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ABSTRACT

SOME NEW BOUNDS ON CLOSED ORDINAL RAMSEY NUMBERS

Saglam, Irmak
M.S., Department of Mathematics
Supervisor: Assist. Prof. Dr. Burak Kaya

December 2020, [55|pages

Partition calculus on ordinals was introduced by Erdés and Rado and is a well-studied
subject. Later on, Baumgartner extended this investigation to topological spaces and

studied topological partition relations on ordinal spaces.

In recent years, closed and topological partition relations on ordinals have been an
active area of research. This thesis is a contribution to the study of closed ordinal
Ramsey numbers. More specifically, we provide new lower and upper bounds for
closed ordinal Ramsey numbers of pairs of small countable ordinals. These bounds

improve the previously known bounds given by Caicedo and Hilton.

Keywords: Ordinals, Ramsey numbers, partition relations, closed ordinal Ramsey

numbers
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KAPALI ORDINAL RAMSEY SAYILARI ICIN BAZI YENI SINIRLAR

Saglam, Irmak
Yiiksek Lisans, Matematik Boliimii

Tez Yoneticisi: Dr. Ogr. Uyesi. Burak Kaya

Aralik 2020 , [55]sayfa

Ordinaller iizerindeki boliimleme hesaplamalari ilk olarak Erdés ve Rado tarafindan
ortaya konmus ve iyi incelenmis bir konudur. Daha sonra, Baumgartner bu arastir-
malar1 topolojik uzaylara genisletmis ve ordinal uzaylari iizerindeki topolojik boliim-

leme bagintilarin1 calismustir.

Son yillarda, ordinallerin kapal1 ve topolojik boliimleme bagintilar: aktif bir aragtirma
alanmi haline gelmistir. Bu tez, kapali ordinal Ramsey sayilarina dair ¢aligsmalara bir
katkidir. Ozel olarak, kiigiik sayilabilir ordinal ¢iftlerinin kapali ordinal Ramsey sa-
yilarina yeni alt ve {ist sinirlar bulacagiz. Bu sinirlar daha 6nceden Caicedo ve Hilton

tarafindan verilen sinirlar1 gelistirmektedir.

Anahtar Kelimeler: Ordinaller, Ramsey sayilari, boliimleme bagintilari, kapali ordinal

Ramsey sayilari
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CHAPTER 1

INTRODUCTION

1.1 Background from Ramsey theory

In broadest terms, Ramsey theory is the study of "necessary occurrences" of different
kinds of patterns in (combinatorial) mathematical structures. In particular, it asks the
following question: How big of a structure do we need in order to guarantee the

existence of a substructure with a given property?

Ramsey theory takes its name from Frank Plumpton Ramsey, who observed the fol-
lowing phenomena in 1930: If we are given two positive integers k and m, we can
always find a positive integer v such that, when we color the edges of the complete
graph on r vertices to m colors, we can always find a complete subgraph on k vertices
that is monochromatic, i.e. all edges of the subgraph have the same color. Similarly,
if we color the edges of a complete graph on infinitely many vertices to finitely many

colors, then we can always find an infinite complete subgraph that is monochromatic.

These results are known as the finite Ramsey’s theorem and the infinite Ramsey’s
theorem respectively. As an example, consider the case £ = 3 and m = 2. We claim
that we can choose r = 6, that is, when we color the edges of a complete graph Kg
on 6 vertices to 2 colors, we can always find a monochromatic complete subgraph K
on 3 vertices. To see this, assume that we are coloring the edges of Kg on the vertices
{v1,v9, 3,04, 5, V6 } to red and blue. Let us look at the edges incident to v;. There
are b such edges and so, by the pigeonhole principle, at least three of these must be
of the same color. Without loss of generality, we may assume that these edges are
{v1, v}, {v1,v3}, {v1,v4} and their color is red. Now let us look at the colors of the

edges {v9,v3}, {vs, v4} and {vy, vy}. If all of these edges are colored to blue, then
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we have a blue K3 on vertices {v9, v3,v4} and we are done. Otherwise, at least one
of these edges is red, say, {vqe,v3} is red. Then we have a red K3 on the vertices
{v1,v9,v3} and we are done. See Figure for an illustration of the two possible

scenarios of this argument.

U1 Vg U1 Vg

(% Us (% Us

U3 Uy U3 Uy

Figure 1.1: Two possible scenarios for Kg

While there were similar results of this type before Ramsey, for example, Hilbert’s
cube lemma in 1892, Schur’s theorem from 1916 and van der Waerden’s theorems
from 1927, one may consider Ramsey’s theorems as having given birth to the Ramsey
theory. For a detailed historical background on Ramsey-like results before Ramsey,
see [25]].

Let us introduce some definitions and Rado’s arrow notation to formalize the relations
that are needed in Ramsey theory. For the set-theoretic background needed for the rest
of this thesis, we refer the reader to [14]. Let X be a set, i be a cardinal and n € N*.
We write

X" ={Y C X:[Y]=n}

to denote the set of all n-subsets of X. A p-coloring of (n-subsets of) X is a function
¢ : [X]" — u. For a p-coloring ¢ : [X]" — pandi € p, asubset Y C X is called

i-homogeneous (or homogeneous of color i) if we have [Y]" C ¢~ ({i}).

Definition 1 (Rado’s arrow notation). Let x, \, 1 be cardinals and n € N*. Then we
will write

K — ()\)Z
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if for every u-coloring ¢ : [K|™ — p, there exist i € p and an i-homogeneous subset

X C Kk such that | X| = A\

Relations such as x — (\)}; between cardinals are often called partition relations.
Note that in the verbal description of Ramsey’s theorems, we were talking about the
colorings of the edges of complete graphs, whereas, in Rado’s arrow notation, our
colorings are on the set [<|”. On the other hand, there is a natural correspondence
between the set of m-colorings of [k]™ and the colorings of the edges of the complete
n-uniform hypergraph on x vertices to m colors. Consequently, many results in Ram-
sey theory can be interpreted as statements regarding suitably chosen hypergraphs.

For more details regarding this hypergraph interpretation, see [23].

Using Rado’s arrow notation, the finite Ramsey’s theorem can be expressed as fol-

lows,

For all k,n, m € NT| there exists r € N* such that r — (k)". (1.1)

m

Similarly, the fact that every coloring of the edges of K¢ to 2 colors contains a
monochromatic K3, which we proved earlier, can be expressed as 6 — (3)3. On
the other hand, we have 5 /4 (3)3, that is, there exists a coloring of the edges of K5

to 2 colors so that it contains no monochromatic K. Such a coloring is depicted in

Figure

Figure 1.2: A monochromatic triangle-free coloring of Kj

Similar to the finite version, the infinite Ramsey’s theorem can be expressed by the

following partition relation
Ng — (Ng)?,  forany n,m € NT. (1.2)
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We remark that the initial statements of Ramsey’s theorems were only given for the
case n = 2 with the hope that it will invoke more intuition at the reader at the first sight
since it corresponds to colorings of edges of graphs. That said, Ramsey’s theorems

actually hold for all positive integers n > 1 as stated in equations (1.1]) and (1.2).

1.2 Topological and closed partition relations and some basic results

Suppose that the set we are coloring has a specific algebraic or topological structure.
In this case, we can seek to find monochromatic subsets having some specific alge-
braic or topological structures that they inherit from the ambient set. For instance,
if the initial set has an order structure on it, then we can investigate monochromatic
subsets with specific order types. In particular we can, and will, direct our attention
to well-ordered sets. Since well-ordered sets are represented by ordinals, we will be
working with colorings of n-subsets of ordinals. This brings us to the following def-
inition introduced by Erd8s and Rado, who were the first to introduce the partition

calculus on cardinals [5]] and ordinals [6].

Definition 2. Let 5 and «; be ordinals, 1 be a cardinal, i € ppandn € NT.

ﬁ — (O‘i>?eu

means that for every p-coloring c : [5]" — p, there existi € p and an i-homogeneous
subset X C [ such that X is order-isomorphic to «;. Instead of the last two proper-

ties, we will say that X is an i-homogenous copy of «;.

For the case n = 1, the least ordinal 3 such that § — (), is defined to be the
pigeonhole number P(c;);c,. Similarly, for the case n = 2, the least ordinal /5 such

that 5 — (ay)7.,, is defined to be the ordinal Ramsey number R(;)ic,.-

In the case y is finite, say ;o = k, we will drop the subscript ¢ € p and simply write
B — (a1, 0q,...,a;)" instead of B — ()i, The same notational simplification
will be applied to pigeonhole and Ramsey number notations as well. Note once more
that, using this newly introduced notation, the infinite Ramsey’s theorem can be stated

as R(w,w) = w.



In general, the exact calculation of ordinal Ramsey numbers, even for finite ordinals,
is a notoriously difficult problem. The values of R(m,n) are not known in general,
except for some very limited cases. Indeed, in [27], Joel Spencer tells the following
story to stress the difficulty of the problem: "Erd6s asks us to imagine an alien force,
vastly more powerful than us, landing on Earth and demanding the value of R(5,5)
or they will destroy our planet. In that case, he claims, we should marshal all our
computers and all our mathematicians and attempt to find the value. But suppose,
instead, that they ask for R(6,6). In that case, he believes, we should attempt to
destroy the aliens." We refer the reader to [22] for values and bounds of some Ramsey

numbers R(m,n) with m,n € N*.

Recall that we have shown 6 — (3,3)* and 5 4 (3,3). Consequently, we have
R(3,3) = 6. In order to make the reader become familiar with some techniques used
in proofs, let us now compute an ordinal Ramsey number R(«, 3) where at least one

of « or (3 is infinite.

Proposition 1. R(w+1,3) =w -2+ 1.

Proof. Let us first prove that R(w + 1,3) > w - 2 + 1. We will do this by providing a
coloring ¢ : [w-2]> — {0, 1} that induces neither a 0-homogeneous copy of w + 1 nor
a 1-homogeneous copy of 3. Let W) = {a | a < w}and Wy = {a | w < a < w - 2}.
Then W, U {w} U W, is a partition of the ordinal w - 2. Define ¢ : [w - 2]* — {0,1}

as follows:
c{a,5}) =0 ifandonlyif «,5 € Wiora,p e W,U{w}

There exists no 1-homogeneous copy of 3 because ¢({c,3}) = 1 if and only if
a € Wy and 5 € Wy U {w}, or vice versa. We will now show that there exists no
O0—homogeneous copy of w + 1. Assume towards a contradiction that X C w - 21is a
O0—homogeneous copy of w+1. Let f : w+1 — X be the unique order-isomorphism.
Observe that, as X C w - 2, we have f(w) < w + n for some n < w. On the one
hand, there must be infinitely many elements between f(0) and f(w). On the other
hand, there are only finitely many elements in Wy U {w} less than f(w) < w + n.
Therefore, we must have f(0) € W;. In this case, we obtain ¢({f(0), f(w)}) = 1
which contradicts the 0-homogeneity of X.
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It remains to prove that R(w+1,3) <w-2+1. Todoso, letc: [w-2+1]? — {0,1}
be a coloring. Then W U {w} U W5 U {w - 2} is a partition of the ordinal w - 2 + 1.
Assume towards a contradiction that there exists no 1-homogeneous copy of 3 or 0-
homogeneous copy of w + 1 in w - 2 4 1. By the infinite Ramsey’s theorem applied to
the restriction of the coloring onto 1/} and W5, we can find infinite 0-homogeneous

subsets W, C Wy and W5 C W,

If the set {& € W] | ¢({e, B}) = 0} were infinite for some w - 2 > [ > w, then there
would be a 0—homogeneous copy of w + 1 in W] U {5} which is a contradiction. So

{a e W[ | c({a, 5}) =0} is finite forall w - 2 > 5 > w.

By a similar argument, the set {a € W, | ¢({a,w - 2}) = 0} is finite. Then we can
pick 8 € W) such that ¢({5,w - 2}) = 1. Now the set

{a e W] | c¢({a,B}) =1and c({o,w-2}) =1}

is cofinite as it is the intersection of two cofinite sets in W]. Let &« € W/ be such
that c({«, 5}) = ¢({a,w - 2}) = 1. Then {a, §,w - 2} is a 1-homogeneous copy of 3

which is a contradiction. O]

Ordinal Ramsey numbers have been thoroughly examined. Some pioneering results
for ordinal Ramsey numbers came from the works of Sierpinski and Erdds-Milner.
In [24], Sierpiriski showed that o /4 (w + 1,w)? for any countable ordinal . This
means that if & > w and R(«, ) is countable, then v < w. On the other hand, Erd6s
and Milner proved in [4] that, for any countable « and finite k, R(a, k) is indeed
countable. Also, for the case n > 2, the following theorem of Kruse gives us that
a 4 (w+ 1,n + 1)" for countable «, which drastically limits the diversity of the

possible partition relations for countable o and n > 2.

Fact 1 ([18]). Suppose that n > 3 is an integer. For all ordinals j3, if o < wg1, then
as (wg+1,n+1)"

For many instances of countable « and finite k, the ordinal Ramsey numbers R(«, k)
are either exactly computed or some useful bounds are provided. For example, it was
proven by Erdds and Rado [6] thatw-m — (w+I,m)? andw-m 4 (w+1,m+1)2 It

was shown by Specker [26] that w? — (w?, m)? for every finite m and W™ /4 (w™, 3)*

6



if n > 3. Algorithms to compute R(«, k) for some classes of ordinals a < w*“ and all
finite £ are announced by Haddad and Sabbagh in [7, 18, [9]. It was shown by Chang
[3]] that w* — (w“,3)? and this result was extended by Milner in an unpublished

work to w* — (w*, m)2 for all finite m. For more details, see [29, Chapter 7].

Much work has also been done on providing bounds for partition relations on ordinals
involving uncountable ordinals. For the case n = 2, Erdés and Rado showed in [6]]
that w; — (wy,w+1)?; and in [28]] and [10], it has also been shown that w; — (wy, @)?
for all countable a and w; 4 (wy,w + 2)? are relatively consistent with ZFC. For
the case n > 2, some interesting results have also been proven. For example, that
w; — (w+ 1)} for all finite n, k and wy 4 (n + 1)7 for n > 2 was proven by Erd6s
and Rado [6]. Jones proved in [15]] that w; /4 (w + 2,w)?. That wy 4 (wy,4)> was
proven by Hajnal [11]. Kruse also proved in [18] that w; 4 (w + 2,n + 1)™.

The well-order structure on ordinals automatically induces a topology, namely, the
order topology. We may incorporate this topological structure into our investiga-
tion. There are two variants of the partition relation in Definition [2] that make use of
the topological structure on ordinals. These two versions are called fopological and

closed versions.

In what follows, we endow all ordinals with their respective order topologies and
subsets of ordinals with the respective subspace topologies. Following Baumgartner
[L], we say a subspace X of an ordinal is order-homeomorphic to an ordinal o to mean
that the order type of X is equal to o and the unique order-isomorphism f : X — «
is a homeomorphism. Equivalently, this means that X is order-isomorphic to o and
closed in its supremum. Before we proceed, let us give an example of an order-
isomorphism which is not a homeomorphism. Let X = w U {w + 1} C w + 2.
Then clearly ord(X) = w + 1. Consider the unique order-isomorphism f : X —
ord(X) given by f(n) = nforall n < wand f(w+ 1) = w. Then f is not a
homeomorphism since the sequence (n),cn does not converge to w + 1 in X, but the

sequence (f(n)),en converges to f(w+ 1) inw + 1.
Definition 3. Ler 3 and «; be ordinals, 1 be a cardinal, i € pandn € N*.
B —>top (O‘i)?eu

means that for every pi-coloring c : [5]" — p, there exists i € pand an i-homogeneous
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subspace X C [ such that X is homeomorphic to «;. Instead of the last two proper-

ties, we will say that X is an i-homogeneous topological copy of «;. Likewise,

/8 —d (O‘i)?eu

means that for every pi-coloring c : [5]™ — p there exists i € j and an i-homogeneous
subspace X C [ such that X is order-homemorphic to «;. Instead of the the last two
properties, we will say that X is an i-homogeneous closed copy of «;.

For n = 1, the least ordinal 8 such that 8 — (o;)ic . 18 defined to be the closed
pigeonhole number P°(c;);c,. For the case n = 2, the least ordinal 3 such that
B —a (@i)je, is defined to be the closed ordinal Ramsey number R (c;);c,,. Similar
definitions are made for the topological pigeonhole numbers P'*P(«;);c, and topo-

logical ordinal Ramsey numbers R'F(c;);c,. As before, whenever 4 is finite, we will

drop the subscript ¢ € p and simply list the ordinals «; in these notations.

Observe that, by definition, R(a, 3) < R(«, 3) for all ordinals o and 3. Thus the
result R(w +1,w) > w; of Siérpinski implies that R (w+ 1, w) > w;. Consequently,

if we wish R%(c, 3) to be countable and w + 1 < o < wy, then we must have 8 < w.

For an example of the case R(«, ) < R%(«, 3), consider &« = w + 1 and 3 = 3. We
have proven in Proposition[I|that R(w + 1,3) = w - 2 4 1. On the other hand, as we
shall see later, R (w + 1,3) = w? + 1.

While the topological and closed versions coincide on some cases, they do not coin-
cide in general. For example, w + 1 —,, (w + n)] for all n < w because w + 1 is
homeomorphic to w-+n for all n < w; however, w+1 /4, (w+2)} simply because no
subset of w + 1 is order-isomorphic to w + 2. On the other hand, the next proposition
is a good example of some cases where topological and closed pigeonhole numbers

coincide.
Proposition 2 ([2, Proposition 3.4]). PP(w + 1), = P (w+ 1), = ¥ + 1.
More generally, the topological and closed pigeonhole numbers coincide for order-

reinforcing ordinals, i.e., the ordinals « such that for every set of ordinals X that is

homeomorphic to «, there is a subspace Y C X such that Y is order-homeomorphic
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to . We also have R% (o, k) = R!P(«, k) for all order-reinforcing ordinals « and all

k < w. Order-reinforcing ordinals were classified by Hilton in [12, Corollary 2.17].

In [2], Caicedo and Hilton proved a topological version of the Erdés-Milner theorem
and showed that both R'P(c, k) and R (v, k) are countable for all countable o and
finite k.

We would like to end this subsection by mentioning some results on pigeonhole num-
bers, a subject that was postponed until now. Milner and Rado calculated classical
pigeonhole numbers in [21], Hilton calculated the topological pigeonhole numbers
in [12] and Caicedo and Hilton calculated the closed pigeonhole numbers in [2]. On
many occasions, pigeonhole numbers turn out to be essential in the calculation of
Ramsey numbers. Even though we do not explicitly use the calculation of pigeonhole

numbers in our core work, we will need to use them to establish an upper bound later.

1.3 The closed ordinal Ramsey numbers R (o, k) for o < w?

Caicedo and Hilton provided bounds for topological and closed Ramsey numbers for
various pairs of countable ordinals in [2]. Among other results, they provided detailed
bounds for topological and closed Ramsey numbers R'P(«, k) and R%(c, k) where
« is a successor ordinal with w < o < w? and k is a positive integer. Note that such «
are of the form o = w - m 4+ w - n + 1 for some natural number n and positive integer

m. For example, we have the following theorem.

Fact 2 ([2, Proposition 5.5]). For all positive integers m,n, k with k > 2,
R (w-mAn+1,k+1) < RYw-mA1, k+1)+P* (R (w-mAn+1,k))am, R(n, k+1))

where the notation ((x)am, y) is used for (v, x, ..., x,y) with 2m-many x’s.

Indeed, for the case n = 0 and the case n = 0 and m = 1, they provide the following
more detailed values in [2, Theorem 4.1, Theorem 6.1].
RP(w-m+4+1,k+1)=RNw-m+1,k+1) <w”
RP(w+1,k+1)=RYw+1,k+1)=w+1

9



For the case o = w?, they proved in [2, Theorem 7.1] that
Rt"p(w2,k) — Rd(w2,k‘) < W

Later on, in [20], the exact value of R (w?, 3) is computed to be w® by Mermelstein.
Mermelstein also proved in [19] that R%(w - 2,3) = w? - 2. Both of these results
are based on canonical colorings, which is a concept introduced in [19]. We will
also adopt and make extensive use of the notion of a canonical coloring in our main

results.

Besides these upper bounds, Caicedo and Hilton also provided the exact values of the

closed ordinal Ramsey numbers R (w + n, 3) for the cases n = 1 and n = 2.

Fact 3 (|2, Theorem 4.1, Lemma 5.2, Lemma 5.3]).

RY w+1,3) =w?+1 (1.3)
RYw+2,3)=w? 24+ w+2 (1.4)

For the closed ordinal Ramsey numbers R¢(w + n, 3) for n > 3, the following upper
bound can also be obtained as a corollary of Fact[2l However, since this upper bound
was not explicitly stated by Caicedo and Hilton, we will derive it here for complete-

ness using the results of [2].

Fact 4. For any positive integer n > 3,
R w+n,3) <w? (Rn—1,3)+1)+w-(n—1)+n
Proof. Letn > 3. Substituting m = 1 and k& = 2 and replacing n by n — 1 in Fact[2]
we get,
RYw+n,3) < RYw+1,3) + PY((RY(w +n,2))s, R(n — 1,3)) (1.5)

We know from Fact[3that R%(w + 1,3) = w? + 1 and it is clear that R%(«,2) =
for any ordinal a. When we substitute these results in (1.5)), we get

RYw+n,3) <w?+ 1+ P (w+n)y, R(n —1,3)) (1.6)

We claim the following.

Claim 1. For M e Nt, PY(w+nw+n, M) =w?> M +w-(n—1)+n.

10



Proof of claim. We proceed by induction on M. For the base case M = 1, we have
PUw+n,w+mn,1) = PYw+n,w+n) =w?+w-(n— 1)+ n which can be
obtained by applying [2, Fact 3.3 (7)]. For the inductive step, assume that the claim
holds for M. It follows from the computations of [2, Theorem 3.2 (5)] that

Plw+n,w4+nM+1)=Plw+1,w+1)+
max{P%(n — 1,w+n, M +1), P(w +n,w+n, M)} (1.7)

By the iterative application of [2, Theorem 3.2 (5)] on the closed pigeonhole numbers

with three terms P (ay, ao, k) and P%(c, k1, ko) where w < o, a1,y < w - 2 and

k, k1, ky < w, we observe that the first pigeonhole number has the leading term w? - n,

and the second pigeonhole number has the leading term w - ny, for some positive

integers ny and n,. This observation lets us conclude that
PYw+mn,w4n,M)> P n—1,w+n,M+1)

On the other hand, P*(w + 1,w + 1) = w? + 1 by Proposition 2 Substituting these
results on|l.7|and using the inductive assumption now gives,
PHw+n,w+n, M+1)
=W +1+PHw+nw+n M)
=414+ Mtw-n—)+n=w?’ M+D4+w-(n—1)+n

0
Now that we have proven the claim, (I.6) immediately gives us
RY w4+n,3)<w?+14+w’ Rn—1,3)4+w-(n—1)+n
<w (Rn—1,3)+1)+w-(n—1)+n
[

1.4 Contributions of this thesis

The main contribution of this thesis is to improve the previously known lower and
upper bounds for the closed ordinal Ramsey numbers R%(w + n, 3) with n > 3. Our

first main is the following general lower bound.
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Theorem 1. For every positive integer n > 3, we have

RYw+n,3) >w? n+w-(R(n,3)—n)+n

It is stated by Caicedo and Hilton in [2, Chapter 5] that the best general lower bound
for R%(w + n,3) which can be derived from their general results is P (w + n)y =
W w- (n — 1) + n. However, as they note, this general lower bound is even behind
the calculated value R%(w +2, 3) = w?-2+w + 2. Thus, no non-trivial lower bounds

for R (w + n, 3) with n > 3 were known prior to our result.

Our second main result is a strengthening of Fact 4]

Theorem 2. For every positive integer n > 3, we have

RYw+n,3)<w? nt+w-(R2n—-13,3)+1)+1

Theorem |I| and Theorem [2| together show that the coefficient of w? in R (w + n, 3)
is n. While we were able to determine the exact coefficient of w?, we believe that
we have not reached natural limits within the scope of our tools in the arguments
providing the coefficients of w in the lower and upper bounds for R%(w + n, 3). Thus
we expect that these bounds for the coefficient of w can be improved with more refined

approaches.

The classical Ramsey numbers R(n,3) are known to have an asymptotic order of
magnitude n?/In(n), see [17]. On the other hand, the exact computation of R(n, 3)
is a notorious combinatorial problem. For this reason, we also prove the following
(asymptotically weaker) upper bound to get rid of the Ramsey numbers. This upper
bound also gives better results for small n values (at least, for 3 < n < 7), even
though it is asymptotically worse than the upper bound of Theorem [2| Our third and

last main result is the following.

Theorem 3. For every positive integer n > 3, we have

RYw+n,3)<w? ntw-(n*—4)+1

12



1.5 Outline of this thesis

The structure of the thesis is as follows. In Chapter 2] we will give some preliminary
notions and definitions that we will need in the remainder of this thesis. More specif-
ically, in Section 2.1} we will introduce the Cantor-Bendixson rank of an ordinal and
related definitions; and a special partial orderings on ordinals which will allow us to
see some ordinals as forests. In Section [2.2] we will introduce some special types
of colorings on ordinals which will be vital to our arguments. In Chapter |3} we will
prove Theorem [I] Our proof will be based on the construction of a special triangle-
free graph on a partition of w? - n + w - (R(n,3) — n) + (n — 1). This approach is
inspired by the proof of R%(w + 2,3) > w? -2+ w + 2 in [2, Lemma 5.3], which the
authors credit to Mermelstein. In Chapter[d], we will prove Theorem 2}, and in Chapter
5] we will prove the asymptotically worse upper bound given in Theorem [3] Both of
these proofs use the fact that, instead of arbitrary colorings, one can work with canon-
ical colorings which are in some sense determined by finitary information. Finally, in

Chapter [6] we will offer our ideas regarding potential future research directions.

1.6 Some notational and terminological remarks

Throughout this thesis, the small-case greek letters «, 3, will be used to denote

ordinals and Latin letters will generally be used to denote natural numbers.

2

Let ~ be an ordinal. A function ¢ : [y]* — n is called a pair coloring of v with n

colors and a function v : v — n is called a singleton coloring of v with n colors.

For simplicity, given a pair coloring ¢ : []?

—{0,1}, we will say that X is a red
homogeneous closed copy of a if X is order-homeomorphic to a and is homogeneous
of color 0. Similarly, we will say that X is a blue homogeneous closed copy of v if X

is order-homeomorphic to o and is homogeneous of color 1.
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CHAPTER 2

PRELIMINARIES

2.1 Cantor-Bendixson Rank

It is well-known that every non-zero ordinal number «y can be written in the following
form,

y=wrng 4wy, 2.1
where n; € N* forall 1 <1 < m and 0;, 0; are ordinals with ; < o; for ¢ > j. This
is usually what is referred to as the Cantor normal form of . By eliminating n; and
composing a representation in which each w? component is explicitly shown, we can

obtain another unique representation for ~y as follows,
=W WP (2.2)

where f3; are ordinals with 3; < §; forall 7, j suchthat 1 < j <i <k,, k, € N*. In

this thesis, we shall call this second representation of «y its Cantor normal form.

Given ordinals # and v with § < ~ where ~ has the Cantor normal form in (2.2)),
CNF, () represents the smallest 1 < i < k. such that § < w4 WP We also
set

CC, (i) = {0 <~ | CNFE,(6) = i}. (2.3)

Let v be as in and (2.2). The Cantor-Bendixson rank of +y is defined to be o,
in (2.1) and shown by C'B(y) = 0, which is also equal to ;. in (2.2). We shall
also denote the number n,, by L(vy). To avoid trivialities we define C'B(y) = 0 and
L(~) =1for~v =0.

The well-known a-th Cantor-Bendixson derivative of a topological space X is de-

fined by transfinite recursion on ordinals « as follows: We set X(? = X. For every
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ordinal v, we set X (1) = (X (“)), where S’ denotes the set of limit points of S. For

a limit ordinal v, we set X (%) = Ns<a X,

The relationship between the Cantor-Bendixson rank of an ordinal and the Cantor-

Bendixson derivative is given in the following proposition.

Proposition 3 ([13, Prop 2.3.3]). Let v be an ordinal and « € ~y. The ordinal C B(«)
is the greatest ordinal (3 such that o € [0,7)®).

In other words, the Cantor-Bendixson rank of an ordinal x is the number of iterations
of deleting the isolated points of the class of ordinals for which x can stand without

disappearing.

Note that there exists another definition of Cantor-Bendixson rank, referring to a prop-
erty of a topological space X. The Cantor-Bendixson rank of a topological space X
is the least ordinal 3 such that X (®) = X(#+1)_ But in this thesis, while talking about
the Cantor-Bendixson rank of an ordinal «, we will be referring to C'B(«) as given

in Proposition 3]

The following strict partial ordering <* on the class of ordinals was first brought up

by Hilton and Caicedo in [2].

Definition 4. Let o and (3 be ordinals with 3 > 0 with f = n + w?, where 1 is a
multiple of wY. We define <* as follows.

a<* B ifandonlyif a=n+( forsome 0<(<w’
We also write o <* 3 if « <* 3 and there is no ordinal § with o <* § <* 3.
Equivalently, « <* (3 if and only if § = o 4+ w” for some v > C'B(«); and, o <* 3 if
and only if 8 = o +w B+ In other words, a <* 3 if and only if 3 is the immediate

successor of o with respect to the ordering <*. The following properties of <* can

easily be checked:

e o <* fimplies a < f5.
e a <* fimplies CB(«a) < CB(p).
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e a<* fimplies CB(«a) + 1= CB(p).

e For each a, there exists a unique ordinal 3 such that o <* 3.

For a graphical representation of the relation <* on the ordinal w? - n +w - K + 1 as

a forest, see Figure We will now present some new notations related to <*.
T(a)={B| B <" ajU{a}
T™a) ={B € T(a) | CB(B) = k}

When we consider an ordinal as a forest as in Figure the set 7'(«v) represents
the tree below « in this graph and T=*(«) represents the elements of 7'(«) with the

Cantor-Bendixson rank of k.

For an ordinal § < w*, we define [0; 1, j] as follows.

0;%,j] ={a €60 : CNFy(a) =i, CB(a) = j}

2.2 Special Types of Colorings

The notion of a skeleton of an ordinal first appeared in Mermelstein [19]. We will be

using this notion to introduce some special colorings on ordinals.

Definition 5. A skeleton of an ordinal v < w® is a subset I C ~y such that,

e [ is order-homeomorphic to v,

o Forall x,y € I, x <* y if and only if p(x) <* p(y), where p : I — =y is the

(unique) order-homeomorphism.

For two sets of ordinals I C .J, we say that [ is a skeleton of J if p[/] is a skeleton
of ord(J), where ord(.J) denotes the order-type of J and p : J — ord(J) is the
unique order-preserving bijection. The notation I C** .J means that I is a skeleton of
J. Given a skeleton I C** ~, a pair coloring ¢ : [y]> — n and a singleton coloring
t : 7 — n, we define the induced colorings of ¢ and t with respect to  as the colorings

¢/ : [v]* = nandt; : v — n respectively as follows,

cr({o, B}) = c({p™ (), p7'(B)}),  wr(@) =t(p " (a))
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where p : [ — + is the unique order-homeomorphism. It is straightforward to check
that the image of any homogeneous closed copy of 6 in y with respect to ¢; under
the map p~! is a homogeneous closed copy of § in I C  with respect to ¢. We shall
later use this observation to assume without loss of generality that our colorings have
special properties.

Definition 6. For each ordinal o < w, let & be the unique ordinal such that o <* Q.

For eachr € Nand I C** J, we say that I is an r-skeleton of .J if
{aeJ|{B|p<a}nNI#0and L(ps(a)) <r} C1I

and denote it by | gf:k J.

Informally, if / is an r-skeleton of .J, for each set £, := {8 | f <* a} foreach a € J,
while passing from J to I, we expect £, to either be completely dropped in /, or for
its first r elements to be kept. Next, we will define certain "large" subsets of ordinals

less than w®.

Definition 7. Let k,r € N. For each 0 < m < k, the sets F(w*)" are defined

recursively as follows.
{w*} ifm=k,
Userwry, B E€TTWh) : B, L(B) >} ifm <k

F(w*), =

This definition is extended to all ordinals less than w* as follows. For every § < w®
with CB(0) = 0, we set F'(8);, = {0} and for every § < w* with CB(6) # 0, we
define

FO), = p [F (wCB(9)>’"m]
where p : {a: a <* 0} U {0} — wB® + 1 is the unique order preserving map. For

a pictorial representation of these "large" sets in the partial ordering <*, see Figure

2.1

Lastly we define some "container" sets for these large sets. For some § < w“ and
m < CB(f), we set

$(O), ={ACT™(0) | F(0),, € A}

FO)m =30,

reN
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Figure 2.1: A representation of <* on the ordinal w? - n + w - K + 1.
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2.2.1 Good Colorings

The main theorem of the following subsections is Proposition [5, which will allow us
to take a "canonical" skeleton I C**  for each pair coloring ¢ : [y]*> — n and work
on [ instead of . This result first appeared in [19) Proposition 3.11]. However, we
made slight modifications on some definitions and lemmas related to [[19, Proposition
3.11] to meet our needs and hence, we will hereby include proofs of these modified

versions.

For the rest of this chapter, we will take v to be a successor ordinal for our purposes.

Thatis, v = w? + - - + w’ + 1 for ordinals 3;, B with 8; < 3; fori > j.

First we will introduce r-good skeletons and show that each singleton coloring t :

v — n has an r-good skeleton.

Definition 8. Let v : v — n be a singleton coloring and r € N. We say that t is

r-good if for every 0 < v and 1l < CB(0), there is some color ¢ < n such that,
{a e T7(0) | v(a) = c} € §(0);

We say that I C*% ~ is r-good with respect to t if t; is r-good.

In other words, a coloring t is r-good if t is constant on a "large" set of each level on
the tree below each ordinal < . We will now show that every singleton coloring

t: v — n has an r-good skeleton.

Lemma 1 ([19, Lemma 3.2]). Let v : v — n be a singleton coloring. Then, for any

r € N, there exists some I C** v which is r-good with respect to .

Proof. Let r € N. By [19, Lemma 2.7], we know that if we can find a skeleton
J; Csk CC, (i) forevery 1 < i < k., then [ Csk ~ where I = Ulgigkw J;. Clearly,
for a coloring t : v — n, if all v [, considered as colorings on ord(.J;) are r-good,
then v; is also r-good. Thus, in order to prove that there exists an 7-good 7-skeleton
for , it is enough to prove the existence of an r-good r-skeleton for each C'C, (7).
Observe that each C'C, (i) is order-homeomorphic to w* + 1 for some k € N* or to
1 = {0}. For the case C'C., () is order-homeomorphic to 1 = {0}, the result is clear.

So we will prove the claim for v = w* + 1 for all k € N+,
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We will prove the claim by induction on k. For the base case, consider v = w + 1.

By the infinite Ramsey’s theorem, there exists a color ¢ < n such that
S={a<w|tla)=c}

is an infinite set. Let ST = S U {0,...,r}. Then, I = S* U {w} is an r-good

r-skeleton of .

Let k € N and suppose that the claim holds for k. Then, for each i € NT, the sub-
tree of the form T} := T'(w* - i), whose order type is w* + 1, has an r-good 7-skeleton
with respect to v [7, considered as a coloring on ord(T;). For each i, let C; be the set

of colors {c?,...cF} where ¢/ is the unique color for which
{aeT7(W" i) v lr (@) =]} € FW" )]

for each 0 < j < k. By pigeonhole principle, there is an infinite set S C N where
C; = Cjforalli,j € S. Let ST = SU({1,...,r}. Then one can check that
I = {1} U{T; | i € ST} is an r-good r-skeleton of v = w**t + 1. O

Next, we define r-goodness and goodness of ordinals o < < with respect to pair
colorings ¢ : [y]> — n and show that every pair coloring ¢ has a skeleton for which

every « is good.

In what follows, for a pair coloring ¢ : [y]> — n and a < 7, we write ¢, for any

singleton coloring ¢, : 7 — n assigning ¢, (5) = ¢({a, 5}) for every g € v — {a}.

Definition 9 ([19, Definition 3.5]). Let ¢ : [y]*> — n be some pair coloring. For
a < ~vandr €N, ifc, is r-good, say that o is r-good for c. We say that o is good

Jor ¢ whenever « is r-good for ¢ for some r € N.

Lemma 2 ([19, Lemma 3.7]). Let ¢ : [y]> — n be some pair coloring. Then, there

exists some I C** ~ such that every o € I is good with respect to I for «.

Proof. The proof of this lemma is exactly the same as the proof of [19, Lemma 3.7].

]

Now we will define the goodness function ¢, for each ordinal @ < «y which is good

with respect to a pair coloring ¢ : [7]*> — n .
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Definition 10. Let ¢ : [y]> — n be a pair coloring. Let a be good for c. We set
io. = CNF,(a) and €,, = supCC,(m) for every 1 < i, # m < k,. For each
1 <m # i, < kyand for each | < CB(e,,), let t,(m,l) denote the unique color for
which

{B €T (em) | c({e, B}) = ta(m, 1)} € Flemh-

Observe that such ¢, (m, [) in Definition [10|exists since ¢, is r-good for some r € N.
The function ¢,(-,-) is called the goodness function of «. The goodness function of
an element o which is good with respect to ¢, takes (m,[), where m is the index
of a different non-empty connected component (in the tree representation) than «
isin (i.e. i, # m < k,) and [ is a Cantor-Bendixson rank less than or equal to
CB(sup CC,(m)). Then it maps (m, ) to the color ¢, takes on a large set over the
elements § < vy with CNF,(5) = mand CB(f5) = L.

As the last definition of this subsection, we will define uniform goodness of a pair
coloring ¢ : [y]?> — n . We will use uniform goodness while proving the existence of

a canonical skeleton for every pair coloring ¢, which will be defined later.
Definition 11 ([19] Definition 3.9]). Let ¢ : [y]*> — n be a pair coloring. We say that
¢ is uniformly good if the followings hold:

e Every a < vy is good with respect to c.

e For any o < 7, the goodness function t,, of o depends only on CNF, (o) and

C'B(«). Namely, there is a function ¢ independent of o such that

to = ¢(CNF,(a),CB(a))
We say that I C** ~ is uniformly good with respect to c if ¢; is uniformly good.

Notation: For the coloring ¢ given in Definition we will abuse the notation
and write ¢(i1, ji; i2, jo) to denote the color %, (iz, jo) whenever av < -y is such that
CNFW(O./) = il and CB(O() = jl.

Proposition 4 ([19, Proposition 3.11]). Let ¢ : [y]> — n be a pair coloring. Then,

there exists some I C*F ~ which is uniformly good with respect to «.
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Proof. By Lemma the existence of some J C** ~ such that every o € J is good
with respect to J for ¢ is guaranteed. Thus, by replacing v with J, we may assume
without loss of generality that every o € v is good for c. We will show that there exists
I C** ~ such that the goodness function ¢, depends only on C'B(«) and CC, () for
each a € I.

Observe that there are only finitely many goodness functions ¢,, for o € . Consider
the singleton coloring on 7 given by t(a) = ¢, for all & € ~. It now follows from
Lemma that there exists a skeleton I C5¥ v which is 0-good with respect to t. This
means that, forevery 1 <m < k,and 0 <[ < CB(e,,), the goodness functions t,,
are the same for every a € T'(e,,) with CB(«a) = I. O

2.2.2 Normal Colorings

In this subsection, we will give the definition of a normal coloring.

Definition 12 ([19] Definition 3.3]). Let ¢ : [y]* — n be some pair coloring. Say ¢
is normal if whenever (1, By < v with  <* P, the value ¢({1, B2}) depends only
on CB(p1),CB(Bs) and CNF,(52) (= CNF,(B1)). Namely, there is a function ¢,
independent of [31, B> such that

c({B1, B2}) = (CNF,(B2), CB(B2), CB(51))
Say that I C** ~ is normal with respect to < if ¢; is normal.

Lemma 3 ([19, Lemma 3.4]). Let ¢ : [y]*> — n be some pair coloring. Then, there

exists a I C*F v normal with respect to «.

2.2.3 Canonical Colorings

In this subsection we will introduce canonical colorings and prove our main proposi-
tion Proposition [5]stating the existence of a canonical skeleton for every pair coloring

c:[V]*—=mn.

Definition 13. Let ¢ : [y]?> — n be a pair coloring. We say that I C** v is canonical
with respect to ¢ if I is normal and uniformly good with respect to c. If vy itself is

canonical with respect to ¢ we call ¢ a canonical coloring.
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Proposition 5 ([19] Proposition 3.11]). Let ¢ : [y]*> — n be a pair coloring. Then,

there exists some I C5F ~ canonical with respect to c.
Proof. This immediately follows from an application of Proposition 4| and a subse-
quent application of Lemma 3]
]
To summarize what we have obtained in the past subsections, given a canonical col-
oring ¢ : [y]*> = n, we can find two special functions ¢ and ¢ such that:
For a <* § <+, in which case CNF, () = CNF,(«), we have
((CNF,(B),CB(f),CB(a)) = c({o, B})
For o, f < v with CNF, () # CNF,(«), we have
((CNFE, (), CB(a); CNF,(B), CB(B)) = ta(CNF(8), CB())

which is the color « takes on a large subset of [y; CN F,(8), CB(3)]. Unpacking
the above definition, one can check that, for a canonical coloring ¢ : [y]* — {0,1},

the following are equivalent
o ¢(1,5;k,0)=c
e For all o with CNF,(a) = i and CB(a) = j, there exists € N such that

¢({a, B}) = cforevery 5 € F (e),.

In our arguments, we shall use this equivalence whenever we have ¢(i, j; k,¢) = c.
Also note that, ¢ being normal carries information about the colors ¢({«, 5}) where
CNF,(a) = CNF,(f3); whereas, ¢ being uniformly good carries information about
the colors ¢({c, 5}) where CNF, (a) # CNF,(B).

2.2.4 w-homogeneous Colorings

Next we will introduce a new kind of special coloring, w—homogeneous coloring,

from which we will take advantage of while finding upper bounds.
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2 — {0,1} is said to be w-homogeneous if for all a < ~ there

A coloring ¢ : [7]
exists ¢, € {0, 1} such that ¢({f3,0}) = ¢, for all 5,60 <* . In other words, an w-
homogeneous coloring is a coloring for which the children of each node in the tree

representation of « with respect to <* form a homogeneous copy of w.

Lemma 4. Let v < w* be an ordinal. For every coloring ¢ : [y]* — {0,1} there

exists a skeleton I C ~ such that ¢ : [y]* — {0, 1} is w-homogeneous.

Proof. We will first prove the result for ordinals of the form w* + 1 with k € NT. Let
k € N*and let ¢ : [w* + 1]2 — {0, 1} be a coloring. For every § < w*, we define
H(d) C 6 + 1 inductively on the Cantor-Bendixson rank of § as follows.

e If CB(6) =0, then we set H(d) = {4}.

e If CB(J) > 0, then choose some infinite homogeneous Js C {a : a <* 0}.

Observe that such a set J; must exist by the infinite Ramsey’s theorem. Now
set H(0) = {6} UUyey, H(a).
A straightforward induction on 1 < i < k implies that, for all A\ < w* such that
CB(\) = i, the set H(\) is a skeleton of
{0:0 <" AFU{AN}
Consequently, I = H(w") is a skeleton of w* + 1. That ¢; is w-homogeneous trivially

follows from the choice of Js’s.

To finish the proof, let 7 < w® be an ordinal. The claim clearly holds for v = 0. So
suppose that v = w™ + --- + w™" where my; > --- > m,, are natural numbers. Let

¢ : [y]*> — {0, 1} be a coloring. For each 1 < i < n, consider the set
{w™ + - Wt aa < W™}

which is a copy of w™ + 1 if m; # 0, or, a copy of 1 = {0} if m; = 0. Let I; be a
skeleton obtained by applying the argument above with the restriction of ¢ to the copy

of w™ + 1if m; # 0, and, let I; be the copy of 1 = {0} itself if m; = 0. Then it is

I- (Uf) )

i=1
is a skeleton for which ¢; is w-homogeneous. [

easily verified that
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We should mention that, our use of w-homogeneous colorings in the proofs is non-
essential and is due to our not wanting to apply the infinite Ramsey’s theorem repeat-

edly.

Observation. It follows from Lemma [4] and Proposition [3] that, in order to prove
an inequality of the form R(«, 5) < 7, it suffices to prove that any w-homogeneous
canonical coloring of  has a red homogeneous copy of « or a blue homogeneous copy
of 3. The reason is that, given a coloring ¢ : [y]> — {0, 1}, we can first find a skeleton
I C v for which ¢; : [7]* — {0, 1} is w-homogeneous and then, find a skeleton J C ~
for which (¢7); : [y]*> — {0, 1} is both canonical and w-homogeneous. (For the latter
claim, observe that the induced coloring of an w-homogeneous coloring with respect
to a skeleton is w-homogeneous.) But then, any homogeneous subset of v with respect
to (¢;) s can be pulled back to a homogeneous subset of v with respect to ¢ of the same

order type.

Lemma 5. Let n > 2 be an integer and let ¢ : [w?]> — {0,1} be a normal w-

homogeneous coloring with no red homogeneous closed copy of w + n and no blue
homogeneous closed copy of w. Then

(a) ¢(1,1,0) =1or

(b) For everyi < w, we have that

{Bew?1,1]: {acW;: c({a,B}) =1} is cofinal in W;}

is cofinal in [w?;1,1], where W; = {w-i+m:0<m < w}.

Proof. Assume towards a contradiction that ¢(1, 1,0) = 0 and that, for some i < w,
{Bew?1,1]: {a€W;: c({a,B}) = 1} is cofinal in W;}

is not cofinal in [w?;1,1] & w and hence, is finite. Since W; = w, the complement

of this set
{Bew*1,1]: {acW;: c({a,B}) = 1} is finite}

is cofinite in [w?; 1, 1]. Thus there exist ordinals w - (i +1) = By < 1 < -+ < By
in [w?;1,1] such that {a € W; : ¢({e, 5;}) = 1} is finite foreach 1 < j < n — 1.
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Hence the set
Hi={aeW;: c({a,5;}) =0 foralll < j<n-—1}

is cofinite in W;. Since ¢ is w-homogeneous and there exists no blue homogeneous
copy of w, the sets W; and {f, f1,...,B._1} are both red homogeneous. Also,
¢(1,1,0) = 0 implies that c({a,w - (i + 1)}) = 0 for all « € W,. It follows that the

set
Hi U {(U : (Z + 1)7617ﬁ27 s 7671—1}

is a red homogeneous closed copy of w + n, which is a contradiction. [
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CHAPTER 3

PROOF OF THEOREM 1

In this chapter, we will prove Theorem[I] To do that, we shall first construct a special
triangle-free graph whose vertices are subsets of ordinals and whose edges shall in-
duce a coloring that witnesses w? - n +w - (R(n,3) —n) + (n — 1) »4 (w +n, 3)%
Throughout this chapter, we let

y=w’n+w-(R(n,3)—n)+(n—-1)
Let n > 3 be an integer and set X' = R(n, 3) — n. For each integer 1 < i < n, set
A =[v1,00={a+1: a<w’}U{0}
A =[y;4,0={w* (i—1)4+a+1: a<w’} ifi #1
Bi=[vi,1l]={w* (i—1)+w-(k+1) : k<w}
Li=[v;4,2] = {w }
and for each integer n < 1 < n + K, set
C; =[v;1,0] = {w nt+w-i-n—1)4+a+1: a<w}
L=y 1] = {w? n+w- (i — )}
In addition, set
R={w* n+w-K+m:1<m<n-2}
It is easily seen that
V={A,B;,L;:1<i<n}U{C;,L;:n<i<n+ K}U{R}

is a partition of the ordinal ¥ = w? - n + w - (R(n,3) — n) + (n — 1). Observe that,

by the definition of Ramsey numbers, there exists a coloring
¢:[{L;:1<i<R(n,3)} — {0,1}
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with no red homogeneous sets of size n and no blue homogeneous set of size 3. We
want to find a red homogeneous set of size n — 1 for this coloring. The following

proposition guarantees the existence of such a homogeneous set.

Proposition 6. R(n—1,3) < R(n,3) — 1.

Proof. Set N = R(n,3) and let f : [X]* — {0,1} be a coloring of a set X with
N — 1 elements, say, X = {vy,vs,...,0y_1}. We wish to show that there exists a
red homogeneous subset of X of size n — 1 or a blue homogeneous subset of X of

size 3, which would prove that R(n — 1,3) < N — 1.

Let v,y be not in X and extend f to a coloring f : [X U {vy}]2 — {0, 1} by defining

- f({vi,v;}) if1<ij<N-1
f({viaij:
0 ifl<i<N-—-1landj=N

By the definition of R(n,3), there exists a red homogeneous subset of X U {vy}
of size n or a blue homogeneous subset of X U {vx} of size 3. Observe that no
blue homogeneous subset of X U {vy} can contain the element vy. It then follows
that there exists a red homogeneous subset of X of size at least n — 1 or a blue

homogeneous subset of X of size 3. [

It follows from Proposition [f]that there exists a red homogeneous set of size n—1 with
respect to ¢. By relabeling if necessary, we may assume without loss of generality that

the set { L1, Lo, . .., L,,_1} is red homogeneous. Fix such a coloring c.

We shall next construct a graph G, on the vertex set V' using ¢. Define the edge sets

FEi, E5, E5 and E, as follows.

By ={{Li, A} {A, B} 1<i<j<n}yU{{A, B} {Bi,L;} :1<i<n}
By={{C:,Li} in<i<n+K}

By ={{Li,L;}:c({Li,L;}) =1, 1< i #j < R(n,3)}
Ei={{X,A}: X eW, 1<i<n}}

where W = {C,,11,Ch19,...,Chik, Lnik, R}. Consider the graph
G,=(V,E\UEy,UE3;UE,)
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We shall not attempt to perform the currently impossible task of drawing a diagram
representation of G,,, simply because there is no known way to find such a map ¢ for
an arbitrary n. However, in Figure a diagram representation of Gg is given for
some appropriate choice of ¢. In Figure[3.2] we do provide a diagram representation
of the subgraph (V, Ey U Es) for arbitrary n so that the reader may follow the argu-

ments on this diagram if necessary.

T ”

O (@) @ @

_

)

Figure 3.1: A diagram representation of G for a choice of .

Lemma 6. The graph G,, is triangle-free.

Proof. We shall first prove that (V, E;) is triangle-free. Assume towards a contra-
diction that there exists a triangle 7" C V' in the graph (V| E). Since no two i’s

are adjacent and no two L;’s are adjacent in (V, E;), we must have that there exists
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1 <j <nwith A; € T. On the other hand, the set of neighbors of A, in (V, E4) is
{Bp:j<k<n}U{L;:1<i<j}

Moreover, for 1 < i, k < n, we have that L; is adjacent to By, if and only if i = k. It

follows that no two neighbors of A; are adjacent, which is a contradiction.

Having proven that (V, Ey) is triangle-free, it is easily verified that (V, E; U E») is

triangle-free. This follows from the fact that the edges in E are

e not incident with vertices that are incident to the edges in £, and

e not incident with each other.

We shall next prove that (V, £ U Ey U Ej) is triangle-free. Suppose that there exists
atriangle 7' = {X,Y, Z} C V in the graph (V, £y U E5 U Ej). Since (V, E1 U E»)
is triangle-free, we must have that some edge in E3 are incident to vertices in 7, say,
X =L;andY = L; forsome 1 < i < j < R(n,3). Since {Ly,...,L,_1} was

arranged to be red homogeneous with respect to ¢, we must have n < j.

Then, by construction, we have that 7 = B,,, Z = Cj or Z = L for some 1 <
k # j < R(n,3). The first case leads to a contradiction as the only neighbor of B,
among L,,’s in this graph is L,,. The second case leads to a contradiction as C;’s only
neighbor in this graph is L;. The third case leads to a contradiction because there
are no edges between L,,’s in the graph (V, E; U Es,) and consequently, the third
case happening would imply that all the edges of this triangle are from Es, in which
case we would have ¢({L;, L;}) = ¢({L;, L}) = ¢({Li, Ly}) = 1, creating a blue

homogeneous set of size 3 with respect to ¢. Thus (V) By U Ey U Ej) is triangle-free.

Finally, we shall prove that G,, = (V, E; U Ey U E3 U Ey) is triangle-free. Suppose
that there exists a triangle ' = {X,Y,Z} C V in G,,. Since (V, E, U Ey U Ej)
is triangle-free, we must have that some edge in F, are incident to vertices in 7',
say, X € WandY = A; for some 1 < ¢ < n. The set of neighbors of X is
asubset of {L, : n < j < R(n,3)} and the set of neighbors of Y is a subset of
{L; 1 <j<i<n}U{B;:i<k<n}UW.However, these sets do not intersect

and hence, we have a contradiction. Therefore, GG,, is triangle-free. O]
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We are now ready to prove the first main result.

Proof of Theorem([l| Letn > 3 be a positive integer and set
y=w?n+w-(R(n,3)—n)+(n—1)

Consider the coloring ¢ : [y]> — {0,1} given by c({a, 3}) = 1 if and only if the

vertices containing « and [ in G,, are adjacent.

Since G, is triangle-free by Lemma 6] there does not exist a blue homogeneous copy
of 3 = {0,1,2}. We shall next show that there exists no red homogeneous closed
copy X of w+ n. Assume to the contrary that there exists such a set X C . Observe
that, by definition, the vertices to which the elements of X belong are not adjacent in
G,. Let h : w + n — X be the order-homeomorphism and let us denote h(a) by &

for all @« € w + n. So we can write X as
0<l< - <w<wH+l< ---<w+n-1

Since w is a limit ordinal, we have that w € B; for some 1 < ¢ < n, or, w € L; for

some 1 < i < R(n,3). We now analyze these cases.

Suppose that w € B; for some 1 < ¢ < n. Then, for cofinitely many k£ € w, we
have k € A;. On the other hand, A; and B; are adjacent in G,,, which leads to a

contradiction.

Suppose that w € L; for some 1 < ¢ < n. Then, for cofinitely many k£ € w, we have
ke A; or ke B;. But, as B; and L; are adjacent, we obtain that ke A; for cofinitely
many k € w. Recall that

e A; is adjacent to each vertex in {B; : 1 < j <n} UW, and

e [, is adjacent to each vertex in {A; : i < j < n}.

So the vertices in {A; : i < j < n}U{B; :i < j < n}UW cannot contain the
elements of X greater than w. It follows that

R(n,3)—1
{wyw+lw+2,...,w+n—1} C U L,
j=i
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Since each L; is a singleton and the set on the left-hand side is red homogeneous, we
obtain that {L; : i« < j < R(n,3)} has a subset of size n, no two vertices of which
are adjacent. Recall that the edges between L;’s in G,, come from E3. Consequently,
there exists a red homogeneous set of size n with respect to the coloring ¢, which is a

contradiction.

Suppose that w € L; for some n < i < R(n,3). Then, for cofinitely many k € w,
we have k € C;. On the other hand, C; and L; are adjacent in G,,, which leads to a

contradiction.
Finally, suppose that w € Lg(,3). In this case, we must have
{w+rlw+2,...,w+n—-1}CR

This is a contradiction as the left-hand side has n — 1 elements, whereas, the right-
hand side has n — 2 elements. We obtained contradictions in all cases. Therefore,

there exists no such set X and so
W’ n+w- (R(n,3) —n)+ (n—1) »g (w+n,3)*

This completes the proof. 0
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Figure 3.2: A diagram representation of (V, E} U E»).
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CHAPTER 4

PROOF OF THEOREM 2

In this chapter, we will prove Theorem [2] In order to do this, we will need several

technical lemmas. For the following lemmas, fix integers n, ' > 2, the ordinal

y=wnt+w K+1
and a canonical w-homogeneous coloring ¢ : [y]* — {0, 1} with no red homogeneous
closed copy of w + n and no blue homogeneous copy of 3 = {0,1,2}. Recall that,

since ¢ is canonical, there exist functions ¢ and ¢ as in Chapter

The proof of Theorem [2] will be a convoluted case-by-case proof that uses these lem-
mas which essentially show that certain values of ¢ and ¢ are automatically determined
by the non-existence of a red homogeneous w+n and a blue homogeneous 3. We shall
see that, intuitively speaking, some of the patterns in the graph G,, were unavoidable
and had to appear if we are to avoid certain homogeneous sets. To keep track of what
is going on, the reader may want to "visualize" the statements and arguments of these

lemmas. In order to do this, the reader may pretend that we are constructing a directed

graph on the partition
y= | il U | | 1, 4]
1<i<n, 0<5<2 n+1<i<n+K, 0<;<1
of v by putting an edge

e from [v;4, 5] to [y; k, €] if €(i, j; k, () = 1.
e from [7v;¢,2] to [y;4,£] if ¢(7,2,() = 1.
e from [y;%,1] to [v;4,0] for 1 <i <n.
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We would like to note that ¢(7, j; k, ) = 1 does not imply that every pair of ordinals
coming from the corresponding vertices have the color 1 under ¢. It only implies
that "most" pairs have the color 1. We would also like to remark that the edges
from [y; %, 1] to [v; ¢, 0] are automatically added regardless of the value of ¢, due to
Lemma 5] which says that either ¢(, 1, 0) = 1 or there are "many" pairs coming from
the corresponding vertices for which ¢ has value 1. Finally, we wish to emphasize that
whether we are using a directed graph or an undirected graph has absolutely no role
in the proofs. Indeed, our arguments do not refer to any graphs at all. We are simply
suggesting this "supplementary" approach if the reader wishes to do more than line-
by-line proof checking. With this graph interpretation in mind, the following lemma
prevents the existence of certain triangles in this graph. The first four items of this
lemma essentially appeared in [19, Lemma 4.3]. Nevertheless, we include the proofs

for self-containment.

Lemma?7. Letl <k <nand0 </{ <2,

(a) Foreveryl <i#k<nand0 <j <2,
(i, 7;k,0) =0orc(i,j;k,1) = 0.
(') Foreveryn+1<i<n+ Kand0<j <1,
(i, 7;k,0) =0orc(i,j;k,1) = 0.
(b) Foreveryl <i#k <n,
¢(i,0;k,0) =0o0rc(i,1;k,¢) = 0.
(c) Foreveryl <i<mn,¢(i,2,0) =0orc(2,1) = 0.
(d) Foreveryn+1<i# m <n+ K, ifc¢(m,0;k,0) = ¢(i,0;k,0) = 1, then

¢(m,0;4,0) = 0.

Proof. To prove (a) and ('), assume to the contrary that ¢(i, j; k,0) = land ¢(7, j; k, 1) =
1 for some such i and j. By definition of ¢, we know that for all § € [+; 4, j] there
exist 71,7 € NT such that for all 5, € F(w? - k)i! and 3, € F(w? - k)}* we have
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c({0,51}) = c({6,52}) = 1. Let r = max{ry,r2} and fix 6 € [v;4,7]. Applying
Lemma3]to the closed copy {3 € v : B <* w?-k} of w?, we may split into two cases.

Suppose that ¢(k, 1,0) = 1. Choose some € F(w? - k)] and ' € F(w? - k)i, with
p" <* 5. Then ¢({f, 5'}) = 1 and hence, the set {6, 5,5’} is a blue homogeneous

copy of 3, which is a contradiction.

Suppose that, for every ¢ < w,
{B<*w? k: {a€W;: ¢({a,B}) = 1}is cofinal in W;}

is cofinalin {3 € v : B<*w?-k}, where W; = {w? - (k—1)+w-i+m: 0 < m < w}.

In particular, this claim holds for i« = r. We can then find some § € F(w? - k)]

and 8/ € F(w? - k)5 with ¢({,'}) = 1. In this case, the set {0, 3,3} is a blue
homogeneous copy of 3, which is a contradiction. This completes the proof of (a)

and (a).

To prove (b), assume to the contrary that ¢(i,0;k,¢) = 1and¢(i,1;k,¢) = 1 for
some 1 < i # k <nand0 < ¢ < 2. Applying Lemma [5] to the closed copy
{B €~: B <*w?-i}of w? we see that, in either case, there exist some 3 € [vy; 1, 1]

and ' € [y;1,0] with ¢({53,0'}) =1, .

Then, by the definition of ¢, there exists 71 € N such that ¢({3,6}) = 1 whenever
6 € F(w? - k)}'; and there exists 7, € NT such that ¢({’,0}) = 1 whenever § €
F(w? - k)}?. Choose 6 € F(w? - k); where r = max{ry,r2}. Then the set {6, 3, 3'}
is a blue homogeneous copy of 3, which is a contradiction. This completes the proof

of (b).

To prove (c), assume to the contrary that ¢(,2,0) = 1 and ¢(¢,2,1) = 1 for some
1 < i < n. As before, applying Lemma|[5]to the closed copy {3 € v : 8 <* w? - i}
of w? gives us B € [v;4,1] and 3 € [v;¢,0] such that ¢({3,'}) = 1. Then the
set {w? - i, 3,8’} is a blue homogeneous copy of 3, which is a contradiction. This

completes the proof of (c)

To prove (d), assume to the contrary that
¢(m,0;4,0) = ¢(m,0; k, 0) =¢(i,0;k,¢) =1
for some such i and m. Let @ € [y;m,0]. Since ¢(m,0;i,0) = 1, as before,
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we can find a € [y;m,0] and 5 € [v;4,0] such that ¢({a, 5}) = 1. The other

T1

equations now imply that there exist 71,7y € NT such that for all 3; € F(w? - k),
and (5 € F(w? - k);? we have ¢({a, 51}) = ({8, 52}) = 1. Choose 0 € F(w?- k)
where r = max{ry,72}. Then the set {«, 5,6} is a blue homogeneous copy of 3,

which is a contradiction. This finishes the proof. [
Lemmas8. [etl <k <nand0</{<1.
(a) Forallk <t <nand0 < j <1,
ifc(k,2,0) =0, then<(i,j; k,0) = Lorc(i,j; k,2) = 1.
(b) Foralln+1<1<n+ Kandj =0,

ifc(k,2,0) =0, then¢(i, j; k,0) = 1Lorc(i,j; k,2) = 1.

Proof. We shall prove both parts at once. Assume to the contrary that
¢(k,2,0) =¢(i,7;k,0) =¢(i,7;k,2) =0

for some such ¢ and j. Then, by the definition of ¢, for every o € [7; 2, j] there exists

ro € N such that
«({a,8}) = c({a,w? - k}) = 0

for all 5 € F(w?® - k)j~. Since ¢ is w-homogeneous and there is no homogeneous
copy of 3, we can find a red homogeneous set {ay, as,...,a,_1} C [v;1,]] with
a1 < -0 < 1. Set

r=max{Ta,,Tags--sTan_1}

It is now straightforward to check using the infinite Ramsey’s theorem that the set
F(w? - k), U{w? ko, a,..., 0, 1}
contains a red homogeneous closed copy of w—+n, which leads to a contradiction. []

Lemma9. Letr1l < k < n.

(a) Forany k < i <nand0 < j <1, we have that
<(i,j4;k,0) =1orc(i,j;k,1) =1ore(i, j; k,2) = 1.
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(b) Foranyn+1 <1 <n+ K and 5 = 0, we have that
c(i,7;k,0) =1orc(i,j; k,1) = 1orc(i,j; k,2) = 1.
Proof. As before, we shall prove both parts at once. Assume towards a contradiction
that, for some, for some such ¢ and j,
c(i,7;k,0) =¢(i,7;k, 1) =¢(3,7;k,2) =0

By Lemma [7lc, we have ¢(k,2,0) = 0 or ¢(k,2,1) = 0. In both cases, we get a
contradiction by Lemma ] O

Lemma 10. For any 1 <i < n, either ¢(,2,0) = 1 or¢(i,2,1) = 1.
Proof. It is clear by Lemma([7]c that we do not have ¢(i,2,0) = 1 and ¢(7,2,1) = 1.

So assume towards a contradiction that ¢(¢,2,0) = 0 and ¢(¢,2,1) = 0 for some

1 <1< n.

It follows from Lemmab, c(i+1,4;4,2) = 0 forsome 0 < j < 1. Now, by Lemma
[Mla, ¢(i + 1,5;4,¢) = 0 for some 0 < ¢ < 1. But then, we have that ¢(i,2,() =
¢(i+1,5;4,0) =¢(i + 1,7;4,2) = 0, which contradicts Lemmag]a. O

Before we state the next lemma, we will introduce some notation in light of Lemma

For each 1 < i < n, let us denote

e the (unique) pair (4, j) for which ¢(¢, 2, j) = 0 by A; and

e the (unique) pair (4, j) for which ¢(¢,2, j) = 1 by B;
We shall also denote

e the pair (7,2) by L; for each 1 <i < n, and
e the pair (i,1) by L; foreachn + 1 <i <n+ K.
Using the ideas in the proof of Lemma 8| and this newly introduced notation, we next

prove a technical lemma that will be used multiple times in the main proof.
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Lemmall. Letl <k <nand0<{<landletk <i; <is < -+ <ip_1 <nt+K.
If we have

foralll <t <t <n-—1,thenc(k,2,() =1
Proof. Assume to the contrary that

() ¢(L;,; Li,) =0forall1 <t <t <n-—1,
(ii) ¢(L;; Kk, 0) =0foralll <t <n-—1,
(iii) ¢(L;,; Lg) =0foralll1 <t <n—1,and
(iv) ¢(k,2,0) = 0.

Let «; be the unique element of [v; L;,| foreach 1 < ¢ < n — 1. Using (i) and (iii),

one can easily show that
w2 k,oq, o Oy —
{ vy G, G2, ..y Ui 1}

is red homogeneous. It follows from (ii) and the definition of ¢ that, for every 1 <
t < n — 1, there exists 7, € N such that ¢({cy, 5}) = 0 for all 8 € F(w? - k)}*.
Set r = max{ry,79,...,7,_1}. It is now straightforward to check using the infinite

Ramsey’s theorem, the previous observations and (iv) that the set
F(w* k), U{w® ko, ag,...,0, 1}
contains a red homogeneous closed copy of w+n, which leads to a contradiction. [

Lemma 12. Let 1 < k < n. Then

a. Forany k < i <n, we have ¢(i,0; By) = ¢(i,1; Bx) = 0.
b. Foranyn+1<i<n+ K, we have ¢(i,0; By) = 0.

Proof. We will prove both parts at once. Assume towards a contradiction that ¢(¢, j; By) =

1 for some such ¢ and j. Then it follows from Lemma a that ¢(, j; Ax) = 0.
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By the assumption that ¢(i, j; By) = 1, for every a € [; 4, j], there exists r € NT
such that ¢({c, 8}) = 1 for every 8 € F(w? - k); where By = (k, ). Choose such
a and . Since ¢(k,2,¢) = 1, if it were the case that ¢(7, j; L) = 1, then the set
{a, B,w? - k} would be a blue homogeneous copy of 3. Thus ¢(i, j; L) = 0. But this
contradicts Lemma 8] as we have ¢(7, j; Ly) = ¢(4, j; Ay) = 0. ]

Corollary 1. For every 1 < k < n < i < n+ K, we have that ¢(i,0; Ax) = 1 or

Proof. This easily follows from Lemma[9b and Lemma[12]b. O

Corollary 2. Forany 1 < k < i < n, exactly one of the following holds.

i ¢(i,1; L) =¢(4,0; Ag) = Land ¢(i, 1; Ax) = ¢(4,0; Lg) = 0.

Proof. Let 1 < k <1 < n. We split into two cases.

Suppose that ¢(i,1; L) = 1. Then, by Lemma [7|b, we get ¢(i,0; L) = 0. Now,
applying Lemma[9la and Lemma[12]a, we see that ¢(i, 0; A;,) = 1. Since ¢(i, 0; A;) =
1, it follows from Lemma b that ¢(i, 1; Ax) = 0. Therefore, we are in Case (i).

Suppose that ¢(i, 1; L) = 0. Applying Lemma @a and Lemma a, we obtain that
¢(¢,1; Ay) = 1. Then ¢(¢,0; Ay) = 0 by Lemma [7]b. Since ¢(¢,0; Ax) = 0, another
application of Lemma @a, and Lemma a, gives us that ¢(¢, 0; Ly) = 1. Therefore,

we are in Case (ii). That these cases are mutually exclusive is clear. ]

With our graph interpretation in mind, this last corollary basically explains why, in
the proof of Theorem[I] the edges in E; of G,, were chosen as they are. Up to certain
choices, the edge structure of G,, was already mostly determined by the non-existence
of a red homogeneous w + n and a blue homogeneous 3. We shall need two more

lemmas before we prove the second main theorem and conclude this section.

Lemma 13. Letr 1 < i <nand 0 < j < 2. If we have that ¢(m,0;1,7) = 1 for all
n+1<m<n+K,thent(L,;1,7) =0foralln+1<m<n+ K.
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Proof. Assume that ¢(m, 0;¢,j) = 1 whenever n + 1 < m < n + K. It follows from
Lemma(7]d that ¢(n 4+ K,0;m,0) = 0foralln+1 <m <n+ K.

We claim that ¢(m,1,0) = lorc¢(n+ K,0;L,,) = 1 foralln+1 <m <n+ K.
Suppose towards a contradiction that ¢(m,1,0) = ¢(n + K,0;L,,) = 0 for some
n+1 < m < n+ K. Then, using the ideas in the proof of Lemma 8| one can

construct a red homogeneous closed copy of w + n inside the set
[v;m, 0l U{w* - n+w-m}U[y;n+ K,O0
which leads to a contradiction.

Letn+1<m<n+ K.If ¢(m,1,0) = 1, then we must have ¢(L,,; %, j) = 0 since,
otherwise, having ¢(m,0;4,j) = ¢(L,;4,7) = ¢(m,1,0) = 1 would create a blue
homogeneous copy of 3. If ¢(n + K, 0; L,,) = 1, then we must have ¢(L,,;7,7) =0
since, otherwise, having ¢(n + K,0; L,,) = ¢(n+ K,0;4,7) = ¢(Ln;4,7) = 1 would
create a blue homogeneous copy of 3. (We do not explicitly write the arguments for
these claims as they can be done imitating the proof of Lemma([7}) Therefore, in either

case, we have that ¢(L,,;7,7) = 0. O

In what follows, foreach 1 < i < n, we set A; = L; and L; = A,.

Lemma 14. Let 1 < k < i < nand X € {Ay, Li}. If ¢(Li; X) = 1, then
«(Lp; X)=0foralln+1<m<n+K.

Proof. Assume that ¢(L;; X) = 1. We split into two cases depending on whether or

not we have ¢(,2, j) = 1 for some 0 < j < 1.

Suppose that ¢(4,2,0) = ¢(4,2,1) = 0, in which case we must have i = n by
Lemma |10} Now, Lemma 8|b implies that, ¢(m,0; L,,) = 1 or ¢(m, 0;n,0) = 1, and
¢(m,0;L,) = Lor¢(m,0;n,1) = 1. But from Lemmal[7la’, we have ¢(m, 0;n,0) = 0
or ¢(m,0;n,1) = 0. So¢(m,0;L,) = 1foralln+ 1 < m < n -+ K. Consequently,
in order to avoid a blue homogeneous copy of 3, we must have ¢(m, 0; X') = 0 for all
n+1<m < n+ K. But then, by Lemma8|b, we must have ¢(m,0; X) = 1 for all
n+1 < m < n+ K. Consequently, Lemmaimplies that ¢(L,,; X) = 0 for all
n+l1<m<n+ K.
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Now suppose that ¢(i,2,0) = 1 or ¢(7,2,1) = 1. We would like to remark that we
may or may not have i = n. Even if i = n, let us name the pairs (¢,0) and (7, 1) by
A; and B; in such a way that ¢(L;; A;) = 0 and ¢(L;, B;) = 1. By Lemma b, we
must have that ¢(m, 0; A;) = Lor¢(m,0; L;) = 1foralln+ 1 <m <n+ K.

On the other hand, as ¢(L;; X) = 1, we cannot have ¢(B;; X)) = 1 in order for there
not to be a blue homogeneous 3. So, by Corollary [2, we have ¢(A;; X) = 1. By
Lemma [8b, we have ¢(m,0;L;) = 1 or ¢(m,0;A4;) = 1foralln+1 < m <
n+ K. We also have ¢(A;; X) = ¢(L;; X) = 1 and hence, the non-existence of a blue
homogeneous copy of 3 now gives us that ¢(m,0; X) = 0foralln+1 <m < n+K.
Now applying Lemmab, we must have ¢(m,0; X) = 1foralln+1 <m < n+K.
Subsequently, by Lemma we have ¢(L,,,; X) = Oforalln+1<m<n+K. O

We are now ready to prove our second main theorem.

Proof of Theorem[2] Let n > 3 be an integer. Set K = R(2n — 3,3) + 1l and vy =
w? n+w-K+1. Letc¢: [y]> = {0,1} be a coloring. We wish to show that there
exist a red homogeneous closed copy of w + n or a blue homogeneous (necessarily
closed) copy of 3 = {0, 1, 2}. By the remarks at the end of Section 2, we may assume
without loss of generality that ¢ is canonical and w-homogeneous. Assume to the
contrary that such homogeneous sets do not exist. Then Lemma and Corollary
all hold.

It is clear that [v; A;] U {w?} contains a red homogeneous closed copy of w + 1.
By assumption, the set [v; A;] U {w? - 1,w? - 2,...,w? - n} does not contain a red
homogeneous closed copy of w + n. Consequently, there exists 2 < ¢+ < n such
that ¢(L;; X)) = 1 for some X € {A;, Ly, Lo, ..., L;_1}, since, otherwise, we would

obtain a contradiction by Lemma

By Corollary [2, we have ¢(Y, X) = 1 and ¢(Y, X) = 0 where Y = (i, j) for some
0 < 7 < 1. Since there is no blue homogeneous copy of 3 in 7, by the definition of
R(2n — 3,3), there exist 2n — 3indicesn + 1 <m; <mg < -+ <mMmg, 3 <n+ K

such that

2n—3
U ['7? me]
t=1
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is red homogeneous. Now, by the pigeonhole principle, we can find n — 1 indices

n+1<mj<m)<-.--<m]_; <n+ K such that

® ((Lyy, X)=0foralll <t<n-—1lor

® (L, X)=1foralll <t<n-—1.

Applying Lemma we see that ¢(L,,;; X) = Oforalln +1 < m < n+ K.
So the first case directly contradicts Lemma [I1] Thus the second case holds. But
then, since ¢(Y, X) = 1, we must have ¢(L,,,,Y) = Oforall 1 <t < n — 1
Similarly, since ¢(L;, X') = 1, we must have ¢(L,,, L;) = O forall 1 <t <n — 1.
(Otherwise, one can create a blue homogeneous copy of 3.) On the other hand, since
¢(Li; X) = ¢(Y; X) = 1, in order for there not to be a blue homogeneous copy of 3,
we must have ¢(7, 2, j) = 0 where Y = (4, j). Together with the previous observation
that ¢(L,,;,Y) = ¢(Lp:, L) = 0 forall 1 < ¢ < n — 1, this contradicts Lemma
which completes the proof. O
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CHAPTER 5

PROOF OF THEOREM 3

In this chapter, we will prove Theorem [3| Recall that Theorem [3| provides an asymp-
totically weaker upper bound eliminates the use of Ramsey numbers and provides

better uppers bound for small n values, at least for the n values satisfying 3 < n < 7.

In this section, we shall prove Theorem [3|using the ideas that are employed in Chapter

M} For this reason, we retain all the notation introduced in Chapter [4]

Analyzing the proof of Theorem [2] one sees that the whole proof is based on the
following phenomenon: If [v; A;] U {w? - 1,w? - 2,...,w? - n} fails to contain a
red homogeneous copy of w + n, then having sufficiently many L;’s with n < ¢
whose corresponding elements form a red homogeneous set automatically creates a
red homogeneous closed copy of w + n. In that proof, such L;’s were extracted using
Ramsey numbers. In the proof of Theorem[3] we shall take another approach to create

such L;’s.

Proof of Theorem[3] Letn > 3 be an integer and set v = w? - n+w-(n*—4)+1. Let
¢ : [y]* — {0,1} be a canonical w-homogeneous coloring. Assume to the contrary

no red homogeneous closed copy of w + n and no blue homogeneous copy of 3 exist.

Then Lemma and Corollary [T}2] all hold.

As before, there must exist 2 < ¢ < nand X € {Ay, Ly, Loy, ..., L;_1} such that
¢(L;; X)) = 1. Take the least such 7 and such X. We shall now split into two cases

depending on whether ¢ = n ori < n.

Suppose that 7 < n. By the non-existence of a blue homogeneous 3, we must have

¢(Bi; X) = 0since ¢(L;; X) = 1. As ¢(B;; X) = 0, we obtain ¢(A;; X) = 1 by

47



Corollary 2] On the other hand, we also have by Corollary [2] that
c(i+1,5;L) =c(i+1,1—75;4)=1
for some 0 < 5 < 1. Thus
c(i+1,5;L) =¢(Lip X)=c(i+1,1—j;4;) =c(A; X) =1
But then, it follows that
ci+1,5X)=¢c(i+1,1—5X)=0

because, otherwise, one can construct a blue homogeneous copy of 3. However, the

last equality contradicts Corollary

Now suppose thati =n. Set Wy = {L; : ¢(L;; X) =1, n+1<j <n+(n*—4)}

and consider the sets

W={L;:¢(L; X)=0,n+1<j<n+(n*—4)}
Wn—l = {L] ceW: E(Lj; An—l) =1or E(Lj;Ln_l) = 1}
Wn_g = {L] eW: Lj ¢ Wn—ly E(Lj;An_g) =1lor E(L]7 Ln—2) = ]_}

Wk: {LJ S WILj ¢ ( nL_J Wm> s E(L],Ak) = 1OI'E(Lj;Lk) = 1}

m=k+1

n—1

W, = {Lj eW:L;¢ (U Wm> (L AY) =1oré(Ly; Ly) = 1}

m=2
Recall that ¢ was chosen to be the least integer with its property. It follows that the set
[v; A U{w? - 1,w?-2,...,w?- (n — 1)} contains a red homogeneous closed copy
of w 4+ (n — 1). Consequently, in order for there not be a red homogeneous closed
copy of w + n, we must have that, for every n + 1 < j < n + (n? — 4), there exists
Y € {Ay, L1, Ls,...,L,_1} such that ¢(L;; Y) = 1. It follows that

qu(nU Wm) ={Lj:n+1<j<n+(n*—4)}

m=1

Next will be made some important observations.
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e Let 1 <k < n — 2. Suppose that W}, has at least (2k + 1) elements. Then, by
the pigeonhole principle, we must have that ¢(L,; A;) = 1 for at least k& + 1 of
these elements or ¢(L;; Li) = 1 for at least £ + 1 of these elements. In either
case, since there is no blue homogeneous copy of 3, there exists k£ + 1 elements
Ly Liny, -+ L., in Wy, such that ¢(Ly,,; Ly, ) = 0 whenever 1 <t #t' <
k + 1. Recall that ¢(L;; L;;) = O forall 1 < j # j' < n. Moreover, because
L,,, € Wy, we have that ¢(L,,,; Ax11) = 0 and that ¢(L,,,; L;) = 0 for all

1<t<k+1landall k+1<j <n— 1. This contradicts Lemma|l ]

e Suppose that WW,,_; has at least (2n — 3) elements. Then, as above, there are
L,y Liny, -+ Li,,_, in Wi,y such that ¢(Ly,,; Ly, ) = 0 whenever 1 < ¢ #
t' <n—1. Since W,,_; C W, we have that ¢(L,,,; X) = 0forall 1 <t <n—1.
Moreover, by Lemma |14, we have ¢(L,,,; X) = 0 forall 1 <t < n — 1. This
contradicts Lemma

e Suppose that Wx has at least n — 1 elements, say, L,,,, Ly, - .., L, _,. Then,
since ¢(Ly,,; X) = ¢(L,; X) = 1forall 1 <t < n — 1, we must have that
¢(Lin,; Lim,,) = ¢(Lim,; Ln) = 0 whenever 1 <t # t' < n — 1 because there
is no blue homogeneous 3. By Corollary |2} there exists 0 < ¢ < 1 such that
¢(n,l; X) = 1. Again, by the non-existence of a blue homogeneous 3, we
obtain that ¢(L,,,;n,¢) = ¢(n,2,{) = 0 forall 1 <t < n — 1. Together with

previous observations, this contradicts Lemma@

Therefore, W, has at most 2k elements forall 1 < k < n—2, W,,_; has at most 2n—4
elements and Ix has at most n — 2 elements. This means that Wx U (U’,f@;ll Wm) can

have at most
(i?k) +@2n—4)+n—-2)=n—-2)n—-1)+02n—4)+(n—-2)=n*—4
k=1

elements. We will now argue that it can indeed have at most n? — 5 elements. Recall

that X € {Ay,Ly,Ls,...,L, 1}. Consequently, the corresponding W is either

empty or equal to {L,>_,}, because, by Lemma (14, we have ¢(L,,; X) = 0 for all

n+1 < m < n+(n*—4). Thus, the corresponding W}, can have at most one element
~1

instead of at most 2k elements. So the union Wy U (U”mZIWm) can indeed have at

most n? — 4 — (2k — 1) elements.
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Letting k& = 1, we obtain that Wx U (UL, W,,) can actually have at most n? — 5
elements. However, we had Wy U Uz;ll W ={L;:n+1<j<n+(n*—4)}

which now gives a contradiction since the right-hand side has n? — 4 elements. This

completes the proof. O
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CHAPTER 6

CONCLUSION AND FUTURE RESEARCH DIRECTIONS

In this thesis, we provided new lower and upper bounds for the closed ordinal Ramsey
numbers R (w + n,3) for n > 3. We believe that, for small values of n, the bounds
we have found can further be improved to get exact values of R%(w + n,3) by fol-
lowing the same construction as we did, while applying more refined combinatorial

arguments.

Furthermore, we suspect that an efficient general algorithm may be generated for the
calculation of closed Ramsey numbers R%(w - m + n,3) for n,m € NT. We think
this can be achieved by algorithmically reducing the problem to a finite one through
canonical colorings and the corresponding finitary functions ¢ and ¢. We strongly
believe that canonical colorings can be adopted to introduce some new upper bounds
for the closed ordinal Ramsey numbers R(w + n, k) with k& > 3, which possibly

involve the classical Ramsey numbers R(n, k).

Besides these generic open problems, it does not seem to be easy to compute the exact
values of R°(w + n, 3) even for small concrete cases. For example, for n = 3, by

using Theorem [I]and Theorem 3| we get
w34+ w-3+3<RYw+3,3)<w?3+w-5+1

However, our current approach does not seem to be sufficient to provide an insight
for what the coefficient of w in R(w + 3, 3) is. As it is the simplest open case, we

would like to pose the question of determining R (w + 3, 3) exactly.
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