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ABSTRACT

GENERALIZED KERR-SCHILD METRICS IN EINSTEIN‘S GRAVITY

Çelik, Ufuk Can

M.S., Department of Physics

Supervisor: Prof. Dr. Bayram Tekin

Co-Supervisor: Prof. Dr. Metin Gürses

September 2020, 49 pages

Several aspects of the Kerr-Schild ansatz; including the generalized ansatz which has

a generic background metric instead of a flat metric, Kerr-Schild groups and Classical

Double Copy, are investigated. It is shown that, in vacuum, not all generalized Kerr-

Schild spacetimes are algebraically special, whereas the Kerr-Schild spacetimes are

always algebraically special. We also touch upon Kerr-Schild-Kundt spacetimes and

further discuss their universality property before we continue with the Kerr-Schild

groups in the next chapter where we work on the coordinate transformations leading

to the generalized Kerr-Schild ansatz. Finally, we study the classical double copy

proposition which relates some solutions of gravity theories with the solutions of

gauge theories. To this end, we examine the correspondence between solutions of the

Kerr-Schild form and the Yang-Mills solutions.

Keywords: Null Congruence, Kerr-Schild Metrics, Kerr-Schild-Kundt Metrics, Alge-

braic Classification of Spacetimes, Kerr-Schild Groups, Classical Double Copy
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ÖZ

EİNSTEİN KÜTLEÇEKİM TEORİSİNDE KERR-SCHİLD METRİKLERİ

Çelik, Ufuk Can

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Prof. Dr. Bayram Tekin

Ortak Tez Yöneticisi: Prof. Dr. Metin Gürses

Eylül 2020 , 49 sayfa

Düz bir uzayzaman yerine herhangi bir uzayzaman ile oluşturulan genelleştirilmiş

yaklaşım-formu, Kerr-Schild grupları ve Klasik Çift Nüsha da dâhil olmak üzere

Kerr-Schild yaklaşık-formun birçok yönü araştırıldı. Kerr-Schild uzayzamanların ce-

birsel olarak özel olduğu gösterilirken, bütün genelleştirilmiş Kerr-Schild uzayza-

manların cebirsel olarak özel olmadığı gösterildi. Ayrıca, Kerr-Schild-Kundt uzay-

zaman sınıfına da değinildi ve evrensellik özelliğinden bahsedildi. Daha sonra ise

genelleştirilmiş Kerr-Schild metriklerinin koordinat dönüşümü sonucu olarak ortaya

çıkabileceği sebebiyle Kerr-Schild grupları çalışıldı. Son olarak ise bazı kütleçekim

teorileri çözümleri ile ölçü teorileri çözümleri arasında bir bağlantı öne sürmüş olan

Klasik Çift Nüsha hesaplarını çalıştık. Bu nedenle Kerr-Schild formundaki çözümler

ile Yang-Mills çözümleri arasındaki bağlantıyı araştırdık.

Anahtar Kelimeler: Işık-gibi Eğriler Topluluğu, Kerr-Schild Metrikleri, Kerr-Schild-

Kundt Metrikleri, Uzayzamanların Cebirsel Sınıflandırılması, Kerr-Schild grupları,
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CHAPTER 1

INTRODUCTION

As the field equations of general theory of relativity had been found, the quest for

finding solutions began. Almost a month later, Karl Schwarzschild discovered the

first nontrivial solution which describes the exterior gravitational field of spherically

symmetric mass with no charge. A couple of years later, the solution for a spherically

symmetric mass with charge, called the Reissner-Nordström solution, was found.

Later, for nearly 50 years, a metric that describes the asymptotically vanishing gravi-

tational field of an axially symmetric rotating stationary mass with no charge had been

sought for, but to no avail until it was found by Kerr in 1963[1][2]. This discovery

was made possible by a method of classification of spacetimes by studying the alge-

braic character of the Weyl tensor, developed by Petrov in 1954[3]. A few years after

this development, starting with Pirani and then by many other physicists, including

Bel, Debever, Penrose and Sachs, this classification was studied and formulated in

equivalent ways which turned out to be quite useful to find new exact solutions of the

field equations. Two years after the discovery of the Kerr metric, its charged version,

namely the Kerr-Newman metric, was found and the fact that all of these very im-

portant solutions could be written in a simple form, called Kerr-Schild(KS) form[4],

was realized. As a matter of fact, this form of the metric was already given for the

Schwarzschild metric in 1924[5], but the importance of the underlying form went un-

noticed. The fact that KS metrics lead pseudo energy-momentum tensors to vanish

and linearize the field equations, not necessarily in vacuum, was shown by Gürses and

Gürsey[6]. The KS ansatz was generalized to have a generic background spacetime

instead of flat spacetime by Xanthopoulos[7],[8] and the generalized ansatz was also

studied in details by Taub[9].
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In this thesis, we start off with a discussion of the properties of the the KS met-

rics and then proceed to calculate the transformations of the the Christoffel symbols

and the curvature tensors. We then delve into the field equations in vacuum for the

generalized KS ansatz, which give restrictions on the profile function and the null

vector of the ansatz. Next, we consider the general situation of nonvanishing energy-

momentum tensor and choose a different ansatz with a null geodesic vector that leads

to the linearization of the Ricci tensor. Intersection of the Kundt class of metrics

and the KS metrics, called the Kerr-Schild-Kundt(KSK) metrics, is also investigated

and the chapter ends with a discussion of KS forms of the abovementioned solutions

of utmost importance. In the next chapter, we give a treatment of the KS ansatz

from a mathematical point of view[10][11] without the restrictions of the field equa-

tions. We investigate the KS symmetries of a given metric in a similar way that the

isometries and conformal transformations are studied and to this end, we consider the

group of transformations that change the metric tensor in a way such that the trans-

formed metric is the generalized KS metric. In the last chapter, the proposed double

copy correspondence between a solution of the field equations of general relativity

in the KS form and a solution of Abelian gauge theory is discussed at the classical

level[12][13][14]. We show that a procedure similar to BCJ duality[15] yields the

covariant Maxwell’s equations from the field equations of general theory of relativ-

ity. Gauge theory solution is seen as a single copy of gravity solution whereas the

biadjoint scalar field theory solution is seen as the zeroth copy.

The conventions used in this work are the following

η = diag(−1, 1, 1, 1)

Rµ
νσρ = ∂σΓµνρ + ΓµσβΓβνρ − (σ ↔ ρ)

Rµν = Rσ
µσν

Gµν = Rµν −
1

2
Rgµν = 8πTµν

(1.1)

Lastly, greek indices are used for spacetime coordinates whilst the latin indices are

used for spatial coordinates.
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CHAPTER 2

GENERALIZED KERR-SCHILD METRICS

Although the KS form of the Schwarzschild metric was already written down in 1924,

its importance was realized with the discovery of the Kerr metric which turns out to

be manifestly in the KS form in the derivation. The derivation starts with considering

a metric written in an orthonormal frame

gab = ηabσ
a ⊗ σb (2.1)

and defining {ka, la,ma, m̄a}, where k and l are null real vectors and ma, m̄a are null

complex vectors, by

k · dx =
σ0 + σ1

√
2

, l · dx =
σ0 − σ1

√
2

m · dx =
σ2 + iσ3

√
2

, m̄ · dx =
σ2 − iσ3

√
2

(2.2)

Then, one obtains the following complex null tetrad

gab = −kalb − kbla +mam̄b +mbm̄a

k2 = l2 = m2 = m̄2 = 0 = k ·m = k · m̄ = l ·m = l · m̄

k · l = −1 = −m · m̄

(2.3)

Here k and l are null geodesic vectors; furthermore, these are the outgoing and in-

going null rays. Essentially, by using the optical properties of the null rays and the

Killing vectors, one can show that the Kerr metric has the KS form which is given by

gµν = ηµν + 2V λµλν where

ηµνλ
µλν = gµνλ

µλν = λ2 = 0
(2.4)

The total metric, or the full metric, gµν is formed by adding a term 2V λµλν to a flat

background metric ηµν where V is a scalar function of spacetime coordinates and λ

3



is a null vector with respect to both metrics. Inverse metric is equal to

gµν = ηµν − 2V λµλν (2.5)

The metric gµν is exact in the sense that if we introduce hµν ≡ 2V λµλν then the

higher order terms vanish due to the nullity of λ. It is also an algebraically special

metric in vacuum by the Goldberg-Sachs theorem. If the energy-momentum tensor

is not zero, then one can define λ to be a null geodesic vector in the ansatz and the

metric gµν becomes algebraically special[6]. This also leads to the linearization of

the field equations and vanishing of the pseudo energy-momentum tensor.

It is quite interesting that almost all fundamental solutions; including the Schwarzschild,

Reissner-Nordström, Kerr, Kerr-Newman solutions, of the field equations of general

theory of relativity can be written in such a simple form of the metric. In the next

section, we will consider a generalized KS ansatz and the results for the KS ansatz

can be seen as a special case ḡ = η.

2.1 Vacuum Field Equations

One way to generalize the KS ansatz is to replace the flat background spacetime with

a generic background spacetime:

gµν = ḡµν + 2V λµλν where

ḡµνλ
µλν = gµνλ

µλν = λ2 = 0
(2.6)

The inverse metric for a generic vector, not necessarily null, can be calculated as

follows

gµν = ḡµν − κλµλν ⇒ gµνg
να = ḡµν ḡ

να + 2V λµλ
α − κλµλα − 2V κλνλαλµλν

⇒ κλµλ
α(1 + 2V λνλ

ν) = 2V λµλ
α

(2.7)

Then the inverse metric is

gµν = ḡµν − 2V λµλν

1 + 2V λνλν
(2.8)

An intriguing result follows when λ is a null vector,

gµν = ḡµν − 2V λµλν (2.9)
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that is, the inverse metric is also linear in V . Now, transformation of the Christoffel

Symbols can be obtained starting from

Γµνρ =
1

2
gµα (∂νgρα + ∂ρgνα − ∂αgνρ) (2.10)

We have
∂νgρα − Γ̄σνρgσα − Γ̄σναgρσ = ∇̄νgρα

= ∇̄ν (ḡρα + 2V λρλα)

= 2∇̄ν (V λρλα)

(2.11)

Note that there is no distinction between ∂̄ and ∂ since there is no transformation of

coordinates. Then,

Γµνρ =
1

2
gµα
[
2∇̄ν (V λρλα) +Γ̄σνρgσα + Γ̄σναgρσ + 2∇̄ρ (V λνλα) + Γ̄σρνgσα

+Γ̄σραgνσ − 2∇̄α (V λνλρ)− Γ̄σανgσρ − Γ̄σαρgσν

]
(2.12)

which, after cancellations, gives

Γµνρ = Γ̄µνρ + gµα∆ανρ (2.13)

Here, ∆ανρ is defined as

∆ανρ ≡ ∇̄ν(V λρλα) + ∇̄ρ(V λνλα)− ∇̄α(V λνλρ) (2.14)

Transformation of the Riemann tensor can be obtained from the above result,

Rµ
νσρ = ∂σΓµνρ + ΓµσβΓβνρ − (σ ↔ ρ)

= ∂σΓ̄µνρ + ∂σ(gµα∆ανρ) + Γ̄µσβΓ̄βνρ + gµα∆ασβΓ̄βνρ + gβα∆ανρΓ̄
µ
σβ

+ gµαgβγ∆ασβ∆γνρ − (σ ↔ ρ)

= R̄µ
νσρ +

[
∂σ(gµα∆ανρ) + gµα∆ασβΓ̄βνρ + gβα∆ανρΓ̄

µ
σβ

+ gµαgβγ∆ασβ∆γνρ − (σ ↔ ρ)
]

(2.15)

From this we can calculate the transformation of the Ricci tensor,

Rνρ = R̄νρ +
[
∂σ(gσα∆ανρ)− ∂ρ(gσα∆ανσ) + gσα∆ασβΓ̄βνρ − gσα∆αρβΓ̄βνσ

+ gβα∆ανρΓ̄
σ
σβ − gβα∆ανσΓ̄σρβ + gσαgβγ(∆ασβ∆γνρ −∆αρβ∆γνσ)

]
(2.16)

We can readily notice that

gσα∆ανσ = (ḡσα − 2V λσλα)∆ανσ = 0

gσα∆ασβ = (ḡσα − 2V λσλα)∆ασβ = 0
(2.17)
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where

ḡσα∆ανσ = 0 since λαλ
α = 0 , and

λσλα∆ανσ = 0 since λα∇̄ν(V λαλσ) = V λσ
1

2
∇̄ν(λαλ

α) = 0

Essentially, all the simplifications boil down to the nullity of λ. Using these results,

we find

Rνρ =R̄νρ + ∂σ(gσα∆ανρ)− gσα∆αρβΓ̄βνσ + gβα∆ανρΓ̄
σ
σβ − gβα∆ανσΓ̄σρβ

− gσαgβγ∆αρβ∆γνσ

(2.18)

This can be further simplified by calculating the following terms;

• gσα∆ανρ = ḡσα∆ανρ − 2V λσλα∆ανρ

= ∆σ
νρ + 2V λσλα∇̄α(V λνλρ)

(2.19)

where we used λα∆ανρ = −λα∇̄α(V λνλρ). Next, using this result, we calculate

• gσαgβγ∆αρβ∆γνσ =
(
∆σ

ρβ + 2V λσλα∇̄α(V λρλβ)
) (

∆β
νσ + 2V λβλγ∇̄γ(V λνλσ)

)
= ∆σ

ρβ∆β
νσ + 2V (λα∇̄α(V λρλβ))λσ∆β

νσ

+ 2V (λγ∇̄γ(V λνλσ))λβ∆σ
ρβ

where the term that is quartic in V vanishes since λσ∇̄γ(V λνλσ) = 0. Now, we also

have
λσ∆β

νσ = λσ∇̄σ

(
V λνλ

β
)

and

∇̄α (V λρλβ) ∇̄σ

(
V λνλ

β
)

= V 2λνλρ(∇̄αλβ)(∇̄σλ
β)

from which it follows that

gσαgβγ∆αρβ∆γνσ = ∆σ
ρβ∆β

νσ + 4V 3λρλνλ
αλσ(∇̄αλβ)(∇̄σλ

β)1 (2.20)

The quadratic term ∆σ
ρβ∆β

νσ simplifies as follows

∆σ
ρβ∆β

νσ =
[
∇̄ρ(V λβλ

σ) + ∇̄β(V λρλ
σ)− ∇̄σ(V λρλβ)

][
∇̄ν(V λσλ

β) + ∇̄σ(V λνλ
β)

− ∇̄β(V λνλσ)
]

= V 2λσλν∇̄ρλβ∇̄σλ
β − V 2λβλν∇̄ρλ

σ∇̄βλσ + V 2λβλρ∇̄βλ
σ∇̄νλσ

∇̄β(V λρλ
σ)∇̄σ(V λνλ

β)− V 2λνλρ∇̄βλ
σ∇̄βλσ − V 2λρλσ∇̄σλβ∇̄νλ

β

− V 2λρλν∇̄σλβ∇̄σλ
β + ∇̄σ(V λρλβ)∇̄β(V λνλσ)

= 2∇̄β(V λρλ
σ)∇̄σ(V λνλ

β)− 2V 2λνλρ∇̄βλ
σ∇̄βλσ

(2.21)
1 Henceforth, parantheses will not be used for products of two derivative terms unless there is a total derivative

term.
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Lastly, note that

• ∂σ(gσα∆ανρ) = (∂σg
σα)∆ανρ + gσα∂σ∆ανρ

=
[
∇̄σg

σα − Γ̄σσβg
βα − Γ̄ασβg

σβ
]

∆ανρ

+ gσα
[
∇̄σ∆ανρ + ∆βνρΓ̄

β
σα + ∆αβρΓ̄

β
σν + ∆ανβΓ̄βσρ

]
= −2∇̄σ(V λσλα)− gβα∆ανρΓ̄

σ
σβ + ∇̄α∆ανρ − 2V λσλα∇̄σ∆ανρ

+ gσα∆αβρΓ̄
β
σν + gσα∆ανβΓ̄βσρ

(2.22)

Hence, after the cancellation of connection coefficients, we obtain

Rνρ = R̄νρ + ∇̄α∆α
νρ − 2V λσλα∇̄σ∆ανρ − 2∇̄σ(V λσλα)∆ανρ −∆σ

ρβ∆β
νσ

− 4V 3λρλνλ
αλσ(∇̄αλβ)(∇̄σλ

β)

= R̄νρ + ∇̄α∆α
νρ − 2∇̄σ(V λσλα∆ανρ)− 2∇̄β(V λρλ

σ)∇̄σ(V λνλ
β)

2V 2λνλρ∇̄βλ
σ∇̄βλσ − 4V 3λρλνλ

αλσ(∇̄αλβ)(∇̄σλ
β)

(2.23)

For the class of solutions which have the mass term present in the scalar function V

one can write the vacuum field equations, Rνρ = 0, order by order;

• (V 2) ∇̄σ(V λσλα∆ανρ) + ∇̄β(V λρλ
σ)∇̄σ(V λνλ

β)− V 2λνλρ∇̄βλ
σ∇̄βλσ = 0

• (V 3) V 3λρλνλ
αλσ(∇̄αλβ)(∇̄σλ

β) = 0

(2.24)

Now since the mass of the background spacetime might be nonzero, we cannot claim

that the terms of order V 0 and V 1 must be zero. Instead, we will take the background

spacetimes to be vacuum solutions, R̄νρ = 0, and then for order V 1 we will have

• (V 1) ∇̄α∆α
νρ = 0

Next, order V 3 gives

λα(∇̄αλβ)λσ(∇̄σλ
β) = 0 =⇒ λµ∇̄µλ

ν is a null vector field (2.25)

Note that we have

λνλ
µ∇̄µλ

ν = 0 (2.26)

which is the orthogonality of λ and ∇̄λλ. The fact that ∇̄λλ is null and orthogonal to

λ implies that it must be a multiple of λ; that is,

λµ∇̄µλ
ν = c̃λν for some constant c̃ (2.27)

7



The above equation describes a geodesic without an affine parameter, but it can be

reparametrized to have the RHS equal to zero. Therefore, the null vector in the ansatz

is also a geodesic vector for vacuum solutions. Next, instead of attempting to directly

solve order V 1, which is a rather complicated set of equations to solve for V and λ,

one can contract these equations and obtain some simpler results:

Contracting ∇̄α∆α
νρ = 0 ; with ḡνρ gives

(i) : ∇̄α(λα∇̄ν(V λ
ν) + c̃V λα) = 0

and with λν gives

(ii) : ∇̄α(λαλρλ
ν∇̄νV + 2V c̃λαλρ) = (∇̄αλ

ν)
[
− V λρ∇̄αλν + ∇̄ν(V λ

αλρ)

+ V λα∇̄ρλν
]

= V λρ(∇̄αλ
ν)(−∇̄αλν + ∇̄νλ

α)

+ λα(∇̄αλ
ν)∇̄ν(V λρ) + c̃V λν∇̄ρλν

= V λρ(∇̄αλ
ν)(∇̄νλ

α − ∇̄αλν) + c̃λν∇̄ν(V λρ)

(2.28)

Corollary (ii) can be further simplified by calculating the LHS

λρλ
ν∇̄α(λα∇̄νV ) + 2c̃λρλ

ν∇̄νV

+2c̃λρ∇̄α(V λα) + 2V c̃2λρ = V λρ(∇̄αλ
ν)(∇̄νλ

α − ∇̄λν) + c̃λρλ
ν∇̄νV + c̃2V λρ

(2.29)

which yields

λν∇̄α(λα∇̄νV ) + c̃λν∇̄νV + 2c̃∇̄α(V λα) + V c̃2 = V ∇̄αλ
ν(∇̄νλ

α−∇̄αλν) (2.30)

For the V 2 order we have

∇̄σ(V λσλα∆ανρ) + ∇̄β(V λρλ
σ)∇̄σ(V λνλ

β)− V 2λνλρ∇̄βλ
σ∇̄βλσ = 0 (2.31)

Note that

• ∇̄σ

(
V λσλα∇̄α(V λνλρ)

)
= ∇̄σ

(
V λσλνλρ(λ

α∇̄αV + 2c̃V )
)

= λνλρ
(
λσ∇̄σV + V ∇̄σλ

σ + 2c̃V
) (
λα∇̄αV + 2c̃V

)
+ V λνλρ

(
c̃λα∇̄αV + λσλα∇̄σ∇̄αV + 2c̃λσ∇̄σV

)
= λνλρ

(
λσλα∇̄σV ∇̄αV + 7c̃V λσ∇̄σV + V λα∇̄αV ∇̄σλ

σ

+ 2c̃V 2∇̄σλ
σ + 4c̃2V 2 + V λσλα∇̄σ∇̄αV

)
(2.32)
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and

• ∇̄β(V λρλ
σ)∇̄σ(V λνλ

β) =
[
λρλ

σ∇̄βV + V ∇̄β(λρλ
σ)
][

(λνλ
β∇̄σV + V ∇̄σ(λνλ

β)
]

=λρλν

(
λσλβ∇̄σV ∇̄βV + 4c̃V λβ∇̄βV + 3c̃2V 2

+ V 2∇̄βλ
σ∇̄σλ

β
)

(2.33)

Then, the equations for the V 2 order become

λνλρ

[
3c̃V λσ∇̄σV + V λα∇̄αV ∇̄σλ

σ + 2c̃V 2∇̄σλ
σ + c̃2V 2

+ V λσλα∇̄σ∇̄αV + V 2∇̄βλ
σ∇̄βλσ − V 2∇̄βλ

σ∇̄σλ
β
]

= 0
(2.34)

Setting the above paranthesis to 0 to get nontrivial solutions and rearranging the terms

yields

V
[
∇̄βλ

σ∇̄σλ
β − ∇̄βλ

σ∇̄βλσ
]

= 3c̃λσ∇̄σV + λα∇̄σ(λσ∇̄αV ) + 2c̃V ∇̄σλ
σ + c̃2V

(2.35)

which is the same equation as the corollary (ii) equation of the V 1 order. We see

that not all equations are independent and this can also be seen from Rµ
ν = 0, where

there is no V 3 equation. As we will see in the next section, if λµ is a null geodesic,

then Rµ
ν is linear in V and there is no V 2 equation. Therefore, the equations of order

V 1 determine all properties of λµ completely; that is, they provide the most general

restrictions on the null vector λ. However, note also that although all the equations

involving λµ and V can be written in a compact manner as ∇̄α∆α
µν = 0, it is still

helpful to write down the contracted equations, which are less complicated, out of

these.

One may employ corollary (i) to write the equation for order V 2 in terms of ∇̄V
instead of ∇̄∇̄V ; (

∇̄αλ
α
)
∇̄ν (V λν) + λα∇̄α∇̄ν (V λν) + c̃∇̄α (V λα) = 0

⇒ V (∇̄αλ
α)2 + (∇̄αλ

α)λν∇̄νV + λα∇̄α

(
λν∇̄νV + V ∇̄νλ

ν
)

+ c̃∇̄α(V λα) = 0

⇒ V (∇̄αλ
α)2 + λν∇̄α(λα∇̄νV ) + c̃λν∇̄νV + λα∇̄α(V ∇̄νλ

ν) + c̃∇̄α(V λα) = 0

(2.36)

Substituting the expression for λν∇̄α(λα∇̄νV ) into the equation for order V 2, we get

V
[
∇̄βλ

σ∇̄βλσ − ∇̄βλ
σ∇̄σλ

β
]

= V (∇̄αλ
α)2 − c̃λσ∇̄σV − c̃V ∇̄σλ

σ

− c̃2V + λα∇̄α(V ∇̄νλ
ν)

(2.37)
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Note that

λα∇̄α∇̄νλ
ν = λα

([
∇̄α, ∇̄ν

]
+ ∇̄ν∇̄α

)
λν

= λαR̄ν
σανλ

σ + λα∇̄ν∇̄αλ
ν

= −λαλσR̄σα + ∇̄ν(λ
α∇̄αλ

ν)− (∇̄νλ
α)(∇̄αλ

ν)

= 0 + c̃V ∇̄νλ
ν − (∇̄νλ

α)(∇̄αλ
ν)

(2.38)

Then, for the V 2 order equation we finally have

V ∇̄βλ
σ∇̄βλσ = V (∇̄αλ

α)2 − c̃λσ∇̄σV − c̃2V + λα∇̄αV ∇̄νλ
ν (2.39)

When the null vector field λµ is also tangent to the geodesics, c̃ = 0, the above

equation becomes:

∇̄βλ
σ∇̄βλσ = (∇̄αλ

α)2 +
1

V
λα∇̄αV ∇̄νλ

ν (2.40)

which resembles the shearlessness condition of λ;

∇̄βλ
σ∇̄βλσ + ∇̄βλ

σ∇̄σλ
β = (∇̄αλ

α)2 (2.41)

The shear of a vector field is one of the optical scalars which are defined for null

vector fields as follows:

Given a null geodesic vector kµ, one can decompose its covariant derivative into three

parts; a divergence term, a shear term and a rotation (curl) term. The corresponding

scalar quantities are

• The expansion of k is θ = 1
2
∇µk

µ

• The shear of k is σ: σ2 = 1
2
∇(µkν)∇µkν − 1

4
(∇µk

µ)2

• The twist of k is ω: ω2 = 1
2
∇[µkν]∇µkµ

In order to check whether the field equations impose the shearlessness condition on

the null vector λ or not, one needs to use the order V 1 equations which encapsulate

all properties of λ and relate V , λ and their derivatives.

Alternatively one may opt to use the Goldberg-Sachs theorem[16] which states that in

vacuum, a spacetime has an algebraically special Weyl tensor if and only if it admits

a shearless null geodesic congruence with the tangent vector field satisfying

λ[βCξ]νσρλ
νλσ = 0
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At this point, an interlude of discussion of the algebraically special metrics is in order.

Algebraic Classification of the Weyl Tensor

There are two equivalent methods; one way is to solve the characteristic equation

of the eigenvalue problem for the Weyl tensor Cµν
ρσA

ρσ = ΛAµν and the other

method is to use some certain null directions which are called the principal null di-

rections(PNDs). The spacetimes are then classified by the multiplicities of the roots

of the characteristic equation or the principal null directions. The result is that there

are 6 types of spacetimes:

• Type I , No PNDs are repeated.

• Type II , Two PNDs are repeated, the remaining two are distinct from each other

and the repeated ones.

• Type D, Two PNDs are repeated, the remaining two are also repeated but distinct

from the other repeated ones.

• Type III , Three PNDs are repeated, the other one is distinct.

• Type N , All four are repeated.

• Type O, Cµνρσ = 0

Type I is called algebraically general whilst the other types are called algebraically

special. Given a null vector kµ, it is a PND if k[µCαβρ[σkν]k
βkρ = 0 and the Weyl

tensor is; type II if

Cµνρ[σkα]k
νkρ = 0

type D if

Cµνρ[σkα]k
νkρ = 0 and Cµνρ[σlα]l

νlρ = 0 where l is another null vector,

type III if

Cµνρ[σkα]k
ρ = 0

type N if

Cµνρσk
σ = 0

Clearly, Cµνρσ is type I if none of the PNDs satisfy type II, III,N,O equations.

Now, returning to our discussion, since we study vacuum solutions, the Riemann

tensor reduces to the Weyl tensor Rµνσρ = Cµνσρ . Then we have

Cξνσρλ
νλσ = Rξνσρλ

νλσ = gµξR
µ
νσρλ

νλσ (2.42)
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and substituting the expression for Rµ
νσρ;

Rµ
νσρ = R̄µ

νσρ +
[
∂σ(gµα∆ανρ) + gµα∆ασβΓ̄βνρ + gβα∆ανρΓ̄

µ
σβ

+ gµαgβγ∆ασβ∆γνρ − (σ ↔ ρ)
]

we obtain

Cξνσρλ
νλσ = gµξR̄

µ
νσρλ

νλσ + gµξλ
νλσ
(
∂σ(gµα∆ανρ)− ∂ρ(gµα∆ανσ)

)
+ λνλσ

(
∆ξσβΓ̄βρσ −∆ξρβΓ̄βνσ

)
+ λνλσgµξg

βα
(
∆ανρΓ̄

µ
σβ −∆ανσΓ̄µρβ

)
+ λνλρgβα

(
∆ξσβ∆γνρ −∆ξρβ∆γνσ

)
(2.43)

This can be simplified calculating the following terms

• ∂σ(gµα∆ανρ) = (∂σg
µα)∆ανρ + gµα∂σ∆ανρ

=
[
∇̄σg

µα − Γ̄µσβg
µβ − Γ̄ασβg

µβ
]

∆ανρ

+ gµα
[
∇̄σ∆ανρ + Γ̄βσα∆βνρ + Γ̄βσν∆βνρ + Γ̄βσρ∆ανβ

]
(2.44)

• ∂ρ(g
µα∆ανρ) =

[
∇̄ρg

µα − Γ̄µρβg
βα − Γ̄αρβg

µβ
]

∆ανσ

+ gµα
[
∇̄ρ∆ανσ + Γ̄βρα∆βνσ + Γ̄βρν∆αβσ + Γ̄βρσ∆ανβ

]
(2.45)

and noting that λνλσ∆ανσ = 0. Then we have

gµξλ
νλσ
(
∂σ(gµα∆ανρ)− ∂ρ(gµα∆ανσ)

)
= gµξλ

νλσ∆ανρ

[
−2∇̄σ(V λµλα)− Γ̄µσβg

βα − Γ̄ασβg
µβ
]

+ λνλσ
[
∇̄σ∆ξνρ + Γ̄βσξ∆βνρ + Γ̄βσν∆ξβρ − ∇̄ρ∆ξνσ − Γ̄βρν∆ξβσ

]
(2.46)

Inserting these results into the expression for Cξνσρλνλσ gives

Cξνσρλ
νλσ = gµξR̄

µ
νσρλ

νλσ + gµξλ
νλσ∆ανρ

[
−2∇̄σ(V λµλα)− Γ̄ασβg

µβ
]

+ λνλσ
[
∇̄σ∆ξνρ + Γ̄βσξ∆βνρ − ∇̄ρ∆ξνσ

]
+ λνλσ∆ β

ξσ ∆βνρ

= gµξR̄
µ
νσρλ

νλσ − 2λνλσ∆ανρ∇̄σ(V λξλ
α) + λνλσ

(
∇̄σ∆ξνρ − ∇̄ρ∆ξνσ

)
+ λν∆βνρλ

σ∇̄σ(V λξλ
β)

(2.47)
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Hence, the final result is given by

Cξνσρλ
νλσ = gµξR̄

µ
νσρλ

νλσ − λν∇̄ν(V λαλρ)λ
σ∇̄σ(V λξλ

α)

+
[
λσ∇̄σ

(
λν∇̄ν(V λξλρ)

)
− (λσ∇̄σλ

ν)∆ξνρ + ∇̄ρ(λ
νλσ)∆ξνσ

]
(2.48)

Now since we have:

• λν∇̄ν(V λαλρ)λ
σ∇̄σ(V λξλ

α) = V 2λρλξ∇̄νλα∇̄σλ
α

• λσ∇̄σ(λν∇̄ν(V λξλρ)) = λσ∇̄σ(c̃λξ∇̄ν(V λρ) + λξλ
ν∇̄ν(V λρ))

= c̃2λξ∇̄ν(V λρ) + c̃λξ∇̄σ∇̄ν(V λρ) + c̃λξλ
ν∇̄ν(V λρ)

+ λξλ
σ∇̄σ(λν∇̄ν(V λρ))

• ∇̄ρ(λ
νλσ)∆ξνσ = 2(∇̄ρλ

ν)λσ∇̄σ(V λξλν)

= 2V λξλ
σ∇̄ρλ

ν∇̄σλν

• (λσ∇̄σλ
ν)∆ξνρ = c̃λν∇̄ν(V λξλρ) = c̃2λξV λρ + c̃λξλ

ν∇̄ν(V λρ)

(2.49)

these terms do not contribute to λ[βCξ]νσρλ
νλσ. Hence, we obtain

λ[βCξ]νσρλ
νλσ = (λβgµξ − λξgµβ) R̄µ

νσρλ
νλσ

= (λβR̄ξνσρ − λξR̄βνσρ)λ
νλσ

+ 2V λµ (λβλξ − λξλβ) R̄µ
νσρλ

νλσ

= λ[βR̄ξ]νσρλ
νλσ

6= 0 in general.

(2.50)

Then the generalized Kerr-Schild ansatz metric, gµν , is not guaranteed to admit a

shearless null geodesic congruence in general. An instance when it does is the case

of a maximally symmetric spacetime,

R̄µνρσ =
R̄

12
(gµρgνσ − gµσgνρ) (2.51)

which gives

λ[αRµ]νρσλ
νλρ = 0 = λ[αRµ]νρ[σλβ]λ

νλρ (2.52)

Therefore, the null vector λ is a repeated principle null direction and the metric is

algebraically special. By the Goldberg-Sachs theorem λ is geodesic and shearless in

vacuum.

Now suppose that gµν = ḡµν + 2V λµλν is a solution to the field equations in vacuum
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and λ[αCµ]νρσλ
νλρ = 0, i.e. gµν is an algebraically special metric. Then, the null

vector λµ is also a shearless geodesic vector by the Goldberg-Sachs theorem.

Comparing the order V 2 field equation (in the case of null geodesic λµ) with the

shearless condition given by

∇̄µλ
ν∇̄µλν + ∇̄µλ

ν∇̄νλ
µ = (∇̄µλ

µ)2 (2.53)

we arrive at the following, rather simple, equation relating V and λ,

∇̄µλ
ν∇̄νλ

µ = − 1

V
λµ∇̄µV ∇̄νλ

ν (2.54)

The LHS can be rewritten as

∇̄µλ
ν∇̄νλ

µ = ∇̄µ(λν∇̄νλ
µ)− λν∇̄µ∇̄νλ

µ

= 0− λν
(
[∇̄µ, ∇̄ν ] + ∇̄ν∇̄µ

)
λµ

= −λνR̄µ
σµνλ

σ − λν∇̄ν∇̄µλ
µ

= −λν∇̄ν∇̄µλ
µ

(2.55)

where we used λν∇̄νλ
µ = 0 = R̄µ

σµν = R̄σν . Then, we get the following, corollary

(iii),

λν∇̄ν∇̄µλ
µ =

1

V
λµ∇̄µV ∇̄νλ

ν (2.56)

which can be used to construct the KS form of some metrics. Consider the Schwarzschild

in the standard coordinates and suppose ḡ = η and λµ = (1, 1, 0, 0) in spherical coor-

dinates which is manifestly spherically symmetric, null, geodesic and shearless. We

have ∇̄µ = ∂µ and hence,

∇̄µλ
µ = ∂µλ

µ = ∂0(1) + ~∇ · ~λ

= 0 +
1

r2

∂

∂r
(r2 · 1)

=
2

r

(2.57)

Using corollary (iii) we get

λν∂ν
2

r
=

1

V
(λµ∂µV )

2

r
(2.58)

Now, since the solution is static and spherically symmetric, we take V (t, r, θ, φ) =

V (r) and the above equation becomes

d

dr

2

r
=

1

V

dV

dr

2

r
⇒ −V

r
=
dV

dr
(2.59)
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which yields rV = constant = M . Therefore, as we will see in the last section of

this chapter, the KS form of the Schwarzschild metric is given as

gµν = ηµν + 2
M

r
λµλν with λµ = (−1, 1, 0, 0) (2.60)

In the case of the Kerr metric in advanced Eddington-Finkelstein coordinates, we

have

ds2 = −
[
1− 2mr

Σ

]
(du+ a sin2 θdφ)2 + 2

(
du+ a sin2 θdφ

)
(dr + a sin2 θdφ)

+ Σ
(
dθ2 + sin2 θdφ2

)
(2.61)

where u = t+ r, Σ = r2 + a2 cos2 θ, λµ = (1, 0, 0, a sin2 θ) and λµ = (0, 1, 0, 0).

Here, λµ is a null geodesic shearless vector and its divergence is

∇̄µλ
µ =

2r

Σ
(2.62)

Then, corollary (iii) gives

λµ∇̄µ
2r

Σ
=

1

V
(λµ∇̄µV )

2r

Σ
⇒ 1

2r
Σ

∂r
2r

Σ
=

1

V
∂rV (2.63)

KS form is given by λµ = (0, 1, 0, 0) and V = 2r
r2+a2 cos2 θ

m.

As for the electrovacuum solutions of the field equations, corollary (iii) does not hold

in general. The field equations are

Rµν −
1

2
Rgµν = 8πTµν = 8π(FµσF

σ
ν −

1

4
gµνFρσF

ρσ) (2.64)

The energy-momentum tensor for an electromagnetic field is traceless, gµνTµν = 0

and thus the trace of the LHS, −R, must also vanish. We have R = 0 and the field

equations become

Rµν = 8π(FµσF
σ

ν −
1

4
gµνFρσF

ρσ) (2.65)

When the background spacetime is a vacuum solution, the equation of the transfor-

mation of R becomes

0 = R = 2∇̄µ∇̄ν(V λ
µλν) + 2V 2λµλν∇̄µλ

σ∇̄νλσ (2.66)

which does not imply that the null vector λµ is a geodesic, unlike the vacuum solu-

tions. If we further assume that λµ is a geodesic, we obtain

0 = ∇̄µ∇̄ν(V λ
µλν) = ∇̄µ(λµ∇̄ν(V λ

ν)) (2.67)
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As an application of this result, consider the Reissner-Nordström metric for which we

will choose, similar to the Schwarzschild metric, ḡ = η and λµ = (1, 1, 0, 0). Then,

∇̄ν(V λ
ν) = ~∇ · (V ~λ) =

1

r2

d

dr
(r2V ) (2.68)

whence we obtain

∂µ

(
λµ

1

r2

d

dr
(r2V )

)
= 0 ⇒ 1

r2

d

dr

[
d

dr
(r2V )

]
= 0 (2.69)

Hence, d
dr

(r2V ) = A and integration yields r2V = Ar + B where A and B are con-

stants.

Therefore, KS form of the Reissner-Nordström metric in spherical coordinates is

given by

ḡ = η, λµ = (1, 1, 0, 0), V (r) =
A

r
+
B

r2
(2.70)

where A and B are related to mass and charge respectively.

In general, there is no compelling reason to assume that the mass term is present only

in the scalar function and the equations can be written order-by-order. Instead, the

properties of λ will be determined by contracting the complete expression for Rνρ

with λνλρ and gνρ. We have

λνλρRνρ = λνλρR̄νρ + λνλρ∇̄α∆α
νρ − 2λνλρ∇̄σ

(
V λσλα∆ανρ

)
= λνλρR̄νρ +

[
∇̄α(λνλρ∆α

νρ)−∆α
νρ∇̄α(λνλρ)

]
− 2

[
∇̄σ(V λνλρλσλα∆ανρ)− V λσλα∆ανρ∇̄σ(λνλρ)

]
= λνλρR̄νρ − 2λρ∆α

νρ∇̄αλ
ν + 4V λσλα∆ανρλ

ρ∇̄σλ
ν

= λνλρR̄νρ − 2V λαλρ∇̄ρλν∇̄αλ
ν

(2.71)

where the simplifications are due to the fact that

λ2 = λµ∇̄µλ
ν = λνλρ∆ανρ = 0 (2.72)

Similarly

R = (R̄− 2V λνλρR̄νρ) +
[
∇̄α∆α ν

ν − 2V λνλρ∇̄α∆α
νρ

]
− 2

[
∇̄σ(V λσλα∆ ν

αν )− 2V λνλρ∇̄σ(V λσλα∆ανρ)
]

− 2V 2λσλβ∇̄βλ
ν∇̄σλν

= (R̄− 2V λνλρR̄νρ) +
[
2∇̄α∇̄ν(V λ

νλα) + 4V 2λαλρ∇̄αλ
ν∇̄ρλν

]
− 2V 2λσλβ∇̄βλ

ν∇̄σλν

=
(
R̄− 2V λνλρR̄νρ

)
+ 2∇̄α∇̄ν (V λαλν) + 2V 2λαλρ∇̄αλ

ν∇̄ρλν

(2.73)
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where we substituted the simplified expression for λνλρ∇̄α∆α
νρ from the calculations

of λνλρRνρ and also used the fact that λα∆ ν
αν = 0 = λνλρ∇̄σ(V λσλα∆ανρ). The

latter can easily be seen by taking one of the null vectors inside the paranthesis and

subtracting the extra term added in this way, both of which are zero. Hence, from

the λνλρRνρ result we observe that if λνλρR̄νρ = 0, then λνλρRνρ = 0 implies that

λρλα∇̄ρλν∇̄αλ
ν = 0; that is, λµ∇̄µλ

ν = c̃λν , which after reparametrization, can

be turned into a geodesic equation with an affine parameter. Therefore, λ is a null

geodesic vector.

If R̄νρ = 0 , then from R = 0; we obtain

∇̄α∇̄ν(V λ
αλν) = 0 and λµ∇̄µλ

ν = c̃λν (2.74)

which are corollary (i) of the previous discussion and the geodesic equation.

Lastly, we calculate λνRνρ:

λνRνρ = λνR̄νρ + λν∇̄α∆α
νρ − 2V λν∇̄σ(V λσλα∆ανρ) (2.75)

For vacuum solutions, Rνρ = 0 = R̄νρ, we get

λν∇̄α∆α
νρ = 2V λν∇̄σ(V λσλα∆ανρ)

= −2V 2(∇̄σλ
ν)λσλα∆ανρ

= −2V 2c̃λνλα∆ανρ

= 0

(2.76)

which is corollary (ii) of the previous section. Since our previous discussions de-

pend only on corollary (i), (ii) and the geodesic property, evidently they are valid in

general.

2.2 Ansatz with Null Geodesics

Having been motivated by the simplifications in the calculations brought forth by

the ansatz of the preceding section, we begin with a similar ansatz in this section

and consider the field equations when the energy-momentum tensor does not vanish
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identically. We have

gµν = ḡµν + 2V λµλν and gµν = ḡµν − 2V λµλν as solutions to

Rµν −
R

2
gµν = 8πGTµν and R̄µν −

R̄

2
ḡµν = 8πGT̄µν

(2.77)

where V is a scalar function and λ is a null geodesic vector with respect to both

metrics;

ḡµνλ
µλν = 0 = gµνλ

µλν λµ∇µλ
ν = 0 = λµ∇̄µλν (2.78)

Transformation of the Christoffel Symbols is given by

Γµνρ = Γ̄µνρ + gµα∆ανρ = Γ̄µνρ + ∆µ
νρ + 2V λµλα∇̄α(V λνλρ) (2.79)

Following the notation of [17] we introduce δµνρ ≡ 2V λµλνλρλ
α∇̄αV as the quadratic

term in V and obtain

Γµνρ = Γ̄µνρ + ∆µ
νρ + δµνρ (2.80)

Then
Rµ

νσρ =
(
∂σΓµνρ + ΓµσαΓανρ

)
− (σ ↔ ρ)

=
[
∂σΓ̄µνρ + ∂σ∆µ

νρ + ∂σδ
µ
νρ + Γ̄µσαΓ̄ανρ + Γ̄µσα∆α

νρ

+ Γ̄ασαδ
α
νρ + ∆µ

σαΓ̄ανρ + ∆α
σα∆α

νρ + ∆µ
σαδ

α
νρ

+ δµσαΓ̄ανρ + δµσα∆α
νρ + δµσαδ

α
νρ

]
− (σ ↔ ρ)

(2.81)

Splitting terms in orders of V and noting that δµσαδ
α
νρ = 0, we get

Rµ
νσρ = R̄µ

νσρ +
[
∂σ∆µ

νρ + Γ̄µσα∆α
νρ + Γ̄ανρ∆

µ
σα − (σ ↔ ρ)

]
+
[
∂σδ

µ
νρ + Γ̄µσαδ

α
νρ + Γ̄ανρδ

µ
σα + ∆µ

σα∆α
νρ − (σ ↔ ρ)

]
+
(
∆µ

σαδ
α
νρ + ∆α

νρδ
µ
σα − (σ ↔ ρ)

) (2.82)

Now, using the following results

• ∂σ∆µ
νρ = ∇̄σ∆µ

νρ − Γ̄µσα∆α
νρ + Γ̄ασν∆

µ
αρ + Γ̄ασρ∆

µ
να

• ∂σδ
µ
νρ = ∇̄σδ

µ
νρ − Γ̄µσαδ

α
νρ + Γ̄ασνδ

µ
αρ + Γ̄ασρδ

µ
να

• ∆µ
σαδ

α
νρ = 2V λνλρλ

µλσλ
αλβ∇̄βV ∇̄αV
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• ∆α
νρδ

µ
σα = −2V λµλσλνλρλ

αλβ∇̄βV ∇̄αV

and noting that the terms that are symmetric in σ ↔ ρ vanish, transformation of the

Riemann tensor is given by

Rµ
νσρ = R̄µ

νσρ +
[
∇̄σ∆µ

νρ + Γ̄ανρ∆
µ
σα + Γ̄ασν∆

µ
αρ − (σ ↔ ρ)

]
+
[
∇̄σδ

µ
νρ + Γ̄ανρδ

µ
σα + Γ̄ασνδ

µ
αρ + ∆µ

σα∆α
νρ − (σ ↔ ρ)

]
= R̄µ

νσρ +
[
∇̄σ∆µ

νρ − ∇̄ρ∆
µ
νσ

]
+
[
∇̄σδ

µ
νρ − ∇̄ρδ

µ
νσ + ∆µ

σα∆α
νρ −∆µ

ρα∆α
νσ

]
≡ R̄µ

νσρ +Rµ
(L) νσρ +Rµ

(Q) νσρ

(2.83)

where
Rµ

(L) νρσ = ∇̄ρ∆
µ
νσ − ∇̄σ∆µ

νρ

Rµ
(Q) νρσ = ∇̄ρδ

µ
νσ − ∇̄σδ

µ
νρ + ∆µ

ρα∆α
νσ −∆µ

σα∆α
νρ

(2.84)

are the linear and the quadratic terms in V , respectively. Note that there are no cu-

bic or quartic terms in V as one would expect from a generic transformation of the

Christoffel Symbols with linear and quadratic terms. Next, we find the transformation

of the Ricci tensor

Rνσ = R̄νσ +Rµ
(L) νµσ +Rµ

(Q) νµσ (2.85)

Using the calculations below

→ Rµ
(L) νµσ = ∇̄µ∆µ

νσ , since ∆µ
νµ = 0

→ Rµ
(Q) νµσ = ∇̄µδ

µ
νσ −∆µ

σα∆α
νµ , since ∆µ

νµ = 0 = δµνµ

→ ∇̄µδ
µ
νσ = ∇̄µ(2V λµλνλσλ

α∇̄αV ) = 2λνλσλ
α∇̄µ(V λµ∇̄αV )

→ ∆µ
σα∆α

νµ =
[
∇̄σ(V λµλα) + ∇̄α(V λµλσ)− ∇̄µ(V λσλα)

][
∇̄ν(V λ

αλµ)

+ ∇̄µ(V λαλν)− ∇̄α(V λνλµ)
]

=
[
λµλσλ

αλν∇̄αV ∇̄µV + V 2λσλν∇̄αλ
µ∇̄µλ

α − V 2λσλν∇̄αλ
µ

+ λσλαλνλµ∇̄µV ∇̄αV + V 2λσλν∇̄µλα∇̄αλµ

]
= 2λσλν

[
λµλα∇̄µV ∇̄αV + V 2∇̄αλ

µ∇̄µλ
α − V 2∇̄αλ

µ∇̄αλµ

]
(2.86)
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we obtain

R(Q) νσ ≡ Rµ
(Q) νµσ = 2V λνλσ

[
λα∇̄µ(λµ∇̄αV )− V ∇̄αλ

µ∇̄µλ
αV ∇̄αλ

µ∇̄αλµ

]
(2.87)

Hence, transformation of the Ricci tensor in its covariant form is given by

Rνσ = R̄νσ + ∇̄µ∆µ
νσ +R(Q) νσ (2.88)

which involves both the linear and the quadratic terms. Transformation of the Ricci

tensor in its mixed form is an even more interesting result and is given by

Rα
σ = gανRνσ = R̄α

σ − 2V λαλνR̄νσ + ∇̄µ∆µα
σ − 2V λαλν∇̄µ∆µ

νσ + ḡανR(Q) νσ

(2.89)

Now, we have

λν∇̄µ∆µ
νσ = ∇̄µ(λν∆µ

νσ)− (∇̄µλ
ν)∆µ

νσ

= ∇̄µ

(
λν∇̄ν(V λ

µλσ)
)
− ∇̄µλ

ν
(
−V λσ∇̄µλν + V λσ∇̄νλ

µ
)

= ∇̄µ

(
λνλµλσ∇̄νV

)
− V λσ(∇̄µλ

ν∇̄νλ
µ − ∇̄µλ

ν∇̄µλν)

= λσ

[
λν∇̄µ(λµ∇̄νV )− V ∇̄µλ

ν∇̄νλ
µ + V ∇̄µλ

ν∇̄µλν

] (2.90)

which yields

−2V λαλν∇̄µ
νσ = −ḡανR(Q) νσ (2.91)

Therefore, transformation of Rα
σ becomes

Rα
σ = R̄α

σ − 2V λαλνR̄νσ + ∇̄µ∆µα
σ (2.92)

where there are no quadratic or higher order terms. The Ricci scalar curvature trans-

forms as follows

R = R̄− 2V λαλνR̄αν + ∇̄µ∆µα
α

= R̄− 2V λαλνR̄αν + 2∇̄µ

(
λµ∇̄α(V λα)

) (2.93)

From these one can calculate the transformation of the Einstein tensor Gµν = Rµν −
1
2
Rgµν , which in turn yields the transformation of the energy-momentum tensor Tµν .

2.3 Kerr-Schild-Kundt Metrics

Kundt class of spacetimes are defined by the existence of a null congruence such that

the tangent vector field has no divergence, no shear and no twist.[18] If we start with
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the generalized Kerr-Schild metric,

gµν = ḡµν + 2V λµλν

where λ is null.

We see that divergence of λ is not necessarily zero. However, as in [19]-[20], if we

introduce another vector ξ such that

(i)∇µλν = ξ(µλν) (ii) ξµλ
µ = 0 (iii) λµ∂µV = 0

then (i) and (ii) imply that λ is a geodesic vector with respect to both gµν and ḡµν .

λµ∇µλν = λµξµλν + λµξνλµ = 0 (2.94)

since λ is null and orthogonal to ξ. Similarly,

λµ∇̄µλν = λµ∇µλν +
(
Γσµν − Γ̄σµν

)
λσ

= gσα∆αµνλσ

= −λα∇̄α(V λµλν)

= −λµλνλα∇̄αV

= 0

(2.95)

where the last equality follows from the defining property (iii) and the equality before

that follows from the geodesic property of λ. In addition to being a null geodesic

vector with no-divergence, λ is also non-twisting. This result immediately follows

from the scalar definition of twist: Twist of λ is:

ω =
1

2
∇µλν∇[µλν] = 0 (2.96)

Since ∇µλν is symmetric by definition (in the Kerr-Schild-Kundt ansatz) and thus

antisymmetric term∇[µλν] is 0.

Alternatively, one can reach the same result rom the vectoral definition of twist. Twist

vector of λ is given by:

ωµ = εµνρσλν∇ρλσ

= εµνρσλνξ(ρλσ)

= 0

(2.97)
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Hence, we see that the symmetric definition of ∇µλν = ξ(µλν) in the KSK ansatz

leads λ to be non-twisting.

Another consequence of properties (i) and (ii) is the shearlessness of λ:

∇µλ
ν∇µλ

ν∇νλ
µ − (∇µλ

µ)2 = 0 (2.98)

We have already shown that λ has no divergence,∇µλ
µ = 0. From

• ∇µλ
ν = ξµλ

ν + ξνλµ and

• ∇µλν = ∇νλ
µ = ξνλ

µ + ξµλν
(2.99)

it can also be seen that

∇µλ
ν∇µλν = 0 = ∇µλ

ν∇νλ
µ (2.100)

since λ is null and orthogonal to ξ, λµλµ = 0, λµξµ = 0. Lastly, it is evident from

property (ii) that the index of the ξ can be raised or lowered with respect to both

metrics.

These results hold in the background spacetime as well. From:

∇µλ
ν = ∇̄µλ

ν +
(
Γνµσ − Γ̄νµσ

)
λσ

= ∇̄µλ
ν + gνα∆αµσλ

σ

= ∇̄µλ
ν + (ḡνα − 2V λνλα)λσ∇̄σ(V λαλµ)

= ∇̄µλ
ν + λσ∇̄σ(V λνλµ)

= ∇̄µλ
ν + λνλµλ

σ∇̄σV

(2.101)

it is obvious that λ is nondiverging;

∇µλ
µ = ∇̄µλ

µ = 0 (2.102)

nontwisting;

∇µλν∇[µλν] =
(
∇̄µλν + λµλνλσ∇̄σV

)
∇[µλν]

= ∇̄µλν∇[µλν]

=
1

2
∇̄µλν

(
∇̄µλν + λνλµλ

σ∇̄σV − (µ↔ ν)
)

= ∇̄µλν∇̄[µλν]

(2.103)

⇒ ∇̄µλν∇̄[µλν] = 0 (2.104)
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and shearless,

2∇µλν∇(µλν) − (∇µλ
µ)2 = 0

⇒ 2
(
∇̄µλν + λµλνλσ∇̄σV

)
∇(µλν) −

(
∇̄µλ

µ
)2

= 0

⇒ 2∇̄µλν
(
∇̄(µλν) + λ(µλν)λ

σ∇̄σV
)
−
(
∇̄µλ

µ
)2

= 0

⇒ 2∇̄µλν∇̄(µλν) −
(
∇̄µλ

µ
)2

= 0

(2.105)

with respect to ḡµν . Note that the calculations here follow from the fact that λµλν∇µλν =

λµλν∇̄µλν = 0 which in turn is a consequence of λ being a null geodesic vector with

respect to both metrics.

Now, looking at the KSK ansatz, one can realize that there are many other different

ansätze that may be used to describe the Kundt spacetimes. In other words, starting

with

gµν = ḡµν + 2V λµλν , λµλµ = 0 (2.106)

The following ansätze

→ ∇µλν = ξ[µλν] , ξµλµ = 0

→ ∇µλν = ξµλν , ξµλµ = 0
(2.107)

also make λ a null geodesic vector field that is non-diverging, non-twisting and shear-

less.

• λµ∇µλ
ν = 0 , ∇µλ

µ = 0

• ∇µλν∇µλν = ∇µλν∇νλµ = 0 = ∇µλν∇[µλν] = ∇µλν∇(µλν)

(2.108)

For the KSK ansatz∇µλν = ξ[µλν]. We also see that∇µλν +∇νλµ = 0 and hence λ

is also a Killing vector field.

The KSK ansatz can be used to find exact solutions to the quadratic gravity theories

and further, these are universal spacetimes; to wit, these spacetimes solve all generic

gravity theories constructed from the Riemann tensor and its covariant derivatives.

Lastly, by using the defining properties one can simplify the expressions for the trans-

formations of the Riemann tensor and the Ricci tensor of the previous section for the

KSK metrics, as done in [21]. In this case, the Riemann tensor itself turns out to be

linear in V .
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2.4 Kerr-Schild Forms of Some Exact Solutions

In this final section of this chapter, we will derive KS forms of some well-known

exact solutions of GR.

2.4.1 The Schwarzschild Metric

The Schwarzschild metric in its standard form is given by

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dθ2 + r2 sin2 θdφ2 (2.109)

where f(r) = 1 − 2M
r

. The above metric does not admit a KS form, gµν = ηµν +

2V λµλν , and this can be observed as follows;

ds2 = −dt2 + dr2 + r2dθ2 + r2 sin2 θdφ2 + (1− f)dt2 +
1− f
f

dr2

= ηµνdx
µdxν + (1− f)dt2 +

1− f
f

dr2

(2.110)

Note that

ds2 = gµνdx
µdxν = ηµνdx

µdxν + 2V λµλνdx
µdxν (2.111)

Then there exists a KS form if

2V λµλνdx
µdxν = (1− f)

[
dt2 +

1

f
dr2

]
(2.112)

However, since the paranthesis is not a square, there are no such V and λ in these

coordinates. In order to complete the RHS to a square, we make the following change

of coordinates:

t
′
= t̃ = t− A(r), r′ = r, θ′ = θ, φ′ = φ (2.113)

which will give the necessary cross term dtdr in the paranthesis, with

dt2 = dt̃2 + 2A
′
(r)dÃdr + (A

′
(r))2dr2 (2.114)

We have

ds2 = −fdt̃2 +
1

f
dr2 + r2dΩ2 − 2fA

′
(r)dt̃dr − fA′2(r)dr2 (2.115)
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Then,

gµν(t̃, r, θ, φ)dxµdxν = ηµνdx
µdxν + (1− f)dt̃2 +

(
1− f
f
− fA′2(r)

)
dr2

− 2fA
′
(r)dt̃dr

= ηµνdx
µdxν + (1− f)

[
dt̃2 − 2

f

1− f
A
′
(r)dt̃dr

+

(
1

f
− f

1− f
A
′2(r)

)
dr2

]
(2.116)

For the expression in the paranthesis to be a square, it must be that(
f

1− f
A
′
(r)

)2

=
1

f
− f

1− f
A
′2(r) (2.117)

which yields

A
′2(r)

f

1− f

(
f

1− f
+ 1

)
=

1

f

⇒ A
′2(r) =

(1− f)2

f 2

⇒ A(r) = ±
∫ 2M

r

1− 2M
r

dr

⇒ A(r) = ±2M

∫
dr

r − 2M

⇒ A(r) = ±2M ln(r − 2M) + constant

(2.118)

It follows that

gµνdx
µdxν = ηµνdx

µdxν +
2M

r

[
dt̃2 ∓ 2dt̃dr + dr2

]
= ηµνdx

µdxν +
2M

r
(dt̃∓ dr)2

(2.119)

and thus we have

2V λµλνdx
µdxν =

2M

r
(dt̃∓ dr)2 (2.120)

which is now solvable for V and λ.

V =
M

r
and λµdx

µ = ±(dt̃∓ dr) (2.121)

For λµdxµ = ±(dt̃− dr),

⇒ λµ = (1,−1, 0, 0) or λµ = (−1, 1, 0, 0)

⇒ λµ = ηµνλν = (−1,−1, 0, 0) or λµ = (1, 1, 0, 0)
(2.122)
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and for λµdxµ = ±(dt̃+ dr)

⇒ λµ = (1, 1, 0, 0) or λµ = (−1,−1, 0, 0)

⇒ λµ = ηµνλν = (−1, 1, 0, 0) or λµ = (1,−1, 0, 0)
(2.123)

2.4.2 The Reissner-Nordström Metric

KS form of the Reissner-Nordström solution can be found in a similar way. Now we

have

f(r) = 1− 2M

r
+
Q2

r2
(2.124)

Then, we get

ds2 = ηµνdx
µdxν + (1− f)[dt̃2 ∓ 2dt̃dr + dr2]

= ηµνdx
µdxν +

(
2M

r
− Q2

r2

)
(dt̃∓ dr)2

(2.125)

Therefore, the null vector is the same as that of the Schwarzschild solution whereas

the profile function V is given by

VRN =
M

r
− Q2

2r2
(2.126)

2.4.3 The Kerr Metric

In Kerr’s coordinates, the Kerr metric is given by

ds2 = −
(

1− 2Mr

r2 + a2 cos2 θ

)
(du+ a sin2 θdφ)2 + 2(du+ a sin2 θdφ)(dr + a sin2 θdφ)

+ (r2 + a2 cos2 θ)(dθ2 + sin2 θdφ2)

(2.127)

where r is not the radius coordinate but instead defined implicitly by

x2 + y2

r2 + a2
+
z2

r2
= 1 (2.128)

and u = t+ r. The coordinates might also be written as,

x = (r cosφ+ a sinφ) sin θ

y = (r sinφ− a cosφ) sin θ

z = r cos θ

(2.129)
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Similar to the arguments in the Schwarzschild case, we expect the mass term to be

proportional to a complete square and remaining terms to give the flat spacetime. We

have

ds̄2 = ds2|m=0 = −
(
du+ a sin2 θdφ

)2
+ 2

(
du+ a sin2 θdφ

) (
dr + a sin2 θdφ

)
+
(
r2 + a2 cos2 θ

) (
dθ2 + sin2 θdφ2

)
= −du2 + (r2 + a2) sin2 dφ2 + 2dudr + 2a sin2 θdφdr

+ (r2 + a2 cos2 θ)dθ2

= −dt2 + dr2 + (r2 + a2) sin2 θdφ2 + 2a sin2 θdφdr

+ (r2 + a2 cos2 θ)dθ2

(2.130)

With the above coordinate transformations, one can show that ds̄2 is the flat Minkoswki

spacetime. We then have

ds2 = ds̄2 +
2Mr

r2 + a2 cos2 θ
(du+ a sin2 θdφ)2 (2.131)

Hence, KS form is written with

ḡ = η, V =
Mr

r2 + a2 cos2 θ
, λµdx

µ = du+ a sin2 θdφ (2.132)

whence one can obtain the shearless null geodesic vector λ;

λµ = (1, 0, 0, a sin2 θ) and λµ = (0, 1, 0, 0) (2.133)

Applying the coordinate transformations given above, the metric can be written in

Cartesian coordinates.

ds2 = ds̄2 +
2mr3

r4 + a2z2

[
dt+

r(xdx+ ydy)

r2 + a2
+
a(ydx− xdy)

r2 + a2
+
z

r
dz

]2

(2.134)

where ds̄2 = −dt2+dx2+dy2+dz2 and x2+y2+z2 = r2+a2 sin2 θ = r2+a2(1− z2

r2
)

Therefore, we have

V =
Mr3

r4 + a2z2
, λµ =

(
1,
rx+ ay

r2 + a2
,
ry − ax
r2 + a2

,
z

r

)
(2.135)

Similar to the relation between the Schwarzschild and the Reissner-Nordström solu-

tions, where we found that the null vectors are the same but the profile function V

changes in the KS form of the charged solution, the Kerr-Newman metric(charged
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rotating solution) can be obtained by choosing the same null vector and the following

smooth function

VKN =
r2

r4 + a2z2

(
Mr − Q

2

)
(2.136)

Note that without rotation this reduces to VRN = 1
r2

(
Mr − Q

2

)
and the null vector is

λµ =
(
1, x

r
, y
r
, z
r

)
. Without charge, VRN in turn reduces to VS = M

r
whereas the null

vector remains the same.
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CHAPTER 3

KERR-SCHILD TRANSFORMATIONS

3.1 Motivations

KS ansatz is about the transformation of the metric, and the coordinates are not trans-

formed.

gµν = ḡµν + 2V λµλν (3.1)

At this point, one may ask for the transformations of coordinates leading to the gen-

eralized KS ansatz;

ḡ′µν(x
′) =

∂xα

∂x′µ
∂xβ

∂x′ν
ḡαβ(x) = ḡµν + 2V λµλν (3.2)

This idea can be better grasped if we consider isometries and conformal transforma-

tions. For isometries we have

xµ → x′µ = φ(xµ), gµν
φ∗−→ g′µν = gµν (3.3)

where φ is a diffeomorphism that leaves the metric invariant. Now, a Weyl transfor-

mation is;

gµν → g′µν = e2σ(x)gµν (3.4)

which simply rescales the metric. On the other hand, we know that a conformal

transformation is a particular coordinate transformation such that

xµ → x′µ = φ(xµ), gµν
φ∗−→ g′µν = e2σ(x)gµν (3.5)

where the diffeomorphism φ is an angle-preserving smooth map. Hence, we see that

a transformation of metric (Weyl transformation) is the result of a coordinate trans-

formation(conformal transformation) and in this chapter we will study the diffeomor-
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phisms leading to generalized KS ansatz and the related subjects.

3.2 Kerr-Schild Coordinate Transformations

Expression for the KS ansatz with null geodesics, without coordinates, is given by,

g = n+ 2V λ⊗ λ (3.6)

where λ] = η−1(λ, ·) is a null vector with respect to both metrics. The Generalized

KS ansatz is,
g = ḡ + 2V λ⊗ λ, where

ḡ−1(λ, λ) = 0 = g−1(λ, λ)
(3.7)

Here, V : M → R is a smooth function of spacetime coordinates, V ∈ C∞(M)1,

and M is the smooth manifold representing the spacetime. The one-form λ ∈ Λ1(M)

is null and λ] = ḡ−1(λ, ·). The inverse metric is given as

g−1 = ḡ−1 − 2V λ] ⊗ λ] (3.8)

Any two metrics in the generalized KS ansatz are referred to as KS related metrics.

Then, a diffeomorphism φ is called a Kerr-Schild transformation (φ : M → M ,

and hence an automorphism) if g = φ∗ḡ that is, the pullback of the background

metric gives the full metric. Next, one can look for the one-parameter group of these

transformations which is given by (Φ, ◦), with

Φ = {φs ∈ Diff(M) : s ∈ R, φ∗sḡ = ḡ + 2Vsλ⊗ λ}

being the set of KS transformations and map composition being the group operation.

The identity element is given by IdM = φ0, φ0 ◦ φs = φs ◦ φ0 = φs and the inverse

element of a given element φs is given by

φ−1
s = φ−s ⇒ φs ◦ φ−1

s = φs ◦ φ−s = φo and

φ−1
s ◦ φs = φ−s ◦ φs = φo

(3.9)

1 In this chapter, definitions will be written in this way for the sake of brevity, eventhough they are local. To
write these rigorously we can use open sets of the manifold U ⊂M
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Associativity property follows from the fact that map composition operation is asso-

ciative. Then, lastly we need to look at the closure property. Now, since the flow φ is

defined as a group action by

φ : R×M →M,

φ(0, p) = p and φ(s, φ(t, p)) = φ(s+ t, p)
(3.10)

where s, t ∈ R, p ∈M . Equivalently we can write

φo(p) = p and (φs ◦ φt)(p) = φs+t(p) (3.11)

As p ∈M is arbitrary, we must have

φs ◦ φt = φs+t (3.12)

Thus,G = (φ, ◦) is indeed a one-parameter group of transformations if φs◦φt = φs+t

(φs ◦ φt)∗ḡ = φ∗t ◦ φ∗sḡ

= φ∗t (ḡ + 2Vsλ⊗ λ)

= ḡ + 2Vtλ⊗ λ+ 2(φ∗tVs)(φ
∗
tλ)⊗ (φ∗tλ)

(3.13)

which is equal to

φ∗s+tḡ = ḡ + 2Vs+tλ⊗ λ (3.14)

if φ∗tλ = Utλ, for some Ut ∈ C∞(M), and Vt + (φ∗tVs)U
2
t = Vs+t. Hence, the KS

group onM , (Φ, ◦), can be defined as the one-parameter group of KS transformations

from M to M ;

Φ = {φs ∈ Diff(M)| s ∈ R, φ∗sḡ = ḡ + 2Vsλ⊗ λ, φ∗sλ = Usλ} (3.15)

where Vs, Us ∈ C∞(M), Vo = 0 and Vt + (φ∗tVs)U
2
t = Vs+t.

Now, let ξ be the infinitesimal generator of a KS group(ξ generates the flow φ). We

have

Lξḡ = lim
s→0

φ∗s(ḡφs(P ))− ḡp
s

= lim
s→0

(φ∗sḡ)p − ḡP
s

=
d

ds
(φ∗sḡ)P |s=0

(3.16)
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Hence,

Lξḡ = 2
dVs
ds

∣∣∣
s=0

λ⊗ λ

≡ 2pλ⊗ λ and

Lξλ =
d

ds
(φ∗sλ)

∣∣∣
s=0

=
dUs
ds

∣∣∣
s=0

λ

≡ mλ

(3.17)

These equations are called the KS equations for the metric and the transformation

null direction, respectively, and in coordinates they are given as

∇̄µξν + ∇̄νξµ = 2pλµλν and

ξµ∇̄µλν + (∇̄νξ
µ)λµ = mλν

(3.18)

Solutions of the KS equations are called the Kerr-Schild vector fields (KSVFs) with

respect to the transformation null direction λ]2. One can show that a KSVF ξ has no

divergence by taking trace of the KS metric equation.

Note that p and λ are not uniquely determined in the KS-metric equation:

Lξḡ = 2pλ⊗ λ −→ 2pλ⊗ λ under following transformations

λ→ λ′ = Nλ, p→ p′ =
p

N2
, N 6= 0 N ∈ C∞(M)

(3.19)

KS-λ equation becomes:

Lξλ′ = λLξN +NLξλ = λξ(N) +Nmλ

=
λ′

N
ξN +mλ′

=

(
m+

1

N
ξN

)
λ′

≡ m′λ′

(3.20)

These are tantamount to gauge transformations in the sense that under the following

transformations

λ→ λ′ = Nλ, p→ p′ =
p

N2
, m→ m′ =

(
m+

1

N
ξN

)
(3.21)

the KS equations remain invariant and for this reason p is called the gauge of the

metric and m is called the gauge of the null direction λ. One can immediately realize

that if h = 0, then the KSVF becomes a Killing vector field. Any KSVF which is not
2 For brevity, from now on we will write "the null direction λ"
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a Killing vector field is called a proper KSVF. Now, using g = ḡ + 2V λ⊗ λ and the

KS equations, we obtain

Lξg = Lξ
(
ḡ + 2V λ⊗ λ

)
= 2pλ⊗ λ+ 2(LξV )λ⊗ λ+ 2V

[
(Lλ)⊗ λ+ λ⊗ (Lξλ)

]
= 2pλ⊗ λ+ 2(ξV )λ⊗ λ+ 4mV λ⊗ λ

= 2
(
p+ ξV + 2mV

)
λ⊗ λ

(3.22)

Hence, any KSVF of ḡ with respect to the null direction λ is a KSVF of g with respect

to λ. Clearly, converse statement also holds and thus the two KS-related metrics have

the same KSVFs with respect to λ. Incidentally, we observe that the KSVF ξ is a

Killing Vector field, locally, of g if p+ ξV + 2mV = 0. Recall that, given a metric ḡ,

the KSVFs of ḡ are defined with respect to a null direction λ. Next, we consider the

set of KSVFs for a metric ḡ on M, and a null direction λ:

Sḡ,λ = {ξ ∈ X(M)|Lξḡ = 2pλ⊗ λ, Lξλ = mλ for some p,m ∈ C∞(M)}

(Sḡ,λ,+, ·) is a vector space over the field of reals. Where the binary operation + is

the standard addition operations and the scalar multiplication · is the standard mul-

tiplication operation. It is clear that Sḡ,λ satisfies the axioms of a vector space; 0

is the identity element: ξ + 0 = 0 + ξ = ξ, −ξ is the inverse of ξ : ξ + (−ξ) =

(−ξ) + ξ = 0, commutativity : ξ + η = η + ξ, associativity : ξ + (η + σ) =

(ξ+η)+σ, distributive properties : (c1+c2)ξ = c1ξ+c2ξ and c(ξ+η) = cξ+cη

for all c ∈ R and ξ, η, σ ∈ Sḡ,λ. It can also be seen that Sḡ,λ is closed under the addi-

tion operation. Given any ξ, η ∈ Sḡ,λ,

Lξḡ = 2pλ⊗ λ, Lξλ = mλ

Lηḡ = 2qλ⊗ λ, Lηλ = nλ
(3.23)

ξ + η ∈ Sḡ,λ, since

Lξ+ηḡ = Lξḡ + Lηḡ = 2(p+ q)λ⊗ λ

Lξ+ηλ = 2(m+ n)λ
(3.24)

However, if we are given any two vector fields ξ, η ∈ Sḡ; such that

Lξḡ = 2pλ⊗ λ, Lηḡ = 2qk ⊗ k (3.25)
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we have Lξ+ηḡ = 2pλ⊗ λ+ 2qk ⊗ k. Thus, if ḡ−1(λ, k) 6= 0 then ξ + η /∈ Sḡ. Note

that in these calculations we tacitly assumed that λ and k are null one-forms. Now,

one can readily observe that

Sḡ,λ = Sḡ,λ̃ where λ̃ = hλ, 0 6= h ∈ C∞(M) (3.26)

In fact, we can define an equivalence relation∼ over the set of null one-forms Λ1
null(M)

by; ∼: is equal to a non-zero smooth function multiple of.

It can easily be seen that ∼ is

• Reflective, since λ ∼ λ

• Symmetric, since λ ∼ ω ⇒ ω ∼ λ

• Transitive, since if λ ∼ ω and ω ∼ k, then λ ∼ k.

for all λ, ω, k ∈ Λ1
null(M). Equivalence class of λ is given by.

[λ] =
{
ω ∈ Λ1

null(M) | ω ∼ λ
}

(3.27)

Note, in particular, that

[0] = {0} (the equivalence class of λ = 0 has only the λ = 0 elements)

Hence for the quotient space we have

Λ1
null(M)/∼ = {[λ] | λ ∈ Λ1

null(M)}
whence we obtain

Sḡ =
⋃
i∈I

Sḡ,λi =

 ⋃
i∈I−{0}

Sḡ,λi

 ∪ Sḡ,0 (3.28)

where λi is a representative of [λi] for all i 6= 0 and λ0 = 0 is a representative

of the set of Killing Vector fields of ḡ. The latter equality in the above equation

defines a partition for Sḡ; that is, it gives a pairwise disjoint, except for the additive

identity, union of Sḡ. An alternative equivalence relation can be defined over the set

{Sḡ,λ | λ ∈ Λ1
null(M)}, ∼: is equal to

which is clearly reflective, symmetric and transitive. Equivalence class of Sḡ,λ is

given by

[Sḡ,λ] = {Sḡ,ω | ω = hλ, for some h ∈ C∞(M), h 6= 0} (3.29)

and it gives the same result.

The set of all smooth vector fields on M , X(M), has the structure of a vector space
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and further it becomes a Lie algebra when equipped with the additional binary opera-

tion (a multiplication), the Lie bracket [ , ]. As it is bilinear and anti-commutative

and satisfies the Jacobi identity for all X ∈ X(M), these properties hold for all

Y ∈ (Sḡ,λ,+, ·,R). Then, the vector space (Sḡ,λ,+, ·,R) forms a Lie algebra if it is

closed under the Lie bracket [ , ] (i.e., if [ , ] is a binary operation); given ξ, γ ∈ Sḡ,λ
such that

Lξḡ = 2pλ⊗ λ, Lξλ = mλ

Lγ ḡ = 2qλ⊗ λ, Lγλ = nλ
(3.30)

we have [ξ, γ] ∈ (Sḡ,λ,+, ·,R) if

L[ξ,γ]ḡ = 2yλ⊗ λ

L[ξ,γ]λ = uλ for some y and u ∈ C∞(M)
(3.31)

The following calculations show that the set of KSVFs is indeed closed under the Lie

bracket:
L[ξ,γ]ḡ = LξLγ ḡ − LγLξḡ

= Lξ (2pλ⊗ λ)− Lγ (2qλ⊗ λ)

= 2 (ξp+ 2pm− γq − 2qn)λ⊗ λ

(3.32)

and
L[ξ,γ]λ = LξLγλ− LγLξλ = Lξ(nλ)− Lγ(mλ)

= (ξn+ nm− γm−mn)λ

= (ξn− γm)λ

(3.33)

Therefore, (Sḡ,λ,+, ·, [ , ]) over R is a Lie algebra which will denote simply by Kλ.

We have

K =
⊕
i∈I

Kλi where Kλ0 = K0 = Killing algebra (3.34)

which is not a finite dimensional Lie algebra in general. Note that, we have Lξḡ = 0

for Killing vector fields and Lξḡ = Ψg for conformal Killing vector fields where Ψ is

a smooth function. In both cases, the vector field ξ is independent of a null direction

λ whereas for KSVFs ξ is defined with respect to λ. For this reason, unlike the cases

of Killing algebra and conformal Killing algebra, the Lie algebra of KSVFs can be

infinite dimensional. Now, consider a proper non-zero KSVF ξ, parallel to the null

direction. ξ = Ψλ] for smooth function Ψ 6= 0. By definition we have

Lξḡµν = LΨλ] ḡµν = Ψλα∇̄αḡµν + ∇̄µ(Ψλα)ḡαν + ∇̄ν(Ψλ
α)ḡµα

= ∇̄µ(Ψλν) + ∇̄ν(Ψλµ)
(3.35)
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and
Lξλµ = LΨλ]λµ = Ψλα∇̄αλµ + ∇̄µ(Ψλα)λα

= Ψλα∇̄αλµ

= ΨLλ]λµ

(3.36)

From these we get

2pλµλν = ∇̄µ(Ψλν) + ∇̄ν(Ψλµ)

= Ψ(∇̄µλν + ∇̄νλµ) + λν∂µΨ + λµ∂νΨ

= ΨLλ] ḡ + λνλν∂µΨ + λµ∂νΨ

(3.37)

and

mλµ = Ψλα∇̄αλµ (3.38)

where we used the metric compatibility property of ḡ and the nullity of λ. Now we

can write Lλ] ḡ in terms λ, p and Ψ:

Lλ] ḡµν = 2
p

Ψ
λµλν − λν

1

Ψ
∂µΨ− λµ

1

Ψ
∂νΨ

=
( p

Ψ
λµ − ∂µ ln |Ψ|λν

)
+ λµ

( p
Ψ
λν − ∂ν ln |Ψ|

) (3.39)

Introducing ω ∈ Λ1(M), ω := p
Ψ
λ− d ln |Ψ| we obtain

Lλ] ḡ = ω ⊗ λ+ λ⊗ ω and

Lλ]λ =
m

Ψ
λ

(3.40)

Now, from λµ∇̄µλν = m
Ψ
λν we see that λ] is geodesic vector, albeit not an affinely

parametrized one. Further, from

∇̄µλν + ∇̄νλµ =
( p

Ψ
λµ − ∂µ ln |Ψ|

)
λν + λµ

( p
Ψ
λν − ∂ν ln |Ψ|

)
(3.41)

we obtain, by taking trace of both side, that

2∇̄µλν∇̄(µλν) = −λµ∇̄µλν∂ν ln |Ψ|

= −m
Ψ
λν∂ν ln |Ψ|

(3.42)

Conversely, given a null one-form λ and a proper KSVF ξ 6= 0 such that

Lλ] ḡ = ω ⊗ λ+ λ⊗ ω and Lξḡ = 2pλ⊗ λ (3.43)
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where ω is a one-form, ωµ = p
Ψ
λµ − ∂µ ln |Ψ| with 0 6= Ψ ∈ C∞(M), p ∈ C∞(M),

we have

Lλ]gµν =
( p

Ψ
λµ − ∂µ ln |Ψ|

)
λν + λµ

( p
Ψ
λν − ∂ν ln |Ψ|

)
⇒ Ψ(∇̄µλν + ∇̄νλµ) = 2pλµλν − λν∂µΨ− λµ∂νΨ

⇒ Lξḡµν = Ψ(∇̄µλν + ∇̄νλ
µ) + λν∂µΨ + λµ∂νΨ

= ∇̄µ(Ψλν) + ∇̄ν(Ψλµ)

= LΨλ] ḡµν

(3.44)

Hence, we obtain

Lξḡ = LΨλ] ḡ ⇒ Lξ−Ψλ] ḡ = 0 (3.45)

which holds either if ξ = Ψλ] or if ξ −Ψλ] = γ, γ being a Killing vector field.

The discussions in this chapter can be applied to several specific cases such as 2-

dimensional spacetimes, flat spacetime (ḡ = η) etc.
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CHAPTER 4

CLASSICAL DOUBLE COPY

The double copy is a proposed correspondence between gauge theories and gravity

theories which holds at tree level. This duality is observed by replacing the kinematic

factors of the gravity amplitudes by the color factors of the Yang-Mills scattering

amplitudes. The result turns out to be that the gravity amplitudes are squares of the

scattering amplitudes of Yang-Mills theories and for this reason Yang-Mills theories

are called the single copies of the gravity theories. In the case of the double copy

for classical theories, the Yang-Mills solutions and the solutions of general relativity

are related where the Kerr-Schild ansatz provides a natural framework for examining

this idea. For the KS ansatz, there are no dilaton or axion fields since hµν = 2V λµλν

is symmetric and traceless. We will now continue with a brief review of Yang-Mills

theory:

Yang-Mills theory is a gauge theory with SU(N) as its symmetry group. The La-

grangian is

LYM = −1

4
F a
µνF

aµν (4.1)

where the field strength tensor is given by

[Dµ, Dν ] = −igF a
µνt

a (4.2)

Here, Dµ = ∂µ − igAaµta is the covariant derivative, g is the coupling constant, ta are

the generators of the Lie algebra associated to the Lie group of gauge symmetries and

Aaµ are gauge vector fields. We obtain

F a
µν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν (4.3)
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where fabc, defined by
[
ta, tb

]
= ifabctc, are the structure constants. As for the

equations of motion, we have

∂LYM
∂Aeµ

− ∂ν
∂LYM
∂(∂νAeµ)

= 0 (4.4)

Now since

∂ν

(
∂LYM
∂(∂νAeµ)

)
= ∂ν

(
∂(−1

4
(F a)2)

∂(∂νAeµ)

)
= −1

4
· 2 · ∂ν

(
F aρσ

∂F a
ρσ

∂(∂νAeµ)

)
= −1

2
∂ν

(
F aρσ

(
δ ν
ρ δ µ

σ − δ ν
σ δ µ

ρ

)
δea

)
= −∂νF eνµ

(4.5)

and
∂L
∂Aeµ

= −1

4
· 2 · F aρσ

∂F a
ρσ

∂Aeµ

= −1

2
F aρσgfabc(δ be δ

µ
ρ A

c
σ + Abρδ

µ
σδ

c
e)

= −1

2
g(faecF aµσAcσ + fabeF aρµAbρ)

= −gfaecF aµνAcν

= gf ecaAcνF
aνµ

(4.6)

where we obtained a factor of 2 in the paranthesis since

fabeF aρµAbρ = (−faeb)(−F aµν)Abν

The equations of motion are:

∂νF
aνµ + gfabcAbνF

cνµ = 0 (4.7)

Maxwell’s theory is an Abelian theory, with U(1) as its symmetry group, and thus

fabc = 0. In this case, the equations of motion are; with no source term,

∂νF
νµ = 0

and with source term, L = −1
4
F µνFµν − AµJµ,

−Jµ + ∂νF
νµ = 0
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At this point we return to the vacuum field equations of GR with the KS-ansatz with

geodesic property. Recall that

Rµ
ν = R̄µ

ν − 2V λµλσR̄σν + ∇̄σ∆σµ
ν

and

R = R̄− 2V λµλνR̄µν + 2∇̄µ(λµ∇̄ν(V λ
ν))

When the background metric is flat (ḡ = n), these reduce to

Rµ
ν =

1

2
∂σ

[
− ∂σ(V λµλν) + ∂µ(V λσλν) + ∂ν(V λ

σλµ)
]

R = 2∂µ
(
λµ∂ν(V λ

ν)
) (4.8)

since R̄µν = R̄ = 0. From the vacuum field equations above, it is possible to extract

the equations of motion of an Abelian gauge theory. In order to obtain 4 equations of

gauge theory out of 10 equations of gravity, an index of Rµ
ν is chosen. Then

Rµ
0 =

1

2
∂σ [−∂σ(V λµλ0) + ∂µ(V λσλ0) + ∂0(V λσλµ)] (4.9)

Now, one can observe that if the term ∂0(V λσλµ) vanishes and λ0 is taken to be a

constant then the paranthesis on the RHS reduces to an expression that is very similar

to the field strength. To this end, we assume λ0 = 1 and ∂0V = ∂0λ
µ = 0 i.e. no

explicit time dependence. Then

Rµ
0 =

1

2
∂σ
(
∂µ(V λσ)− ∂σ(V λµ)

)
(4.10)

Further, we replace the smooth function V with φ/2 where φ is a scalar field. This

implies that φλµ can be considered as the gauge vector field Aµ. We have

Rµ
0 =

1

4
∂0(∂µ(φλσ)− ∂σ(φλµ))

=
1

4
∂σ(∂µAσ − ∂σAµ)

=
1

4
∂σF

µσ

(4.11)

Hence,
∂σF

σµ = 0 with Aµ = φλµ

where ∂0φ = ∂0λ
µ = 0 and λ0 = 1

(4.12)

This leads us to consider gravity as a double copy of gauge theory. The remaining

field equations are given by

Ri
j =

1

2
∂σ
[
−∂σ(V λiλj) + ∂i(V λσλj) + ∂j(V λ

kλi)
]

=
1

2
∂k
[
−∂k(V λiλj) + ∂i(V λkλj) + ∂j(V λ

kλi)
] (4.13)
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In particular, µ = 0 equation of Rµ
0 = 0 is

R0
0 =

1

4
∂σ
(
∂0(φλσ)− ∂σ(φλ0)

)
= −1

4
∂σ∂

σ(φ)

= −1

4
∇2φ

(4.14)

Therefore, the scalar field satisfies ∇2φ = 0. One may interpret the gauge field

Aµ = φλµ as the single copy of graviton field hµν = φλµλν and the scalar field φ as

the zeroth copy. More generally,

gµν = ηµν + κhµν = ηµν +
1

2
κ2φλµλν , Gµν =

1

2
κ2Tµν (4.15)

and

Aaµ = caφλµ, Φaa′ = cac̃a
′
φ (4.16)

where κ2 = 16πG and Φaa′ is the biadjoint scalar field with the following equation of

motion,

∂2Φaa′ − yfabcfa′b′c′Φbb′Φcc′ = 0 (4.17)

and Aaµ is a solution to

∂νF
aνµ + gfabcAbνF

cνµ = 0

Note that the term yfabcfa
′b′c′Φbb′Φcc′ vanishes since Φbb′Φcc′ is symmetric in b′ ↔ c′

whereas the structure constants fabc and fa′b′c′ are antisymmetric. Hence, we simply

have

∂2Φaa′ = 0 (4.18)

which is the R0
0 equation. Essentially, by replacing one of the null vectors λν from

the graviton field hµν = 1
2
κφλµλν with ca, we obtain the gauge field Aaµ = caφλµ

and repeating this we get the biadjoint scalar field Φaa′ = cac̃a
′
φ.

As an example, consider the Schwarzschild solution

Rµν −
1

2
Rgµν = 8πGTµν (4.19)

for which we have the following KS-form;

gµν = ηµν +
2GM

r
λµλν (4.20)
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where λµ = (−1, 1, 0, 0) in spherical coordinates and λµ = (−1, ~x
r
) in Cartesian

coordinates. We get

(8πG)φ =
2GM

r
⇒ Aµ =

κ

2
φλµ =

κ

2

M

4πr
λµ

= g
cat

a

4πr
λµ

(4.21)

In order to have this correspondence we replace mass with charge and gravitational

constant G with the gauge coupling constant g as follows: M ↔ cat
a and 1

2
κ ↔ g.

In passing, we see that the gauge vector field Aµ can be gauge transformed such that

the transformed gauge field describes a Coulomb charge. There are many examples

of this correspondence including the axially symmetric stationary rotations solution,

pp-waves etc.

One way to generalize this method is to use multi-KS ansatz

gµν = ηµν + φ1λµλν + φ2kµkν (4.22)

where λ2 = k2 = λ·k = 0. However, this has the drawback that the field equations are

not linear in the graviton field.[22] One should also note that two gauge equivalent

solutions of the gauge theory, with the same source, may lead to different gravity

solutions; one with a dilaton field and one without a dilaton field.
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CHAPTER 5

CONCLUSIONS

We began with an investigation of the generalized Kerr-Schild spacetimes and dis-

cussed various topics related to it such as the algebraic classification of generalized

KS metrics, a derivation of the properties of null vector fields of the KS ansatz from

the vacuum field equations of general relativity and universality property of Kerr-

Schild-Kundt solutions etc. We have provided two corollaries which are useful to

find some exact solutions of the field equations and generate new solutions from

some given solutions. We finished this chapter by providing the KS forms of some

well-known exact solutions of GR. Next, we studied the Kerr-Schild group of coordi-

nate transformations which when applied to a background metric transforms it such

that the resulting transformation is the generalized KS ansatz. This discussion was

a mathematical one, with no restrictions of the field equations of GR, and included

some parts of the study of isometries as a special case. By choosing the background

metric to be a conformally flat spacetime, one can extend this idea to discuss the

conformal Killing vector fields. The existence of a null direction changes the dis-

cussion drammatically from that of isometries and in fact we find out that even the

set of KSVFs with respect to some certain null directions is not finite dimensional in

general. In the last chapter, we examined the classical double copy idea by showing

that the Maxwell’s equations can be obtained from the field equations of GR once we

assume that both the scalar field and the null vector are not explicitly time-dependent

and time component of the null vector is a constant. Next, by using the identifications

of the BCJ duality, we applied this procedure for the case of the Schwarzschild so-

lution and found that the gauge theory it corresponds to is gauge equivalent to that of

a Coulomb charge.
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