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ABSTRACT

LIMIT MONOMIAL GROUPS

Bostan, Sezen
Ph.D., Department of Mathematics

Supervisor: Prof. Dr. Mahmut Kuzucuoglu

March 2021, [79|pages

In this thesis, monomial groups, which are obtained by using strictly diagonal em-
beddings of complete monomial groups over a group of finite degree, are studied.
The direct limit of complete monomial groups of finite degree with strictly diagonal

embeddings is called limit monomial group .

Normal subgroup structure of limit monomial groups over abelian groups is studied.
We classified all subgroups of rational numbers, containing integers, by using base

subgroup of limit monomial groups.

We also studied the splitting problem in limit monomial groups. Using the facts in
the case of complete monomial groups of finite degree, we prove that limit monomial
group splits over its base group and there are uncountably many complements of the
base group in limit monomial group, depending on the group and Steinitz number.
Moreover, to classify all complements of the base group up to conjugacy, we prove
that the group, over which limit monomial group set, contains diagonal direct limit of

finite symmetric groups.



Keywords: monomial group, direct limit, strictly diagonal embedding, splitting...
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0z

LIMIT MONOMIAL GRUPLAR

Bostan, Sezen
Doktora, Matematik Boliimii

Tez Yoneticisi: Prof. Dr. Mahmut Kuzucuoglu

Mart 2021 ,[79|sayfa

Bu tezde, sonlu dereceli tam monomial gruplardan kati kdsegen tipindeki gdbmmelerle
elde edilen monomial gruplar ¢alisilmistir. Sonlu dereceli tam monomial gruplardan
kati kosegen tipindeki gommelerle elde edilen direkt limit grubuna limit monomial

grup denir.

Degismeli gruplar tizerindeki limit monomial gruplarin normal altgrup yapisi calisil-
mistir. Rasyonel sayilarin tamsayilari iceren altgruplari, limit monomial grubun taban

altgrubu kullanilarak siniflandirilmagtir.

Limit monomial gruplarda ayrisma problemi ¢alisilmistir. Sonlu dereceli tam mono-
mial gruplar kullanilarak, limit monomial gruplarin taban altgrubu lizerinde ayristig
gosterilmistir ve segilen gruba ve Steinitz sayisina bagh olarak, taban altgrubunun sa-
yilamaz sonsuz sayida tiimleyeni oldugu gosterilmistir. Ayrica, biitiin tiimleyen altg-
ruplart bulmak i¢in, limit monomial grubun iizerine kuruldugu grubun sonlu simetrik
gruplardan kosegen tipindeki gommelerle olusturulmus simetrik grubu icermesi ge-

rektigi gosterilmigtir.
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Anahtar Kelimeler: monomial grup, direkt limit, kati kosegen gomme, ayrigsma...
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CHAPTER 1

INTRODUCTION

In the theory of groups, embedding a group in a larger group is one of the most
useful tools to understand the group structure and its properties. There are three
main types of representing a group. These are permutation representation, monomial
representation and linear representation. For a given group, homomorphisms into a
symmetric group, into a complete monomial group and a general linear group give
the representations, respectively. Permutation and linear representations of groups
are studied in detail by many mathematicians. Monomial representation are in the

middle of these two types of representing a group.

Monomial groups were studied in 1930s by Turkin [19] in 1935 and by Ore [18] in
1942. The structure and properties of monomial groups were given by many authors,
see [17], [19], [18]]. In 60s, monomial groups are considered as the permutational
wreath product, see [1],[15]. After that, it is natural to consider these groups as a

natural generalization of symmetric groups.

Complete monomial groups of finite degree were studied in detail by Ore in [18]. All
definitions, basic properties such as conjugation, centralizer of elements, decomposi-
tion of these groups, subgroup structure and monomial representations into complete
monomial groups of finite degree were given in [18]. Moreover, Crouch adapt some

results of Ore to the case of monomial groups of infinite degree in [4].

Since taking direct limit of groups is one of the tools to obtain new groups, we aim to
construct monomial groups obtained by direct limits and investigate the properties of
these groups. We are mainly interested in direct limits of complete monomial groups

of finite degree with strictly diagonal embeddings.



Kuzucuoglu, Olynyk and Suschanskyy constructed limit monomial groups by using
a direct system consisting of complete monomial groups of finite degree and strictly
diagonal embeddings, in [12]. They gave all the definitons and basic properties of
these groups. They found the structure of centralizers of elements in limit monomial
groups. Moreover, they classified limit monomial groups using Steinitz numbers and

splitting of these groups.

Let H be a group and n € N. A monomial substitution is a linear transformation

T1 ) .. i
p g
hlxil hgl’iz ce hnxin

where each variable x; is changed into some other variable x;; in a one-to-one cor-
respondence with a multiple h; from the group H and the product /;x;; of a group
element by a variable is a formal product, which satisfies the associative property.
Namely, for h, k € H and a variable x € N, (hk)z = h(kz). The elements h € H

are called the multipliers of p.

I T

Itk = " is another monomial substitution, then the product of p
klle c. knxjn
and « is defined by
T c. Tn
pr =
hlkil J,’jil e hnkinxjin
The inverse of « is
—1 le xjn
K =
kit ... klz,
The identity monomial substitution is denoted by .
]_Hfl'l Ce 1Hxn

The set of all monomial substitution on n variables with the above multiplication
forms a group 3,,(H), called the complete monomial group of degree n or the sym-

metry of degree n of H.

Definition 1.0.1. A (monomial) permutation is a monomial substitution whose factors
are all identity. Moreover, the set of all (monomial) permutations forms a subgroup,

isomorphic to finite symmetric group S, on n letters.
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Definition 1.0.2. A monomial substitution of the form

I T2 Tn _ [h17h27”.7hn]

hll’l hQIQ hnl’n

is called a (monomial) multiplication. The set of all multiplications forms a normal

subgroup of ¥.,,(H), denoted by B(n, H) and called the base group of ¥.,,( H).

Ore gives the construction and basic properties of a complete monomial group of
finite degree. In [[18]], the centralizer of an element is found, splitting problem over
the base group is solved up o conjugacy, normal subgroups are searched in detail and

monomial representations are studied.

Limit monomial groups obtained by strictly diagonal embeddings are investigated by
Kuzucuoglu, Olynyk and Sushchanskyy in [[12]]. They found some basic properties of
the limit monomial group, centralizer structure of elements. Moreover, they classified

limit monomial groups using Steinitz numbers and splitting of the group.

Definition 1.0.3. Let P be the set of all prime numbers and r, € N U {0, c0}.

A Steinitz number (or a supernatural number) is a formal product of the form
[Leep™
Definition 1.0.4. Let & = (p1,p2,...) be a sequence of, not necessarily distinct,

primes. The characteristic of § is a Steinitz number, char(§) = [[,cypi’s where

r; is the number of p; appearing in &.

For a given sequence £ = (p1,po, ..., i, - . .), where p;’s are not necessarily distinct
. T T2 ce L, A
primes, for an element p = € X,,(H), we consider

hlxil hg[EiQ c. hmxzn
the embeddings
Di+1 .
P2 S, (H) = S, (H)
defined by
"+ (p) =
X1 . {Bni mni+1 . $n77+n1, . l‘(piJrl,l)niJrl . x(Pi+1*1)"i+nz‘
hlxil . hni mini h1l’ni+i1 . hni m"i+i'rLi e hlx(l’wrl —1)n;+iy e h"ix(p@ur] —1)ni+ini

With these embeddings, we have a direct system and the direct limit group is the limit

monomial group X, (H) of degree char§ = X over the group H.

3



As notation, we use parenthesis to denote the images of subgroups under embeddings;
such as, the image of the permutation subgroup S(n) = d(S,,), the image of base
group B((n), H) = d(B(n, ).

In Chapter 2] we studied the properties of the complete monomial group of finite
degree. We gave the definition of Stenitz numbers and then using Steinitz numbers,
we construct limit monomial groups via strictly diagonal embeddings. We consid-
ered the complete monomial group of finite degree n as a subgroup of general linear
group GL(n,ZH) over the integral ring ZH and studied the monomial representa-
tions in detail. Lastly, using the correspondence with the matrices, we showed that
the embedding of the complete monomial groups of finite degree is strictly diagonal

embedding.

In Chapter [3) we found uncountably many non-conjugate complements of the base
group of limit monomial group depending on the group chosen and Steinitz number.
We gave a description of all complements of the base group using diagonal embed-

dings.

Definition 1.0.5. Let G be a group and K be a normal subgroup of G. G is said to
split over K, if there exists a subgroup H of G such that

G=KH and KnNH =1.

H is called a complement of K in G.

G splits regularly over K if all complements of K are conjugate.

Let T, be a complement of the base group B(\, H ) in a limit monomial group X, (H).

We consider the subgroup

T, ={vm|v, € B(\,H)and 7 € S(n;)} < X\(H)
where S(n;) denotes the image of the finite symmetric group S,,, under strictly diag-
onal embedding.

Lemma 1.0.1. Let T\ be a complement of B(\, H) in ¥\(H) and for each i, T; =
{vam|m € S(n;)}. Then a conjugate of T; is a complement of B((n;), H) in ¥,,)(H).

Theorem 1.0.6. Let T, be a complement of B(A\, H) in ¥\(H). Then T) is a direct
limit of complements of B(n;, H) in ¥,,,(H).
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Theorem 1.0.7. Limit monomial group Y.\(H) splits regularly over its base group
B(X\, H) if and only if H has no subgroup which is the homomorphic image of the
diagonal symmetric group S, where x =< (1,p1 — 1), (p2,p2 — 1),... > and X =
char(p1,ps,...) = char(x).

In Chapter 4] we studied limit monomial group ¥, (H) when H is abelian. We inves-

tigated a special subgroup By(A, H) of the base group B(\, H) where
Bo(A, H) = {[h1,ha, ..., hpn,, h1,ho,...] € B(A,H)|hihs...h,, = 1for somen;|\}.

In [18], Ore stated that the quotient group B(n, H)/By(n, H) is isomorphic to H
where H is an abelian group. We found that depending on the choice of Steinitz
number and the abelian group H, the quotient is not always isomorphic to H. For H

being infinite cyclic group C', we proved the following:

Theorem 1.0.8. Let A = [[ _p p'* be a Steinitz number and let § = (p1,pa, . - -, pis - - -)

be a sequence of primes with char§ = X\ and ny = py, n; = p1ps2 ... p;. Then
B\, C ~
( )/Bo()\, C) - Q)‘
1
where Q) =< — | 0<t, <7y, p|A >.
p P

Moreover, we found the structure of the quotient for all finitely generated abelian

groups and divisible abelian groups.

Lemma 1.0.2. [2| Lemma 3] Let C,, be the cyclic group of order p where p is a prime.
If p> (A, Cp) = B(A, C,). Otherwise,

B(>\7 Cp)/B()(A, Op) = Cp'

Lemma 1.0.3. Let Cx be a cyclic group of order p* where p is a prime, k € N. If
()\, Cpk) = B()\, Cpk) If not,

PO G0, 0y = O

Theorem 1.0.9. Let \ be a Steinitz number and ¥\ (H) be the limit monomial group

where H is a finitely generated abelian group and H = C" X Hle Cy,ti- Then

B0, H>/BO()\ H) = QX HB /Bo()\ Cpots)



where BO Cpiti)/BO(Aycpiti) = Cpu if pi™ { A and B Cpiti)/Bo()\,CpﬁJ is
trivial if p;®|\.

Lemma 1.0.4. Let Cp be the Priifer-p-group where p is a prime. If p™
By(\, Cpee) = B(\, Cpeo ). Otherwise,

BOGye)

A, then

(A Cym) =
Lemma 1.0.5. Let H be a torsion free divisible abelian group. Then

PO o m = 1.

Since a divisible abelian group is a direct sum of groups each of which is isomorphic
to a Priifer p-group or Q, the structure of the quotient is determined for all divisible

abelian groups.



CHAPTER 2

PRELIMINARIES

In this chapter, some basic definitions and properties, that are used in the chapters,

are given.

2.1 Complete monomial group over a group of finite degree

Definition 2.1.1. Let H be an arbitrary group and Q = {z1,xs,...,2,}. A mono-

mial substitution over H is a linear transformation

I ) e Tp
p =
™My ToZiy, ... Ty,

where each variable x, is changed into some other variable x;, formally multiplied
by an element of H. The elements r; are called the factors or multipliers in p. The

multiplication rx has the associative property r(sx) = (rs)x where r,s € H.

Itk = " is another monomial substitution, then the product of p
klle c. k’nl‘jn
and x is defined by
T Ty,
PR =
1k, T, Tnki, Tj,,
The inverse of k is
—1 le x]n
K =
kit klz,
The identity monomial substitution is denoted by E.
]-Hxl e ]-Hl'n



The set of all monomial substitution on n variables with the above multiplication
forms a group 3,,(H), called the complete monomial group of degree n or the sym-
metry of degree n of H. Ore gives the construction and some basic properties of a

complete monomial group of finite degree in [[18]].
Definition 2.1.2. A permutation in ¥.,,(H) is a monomial substitution of the form

Ty Tn 1 ... n

1z, ... lgz;, 1 ... Iy

The permutations form a subgroup S, of ¥,,(H ), isomorphic to the ordinary symmet-

ric group on n letters.

Moreover, if the group H is the trivial group {e}, then the complete monomial group
Y. ({e}) is a group isomorphic to the finite symmetric group on n letters. Hence,
the complete monomial groups of finite degree can be easily considered as a natural

generalization of finite symmetric groups.

Definition 2.1.3. A monomial substitution of the form

u= :[Tl,...7Tn
is called a multiplication.

The multiplications form a normal subgroup B(n, H) of ¥,,(H), called the base (or
basis) group. This subgroup is isomorphic to the direct product H x ... x H of n-
copies of the group H.

Every monomial substitution can be written uniquely as a product of a multiplication
and a permutation :
T i) e Tn

,0: :[Tlar27"';rn]
Ty, Toliy, ... Tpdy, Tiy Tjy oo T4y,

rr To ... Tp

The action of a monomial permutation on the base group is to permute the factors in

8



the multiplication since for m = and = [ky, ..., k],
xll ‘/Ei2 xin
T Ho) T T Z; T
-1 1 2 n
T = [klu ) kn}
Liy  Tiy Ly, Ty 22 Ln

- [kipkiga"'?k ] - [l’flﬂ,kQﬂ,...,knﬂ].

in
Hence, the complete monomial group over H of degree n is a semi-direct product of

groups and moreover, it is the permutational wreath product of H by .S,,.
Y.(H)= B(n,H) xS, = HS,.

Definition 2.1.4. A multiplication of the form v = |a, . .., a] = [a] where all factors

are equal, is called a scalar.

The set of all scalars is a subgroup of ¥,,(H ), which is isomorphic to H. Moreover,
the scalars are the only elements that commute with all monomial permutations. Us-
ing these, we can conclude that the center of X, (H) is the set of all scalars [z] where

z € Z(H)and so Z(X,,(H)) is isomorphic to Z(H).
Definition 2.1.5. A monomial substitution of the form

Ly Liq c ZT;

m

hliL'iQ h2$i3 hmxil

is called a monomial cycle of length m.

As in symmetric groups, monomial cycles can also be written in the cycle form
(hlxzév thigga ceey hml'“)

and every monomial substitution can be written uniquely as a product of disjoint

commuting monomial cycles, see [18, Chapter 2].

. Ty Liqy e i
For a monomial cycle v = )
hll’i2 hQIZ’S c hmxil
T; T; x;
m 1 12 im
’7/ =
All‘il AQZL‘Z‘Q e Amxim



where Ay = hiho... hy DNo = hy ... hphe, ..., N, = hyhy ... hy,,—1, Which are

called determinants of y. As
Ay = hi'Arhy, As = hy ' Aohoy .o Ay = ht D 11, A = b Ao,

they are all conjugate to each other and so each determinant class of a given cycle
is contained in a conjugacy class of H and there is a unique associated determinant

class to each cycle.

If nxn matrices over a field are considered, then the determinant of a matrix is unique.
However, if, instead of a field, a non-abelian group is taken, not the determinant but
the determinant class of a matrix is unique up to conjugacy as in the example of a 2 x 2
diagonal matrix over a non-abelian group H with entries a and b, the determinants are

ab and ba which are conjugate to each other.

Theorem 2.1.6. [[8 Chapter I, Theorem 6] Two monomial cycles are conjugate if

and only if they have the same length and the same determinant class.

T T2 e T, X
Proof. Lety = be a monomial cycle and let
h1$2 hgl'g ce hmel

1 T PN Tn X L.

p= be a monomial substitution. Then

Tlxil 7”21’,‘2 e Tnxin
pflf}/p - Ty Liqy e L,
th Ty h ; 1h ;
7'1 17’2%12 7“2 27“31’13 e rm mrlle

The length of p~1vp is the same as the length of v. Moreover, the first determinant
rflhlhz . hmrl_l of p~1yp is a conjugate of the first determinant h,hs . .. h,, of 7.
As the determinants of a monomial cycle are conjugate to each other, the determinant
class of p~1vp and 7 are the same. As the permutation part of p is arbitrary, any
monomial cycle of length m with the same determinant class of v can be obtained by

conjugation.

Liq Ly ce ZT;

m

Now, let 7/ = be another monomial cycle, which has

,11'1'2 ,Q.Z'i?, c. h’mxll
the same length and the same determinant class with . Then the determinants of ~/
are

G BB R AL =R BB AL = R

10



As v and 7' have the same determinant class, there exists r1, 79, ..., 7,, in H such that
rAryt = AL reloryt = AL L At = Al where Ay = hihy .. B,
Aoy =ho...hphy, ..., A, = hyhy ... h,,_; are determinants of .

I ) e Tm _
Then for p = L p v =4
™My Xy . Tmy,

Moreover, as every monomial substitution can be written uniquely as a product of dis-
joint commuting cycles, two monomial substitutions are conjugate if and only if their
cycle decomposition has the same number of monomial cycles of the same length and

the same determinant class.

Now, we introduce a normal form of a cycle in monomial groups for simplification in

calculations in monomial groups.

Theorem 2.1.7. [I8, Chapter 1, Theorem 7] Any monomial cycle of length m is con-

jugate to a monomial cycle in a normal form

Liyg Ljg ... QT

where a is any element from the determinant class of the monomial cycle. Any mono-
mial substitution is conjugate to a product of disjoint commuting monomial cycles,

each of which is in a normal form.

From theorem above, it is seen that for every cycle, we can write a normal form and
if the length and the determinant class of the cycle are given, a normal form of the

cycle is determined easily. This simplification is useful for calculations.

Definition 2.1.8. A group G is said to split over its normal subgroup N if there exists

a subgroup M of G with
G=MN , MNN-=1.

The subgroup M is called a complement of N in GG. We say G splits regularly over

N if all complements are conjugate.

11



If M is a complement of the normal subgroup N in GG, then
M=M/MNN=MN/N=G/N

which implies that all complements of /N are isomorphic to G/N and so they are

isomorphic to each other.
Let g be an element in G. Then

G =G = (MN) = MIN9 = MIN.

The last equality holds as N is a normal subgroup of GG. This shows that every con-
jugate of a complement is also a complement of N as M9 N N = 1. However, the
normal subgroup N in G may have complements which are not conjugate to each

other. As an example, consider the symmetric group Sg on 6 letters. We know that
S6 = Ag @ ((12)) = Ag 3 ((12)(34)(56))

where Ag is the alternating group on 6 letters, ((12)) and ((12)(34)(56)) are the
subgroups generated by (12) and (12)(34)(56), respectively. As the cycle types of
(12) and (12)(34)(56) are different, the respective subgroups are not conjugate but

they, both, are complements the normal subgroup Ag.
Hence, it is reasonable to classify all complements of a group up to conjugacy.

For a complete monomial group of finite degree n over H, ¥,,(H), Ore classified all
complements of the base group B(n, H) in ¥,,( H) up to conjugacy with the following

theorem in [18]]:
Theorem 2.1.9. [[I8, Theorem 10] The symmetry 3,,(H) splits over its base group,
Y(H)=B(n,H)yxT, TNnB(n,H)=E.

Any group T in this decomposition is the conjugate of some group 1y obtained by the

following construction.

Let ¢ : 57(117)1 — H be a homomorphism taking m, to a,, where 57(1121 is the subgroup

of Sp, which contains all permutations fixing 1. In particular, we write
(Z,]) — Qi j (Z, Z) — 1= Q; g

12



Then the elements of Iy are obtained from the permutations of the symmetric group

Sy by the isomorphism 0 : S,, — T defined by
T > T|aq, ] for m € S,(ll,)l
(1, Z) — [17 ag gy - - - ,am](l,i).

Proof. Let T be a complement of B(n, H) in ¥,,(H). Then T is isomorphic to .S, as

Sy, is also a complement of B(n, H). Let
0:5,—T

T VpQiy

be an isomorphism since every element of ¥, (H) is written uniquely as a product of
a multiplication and a permutation, we can write the elements of 7" in this form. Take

m,0 € Sp. As 0 is an isomorphism,
O(T0) = VpoQno = VnQrUpy = 0(m)0(0).

As every monomial substitution is uniquely written as a product of a multiplication

and a permutation, we have the equalities
_ -1
VUno = Un(Qr¥g )
and
AOpg = Ar Q.

The second equality gives an automorphism of 5,,. As every automorphism of 5,,,
forn # 2,6, a : S,, — 5, taking 7 to «, is an inner automoprhism induced by an
element 7y of S,,.

Hence, in a conjugate 7" of the complement T, we have the isomorphism

0:5, =T

T WiT

and so we can consider 7" as 7" since we investigate all complements up to conjugacy.
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Now the isomorphism between S,, and 7' is as follows:
0:5,—T

T > Uy

As S, is generated by all transpositions of the form (1), fori = 2,...,n, T is

generated by \; = v (14) = [a14, ..., an,)(19).

Consider the conjugate of 7' by the multiplication

k=1[l,a12,...,a1,)
Then we have
kA ik = [La19,...,a10][a1, .., an](19)[1, al_é, . ,ai,ll]
=L a1, ... ai)la1, - angllag;,aty, . 1. ap,)(1i)
=L . a0, .. arja a7, J(1d) for j # 1.,

This means that by a conjugation, the first factors of the multiplication parts of the
generators of 7' can be changed into the identity of A and so we may assume that the

first factors are all identity in 7" and
=1, a0, - @i, @) (14).

Then
)\2: [ai,i,...,ai,i,... GQ ] EB(?’L,H)HT

7 ) 9,10

and as T is a complement of B(n, H), T N B(n, H) = {E}. Hence, \? = F and so

From this, we can directly say that the complete monomial group of degree 2 over

any group H splits regularly.

For n > 3, we consider the third power of A\;\;, which is also identity and gives the

following equalities:
Q5 Q55 = 1 and (CL]%.CLIC’]'):S =1 for k 7é Z,]

14



. _ _
Asaj; = 1anda, ja;; = 1, we have a; ; = a;;.

Lastly, for n > 4, we form the product A\;\; A; which corresponds to the transposition

(7 7) under the isomorphism from .S, to 7". Using the the fact in S,, that disjoit cycles

commute, we have

)\h->\j)\i)\j = >\j)\i>\j-)\h for different indices 1, i, j, h.

Comparing the factors, we get
a;; = apjanp;ap; and a; jag, = Qg pa; ;.
Applying all the equalities to the product A\;\;\;, we get
AjAiA; = lais](i 7).

Now, the map ¢ from ST(LIBI = Stabg, (1) to H taking the permutations 7, fixing 1 to

. . 1
ar, is a homomorphism as, for 7y, o € 57(1,)1,
p(mim2) = [ m, M1

@(Wl)gp(’]r?) = [aﬂ'l]ﬂ-l [am]ﬂ—? = [aﬂl][aﬂz]’ﬂﬁr? = [a7T1a7l'2]7T17T2

and the expression of an element in 7" is unique and the scalars commute with all

permutations. Hence, a; ;’s generate a subgroup of H, which is a homomorphic image

of S, = Stabg, (1).

2.2 Steinitz Numbers

For the construction and the classification of limit monomial groups, definitions and

some related concepts about Steinitz numbers are given.

Every natural number is written as a product of finitely many prime numbers. The set
of natural numbers forms a partially ordered set with respect to division. Moreover, it
has a least element, which is 1. The set of Steinitz numbers or supernatural numbers

is a generalization of natural numbers N.
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Definition 2.2.1. Let P be the set of all prime numbers and r, € N U {0, 00}.

A Steinitz number (or a supernatural number) is a formal product of the form

[Leep™

Recall that a complete lattice is a partially ordered set (.5, <) if every subset of S
has a least upper bound and a greatest lower bound. Hence, this means that .S has a

greatest and a least element.

Letu = [[cpp™ and v = [ p p"» be two Steinitz numbers. The multiplication of

these numbers are as follows:

ww = [+

peP

where 0o + 00 = 00 +n =n + oo = oo for every n € NU {0}.

Denote the set of all Steinitz numbers by SN. We say that the Steinitz number v

divides the Steinitz number u, denoted by v|u, if there exists w &€ SN such that
u = vw. With this divisibility relation |, SN is a partially ordered set with the greatest

element [ = [] _p p™ and the least element 1.

Lemma 2.2.1. [/, Lemma 2.6] The set of all Steinitz numbers is a partially ordered

set with respect to division and forms a complete lattice.

Proof. Define the meet and join of two Steinitz numbers as follows:

UND = Hpmin{rp,kp}’
peEP

uVou= Hpmax{rpvkp}'
peP

With these, the partially ordered set SN is a complete lattice with respect to division.

]

Definition 2.2.2. Let & = (p1,p2,...) be a sequence of, not necessarily distinct,
primes. The characteristic of & is a Steinitz number, char(§) = [[;cypi’, where

r; is the number of p; appearing in &.

Definition 2.2.3. A sequence of positive integers & = (n;);en is called a divisible

sequence if n;|n; 1 for each i € N.
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Any divisible sequence £ = (n;);en corresponds to a unique Steinitz number, the

characteristic of &, char(§) = [,y ki where

N1

ki =ny, ki = for each 7 € N.

)

Then, we write each k; as a product of prime numbers. Using all the primes in
the decompositions, we can obtain a sequence of primes £ and char{ = charé'.
Hence, instead of a divisible sequence, we can use a sequence of prime numbers

¢ = (p1,p2, - . .) where p;’s are not necessarily distinct.

Moreover, given a sequence of, not necessarily distinct, primes, £ = (py, po, . ..), we

may obtain a divisible sequence ¢’ = (ny,ns,...,n;,...) by defining

ny =p and Nn; = pPini—1 for ZZ 2.

2.3 Monomial Representations of Finite Degree

Let GG be an arbitrary group and H be a subgroup of GG of finite index n. Let X be
the set of all right cosets of H in G and Q2 = {x1, 25, ..., x,} be a transversal for H.

Then G acts on X by right multiplication:

X=X
Hfﬂi — Hl’i.ﬂ(g)

where 7(g) is a permutation on the set {1, 2, ..., n}, which comes from the action of

G on X.

Since each z; is an element of G, for any g € G,
;9 = hi(g);r where h;(g) € H.
Then there are maps
¢:G— X, (H)

g = [hi(g), ha(g); - - - s ha(h)lT(g)
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and

T:G— GL(n,ZH)

hi(g) O ... 0
o= | 0 M0 L

: : 0

| 0 s hy(g)]

where 7 (g) is the matrix representation of 7 (g) with respect to the basis {vy, v, . . .

where

v; - 7A.r(g) = Vi-n(g)

and extended to ZH linearly.

Let g,t € GG. Then as
zi(gt) = (2ig)t = hi(9)Tin(g)t = Di(9)in() ()2 (i-m(g)) (1)

= hi(9)hir(g) (1) Ti-(n(g)n(1))
®(gt) = [h1(9)h1r(g)(1): h2(9) h2r(g) (D) - - - s hun(9) Boner() (D)) (9) 7 (1)

= [h1(g), ha(9), - - P (@) [P (e) (1), hor(g) (B), - - - P () (B) |7 (9) 7 (2)

= [h1(9), ha2(9), - - - ha(@)]7(9) (7(9) " [Prn() (), Poern() (), - - - s By (B)] 7 (9) )7 (£)

= [hl(g)a h2(g)v s 7hn(g)]fr(g) [hl (t)v h2(t)v s 7hn(t)]7%(t)

= ®(g)2(t)
and so 7" is a homomorphism
Ty =1T4T;

with kernel

kerT={g€G|T,=1,}.

Indeed,
hi(g) O ... 0 1y 0 ... 0
kerT:{g€G| 0 hg(g) : ﬁ(g): 0 g ... : }
: - 0 : ’ 0

kerT'={g € G|hi(9) =1, i=1,...,nand 7(g) = idp1 2, n}}
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kerT = {1@}

Hence, T is an embedding of G into G L(n, ZH) since the diagonal matrices

diag(hi(g), h2(g); - - - hn(g))

and permutation matrices are invertible matrices, 7}, is invertible for each g € G and
so T is a monomial representation of (G. Hence, if a group G has a subgroup H
of finite index n, then G has a monomial representation and so it can be seen as a

subgroup of the complete monomial group ¥, (H).

Let ZH be the integral group ring of H with the usual addition and multiplication.
Consider [ZH|" = ZH x ZH x ... x ZH the free ZH-module. Then ZH acts on
[ZH]™ as

7 (U1, V., Uy) = (PUL, TV, L TU,)

where {v1, vg, ..., v,} is a basis of the free ZH-module [ZH|" and r € ZH.

The action of GG on the set X of cosets of H in (G can be carried to the action of G on
the free module [ZH|" = ZH x ZH X ... x ZH by defining its action on the basis
{v1,v9,...,v,} of [ZH"] as follows:

Vi g = Ui~7r(g)

The action of G on [ZH]" is a module automorphism of [ZH|" as it permutes the

basis of ZH.

The complete monomial group of degree n over an arbitrary group H corresponds to
the subgroup of G L(n,ZH ) generated by all diagonal matrices of the form
diag(hy, ha, ..., hy) for h; € H and the permutation matrices.

Definition 2.3.1. Let GG be a group acting on a set X transitively. A non-empty subset
A of X is called a block for G if for each g € G, either A9 = A or AN A = ()
where A9 = {g-x|x € X}.

We know that a permutation group G acting on a non-empty set X is called primitive
if G acts transitively on X and G preserves no nontrivial partition of X, where non-

trivial partition means a partition that is not a partition into singleton sets or partition
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into one set X. In other words, if G is a group acting on a non-empty set X, we
say that G is primitive if G has no non-trivial blocks on X. Otherwise, it is called
imprimitive.

The notion of transitivity and imprimitivity of a permutation group can be adapted to

the theory of monomial groups.

Definition 2.3.2. Let I' < X,,(H) be a monomial group.

(i) T is transitive if the permutation subgroup of 1 is transitive.

(ii) T is a primitive monomial group if the permutation subgroup of I is primitive.

Since every 2-transitive group is primitive, .S, is primitive. Hence, with the above

definition, the complete >J,,(H) is a primitive monomial group.

Example 2.3.3. Consider the subgroup of S; generated by the permutation ¢ =
(12)(34). Then (o) also acts on {1, 2, 3,4}. The orbits of its action are

O; ={1,2} and O, = {3,4}
and so the action is not transitive.
Example 2.3.4. Consider the subgroup of Sy generated by o« = (123 4).
(o) ={(1),(1234),(13)(24),(1432)}

(o) is a transitive permutation group but not primitive. Consider the partition (A1, As)

of {1,2,3,4} where A; = {1,3} and Ay = {2,4}. Then
A% = Ay and AS = A,

and
ATNA; =0and A NA;, =0

which implies that A; and A, are non-trivial blocks of imprimitivity.

We also know this from Theorem 1.6A in [3] which says that the orbits of a normal
subgroup form a system of blocks for G. In our example, the subgroup generated
by (13)(24) is a subgroup of index 2 in («) and hence, a normal subgroup of («).

Hence, its orbits give blocks of imprimitivity for G.
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2.4 Construction of Limit Monomial Groups

Definition 2.4.1. Let G and H be two permutation groups on sets X and 'Y with
actions ¢y and ¢s, respectively. Then G and H are said to be permutation isomorphic
if there exists a bijective map \ : X — Y and a group isomorphism v : G — H such
that

A@1(g, @) = d2(¥(g), M)
forallg e Gandx € X.

Definition 2.4.2. Let G be a transitive permutation group on a set X and H be a per-
mutation group on'Y . If we have an embedding d from G into H such that (d(G), O) is
permutational isomorphic to (G, X), for any orbit O of d(G) on'Y of length greater
than 1, then d is called diagonal. On the other hand, if all the orbits have length

greater than 1, then the embedding is called strictly diagonal.

T i) Ce Tn
If p = € ¥, (H), then we define a map
hlxil hgl’m Ce hnmzn

& S, (H) — Sp(H)

Tn+1 cee Tn+n

dp(p):<m1 Tn

h1$¢1 . hnl‘in

T(p—1)n+1 s T(p—1)ntn
hlwn+¢1 . hnmn+in h11‘(p,1)n+il N h’ﬂw(pfl)rH»in

Lemma 2.4.1. d” is a strictly diagonal embedding.

Proof. As the complete monomial group ¥, (H) corresponds to the subgroup of

G L(n;,ZH) generated by all diagonal matrices of the form
diag(hl, hg, e hn)

and permutation matrices, d” can be viewed as the embedding of this subgroup into
GL(n;y1,ZH) diagonally: For A € GL(n;,ZH),

A 0, ... 0,
On, A ... 0O,
Op, Op ... A

Nj41 XNG41
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there are p;,-copies of A in the diagonal.

Moreover, by transitivity definition of monomial groups, the embedding is

strictly diagonal.

Using these embeddings, we can construct limit monomial groups [12].

Let £ = (pi)ien be a given sequence of primes (not necessarily distinct) and H be a

group. Consider the embeddings d*i+' : 3, (H) — %, ,(H) where n; = p; and

i (
i+1
n; = pi1 ...p;. The limit group generated by d”:’s is limit monomial group, denoted

The construction and classification of these groups are done by Kuzucuoglu, Olynyk

and Sushchansky in [12].

Se() = | S, (1),

If H = {e}, then ¥¢({e}) = S, limit (homogeneous) symmetric group, see [11]. We
can say that limit (homogeneous) symmetric group is the limit of finite symmetric

groups obtained by strictly diagonal embeddings and
Se = hg Sh, -

Similarly, if we take the limit of alternating subgroups of finite symmetric groups, we

get limit (homogeneous) alternating group

Ag =lim A,,.

Kroshko and Suschansky in [11] proved the following result about limit (homoge-

neous) symmetric groups:

Theorem 2.4.3. [11] Page 175, Theorem 1] Let & = (py, pa, . . .) be a sequence of not

necessarily distinct primes.

o if 2°°|char (&), then S¢ = Ae.
o If there are only finitely many 2 in &, then |S¢ : A¢| = 2.
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o A¢ is simple.

They also classified limit (homogeneous) symmetric groups using Steinitz numbers:

Theorem 2.4.4. [|/1| Lemma 3.3] Let & and &5 be two sequences of prime nubers,

not necessarily distinct. Then

Se, <S¢, if and only if char(&y)|char(&s).

Using this classification theorem on limit (homogeneous) symmetric groups and Steinitz

numbers, Kuzucuoglu, Olynyk and Sushchansky proved the following [12]:

Lemma 2.4.2. [[2] Lemma 2.8] Let £ and v be two sequences of prime numbers.
Then

Ye(H) <X,(H) ifandonlyif char(&)|char(v).

This lemma tells that limit monomial group is uniquely determined by a Steinitz
number which is the characteristic of related divisible sequence. Hence, instead of

Y¢(H), it is convenient to use the notation X, (H) where A = char(§).

2.5 Some basic definitions and properties of limit monomial groups

In [4], Crouch studied monomial groups over a group H on an infinite set of variables.
The notions in monomial groups of finite degree that Ore presented in [[18]] are adapted

to infinite degree monomial groups.

Let B be an infinite cardinal and 2 be a set of cardinality B. Let C and D be cardinal
numbers such that w < C, D < B where w is the cardinality of natural numbers and
BT is the successor of B. The monomial group X(H; B, C, D) is the group consisting

of all monomial substitutions of the form

xﬁ
hexie
where the map taking z. to z;_is a bijection on {2, whose support has cardinality

less than C' and there are less than D non-identity h.. The product of two monomial

substitutions are defined similarly as in finite degree case.
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We use this to define elements in limit monomial groups as follows:

Definition 2.5.1. Let & = (p1,p2,...) be a set of (not necessarily distinct) primes,
ny = p1, n; = p1...p; and X = char(§). A monomial substitution k € L(H;w,wt, wt)

is said to be \-periodic if it is of the form

Tt . Tng ce x(k5+1—1)n3+1 .. x(ksﬂ—l)ns-l-ns

hlxil ce h’nsxins c. hlx(ks+1*1)ns+i1 ce hnsx(ks+1fl)ns+ins

for some s € N where ky = ny and ki1 = = for all i > 2. Then the set of

uz

all \-periodic substitutions forms a group, which is limit monomial group over H,
Ya(H).

A A\-periodic monomial substitution with all factors 1y is a permutation.

A A\-periodic monomial substitution of the form

T ce Tng Ce x(ks+1_1)ns+1 Ce :L‘(ks+1_1)n5+ns
hlﬂfl e hnsxns . hlx(k5+1_1)ns+1 e hnsﬁ(ks+1_1)ns+ns
is a multiplication, denoted by [hy, ..., hy, |... [ hy,... ho, |-

A \-periodic multiplication with all factors equal is called a scalar, denoted by [h)|.

The set of all A\-periodic monomial permutations is a subgroup of limit monomial
group and this subgroup is isomorphic to the limit symmetric group S. Moreover, all
multiplications form a normal subgroup B(\, H) of ¥,(H). As in complete mono-
mial groups of finite degree, every monomial substitution is written uniquely as a
product of a A-periodic multiplication and a permutation as we take the limit of com-
plete monomial groups of finite degree with strictly diagonal embeddings. For a

monomial substitution

P T e Ins Ce I(ks+1_1)n5+1 e I(ks+1_1)n5+ns .
hlxil . hnswins . hlm(ks+1—1)ns+i1 .. h’nsx(ks+l_l)n5+i"s . 7
p = pm
where = [hy, ..., hn | | he, oo B, | .. .] € B(A, H) and
= ( x1 Tng T(kyyy—1)ns+1 T(kyyp1—1)ns+ns ) c S)\.
lpzi, ... 1z, THT (kyyy—1)nstis -+ LTHZ(hyyfy—T)neting |+
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Moreover, for a permutation 7w € .Sy, and a multiplication

R = (ki)iEN = [k’l, .. .,k?ni|]€m+1, .. ~7k2ni| .. ] S B()\, H),

K™ =7ntkr = (/{ﬂ.—l(i))ieN.

Limit monomial group is the permutational wreath product of H with limit symmetric
group S). Limit monomial group X, (H ) splits over its base group B(\, H) and S, is
a complement of B(\, H) in ¥, (H),

E)\(H) = B()\,H) X S/\.

We know that every A-periodic substitution can be written uniquely as a product of a
multiplication and a permutation. As in symmetric groups, we can define the type of
a monomial substitution. The factors of the monomial substitution should be taken

into consideration and the type is defined accordingly.

For a permutation 7 € S, the type of 7 is defined to be T'(w) = (r1,79,...,7%)
where 7; is the number of cycles of length 7 in the cycle decomposition of 7 as a
product of disjoint cycles. We know that two permutations are conjugate if and only

if they have the same cycle type.

For p € ¥,(H) a monomial substitution, the type of p is defined to be T'(p) =
(@171, - -, @13, 71, Q21725 - -, Q24,72 -, A1 Ty, - - -, Gng, T) Where a;; is a representa-
tive of a determinant class in /7 and r; is the number of cycles of length 7 in the
cycle decomposition of p with determinant class a;;. Two monomial substitutions
are conjugate if and only if the cycles in their cycle decomposition may be made to
correspond in such a manner that corresponding cycles have the same length and the

same determinant class. i.e. They have the same type, see [12].

As an example, consider two monomial substitution in Yg(S53)

T T T3 Ty I Tg
p1 =
(12)z2 (12)zs (123)z1 (23)zs (Day (132)z6
and
€1 X9 T3 Ty Ts Te
P2 =
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To see whether we can find a monomial substitution which conjugates p; to py, we

. o L1 T2 T3 Ly L5 T
take a monomial substitution p = whose
hll'l hgﬂ?g hgl’g, h4l’2 h5$6 h6$4

permutation part conjugates the permutation part of p; to the permutation part of p,

and try to find the factors h;’s. Consider the product

ptpp =

x1 T2 xs T4 Ts Te
KT (12)haws hi'(23)hsze hy'(12)hszs hg'(132)hezs hy'(123)hazy  hg'hazs )

If p~Lp1p = po, then we have a system of equations to solve, which is the following:
BT (12)hs = (132),
hi'(23)hs = (1),
hy'(12)hs = (1),
he'(132)he = (123),
hyt(123)hy = (1),

From the second and the last equation, we have
hs(12)hs!' = hy

and we choose h; = (132) and so hy = (13).

From the 4" equation, we choose hg = (23).

From the 3"¢ and 5" equation, we have hy = (12)hz and hs = (12 3)h;. Substituting
these into the 1° equation, we get h; '(123)h; = (132). After choosing h; = (23),
we have hy = (123) and hs = (13). Hence,

T i) T3 Ty Ty Tg

o (23)zy (123)zs (13)zs (13)xe (132)zs (23)zy

satisfies p~1p1p = p2. A conjugator for p; and p, is found by calculation.
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By looking at the types of the monomial substitutions, we can determine whether
these two monomial substitutions are conjugate without trying to find a conjugator.

p1 and py can be written as a product of disjoint monomial cycles as follows:

p1=((12)zy (12)z3 (123)x1)((23)x5 (1)z4)((132)26)

and

p2 = ((132)z5 (Das (Dz1)((12)22 (1)a6)((123)24).

Then type of pyis T'(p1) = ((132)1, (23)1, (123)1,0,0,0) and type of pyis T'(p2) =
((123)1, (12)1, (132)1,0,0,0). As, in symmetric groups, cycles of same length are
conjugate, 7'(p1) = T'(p2) and hence, p; and p, are conjugate.

In limit monomial groups, we have the following for two monomial substitution to be

conjugate:

Lemma 2.5.1. [I2, Lemma 2.5] Two elements of X,(H ) are conjugate in ¥\(H) if

and only if they have the same cycle type in 3, for some n; dividing \.

We know that every monomial substitution can be written uniquely as a product of a
multiplication and a permutation both in complete monomial groups of finite degree
and limit monomial groups. Moreover, permutation subgroups .5,, and S, are comple-
ments of the base groups B(n, H) and B(\, H) in ¥,,(H) and X, (H ), respectively.
It is mentioned that Ore in [18] classified all complements of the base group up to
conjugacy in complete monomial groups of finite degree and so it is a natural ques-
tion to ask whether all complements of the base group in limit monomial groups can

be found and expressed properly.

We recall that a group G is said to split regularly over a normal subgroup N if all

complements of N in G are conjugate to each other.

The regular splitting of these limit groups are also essential to the complete classifi-

cation. Kuzucuoglu, Olynyk and Sushchansky proved the following theorem in [12]:

Theorem 2.5.2. [[I2| Theorem 3.6] Let \ and |1 be two Steinitz numbers. The limit
monomial groups ¥.,(G) and ¥,,(H ) are isomorphic if and only if \ = jyand H = G
provided that the splittings of ©(G) and ¥,,(H) are regular.
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CHAPTER 3

SPLITTING OF LIMIT MONOMIAL GROUPS

In this chapter, the splitting problem in limit monomial groups is studied. In the first
section, some examples of non-conjugate complements of base group of limit mono-
mial group are given. For some specific limit monomial groups, uncountably infinite
number of non-conjugate complements of base group are found. In the second sec-
tion, the definition of the symmetric groups obtained by using diagonal embeddings
and some properties of these groups are given. These groups have an essential role
in classifying complements of the base group. In the last section, using symmetric
groups of diagonal type, all complements of base group in limit monomial groups are

classified.

3.1 Examples of non-conjugate complements

There are complements of B(A, H) in X (H) which are not conjugate to S, depend-
ingon H.

Proposition 3.1.1. Let H be a group and a be an involution in H. Assume that
2% 4 X\ Then T = A\ U {[a|r|m € S\ — A\} is a complement of B(\, H), which is

not conjugate to S).

Proof. Let H be a group which has an element a of order 2. Assume that 2°° does not
divide A. Since 2°° does not divide ), limit alternating group A, is a proper subgroup

of Sy, see [[11, Theorem 1]. Consider the subset

T=A\U {[CL]7T|7T €S, — A)\}
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Our claim is that 7" is a complement of B(\, H) in X, (H ) and it is not conjugate to
Sh.

Let t1,t; be in 7. Then t; = [z]m; and t3 = [y|my where z,y are 1 or a depending on

whether m; and 7, lie in A,. Then
-1 _ -1 _ -1
tity” = [z]mi([ylme) " = [zy]mim,

as scalars commute with all permutations.

If both 7, and m, lie in Ay , then z = y = 1 and so, [zy|mm, ' = [1]my7, ! lies in T

as Ay < Syand mm, ' € Aj.

If only one of them lies in Ay, then 7, * is not in Ay and xy = @ as one of x or y is

a and the other one is 1. So t1¢,! = [a]m 7y ! isin T

If both 7, and 7, are outside of Ay, then t; = [a]m; and ty = [a]mo, t1t; " = [1]mi7y !

is in 7" as the product of two odd permutations is even.
Hence, T is a subgroup of 3, (H).

As every monomial substitution is uniquely written as a product of a multiplication

and a permutation, the intersection of 7" and B(\, H) is trivial.

Let p = pm be a monomial substitution where p is in the base group and 7 is a

permutation. Then

where p[x| is a multiplication, [z|7 is in 7" and = 1 or a depending on the parity of

.

T is isomorphic to S with the isomorphism
f:S \—= T

s if T € A,
™ —

lalm if m ¢ Ay

Lastly, we need to show that this complement 7" is not conjugate to S.
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Suppose to the contrary that there exists p = [k1, k2, ..., ky,|...Jo € E\(H) such
that pTp~' = S\. pis in ¥, (H) for some n;|\. Here $(,,(H) = d(%,,(H)),
the image of the complete monomial group of degree n; under the strictly diagonal

embedding. Let 7 be an even permutation in S(n;). Then 7 € T and

prp = Tk1, .. k| Jomo T T K

y Py

= [klkzl_;a,l vk kT ] oo € Sy,
and so
kt = k)tmw—l for ¢t = 1,2,...,7%. (*)
As A, is anormal subgroup of S,,, and A,,, is transitive on {1, ..., n;}, (%) gives that

all factors k; are equal and so p = [k]o.
Now, we take [a]r € T such that 7 € S(n;) and 7 ¢ A,. Then
plalmp™ = [klolalro kY] = [kak '|oma™! € Sy

which implies that
kak™ =1

and so ¢ = 1, which is not the case. Hence, we reach a contradiction. O]

Remark 3.1.1. We notice that, in the complete monomial group of degree n over
a group H, the subset 7' = A, U {[a]7 |7 € S, — A,} is also a complement of
B(n, H) in ¥,,(H). Consider the multiplication x = [1,a,...,a] € B(n, H) and for

1=2,...,n,
kla)(1i)x™ =[1,a,...,a,...,a][a)(19)[1,a”",...,a" ... a7 ]
=11 1 : 1
[7a7 y Ay N , y Ay 7a]( Z)

ith—component

Hence, xT'x ! is the complement generated by
Ni=[l,a,...,a,1,a,...,a](1i)fori =2,... n,

[a]m, form, € S,

In this case, the subgroup A of H, which is the homomorphic image of Sél_)l, men-
tioned in the splitting theorem of Ore [2.1.9][18| Theorem 10], is the cyclic group of

order 2.
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As an immediate consequence of the proposition, we have the following:

Proposition 3.1.2. Let H be a group such that there are infinitely many non-conjugate
elements of order 2 and assume that 2°° does not divide A\. Then B(\, H) has in-

finitely many non-conjugate complements in 3 (H ).

Proof. Let a and b be two non-conjugate elements of order 2 in H and set the com-
plements 7}, and 7} as in the previous proposition. Then as a and b are not conjugate,

the complements 7, and 7}, are not conjugate to each other and to S. [l

Remark: Depending on H and ), there may be infinitely many pairwise non-conjugate

complements of B(\, H) in X, (H ).
There may be uncountably many non-conjugate complements of B(\, H) in ¥, (H).

Example 3.1.1. Consider X, (.S) and the subset

T ={[r|r | m € Sy}

Let 7|7 and [o]o be in T'. Then as scalars commute with all permutations,

[7)7([o]o) ™! = [ro|mo™! € T.

The intersection of B(\,Sy) and T is trivial as the expression of a monomial sub-
stitution as a product of a multiplication and a permutation is unique. Also, 7' is
isomorphic to S with the isomorphism 6 : S\ — T, taking 7 to [r]x. Similarly, as T
contains substitutions with cycles of non-identity determinant, 7" is not conjugate to
Sh.

Our aim is to obtain uncountably infinite number of non-conjugate complements of

B(A\, H) in Sy(H).

It is known that all automorphisms of limit (homogeneous) symmetric group S are
locally inner, see [14), Proposition 10]. In [8, Theorem 2], it is proved that there are
uncountably many automorphims of S which does not preserve any level n; dividing
A. By the construction of these automorphisms, it is easily seen that they are not inner

automorphisms.
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Let « be an outer automorphism of S and consider the subset

T, = {[x]z® | = € Sy\}.

Clearly, 7, is a subgroup whose intersection with the base group is trivial as « is an
automorphism of S and scalars commute with all permutations. Let p = um be a
monomial substitution where © € B(A\, H) and 7 € S). Then as « is an automor-

phism of S, there exists unique o, in Sy such that 0 = 7. So
p=pr = plog][(ox)]on
and plo '] € B(\, H), [(0,)]c® € T,. Hence, T, is a complement of B()\, H) in
Ya(H).
First, we need to show that 7" and 7}, are not conjugate:

Suppose that 7" and T, are conjugate subgroups. Then there exists p = pf in X5 (H)
such that pT,p~" = T'. Let [()]7® be an arbitrary element of T,,. Then ([7]7®)""" €
T. So

([7]7x®) =)™ = [y,]y, for some unique v, € S,.

We have
([r)m) ™" = pfla]m® (ub) "

= pfr)ro
= plr]r0 ! ()
= a0 0 ) om0 )

and so pu[7]((07*0~ )=t (07*0~1)71) = [v,] with O7*0~! = ~, for every m € S).

(%) holds as scalars commute with all permutations.

Let,u = [k’l,k’g, R ,kni,

ki, ko, ....]. Then from the first equation, we have
a1
kimk payo—1) = Yo = (7%)7
Since « is a locally inner automorphism of S, for every finite subset F' of S, there

exists gp € S\ such that g* = ¢9 for ¢ € F. So for F' = S(n;), there exists

gs(n;) € Sy such that for 7 € Sy, 7% = 7750,
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As « and conjugation with #~" are automorphisms of Sy, consider 7 with (%) =
(’I”LZ' +1 n; + 2)(71“_1 +n; + 1 MNi1 +n; + 2)(271,@4_1 +n; + 1 27”LZ'+1 +n; + 1) ....1n
S(ni41). For this 7,

kb = (7)) for t=1,...,n;
as (7*)?" fixes 1,...,n; and

komky' = kymky " = () from the second block of .

Combining these equations, we obtain k; = k.

So, consider

(7r°‘)‘971 = (ni+1n;+3)(nip1+ni+1 ni +n;+3) (2000 +n+1 201 +n;+3) ...
and by above, we get k; = k3. If we continue like this up to

(7_‘,04)9_1 = (nz—l—l nl—i—nl)(nlﬂ—i—nﬁ—l nHl—i—nz—i—nl)(ZnZH—l—nl—l—l 2nz+1—i—nl—|—nz) e

ki =ky=....=k,, andhence p = [k] for some k € H.

So we have
or = ()" =k 'k
() * = 1 forevery € S,

which implies that

Qi(pg)-1 = idg, where ig, denotes the inner automorphism by the element 0%.

As all inner automorphisms of a group form a subgroup of automorphism group, «

must be an inner automorphism which contradicts with the choice of «.

Hence, 71" and 7}, are non-conjugate complements of the base group and they are not

conjugate to limit symmetric group.
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3.2 Symmetric groups of diagonal type

In the next section, we use symmetric groups of diagonal type to describe the com-

plements of the base group in limit monomial groups.

As mentioned in the previous chapters, Ore described all complements of the base
group in complete monomial groups of finite degree in [18]. In Theorem (2.1.9), a
complement is found up to conjugacy by using a 1-point stabilizer of finite symmetric
group, S which is the subgroup of S,, consisting of all permutations fixing 1 and it

is said that the group H has a subgroup which is a homomorphic image of this group
S,

Similar to this, it is reasonable to ask whether there is a corresponding description
of complements using a 1-point stabilizer related to limit (homogeneous) symmetric
group S). For this purpose, we need to look deeper into some special properties of

limit (homogeneous) symmetric group 5.

3.2.1 Trees

Definition 3.2.1. e A graph T is a pair of sets (V, E), where V is the set of

vertices and I is the set of edges, formed by pairs of vertices.

The vertices vi and vs are said to be adjacent if there is an edge e = {vy,v9} €

E.

The degree of a vertex v is the number of vertices which are adjacent to v.

A path is a sequence of distinct vertices {vy, v, . . ., v, } such that each {v;, v;11},

1 <i<n—1,isan edge.

If the initial and the end vertices of a path are the same, then the path is called

a cycle.

A graph is connected if there is a path between any two vertices.
e A tree is a connected graph without any cycles.
e Arooted tree (T, ) is a tree with a fixed vertex vy, which is called the root.
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21 23

Figure 3.1: A rooted tree

0
1 2 3
PN
21 23

Figure 3.2: A non-rooted tree

Some examples of rooted and non-rooted trees are shown in the Figure 3.1 and 3.2,

respectively.

In Figure 3.1, since the vertex 0 is specified, it is a rooted tree and the second one is

not a rooted tree as none of the vertices is specified.
Definition 3.2.2. e A tree is infinite if the cardinality of V' is infinite.

e Anend of a rooted tree (T, vy) is an infinite path {vy, vy, ...} starting from the

root vy where {v;,v;41} € E, i € {0} UN.

e The set of all ends of a rooted tree (T, vy) is called the boundary OT of T.

Let & = (p1,p2) be a finite sequence of prime numbers such that p; and p, are not
necessarily distinct. We form a rooted tree with respect to this finite prime sequence
as follows:

e The degree of the root vy is p;.

e The degree of all vertices vy, vy, . .. v,, adjacent to vy is py + 1.
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N T

Figure 3.3: Rooted tree for the sequence & = (p1, p2)

'Ul e Upl

N SN

V11 e U1,ps Upy,1 e Upy,ps

SN /N SN /N

Figure 3.4: An infinite rooted tree for the sequence £ = (p1,pa,. .., Pis---)

Similarly, as seen in Figure 3.4, if £ = (p1,pe,...) is an infinite sequence of not
necessarily distinct prime numbers, we form a rooted tree (7, vy) with respect to & as

follows:

The degree of the root vy is p;.

The degree of all vertices vy, vo, ... vy, adjacent to vy is pp + 1.

The degree of all vertices adjacent to v;, 1 <7 < py is ps + 1.

The degree of all vertices in the n-th level is p,, .1 + 1.
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3.2.2 Action of limit symmetric group on a rooted tree

Consider limit (homogeneous) symmetric group S with respect to the sequence & =
(p1,Dp2, .. .) with char(§) = X. S, acts on the boundary of this rooted tree with the

action of permuting the sub-trees on the same level, see [13] and [7] for details.

With this action, we consider the stabilizer of an end of the tree. The stabilizer cor-
responds to a different type of symmetric group obtained by diagonal embeddings

related to the same sequence of primes £ = (py, p, - . ).

Consider the following embeddings of finite symmetric groups:

d(p,s) : Sp = Snpts

d(p, s)( , )=
11 19 In
1 2 D ol (n=1p+1 ... (mn—=1)p+p |np+1
(i1 —Dp+1 (1—1)p+2 ... (@G1—Dp+p|...| GE—-—Dp+1 ... (Gn—1p+p | np+1

1 2 ... n
fora = € S,.
1 9 ... ip

By Lemma 5.1 in [7], d(p, s) is a diagonal embedding.

For an infinite sequence of integer tuples y =< (1, ko), (n1, k1), (ne, ko), ... >, we

obtain a direct system and direct limit group by the following:

d(n1,k1) d(na,k2) d(ns,ks)

Sk() Sn1k0+k1 S(n1k0+k1)n2+k2

This limit group is denoted by S, [13]. These kind of groups have similar proper-
ties as symmetric groups obtained by strictly diagonal embeddings and we have a

corresponding theorem related to its alternating subgroup as follows:
Theorem 3.2.3 ([13], Theorem 3.1). For an infinite sequence of integer tuples xy =<
(1, ko), (n1, k1), (ne, ka), . .. >, we have the following:

(i) Sy = A, if and only if 2°°|char(x).
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(ii) If 2°° 1 char(x), [Sy : Ay] = 2.

(iii) A, is a simple group.
X pie group

Similar to limit (homogeneous) symmetric groups, the only normal subgroups of

symmetric groups of diagonal type are (1), alternating subgroup A, and itself S, .

Consider the diagonal direct limit group S, where y =< (1,p1—1), (p2,p2—1),... >
and A = char(py, pa, ...) = char(x). Lety € 0T be an end of the rooted tree (7', vy).
By Theorem 5.11 in [[7],

Sy = Stabg, (7).

3.3 Complements of base group

We know that limit monomial group splits over its base group as
SA(H) = B(A H) xSy

Let T be another complement of B(A, H). Then X,(H) = B(\, H) x T. Using

second isomorphism theorem,
S\=X\(H)/B(\MH)=BWMNH)T/B\MNH)=T/(B\,H)NT)=T
implies that any two complements are isomorphic.

If T is a complement of B(\, H) in X, (H ), then the elements of T" are of the form
v,m for each m € S, and the multiplication part v, is uniquely determined. If not, let
v, and w, T be two elements in the complement 7" with the permutation part 7. Then
v (w,m) ! is also an element of T as T is a subgroup. However, v, m(w,7)"! =
vyw; ! is a multiplication. As T is a complement of B(\, H), the intersection of T’

and B(A) is trivial and so v, = w.

As ¥\ (H) is a direct limit group, it is reasonable to ask whether the complements of
the base group B(\, H) are also direct limit groups and there are subgroups of limit

monomial group whose limit is a complement of the base group.

As mentioned before, Ore in [18] described all complements of the base group up to

conjugacy in the complete monomial groups of finite degree. Another question to ask
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for limit monomial groups is whether it is possible to describe all complements of the

base group.

For these purposes, we use the information about the structure of the complements
of the base group B(n, H) in the complete monomial group ¥,,(H) of degree n. As
notation, we use B((n), H) = d(B(n, H)), S(n) = d(S,) and X,y (H) = d(3,(H)),

which are the images of the groups under the strictly diagonal embedding d.

Lemma 3.3.1. Let T\ be a complement of B(\, H) in ¥\(H) and for each i, T; =
{vam|m € S(n;)}. Then a conjugate of T; is a complement of B((n;), H) in ¥,,)(H).
Proof. We adapt the proof of the splitting theorem [2.1.9]of Ore on page 12.

The group S(n;) is generated by a; = (1t)¢ where (1t) € S,,, and this implies that

T has A-periodic substitutions of the form

>\t = ’UatOét
where v, 1s a multiplication and
) (1 1 2) (2 2 (nj/ni) (nj/ni) (ng /) d
At = [agi), agi), . ,aflgh ]agjt), a;g, . ,afli?t coay T ay e (L)

Apply conjugation with the suitable multiplication &,

1 1 1 ng /i nj/mg n;/mn;
Ki = [1,a§7%,a§7§, ,agﬂ)”,....,l,aig/ ),a(lj?f/ ),...,agﬂfbi/ )] ...... ]
in B((n;), H), foreach s = 1,...,n;/n;, we obtain
i = [ Lata8) (@l 7Y alay) el el @) ] ()

v~
ng

Hence, in each n;-block of the multiplication part, the 15 components are all iden-

(s) (s)

t'" components are a; ;a;,; and the rest are just the conjugates of the original

tity,
corresponding components. With this calculation, wihtout loss of generality, we may

assume that 7' contains substitutions

Then




where k # 1, t and \? is a multiplication. As T} is a complement of B(\, H), the
intersection Ty N B(\, H) is trivial. This implies that A? = [1]. This leads to the
following:

azg,,st) =1 and (CL,(ft))2 =1y foreach r #1,t. (3.1

Now, consider the product for ¢ # r,

M. = [ Fevpitt T-Dpitt Ts-Dpitr o T(s—1)p;+k
tAr = s () () (s)
o | A rT(s—D)pi+t T(s—Dpi+r At T(s—D)pi+1 -+ O 0f 2 T(s—1)p;+k
and
3
(AeAr)” =
T(s—1)p;+1 T(s—1)p;+t T(s—1)p;+r T(s—1)p;+k
| alal ey al)al)a g al)al) a1y () at )30 (s 1yp, 4k

which is a multiplication and so it has to be identity as it is both contained in B(\, H)

and its complement 7). This gives the following equations on a, ;’s:

ags)afft) =1y and (a,&fia,&?)?’ =1y for k#1,t,r (3.2)

T

Using (3.1) and (3.2)), we get arft) = af

~

for every t,r.

3

Notice that the element A\, is the monomial substitution in 7’ corresponding to the

permutation ((1¢)(17))<.

As the next step, we perform the product \.\; A, which is

(-

for k # 1,t,r. The permutation part of A\, \;\, is (x; )% € S(ny).

“g,st)f’f(s—l)pﬁl ai,sr)z(s—npm aifﬁm(s_l)p,ﬂ aﬁlaﬂaﬁlx(s_l)pﬁk

T(s—1)p;+1 T(s—1)p;+t T(s—1)p;+r T(s—1)p;+k )

For different indices 1, k, ¢, r, in finite symmetric groups, we have
(Lk)(tr)=(tr)(1E).

Since T}, is isomorphic to S, for each permutation 7 in S, there exists a unique

element with permutaton part 7 in 7. Using the equation for symmetric groups,
A (A A A:) = (Ar A ) g
in T} and equating the corresponding components, we obtain from the first and the

k" components

(s) (s) (s) _ (s)

g pQpyQpey = Gpy  and agf,gafft) = aﬁ?af,i for 1 #£k, t,r (3.3)
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By using (3.3)), we obtain a simpler form for the product A\, \\, as

AN = [ ) al) | ](tr)e.

r T,
%,_/

The transpositions (¢ ) generate the subgroup of .S,,,, which fixes 1 and so this kind
of elements in 7}, generate all elements in 7; with the permutation part fixing 1, n; +
1,2n; 4+ 2,... For a permutation 7, fixing 1,n; + 1,2n; + 2,... in S(n;), T; has

elements

Denote 5, () _, as the stablizer of 1 in .S,,,. Then the maps

Vs ST(L = H
7r1>—>a7(fl).

are homomorphisms, since for 7,07 € S(n;) fixing 1,n; +1,...,

[oal® e m Ll a ) o
—— ——
= ,agfl), ,a;?,...|...][...,ag?,...,ag?,...|...]mal
= [...,EL;SI) al?, .. aPad) )L moy

and so
aflal) =, = pm)eson) = pu(mo).
By these homomorphisms, seperately in each n;-block, the elements a,(fl) generate a

subgroup foi) of H, which is a homomorphic image of S (1)

moo1s fors =1,...n;/n;.

Claim: Ggf;), s =1,2,...,n;/n;, are conjugate subgroups.
Proof of claim: Apply the same procedure for x;7x; . Let
1 1 (2 2 2 ng/n; ng/n;j ng/n;
e L Y o B 11 Y O PO L 2 L L I [ B
ry = (1,000,080, b)) g | € B((ny), H).
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Consider a permutation 7 fixing 1,n; + 1,2n; + 1,... in S(n;). Then m; fixes

1,n; +1,2n;+1,. .. and the image of my in k;Tjx; ' is v,

[aSjl),..., 531),a£?1),...,aS?l),...,aﬁf}f/””,...,aﬁﬁj/"”,...,aﬁ,ll),...,aS}l),...,ai’ij/”"”,...,aﬁﬁﬂ/""), . .]7T1
g
ng
Then
-1 __ 1 1 n;/n; ng/mn;g —1
KjYik; = /ij[a;l), . agrl), . ,agrlﬂ/ D 7a7(r1]/ D Jmik;
= g lqgM (1) (nj/ni) (nj/ni) —1.-1
= Rjlay s ag), a0 a0 (k)
— [, -1 42 —1 (nj/mi)
= lay), x %k, Kk an o, k%, K iy 1@ Ky =Dy % R K Jm
n

= B, o b))

RN
nj
which implies that
M) = o) = s = o= K i K s G

and the subgroups Gﬁfi) are conjugate to each other. Hence, by the splitting theorem
of Ore on page 12, and the above argument, there exists p; € ¥, (H) such that
piT;p; " is a subgroup of ¥ ,,)(H) and a complement of B((n;), H) in S, (H).

O
To see whether it is possible to diagonally embed a complement of B(n, H) in ¥,,(H)
into a complement of B(nm, H) in 3,,,(H), we give the following example:

Example 3.3.1. Consider ¥3(Ss) and embed this group into 34(S5s) by using strictly
diagonal embedding d? with p = 2.

By the splitting theorem of Ore[2.1.9] the subgroup 73 generated by
as =1[1,1,(23)(56)](12) and as = [1,(23)(56),1](13)

is a complement of B(3, Ss) in 33(S¢) and the homomorphic image subgroup of Sg
is S$",. Then T < 34(Ss) is generated by

m=al =[1,1,(23)(56),1,1,(23)(56)](12)(45)
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and

@ =ad =[1,(23)(5,6),1,1,(23)(5,6), 1](13)(46).

In ¥4(S6), we consider a complement 75 where the homomorphic image subgroup is

Séi)l, which is generated by the following elements:

)‘3:[17(23)717<34) ( ) ( )](13)
A= [1,(24),(34),1,(45), (46)](14),
A5 = [17<25)><35) (4’5>7 7(56)](15)7
A = [1,(26),(36),(46),(56),1](16)
and for every m € Sél_)l, we have [m]m € Ts. Now, our question becomes if there is

an element p € 4(Ss) such that pT p=! < T

Consider the elements in 7y, whose permutation parts are the same with as and ag,

which are
Bo=11,1,(23),(24),(25),(26)](12)[(45)](45)
= [(45),(45),(23)(45),(254),(245),(26)(45)](12)(45),
Bz =1[1,(23),1,(34),(35),(36)](13)[(46)](46)
=[(46),(23)(46),(46),(364),(35)(46),(346)](13)(46).

Is it possible to find a multiplication x = [k, ko, k3, k4, ks, ke in 36(Sg) such that
Kok L =y and kogk ! = (37

Kok T = [kiks kokyt ks(23)(56)k5 T, kakst ksky !t ke(23)(56)k; 1](12)(46),

kok ™t = [kiky ' ka(23)(56)ky ! ksky !, kakg ', ks(23)(56) ks, keky '](13)(46).

We need to solve the following system:

kiky' = (45),
kiks! = (46),
k2(23)(56)ky " = (23)(46),
ka(23)(56)k;" = (23)(45) )

(3.5)
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kiks' = (254),
kikg' = (364),
ks5(23)(56)ks ' = (35)(46),
ke(23)(56)ks " = (26)(45) |

(3.6)

The system [3.5]is to solve for &, k; and k3 and the system [3.6]is to solve for k4, ks
and k. They are seperated in 2 blocks of length 3.

From the first system of equations substituting ko = (45)k, ks = (46)k; into

the 37 and the 4" equation, we obtain
k1(23)(56)k; = (23)(56)

and similarly, from the second system[3.6] substituting k5 = (24 5)ks, ke = (34 6)ky,
we get

k4(23)(56)k; ! = (23)(56).

Hence, k; and k, are elements that centralizes (23)(56). Choose k; = ky = (1).
Then

ky = (45), ks = (46), ks = (245), ke = (346).

Since we can solve the above system, we have the conjugator
k= [1,(45), (46),1,(245), (346)]
such that
/ﬁ?T3dQ /ﬂ)il S T6-
From the example, it is understood that we need to deal with systems of equation on
seperated blocks to conjugate a complement in ¥, (H ) into a complement in %,,,,,(H).

We need the following lemma to prove that the group H contains a subgroup, which

is a homomorphic image of a symmetric group of diagonal type:

Lemma 3.3.2. /3, Lemma 2.3] Let H and G be direct limit groups of subgroups H;

and G; via the embeddings 0; and 1);, respectively. Let c; be an isomorphism between
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H; and G; for all i > 1. If the following diagram

0;
H; Hiy
o [ Q72N ]
G Gi

i

is commutative for all 1 > 1, then the groups H and G are isomorphic.

Proposition 3.3.1. Let T be a complement of B(\, H) in ¥.\(H). Then H contains
a subgroup G which is a homomorphic image of the diagonal direct limit group S,

where x =< (1,p1 — 1), (p2,p2 — 1), ... > and A = char(py,p2, . ..) = char(x).

Proof. In the same manner of the proof of Lemma there exists p; € Xy (H)

1

such that p;p,T;p; lpj_ is a complement of B((n;), H). In each conjugation, we

obtain a subgroup G,,, of H, which is a homomorphic image of S,(i),l where S,Sli),l 1s

the subgroup of .S,,, fixing 1 and by (3.4), G,, is a subgroup of G, for n;|n;.
We divide the proof into 2 main parts as 2> { A and 2°°|\.
First: Assume that 2 1 \.

Case 1: Assume that G, is trivial for every . Then the identity subgroup of H is the

homomorphic image of the diagonal symmetric group.

Case 2: Assume that G,,, = (. Let ¢; : S,(Ll)_ , — Gy, be the homomorphism

1y s even
¢z’(7T1) =

a 71 18 odd

for some a € H of order 2.

By the above argument, since 2°° { A, G,,, = Gy, for n;|n; and then | J, G,,, = G =
(a). In this case,

T=AU{[a]r | m¢ A)}

is a complement of the base group.

Hence, in these cases, H contains a subgroup which is a homomorphic image of S,,.
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Case 3: Our claim is that if G,,, is isomorphic to SS) , for each i, then GG, is a

diagonal subgroup of G,, for n;|n;.

Proof of claim: Since G,,,’s are homomorphic images of symmetric groups 57(1?—1,
they act on {1,2,...,n;} the same as the finite symmetric group Sfll)_ , does. By the
above argument and (3.4), we see that G,,, < G
G, into G

nis.- Hence, the embeddings from

nis, are the inclusion maps

Ni+1

Ay — Ay

Hence, from this direct system, we have a direct limit group G = h_ng G, We need

to show that G = S,..

For this purpose, we first need to show that the embedding of Sr(i)—l into S,gll 118

diagonal and hence, limit group obtained from these finite symmetric groups is .S,.

Since Sy(i)_l = Stabg, (1), it fixes the point 1 and acts as full permutation group on
{2,3,...,n;}. Hence, the orbits of S&ll isoflength 1 orn;—1. For1 <k <p;;;—1
and 2 < j < nj,

(kn; +7)* = kn; + j°

and

Define the bijection
A {2,3,...,711‘} — Oy

Jrkn;+j
Then for « € Séli),l and j € {2,3,...,n;},
A j) = A(J%) = kni + j* = d"+' (a) - A(j)
Hence, the embedding of Sfi)_l into S,(llill_l is diagonal and so
lim S, = S,

where y =< (1,p1 — 1), (pa.p2 — 1),.... > .
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In this case, we have two direct systems. The first one is {(G,,,, ;) | @ € N} where
0; is inclusion map and {(Sﬁbli)_l, dPi+1) | ¢ € N}. We also have the isomorphisms

Q; Sﬁi)_l — G, defined by «;(7) = a,« and so we have the following diagram:

dpi+1
1 1
Sl R
Q; [ai—f—l
Gni 0. Gni-H
Letm € Sfll)_l Then
Qi1 O d(pi“)(w) = ai+1(7rdpi+l) = Qpppityg = Oga = Oi(ara) = a;(aza)

and hence, the diagram is commutative. By Lemma @ above,
lin G, = limy SV = S,

where x =< (1,p1 — 1), (p2,p2 — 1),.... >.

Second: Assume that 2°°|\.

Then Sy = Ay and S, = A,. Since A, is simple for n > 5 and A, and A, are simple
groups as being direct limit of simple groups, there is no non-trivial homomorphic

image of A,.

If each Gy, is trivial, then | J,_ Gy, is the trivial subgroup, and hence, a homomorphic

image of .S, .

In this case, it is not possible to have G,,,’s as groups of order 2. Assume that there
exists n; such that G,,, = (a) is cyclic of order 2. By the same procedure in the proof
of Lemma [3.3.1]and the splitting theorem of Ore2.1.9] T; = {v 7|7 € S(n;)} < T
is conjugate to A = A(n;) U {[a]m, |7 € S(n;) — A(n;)} since this subgroup A is a
complement of B((n;), H) in X,,)(H) and the corresponding factor subgroup (a) is

G,,. Without loss of generality, we can assume that 7; = A.

As 2|\, we may assume that n,.; = 2n;. Now, T; < T;;4. By Lemma [3.3.1]
Gy, = (a) < Gp,,, andso G

is either G,,, = (a) or isomorphic to S (n

Ni41 ni41—1°
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Assume that G,,,, = (a). Then, by remark[3.1.1} T}, is conjugate to Ty = A(n;41)U
{la]7 |7 € S(ni1) — A(niq)}, say with p and pTi1p7 ! = Ty. As niyy = 2n,, the
permutation parts of all elements of 7; are even. and hence, after the conjugation,
pTip~' < A(ni1), which is not possible as some of the elements of 7} has non-

identity determinant classes. Hence, G can not be cyclic of order 2.

Ni+1

~ S(l)

Ni+1 ni41—1°

Assume that G
G

becomes [b,]y where b, is the image of v under the isomorphism between G

S(l)

n¢+171'

Consider m € A(n;) < T}, which fixes 1 in S,,,. As
o S(l,)ﬂ_l, after the conjugation, the image of an even permutation -y fixing 1

Ti+1 n;

niy, and
However, if we consider an even permutation 7 € A(n;) and its image inside

711, the determinants of its cycles are all identity, which gives the contradiction.

G
Then 7} is conjugate to the subgroup generated by

Lastly, we assume that G,,, = S (1) have to be isomor-

n;—1*
phic to s

ni+1—1'

Then as an S Gan Ni+1

(L, a0, an, 4] (18)* for i =2,... n,.

By the same procedure in the example [3.3.1} there exists a multiplication x in
B((niy1), H) such that kT;x~" < T}, . By the third case above, H contains a sub-

group which is isomorphic to S, = A,.

Hence, in each case, we reach the result.

By using Lemma [3.3.1] and Proposition [3.3.1] we obtain the following about comple-

ments of the base group:

Theorem 3.3.2. Let T be a complement of B(A\, H) in X5(H ). Then T) is a direct
limit of complements of B((n;), H) in ¥,y (H).

Proof. For each i, T; = {v,m|m € S(n;)} is a subgroup of T and by Lemma
a conjugate of 7; is a complement of B((n;), H) in X, (H). Let p; € X\(H) be
the monomial substitution such that T},, = p;Tjp; * is a complement of B((n;), H) in

Y(n,)(H) for each i € N.
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Define homomorphisms
Pij: Tm — Tnj
pivﬂﬂpi_l > pjvﬂrpj_l.

i;’s are monomorphisms induced by the conjugation by the elements p; pj’1 for each

1, 7. Then
it Tn, — T,
pivemp; = pivemp; !
and ;; = idTw. Moreover, for k > j > i,
i © @i (piv=Tp; ) = Pir(pjvamp; ) = prvampy
= pipi (pivempi Dpipy " = @unpivamp; ).
Hence, {7}, }ien and the morphisms {;; : T},, — T}, }i<; form a direct system.
Now, for each ¢ € N, define
it T, — T\
pivﬂﬂpf — VT

as the conjugation with p;. Then for any 7 < j, the following diagram commutes

T,
@ijl &‘
©

T,, —— T
as
05 0 wij(pivamp; ) = @i (pio; (pivamp; Dpipy ) = i(psvamp;t)
= p; pjuaTp; pj = e = p; (pivamp; )ps = @il pivamp; ).

Hence, T = lim7,,,.
—
l

Theorem 3.3.3. Limit monomial group ¥\(H) splits regularly over its base group
B(X\, H) if and only if H has no non-trivial subgroup which is the homomorphic
image of the diagonal symmetric group S, where x =< (1,p1 —1), (p2,p2—1),... >
and A = char(py, pa, . . .) = char(x).
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Proof. (=) Assume that H contains no subgroup which is a non-trivial homomorphic
image of S,, then the factors a; ;’s are all identity and so the only complement of
B(X\, H)in X, (H) is S).

(«<=) Assume that Xy (H) splits regularly over B(\, H). Then for any complement 7',
there exist p € X, (H) such that pTp~! = S,. Since a permutation only permutes the

factors of a monomial substitution, we can consider p as a multiplication, say «;
KR = []{31, . .,kni|k1, .. ]

Then consider 7; = {v,7 |7 € S(n;)}. By Lemma 3.3.1, we may assume that T; is
generated by

L))

Then setting the product for every ¢ = 2,...,n;

[17 a2,5; - - - Any,j

k[l agj,...,Gn, ;.. .](1]’)d/<f1 = (1j)d
gives
kl = k;2 = = km
and so
CLth = ]_

]

Corollary 3.3.1. >,(H) splits regularly over B(\, H) if and only if H has no ele-

ments of order 2.

Proof. This immediately follows from the above theorem[3.3.3] O
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CHAPTER 4

LIMIT MONOMIAL GROUPS OVER ABELIAN GROUPS

In this chapter, limit monomial groups over abelian groups are studied. In the first
section, base group and a special subgroup of the base group are investigated. The
quotient of the base group by this special subgroup over various abelian groups is
studied. The lattice structure of the subgroups of the rational numbers containing
integers is found using the lattice structure of Steinitz numbers and the quotient of the

base group over infinite cyclic group.

4.1 Base Group

Lemma 4.1.1. /12, Theorem 3.6] Let )\ be a Steinitz number, different from 2. Then

B(\, H) is a characteristic subgroup of the limit monomial group ¥, (H ).

Proof. Let A be a Steinitz number, different from 2. Assume that B(\, H) is not a
characteristic subgroup of ¥,(H). Then there exists an automorphism « of ¥, (H)
and a subgroup M such that B(\, H)* = M and M is not contained in B(\, H). So
we have M <X, (H).

So since M ¢ B(A, H) , there exists n; such that
M, = MNY, (H) Z B(n;, H).
Also, as M <X, (H) , we have M; <%, (H).

Consider the subgroup N = M N B(\, H). Since M < ¥,(H), N is a normal sub-

group of the symmetry.
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For every ¢, if N; = NN X, (H), we have
N, =MnB(n;,H) and NN B(n;, H) = NN M,
N; is the multiplication part of the normal subgroup M; of ¥,,,(H). So by Theorem 8
of section 2 of [18]], the elements of /V; are of the form
n=1lhi,ha, ..., hp,, |h1 By ... ]
such that h; ... .h,, is in S where S < H with H, g is abelian. Then we have

As N; = NN %,,(H) for each i, N is the limit of the subgroups NN;.

By second isomorphism theorem, we get

Also since

we have

For every n; > n;, since the quotient group B(n;, H )N/ 7y 18 abelian, B\, H )/N is

abelian.

As M and B(\, H) are isomorphic via an automorphism of the symmetry, we have

Al )4y = EA<H)/B(A, H) = 5

by the isomorphism
~ . 2\(H Sa(H
a: 2l )/Bu,m DAy
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which takes pB(\, H) to p*M.

By applying the second isomorphism theorem, we have

B\ H _BW\H ~ B\, H)M
A H) = B )/MmB(A,H) = BOHIM
and since
B(\, H)M/M y E,\(H)/M ~ G,
B\ H )/N is isomorphic to an abelian normal subgroup of S . But S has only two

non-trivial normal subgroups, depending on A, namely, A, and S).

B\ H )/N is non-trivial since IV is a proper subgroup of B(\, H). Otherwise, if
N =MnB(\H) = B(\ H), then B(A\, H) C M, which is not the case. As S,

has no non-trivial abelian normal subgroup, we get a contradiction.

Hence, B(\, H) is a characteristic subgroup of ¥, (H) for every A except for A = 2.

]

For A = 2 and H = (5 = (a), cyclic group of order 2, 35(C5) has an automorphism
which does not leave the base group invariant, as Ore did in page 44, Theorem 2 of
Chapter 3 [18].

The complete monomial group 35(C5) is a group of order 8. As, up to isomorphism,
there are 3 groups of order 8 and the quaternion group of order 8 is not a semi-direct
product, 35(C5) is the dihedral group of order 8 and it is generated by the elements
x = (x1x9) and y = (z1 x2)[a, 1] with the relations

?=1,y" =1 and zyz ' =¢>.
The center of 35(Cy) is {[1, 1], [a, a]} and y and y* are the only elements of order 4.

As the base group is a normal subgroup of the complete monomial group, we need

to find an outer automorphism of the group to show that the base group is not a
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characteristic subgroup. Let « be an outer automorphism of X5(C5). Since y and 33

1

are only elements of order 4, o takes y to 3°. As we have xyz~! = 3°, we multiply

the outer automorphism « by the inner automorphism induced by x and assume
y =y
Moreover, since the center of a group is a characteristic subgroup, ([a, a])® = [a, al.

As x is of order 2, « takes z to one of [a, 1], [1,a] and (x; x5)[a,a]. Notice that
y~lzy = (71 x2)[a, a] and so the last correspondence gives an inner automorphism of
the group. Hence,

z* =[1,a] or % = [a, 1].

Since [1, a)®1*2) = [a, 1], two possibilities for « differ by an inner automorphism and

they define outer automorphisms of ¥5(C5) by
(%1 xQ)a = [17 a]? ([17 a’])a = (xl 33'2)[&, a]?

(21 22)[a, a])* = a,1], ([L,a])* = (2122)

which does not leave the base group invariant and hence, in this case, B(2, Cy) is not

a characteristic subgroup of ¥5(C5).

Now, we introduce a special subgroup of the base group B(\, H), which is a normal

subgroup of limit monomial group X, (H).

Definition 4.1.1. Let H be an abelian group. The set of all A-periodic multiplications
{[h1,ho, ... Ay, hi, hoy ... € BN H) | hihe. .. h,, =1 for some n;|A\}

is a subgroup of the base group B(\, H), denoted by By(\, H).

Proposition 4.1.1. By(\, H) is a normal subgroup of ¥\(H).

Proof. Since H is abelian, B(\, H) is abelian. As a subgroup of abelian group,

By(A, H) is normalized by the base group. Moreover, since the action of Sy is to

permute the components of a multiplication and By(\, H) is abelian, By(\, H) is

also normalized by S,. Hence, By(\, H) is a normal subgroup of X, (H).
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This subgroup is not a characteristic subgroup of B(\, H). As an example, take A = 2
and H = Z7. Consider the monomial group ¥5(Z7) and its subgroups B(2,Z7),
By(2,7Z7). Since B(2,Z7) = Zy x Zz, we may consider this subgroup as a vector

space over [F; and so Aut(B(2,Z7)) = GL(2,F7). Consider the automorphism

TZF7@F7—)F7@]F7

A
T — Z.
5 3
L 3], : o
Take the vector 7 = in [F; @ 7. This vector corresponds to the multiplication

[3,4] in B(2,Z7) with 3 + 4 = 0 and hence, in By(2, Z7). Then

and since 3+6 # 0, By(2, Z7) is not a characteristic subgroup of B(2, Z7).

Our aim is to determine the structure of this special normal subgroup By(\, H) of
B(\, H) and ¥,(H) by considering the quotient group B(\, H)/By(\, H). For a
complete monomial group ¥, (H) of finite degree over an abelian group H, consider
the epimorphism
v: B(n,H) — H
[ha,hoy ..o hp] = hiho ... hy,.

with ker ¢ = By(n, H). Hence, B(n, H)/By(n, H) is isomorphic to H as Ore men-
tioned in [[18]].

The question is to ask whether this is the case in limit monomial groups and we

investigate this quotient over various abelian groups.

Lemma 4.1.2. [2| Lemma 5.2] Let C, be the cyclic group of order p where p is a
A then By(X, C,) = B(\, C,). Otherwise,

BOG)

prime. If p™
(A Cy) = v

Proof. The group of A-periodic multiplications B(A, C,) is abelian and every ele-

ment has order p. Therefore, it is isomorphic to a vector space over the field IF,, and
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By(X, Cp) is a subgroup of B(\, C,). So B(\,C,)/By(A, C,) is a vector space of

dimension greater than 2.

Then there exists elements vy, vs,...,v,2 in B(A, C,) such that

Z, % L, = (0,75, ... Tg) < B(\.C,)/Bo(A. C,)

Since B(\, C,) = U B((n;), Cp) where B((n;),C,) = d(B(n;, Cp)), there exists n;
such that
<U17U2: ce 7Up2> < B((“J')a Cp)

Then there exists v;, vs such that they are linearly independent and (v, vs) = (v, va, . .., Up2)

and v;, vs ¢ By(A, Cp). But then

B((n;), Cp)/Bo((n;), Cp) = B((n;), Cp)/ Bo((n5), Cp)

contains a subspace of dimension 2. However, by [18]], B((n;), C,)/Bo((n;),C,) is

isomorphic to C,,.
Hence, B(\, C})/By(, C,) is either isomorphic to C, or B(A, C,) = By(\, Cp).

Indeed, if p>|\, given any element b € B(\,C,) = |J B(n;,C,), b € B(n;, C,) for

some n;. But as p>|)\, there exists n; > n; such that d”+?i(b) lies in B(n;, C,).

Hence, in this case,

BO()V Cp) = BO‘? Cp)'

If p> t A, say p'|\ and p"** 1 \, then the element

b1 = [g,]_,. PN 1ni+179717- cey 17’bi+17‘ .. ] g Bo()\, Cp)
Hence, by the above proof, we have

B()\, Cp)/BO()‘7 Cp) = CP'

O

Lemma 4.1.3. The only normal subgroup of ¥,(C,) contained in B(\, C,,) is By(X, C)).
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Proof. Assume that N is a normal subgroup of ¥, (C),) contained in the base group

and N # By(\, C,). Let

M:[hl,hg,...,hm

hi, ha,....]
be a non-identity element of N. Then

ptpEDmitt ) gty 1 1 R ey, 1, AT R, 1 1 A R

R I R R VR I Rt R

1

Y

is an element of N for j = 2,....n;. As hy'hjh;thy = 1, =t p(t Dt nitd) g

also an element of By(\, C,) and hence,

NN By(\,C,) # E.

By the above product, /N contains elements of the form

1,181,118 51, 1,

]

As N is a normal subgroup of 3, (H), it is invariant under the conjugation by permu-

tations. Let 7 € S, and [hy, ho, ..., hy,,|...] € N. Then

ﬂ[hl,hg,...,hni, | ...]71'_1 = [hlﬁ,hQﬂ',...7hn?’, | ]

As hihs ... h,, = 1and H is abelian, hy=hor . .. hn;r = 1 and so it is always possible
to re-place the factors of the elements in /N. Hence, these factors form a subgroup S

of C;, and N consists of elements of the form
(51,82, 8n,—1, (5152 ... 5p,—1) ']
As N is non-trivial, S is non-trivial, which implies that S = C),. Hence, we have
By(\, Cp) C N.
As By(\, C,p) is of index p in B(A, C,) and By(\,C,) C N, N = B(\,C,) .

O

Now, let C,, be a cyclic group of odd order. We can consider B(\,C,,) as an S)-

module and By (A, C,,) as a submodule. Then we have the following:
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Proposition 4.1.2. /2| Proposition 5.4] Let C,, be a cyclic group of odd order. By(\, C,,)

is a maximal cyclic Sy-submodule of B(\, C,,) and the element

[a,1,1,...a  a,1,1,...a7" .. ]
N ————

p

generates By(\, Cy,) where C,, = (a) and p is the smallest prime dividing \.
Proof. Let C,, be a cyclic group of odd order generated by a. Let £ = (ny,ns,....)

be a divisible sequence with char(§) = A. Let

be an element of By(\, C,,) satisfying @ has period p and p = n; is the smallest
prime dividing A. We may choose such an element because A is given and divisible

sequences is uniquely determined by char(§) = A.

If necessary, we may change the order of primes in £&. So a € By((n1),C,) <

Bo()\, Cn) where Bo((nl), Cn) = d(Bo(nl, Cn))

Consider

for some n;|A. Then

a (C_L)d((n1+1 n1+2)(2n1+1 2n1+2)....((%71)n1+1 (%fl)nﬁr?))

and

12 2 2 2
aa' = la”,a" % 1,...,L,a® a7 1, ... 1, L.
TV 4
g

As (2,|C]) = 1, a? is also a generator of C and so a = (a?)* for some ¢ € Z. Hence,

we get



Leth = [by, by, ..., by,, b1, bo, ... be an arbitrary element in By(\, C') with biby ... b,
1. As {a) = C, b; = a" for some k; € Z, 1 < j < n; — 1. Our aim is to write b in

terms of a,,, and hence, in terms of a. We have

@' = (a,)"C") =1[a,1,...,1,a7  a,1,....,1,a” ", ... ].

To obtain the first factor in b, we take the ki"-power of a,,, as b; = a*. For the sec-
ond component, we first apply the permutation d(1 2) to a,, to obtain a in the second
factor of a,,, and then take the k%"-power. We continue like this until (n; — 1)* factor.
Since bis in By(\, C,,) and bybs, ... b,, = 1, we have b,,, = (b)) (b))~ ... .(bp,_, )"

and so the last component is uniquely determined by the first n; — 1 components.

Thus,

h—= (a”)’“l(a”d(l 2))k2 o _(C—L//d(l m—l))knr1'

and By(A, C) is a cyclic Sy-submodule of B(A, C'), generated by

]

Lemma 4.1.4. Let Cyx be a cyclic group of order p* where p is a prime, k € N. If
A then By(A, Cpe) = B(X, Cpr). If not,

pOO

B()h Cpk)/BO()\’ Cpk) =~ Cpk‘

Proof. If p> divides A, then B(\, Cpr) = Bo(A, Cpx) as the order of every element

of C) is a power of p.
Assume that p> does not divide A. Let g be a generator of Cx. Let
po=[h1,ha, ... hy,lha, has . ] Bo(A, Cpr)
be a non-identity element of B(A, Gy >/Bo( A C): As 1 is non-identity,
(hiho. . ho)™ #1
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for any n, > n;.
As g is a generator of Cyx, hihy ... hy,, = g' forsome t = 1,2,...,p — 1. Consider
n=1lg,1,....1g,1,...,1,...]Bo(N,C})

of period n; where n; is the smallest integer in & such that p { 2. Our claim is that 7

J

is a generator of B(A, Cpe )/Bo()\ C): As g is of order p*, 7 is also of order p*.
1 ~p

Consider 31 = [g1,92,- -1 9n;+ |91, G2, - - ] Bo(X, Cpr). Then g1gy...gn, = g' for

J

somet=1,2,...,p" Then 3; = n' by the same argument in the case of Cy.

Now, consider 5 = [g1, g2, - - -, Gn;11 1915 92, - - ] Bo(A, Cpr) with

9192 Gnyor = G

forsome t = 1,2,...,p". In the n;y1 — th step, the product of factors in 7 is gPi+1
where p;; is a prime different from p by the choice of n;. So the greatest common

divisor of p and p;; is 1 and hence, there exist m,n € Z such that
mp® +npj = 1.

So we have
g =g = () (g = ()"
t — <gpj+1)’nt

which implies that " = 3.
O
With the following lemma, we give an example of the fact that the quotient group
B(\, H)/By(\, H) is not always isomorphic to H.
Lemma 4.1.5. [2| Lemma 6.1]
(i) Let 35(C) be the symmetry for any Steinitz number \ and C' be the infinite

cyclic group generated by c. Then the quotient group B(A, C)/BO( A, C) is not

isomorphic to C.
(ii) B(X,C)/By(X, C) is an abelian, torsion free locally cyclic group.
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Proof. As C'is the infinite cyclic group generated by ¢, the multiplication
e, 1,..., e, 1,001, ]

of period n; is not in the subgroup By(\, C') and so B(\, C) # By(X, C).

ko k
yoe

Suppose to the contrary that o = [¢*1, ¢ , i ] Bo(A, C) is a generator of

B()‘7 C)/Bo()\, C) Then

a=[c1,...,1,c1,...,1,..]By()\0O)
———

where t =k + k2 + ... + k,,. Consider the element

B=1lc,1,....1,¢,1,...,1,...]Bo(X,C).
N——

ng

Then since « is a generator, 3 = o for some k € Z and this implies that
(1 1,...,1,...] € By(\, O)

and so

(ckt—1>Pi+1mPs -1

for some s > i. As cis infinite order, kt = 1 andso k =t = +1,

a=lc,1,....,1,¢,1,...,1,...]Bo(\,C).
"
Moreover, we take the element ' = [¢,1,...,1,¢,1,...,1,...]By(A,C) and so ' =
———
i1

o for some k € Z. Similarly,

[cF1,. 1,1, 1, ) [e 1,1, € Bo(\, O)
N———— N——’
n; Ti+1

which implies that

(Ckfl(ck>prl)pi+1mps — 1’
E—1+k(p;—1)=0 and kp; =1

as c 1s infinite order. Since p; is a prime, this is a contradiction.
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Hence, this quotient is not isomorphic to C.

We know that as c is infinite order, B(A, C>/BO (A, C) is torsion-free. Also, this group

is locally cyclic since

B\, C _| |B(n;, C)By(\,C
A pyn, oy = B OB CLp 1 .
by second isomorphism theorem,
B(n;, C')By(\, C ~ B(n;,C
i B 00 = P V)

and
B iaC >~

by theorem 4 in Chapter 2 in [18].

]

Theorem 4.1.2. [2, Theorem 6.2] Let A\ = Il,cpp™ be a Steinitz number and let
¢ = (p1,p2,---,Pi,-..) be a sequence of primes with char{ = X\ and ny = py,

n; = pips ... p;. Then
B\, C ~
@ )/Bo()\, )~ Qx

1
where Qy = (— | 0 <t, <1, plA).
pp

Proof. For each n;|\, by Second Isomorphism Theorem and [[18]],

B(le, C)BQ()\, C)/BO()\7 C) ~~ B(nl, C)/Bo(n“ C) ~

and generated by 1; = [¢,1,...,1,¢,1,...,1,...]By(A, C).

Define § : BOA C)/Bg(/\, c) Qi by O(uf) = Ld for each n;|\ and k € Z.

Uz

0 is well-defined: Let

m = lc1,Cay. .., Cnler, cay . ] Bo(A, C)

and
T2 = [dl, dQ, N 7dnj |d1, dg, .. ]B()()\, C)
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be elements of B\ C)/BO (\, Q) such that 7; = 1,. We have c¢ics . ..c,, = c* and

(cica...Cn,) .- (crCa...cp,) = FPiPiv1-Piand dydy . . .d,, = ¥ for some k;, k; €

(.

-~

PiPit1---Pyj
Z and so 1, = uf and 1y = pjj and k;p;pi+1 . .. p; = k; as cis of infinite order. Then

, k; kipipiy1 .- - pj kipipiy1 - - - pj k; j
O(m) = 0(uk) = = = e o T = = () = 0(n).

n;  NiPiPiy1---Pj n; n; ’

6 is a homomorphism: Let 7; and 7, as above.Then

0(mmne) = Q(Nflﬂ?) = H(NEMH pﬁk]) - pp+1nA ——
j

= PP B B B () + 0(e).
n; n; n; n;

f is an injection:

ker @ = {[c1,¢2,...,Cn,, .. ] Bo(N\,C) € B(, C)/Bo()\, ) |cics . .. ¢, = 1for somen;|\}

ker 6 = By(\, C).

0 is onto: Let ¢ be an arbitrary element of Q). Then there exists pi, po, ..., p; and

tp.
tpystpys - - - tp, such that p, divides A and

T
P ptopp
There exists n;|\ such that p py® . .. pf’” In; and n; = p/ipy? ... pf”s for some
s € Z. Then
q= ks andso  O(ut®) = q.

n;
Hence, 6 is an isomorphism.
O
Remark: Let {G;|i € I} be set of groups and {NV;|i € I} be the set of normal
subgroups, respectively. Then
DricGi/DriciNi = Dric;G; [N
by the epimorphism taking (g;)cs to (g;N;)ie; with kernel Dr;c; N;.
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It is easy to see that B(\, Dr;c;G;) = Dric;B()\, G;). Using the remark above, we
get
B(A, Dric1G;)/Bo(A, Dric1Gy) = Drici B(A, G;)/ Dricr Bo(\, Gs)

and so

B(\, Dric1G;)/Bo(A, Dric1G;) = Drici(B(A, G;)/Bo(X\, Gi)).

We know that an abelian group G is finitely generated if and only if it is a direct sum

of finitely many cyclic groups of infinite or prime-power orders.

By using the above observations, we prove the following theorem to determine the

structure of the quotient over finitely generated abelian groups.

Theorem 4.1.3. Let A\ be a Steinitz number and ¥\ (H) be the limit monomial group

where H is a finitely generated abelian group and H = C" X HleOpiti. Then
B\ H ~ O k B(XCp
( )/BO(/\,H) > Q5 x T, PA Gl 3 )
A, Cpt oo A, Gt
where B( )/Bo(/\ C ) t if pi™ 1 X and B( )/Bo()\ e )

trivial if p;®|\.

Proof. The proof follows from the above remark, Lemma (#.1.4)) and Theorem (@.1.5).

]

Example 4.1.4. Let A\ be an infinite Steinitz number and 3, (F,;(S)) be the limit
monomial group where F,;(S) is free abelian group generated by the set S. Since

Fo(S) is free abelian group generated by S, F,,(S) = @, ¢ Z. Then

BOEn(S)) g (3, Fuis)) = D

ses
by the above remark.
Lastly, the quotient B(\, H)/By(\, H) is investigated over divisible abelian groups.

Lemma 4.1.6. Let Cy~ be the Priifer-p-group where p is a prime. If p™|\, then
By(\, Cpeo) = B(, Cpeo ). Otherwise,

B G )/BO()\C ) = Cpee.
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Proof. If p>°|\, since C) is a periodic abelian p-group , every element of B(\, Cp )
is of a p-power order and hence By(, Cpec) = B(A, Cpeo).

Assume that p>  A. Let £ = (nq,ns,...) be a sequence satisfying n;|n;, for all
i € N with char(§) = A. Let the maximum p-power in A be r,, and n; be the smallest
natural number in £ such that p'»|n; and p»*! { n;,;. Consider the non-identity
element

a=1[h1,.. 1. h1,..  1.,...] € B Ch).

A
Since p f — and h € Cpe is an element of p-power order, « is not in the subgroup
nA

Bo(\, e ) and 50 BOX, i) # Bo(A, Ce ).

since B0t Cre)p (1 ) 2 G by 181, PO o)y oy is alocally
cyclic periodic p-group. As locally cyclic periodic abelian p-groups are unique up to

isomorphism [10} p.47], this quotient is isomorphic to Ce.

Lemma 4.1.7. Let H be a torsion free divisible abelian group. Then

B(%H)/BO(A7H) ~

Proof. Since H is an torsion free divisible abelian group, for every hin H andn € N,

there exists unique g € H such that h = g".

Define the map 6 : B, H)/BO()\,H) — H by
9([]11, hg, ey hnia hl, hg, . ]Bo()\7 H)) = h

where h is the unique n!*-root of hihy ... h,,..

7

Note that hihsy . .. h,, = h™ implies
(h1h2 . hn_)pi+1pi+2---pj — hnipi+lpi+2---pj — hnj.
If hriPiiPiv2-Pi = g"i then (hg~1)™ = 1 and since H is aperiodic, h = g.

0 is well-defined: Let 1, 7 in B\ H )/Bo( A\ H) such that ;© = 1 where
o= [hl, hz, ey hn,-; hl, hg, .. ]B()(/\7 H) andn = [k?h k?g, ey k/’n]., .. ]Bo(/\7 H) such
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that hyhy ... h,, = W™ and kiky ... k,;, = k™. Such h and k exist and unique since

H 1is aperiodic divisible. Since i = 7,
[hishay ol By oy ke Ky Ky, ] € Bo(A H)
and 50 (hyhy ... by, )PiH1P+20Pi (ki ky ..k, )~" = 1 which implies that
hpi+1pi+2~~-Pj — k
Then

0(n) = k = hPirPir2-Pi = Q([hy, hoy ... s ooy hay hoy oo By, JBo(A H)) = 0().

6 is a homomorphism: Let x4 and 7 be as above. Then

O(un) = hPtrbie2=Pif = ()0 (n).

6 is one-to-one:

ker 6 = {[hl,hg, .. '7hni>h17h27 - ]BO(A,H) ‘ h = 1, where hlhz .. hnZ = hnl}

= {[h, hay .. B By, hay . JBo(N H) | Buhs .. by, = 1} = Bo(A, H).

6 is onto: Let h € H arbitrary. Then

O([h™,1,1,...,1, k™, 1,1,...,1,.. ]Bo(\, H)) = h.
—_———

ng

]

Since a divisible abelian group is a direct sum of groups each of which is isomorphic
to a Priifer p-group or Q [9, Theorem 9.1.6], the structure of the quotient is determined

for all divisible abelian groups.

Theorem 4.1.5. Let H be a divisible abelian group. Then

B(\H)/By\H) = P Cpe P Q

peP’ el

where H = @ p Cpo & D;c; Q P is a set of primes and P' C P is a set of primes
such that p™ 1 \.
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Proof. The proof follows from remark above, Lemma 4.1.6 and Lemma 4.1.7 imme-

diately. [

Example 4.1.6. As an example, we know that the additive group of a field F of
characteristic 0 is a torsion free divisible abelian group since it contains a subfield
isomorphic to Q and it is isomorphic to a direct sum of additive group of rationals Q.

Hence, the quotient is determined for a field of characteristic 0.

By using above observation, we consider the polynomial ring F[z] over a field F of

characteristic 0. We know that

Flz] =~ HF

ieN
and
F = @ Q for some index set 1.
iel
These imply that
BOFlel) 5 h, rla)) = DD

iEN jel
4.2 Lattice Structures on Some Subgroups

In this section, we consider the subgroups Q,, A € SN, of the rational numbers Q,
which is mentioned in Theorem (4.1.2]). We prove that there is a lattice isomorphism

between the lattice of subgroups Q) of Q and the lattice of Steinitz numbers SN.

Proposition 4.2.1. The set of subgroups of Q of the form Q,, A € SN, is exactly the
set of subgroups of Q containing 7.

1
Proof. For every A € SN and for a prime p|\, since 1 = - € Q., Z is contained
p

in @Q,. Let A be a subgroup of QQ containing Z and n € A. We can take n and m
m

relatively prime. Then there exists r, s € Z such that
rn+sm=1

and so

1
r£+s:—€A.
m m
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We need to show that every — € A lies in Q) for some A € SN. Use induction on
m
the number of primes in the prime factorization of the denominators of the elements

in A. Hence, we need to show that

1k Fom
p—?.” ?{L—pTll‘i‘...—FE.

1
Let S € A. Since (p', py?) = 1, there exists r, s € Z such that rp{" + spy> = 1
1 P2

andso —— = — + —.
t1 1o to t1
P D2 DP9 P

Assume that there exists ki, ..., k,, € Z such that

T S

1 Ky km
o T I +...+ -
by ---Pm'  P1 m
1 .
Let -———— € A. As (p* ... phe,pimit) = 1, there exist r,s € Z such that
D1 ~«-pm+1t
rpit .. ple + spot =1 and so
r n S B 1
T 7 =7 1 "
Pmii  PU D P phppni

By induction hypothesis,

1 T S1 S,
i1 tm tm+1 = b1 t1 + : + tm
Py - PiiPmy1 Pmy1 P1 m

Hence, every subgroup of Q containing Z is of the form Q) for some A € SN. O

These are not all subgroups of Q and there are subgroups of (Q which does not con-
2 2
tain Z. For example, consider the subgroup generated by 3 (5) as a subgroup not

containing Z.

Proposition 4.2.2. The set {Q\ |\ € SN} of subgroups of Q is a complete lattice

with respect to inclusion.

Proof. Let Qy and Q,, be subgroups of QQ corresponding to the Steinitz numbers \
and u, respectively. Assume that A divides p.. Let gy be an element of Q. Then there
exist p1,py,...,p;inPand ¢, ,t,,,...,t,, € NU{0} and ky, ko, ..., k; € Z such
that

ko kL

bt
P1 Do D;
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A. Since A\

(4, each pf“

and each p?”  and so gy is also an element of Q,,.

By this observation, if A

(i, then Q) is a subgroup of Q,,.

The set of subgroups of QQ is a complete lattice with respect to inclusion with the
greatest element Q and the least element as trivial subgroup {0} where, for subgroups
Aand B,

ANB=ANB and AV B = (A,B).

The lattice structure on the subgroups of (Q gives a lattice structure on the subgroups
of the form Q, with the greatest element Q;, where / = Il,cpp™, and the least

element Q; = Z with

Qx\/\@u:(@km@u

and
Q\V @u = <@/\7 Qu>
where
Q)\ N @u = an n= Hptp’ tp - min{rp, sp} (41)
pEP
and
<Q)\7 Q,LL> - @'r]a n= Hptp7 tp - max{rp, Sp}' (42)
peP

For (4.1), by the observation above, since 7 divides both A and p, Q, is a sub-

group of Q) N Q,. For the other side of the inclusion, let ¢ be an element from

the intersection. Then there exist primes py, ps, ..., p, dividing both A and x and
0<ty,tpy,. .- tp, <min{r,, s,} =t,such that
B k
= pi’” ...pf{’”

and so ¢ lies in Q,,.

For (4.2), again by the observation above, since both A and ;. divides 7, Q) and Q,,
are subgroups of Q,, and hence, (Q,,Q,,) is a subgroup of Q,).

Let g be an element in QQ,,. Then there exist primes pi, po, . . ., p,, dividing A, primes

@1,q2, -, qm dividing pand 1 < ¢, ,tp,, ... tp o tges - - tg, < max{ry, s,} =
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t, such that

k kl kg
1= 7 Lpn tam - tp tom + tqy tam S <Q)\7Q,u>

t
pitpt gt g™ p e @ gm

and so QQ, is contained in (Q,, Q,,).

Then {Q, | A € SN} is a complete lattice with respect to inclusion. O]

Moreover, we consider the subgroup lattice of the group Q/Z'

Recall that (SN, [) forms a complete lattice with the greatest element [ = [[ _p p™
and the least element 1 and the definitions of the meet and join of A = [] p p"» and
= [1,ep P’ where 1, 5, € NU {0, 00} as follows:
AN = Hptp, t, = min{r,, s,}
peP

and

AV = Hpt”, t, = max{ry, s,}.
peP

Lemma 4.2.1. The set {Q, |\ € SN} of subgroups of Q and the set SN of Steinitz

numbers are isomorphic as lattices.

Proof. The map
0 :SN — {Q, | A € SN} defined by 6(N\) = Q,

is a lattice isomorphism. 0

Lastly, we study the relation between these subgroups Q) of (Q and the quotient group

Q/Z and their lattice structures. First, we claim the following:

Lemma 4.2.2. The set of subgroups of Q/7 and the set of subgroups Q, of Q are

isomorphic as lattices.

Proof. Let A be a subgroup of @/Z and - + Z be an element of A. We can take the
m

representative — as n and m being relatively prime. As n and m are relatively prime,
m
there exist r, s € Z such that

m+sm=1
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which implies that

n 1

r—4+s=—

m m
and so

1

— +7Z e A.

m

If m = pi'pk? ... p}* for distinct primes p; and ¢; > 1,

t‘_j—f—ZEA for y =0,1,...,t.
pi

1
Let A, A’ be subgroups of Q/Z and Pa, P4 be the sets of all primes such that — + Z
p

1
is an element of A and A', respectively. Let r, = sup{t, | — +7Z € A} and
p P

1
Sp = sup{t;7 | 7 +7Z € A’} . Assume that P4 C Py and 1, < s, for every prime

p. Then A is a subgroup of A’.

For every subgroup A of Q/Z with the prime set P4, there exists a unique Steinitz
1

number A = Ilcp,p'” where r, = sup{t, | — +Z € A}. Moreover, for every
p P

Steinitz number A\ = II,cpp™ where 7, € N U {0, 0o}, there corresponds a subgroup

1
of Q/Z generated by — with 0 <1, <r,.
p P

The meet and the join of two subgroups A and A’ of Q/7Z in terms of Steinitz numbers

are as follows:

AN A’ — A"Y where n = Hptp 7tp = min{?“p, Sp}7 (43)
peP

A v/ A/ — An where n = Hptp 7tp = maX{Tp, Sp}. (44)
peP

In (4.3), A, is the intersection of the subgroups A and A’ and in (4.4), A, is the sub-
group generated by A and A'.

If we denote each subgroup A with A, according to the Steinitz number A, which

corresponds to the subgroup A, there is a lattice isomorphism between the lattice of
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Steinitz numbers, (SN, |) and the subgroup lattice of Q/Z taking \ to the subgroup
Ay

Hence, the subgroup lattice of Q/Z is isomorphic to the lattice of subgroups of QQ of
the form Q). [
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