50]

V =tar(0|X) = %W + %B (2.50)
V is said to be overestimated when the bad starting values occur and mixing of the
chains are slow [20] [43]. Also as it can be seen in Equation [2.50] when n — oo,
var(0|X) approaches to W. It means that if the chain length is long enough, the
posterior converges, and all the chains are mixed and their posterior parameters will
be the same. Therefore, Gelman and Rubin (1992) proposed a ratio called R, and it

is given in Equation [2.51][20].

~

~ V
= — 2.51
k= (2.51)

R is called as the estimated potential scale reduction factor (PSRF) [43]]. It should
approach to 1 when N — oo, which means the chain size is long enough, the poste-
rior converges and all the chains are mixed well. The MCMC process is acceptable
when R is less than 1.1 [20]. Lesaffre and Lawson (2012) also indicates a corrected

version of R for taking into the samphng variability of the variance estimates as

o~ d 3 2V
R, = at> R where d = — This time the process is acceptable when
d+3 var (V)
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R, is less than 1.1 or 1.2 [43]. The dynamic and graphical version of BGR Diagnos-
tic is proposed by Brooks and Gelman (1998). It is basically dividing the chains in
batches indexed by b for all chains and calculating }A%b values for every batch. This
provides graphing the fib values and it is possible to monitor how and when R values

converges around 1 [9]. In Figure[2.5]an example of BGR dignostic graph is given.
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Figure 2.5: BGR Diagnostic plot example

It can be seen that the shrink factor R declines around 1 immediately after the iteration
starts and it declines to 1 totally before 50000*" iteration. This indicates well mixed

chains and convergence after the 50000"" iteration.

MCMC diagnostics are the tools for monitoring how good is the process about the
convergence of the posterior, accuracy of the posterior parameter estimates, etc. There

are also some methods for accelerating the convergence of the posterior.

42



Acceleration of The Convergence Lesaffre and Lawson (2012) indicate that al-
though there are a lot of methods to accelerate, but none of them guarantees the

acceleration in all circumstances [43)]].

The first method is choosing better starting values. If the starting values can be chosen

close to area where the posterior probability is higher, the convergence will be faster.

Another method is the transforming the data. When there is high multicollinearity
among the variables in regression, the convergence is slow [43]]. In order to solve
the multicollinearity problem, transformation methods can be used to accelerate the

convergence.

The other method for acceleration is called thinning. Autocorrelation causes slow
convergence as it is stated in section [2.4.3] thus lowering the autocorrelation provides
more independent sampling and accelerated convergence. Thinning is the solution
for this problem. It is basically picking every m'" iteration in the chain. For example,
with 1000 iterations in a chain, picking every 5" iteration and getting a sample size of
200, is a thinning process with size 5. It lowers the autocorrelation but also reduces
MCSE since the size of the chain decreases. If the chain size is long enough to
get acceptable MCSE even by thinning, it is a useful acceleration method [43]. It
may cause to monitor high acceptance rate in Metropolis-Hastings Algorithm since

thinned samples include more accepted samples than its original chain.

Blocking is yet another method for accelerating the convergence. This method is
applied by taking the parameters of interest in blocks and block by block sampling,
through which convergence can be accelerated. When sampling of parameters is done
from similar densities, they can be gathered as a block. For example, in normal linear
regression the conditional posterior of the coefficients is a multivariate normal. So,
instead of sampling from normal distribution one by one, all the coefficients can be
sampled from a multivariate normal distribution. This may accelerate the convergence

[43].

Reparameterization of the parameters can also accelerate the convergence. For ex-
ample a logarithmic transformation of the parameters can simplify the sampling and

it may provide an avoidance on generating unrealistic sample values and thus it can
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accelerate the convergence [43]].

In this chapter, literature review and preliminaries for Generalized linear models
(GLM), Missing data in GLM and Bayesian missing data analysis in GLM are pro-
vided. In the next chapter, the methodology of the thesis based on this knowledge is

given in detail.
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CHAPTER 3

METHODOLOGY

In this chapter, the methodology of hybrid Bayesian modeling system called Bayesian
Model Pooling (BMP) for GLM with MNAR covariates is explained in detail. The
reason of calling this method as "hybrid" can be basically explained as this method-
ology is interpreted as a combination of RIMCMC and BMA methods. A brief sum-
mary of this hybrid Bayesian modeling system can be helpful for better comprehen-
sion. Firstly, a model space containing joint models of the main model, missing
covariates and the candidate missingness models is constructed in order to build an
environment for RIMCMC process. Then, model transition properties are defined
confirming to the dimensions of the models (i.e. number of parameters), and tran-
sition probabilities among models are assessed accordingly. These transition proba-
bilities are used in RIMCMC algorithm. During the RIMCMC process, parameters
are estimated in each iteration for a different candidate model. RIMCMC algorithm
should continue until the joint posterior converges which can be confirmed accord-
ing to MCMC Diagnostics. After RIMCMC process is finished, model posteriors are
taken as model weights, and posterior estimates of the parameters for every model in
the model space are pooled by using the model weights with BMA methods. Details

are given in the following sections.

3.1 The Structure of The Joint Model in a Model Space

Before construction of the model space, the joint models in the model space should
be defined properly. Let Y; for = = 1,...,n be the binary response variable, let

X, = (X1 Xojse.., Xp;) fori = 1,...,n be the covariate matrix of the main
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model. The covariate matrix can be divided into two parts; the ones being fully
observed and the ones containing MNAR mechanism. Let X; = (X ™8, X°bs))
where X 55 = (X14, X2 .., Xpi). Accordingly, let R; = (Ry;, Ry, ..., R,;) for
1 = 1,...,n be the binary missingness indicator matrix generated according to the
covariates containing MNAR mechanism. Generation of R; is defined in Equation
[2.5] The main model is assumed to be a logistic model, while the missingness models
are assumed as probit models. Regarding this, 3 = {f,...,[3,} is the parameter
vector for the main model, ¢ = {¢1, ..., ¢, } is the parameter vector for the missing-
ness model. Lastly, let M = {M,, ..., M,, } be the vector of model indices for the
model space.

The joint posterior distribution of (Mj, ¢, B, X ™) is then given as following;

P(Mk7¢k7ﬁk7Xmiss7XObs7KR)
P(XObS,KR)

o P(Mz, ¢r, B, X ™%, X°** Y, R)

P(Mp, ¢, B, X ™| X°* Y, R) =

(3.1
= P(X™"%, X°**Y, R| My, ¢, Br) P(My, di, Bre)

where M), is the k' model index, ¢, is the parameter vector of k'® missingness

model, B3 is the the parameter vector of the main model under k' model index,

P(Xm™iss X Y R|My, dr, Br) is the full data likelihood, and P (M, dr, B) is

the joint prior distribution.

Further, the full data likelihood, P(X ™% X°% Y R|My, ¢, Bk), can be factor-

ized by using selection model and it is given by,

P(Xmissa XObsa K R|Mk7 ¢ka IBk) :P(R|Xmissv XObsa }/7 Mk7 ¢k)
*P(Y|Xmiss, XObS, Mk,’an:) (32)
*P(Xmiss|Xobs’ Mk)
where P(R|X ™3 X% Y M, ¢y) is the likelihood function of the missingness
indicator vector R that belongs to k" model, P(Y | X ™% X °%s M, B3y ) s the like-

lihood function of main model given the model M, and P(X ™| X% M) is the

conditional distribution for missing covariates X %%,

Further, the joint prior in Equation [3.1|can now be factorized as in Equation

P(My, ¢, Br) = P(Br|My)P(pr| M) P(M,;) (3.3)
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where P (8| M) is the prior for the parameter vector of main model under £** model,
P(¢r|My) is the prior for the parameter vector of k' missingness model and P (M)

is the priors for the k" model.

The likelihood of the main model is P(Y|X ™5 X°bs ), (3;) and the one for
missingness mechanism models is P(R|X ™ X% Y M, ¢). Both models are
considered as GLM models with binary responses. Thus, their likelihoods can be

written explicitly as in Equations [3.4]and [3.6]

P(Y = y;| X7 X" My, Bi) = [ [ po (1 = py)" ¥ (3.4)

i=1
where y; = 0,1 and p,, = g(X Bs) is the logistic link function with X; being the

covariate vector for i*" observation. Also,

n

P(Rr = Tri|XObsa Xmissv Y7 Mka ¢k) = Hprri’krr%l - prri,k)l_rm (35)

=1

where 7, = 0,1 and p,,_, = g(W;{k(ﬁk) is the probit link function where W, is
the covariate vector for k' missingness model. At this point, it should be empha-
sized that W, must contain the covariate vector possessing the MNAR mechanism,
because MNAR mechanism depends on the covariate itself. It may also contain other
covariates as well. If there are r covariate with MNAR, then the full conditional like-

lihood for the missingness indicator vector R can be factorized as in Equation

P(R|Xobs’Xmiss’}/’ Mk, d)k) :P(R1|XObS,XmiSS,Y, ]\4}€7 ¢k)
*P(R2|XOIJS’ XMiSS7 Y) Mkv ¢k)

(3.6)
*P(RT|X0bs, Xmiss’ Y, Mk, ¢k)
_ - - Tj. 1—rj.
_HHijivk Z(l_ij,.,k) v
j=11i=1

Moreover, the last part of the full data likelihood in the Equation [3.2]is the condi-

tional distribution of the missing covariates X ™" = (X . X™5%) given the
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observed covariates X = (X ... X9) under the k" missingness model M.

The explicit form of P(X ™| X% M, ) is given in Equation

P(xmiss|xob37 Mk) :P(X{niss|bes’Mk)

CP(XJ*| X3, M)
3.7

CP(X X2, M)

Every missing value belonging to any missing covariate can be considered as an un-
known parameter, thus, every one of them also has a prior distribution. Flat distri-
butions, conjugate distributions, or distributions which fit to the observed part of the
covariate with MNAR can be chosen as priors. If the prior distribution of j** missing

covariate is P(X"5*| X% M) then,

miss

J

P(X;”SS’X;E)S, M) = H f(xji70$j) (3.8)

=1

n

where f(z;;,05,) is the prior distribution for the missing value z;, n;m“ is the num-

ber of the missing values in the covariate X;, and Owj is the parameter vector for
missing covariate X;. If the Equation [3.7]is rewritten byh using the expression in the

Equation [3.8] then the prior distribution for all the missing cases can be obtained as,

miss miss

ny n,.
p(xmee X M) = [ - [ f(z10:0e) - f(20i.02,)  (3.9)
=1 =1

miss

where the total number of the missing values is n™¢ = p"s 4 ... 4 "

After explaining the full data likelihood, every element of the joint prior in the Equa-
tion [3.3| should be interpreted in detail. First of all, prior distributions for the parame-
ter vector of the main model 3 given the missingness model M, is stated in Equation

3.10
P(Br|My) =P(Bro| My,) P(Br2| M) - - - P(By.p| My,)
P (3.10)

f(ﬁk,iv Oﬂk,i)

1

)

where f (B, 0, is the prior for the i 3 coefficient under " missingness model.

Secondly, prior distributions for the parameter vector of the missingness models ¢y
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given the missingness model M, is stated in Equation[3.11]
P(pr|My) =P (¢r,0|My) P(dr,2| My) - - - P(¢r.0| My,)

- H f(¢k,i> 0¢k1)

=1

(3.11)

where f (¢, 04, ;) is the prior for the i"" ¢ coefficient of k™ missingness model.

As the last part of the joint prior in Equation [3.3] prior distribution for M, which
is the probability of choosing the k" model, can be non-informative equally likely,
or some models can be highly likely than the others if there is an expert or pre-
knowledge present about these models. If the model probabilities are assumed to be

equally likely, then the probability of the k" model is given as,

P(M,) = - (3.12)

m

where n,, is the size of the model space.

After the structure of the joint model is explained in detail, the essentials of RIMCMC
approach for estimation of posteriors for parameters of interest and how the joint

posterior is used in RIMCMC are provided in the following section.

3.2 RJMCMC For Modeling

The details of RIMCMC method are already given in Section[2.4.2] In this study, it is
proposed that the inclusion of RIMCMC method and it’s model selection features can
be useful for obtaining the parameter posteriors for each model in a model space. As
a reminder, RIMCMC is the generalized version of the Metropolis-Hastings method
used when the dimension of the models is varied. Since the computation of the joint
posterior, P (M}, ¢, Br, X ™| X% Y, R), is challenging, and thus some numeri-
cal methods like MCMC are needed, RIMCMC is very suitable even when the model

dimensions are varied.

With the intent of using the model selection features of RIMCMC, the algorithm runs
as follows: While the process is at an initial model M}, for iteration t, a randomly cho-

sen candidate model M} in the model space is whether accepted with an acceptance
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probability, given in Equation [3.13] or not, thus making the process stay at the initial

model for the next iteration.

P(My, drr, B, X"?iSS\XOb{ Y, R)q(Mjy, My) } (3.13)
P(My, ¢, Br, X™*°| X%, Y, R)q(My,, My)

where P (M, dpr, Brr, X™5%| X% Y, R) is the joint posterior of the candidate

model, P(My, @y, Br, X ™| X °% Y, R) is the joint posterior of the initial model,

a(Mk, Mk/) = min {17

q(Mys, M) is the transition probability from the candidate model My to the initial
model M;, and q(Mjy, M) is the transition probability from the initial model M}, to
the candidate model M.

The acceptance probability is determined according to the move types, specified in
Section [2.4.2] since the dimension difference of the models in comparison should be
taken into account and some additional terms should be used in order to equalize the

dimensions.

Moving to a higher dimension: If the dimension of the candidate model M is
higher than the initial model M}, (|k'| > |k|), the acceptance probability for the new

state is given as follows;
P(Mk’7 ¢k:'7 /Bk:'a Xmiss|XObs7 }/ﬂ R)Q<Mk’7 Mk)
’ P(Mkn ¢k7ﬂk7 Xmiss‘XObs7 Y? R)q(Mka Mk')h(u)

a(My, Myy) = min {1 x| Ja |} (3.14)

Moving to a lower dimension: If the dimension of the candidate model M, is
lower than the initial model M, (|k'| < |k|), the acceptance probability for the new

state is given as follows;
P(Mk?’a ¢k’7 /6k'7 Xmiss|XObS7 Y" R)q(Mk/7 Mk)h(u/)
P(M/w ¢ka IBk? XmiSS|XObSa K R)q(Mk7 Mk:’)

Oé(Mk,Mk/) = min{L X | Jur |}

(3.15)

Moving to an equal dimension: If the dimension of the candidate model M is
equal to the initial model My, (|k’| = |k|), the acceptance probability for the new state

is given as follows;

(3.16)

P(My, , , X™i55| X065 V. RVa( M. M
a(Mkka’):min{l’ ( k’¢k’6k7 ‘ L) )Q( k> k)}

P(Mkv ¢k7 /6167 Xmiss|Xobs7 }/7 R)Q(Mk7 Mk’)

The determinants of Jacobians in Equations [3.14] and [3.15] are all equal to 1, since

the RIMCMC process is applied on a model space and the dimensions of models
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are defined as the number of the covariates that are independent. For example, when
the move type is a higher move, By = g¢(B,u), then dim(By) = dim(B) +
dim(u). Since dimension of models indicates the number of coefficients in this case,
it can be considered as adding extra coefficients of the independent covariates as

many as |dim(Bg) — dim(Bg)|. The determinant of the Jacobian | .J, | is presented

0 ,u ) ) .
by M and written as in Equation |3.17
(Br,u)
% aﬂnﬁ % aun
oo T 9B 9B T b 1 ... 00 ... 0
0B 0Bny; 0w Ouy,
9Bk, W) | _ |88, T 9Bn, 9Bn,  Puy| Y - O 0
— n n n n — :1 3.17
‘ka“) 9Bo OPny O Oun | 1o ... 01 ... 0 G
6’&1 o 6‘u1 8U1 o 8U1
By Bn, O Qun | 10 ... 0 0 ... 1
ou,  Ou, Ou, = Ouy

Lastly, u and v/, stated in Equations and [3.15] stand for balancing the dimension
of the models. Since the variation in dimension is only in missingness models in
this case, h(u) and h(u’) are chosen exactly the same as the prior chosen for ¢. Let
u= (uy,...,uq) and v’ = (uj,...,u)) be the vectors for additional terms, i (u) and
h(u') are given in Equation [3.18]

h(U) — (ul, . ,Ud) = h(ul) RN h(ud) = [P((bk‘Mk)] (3.18)
h

h(u') = h(uy, ... up) = hiuy) .. h(uy) = [P(¢r]| M)

After defining the acceptance probabilities of RIMCMC for different move types, the
construction of a model space and assessing method for transition probabilities of

models in the model space should be explained in detail.

3.3 Construction of A Model Space

The first step for applying RIMCMC is to identify the model space along with model
transitions with different dimensions. Here, the model space refers to the missingness
model space. Models in the model space differ according to variations of missingness

models. Therefore, let us denote the model space of the r*" missingness indicator for
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the r** covariate with MNAR as M, = (M,,, M,,, ..., M,

Tnm r

) with a size of n,,,.
M, can be constructed manually with expert knowledge on the variable with MNAR.
However, most of the time it may not be possible to find the most suitable candidate
models manually through expert knowledge. If there is a lack of expert knowledge,
one should always search for an alternative method for choosing. In this case, the
model space is constructed by considering particularly the most suitable candidates
for “missingness models”. One of the most logical ways to construct a model space is
by using the subsets of the variable set of the main model including covariates (X)),
response (Y) and/or interactions (T'). Let V = {Xm™miss Xobs 'y miss obs} pe
the variable set in which X ™55 is the covariate vector of variables with MNAR, X °b3
is the variable vector of fully observed variables, T™s3 is the vector of variable inter-
actions, including variables with MNAR, T is the vector of variable interactions,
not including variables with MNNAR. Let the size of V be n,, 2" — 1 subsets are to
be found excluding the null set. There are other subsets that should also be excluded
from the model space. Since MNAR mechanism depends on the missing variable
itself, all the subsets must include the missing variable of interest or it’s interaction.
That is to say, if a model space is constructed for the r*" missingness indicator, R, is
the missingness indicator and, let S, be the set of subsets of V where S, = Tj Sr

k=1
and S, ; C V for all k.

Sr,k‘ :{(Srl,k>Sr2,k) € Sr,k ’ Srl,k C (Xr U TXT)
;Sr2,k =0V Sr2,k - (X—’I‘ uYyu T—Xr) (319)
;Srl,k U ST2,k = Sr,k}

Here, S, is the part of the k" subset that includes the 7" covariate with MNAR
(X,) or the interaction of it such as X, X;, XY or Xf. Sra,; 1s the remaining part of
the subset, T'x, is the vector of interactions of X,, X_, is the vector of covariates
excluding X,, T x, is the vector of interaction terms excluding the ones containing
X,. Therefore, S, , is actually the covariate vector of the k" model for the missing-
ness mechanism R,. Hence, the missingness model, given in Equation would be
equal to the expression given in Equation [3.20]

n

XObs,Xmiss,}/, Mrk, ¢k) _ Hg(szk¢k)ﬁ‘l(1 o g(SZ:k¢k))1—rri
i=1
(3.20)

P(R, =1y,
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where S, j; is the vector form of subset S, .

All in all, there should be n,, model spaces with different sizes for modeling 7, miss-

ingness indicators. All of these sets are given in Equation [3.21]
nm1

S1={S11US12U...US1pn,, } = S
k=1

Nmg

Sy ={S21US22U ... USyn,, } = | Sa
k=1

(3.21)

Nmy

Sy ={Sr1USpU...USpp, } = | Ses
k=1

Nmn,.

Sn, = {Sn, 1 USn,2U ... USp . } = U Sn k

k=1
After constructing the subsets S, the model spaces M, can now be constructed by
using these subsets. Model space for the 7" missingness indicator is denoted as M,
and it can be constructed by choosing the best candidate models, of which the variable

sets belong to the subsets of S, in Equation|3.21

Some methods for filtering the model space (i.e. choosing the best candidate models
for the model space) are already mentioned in the previous sections such as Occam’s
window, Occam’s razor, etc. The adaptation of the Occam’s window for the model
space of r** missingness indicator is given in Equation by using the Equation
2.38

MT _ {Mrk : mafEl{P(Mr” |DT7¢T[7i2;l} S C} (322)
P(MTk|DT7¢Tk7/6Tk7X )

where maz{ P(M,,, | Dy, ¢r,, Br,)} is the model posterior with highest probability,
P(M,,|Dy, ¢, Br,., X™*%) is the model posterior of the k" model in the model

space and C' is the arbitrarily chosen threshold value for the ratio.

Estimation of model posteriors are obtained by using the Equation [2.39]in Section
[2.4.2] Tt is to be seen that, the model posterior contains unknown model parameters
®r,, Br, and missing values X ™% (can also be considered as unknown parameters)
which should be imputed by using full conditional distributions of these unknown

parameters with proper sampling methods. When the size of unknown parameters
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are large, the posterior becomes very sensitive to these imputations. Therefore, the
model posterior with the highest probability can easily be affected by imputation. In
order to reduce this sensitivity, the classic Occam’s Window procedure is adjusted
and this alternative method called “T-step Occam’s Window” procedure is proposed

in the following section.

3.3.1 T-Step Occam’s Window Method

The alternative method proposed in this thesis for reducing the size of the model space
by filtering is based on the Occam’s Window method. Since high sensitivity of un-
known parameters in imputation, and the model posterior with the highest probability
can differ easily, first step to take in this alternative method is to keep the threshold
value C small, so that the model space would be large. Afterwards, the model space

of the r** missingness indicator can be created with the following steps:

Step 1: Impute unknown parameters with a suitable imputation method in order to

compute the model posterior in the next step.

Step 2: Calculate all the model posteriors in the model space.

Step 3: Apply the Occam’s window process.

Step 4: Repeat the Occam’s Window process (from Step 1 to Step 3) by ¢ times and

obtain ¢ model spaces with different sizes.

Step 5: Construct a frequency table for model spaces altogether in order to identify

the common models occurring in model spaces.

Step 6: Choose the s most frequent models as candidate models among these ¢ model

spaces.

Accordingly, these ¢ model spaces with different sizes for the r* missingness indica-
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tor are given by,

M — {M(l) : max{P(My,, |Dr>¢7‘l7/87"l)} < C’} _ {M(l) MO W }
T Tk P(Mrleryqsrk”Brk,szss) — i T2 ’ Tnq

mazi{ P(M,, | Dy, ¢r, Br,)}
M$"2) = {M'ﬁf) : ; : milss < Cr= {Mif%MT(?’ Y Mﬁi)z}
P(Mrk|D7'a¢)7’kH@7’k’X )

(3.23)

maxl{P(MT 7‘D"’7¢7’ aB"’ )}
MO = {M,sg; : vl < ob = qm® M, MO Yy
P(MTk|DT7¢Tk7BTk7X )

Naturally, a candidate model may be chosen in more than one model space, therefore,
common models may occur among model spaces. The most frequent s common
models among model spaces are chosen as the best candidate models in order to
reduce the sensitivity of imputation for unknown parameters. The size of ¢ can be
decided arbitrarily, to the size of the unknown parameters and of course in relation to
the strength of computational resources. For example, when ¢ = 100, the common
models with a frequency s greater than 10 can be chosen as the best candidate models.
However, the size of this chosen model space should be optimal for RIMCMC and
model pooling. If it is too small, the uncertainty about missingness models cannot be
reduced or if the size of the model space is very large, RIMCMC process takes too

much time computationally.

3.4 Model Transitions and Transition Probability Matrix

Model transition can be defined as jumping from a model to another one with a prob-
ability. In Metropolis-Hastings algorithm, transition is done in the same dimension,
and in this case the dimension corresponds to the model dimension. Number of
parameters of the model determines it’s dimension. Since, model dimensions in a
model space are mostly different, RIMCMC method is widely considered appropri-
ate use as a model selection method among varying dimensions. In addition, as it
is stated in Section [2.4.2] transitions from a model to another one should also be re-
versible. Furthermore, assumptions about transitions can highly affect the process of
obtaining posterior distributions for each model. For example, if all the model tran-
sitions in a model space are assumed to be equally likely, then the effect of model
dimensions is eliminated significantly. For a better comprehension, let the transi-

tion probability from model M}, to M, be q(My, My/), given in Equation [3.13| and
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the transition probability from model M;, to My be q(Mys, My,). Then, if the transi-
tions are assumed equally likely, the probabilities would be equal to each other (i.e.
q(My, My) = q(My, My)). So, the acceptance probability in Equation is sim-
plified as in Equation[3.24]

(3.24)

P(M.. , , Xmiss Xobs YR
(X(Mk,Mk/):miN{l, ( k7¢k718ka | sy 4y )}

P(Mk, (ﬁk)ﬁk; XmiSS’XObS, Y, R)
As it can be seen in Equation [3.24] RIMCMC acceptance probability depends only
on the joint posterior values under initial and candidate models. This applies for the
move types as well. The acceptance probabilities in Equations [3.14] and [3.15|depend
on the joint posteriors, on the function which equalizes the dimensions, and on the Ja-
cobian. Since assumption of equal transition reduces the effect of model dimensions,
further assumptions taking the dimension difference into consideration are evaluated
for this thesis. Transition for only one dimension up or down among models can be
considered as well, however this restricts the mobility, and the transitions cannot be
done from some models to other ones of which the dimension difference is greater
than one. So taking into account all of these, transition assumptions, that takes both
full mobility on the model space and also the effect of dimension difference into con-

sideration, are shared below.

1. Every model is to be considered as the center of the model space and the prob-
abilities are calculated for every model. Meaning that, n,,, (size of the model
space of r** covariate with MNAR) transition probabilities are assigned to every
single model, of which the total probability equals to 1. This allows assigning

different probabilities to model transitions and their reversible transitions.

2. Transition ability of two models with the same dimension in a model space is
assumed to be the highest. So, transition probabilities decrease as the absolute

dimension difference increases between models.
Transition probabilities of a model space are shown in a matrix form with a dimen-
sions 1, X Ny, at Table[3.1]

Every row of the table is a vector of transition probabilities from an initial model

to other models and the total probability of every row equals to 1. With this matrix
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Table 3.1: Transition Probabilities of a Current State to Next State for Covariate X,

with MNAR

For Covariate X, M, M,y M, Row Total
M, q(My, My)  q(My,My) ... q(My, M,,,) 1
My q(My, My)  q(My, My) ... q(My, M,,,) 1
M,,, Q(Mmli) Q(MnvaQ) Q(Mnm7Mnm) 1

setup, it is crucial to state that, the transition probability is not guaranteed to be equal

to its reversible transition probability (i.e. q( My, My) # q(My, My)).

The second assumption is defining the impact of a dimension difference. Let d(Mj)
be the dimension of model My, d(M;.) be the dimension of model M;/, the abso-
lute difference of two dimensions be defined as | d(My) — d(My) |= dgx, and the
largest absolute difference between dimensions be max{dis } = ng. The impacts of

dimensions are given in Table[3.2]

Table 3.2: Impacts of Dimension Difference

dyr Impact Value (2xx)

0 Ng + 1
1 ng
ng 1

These impact values can be utilized in order to calculate transition probabilities. In

Table [3.3] the related dimension impacts are shown in a matrix form.

The transition probabilities are merely the weighted average of the row vector of that
model. The formula is given in Equation [3.23]

Uk

a(My, M) = = (3.25)
k
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Table 3.3: Dimension Differences of The Models for Covariate X, with MNAR

For Covariate X, | M; M, .. M, | Row Total
M,y 191 l9g .. lop,, I
M, Tnpl g2 e g I,

where i, is the impact value of model & to £/, and [, is the total impact of model &

to other models.

3.5 Estimation of Parameters

The last part of the methodology is pooling the estimations of parameters by using
the properties of BMA. When RIMCMC process is finished, parameter estimations
are obtained under each model in the model space. Also counts of visits to every
model are recorded each time the process visits a model during the iterations. Thus,
the frequencies of visits for models at the end of the process can be considered as
posterior model probabilities P(M|D). Parameters of interest, 3 = (0, ..., [5,),
belong to the main model. For recalling, the joint posterior used in RIMCMC is
P(M,¢,3, X™#5|X°% Y R). Here, it should be noted that parameters of in-
terest 3 and parameters for the missingness indicators ¢ are independent. There-
fore, using only the joint posterior of the parameters of interest and models M,
given as P(3, M|D), is enough for estimation of [ posteriors. As a remainder,
D = (X™iss X°bs Y R)is the dataand M = (M, ..., M, ) is the model space.
Since all the (3 coefficients are independent, marginal posterior distributions of pa-

rameters of interest can be stated as in Equation
P(Bo,...,0p|M,D) = P(fy|M,D)...P(3,|M,D) (3.26)

Let BZ .. be the estimator of 7" 3 coefficient under k" model, M;. In this case, BZ &

is calculated from the posterior distribution P((;| M}, D) which is obtained through
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RIMCMC process. Maximum Likelihood Estimators (MLE) can be taken as estima-
tors of 3 coefficients under every model. Besides, medians are more suitable choices
as estimators if the posterior distribution is skewed. The BMA formula stated in[2.35]

is adapted to this problem, and it is provided in Equation

Bo = i Bo, P(M;| D)

k=1

p (3.27)

where P(Mj|D) is the posterior probability of the k** model, calculated by using
the visiting frequency of RIMCMC. At this point, let NV be the iteration size and N,
be the size of the jump counts (total counts of visits). It is assumed that in N, there
are iterations staying in a model for some amount of time, but in /V, only visits are
counted. Additionally, fy, is the frequency of the visits of M}, in N,,. A detail should
be mentioned here: sometimes the jump process can be immovable on a model for
some time, while iterations continue to be counted. In such a case, iterations, counted
“during” this immovable period, are not counted as visits, only each new visit to that
model are to be counted as visits. With this information provided here, the posterior
model probability of M is calculated as in Equation [3.28

S,

P(My|D) = N

(3.28)

Hereby, Bayesian Model Pooling system is finished with this last step and parameter

of interest estimations are obtained.

3.6 Algorithm of The Hybrid Bayesian Modeling System

Before moving forward with the validation study on a simulated dataset, the entire
algorithm of the methodology is summarized step by step for clarity. It consists of

the following steps:
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Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Step 8:

Step 9:
Step 10:

Step 11:

Definition of covariates and response of the main model.

Generation of missingness indicators, R, according to the covariates with

MNAR.

Setting all possible candidate variables for modeling missingness indicators

of the covariates with MNAR.

Construction of all possible missingness indicator models for all missing in-

dicators of the covariates with MNAR.

Application of T-Step Occam’s Window process for construction of the model
space by using the joint posteriors, P(My, @y, Br, X ™| X% Y, R) for

every model M.

Construction of transition probability matrices for model transitions q( My, My)

for different missingness indicators of covariates with MNAR.
Application of RIMCMC process.

Application of MCMC diagnostics and acceleration of convergence through

thinning and discarding burn-in part.
Calculation the estimators of parameters of interest, sz , for every model M.

Calculation of posterior model probabilities P(My|D).

Application of Bayesian Model Pooling (BMP) by using 3; = Z B,k P(My|D)
k=1
fori=1,...,ng.

The following chapter deals with this proposed algorithm through a validation study

on a simulated dataset with known true parameters, and a real data application.
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CHAPTER 4

APPLICATION OF THE METHODOLOGY

In this section, the proposed methodology of hybrid Bayesian Modeling system called
Bayesian Model Pooling (BMP) is applied in two steps; a validation on a simulated
dataset with known true parameters and a real data analysis. Firstly, a validation study
on a simulated data set is designed and carried out in order to investigate the perfor-
mance of the methodology under different scenarios. Then, the efficiency and the
accuracy of the system are tested with several MCMC diagnostic tools. Afterwards,
a sensitivity analysis is conducted in consideration of the results of the MCMC di-
agnostics. The algorithm is enhanced and calibrated by the results of the sensitivity
analysis. After the calibration of the algorithm, a real data example with MNAR
mechanism is taken and the same algorithm used in the validation study is adapted.
The results from real data analysis are compared with other results of the studies,
the purpose of which is the same for the same data set in the literature. Finally, a

sensitivity analysis is also applied to the real data analysis.

4.1 Validation Study On A Simulated Data With Known True Parameters

In the validation study of this thesis, we consider fully observed binary response vari-
able Y and two covariates X; and X,. The covariate X; contains MNAR mechanism

while X5 is fully observed. The relevant data are generated by using the distributions
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given in the Equation[4.1]

x1; ~ Normal(jiy, agl)

o ~ Normal(piy,, 09252
’ ( ) @.1)

Yi ’pyi ~ Bernoulli(pyi)

logit(py,) = Bo + Biz1, + Baxs,
where logit(p,,) is the logit link function.

Two covariates, X; with MNAR, fully observed X5, and a binary response variable
Y are generated with a sample size of n = 250. The fully observed X, variable is
generated from Xy ~ N(ag;; ad,) with the vector (ai1; ape) = (1;1) and the fully
observed X variable is generated from X; ~ N (a1 + a12Xo; a?;) with the vector
(15 25 13) = (—1,5;0,5;0,75). In addition, the binary response variable Y is

ePotP1X1+52X2
generated from Y ~ Binomial(n = 250;p,) of which p, =

1 + eBot+BiXi+PB2 X2
is the logit link function according to the chosen true values for [ coefficients with

(Bo; B1; Ba) = (2;1; —1).

Further, a binary missingness indicator is also needed and defined here as R, generated
ePo+P1Y +¢2Xo+d3 X1

from R ~ Binomial(n = 250;1 — p,) where p, = TR T ey and the

true parameter settings are given in Equation {.2] for various different missingness

percentages. As seen below, four different missingness percentages are considered

for the validation study.

(

—5,85;1;1;1) if Missing Rate = 1%
(—4,40;1;1;1) if Missing Rate = 3%
(Go; P15 P2; P3) = (4.2)
(—4,20;1;1;1) if Missing Rate = 5%
[ (—3,40;1;1;1)  if Missing Rate = 10%

It is to be noted that ¢, values are determined with a function given in Appendix

Now that the data set is generated, as the next step, the analysis of this simulated
data is conducted by using the joint posterior distribution given in Equation 3.1} The
contribution is rewritten according to the needs of the analysis and for the k" model

as (My, Gr, Br, X1™°| X1, X, Y, R). Soif D? = (X, X,,Y, R), the joint
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posterior distribution is given in Equation {.3]

P<Mk7 ¢k7 ﬂk? lei887 Dobs)
P(Dobs)

X P(Mk7¢ka6k7X1miss7DObs)
= P(D, X1"™"**| My, ¢, Br) P(My, b, Br)

P(My, 6x, Br, X,"™°| D) =
4.3)

where P(D s, lei“\Mk, ¢k, Br) stands for the full data likelihood, P (M, ¢k, Bk)
is the joint prior distribution, D°* is the observed part of the data, X;™"* is the
missing part of the data, M), is the k'* model index, ¢, is the parameter vector of k"
missingness model, 3 is the the parameter vector of the main model in k" model

index. In the following subsections [4.1.1] and [4.1.2] the prior and the likelihood are

investigated and described thoroughly.

4.1.1 Prior

The joint prior P(Mjy, ¢, By) is shown in Equation

P(My, ¢x, Br) = P(Br|My.) P(¢r| M) P(My,) (4.4)

where P(Bk|My) = P(Bry, PBris Pry|My). In this equation, [, is the intercept,
Bk, is the coefficient of X, and [, is the coefficient of X, under M;. Similarly,
the joint prior for coefficients of the missingness model under My, is P(¢g| M) =
P(¢xy, - - -, Bk, |My) in which the size of ¢y, varies by model, and P(M},) is the prior
probability of model M. All of these models and prior distributions are described

below.

The prior for missing observations of the variable X;: It is assumed to be i.i.d.

normally distributed. Consequently, the explicit form of the prior distribution for
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X3 ig given in Equation 4.5 where xm”s ~ N(ftg, ‘792“ )-

P(leiss’Xlabs) — P(ljlniss7 N an;srzzéé AX'lobs7 Mk)
— ( mzss’Xlobs Mk) P(x?l;iiws Xlebs,Mk> (4 5)
S (xli B Nm) .
202,

H \/27r0§1

where fi,, is the assumed expected value of X"** and o,, represents the assumed

miss

standard deviation of X", z%_ is the ¢'" imputed X; value, which is generated

through Gibbs sampling by using the full conditional distribution of X,

Prior distribution for main model coefficients 3;: It is also considered to be nor-
mally distributed, hence, B, ~ N(ug, a%kj) with 7 = 0,1, 2. The explicit form of

the prior distribution is given as follows;

2 1 T 942

P(Bi|My) = P(Bro| My) P(Br, | M) P(Bry| M) ZH—e Br;j

G20 4 /27r05
4.6)

Here, ju5, . stands for the proposed expected value of §t" By coefficient while 08y,
being the proposed standard deviation of j** 3, coefficient. 6}% values are generated

with Gibbs sampling by using the full conditional distribution of .

Prior distribution for missingness model coefficients ¢,: Considered to be nor-
mally distributed, ¢5; ~ N (u¢kj, quﬁk-j) with 7 = 1,...,ng,, its explicit form is given

as follows;

A A
P(¢n|My) = P(ro|My) - .. P(Pr,, |My) = H L 275, 4.7)

Seen in Equation Iy, represents the proposed expected value of Gt ¢y, coeffi-
cient, and oy, . stands for the proposed standard deviation of 5t ¢y coefficient. ¢*
values are also generated with Gibbs sampling by using the full conditional distribu-

tion of ¢y.
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Prior distribution for M,;: All the models in the model space are considered apri-

ori equally likely, hence the discrete uniform prior, shared in in Equation4.8] is used.

1
P(M;) = — (4.8)

Nm
where n,, is the size of the constructed model space.

Prior assumptions for coefficients 3, ¢ and missing variable X are provided below.

Br~N(ps=0,05=4* or B~N(us=0,05=06
¢~ Ny =0,05=4>) or ¢~N(uy=0,0} =06 (4.9)

X1 ~ Ny, = =102 =1.5%) or Xi~N(pe, = —1,02 =1?)

—H Yy T H Vg

These alternative assumptions are utilized for getting more accurate estimations. At
this point, it would be useful to mention the reason behind choosing these alterna-
tive assumptions for the missing covariate X;. The generated data for the validation
study lead to the summary statistics, given in Table .1} for the observed part of the
covariate with MNAR. Looking at the Table it can be seen that the mean of the
observed cases falls around -1 with standard deviations falling between 0,80 - 0,85.
As previously stated in Section [2.2.3] the observed parts and the missing parts may
show different characteristics. Therefore, the assumption for the mean is fixed at -1

while the variance assumptions are taken larger.

Table 4.1: Summary Statistics For Covariate X

Missing Rate

Summary 1% 3% 5% 10%

Meanps -0.89 -098 -1.06 -1.15
Std.Devys 083 086 085 0.79

Nobs 247 242 237 225
Niotal 250 250 250 250
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4.1.2 Likelihood

After giving details about priors used in the validation study, the likelihood is ex-
plained in detail in this sub-section. Full data likelihood, given in Equation 4.3 can

be factorized by using selection model given in Equation .10

P(D™, X" My, di, Be) =P(R| X2, D My, o)
« P(Y| X1, D®, My, Br,) (4.10)
& P(X,™55° | X, M)

where P(R|X ™%, D M, ¢4) is the missingness model for the £*" model index,

P(Y|X,™#% D M, B) is the main model for the &£*" model index, and prior for

missing observations is P(X;™"*| X%, My) = P(afiss, .. 2T | X% My).

The main model: It is considered to be a logistic model thus the reformulation
of the likelihood function of the main model in Equation .10} The reformulated
function is shared in Equation [4.T1]

P(Y = yi|X10bs, leissa X2a Mk)ﬁk) = priyi(l - pyi)l_yi (411)
i=1

extﬁk
1+ eXBe
(214, To;) being the covariate vector for the main model.

where logit(p,,) = X'Bx and p,, = is the logit link function with X =

Missingness models: Since R is dichotomous, the missingness models are chosen
to be probit models. The likelihood for missingness indicator 12 in Equation (4.10)is

formulated in Equation 4.12
_ obs miss _ - 7 1—r;
P(R = ri| X, X1, X5, Y, My, &) = [ [ o}, (1 = pr,.) (4.12)
i=1

where p,,. = ®(W,¢y) is the probit function in which Wy, is the covariate vector
for the k' missingness model. Every missingness model in the model space should
contain X; or some sort of it’s interaction, since MNAR mechanism depends on the

variable itself. Based on this knowledge, the variables X, X, Y, X12, XX, X%,
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XY and X,Y are taken as candidate covariates for modeling missingness indicator
R. Accordingly, W,; must contain at least one of the covariates X;, X7, X; X, or

X1Y, as aresult of the missingness mechanism depending on X itself.

4.1.3 Gibbs Sampling

Regression coefficients 3, ¢ and missing observations x?j“s should be imputed for
a proper Bayesian framework. Therefore, an iterative Gibbs sampling algorithm is
applied for imputation. After the imputation, the imputed values for parameters are
used in priors. The algorithm of Gibbs sampling updates is given step by step in the
following:

Step 1: Draw initials

0 .

5;5;].) ~ N(uﬁkj,aékj) j=0,1,2
0 )
;cj) ~ N(,umj,oikj) §=0,1,...,n4,

Step 2: Continue the process with a for loop from ¢t = 1 ton;

4.13)

X" i) Metropolis-Hastings step

B~ F(Br, | X7, Dops, M, 1,03, ) 5 =0,1,2
maiss,(t .
]({;t]) Nf(¢kj|X1 ()7DobsaMka:u¢>kj70'35kj) j:O,l,...,’I'Ld)k

Step 3: Set (Xfmiss, Bgﬂquj) - ()(Iniss,(m)7 l(c?t)’ gjlt))

At this point, since the full conditional distribution of X {mss does not have a familiar
form, a Metropolis-Hastings Step is added to the Gibbs sampling algorithm for gen-

miss

erating 7" values with ¢ = 1,... ny;s. The M-H algorithm is given as follows:

Step 1: Draw initial 21"** ~ N (p5,,02))

ZT1

Step 2: Continue the process with a for loop from i = 1 t0 1,4

Draw 2{****  ~ N(piy,,02,) and U ~ Unif(0,1)

lproposed

miss (t—1) (t—1) 2
miss miss . f(xlproposed |DOsz‘ ) /Bki ) ¢k s My s Jxl)
Compute a(xlpmposed’ ‘rli—l ) = mm 1’ miss (t—1) (t—1) 2
F@7**| Dobs, » B , P NTENNGED
miss : miss miss
Set xmiss,(t) - T proposed ifU < a(xlpmpﬂsedv Ty, )
1; - )
x]es otherwise

Step 3: Set X751 = (gmiss:(B) - gmiss.(t)y

’ s )
11 Mmiss

“4.14)
where f(27"*%| Dops,, Br, Pk 1y, 02, ) is the full conditional distribution for the i*"
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missing observation. The explicit form of it is given in Equation {.15]

f(xqr:iss’DObsw /8’07 ¢ka My, 03261) :(pyi)yi(l - pyi)l_yi

#(pr, )" (1=, ) 4.15)
_ (xli - Mm1)2 .
1 o 2051

>|<w/27r0§1

where p,, and p,, are the same as in Equation and

Moreover, in the Gibbs sampling, f (S, | X" 550D sy M, 116, 5 J%k;‘) stands for the
full conditional distribution of j** 3 coefficient under £** model for iteration (¢). This

full conditional distribution can be factorized as in Equation[4.16]
F(Br| X7, Dopsy My) = L(Bk| X1™"**, Dops, My) P(Bk| M) (4.16)

where L (3| X 55 Doys, M) is the marginal likelihood, P(B | M},) being the prior.
Bi ~ N(pg, E%) of which 5 is the mean vector, and E% is the variance covariance
matrix for coefficients B = (Bx,, Bk, Ok, )- Since the main model for the response is
logistic and the prior is normal as given above, conditional conjugacy is lost. Holmes
and Held (2006) indicate a useful full conditional distribution for coefficients of a
logistic regression model. According to their article, when an additional variable
A is added as the scale of error terms of auxiliary variable Z (the details are given
below), only then it is easier to sample by using the full conditional distribution of
B coefficients of logistic regression [30]. This helpful knowledge is adapted for this

study as follows:

An auxiliary variable Zg, = (23, ,, -, 23,,,) is defined as
1 ifzg , >0
i = - (4.17)
0 if 28 < 0

In Equation 4.17} 23, , = ®;8; + ¢ with ¢ ~ N(0,)\;) and i = 1,...,n. After
this definition, sampling can be done by using the full conditional distribution of 3,

provided in Equation 4.18§]
Bel X7, My, Zg,, A ~ N(fig, $p)
fug, = 35,35 ug + X'BZg,) (4.18)
S5 = (35 + X*BX)™!
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with X = (X} X X,)and B = diag(\(', ..., A1),

’'n

Additionally, sampling of each auxiliary value zg, , from full conditional distribution

can be done using a truncated normal distribution as described in Equation 4.19][65]].

Br, Ti, Yi, Ai X (4B, M) ) (4.19)
N(xiBr, \i)I(2 <0) ify; =0

ZBr,i

Lastly, the full conditional distribution of the j** ¢ coefficient under k' model for
iteration (t) is defined as f (¢, | X" 550D sy M, [y, O'(%kj). A more general form

of this distribution can be factorized as given in Equation [4.20}

F(Pr| X%, Dops, My,) = L(pg| X1™"*, Dops, My,) P( x| My,) (4.20)

where L(¢y|X 1", Doys, M},) is the marginal likelihood, P(¢y|M}) is the prior.
dr ~ N(py, Zi) where i, is the mean vector and Ei is the variance covariance
matrix for coefficients ¢, = (g, - -, ¢k%). Since missingness models are probit
models, P(¢y|My) can be considered as the conjugate prior with a normal distribu-
tion. Therefore, the full conditional distribution given in the article of Holmes and

Held (2006) is adapted using the following formula [30]:

An auxiliary variable Zy, = (24, ,, .-, 24, ) is defined as
1 ifzy , >0
= " 4.21)
0 if 2z, <0
In here, r; is the i*" missingness indicator, z4, , = wy, ¢ + €¢; where wy, is the
covariate vector of k'™ missingness model, ¢; ~ N (0,1),and i = 1,...,n. After this

definition, sampling can be done by using the full conditional distribution of ¢;, given

in Equation4.22]

¢k|Xfmssa My, Zq’)k ~ N(p’qbk? 2%)
frg, =34, (3, g, + WEZy,) (4.22)
X, = (3, + Wiw,) ™!

where W, is the covariate matrix of the k" missingness model.
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Again, sampling of each auxiliary value zy, ; from full conditional distribution can be

done using a truncated normal distribution as described in Equation 4.23] [65]].

Nwﬂ-(;b,lfzi>0 ifr,=1
¢k,wk,i>7’i X ( R ) ( ) (4.23)

R i

4.1.4 RJMCMC Adaptation

The next step of the validation study, after the data generation and joint posterior def-
inition, is the adaptation of RIMCMC process. All the acceptance ratios in Section
[3.2] are adapted according to the validation assumptions. If the dimension of the can-

didate model M, is higher than the initial model M, (|k'| > |k

), then the acceptance

probability for the new state is given as follows;

P(My, rr, Brr, X755 X0, X, Y, R)q( My, My)
P(Mkn ¢ka /Bk:a X{niss‘bes’ X27 Ya R)C](le Mk’)h(u)

a(Mk,Mk/) = min{l, X | Ju } (424)

If the dimension of the candidate model M, is lower than the initial model M}, (|&'| <

|k]), the acceptance probability for the new state is given as follows;

My, Qs Brr, X7¥°%| X%, X, Y, R)q(My, My )h(u)
P(Mk7 ¢k7ﬁk7Xinlss|bes7X27 1/7 R)Q(Mk'a Mk’)

P
Oé(Mk,Mk/) = min{l, ( X ‘ Jur |}

(4.25)

If the dimension of the candidate model M, is equal to the initial model M, (|k'| =

|k]), the acceptance probability for the new state is given as follows;

(4.26)

P(My, , , XS X005 X0 V. R)a( M. M
O‘(Mk;Mk'):min{l, (M, prer, Brr, X% | X7, X, Y, R) (M, k)}

P(My, ¢, Br, X775 X0 Xo, Y, R)q(M},, My/)
At this point, determinants of the Jacobian terms | J, | and | J,/ |, already provided
in Equation [3.17] in the previous chapter, are calculated as 1. As indicated in Sec-
tion [3.2] with the dimension change happening only in missingness models, v and
u’ stand for coefficients of missingness models ¢, since the dimension change hap-
pens only in missingness models. Therefore, h(u) and h(u’) are chosen exactly the

same as the prior of ¢ coefficients in Equation With v = (uq,...,u,,) and
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u' = (ul,...,uy ), h(u) and h(u') are given in Equation 4.27]

Ty

w; ~ N(pu,0,) and  uf* ~ N(py,00)

h(u):h(ul,...,unu):h(ul)...h(un):ﬁ L . 20

h(u") = h(uy,. .. ,u;lu/) = h(u}) ... h(u, / — H 202,

where 11, and ., are the proposed expected value of v and v/, while o, and o, being

the proposed standard deviation of u and v’

4.1.5 Construction of The Model Space

The methodology for constructing model spaces is explained in Section For
the validation study, it is assumed that there is only one missing variable and thus
one missingness indicator R. The model space is defined as Ml = {M;, ..., M, }.
Models in this particular model space differ only through different variations of miss-

ingness models. The variable set for missingness models is described as
V= (X1, Xy, Y, X127 X1X2>X227X1Y, XpY)

with 8 variables and 2® — 1 = 255 subsets (candidate models) excluding the null set.
The ones not containing X, X 12, X1 X5 or XY should be excluded from the subsets
due to the MNAR mechanism. Let S be a set consisting of subsets of the variable sets
defined in V and its every subset can be described as S = Uﬂ S, with S, C V. §;, is
k=1
given in Equation [4.2§]
Sk ={(Sk1,Sk2) €Sk | Sk € (X1 UX?UX 1 X, UXZUXLY)
Sk =0V S € (X, UY UXZUX,Y) (4.28)
; Sk2 U S = S}

where, Sj,; is the part of the k" subset that includes X, the covariate with MNAR,
or the interaction of it. Syo is the remaining part of the subset. After the process

of excluding, there are 240 subsets left in S and its volume is still large for a model
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space. Therefore, it should be filtered and reduced by using the adapted Occam’s
Window method provided in detail in Section[3.3.1]

The size of t is chosen as 200, which means the Occam’s Window process is to be
repeated 200 times. Now, 200 model spaces with different sizes are present. Among
these 200 model spaces the first 15 common models with the highest frequency are
taken as candidate models for model space. Occam’s Window repetitions and model

spaces are given in Equation[4.29]

W _ [y, mazdPMID)} A (1)
M _{Mk, PO D) SCer={M",...., M}

(4.29)

P(M;|D)} 100 100
M@0 _ [ ppo00  mazd PAMLID)} o\ _ ooy o)
& P(Mk‘D) < C { 1 5 5 n100 }

This process is applied under different missingness rates and parameter assumptions.
The relevant numerical computations are given in the following sections. After con-
struction of the model space for every covariate with MNAR, model transitions are
defined and transition probabilities among models are calculated. Calculations of
transition probabilities and parameter estimations by missing rates and by different
underlying assumptions are given in the following sections as well. The same al-
gorithm, given in Chapter [3} is adapted for the validation study by including data

generation and by making some adjustments, which are already mentioned above.

RIMCMC process and estimation of the parameters of interest are realized via R
software. Before coding, it would be useful to make it clear the steps of the algorithm.

The algorithm is divided into its respective steps below:

Step 1: Data generation:

Lo, ~ N(OQI; 0632)

Xy, ~ N(C(H + Q12T2,; 06%3)

yi ~ Binomial(n = 250; p,,) where logit(p,,) = Bo + B121, + Paxs,
Step 2: Set missingness rate 1%, 3%, 5% or 10%.
Step 3: Generate missingness mechanism R according to missing rate set.

Step 4: Reset X; according to the missing rate.
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Step 5: Set other covariates X7, X2, X1 X5, X1V, X,Y.

Step 6: Construct the matrices of all potential covariates for all possible missingness

models (i.e. model space). 240 candidate models are present.

Step 7: Apply adapted Occam’s Window process by using BIC values joint posteri-
ors. Set ¢ = 200 and ¢ = 20. Take the first 15 or 16 common models having

the highest frequency for every missing rate.

Step 8: Construct transition probability matrix for model transitions q(My, My ).

Transitions can be done according to the information provided in Section

B4

Step 9: Set initial model index M;,,;;, arbitrarily.
Initial parameter generation:
Apply Gibbs algorithm in[4.13]
Set (Br, n, Mi) = (8™, 1™, Minitial)

Step 10: With i = 1;
Set (8, ¢, MD) = (By, ¢, My)
Apply afor loop fromi =2toi =N + B
where B = Npyrn—in ad N = Nyrerations
Set proposed model M, oposeq arbitrarily.
Proposed parameter generation:
Apply Gibbs algorithm in {.13]
Set (B, drr, Mys) = (B, b1 ", Myroposea)
Draw U ~ Unif(0,1)
If U < o( My, My:) (acceptance probability in RIMCMC)
Set (8, ¢, MD) = (Byr, rr, Myr)
Else
Set (ﬁ(i)’ oW, M®) = (ﬁ(i—l)’ d)(i_l),M(i_l))

Step 11: Apply MCMC diagnostics and acceleration tools, such as thinning.
Step 12: Calculate posterior model probabilities P(Mj|D).

Step 13: Calculate medians of parameters of interest, sz for every model M.
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Step 14: Apply Pooling for estimations by using posteriors as /3; = i BlkP(Mk|D)
k=1
for: =0,1,2.

The validation study on a simulated dataset is conducted with RStudio Version
1.2.5001, based on R programming software. More than 60 trials were run with
fluctuating durations from 15 hours to 144 hours (1 - 6 days). These fluctuations are a
result of using 5 separate computers with different technical specs along with different
simulation sizes to get convergence. Eventually, for all simulations, the replication
size N is taken either as 1.500.000 or as 1.800.000 with 2 chains. Burn-in size B is
taken 200.000 or 400.000 according to the results of MCMC diagnostics.

The results of estimations under different assumptions are given in Section §.1.6]
named Results. Models in the model space (as dots represent the covariates in each
model) with their respective posterior model probabilities are tabulated. The ones
with 1% missing rate under assumptions 3, ¢ ~ N(0,4?) and X; ~ N (—1,1.5%) are
listed in Table 4.2 while the ones for other missing rates and under different prior
assumptions are provided in Appendix For Table {.2] the most saturated model
is the 15" model with a dimension of 5 (including intercept). Additionally, the model
posteriors of the 15/ model containing only X equals to O for all missing rates, mean-
ing that only observed X; values would not be enough to explain the missingness
indicator of MNAR. It is also important to note that model posterior probabilities in-
crease as the models become more complex. Models with IDs between 10 and 15 can

be considered as more preferable.

After the construction of the model spaces for different missing rates, transition prob-
abilities as matrix forms are computed. All the transition probability matrices by
different missing rates are constructed according to the model spaces given in Table

and also the ones given in Appendix [B.1

In Table [4.3] transition probabilities are given for a 1% missing rate under prior as-
sumptions 3 and ¢ ~ N(0;4%) and X; ~ AN(—1;1.5%). The rest of the transition
probability matrices for other missing rates are available in Appendix Each
cell in Table 4.3] shows the transition probability from a model to another model.

For instance, the transition probability from model 3 to model 4 is found to be
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Table 4.2: Model Space with Model Posterior Probabilities For 1% Missing Rate
Under Prior Assumptions 8 and ¢ ~ N(0,4?) and X; ~ N (—1,1.5%)

Covariate
ModelID | X; X, YV X? X2 XX, X,V XoV | P(MyD)
1 . 0.0000
2 ° 0.0007
3 . 0.0014
4 ° . 0.0216
5 . . 0.0228
6 . . 0.0215
7 . . 0.0213
8 . . 0.0219
9 . . 0.0212
10 . o o 0.1478
11 . ° . 0.1471
12 o . . 0.1467
13 e o . 0.1472
14 ° . . 0.1488
15 . . ° . 0.1299

q(Ms, My) = 0.073, but transition probability from model 4 to model 3 equals to
q(My, M3) = 0.060. The reason behind this is the changing transition ability of mod-
els due to their dimensions, explained in Section@ After calculating the transition

probabilities by missing rate, RIMCMC algorithm can now be applied.

Another issue worth mentioning here is a problem occuring while calculating the joint
posterior P(Mjy, ¢y, B, X1™%%| Dyys) in simulation runs. Since the joint posterior
contains a lot of unknown parameters, the likelihood values become too small (for ex-
ample e~2°°). This indicates a numerical overflow problem in likelihood. Therefore,

the acceptance probabilities are re-constructed into log-scale and very small epsilon
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Table 4.3: Transition Probability Matrix for 1% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;4%) and X; ~ N(—1;1.5%)

N 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Frol

1 |0.098 0.098 0.098 0.073 0.073 0.073 0.073 0.073 0.073 0.049 0.049 0.049 0.049 0.049 0.024
2 10.098 0.098 0.098 0.073 0.073 0.073 0.073 0.073 0.073 0.049 0.049 0.049 0.049 0.049 0.024
3 |0.098 0.098 0.098 0.073 0.073 0.073 0.073 0.073 0.073 0.049 0.049 0.049 0.049 0.049 0.024
4 10.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.080 0.060 0.060 0.060 0.060 0.060 0.040
5 10.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.080 0.060 0.060 0.060 0.060 0.060 0.040
6 | 0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.080 0.060 0.060 0.060 0.060 0.060 0.040
7 10.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.080 0.060 0.060 0.060 0.060 0.060 0.040
8 ]0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.080 0.060 0.060 0.060 0.060 0.060 0.040
9 10.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.080 0.060 0.060 0.060 0.060 0.060 0.040
10 | 0.043 0.043 0.043 0.064 0.064 0.064 0.064 0.064 0.064 0.085 0.085 0.085 0.085 0.085 0.064
11 | 0.043 0.043 0.043 0.064 0.064 0.064 0.064 0.064 0.064 0.085 0.085 0.085 0.085 0.085 0.064
12 | 0.043 0.043 0.043 0.064 0.064 0.064 0.064 0.064 0.064 0.085 0.085 0.085 0.085 0.085 0.064
13 | 0.043 0.043 0.043 0.064 0.064 0.064 0.064 0.064 0.064 0.085 0.085 0.085 0.085 0.085 0.064
14 | 0.043 0.043 0.043 0.064 0.064 0.064 0.064 0.064 0.064 0.085 0.085 0.085 0.085 0.085 0.064
15 | 0.029 0.029 0.029 0.059 0.059 0.059 0.059 0.059 0.059 0.088 0.088 0.088 0.088 0.088 0.118

values (0.00001) are added in order to eliminate infinite results in log-scale. The new

acceptance probabilities for RIMCMC are given below.

e If the dimension of M}, is higher than the one with M, (|k'| > |k|), the accep-
tance probability for the new state is given as follows;

logP((My/, 1, Brr, X1™°%|Dops) + €) + log(q(Mys, My,))
log(P(Mp, ¢1, Brs X1™**%|Dops) + €) + log(q(My, My+)) + log(h(u))

a(My, Myr) :min{l7 } (4.30)

e If the dimension of M)}, is lower than the one with My, (|k’| < |k|), the accep-

tance probability for the new state is given as follows;

oMy, My) 7mm{1 logP((Mlc”¢k”5k’7leiSS|Dobs)+€)+l09(q(Mk’aMk))+lOg(h(u/))}
b - b

log(P(My, ¢k, Brs X1™%| Do) + €) + log(q( My, My/))

@31
e If the dimension of M}, is equal to the one with My, (|k'| = |k|), the acceptance
probability for the new state is given as follows;
a(My, My/) = min {1’ ZOQP((Mku(i)kuBk/,X17'_LT‘T;S|Dobs) + ¢€) + log(q(Myr, My,)) } 432)
log(P(Mg, ¢1, Brs X1™°*|Dobs) + €) + log(q(My,, My/))

where P(My:, ¢y, i, leiss|Dobs) is the joint posterior distribution of proposed

model M, while P(Mj,, ¢, Br, X1™"*| Dops) is the joint posterior of the initial model
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My, q(Mys, My,) is the transition probability from the proposed model M. to the ini-
tial model M), while q(My, M,.) is the transition probability from the initial model
M, to the proposed model M/, and finally h(u) and h(u') are the densities in order

to balance the dimensions of parameter spaces of missingness models.

4.1.6 Results

The last part of the validation study is completed with the results of the BMP process.
Median is chosen as estimators of coefficients since the distribution of the coefficients

are skewed (see Appendix |B.3.1)).

The results of the BMP are evaluated in reference to the best case scenario in which
fitted models are the same as the underlying data generating models given in Section
K.1] except probit link is used for the main response model. These are given in Table
d.4) under the column "reference model". Below in Table 4.4 the relative bias values
with standard errors (SE) and Monte Carlo Standard Errors (MCSE) of the estima-
tions from RIMCMC process of the proposed hybrid method and also of a single
reference model are given. The same iteration sizes, thinning sizes under different
prior assumptions are applied for the reference model and the estimates are obtained

by using OpenBUGS 3.2.3.

Relative bias, SE and MCSE of estimates are calculated with the formulas given in
Equation 4.33]
B; — B

Bi
NG A(3)\ 2
o _ 2?1692_(25169)

Relative Biasﬁ

J

. i ~ (4.33)

b ~ ~
MCSE; = Zz:(l b(ﬂ_ﬂ 1;bﬁj>2

where Bj is the estimate and 3; is the true value of 4t coefficient, B](Z) is the j*
coefficient estimate at the 7'/ iteration, N is the iteration size after thinning, 3;, is the

lth

J th coefficient estimate of the /" batch, and b is the size of the batch. As a remainder,

the true values of the parameters are (5o, 01, 52) = (2,1, —1).
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According to Table[4.4] all of the estimates of the reference model are underestimated.
Estimation performance and accuracy of (; is the most important indicator for this
study since the MNAR mechanism belongs to the variable X, there is a positive rel-
ative bias to be found but remains comparably very small for missing rates of 1% and
3% under prior assumptions A and B. For 5% missing rate, there is negative relative
bias with a high percentage (—17.45%) under parameter assumption B. The relative
bias is only very small (4.01%) for prior assumption A. Under prior assumptions C
and D, relative bias values of the proposed method for 1%, 3% and 5% missing rates
are quite higher, which is an indication of overestimation. However, the trend is dif-
ferent than this for 10% missing rate. For this missing rate, highly negative relative
bias ratios (—25.37% and —39.69%) are observed under the assumptions A and B,
which are still lower than ones of the reference model. This time, under the assump-
tions C and D, the relative bias values decrease to 2.45% and —8.86% respectively.
The accuracy of the intercept coefficient 5, and the accuracy of 5 are similar with
B in the most of the scenarios and also the behaviour of them is very similar to the
behavioural pattern of 3; coefficient. Only when the missing rate is at 10% and under
the assumption C, the relative bias is very low in [3; but higher at the other coeffi-
cients, e.g. 24.21% for [, and 22.03% for 3. Moreover, the Standard Errors (SE)
of estimations in process are quite small, indicating the convergence of the posterior
since most of the MCSE values are very small and less than 2—10 of standard errors of
the estimations. The MCSE values for the reference models are much more smaller
than the proposed method since there is only a single model is simulated for the esti-
mations, however most of the relative bias ratios of the proposed method are smaller
than the reference model. All in all, the higher the missing rate is, the more sensitive

the estimations become to the prior assumptions.

4.1.6.1 Convergence Diagnostics Results

The accuracy and the convergence of the RIMCMC process can be argued upon by
checking the convergence diagnostics given in Section [2.4.3] Firstly, density plots
given in Appendix [B.3.1| provide information about the distributions of coefficients.
All the plots indicate that the densities of 3, and [3; coefficients are right skewed

while (55’s density is left skewed. These results strengthen the assumption of choosing
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medians as estimators since the mean values are highly affected from skewness.

The stationarity of the MCMC process by missing rate can be seen in the traceplots
given in Appendix In Table 4.5 the summary of some MCMC diagnostics
results are given. Acceptance rates, R values of BGR diagnostic, thinning values and
dependence factors (I) of Raftery-Lewis diagnostic are given under different parame-

ter assumptions by missing rate.

Table 4.5: MCMC Diagnostics For Validation Study Under Different Assumptions

by Missing Rate
Missing Acceptance P Raftery Dependence Factor
Prior Assumptions Thinning (chain 1 - chain2)
Rate Rate Value
Bo 5 B

A: 8,6~ N(0,4%) & X; ~ N(—1,1%) 0.169 1 50 1.10- .11 1.17-1.15 1.12-1.14

1% B: 8,0 ~ N(0,4?) & X; ~ N(—1,1.5%) 0.480 1 20 1.22-2.08 1.18-2.17 1.23-2.04
C: 3,0 ~ N(0,6%) & X; ~ N(—1,1%) 0.380 1 30 1.19-1.17 1.20-123 1.19-1.15
D: 3,¢ ~ N(0,6%) & X; ~ N(—1,1.5%) 0.685 1 20 1.01-099 0.99-1.01 1.00-1.02
A: B,¢ ~ N(0,4%) & X; ~ N(—1,1?) 0.543 1 20 1.14-1.17 1.15-1.16 1.15-1.16
B: 3,0 ~ N(0,4?) & X; ~ N(—1,1.5%) 0.710 1 10 1.01-1.00 1.01-1.00 1.00-1.00

% C: B,¢ ~ N(0,6%) & X; ~ N(—1,12) 0.279 1 40 1.18-1.16 1.14-120 1.10-1.17
D: 8,¢ ~ N(0,6%) & X; ~ N(—1,1.5?) 0.319 1 40 1.15-1.18 1.17-1.12 1.13-1.12
A: B¢~ N(0,4%) & X; ~ N(—1,1?) 0.419 1 20 123-124 125-124 1.26-1.28

sa B: 3,¢ ~ N(0,4%) & X; ~ N(—1,1.5?) 0.712 1 10 1.01-1.00 1.00-1.01 1.01-1.00
C: 8,0 ~ N(0,6%) & X; ~ N(—1,1%) 0.558 1 10 1.05-1.04 1.04-1.05 1.04-1.04
D: 8,¢ ~ N(0,6%) & X; ~ N(—1,1.5?) 0.413 1 20 1.01-1.01 1.03-1.01 1.03-1.02
A: 8,6~ N(0,4%) & X; ~ N(—1,1%) 0.649 1 20 0.99-1.00 1.01-1.01 1.00-1.01

10% B: 3,60 ~ N(0,4?) & X; ~ N(—1,1.5 ) 0.430 1 40 1.07-1.05 1.04-1.03 1.05-1.04
C: 3,0 ~ N(0,6%) & X; ~ N(—1,1 0.610 1 100 0.99-1.01 1.02-0.99 1.01-0.99
D: 3,¢ ~ N(0,6%) & X; ~ N(—1,1 ) 0.595 1 10 1.02-1.02 1.04-1.05 1.05-1.04

Examining the Table[4.5] acceptance rates are varying between 16.9% and 71, 2%, but
most of the acceptance rates are within the range of the suggestions of Gelman and
Rubin [20]]. Higher or lower acceptance rates indicates slow convergence. Thus, it
can be said that the RIMCMC algorithm slowly converges for missing rate 1% under
assumptions A and D, for 3% under assumptions A and B, for 5% under assumptions
B and C, and for 10% A, B and D. Most of these scenarios are also the ones indicating
smaller relative bias ratios. Although the convergence is slow, it is established. All
the R values are 1 and this is considered to be a sign of convergence and proper mix
of chains. In addition to these diagnostics, BGR plots and Geweke plots in accor-

dance with different missing rates are given in Appendix [B.3.4] and [B.3.3] and they
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verify the results shared here. For convergence and autocorrelation, Raftery-Lewis
diagnostic is used. Thinning values are determined in order to reduce the autocor-
relation and dependence factor values. The dependence factors (I) of Raftery-Lewis
diagnostics in Table 4.5 are given for two chains and by different missing rates. Ac-
cording to the table, the dependence factors are around 1, which is a sign of almost
no autocorrelation and posterior convergence except the values for 1% missing rate
under assumptions B. Those dependence factors are also lower than 5, therefore it can
still be considered as an indication of low autocorrelation and posterior convergence.

Furthermore, autocorrelation plots given in Appendix [B.3.2) verify these indications.

4.1.7 Sensitivity Analysis

Since the RIMCMC algorithm in the validation study is based on a large amount of
assumptions and since there are a lot of unknown parameters to be estimated, a sensi-
tivity analysis needs to be performed in order to see the sensitive assumptions of the
algorithm. During the validation study, more than 60 runs of algorithm are conducted
with different scenarios and assumptions. The first substantial observation about sen-
sitivity is to be the assumption of missing covariate characteristics. A small change in
assumption affects the results remarkably. As it can be seen in Table d.4] the relative
bias of j; estimation for 5% missing rate decreases effectively when the variance is
taken as 12 instead of 1.52. In addition to that, when the mean was assumed to be 0
for X; during the simulation trials, the estimations were significantly underestimated,
therefore, these results of them were not considered or put in this study. Moreover, it
is discovered that the assumptions about coefficients are critical as a means of getting
accurate estimations. As the missing rate increases, the larger variances of 5 and ¢
coefficients are needed for lower relative bias. For instance, in Table the rela-
tive bias of [, coefficient for 10% missing rate decreases as the variance assumption
of 8 and ¢ gradually increase from 42 to 62. At this point, additional attention is
needed regarding the convergence and stationarity of the RIMCMC algorithm since
the ability of algorithm’s movement among models can be affected by this variation.
During the simulation trials, large variances are observed to cause slow convergence
because of the large variety of proposed coefficient values, as small variances can

also induce slow convergence since it causes a stuck around a set of similar proposed
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values. Another observation regarding sensitivity is about the choice of models. The
main model is taken as both logit and probit. Logit models are observed to perform
better than the probit ones. Moreover, the construction of the model space is also
very effective on the estimations. The higher the repetitions in the T-Step Occam’s
Window method used for filtering the model space, the more convenient models are
filtered. The results of the validation study indicates that the algorithm becomes more
sensitive to prior assumptions as the missing rate increases. Table 4.4] points out the
need of calibration in the variance of coefficients, and the variance of covariate X is

order to get more accurate estimations as the missing rate increase.

4.2 Real Data Application

In this section, the methodology is adapted and applied utilizing a real data containing
MNAR mechanism. The results are then compared with the results of other studies

for the same data in order to see the differences and similarities of the estimations.

4.2.1 Data Description

The data set is taken from Pan-London Assertive Outreach Study, and consists of 3
parts, all of which are conducted in 2003 [[77] [6] [57] with two additional studies
in 2004 [58] and 2007 [15]. The first study in 2003 (part 1) deals with the charac-
terisation of assertive outreach teams on mental health field in the United Kingdom
(UK) and determination of possible distinction within groups [77]]. The second study
in 2004 (part 2) is conducted in order to observe the staff experience of assertive out-
reach teams on this field and compare it with the community mental health teams and
other different types of assertive outreach teams [6]. The third study in 2007 (part 3)
dwells on the characteristics of mental health patients and the effects of the assertive
outreach team application in the UK on patients [S7]. The additional study conducted
in 2004 focuses on the characteristics of staff and patients in order to determine the
predictors of voluntary and compulsory admissions of these services in the UK [58]].
The last study concentrates on the role of the therapeutic relationship to the outcomes

of assertive outreach service in order to provide and keep a sustainable service [15]].
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The details of the study and the data set are specified in those articles.

The data set is not used entirely in this thesis. The main focus is on modeling the
hospitalization of patients with mental illness at the end of a 9-month follow-up. The
model and the candidate variables are taken as the same with the study of Kalayli-
oglu and Ozturk (2013) [37], so a comparison can be made among the estimations
in order to evaluate the methodology in this thesis. Therefore, the response variable
is binary where y; = 1 stands for the i"* patient who is hospitalized at the end of 9-
month follow-up period with y; = 0 denoting the ** patient who is not hospitalized.
Six candidate variables (x1, ..., zg) are chosen for modeling hospitalization. z; is a
discrete variable denoting the number of in-patient days of hospitalization in the last
two years prior to baseline assessment, x5 is the dichotomous variable that standing
for the patient status (1 = new or 2 = established), x3 is continuous and repre-
sents the age, x, is another dichotomous variable denoting the gender (0 = male or
1 = female), x5 is 4 level categorical variable standing for the ethnicity (1 = white,
2 = black Caribbean, 3 = black African and 4 = other) of patients, while ¢
being 3 level categorical variable implying the cluster of the assertive outreach team
serving patients (1 = Team A, 2 = Team B and 3 = Team C). The variable with
MNAR mechanism is considered as x, since the hospitalized patients with longer
in-patient days for two years are expected to hide such information. For the purpose
of leaving only one variable with missing values, some simple refinements are ap-
plied to other variables. There are 10 missing information pieces in the real data set
about ethnicity of the patients, so they are categorized under other status to that end.
Also there are 5 missing values concerning the age of patients, which are excluded.
There are 50 missing observations for x; variable with the other variables being fully
observed. The missing rate is 8.7% = 9%. It is determined in the 3rd part of the study
(2003) that, there is a statistically significant difference between patient status (new
or established) and also the established patients in the team of cluster C have not been
hospitalized as the established patients in the team of cluster A and B. Therefore, the
interaction between patient status and cluster of the assertive outreach team is also

taken as a candidate variable.
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4.2.2 Construction of The Model

Since there is only one variable with MNAR mechanism, the model consists of two
parts, the main model and the missingness model. While the missingness models
differ, the main model remains the same for every model in model space.The main
model is taken as a logistic model where response variable is Y and covariates X =
(X1, Xo, X3, Xy, X51, X502, X53, Xe1, Xe2, XoX61, X2Xe2) given in Equationm

Yi|py, ~Bernoulli(p,,)
logit(py,) =Bo + Brx1, + Bawa, + Baxs, + Pamy,
+B551;, + Bosa, + Brss, (4.34)
+Bse1, + BT,

+B10%2,T61, + Br1T2,Te2,

where X51, X592 and X535 are the dummy variables for ethnicity white, black Caribbean
and black African respectively, X4, and Xgo are the dummy variables for cluster of
teams A and B respectively and X5 X4, and X5 X¢; are the interaction terms of patient

status and cluster of teams.

Missingness models are also taken as logistic models. Covariates of missingness
models differ by models in the model space. The general form of the missingness

model is shared in Equation 4.3

Tilpr, ~Bernoulli(p,,) 4.35)

logit(pr,, ) =W, Ox

where R = r; is the missingness indicator (r; = 0 if missing and r; = 1 if observed),

W, is the covariate vector, and ¢y, is the coefficient vector of k" missingness model.

The joint posterior given in Equation [4.3] can be applied with the same factorization
and setup for the real data study. Only D vector is formed additionally for the real
data and it consists of all the covariates below:

Db = (X1, X3, X3, X4, X51, X52, X53, Xo1, Xez, X2 X1, X2Xe2, Y, R).
The likelihoods for missingness indicator R and for the response Y in Equation
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can be composed as in Equation [4.36]for two logistic regression models.

573
P(R = r;| X", D, My, ) Hp (L —pp,)' "
(4.36)

573
P(Y = g Xy, D, My, By) = Hp (1-p,)"

Prior distribution of X is described as

P(leiSS|DObs, Mk:) — P(ZL‘leiss,. miss

xl sMmiss

D% M,,). With X being discrete,
number of in-patient days is considered to fit a Poisson distribution. Since there are
too many zero values available in the data, prior distribution for X; is considered to
be a Zero Inflated Poisson (ZIP) model, of which distribution is given in Equation
4.37

~

1, ~ ZIP(#,\)

F+(1—r)e? a1,=0 (4.37)
P(Xl = .7312.) - )\xlz Y
(1-#)"—"

x1,>0

l’l.! !

k3

where 7 is the estimated mean of zero inflation probability, and )\ is the estimated
mean of average number of in-patient days for missing part of X;. 7 and )\ are

calculated for n,,,;5s = 50 with the following formulas:

Nmiss l t i
j o 2t OGIT)  ooit(m) = xiy (4.38)
nmlSS
R MNmiss l )\
fo= 2zt 09N 10000 = e (4.39)
nmzss

Age (X3) and gender (X,) of patients are taken as covariates for the ZIP model (i.e
X; = (x3,,4;)) in order to estimate the coefficients a and «. They are estimated
by using the complete part of the data set and by using the same ZIP model given in

Equation The model summary is provided in Table 4.6
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Table 4.6: ZIP Model Coefficients by Using Observed Data

Coefficient

Y (81

(Intercept) -2.0086 4.8050
x3 0.0335 0.0066
T4 -0.1878 0.0348

According to Table[d.6] logit(m;) and log(\;) model coefficients are structured below:

log(Xi) = 7o + M3, + V2,
= —2,0086 + 0,0335x3, — 0, 18784,
logit(m;) = ap + aq T3, + Qamy,

= 4,8050 + 0,0066x5, + 0, 0348,

Prior distributions for 3, ¢ and M, are taken exactly the same as in the validation
study on a simulated dataset. See the Equations [3.10} [3.1T]and @.8] Only the sizes of

the coefficients are adapted accordingly for this analysis.

Full conditional distributions of parameters X, 55 and ¢, used for Gibbs sampling
algorithm in validation study (Equation 4.13)) are updated according to the real data

analysis. Updated full conditional distribution of X is given as follows:

f(x?:isleobsia ﬁkv ¢k7 Mz, 03231) :(pyi)yi (1 - pyi)l_yi

#(pry ) (1= pry )T
. 4.40
7+ (1—7)e? ifz} =0 ( )
* Sz¥ X\
AL
(1-#) 2=

ifz7 >0
7! :
Since the main model for the response is logistic, full conditional distribution for
[ coefficients remains the same as in the validation study, however the missingness
models are taken as logistic in the real data analysis, even though they were consid-
ered probit in the validation study. Therefore, full conditional distribution for ¢y, is

updated in the way of the full conditional distribution of .
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The same auxiliary variable, used in the validation study, Zg, = (24, ;- -, 2¢,.,) i
defined in Equation in which zy, , = wy, @, + € with wy, being the covariate

vector of k" missingness model along with ¢; ~ N (0, \;) andi = 1,...,n.

Dl X1, My, Zs,, ~ N(fg, , S,
Py, = 0, (; 1y + WEBZy,) (4.41)
Yo = (T, + WIBW,)™!
where B = diag(\[', ..., \71).

n

Acceptence probabilities for RIMCMC are constructed to be the same as the vali-
dation part in Section d.1.4] The model space construction is also the same as its
counterpart in the validation study in Section[d.1.5] Model space table, containing 13
models, is shared in Table

Table 4.7: Model Space with Model Posterior Probabilities of the Real Data Analysis

Covariate

Model No ‘ X1 X2 X3 X4 X51 X52 X53 X61 X62 X2X61 X2X62 Y ‘ P(Mk‘D)

1 . | 0.0000
2 | . | 0.0241
30| . | 0.0470
4 | . | 0.0471
5 | . | 0.0472
6 | . | 0.0478
7 | . . | 0.1199
8 | . o« o 0.1198
9 | . . | 0.1201
10 | . . | 0.1198
| . . | 0.1201
2 . . . | 0.1206
B3| . . . . | 0.0666

Covariates of the models are represented through dots along with the computations of
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model posterior probabilities (P (My|D)) for each model. In Table 4.7, it can be seen
that, the model posterior probability of the 1* model containing only the covariate
X is zero, meaning that only observed X; values would not be enough to explain
the missingness indicator of MNAR. Although the most saturated model is the 13"
model with 4 covariates (5 coefficients including the intercept), posterior probability
of the models through 7 to 12 are higher. After the construction of the model space,
transition probabilities are computed according to that model space and it is provided

in a matrix form in Table 4.8l

Table 4.8: Transition Probability Matrix for The Model Space of the Real Data Anal-

ysis

N 2 3 4 5 6 7 8 9 10 1 12 13
Frol

1 |01250 00938 0.0938 0.0938 00938 0.0938 0.0625 0.0625 0.0625 00625 00625 00625 0.0313
2 00698 0.0930 00930 0.0930 0.0930 0.0930 0.0698 0.0698 0.0698 0.0698 0.0698 0.0698 0.0465
3100698 0.0930 0.0930 0.0930 0.0930 0.0930 0.0698 0.0698 0.0698 0.0698 0.0698 0.0698 0.0465
4 00698 0.0930 00930 0.0930 0.0930 0.0930 0.0698 0.0698 0.0698 0.0698 0.0698 0.0698 0.0465
5 00698 0.0930 0.0930 0.0930 0.0930 0.0930 0.0698 0.0698 0.0698 0.0698 0.0698 0.0698 0.0465
6 | 00698 0.0930 00930 00930 0.0930 0.0930 0.0698 0.0698 0.0698 0.0698 0.0698 0.0698 0.0465
7 00455 0.0682 00682 0.0682 0.0682 0.0682 0.0909 0.909 0.0909 0.0909 0.0909 0.0909 0.0682
8 | 0.0455 00682 00682 00682 0.0682 0.0682 0.0909 0.909 0.0909 0.0909 0.0909 0.0909 0.0682
9 | 00455 0.0682 00682 0.0682 0.0682 0.0682 0.0909 0.909 0.0909 0.0909 0.0909 0.0909 0.0682
10 | 0.0455 00682 0.0682 0.0682 0.0682 0.0682 0.909 0.0909 0.0909 0.0909 0.0909 0.0909 0.0682
11 | 0.0455 00682 0.0682 0.0682 0.0682 0.0682 0.909 0.0909 0.0909 0.0909 0.0909 0.0909 0.0682
12 | 0.0455 00682 0.0682 0.0682 0.0682 0.0682 0.909 0.0909 0.0909 0.0909 0.0909 0.0909 0.0682
13 | 0.0303 0.0606 0.0606 0.0606 0.0606 0.0606 0.0909 0.0909 0.0909 0.0909 0.0909 0.0909 0.1212
After calculating the transition probabilities, RIMCMC algorithm can now be ap-

plied. The algorithm used in the validation study is adapted to the real data application

with minor changes but the structure of the algorithm remains the same.

4.2.3 Results

BMP algorithm of real data analysis is conducted with RSt udi o software, based on
R programming software as used in the validation study. Two chains are obtained in
order to assure convergence under different prior assumptions (A: 3, ¢ ~ N(0,1?)

or B: B,¢ ~ N(0,1.5%) or C: B,¢ ~ N(0,2%)). Iteration size is taken between
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300,000 and 500,000 with additional 30,000 or 50,000 burn-in size. Only the results
of the estimations under prior assumptions A are consistent with the results of the
reference study, the results of B and C are tabulated in the sensitivity analysis part.
For assumption A, every 5t draws are taken for posterior inference, therefore 60,000
posterior draws are used in total. Initial values of 3; coefficients are taken as the
point estimates given in Kalaylioglu and Ozturk (2013) [37]]. MCMC diagnostics are
carried out to ensure the convergence and accurate estimates. For assumption A, the
acceptance ratio of RIMCMC is observed 84.3% and R values for all coefficients
equal to 1. All the Raftery Dependency Factor (/) values for coefficients are found
within the range of 1.04 and 1.07, indicating that there is hardly any autocorrelation
among posterior draws. Additional to these diagnostics, trace plots, autocorrelation

plots, BGR plots and MCSE values of coefficients are provided in Appendix [C|

Table 4.9: Real Data Analysis Estimates (95% Posterior Interval Estimates)

Estimate (95% Posterior Interval Estimates)

Proposed Method (BMP)  Only Observed Data  Kalaylioglu & Ozturk (2013)!
Bo -0.6979 (-1.462, 0.067) -0.9738 (-1.784, -0.164) -1.360 (-2.317, -0.428)
B1*  0.0019 (-0.004, 0.008) 0.0023 (0.001, 0.004) 0.003 (0.002, 0.005)
B2 1.1623 (-0.680, 3.005) 1.3918 (0.495, 2.289) 0.777 (-0.439, 1.941)
Bs -0.0005 (-0.021, 0.020) -0.0037 (-0.020, 0.013) -0.012 (-0.029, 0.006)
B4 0.2987 (-0.387, 0.985) 0.1229 (-0.259, 0.505) 0.213 (-0.197, 0.634)
Bs -0.0550 (-0.864, 0.754) 0.1847 (-0.292, 0.662) 0.200 (-0.390, 0.799)
Bs 0.2794 (-0.182, 0.741) 0.2067 (-0.293, 0.707) 0.013 (-0.675, 0.723)
B7 -0.1089 (-0.883, 0.665) 0.1439 (-0.482, 0.770) 0.069 (-0.715, 0.854)
Bs -0.1196 (-0.629, 0.390) 0.1518 (-0.378, 0.682) 0.713 (0.076, 1.373)
Bo 0.5693 (-0.450, 1.589) 0.4446 (-0.246, 1.136) 0.941 (0.151, 1.747)
B1o -0.5500 (-2.294, 1.194) -0.738 (-1.758, 0.282) -0.195 (-1.471, 1.105)
P11 -1.3055 (-3.383, 0.772) -1.3451 (-2.690, 0.001) -0.918 (-2.486, 0.678)

* Coefficient belonging covariate with MNAR

! Results are taken from Table 4 for Model I [37].

Results of the real data analysis are given in Table 4.9 together with the estimations of

only observed data and the estimations given in the article of Kalaylioglu and Ozturk

(2013). The same data set is used for these estimations [37]].
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Only p; coefficient belongs to the covariate with MNAR, the rest belongs to the fully
observed covariates. MNAR mechanism of in-patient days of hospitalization is based
on the opinion that the hospitalized patients with longer in-patient days for two years
are prone to hide such information. Therefore, the impact of this covariate to the re-
sponse is likely to be less, which means the 3; coefficient is expected to be lower than
the estimates from the observed part. This opinion is supported with the results too:
[ estimate of BMP (0.0019) is less than its counterpart one with an observed part
(0.0023). In the study of Kalaylioglu and Ozturk (2013), the same coefficient is esti-
mated higher (0.003) than BMP. The reason of this may be the difference between the
sample sizes (Nxqlaytiogiy = 476 < npyp = 573). Nevertheless, the point estimates
of BMP are in the ranges of 95% posterior interval estimates given in Kalaylioglu and
Ozturk. Moreover, the results can be compared in terms of ranges of posterior interval
estimates. The ranges in BMP are broader than the ones of Kalaylioglu and Ozturk in
most of the posterior interval estimates, especially the one belonging MNAR covari-

ate is three times wider.

4.2.4 Sensitivity Analysis for Real Data Application

As shown in the validation study, the higher the missing rate, the more sensitive is
the method to the prior assumptions. Therefore in real data applications of BMP, we
recommend a sensitivity analysis and illustrate it here on the dataset at hand. In the
real data application, the main model contains 12 coefficients, while the missingness
models contain at most 5 coefficients. This results in a maximum of 67 unknown
parameters to be estimated including 50 missing values. When the total number of
parameters to be estimated and missing values is high with respect to the size of the
sample, it is observed that the computation duration increases significantly. 3 different
prior assumptions on model coefficients 3 and ¢ are considered: A: 3, ¢ ~ N (0, 12),
B: 3,¢ ~ N(0,1.5%) and C: 3,¢ ~ N(0,2?). The convergence diagnostics of the
chains under the three different priors show similar behaviours and they converge.
However, the acceptance ratios for B and C are lower than that for A. The results are

provided in Table d.10]
Accordingly, the posterior results, particularly for 5; (the MNAR coefficient), are
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Table 4.10: Estimates with MCSE of The Real Data Analysis under 3 Different Prior

Assumptions

Estimates (MCSE)

Prior Assumption

B: 3,¢ ~ N(0,1.5?)

A: B, ¢ ~ N(0,12) C: 3,0 ~ N(0,2?)

~

Bo -0.6979 (0.0011) -1.2555 (0.0114) -1.3264 (0.0111)
B 0.0019 (0.0000) 0.9622 (0.0076) 1.3337 (0.0082)
B 1.1623 (0.0027) 0.8629 (0.0119) 0.7847 (0.0123)
B -0.0005 (0.0000) -0.0489 (0.0081) 0.0579 (0.0091)
B4 0.2987 (0.0010) 0.1500 (0.0110) 0.2442 (0.0117)
Bs -0.0550 (0.0012) 0.1757 (0.0126) 0.1832 (0.0113)
Be 0.2794 (0.0007) 0.0641 (0.0111) 0.0132 (0.0118)
By -0.1089 (0.0011) 0.1123 (0.0110) 0.1084 (0.0118)
B -0.1196 (0.0008) 0.6942 (0.0105) 0.7272 (0.0108)
B 0.5693 (0.0016) 0.9656 (0.0111) 0.9319 (0.0114)
Bio -0.5500 (0.0025) -0.1288 (0.0107) -0.1921 (0.0112)
B -1.3055 (0.0031) -0.9768 (0.0114) -0.9413 (0.0121)

sensitive to the prior distributions on 3 and ¢. Furthermore, the MCSEs being con-
siderably lower for A than B and C indicates that prior variance should be kept at a

minimum level in such datasets.

Lastly, the repetitions of the T-Step Occam’s window method should be much higher
when the unknown parameters are as many as in this case. However, this time, the
computation duration increases highly, in addition to the increase with respect to the

unknown parameters.
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CHAPTER 5

CONCLUSION AND DISCUSSION

In this thesis, a methodology of a hybrid Bayesian modeling system, called Bayesian
Model Pooling (BMP), is introduced for handling the uncertainty caused by Missing-
Not-At-Random (MNAR) mechanism in covariates of a GLM model in addition to
the uncertainty in model selection within the frame of Bayesian inference. When the
missingness mechanism of a variable is MNAR, an attention should be paid to the
inference about that variable in order to obtain accurate estimations, since MNAR is
known to cause bias on estimations. Moreover, determining the best fit for a model
containing covariates with MNAR also increases the uncertainty about the model se-
lection which causes another problem to be carefully examined. In this study, the vari-
ables with MNAR are considered to be the covariates of a generalized linear model
(GLM) with a dichotomous response, and the missingness mechanism is handled with
a model space consisting GLM candidates too. Structure of the joint model contain-
ing the main model and the missingness model, construction of the model space and
all the inference for variables in the joint model are completed in Bayesian frame-
work. Firstly, a proper model space containing the best candidate models is filtered
according to an adaptive Occam’s window method called T-Step Occam’s Window.
Then, posterior distributions of model coefficients for every model in the model space
are achieved by using Reversible Jump Markov Chain Monte Carlo (RIMCMC) ap-
proach, which is an extension of classical Metropolis-Hastings (M-H) sampling algo-
rithm for varying model dimensions. After that, coefficient estimates are obtained by
pooling the posterior estimations for each model, of which their posterior probabili-

ties are also calculated within RIMCMC algorithm.

In Chapter 2, preliminaries for constructing the methodology of the BMP are elu-

93



cidated. First of all, the definitions of generalized linear models, logistic and probit
regression are given. Later, the definition of missing data, types of missingness mech-
anisms and handling methods for those types are provided in detail. Next, Bayesian
inference is elaborated including the basic Bayesian approach, Markov Chain Monte
Carlo (MCMC) approach with its diagnostics and Bayesian model selection methods
such as Bayes factor, Bayesian Information Criteria (BIC), Bayesian model averaging

(BMA) and RIMCMC.

In Chapter 3, the structure of the proposed hybrid Bayesian modeling system (BMP)
methodology is provided in detail. Firstly, the joint posterior model, containing the
main model (GLM), the missingness models (GLM) for the missingness indicators,
conditional priors of covariates with MNAR, priors for the unknown model parame-
ters and model priors in the model space, is constructed in accordance with underlying
concepts given in Chapter 2. Selection model method is chosen for factorization of
the joint posterior. After that, the constructions of model spaces are described for
all missingness indicators. Only a certain amount of best fits are filtered for model
spaces according to the T-Step Occam’s Window algorithm in which the BIC values
are used in order to attain model probabilities. Later, the method of constructing tran-
sition probability matrices, used in RJCMCM algorithm, are shared in detail. Then,
RIMCMC algorithm are adapted as a model selection method, and it is followed by a
clear explanation of the usage of joint posteriors along with the transition probabili-
ties in this algorithm in order to achieve posterior distributions of coefficients. Lastly,
the methodology is completed by providing how the coefficient estimates are pooled

by using the posterior model probabilities as model weights.

In Chapter 4, a validation study on a simulated dataset with known true parameters
and a real data analysis are performed. The validation study on a simulated dataset
is conducted under different scenarios in order to examine the performance of the
proposed methodology. It is noticed that the performance highly depends on miss-
ing rate and assumptions for parameters of missing values and model coefficients.
The results of the sensitivity analysis indicate that the higher the missing rate is,
the more sensitive the algorithm becomes. The reason of this is the increase in the
number of unknown parameters, since every missing value is treated as an unknown

parameter. Thus, the algorithm tries to estimate additional unknown parameters as
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the missing rate increases. This result leads us to pay attention to other assumptions
in the validation study. As the missing rate increases, the variance assumptions of the
missing values and model coefficients should decrease and they should be adjusted
carefully to get accurate estimations. The results are considered satisfying when the
assumptions are set carefully, however computation duration may be a disadvantage,
since a simulation run took around 20 - 24 hours with a mid-range built PC (AMD
Ryzen 3600 Processor running 3.6GHz, using 16GB RAM, running Windows 10)
in order to assure posterior convergence. A further study can be designed focusing
on the enhancement of the algorithm performance and acceleration of convergence.
Furthermore, the data analysis of a real life problem is conducted to ensure that the
methodology could contribute solving of a real life experiment. All the setup of the
analysis are based on the study of Kalaylioglu and Ozturk (2013) for comparison. The
results are also found satisfying and relatively close to the reference study, although

the sample sizes of analyses were not the same.

For further study, the methodology can be extended to more complex model spaces
including different kinds of models such as generalized mixed models, longitudinal
models, etc. A model space constructed with expert knowledge can be more useful
in real life problems in order to get more accurate and realistic results. Also, this
study can be extended for handling more than one covariate with MNAR or it can be

adapted for handling response variable with MNAR.
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Appendix A

APPENDIX: R CODES

A.1 ¢y Determination

# necessery functions
# mode function
getmode <- function(v) {
unigv <- unique (v)
unigv[which.max (tabulate (match (v, uniqgv)))]
}
# find function

rfind <- function (x)seg(along=x) [as.logical (x) ]

seeds <- 689659;
seedsn <— 898734;

runif (seeds) ;

rnorm(seedsn) ;

n=250; # sample size

mcsize=1l; # monte carlo simulation size

# initial parameters for data generation
beta = c(2, 1, -1);

alphal = c(-1.5, 0.5,0.75);

alpha2 = c(1, 1);
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# initial parameters for 15% missingness
phil = c(1, 1, 1);
phi2 = c¢c(1, 1, 1.0, 1, 1);

x2<-rnorm(n, alpha2[l],alpha2[2]);
muxl=alphal[l]+alphal[2]*x2;

x1 <= rnorm(n, muxl, alphall[3]);

# generate y from binomial
numpy=exp ( beta[l]+ beta[2]*x1l + betal[3]*x2 );

py=numpy/ (1+numpy) ;
y=rbinom(n, 1, py);

# missingness percentage

misperc=0.01 #or 0.03 or 0.05 or 0.10

phiOi = seqg(-50, 50, by=0.05)
bestphiO=matrix (0, nrow = 1000, ncol = 1);

for(j in 1:1000) {

missprob = matrix (0, nrow = length(phiOi), ncol = 1);
r = matrix (0, nrow = n, ncol = 1);
w = matrix (0, nrow = n, ncol = 1);

for(k in l:length(phi0i)) {

numpr = phiOi[k]+phil[1]*y+phil[2]*x2+phil[3]#*x1
w = rnorm(n,numpr,l);

rirfind(w>=0)] = 1;

rirfind(w<0)] = 0;

missprobl[k] = mean(r);

}
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misprobdif<-abs (missprob-misperc);
A=cbind (phiOi, misprobdif) ;
minA<-A[order (misprobdif) ];
bestphiO[Jj]l<-minA[1l];

}

getmode (bestphi0)
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Appendix B

APPENDIX: VALIDATION STUDY

B.1 Model Spaces with Model Posterior Probabilities By Missing Rate

Table B.1: Model Space with Model Posterior Probabilities For 1% Missing Rate
Under Prior Assumptions 3 and ¢ ~ A(0;4?) and X; ~ N (—1;1?)

Covariate
ModelNo | X, X, Y X2 X} X,X X\¥ XY |P(M|D)
1 . | 0.0000
2 . | 0.0004
30| . | 0.0110
4 | . | 0.0094
5 | . | 0.0096
6 | o | 00137
7 . i | 0.0074
8 . . | 0.0094
9 | e o | 00002
10 | . .« | 0.0675
| e . . | 0.0697
2 | . . . | 0.0640
3 .« o . | 0.0637
4| . .« . | 02412
15 | e .« o e o | 0423
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Table B.2: Model Space with Model Posterior Probabilities For 1% Missing Rate
Under Prior Assumptions 3 and ¢ ~ N (0;6%) and X; ~ N(—1;1?)

Covariate

ModelNo | X, X, Y X} X} X\X» X\Y XY |P(M|D)

1| | 0.0000
2 . | 0.0005
3 . | 0.0010
4 | . | 0.0162
5 | . | 0.0163
6 | . | 0.0180
7 | . | 00156
8 . . | 0.0156
9 . . | 0.0167
10 | e« o |00167
1 . . o | 0.1440
12 . . . | 0.1449
13 . . . | 0.1453
4| o o . | 0.1462
15 | . e o |01432
16 . .« o . | 0.1600
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Table B.3: Model Space with Model Posterior Probabilities For 1% Missing Rate
Under Prior Assumptions 3 and ¢ ~ A(0;6?) and X; ~ N (—1;1.5%)

Covariate

ModelNo | X, X, Y X} X} XX, X\Y XY |P(M|D)

1| | 0.0000
2 . | 0.0003
30 e e | 0.0186
4 | . | 0.0194
5 | . | 0.0184
6 | o . | 0.0184
7 | o | 00101
8 | . . | 0.0182
9 . . | 0.0187
10 | . o« |oo182
11 . . o | 0.1560
12 . . . | 0.1563
13 . . o |o1s32
14 . . . | 0.1550
15 | .« o . | 0.1528
16 | . e o |007H4
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Table B.4: Model Space with Model Posterior Probabilities For 3% Missing Rate
Under Prior Assumptions /3 and ¢ ~ A(0;4?) and X; ~ N(—1;1?)

Covariate

ModelNo | X, X, Y X} X} X\Xo X\Y XY |P(M|D)

1 . | 0.0000
2 . | 0.0005
3 . | 0.0013
4 . . | 0.0163
5 . . | 0.0162
6 . . [ 0.0172
7 . . | 0.0166
8 . e 00171
9 . .« | 0.1350
10 . . . | 0.1328
1 . . o |01324
12 . . e 01352
B3 .« . | 0.1357
4 . e o |o0a307
15 . o e o |0
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Table B.5: Model Space with Model Posterior Probabilities For 3% Missing Rate
Under Prior Assumptions 3 and ¢ ~ N (0;4?%) and X; ~ N (—1;1.5?)

Covariate
ModelNo | X; X, Y X2 X2 X;Xo XY X,V | P(Mg|D)
1 . 0.0000
2 . 0.0007
3 . 0.0016
4 . . 0.0228
5 ° . 0.0230
6 . . 0.0230
7 . . 0.0229
8 . . 0.0228
9 . . 0.0230
10 . e o 0.1555
11 . . . 0.1548
12 . . . 0.1571
13 . ° . 0.1585
14 . . . 0.1559
15 . . . 0.0787
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Table B.6: Model Space with Model Posterior Probabilities For 3% Missing Rate
Under Prior Assumptions /3 and ¢ ~ A(0; 62) and X; ~ N(—1;1?)

Covariate

ModelNo | X, X, Y X} X} X\Xo X\Y XY |P(M|D)

1 . | 0.0000
2 . | 0.0007
3 . | 0.0009
4 . . | 0.0269
5 . . | 0.0289
6 . . | 0.0267
7 . o | 00270
8 .« o | 0.0295
9 . . | 0.0275
10 | . . | 0.0315
n | o o |00258
12 . .« | 0.1699
13 . . . | 0.1799
4 . e o |01782
15 . . o . | 0.2467
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Table B.7: Model Space with Model Posterior Probabilities For 3% Missing Rate
Under Prior Assumptions 3 and ¢ ~ A(0;6?) and X; ~ N (—1;1.5%)

Covariate

ModelNo | X, X, Y X? X} Xi\Xo X\Y XY |P(M|D)

1 . | 0.0000
2 . | 0.0006
3 . | 0.0005
4 . . | 0.0231
5 . . | 0.0224
6 . . | 0.0211
7 . o [ 00239
8 .« o | 0.0206
9 . . | 0.0226
10| . . | 0.0231
n | « e | 0.0233
2| o o 00227
13 . . . | 0.1515
14 . . o | 01492
15 . o o |ous7s
16 .« o . | 0.1557
17 . . o o |oas2
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Table B.8: Model Space with Model Posterior Probabilities For 5% Missing Rate
Under Prior Assumptions 3 and ¢ ~ N(0;4?) and X; ~ N (—1;1?)

Covariate

ModelNo | X, X, Y X? X} XX, XY XV |P(MyD)
1 . | 0.0000
2 . 00011
3 . 00015
4 . . | 0.0285
5 . . | 0.0289
6 . . 00299
7 .« o | 0.0289
8 . . | 0.0283
9 . . | 0.0307
10 | « e 0.0287
11 . ) . 0159
12 . . . 0.1590
13 . . . 0624
4| . .« . 0.1614
15 . o« o . 01507
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Table B.9: Model Space with Model Posterior Probabilities For 5% Missing Rate
Under Prior Assumptions 3 and ¢ ~ N (0;4?%) and X; ~ N (—1;1.5?)

Covariate

|
1 . | 0.0000
2 . | 0.0008
3 . . 00245
4 . . | 00250
5 | . 00242
6 | o e | 00247
7 o o | 00248
8 | . . 0021
9 | . . | 00248
10 | e o | 0020
11 . .« o 01457
12 . . . 01475
13 . . e | 01464
14 . . . | 0.1447
15 . e o | 0w
16 | . e o | 00716
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Table B.10: Model Space with Model Posterior Probabilities For 5% Missing Rate
Under Prior Assumptions /3 and ¢ ~ A(0; 62) and X; ~ N(—1;1?)

Covariate

ModelNo | X, X, Y X} X} X\Xo X\Y XY |P(M|D)

1 . | 0.0000
2 . | 0.0007
3 . | 0.0015
4 . . | 0.0352
5 . . | 0.0351
6 . . | 0.0345
7 .« | 0.0344
8 . . | 0.0344
9 . . | 0.0339
10 | . o | 0.0360
n | e o | 00345
12 . .« | 0.2065
13 . . . | 0.2036
4 . o . | 0.2060
15 . e o |01037
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Table B.11: Model Space with Model Posterior Probabilities For 5% Missing Rate
Under Prior Assumptions 3 and ¢ ~ A(0;6?) and X; ~ N (—1;1.5%)

Covariate

ModelNo | X, X, YV X? X} Xi\Xo X\Y XY |P(M|D)

1 . | 0.0000
2 . | 0.0001
3 . | 0.0003
4 | . | 0.0036
5 | . | 0.0039
6 | o . | 0.0044
7 . . | 0.0038
8 . . | 0.0035
9 | . . | 0.0433
10 | e o |00461
n | .« . | 0.0463
2| . o o | 00449
B3| . « e | 0.3158
4| . . o o |03
15 o« o e o |oa619
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Table B.12: Model Space with Model Posterior Probabilities For 10% Missing Rate
Under Prior Assumptions 3 and ¢ ~ N(0;4?) and X; ~ N (—1;1?)

Covariate

|
1 . | 0.0000
2 . | 00010
3 . | 0.0022
4 . | 0.0024
5 . . | 00320
6 . . | 00316
7 . o | 00303
8 . . | 00318
9 . . 00313
0 e o | 00308
11 . ) . 01813
12 . . e | o1zl
13 . . . 04776
14 . o . 04788
15 | . e o | 00930
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Table B.13: Model Space with Model Posterior Probabilities For 10% Missing Rate
Under Prior Assumptions 8 and ¢ ~ N(0;4?) and X; ~ N (—1;1.5%)

Covariate

ModelNo | X, X, YV X? X} Xi\Xo X\Y XY |P(M|D)

1 . | 0.0000
2 . | 0.0010
3 . | 0.0023
4 | . | 0.0285
5 | . | 0.0275
6 | o o | 00267
7 . . | 0.0298
8 .« e | 0.0275
9 . o |00277
10 | e o 007
| . . | 0.1629
2 | . . | 0.1663
B3| e o |01609
4 . e o |oa62
15 | . . o o |o1488
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Table B.14: Model Space with Model Posterior Probabilities For 10% Missing Rate
Under Prior Assumptions 3 and ¢ ~ N(0;6?) and X; ~ N (—1;1?)

Covariate

Model No ‘ X1 X2 Y X12 X22 X1X2 X1Y XQY P(Mk|D)

|
1 . | 0.0000
2 . | 0.0004
3 . . 00383
4 . . | 0.0378
5 | . | 0.0380
6 | . | 0.0349
7 | . | 00351
8 .« o | 0.0360
9 . . | 0.0345
10 | . . | 0.0349
n | .« e | 0.0355
2| e o | o0
13 . . . | 0.1868
14 . . . 01823
15 o o . | 0.1805
16 | . e o | 00909
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Table B.15: Model Space with Model Posterior Probabilities For 10% Missing Rate
Under Prior Assumptions 3 and ¢ ~ A(0;6?) and X; ~ N (—1;1.5%)

Covariate

ModelNo | X, X, YV X? X} Xi\Xo X\Y XY |P(M|D)

1 . | 0.0000
2 . | 0.0006
3 . | 0.0015
4 | . | 0.0340
5 | . | 0.0340
6 | o . | 0.0332
7 .« o | 0.0332
8 . . | 0.0335
9 . . | 0.0333
10 | . . | 0.0338
| . . 02181
2 | . . 02177
B3| « e 02174
4 . « . | 0.1095
15 | . . o o |o1488
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B.2 Validation Study: Transition Probabily Matrices By Missing Rate

Table B.16: Transition Probability Matrix For 1% Missing Rate Under Prior Assump-

tions 3 and ¢ ~ N(0;4%) and X; ~ N(—1;1?)

Lo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Fro

1 0.094 0.094 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.057 0.057 0.057 0.057 0.038 0.019
2 0.094 0.094 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.057 0.057 0.057 0.057 0.038 0.019
3 0.063 0.063 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.063 0.063 0.063 0.063 0.047 0.031
4 0.063 0.063 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.063 0.063 0.063 0.063 0.047 0.031
5 0.063 0.063 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.063 0.063 0.063 0.063 0.047 0.031
6 0.063 0.063 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.063 0.063 0.063 0.063 0.047 0.031
7 0.063 0.063 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.063 0.063 0.063 0.063 0.047 0.031
8 0.063 0.063 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.063 0.063 0.063 0.063 0.047 0.031
9 0.063 0.063 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.063 0.063 0.063 0.063 0.047 0.031
10 0.049 0.049 0.066 0.066 0.066 0.066 0.066 0.066 0.066 0.082 0.082 0.082 0.082 0.066 0.049
11 0.049 0.049 0.066 0.066 0.066 0.066 0.066 0.066 0.066 0.082 0.082 0.082 0.082 0.066 0.049
12 0.049 0.049 0.066 0.066 0.066 0.066 0.066 0.066 0.066 0.082 0.082 0.082 0.082 0.066 0.049
13 0.049 0.049 0.066 0.066 0.066 0.066 0.066 0.066 0.066 0.082 0.082 0.082 0.082 0.066 0.049
14 0.040 0.040 0.060 0.060 0.060 0.060 0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.100 0.080
15 0.027 0.027 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.081 0.081 0.081 0.081 0.108 0.135

Table B.17: Transition Probability Matrix For 1% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;62) and X; ~ N(—1;1?)

To

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Fro
1 |0.091 0.091 0.091 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.045 0.045 0.045 0.045 0.045 0.023
2 10.091 0.091 0.091 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.045 0.045 0.045 0.045 0.045 0.023
3 | 0.091 0.091 0.091 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.045 0.045 0.045 0.045 0.045 0.023
4 |0.056 0.056 0.056 0.074 0.074 0.074 0.074 0.074 0.074 0.074 0.056 0.056 0.056 0.056 0.056 0.037
5 10.056 0.056 0.056 0.074 0.074 0.074 0.074 0.074 0.074 0.074 0.056 0.056 0.056 0.056 0.056 0.037
6 | 0.056 0.056 0.056 0.074 0.074 0.074 0.074 0.074 0.074 0.074 0.056 0.056 0.056 0.056 0.056 0.037
7 10.056 0.056 0.056 0.074 0.074 0.074 0.074 0.074 0.074 0.074 0.056 0.056 0.056 0.056 0.056 0.037
8 |0.056 0.056 0.056 0.074 0.074 0.074 0.074 0.074 0.074 0.074 0.056 0.056 0.056 0.056 0.056 0.037
9 10.056 0.056 0.056 0.074 0.074 0.074 0.074 0.074 0.074 0.074 0.056 0.056 0.056 0.056 0.056 0.037
10 | 0.056 0.056 0.056 0.074 0.074 0.074 0.074 0.074 0.074 0.074 0.056 0.056 0.056 0.056 0.056 0.037
11 | 0.040 0.040 0.040 0.060 0.060 0.060 0.060 0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.060
12 | 0.040 0.040 0.040 0.060 0.060 0.060 0.060 0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.060
13 | 0.040 0.040 0.040 0.060 0.060 0.060 0.060 0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.060
14 | 0.040 0.040 0.040 0.060 0.060 0.060 0.060 0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.060
15 | 0.040 0.040 0.040 0.060 0.060 0.060 0.060 0.060 0.060 0.060 0.080 0.080 0.080 0.080 0.080 0.060
16 | 0.028 0.028 0.028 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.111
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Table B.18: Transition Probability Matrix For 1% Missing Rate Under Prior Assump-

tions 3 and ¢ ~ N(0;62) and X; ~ N(—1;1.5%)

Lo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Fro
1 |0.107 0.107 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.036 0.036 0.036 0.036 0.036 0.036
2 10.107 0.107 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.036 0.036 0.036 0.036 0.036 0.036
3 10.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
4 |0.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
5 10.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
6 | 0.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
7 10.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
8 |0.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
9 10.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
10 | 0.050 0.050 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050
11 | 0.028 0.028 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083
12 | 0.028 0.028 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083
13 | 0.028 0.028 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083
14 | 0.028 0.028 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083
15 | 0.028 0.028 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083
16 | 0.028 0.028 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083

Table B.19: Transition Probability Matrix For 3% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;4?) and X; ~ N(—1;1?)

{o 1 2 3 4 5 6 8 9 10 11 12 13 14 15
Frol
1 |0.100 0.100 0.100 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050 0.025
2 |0.100 0.100 0.100 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050 0.025
3 |0.100 0.100 0.100 0.075 0.075 0.075 0.075 0.075 0.050 0.050 0.050 0.050 0.050 0.050 0.025
4 |0.061 0.061 0.061 0.082 0.082 0.082 0.082 0.082 0.061 0.061 0.061 0.061 0.061 0.061 0.041
5 |0.061 0.061 0.061 0.082 0.082 0.082 0.082 0.082 0.061 0.061 0.061 0.061 0.061 0.061 0.041
6 | 0.061 0.061 0.061 0.082 0.082 0.082 0.082 0.082 0.061 0.061 0.061 0.061 0.061 0.061 0.041
7 |0.061 0.061 0.061 0.082 0.082 0.082 0.082 0.082 0.061 0.061 0.061 0.061 0.061 0.061 0.041
8 |0.061 0.061 0.061 0.082 0.082 0.082 0.082 0.082 0.061 0.061 0.061 0.061 0.061 0.061 0.041
9 |0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083 0.063
10 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083 0.063
11 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083 0.063
12 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083 0.063
13 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083 0.063
14 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083 0.063
15 | 0.029 0.029 0.029 0.057 0.057 0.057 0.057 0.057 0.086 0.086 0.086 0.086 0.086 0.086 0.114
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Table B.20: Transition Probability Matrix For 3% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;4%) and X; ~ N(—1;1.5%)

Lo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Fro
1 [0.095 0.095 0.095 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048 0.048 0.048
2 10.095 0.095 0.095 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048 0.048 0.048
3 10095 0.095 0.095 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048 0.048 0.048
4 |0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.059 0.059
5 ]10.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.059 0.059
6 |0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.059 0.059
7 10.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.059 0.059
8 ]0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.059 0.059
9 10.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.059 0.059
10 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083
11 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083
12 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083
13 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083
14 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083
15 | 0.042 0.042 0.042 0.063 0.063 0.063 0.063 0.063 0.063 0.083 0.083 0.083 0.083 0.083 0.083

Table B.21: Transition Probability Matrix For 3% Missing Rate Under Prior Assump-

tions 3 and ¢ ~ N(0;62) and X; ~ N(—1;1?)

ol Yy 2 3 4 s 6 7 8 9 10 m 1 1B 1 15
Fro!

1 0093 0093 0093 0070 0070 0070 0070 0070 0.070 0070 0.070 0.047 0.047 0.047 0.023
2 0093 0093 0093 0070 0.070 0.070 0070 0070 0.070 0.070 0.070 0.047 0047 0.047 0.023
3 0093 0093 0093 0070 0070 0.070 0070 0070 0.070 0.070 0.070 0.047 0.047 0.047 0.023
4 0058 0058 0058 0077 0077 0077 0077 0077 0077 0.077 0077 0058 0058 0.058 0.038
5 0058 0058 0058 0077 0077 0077 0.077 0077 0.077 0077 0.077 0.058 0058 0058 0.038
6 |0058 0058 0058 0077 0077 0077 0.077 0077 0.077 0077 0.077 0058 0058 0058 0.038
7 0058 0058 0058 0077 0077 0077 0.077 0077 0.077 0077 0.077 0058 0058 0058 0.038
8 |0058 0058 0058 0077 0077 0077 0.077 0077 0.077 0077 0.077 0058 0058 0058 0.038
9 |0058 0058 0058 0077 0077 0077 0.077 0077 0.077 0077 0.077 0058 0058 0058 0.038
10 | 0058 0058 0.058 0.077 0077 0077 0077 0.077 0.077 0077 0077 0.058 0058 0.058 0.038
11 | 0058 0058 0058 0077 0.077 0.077 0077 0077 0077 0.077 0.077 0058 0058 0.058 0.038
12 | 0044 0044 0044 0067 0067 0067 0.067 0.067 0.067 0067 0.067 0.089 0.089 0.08) 0.067
13 | 0.044 0044 0044 0067 0067 0.067 0067 0067 0067 0.067 0.067 0089 0.089 0089 0.067
14 | 0.044 0044 0044 0067 0067 0.067 0067 0067 0067 0.067 0.067 0089 0.089 0089 0.067
15 | 0.031 0031 0031 0063 0063 0063 0063 0.063 0063 0.063 0063 0094 0.094 0094 0.125
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Table B.22: Transition Probability Matrix For 3% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;62) and X; ~ N(—1;1.5%)

L 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
Fro
1 0.083 0.083 0.083 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.042 0.042 0.042 0.042 0.021
2 0.083 0.083 0.083 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.042 0.042 0.042 0.042 0.021
3 0.083 0.083 0.083 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.042 0.042 0.042 0.042 0.021
4 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
5 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
6 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
7 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
8 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
9 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
10 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
11 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
12 0.051 0.051 0.051 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.051 0.051 0.051 0.051 0.034
13 0.038 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.058
14 0.038 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.058
15 0.038 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.058
16 0.038 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.058
17 0.027 0.027 0.027 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.081 0.081 0.081 0.081 0.108

Table B.23: Transition Probability Matrix For 5% Missing Rate Under Prior Assump-

tions 3 and ¢ ~ N(0;4%) and X; ~ N (—1;1?)

Lo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Froi
1 ]0.095 0.095 0.095 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048 0.024
2 10095 0.095 0.095 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048 0.024
3 10095 0.095 0.095 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048 0.024
4 |0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
5 10059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
6 | 0059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
7 |0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
8 |0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
9 [0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
10 | 0.059 0.059 0.059 0.078 0.078 0.078 0.078 0.078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
11 | 0.043 0.043 0.043 0.065 0.065 0.065 0.065 0.065 0.065 0.065 0.087 0.087 0.087 0.087 0.065
12 | 0.043 0.043 0.043 0.065 0.065 0.065 0.065 0.065 0.065 0.065 0.087 0.087 0.087 0.087 0.065
13 | 0.043 0.043 0.043 0.065 0.065 0.065 0.065 0.065 0.065 0.065 0.087 0.087 0.087 0.087 0.065
14 | 0.043 0.043 0.043 0.065 0.065 0.065 0.065 0.065 0.065 0.065 0.087 0.087 0.087 0.087 0.065
15 | 0.030 0.030 0.030 0.061 0.061 0.061 0.061 0.061 0.061 0.061 0.091 0.091 0.091 0.091 0.121
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Table B.24: Transition Probability Matrix For 5% Missing Rate Under Prior Assump-

tions 3 and ¢ ~ N(0;4%) and X; ~ N(—1;1.5%)

Lo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Fro

1 0.091 0.091 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.045 0.045 0.045 0.045 0.045 0.045
2 0.091 0.091 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.045 0.045 0.045 0.045 0.045 0.045
3 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
4 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
5 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
6 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
7 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
8 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
9 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
10 | 0.054 0.054 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.054 0.054 0.054 0.054 0.054 0.054
11 | 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.077 0.077
12 | 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.077 0.077
13 | 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.077 0.077
14 | 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.077 0.077
15 | 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.077 0.077
16 | 0.038 0.038 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.058 0.077 0.077 0.077 0.077 0.077 0.077

Table B.25: Transition Probability Matrix For 5% Missing Rate Under Prior Assump-
tions 8 and ¢ ~ N(0;6%) and X; ~ N (—1;1?)

To

Fro!

10

11

12

13

14

15

e X 9 AU R W N -

e e i e
N AW N =D

0.103
0.103
0.103
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.032
0.032
0.032
0.032

0.103
0.103
0.103
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.032
0.032
0.032
0.032

0.103
0.103
0.103
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.032
0.032
0.032
0.032

0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065

0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065

0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065

0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065

0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065
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0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065

0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065

0.069
0.069
0.069
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.079
0.065
0.065
0.065
0.065

0.034
0.034
0.034
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.097
0.097
0.097
0.097

0.034
0.034
0.034
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.097
0.097
0.097
0.097

0.034
0.034
0.034
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.053
0.097
0.097
0.097
0.097

0.034
0.034
0.034
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0.053
0.053
0.053
0.053
0.053
0.053
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0.097
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Table B.26: Transition Probability Matrix For 5% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;6%) and X; ~ N(—1;1.5%)

To

Fro!

10

11

12

13

14

15

o 0 9 NN R W N

e T T = S = S
N AW N =D

0.105
0.105
0.105
0.064
0.064
0.064
0.064
0.064
0.043
0.043
0.043
0.043
0.027
0.027
0.027

0.105
0.105
0.105
0.064
0.064
0.064
0.064
0.064
0.043
0.043
0.043
0.043
0.027
0.027
0.027

0.105
0.105
0.105
0.064
0.064
0.064
0.064
0.064
0.043
0.043
0.043
0.043
0.027
0.027
0.027

0.079
0.079
0.079
0.085
0.085
0.085
0.085
0.085
0.065
0.065
0.065
0.065
0.054
0.054
0.054

0.079
0.079
0.079
0.085
0.085
0.085
0.085
0.085
0.065
0.065
0.065
0.065
0.054
0.054
0.054

0.079
0.079
0.079
0.085
0.085
0.085
0.085
0.085
0.065
0.065
0.065
0.065
0.054
0.054
0.054

0.079
0.079
0.079
0.085
0.085
0.085
0.085
0.085
0.065
0.065
0.065
0.065
0.054
0.054
0.054

0.079
0.079
0.079
0.085
0.085
0.085
0.085
0.085
0.065
0.065
0.065
0.065
0.054
0.054
0.054

0.053
0.053
0.053
0.064
0.064
0.064
0.064
0.064
0.087
0.087
0.087
0.087
0.081
0.081
0.081

0.053
0.053
0.053
0.064
0.064
0.064
0.064
0.064
0.087
0.087
0.087
0.087
0.081
0.081
0.081

0.053
0.053
0.053
0.064
0.064
0.064
0.064
0.064
0.087
0.087
0.087
0.087
0.081
0.081
0.081

0.053
0.053
0.053
0.064
0.064
0.064
0.064
0.064
0.087
0.087
0.087
0.087
0.081
0.081
0.081

0.026
0.026
0.026
0.043
0.043
0.043
0.043
0.043
0.065
0.065
0.065
0.065
0.108
0.108
0.108

0.026
0.026
0.026
0.043
0.043
0.043
0.043
0.043
0.065
0.065
0.065
0.065
0.108
0.108
0.108

0.026
0.026
0.026
0.043
0.043
0.043
0.043
0.043
0.065
0.065
0.065
0.065
0.108
0.108
0.108

Table B.27: Transition Probability Matrix For 10% Missing Rate Under Prior As-
sumptions 5 and ¢ ~ N(0;4?) and X; ~ N (—1;1?)

Lo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Froi
1 |0.103 0.103 0.103 0.103 0.069 0.069 0.069 0.069 0.069 0.069 0.034 0.034 0.034 0.034 0.034
2 0103 0.103 0.103 0.103 0.069 0.069 0.069 0.069 0.069 0.069 0.034 0.034 0.034 0.034 0.034
3 0103 0.103 0.103 0.103 0.069 0.069 0.069 0.069 0.069 0.069 0.034 0.034 0.034 0.034 0.034
4 |0.103 0.103 0.103 0.103 0.069 0.069 0.069 0.069 0.069 0.069 0.034 0.034 0.034 0.034 0.034
5 0056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083 0.056 0.056 0.056 0.056 0.056
6 | 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083 0.056 0.056 0.056 0.056 0.056
7 |0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083 0.056 0.056 0.056 0.056 0.056
8 | 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083 0.056 0.056 0.056 0.056 0.056
9 |0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083 0.056 0.056 0.056 0.056 0.056
10 | 0.056 0.056 0.056 0.056 0.083 0.083 0.083 0.083 0.083 0.083 0.056 0.056 0.056 0.056 0.056
11 | 0.032 0.032 0.032 0.032 0.065 0.065 0.065 0.065 0.065 0.065 0.097 0.097 0.097 0.097 0.097
12 | 0.032 0.032 0.032 0.032 0.065 0.065 0.065 0.065 0.065 0.065 0.097 0.097 0.097 0.097 0.097
13 | 0.032 0.032 0.032 0.032 0.065 0.065 0.065 0.065 0.065 0.065 0.097 0.097 0.097 0.097 0.097
14 | 0.032 0.032 0.032 0.032 0.065 0.065 0.065 0.065 0.065 0.065 0.097 0.097 0.097 0.097 0.097
15 | 0.032 0.032 0.032 0.032 0.065 0.065 0.065 0.065 0.065 0.065 0.097 0.097 0.097 0.097 0.097
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Table B.28: Transition Probability Matrix For 5% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;4?%) and X; ~ N (—1;1.5%)

Py o2 s 4 s 6 7 8 9 1w om 12 13 14 15
Fro
1 0.095 0.095 0095 0071 0071 0071 0071 0071 0071 0071 0.048 0.048 0.048 0.048 0.024
2 0.095 0.095 0.095 0.071 0071 0071 0071 0071 0.071 0071 0.048 0.048 0048 0.048 0.024
3 0.095 0.095 0095 0071 0071 0071 0071 0071 0071 0071 0.048 0.048 0.048 0.048 0.024
4 0.059 0.059 0059 0.078 0.078 0.078 0.078 0078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
5 0.059 0.059 0059 0.078 0078 0.078 0078 0078 0078 0078 0.059 0.059 0059 0.059 0.039
6 0.059 0.059 0059 0.078 0.078 0.078 0078 0078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
7 0.059 0.059 0059 0078 0078 0.078 0078 0078 0078 0.078 0.059 0.059 0059 0.059 0.039
8 0.059 0059 0059 0078 0078 0.078 0078 0078 0078 0078 0.059 0059 0.059 0.059 0.039
9 0.059 0.059 0059 0.078 0.078 0.078 0.078 0078 0.078 0.078 0.059 0.059 0.059 0.059 0.039
10 0059 0059 0059 0078 0078 0.078 0078 0078 0078 0.078 0.059 0059 0059 0.059 0.039
110043 0043 0043 0.065 0.065 0.065 0.065 0065 0.065 0.065 0.087 0.087 0.087 0.087 0.065
120043 0043 0043 0065 0.065 0.065 0065 0065 0065 0.065 0.087 0.087 0.087 0087 0.065
130043 0043 0043 0065 0.065 0.065 0065 0065 0.065 0.065 0.087 0.087 0.087 0.087 0.065
14 0043 0043 0043 0.065 0.065 0.065 0.065 0.065 0.065 0.065 0.087 0.087 0.087 0.087 0.065
15 0030 0030 0030 0061 0061 0061 0061 0061 0061 0061 0091 0091 0091 0091 0.121
Table B.29: Transition Probability Matrix For 10% Missing Rate Under Prior As-
sumptions (3 and ¢ ~ N(0;6%) and X; ~ N (—1;1?)

Pl 2 03 4 s 6 7 8 9 1 o un 12 13 14 15 16
Fro

1 0.100 0.100 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.033 0.033 0.033 0.033
2 |0.100 0.100 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.033 0.033 0.033 0.033
3 |0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
4 |0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
5 ]0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
6 | 0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
7 |0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
8 [0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
9 [0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
10 | 0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
11 | 0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
12 | 0.048 0.048 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.071 0.048 0.048 0.048 0.048
13 0020 0020 0059 0059 0059 0059 0059 0059 0059 0059 0059 0059 0.088 0.088 0.088 0.088
14 0020 0020 0059 0059 0059 0059 0.059 0059 0059 0059 0059 0059 0.088 0.088 0.088 0.088
15 0020 0020 0059 0059 0059 0059 0059 0059 0059 0059 0059 0059 0.088 0.088 0.088 0.088
16 | 0020 0020 0059 0059 0.059 0059 0059 0059 0059 0059 0059 0059 0.088 0.088 0.088 0.088
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Table B.30: Transition Probability Matrix For 5% Missing Rate Under Prior Assump-
tions 3 and ¢ ~ N(0;6%) and X; ~ N(—1;1.5%)

To

Fro!

10

11

12

13

14

o X NN R W N -

-
W N = o

0.111
0.111
0.111
0.057
0.057
0.057
0.057
0.057
0.057
0.057
0.034
0.034
0.034
0.034

0.111
0.111
0.111
0.057
0.057
0.057
0.057
0.057
0.057
0.057
0.034
0.034
0.034
0.034

0.111
0.111
0.111
0.057
0.057
0.057
0.057
0.057
0.057
0.057
0.034
0.034
0.034
0.034

0.074
0.074
0.074
0.086
0.086
0.086
0.086
0.086
0.086
0.086
0.069
0.069
0.069
0.069

0.074
0.074
0.074
0.086
0.086
0.086
0.086
0.086
0.086
0.086
0.069
0.069
0.069
0.069

0.074
0.074
0.074
0.086
0.086
0.086
0.086
0.086
0.086
0.086
0.069
0.069
0.069
0.069

0.074
0.074
0.074
0.086
0.086
0.086
0.086
0.086
0.086
0.086
0.069
0.069
0.069
0.069
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0.074
0.074
0.074
0.086
0.086
0.086
0.086
0.086
0.086
0.086
0.069
0.069
0.069
0.069

0.074
0.074
0.074
0.086
0.086
0.086
0.086
0.086
0.086
0.086
0.069
0.069
0.069
0.069

0.074
0.074
0.074
0.086
0.086
0.086
0.086
0.086
0.086
0.086
0.069
0.069
0.069
0.069

0.037
0.037
0.037
0.057
0.057
0.057
0.057
0.057
0.057
0.057
0.103
0.103
0.103
0.103

0.037
0.037
0.037
0.057
0.057
0.057
0.057
0.057
0.057
0.057
0.103
0.103
0.103
0.103

0.037
0.037
0.037
0.057
0.057
0.057
0.057
0.057
0.057
0.057
0.103
0.103
0.103
0.103

0.037
0.037
0.037
0.057
0.057
0.057
0.057
0.057
0.057
0.057
0.103
0.103
0.103
0.103



B.3 MCMUC Diagnostics For Validation Study

B.3.1 Density Plots of Validation Study
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Figure B.1: Density Plots For 1% Missing Rate Under Prior Assumptions 5 and ¢ ~
N(0;4%) and X; ~ N (—1;1?%)
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Figure B.2: Density Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4?) and X; ~ N (—1;1.5%)
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Figure B.3: Density Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6%) and X; ~ N (—1;1?)
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Figure B.4: Density Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;62) and X; ~ N (—1;1.5%)
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Figure B.5: Density Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4?) and X; ~ N(—1;1?)
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Figure B.6: Density Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4%) and X| ~ N (—1;1.5%)
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Figure B.7: Density Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6?) and X; ~ N(—1;1?)
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Figure B.8: Density Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6%) and X; ~ N (—1;1.5%)
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Figure B.9: Density Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4?) and X; ~ N (—1;1%)
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Figure B.10: Density Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4%) and X| ~ N (—1;1.5%)
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Figure B.11: Density Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;62) and X; ~ N(—1;1?)
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Figure B.12: Density Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6%) and X; ~ N (—1;1.5%)
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Figure B.13: Density Plots For 10% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;4?) and X; ~ N (—1;1?)
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Figure B.14: Density Plots For 10% Missing Rate Under Prior Assumptions
Band ¢ ~ N(0;4%) and X; ~ N (—1;1.5%)
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Figure B.15: Density Plots For 10% Missing Rate Under Prior Assumptions
Band ¢ ~ N(0;6%) and X; ~ N (—1;1?)
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Figure B.16: Density Plots For 10% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;6?) and X; ~ N (—1;1.5%)
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B.3.2 Autocorrelation Plots of The Simulation Study
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Figure B.17: Autocorrelation Plots For 1% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;4%) and X; ~ N(—1;1?)

Autocorrelation Plot for B (Chain 1) Autocorrelation Plot for B, (Chain 2) Autocorrelation Plot for B (Chain 1) Autocorrelation Plot for B (Chain 2)
E El g k|
2 2 2 2
w T T T T T T N T T T T T T w1 T T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Lag Lag Lag Lag
Autocorrelation Plot for B, (Chain 1) Autocorrelation Plot for B (Chain 2)
< K
W T T T T T T W T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
Lag Lag

Figure B.18: Autocorrelation Plots For 1% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;4?) and X; ~ N (—1;1.5%)
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Autocorrelation Plot for B (Chain 1)
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Figure B.19: Autocorrelation Plots For 1% Missing Rate Under Prior Assumptions
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Figure B.20: Autocorrelation Plots For 1% Missing Rate Under Prior Assumptions
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Figure B.21: Autocorrelation Plots For 3%
S and ¢ ~ N(0;4%) and X; ~ N (—1;1?)
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Figure B.22: Autocorrelation Plots For 3% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;4?%) and X; ~ N (—1;1.5?)
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Figure B.23: Autocorrelation Plots For 3% Missing Rate Under Prior Assumptions
Band ¢ ~ N(0;6%) and X; ~ N (—1;1?)
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Figure B.24: Autocorrelation Plots For 3% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;6%) and X; ~ N (—1;1.5?)
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Figure B.25: Autocorrelation Plots For 5%
S and ¢ ~ N(0;4%) and X; ~ N (—1;1?)
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Figure B.26: Autocorrelation Plots For 5% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;4?%) and X; ~ N (—1;1.5?)
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Figure B.27: Autocorrelation Plots For 5% Missing Rate Under Prior Assumptions

Band ¢ ~ N(0;6%) and X; ~ N (—1;1?)
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Figure B.28: Autocorrelation Plots For 5% Missing Rate Under Prior Assumptions
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Figure B.29: Autocorrelation Plots For 10% Missing Rate Under Prior Assumptions
S and ¢ ~ N(0;4%) and X; ~ N (—1;1?)

Autocorrelation Plot for B (Chain 1) Autocorrelation Plot for B, (Chain 2) Autocorrelation Plot for B (Chain 1) Autocorrelation Plot for B (Chain 2)
2 2 2
T T T T T T s T T T T T s T T T T T T T T T T
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
Lag Lag Lag Lag
Autocorrelation Plot for B (Chain 1) Autocorrelation Plot for B, (Chain 2)
] s
2 2
W T T T T T W T T T T T
0 10 20 30 40 0 10 20 30 40
Lag Lag

Figure B.30: Autocorrelation Plots For 10% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;4?) and X; ~ N (—1;1.5%)
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Figure B.31: Autocorrelation Plots For 10% Missing Rate Under Prior Assumptions

Band ¢ ~ N(0;6%) and X; ~ N (—1;1?)
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Figure B.32: Autocorrelation Plots For 1% Missing Rate Under Prior Assumptions

B and ¢ ~ N(0;6%) and X; ~ N (—1;1.5?)
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B.3.3 Trace Plots of The Validation Study
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Figure B.33: Trace Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢
N(0;4?) and X; ~ N (—1;1%)
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Figure B.34: Trace Plots For 1% Missing Rate Under Prior Assumptions [ and ¢
N(0;4?) and X; ~ N (—1;1.5%)
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Figure B.35: Trace Plots For 1% Missing Rate Under Prior Assumptions /3 and ¢ ~
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Figure B.36: Trace Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6?) and X; ~ N (—1;1.5%)
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Figure B.37: Trace Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4?) and X; ~ N(—1;1?)
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Figure B.38: Trace Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4%) and X; ~ N (—1;1.5%)
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Figure B.39: Trace Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~

N(0;6%) and X; ~ N (—1;1%)
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Figure B.40: Trace Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~

N(0;6%) and X| ~ N(—1;1.5%)
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Figure B.41: Trace Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4?) and X; ~ N(—1;1?)
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Figure B.42: Trace Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~

N(0;4%) and X; ~ N (—1;1.
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Figure B.43: Trace Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6%) and X; ~ N (—1;1?)
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Figure B.44: Trace Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~

N(0;62) and X; ~ N(—1;1.
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Trace Plot for By (Chain 1)
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Figure B.45: Trace Plots For 10% Missing Rate Under Prior Assumptions 5 and ¢ ~
N(0;4?) and X; ~ N (—1;1%)
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Figure B.46: Trace Plots For 10% Missing Rate Under Prior Assumptions 5 and ¢ ~
N(0;4?) and X; ~ N (—1;1.5%)

Trace Plot for B, (Chain 1)

T T T
0 2000 4000 6000

terations

T T
8000 10000

Trace Plot for ) (Chain 2)

Trace Plot for ; (Chain 1)

Trace Plot for f; (Chain 2)

] q f
° J 7
T T T T T A T T T T T T T T T T
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Heations Herations Herations
Trace Plot for B, (Chain 1) Trace Plot for B, (Chain 2)
T T T T T T T T T T T T
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
lterations Iterations

Figure B.47: Trace Plots For 10% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6?) and X; ~ N(—1;1?)
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Figure B.48: Trace Plots For 10% Missing Rate Under Prior Assumptions (5 and ¢ ~
N(0;6%) and X; ~ N(—1;1.5%)
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B.3.4 Brooks-Gelman-Rubin Plots For Validation Study
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Figure B.49: BGR Plots For 1% Missing Rate Under Prior Assumptions 5 and ¢ ~

N(0;4?) and X; ~ N (—1;1%)
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Figure B.50: BGR Plots For 1% Missing Rate Under Prior Assumptions /3 and ¢ ~
N(0;4?) and X; ~ N (—1;1.5%)
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Figure B.51: BGR Plots For 1% Missing Rate Under Prior Assumptions /3 and ¢ ~
N(0;6%) and X; ~ N(—1;1?)
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Figure B.52: BGR Plots For 1% Missing Rate Under Prior Assumptions (3 and ¢ ~
N(0;6%) and X; ~ NV(—1;1.5%)
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Figure B.53: BGR Plots For 3% Missing Rate Under Prior Assumptions [ and ¢ ~
N(0;4?) and X; ~ N(—1;1?)
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Figure B.54: BGR Plots For 3% Missing Rate Under Prior Assumptions (5 and ¢ ~
N(0;4%) and X; ~ N (—1;1.5%)
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Figure B.55: BGR Plots For 3% Missing Rate Under Prior Assumptions (5 and ¢ ~

N(0;6%) and X; ~ N(—1;1?)
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Figure B.56: BGR Plots For 3% Missing Rate Under Prior Assumptions (5 and ¢ ~

N(0;62) and X; ~ N (—1;1.5%)
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Figure B.57: BGR Plots For 5% Missing Rate Under Prior Assumptions (5 and ¢ ~
N(0;4%) and X; ~ N (—1;1?)
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Figure B.58: BGR Plots For 5% Missing Rate Under Prior Assumptions (5 and ¢ ~
N(0;4?) and X; ~ N (—1;1.5%)
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Figure B.59: BGR Plots For 5% Missing Rate Under Prior Assumptions [ and ¢ ~
N(0;6%) and X| ~ N (—1;1?)
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Figure B.60: BGR Plots For 5% Missing Rate Under Prior Assumptions (5 and ¢ ~
N(0;6?) and X; ~ N (—1;1.5?)
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Figure B.61: BGR Plots For 10% Missing Rate Under Prior Assumptions  and ¢ ~

N(0;4%) and X; ~ N (—1;1?)
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Figure B.62: BGR Plots For 10% Missing Rate Under Prior Assumptions 5 and ¢ ~
N(0;4%) and X; ~ N(—1;1.5?)
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Figure B.63: BGR Plots For 10% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;62) and X; ~ N(—1;1?)
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Figure B.64: BGR Plots For 10% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6%) and X; ~ N(—1;1.5%)
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B.3.5 Geweke Plots For Validation Study
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Figure B.65: Geweke Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4%) and X; ~ N (—1;1?)
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Figure B.66: Geweke Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;4?) and X; ~ N (—1;1.5%)
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Figure B.67: Geweke Plots For 1% Missing Rate Under Prior Assumptions (5 and ¢ ~
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Figure B.68: Geweke Plots For 1% Missing Rate Under Prior Assumptions 3 and ¢ ~
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Figure B.69: Geweke Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
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Figure B.70: Geweke Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
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Figure B.71: Geweke Plots For 3% Missing Rate Under Prior Assumptions (5 and ¢ ~
N(0;6?) and X; ~ N(—1;1?)
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Figure B.72: Geweke Plots For 3% Missing Rate Under Prior Assumptions 3 and ¢ ~
N(0;6%) and X; ~ N (—1;1.5%)
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Figure B.73: Geweke Plots For 5% Missing Rate Under Prior Assumptions 5 and ¢ ~
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Figure B.74: Geweke Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~
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Figure B.75: Geweke Plots For 5% Missing Rate Under Prior Assumptions 5 and ¢ ~
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Figure B.76: Geweke Plots For 5% Missing Rate Under Prior Assumptions 3 and ¢ ~

chain1beta0

0 15000

First iteration in segment

Z-score

Z-score

First iteration in segment

1

0

2

chain2beta0

chain1beta1
N e
% e
o ﬁ_&xxxx
o
I G
No—
P
' T T T TT1
0 30000

First iteration in segment

chain2beta2

e~ e
*
%O x X %
1% x %
=
I
[ I
0 30000

First iteration in segment

chain1betal

0 15000

chain1beta2

First iteration in segment

N(0;6%) and X; ~ N (—1;1.5%)

0 15000

First iteration in segment

chain2beta2

o —fTmm—m————————=
s
2 T A
o x><><><
2 <7 Yoo X
Moo ],
' el
L8
S I B B B B I
0 15000

First iteration in segment

161

Z-score

Z-score

1

a

-2 -1

First iteration in segment

chain2beta1

0 30000

chain2betal

0 15000

First iteration in segment



chain1beta0
o~ ==
5 <7 x @
N K KX N
[ SV IUR
[ SV A Ko
S I B B B B
0 15000

First iteration in segment

Z-score

chain2beta0
~ e
- 4 Ao
X
o 4 X&»(XX P4
- % bs
; w o
(}] ,,,,,,,,,,,,,,,,
T T T T 71
0 15000

First iteration in segment

chain1beta2

P T S — ST——
] x
X
o KK *
o w %
o R
T T T T T°T1
0 15000

First iteration in segment

chain1beta
~ -
L = X

§ (=] - xxxxx XXXX
~ VRS «

=
(}l S
T T T T TT

0 15000

First iteration in segment

chain2beta2
o ey
- X

%x =

-
|

Z-score
0
1
S
Xx
X

2

First iteration in segment

Z-score

chain2beta1

First iteration in segment

Figure B.77: Geweke Plots For 10% Missing Rate Under Prior Assumptions
S and ¢ ~ N(0;4%) and X; ~ N (—1;1?)
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Figure B.78: Geweke Plots For 10% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;4?) and X; ~ N (—1;1.5%)
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Figure B.79: Geweke Plots For 10% Missing Rate Under Prior Assumptions
Band ¢ ~ N(0;6%) and X; ~ N (—1;1?)
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Figure B.80: Geweke Plots For 10% Missing Rate Under Prior Assumptions
B and ¢ ~ N(0;62) and X; ~ N (—1;1.5)
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Appendix C

APPENDIX: REAL DATA APPLICATION

C.1 MCMC Diagnostics For Real Data Application Under Prior Assumption
A

C.1.1 Monte Carlo Standard Errors (MCSE) of Coefficients

Table C.1: Monte Carlo Standard Errors (MCSE) of Coefficients

Coefficient MCSE Coefficient MCSE

Bo 0.001130 Be 0.000725
By 0.000009 B 0.001144
B 0.002685 Bs 0.000781
B 0.000031 Bo 0.001552
B 0.001043 B0 0.002546
Bs 0.001208 By 0.003082
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C.1.2 BGR Plots of Coefficients
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Figure C.1: Real Data Analysis: BGR Plots of Coefficients
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C.1.3 Density Plots of Coefficients
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Figure C.2: Real Data Analysis: Density Plots of Coefficients
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C.1.4 Trace Plots of Coefficients
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Figure C.3: Real Data Analysis: Trace Plots of Coefficients
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C.1.5 Autocorrelation Plots of Coefficients
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C.1.6 Geweke Plots of Coefficients
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Figure C.5: Real Data Analysis: Geweke Plots of Coefficients
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