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ABSTRACT

GENERATING THE SURFACE MAPPING CLASS GROUP BY TORSION
ELEMENTS

Yildiz, Oguz
Ph.D., Department of Mathematics

Supervisor: Prof. Dr. Mustafa Korkmaz

December 2020, [61] pages

In this thesis, we study generators of the mapping class group Mod(%,) of a closed
connected orientable surface ¥, of genus g. The mapping class group Mod(%,) is
known to be generated by three involutions if g > 8 and by two torsion elements of

order 4g + 2.

We show that the mapping class group is also generated by three involutions for sur-

faces with smaller genera and by two torsion elements of smaller orders.

Keywords: Mapping Class Groups, Generators.



0z

YUZEY GONDERIM SINIFLARI GRUBUNUN TORSIYON
ELEMANLARLA URETIiMI

Yildiz, Oguz
Doktora, Matematik Boliimii

Tez Yoneticisi: Prof. Dr. Mustafa Korkmaz

Aralik 2020, [61] sayfa

Bu tezde, cinsi g olan kapali baglantili yonlendirilebilir bir yiizeyin >, gtnderim
sinift grubunun Mod () tireteclerini arastirdik. Génderim sinifi grubunun 4¢g + 2
mertebeli iki torsiyon eleman tarafindan ve eger g > 8 ise li¢ involiisyon tarafindan

iiretildigi bilinmektedir.

Bu ¢alismanin amaci, gonderim sinifi grubunun daha diisiik mertebeli iki torsiyon
eleman tarafindan ve daha diisiik cinsli yiizeyler i¢in de ii¢ involiisyon tarafindan

tiretildigini gostermektir.

Anahtar Kelimeler: Gonderim Sinifi Gruplari, Uretegler.
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CHAPTER 1

INTRODUCTION

In this chapter, we briefly introduce the mapping class group of a surface and give an
outline of the thesis. Throughout the thesis, we mainly deal with closed (i.e. compact
without boundary) orientable surfaces and our aim is to define minimal generating

sets of their mapping class groups.

Let X, denote the closed orientable surface of genus g. Define Homeo(X,) as the
group of self-homeomorphisms of 3, and Homeo™ (3,) as the subgroup of Homeo(%,)
consisting of orientation-preserving elements and Homeog(3,) as the subgroup of
Homeo(X,) consisting of the elements which are isotopic to the identity. Clearly,

Homeog(3,) is a normal subgroup of Homeo™ (%,).

The mapping class group of >, is the group of orientation-preserving homemor-

phisms of 3, up to isotopy and is denoted by Mod(%,):

Mod(X,) = Homeo"(32,)/Homeoy(%,)
= mo(Homeo™ (%,)).

The results obtained from the studies on the mapping class groups are related with
many fields of mathematics, such as hyperbolic geometry, 3 and 4-manifolds, alge-

braic geometry and symplectic geometry.

In Chapter 2, we give a review of background information about mapping class
groups. The chapter contains some examples of simple calculations of mapping class
groups. We introduce Dehn twists which are the simplest type of elements of infinite
orders and the chapter ends with their actions on the simple closed curves and their

relations containing braid relation, commutativity and lantern relation.
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In Chapter 3, we define some explicit generating sets for the mapping class group. We
first start with the generating sets consisting of elements of infinite orders. Next, we
give the minimal generating set consisting of elements of infinite orders. After that,
we show the generating sets consisting of torsion elements which are the elements of
finite orders. We then give the minimal generating set consisting of torsion elements.
The mapping class group Mod(X,) is known to be generated by two torsion elements
of order 4g+2 [8]. Finally, we introduce the generating sets consisting of involutions
which are the elements of order 2. The mapping class group Mod(X,) is known to be

generated by three involutions if g > 8 [9].

In Chapter 4, we prove the main results of this thesis. We devide this chapter into two

sections, torsion generators and involution generators.

In the first section, we construct the minimal generating set consisting of involutions
for the mapping class group of closed orientable surfaces of genus g > 6. We prove
that the mapping class group of a closed connected orientable surface of genus g is

generated by three involutions for g > 6.

Theorem 1.0.1. The mapping class group Mod(X,) is generated by three involutions
ifg > 6.

Since it is not possible to generate Mod(%,) for g = 1 or g = 2 by involutions, the
only missing cases are g = 3,4 and 5, see Section [3.3] We also prove Theorem [[.0.2]
and Theorem

Theorem 1.0.2. The mapping class group Mod(%,) is generated by three elements
of order g if g > 3.

Theorem 1.0.3. The mapping class group Mod(Xy4) is generated by three elements
of order 4, 4 and 2.

In the second section, we construct a minimal generating set consisting of elements
of small orders for the mapping class group. We prove that the mapping class group
of a closed connected orientable surface of genus g is generated by two elements of
order g if g > 6. Moreover, for g > 7 we obtain a generating set of two elements, of

order g and ¢’ which is the least divisor of ¢ such that ¢’ > 2. Furthermore, we prove

2



that it is generated by two elements of order g/ gcd(g, k) for g > 3k* + 4k + 1 and

any positive integer k.

Theorem 1.0.4. The mapping class group Mod(3,) is generated by two elements of
order g if g > 6.

Theorem 1.0.5. For g > 7, the mapping class group Mod(%,) is generated by two

elements of order g and order ', where ¢ is the least divisor of g such that ' > 2.

Theorem 1.0.6. If k is any positive integer and if g > 3k* + 4k + 1, then the mapping
class group Mod(%,) is generated by two elements of order g/gcd(g, k).

In the last section, we introduce other possible results that can be achieved by using
the idea in Sections and with little modifications to generate the mapping
class group of closed connected nonorientable surfaces, the twist subgroup of the
mapping class group of closed connected nonorientable surfaces and the extended

mapping class group of connected surfaces possibly with punctures.






CHAPTER 2

BACKGROUND

In this chapter, we give basic facts about mapping class groups and we introduce
Dehn twists as important elements of the mapping class groups and relations among

them.

2.1 Basic Facts and Examples

In this section, we state preliminary definitions and results. Then, we give some

examples of simple calculations of mapping class groups.

2.1.1 Preliminaries

Elements of the mapping class group are distinguished by their actions on the ho-
motopy classes of simple closed curves. We first classify surfaces and define simple
closed curves. For the proof of the theorems and more details on basics of mapping

class groups, refer to [17].

Theorem 2.1.1. There is a bijection between the set {g € Z : g > 0} and the set of

homeomorphism classes of closed, connected, orientable surfaces.

Definition 2.1.2. A simple closed curve on X, is the image of a injective continuous

map S* — X, from the unit circle S*.

Definition 2.1.3. A simple closed curve c on ¥, is called nonseparating if its comple-

ment ¥, \ ¢ is connected. Otherwise, it is called separating.



Definition 2.1.4. Let ¢, and cy be simple closed curves on X ,. The least possible
number of intersection points of the curves in the homotopy classes ¢, and c5 is called

the geometric intersection number and denoted by i(cq, ¢z).

Theorem 2.1.5. There exists an orientation-preserving homeomorphism of ¥, map-
ping a simple closed curve a to a simple closed curve b if and only if ¥y —a and ¥ —b
are homeomorphic. In particular, there exists a homeomorphism of X, for every pair

of nonseparating simple closed curves taking one to another.

2.1.2 Some Basic Examples

We give basic examples of mapping class groups.

(i) The mapping class group of the closed disk is trivial.
(ii) The mapping class group of the sphere is trivial, Mod (%) = 1.

(ii1)) The mapping class group of the annulus is isomorphic to Z. The generator of

the group is called a Dehn twist.

(iv) The mapping class group of the closed disk with n marked points is the braid

group on n strands, B,,.

2.2 Dehn Twists

The simplest elements of the mapping class group are called Dehn twists. We first

define Dehn twists and then introduce relations between them.

Let [ =1[0,1], S = {e? : 0 < 0 <27} C Cand definet : [ x S — I x S be the
i(9727rt)‘

(" e d (N

Figure 2.1: Dehn twist

map as t(x,e?) = (z,e




Let >, be the closed orientable surface of genus g and N be a closed regular neigh-
bourhood of a simple closed curve a on ¥,. Take an orientation-preserving homeo-

morphism A from N to I x S. The homeomorphism ¢, : ¥ — >,

h=lotoh(x) if x€ N,

to(w) = .
x if e, \N,

is called a right (positive) Dehn twist.

We denote simple closed curves by lowercase letters possibly with subscriptions
a, a;, b;, c; and the corresponding right Dehn twists by uppercase letters A, A;, B;, C;

or by t,, ta;, ts,, tc,, rESPEctively.

Throughout this thesis, homeomorphisms and simple closed curves are considered up

to isotopy.
Some Basic Facts on Dehn Twists

Let c; and ¢, be simple closed curves on ¥, and f : ¥, — ¥, be a homeomorphism.

Then, the following hold:

(i) The curve c; is isotopic to ¢, if and only if C is isotopic to Cj.

(ii) The equality ft., f~' = ty(,) holds.

(iii) Ifi(c1,co) = 0, then C(cg) = ¢y or equivalently C;Cy = Cy,C4. This relation

is called the commutativity.

(iv) If i(c1, co) = 1, then C1Cy(c1) = ¢ or equivalently CCoCy = CyC1Cy. This

relation is called the braid relation.

(v) Let X, be a sphere with four holes, boundary components, and a, b, ¢, d, x, y
and z be the simple closed curves on ¥, as shown on Figure Suppose that
¥ is embedded in X,.



(vi)

(vii)

Figure 2.2: Lantern relation

Then, we have ABCD = XY Z in Mod(X,). This relation is called the lantern

relation.

Let 37 be a torus with two holes, boundary components, and «a, b, ¢, d and e
be the simple closed curves on X7 as shown on Figure Suppose that XY is
embedded in >,.

Figure 2.3: Two-holed torus relation

Then, we have (ABC)* = DE in Mod(X,). This relation is called two-holed
torus relation. It can be generalized to (A Ay - - - Agp Agpy1)?"*2 = DE with
suitable choice of curves for an orientable closed surface of genus h with two

holes.

Let 3} be a torus with a boundary component, and a, b, ¢ and d be the simple
closed curves on X} as shown on Figure Suppose that 3] is embedded in
2.



Figure 2.4: One-holed torus relation

Then, we have (AB)® = D in Mod(%,). It can be deduced directy from two-
holed torus relation. This relation is called one-holed torus relation. It can also
be generalized to (A Ay - - - Aoy Agp)**2 = D with suitable choice of curves

for an orientable closed surface of genus h with one hole.
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CHAPTER 3

EXPLICIT SETS OF GENERATORS

In this chapter, we introduce a list of generating sets for mapping class groups Mod (%)
of orientable closed surfaces of genus g. Mapping class groups was first generated
by using infinite order elements called Dehn twist. Humphries found a generating set
consisting of minimum possible number of Dehn twists. The next problem was to
generate mapping class groups with finite order elements called torsions. Korkmaz
introduced a minimal generating set of torsions. Another problem was to generate
mapping class groups with order 2 elements, called involutions. Korkmaz proved that
for ¢ > 8 mapping class group Mod(X,) is generated by three involutions which is

the minimum possible number.

3.1 Dehn Twists Generators

We give a bunch of historical results on Dehn twist generators of mapping class

groups.

(i) Dehn [3] showed in 1938 that Mod(X,) is generated by 2g*> — 2¢g Dehn twists.

(i) Mumford proved in 1967 that Mod(X,) is generated by Dehn twists about non-

separating simple closed curves among Dehn’s generating set in 1938.

(iii) Lickorish [12] showed in 1964 that Mod(%,) is generated by 3g — 1 Dehn

twists about nonseparating simple closed curves.

(iv) Humphries [6] proved in 1979 that Mod(%,) is generated by 2¢g + 1 Dehn
twists about nonseparating simple closed curves. This is the least number of

Dehn twists to generate Mod(%,).

11



Figure 3.1: The curves a;, b;, ¢; on the surface 3,

While the set {A;, As, ..., Ay, By, By, ...B,,Cy,Cy,---,Cy_1} is called Lickorish
generators, the set { Ay, Ay, By, Bo, ... B,,C1,Cs, - -+, C,_1 } is known as Humphries

generators.

Humphries showed also that the mapping class group Mod(X,) cannot be generated
by less than 2¢g + 1 Dehn twists.

3.2 Torsion Generators

Lu [14] obtained a generating set consisting of three elements, two of which are of
finite order. Wajnryb [23] found a presentation for the mapping class group of an
orientable surface. Wajnryb [24] also proved that Mod(X,) can be generated by two
elements; one is of order 4g + 2 and the other is a product of opposite Dehn twists.
After that, Korkmaz [8] showed that Mod(X,) is generated by an element of order
49 + 2 and a Dehn twist, improving Wajnryb’s result.

Maclachlan [16] proved that Mod(%,) can be generated by using only torsions. Ko-

12



rkmaz is the first person to find a generating set consisting of two torsions, elements
of finite order, for the mapping class group Mod(X,). He [8] proved that the group
Mod(%,) is generated by two elements of order 4¢g + 2. Note that, since Mod(%,) is

not a cyclic group, it cannot be generated by a single element.

Moreover, Monden [19] proved that Mod(3,) can be generated by three elements of
order 3 and by four elements of order 4. Lanier [10] showed Mod(%,) is generated
by three elements of any order k > 6 if g > (k — 1)? + 1. See [4] for generating set

of torsion elements for the extended mapping class group.

3.3 Involution Generators

McCarthy and Papadopoulos [18]] proved that Mod(X,) can also be generated by
involutions. Note that for homological reasons Mod(X,) is not generated by involu-
tions if g = 1 or g = 2. Stukow [21] showed that the index five subgroup of Mod(%s)
is generated by involutions. So, we consider the case of g > 3. Luo [15] found an
upper bound 12¢g + 6 for the number of involutions needed to generate Mod(%,).
Brendle and Farb [1] decreased this number to 6. Kassabov [[7] showed that four in-
volutions are enough for ¢ > 7. Recently, Korkmaz [9]] found a generating set of

three involutions if g > 8 and of four involutions if g > 3.

Note that two involutions generate a dihedral group. If their multiplication is a torsion
element, then the group is a finite dihedral group, otherwise it is the infinite dihedral
group. In both cases, the group is not isomorphic to a mapping class group. Therefore,

mapping class groups cannot be generated by two involutions.

Dihedral group of order 2n has the presentation:
D, = (ab|la*=0b"=(ab)*=1)
= (a,ab|a®* = (ab)> =b" =1)

Infinite dihedral group has the presentation:

Dy = (ab]a®>=b"=1)

On the other hand, any group generated by involutions has the first homology group

13



as multiplications of Zsys. For ¢ = 1 and g = 2, it is known that first homology group
of Mod(X,) is Z2 and Z, respectively. Hence, the mapping class groups cannot be

generated by involutions if g = 1 or g = 2.

14



CHAPTER 4

MINIMAL GENERATORS

In this chapter, we prove the main results of this thesis. We devide this chapter into

two sections, involution generators and torsion generators.

In the first section, we prove that the mapping class group Mod(%,) of a closed
connected orientable surface of genus g is generated by three involutions for g > 6.

Moreover, we form generating sets for g = 3, 4 and 5.

In the second section, we prove that the mapping class group Mod(X,) is generated
by two elements of order g if ¢ > 6. Moreover, for ¢ > 7 we obtain a generating set
of two elements, of order g and ¢’ which is the least divisor of g such that ¢’ > 2. Fur-
thermore, we prove that Mod(3J,) is generated by two elements of order g/ ged(g, k)
for g > 3k? + 4k + 1 and any positive integer k.

Let R be the rotation by 27 /g about the z—axis represented in Figure which is
perpendicular to the page. Then, R(ax) = a1, R(bx) = bry1 and R(ck) = a1
Korkmaz found a generating set of four elements, one of which is the rotation el-
ement R and each of the other elements is a product of two opposite Dehn twists.
Korkmaz [9] proved the following useful theorem as a corollary to Humphries gener-

ators.

Theorem 4.0.1. [9] If g > 3, then the mapping class group Mod(X,) is generated
by the four elements R, A1 A;*, B1By ", C1C5 .

The next result is easily deduced from Theorem #.0.1]

Corollary 4.0.2. If g > 3, then the mapping class group Mod(X,) is generated by
the four elements R, A, B;', BiC{',C1B; .

15



Figure 4.1: The curves a;, b;, ¢; and the rotation R on the surface ¥,

Proof. Let H be the subgroup of Mod(X,) generated by the set
{R,A1B{', B,C; ', C1 By 'Y

We have By A, = R(BiAT)R™'€H and B,Cy' = R(B,C;Y)R™ €H.

Hence, BlBgl = (Blel)(ClBgl)eH, 01051 = (01851)(B2051)€H and
AATY = (A BTY (B By Y (By Ay )eH.

It follows from Theorem 4.0.1]that H = Mod(%,), completing the proof of the corol-
lary. 0

Lemma 4.0.3. If K is an element of order k in a group G and if x and y are elements
in G satisfying KxK~' = y, then the order of Kxy~! is also k. In particular, if p
is an involution element in a group G and if x and y are elements in G satisfying

pxp = v, then the element pry~" is also an involution.

Proof. Since Kzy ' = Kx K 'Ky™! = yKy™!, the order of Kzy~! is equal to the
order of K.

16



Figure 4.2: The involutions p; and p, on the surface ¥,

4.1 Involution Generators

In this section, we introduce a new generating set for the mapping class group of >
and a new generating set for the mapping class group of X, for g > 7. We use these

sets to generate the mapping class group by three involutions.

Define involutions p; and ps as rotations about the given axis on Figure 4.2 by 7

degrees.

Recall that R denotes the 27/ g—rotation of ¥, represented in Figure It is a torsion
element of order g in the group Mod(X,). We follow the idea of Korkmaz in [9] to
create our generating sets in the next lemmas as corollaries to Theorem @.0.1] Our
idea is to use p1, ps as the first two elements and products of Dehn twists as the last

element. Observe that R = p;ps.

17



4.1.1 Two new generating sets

In this subsection, we introduce two new generating sets for mapping class groups.

We use the next lemma (Lemma[.1.1)) to create a generating set of three involutions
for ¢ = 6 and the second next lemma (Lemma [4.1.2)) to create a generating set of

three involutions for g > 7.

Lemma 4.1.1. If g = 6, then the mapping class group Mod(X,) is generated by the
three elements py, po and AlClBgBZIC’gIAG_I.

Proof. Let F} = A;C1BsB;*C; Ay, Letus denote by H the subgroup of Mod (%)
generated by the set {p1, p2, F1 }. Clearly, R € H since R = p;ps.

It suffices to show that H contains A; A, L BBy Land ¢y Oy ! Now, we define a list

of elements to prove the desired result.
Let
F, = RRR™!
= R(ACiB3B;*'CitAHR™
= RAR'RCiR'RB3sR'RB;'"R'RC;'R'RA;'R™!
= AyCoByB;'Cyt AL

Note that RA, R~ = Rt,,R™ = tpu,) =t
and RC;R~! = C;,, for all i mod g.

= Ai+1, similarly RBiR_l = Bi+1

Gi+1

We have FQFl(ag,CQ, b4,b5,06,a1) = (Gg,b37b4,65706,a1> so that

Fy = AyB3B,C5'Cy AT € H. Note that FyFy(cy) = bs since
trri(e) = (FaF))te,(FaFy)™!
= LR CF Ry
= (yB3CyB; 'Oy
= (testus)tes (testny)
= lioyty, (c2)

= 1y,

18



Figure 4.3: Proof of Lemma.1.1]
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Similarly, FIFQ(al, Cy, bg, b4, Cs, CL(,‘) = ((1,1, C1,Co, b4, b5, aﬁ) so that

F, = A\C\CyB By At € H.

Let
Fr = R?F3R?
= A4BsBsC; 'Oy AT
and
F6 == F571
= A3C,C By By AL

We then get FyFy(as, c2, c1, bs, bs, as) = (as, ca, c1, as, bs, by) so that
F, = A3C,Ci A B "B € H.

Let

Fy = FF!
- AlAgl.

Fi'F3(a1,a3) = (a1,bs) so that A; B; '€ H and then by conjugating A, By ' with R
iteratively, we get AiB;QGH for all s.
Let

Fy = B3B!
= (BsA; ) (A1A31)(A3B5 ).

FyF3(bs, bs) = (bs, c5) so that BsC5 '€ H and then B,C;,€H for all i.
p1(B2CyH)p1r = BoCg '€ H and then B;C;, ;€ H for all i.

Finally, B, B; ' = (B,C;')(C,B;")€H and then B3 B; '€ H,
A A7 = (A By ') (BsB;')(BsA;y ' )eH and
0102_1 == (ClBgl)(Bg,CQ_l)EH

It follows from Theorem that H = Mod(Xg), completing the proof of the

lemma. L

20



Lemma 4.1.2. If g > 7, then the mapping class group Mod(X,) is generated by the
three elements p, po and AlClBnglcglA;l.
Proof. We follow a similar pattern to Lemma {.1.1]

Let I} = A1C1B3B;'Cy'A7" and H be the subgroup of Mod(Y,) generated by
the set {p1, po, F1 }. It suffices to show that H contains A; A5, By B, " and C,C; .
Assume g = 7. (Respectively, g > 8.)

Let

F, = RER!
= AyCoByBy'C7 AT

(Resp., Fy = AyCyBy By *C7 A

We get FQFl(a/Q) Co, b4a b67 Cr, CL1> - (a27 b37 b47 Ce, C7, al) SO that
Fy = AyB3B,C;'Co AT € H. (Resp., Fy = Ay BsB,Cg 'Cot A

Let
Fy, = R'FR
= A1ByB3Cy'Cyt ALY
Then, we have F4F3((11, bg, b37 Cs, Cg, (17) = (Cll, as, bg, Cs, Cg, CL7) so that
Fs = A1 AyB3C'Ci T AL € H.

Hence, F,F; ' = ByA;" so that B, A, '€ H and then by conjugating B, A; " with R
iteratively, we get B;A; '€ H for all i.

Let
Fs = (A3sB;YH)Fy
= ACA3B;'Cyt ALY
and
F, = RF;R!
= AyC,A4Bg'CTT AT

21



Figure 4.4: Proof of Lemmaf.1.2)for g = 7

(Resp., Fy = AyCoAyB; 'CoT ALY

Similarly, F7F6(CL2, Co, Ay, bﬁ, Cy, (1,1) = (CLQ, Co, Ay, Cg, C7, al) so that

Fy = AyCoAWC O AT € H. (Resp., Fy = AyCoAyCy 'O M ARt

Hence, F; ' Fy = BsC; ' so that BsC; '€ H and then B;C; '€ H for all i.
p2<B101_1)p2 = BgC’fleH and then BiHC[lEH for all 7.

Finally, we have C,Cy ' = (C1B; ') (B,Cy ')eH,
B By' = (B,C; 1) (C1Cy 1) (CoBy ' )eH and
AATY = (A BTY (B By Y (By Ay eH.

It follows from Theorem that H = Mod(X,), completing the proof of the

lemma. O]

22



Now, we can prove Theorem [[.0.1]

4.1.2 Proof of Theorem [1.0.1]

Proof. Let ps = R?pyR™% and p, = R%p,R72.

Then, by Lemma we have if g > 7, then p3A,C1 B3 B 106_ 1A7_ 'is an involu-
tion since p3A1C1B3ps = A;CgBs and if g > 6, then p4AlClBgB4_IC’5_1A671 is an
involution since pyA1C1 B3ps = AgCs5By.

The mapping class group Mod(34) of closed connected orientable surface of genus 6

is generated by three involutions p1, p, and psA;C1 B3 B, 'C5 P Ag !t by Lemmam

If g > 7, then the mapping class group Mod(3,) is generated by three involutions py,
P2 and p3A10183BglcglA;l by Lemmam O

We have proved that the mapping class group Mod(X,) is generated by three involu-
tions if g > 6. Since it is not possible to generate Mod(X,) by involutions for g = 1
or g = 2, the only missing cases are g = 3,4 and 5. Now, we deal with that cases on
Theorem and Theorem Note that Korkmaz proved [9] that Mod(X,) is
generated by 4 involutions for g = 3,4 and 5.

4.1.3 Proof of Theorem 1.0.2]

In this subsection, we introduce two new generating sets for the mapping class group
Mod(%,). We show that Mod(X3) is generated by three elements of order 3. We show
that for ¢ > 4 Mod(,) is generated by three elements of order g. Theorem m
states that the mapping class group Mod(X,) is generated by three elements of order

g if g > 3. Proof directly follows from the next two theorems.

Theorem 4.1.3. The mapping class group Mod(X3) is generated by the three ele-
ments of order 3, R, RA1A;", RA1B,Cy 'C3By 1 Ay

Proof. Let us denote by H the subgroup of Mod(X3) generated by the set
{R,RAA,Y RAB,Cy 1 O3By P A1)
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Clearly, A;A;' = (R)?(RAAY) € H.

Since R(ay,as) = (as, az), we have A, A3 € H and
AT = (A A7) (AsA7Y) € H.

We also have A, B,C; 'C3B, ' Ay = (R)*(RA,B,C, 'C3By ' AyY) € H and
A1B102_103B2_1A2_1(6L1, CL3) = (bh (lg) so that BlAg_l € H.

Moreover, R(bi, as) = (by, a;) so that ByA;' € H and
BiB;' = (B1A5")(AsAT ") (AB; ') € H.

Hence, A, B,Cy 'C3By Ay (b1, as) = (cs,a3) so that C3A;* € H.
We see that R(cs, a3) = (c1,a;) so that C; AT € H.

Similarly, R(ci,a;) = (ca, az) so that Co Ay € H.

Finally, C,Cy " = (C1 A7) (AL AN (ACyY) € H.

Note that, R is an element of order 3 and by Lemma RA1AS Land
RAB,Cy'C3By ' A5 are elements of order 3 since R(A;)R™! = Ay and
R(A1BiCy Y YR™ = AyByCi .

Since H contains R, A; Ay, B;B;* and C,Cy ", it follows from Theorem that
H = Mod(X3). O

Theorem 4.1.4. For g > 3, the mapping class group Mod(X,) is generated by the
three elements of order g, R, RA A5, RAlBlC;_lngBg_lAgl.
Proof. We are done by Theorem{.1.3|if g = 3. Now, assume g > 4.

Let H be the subgroup of Mod(X,) generated by the set
{R,RA1 A}, RAB,C, L CyBy Ay ')

A1A;T = (R)9Y(RA1Ay") € H and then A; A7} € H for all i.
SO, AlAgl = (A1A51>(A2A§1> € H.

We have AlBlcg:lngBQ_lAz_l = (R)gfl(RA131091110932_1A2_1) € H.
Then, AlBnglenglAgl(al, CL3) = (bl, CI,3) so that BlAgl € H.

We also have R(by,a3) = (b, as) so that ByA;' € H and
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B1By' = (BiAZN)(AsA; Y (A4By ) € H.

Since A1 BC, 1 CyBy ' Ay (b1, az) = (¢q, as) so that CyA5" € H, we have
C;A;5 € H forall i.

Finally, C1Cy ' = (C1A; ) (A4A; ) (AsCyY) € H if g > 5 and
C1Cy 1 = (CLAY(ALATH(ACTY) € Hif g = 4.

Note that, clearly R is an element of order g and by Lemma we have RA A"
is an element of order g since R(A;)R™! = Ay and RA,B,C,!,CyB; ' Ay is an el-
ement of order g since R(A;B,C, ') )R™" = A, B,C,*. Since H contains R, A1 A; ",
BBy and C1Cy ™, it follows from Theorem [4.0.1]that I = Mod(%,), completing
the proof of the theorem. 0

4.1.4 Proof of Theorem

Next, we show that Mod (%) is generated by three elements, one of which is an

involution and each of the other elements is order of 4.

Theorem 4.1.5. The mapping class group Mod(Xy) is generated by the three ele-
ments, R, RAIAEI, R2A1B1C10§1851A§1.

Proof. Let H be the subgroup of Mod(X,) generated by the set

{R,RA A} R?A\B,C,Cy ' By AL

First, we get A1 Ay = (R)*(RA,AyY) € H.

We have R(a;,az) = (az,a3) so that Ay A;' € H.

After that we get A; B;C,C5 ' By ' Ay = (R)?(R?A,B,CCy ' By A e H
and AlBlCnglBglAgl(al, 0/2) = (bl, a2> so that BlAgl € H.

We also have R(by, as) = (ba, az) so that BoA;* € H.
BiBy' = (B1Ay") (A2 A5")(A3By ') € H.

Similarly, A; B,C,C5 ' Byt A3 (by, az) = (c1,a9) so that C1 Ay € H.
R(Ch CLQ) = (02, CL3> so that CgAgl € H.
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Finally, C1C; " = (C14;")(A2A5 1) (A3C5 ) € H.

Note that, clearly R is an element of order 4 and by Lemma we have RA; A"
is an element of order 4 since R(A;)R™' = Ay and R?A,B,C,C5 By A is an
element of order 2 since R?(A;B,C,)R* = A3B3Cs.

Since H contains the elements R, A; A5 L BBy Land CiCy ! it follows from Theo-
rem that H = Mod(X4), completing the proof of the theorem. O

4.2 Torsion Generators

4.2.1 Twelve new generating sets

In this section, we obtain twelve new generating sets consisting of two elements of
small orders for the mapping class group. We follow the idea of Korkmaz in [9] to
create our generating sets in the corollaries to Theorem [4.0.1] Our idea is to use the
rotation element R, a torsion element of order ¢ in the group Mod(X,), as the first

element and products of Dehn twists as the second element.
We recall Theorem 4.0.11

Theorem 4.0.1. [9] If g > 3, then the mapping class group Mod(%,) is generated
by the four elements R, A|A;*, B1By ', C1C5 .

We use the first four corollaries to create generating sets of elements of order g. In
order to follow Theorem {.0.1] we need the rotation element R, which is of order g,
in our generating set. So, we cannot decrease order g by following this method. But
indeed, we can reduce the order of the second element. Applying Lemma 4.0.3] we
see that most suitable candidates are the divisors of g. Unfortunately, it is not possible
to find an order 2 element, an involution, as the second element in our generating sets
by following this method. Instead, we found the least divisor of g greater than 2 as

the minimal order for the second element. We use the next six corollaries after the

26



Figure 4.5: Proof of Corollary @d.2.1]

first four ones to create generating sets of elements of order g and ¢’ where ¢’ is the

least divisor of ¢ such that ¢ > 2.

Corollary 4.2.1. If g = 6, then the mapping class group Mod(3,) is generated by
the two elements R and Cy ByAgAT* B5 1Oyt

Proof. Let F} = C,ByAs AT B; 'Cy . Let us denote by H the subgroup of Mod (%)
generated by the set { R, F }.

If H contains the elements A; A, L BBy L and C1Cy ! then we are done by Theo-

rem[4.0.1]
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Let
F, = RFR7!

= R(C\BAAT B 'Cy R

= RC,R'RB,R'RA¢R'RA'R'RB;'R'RC;'R™!

= (yBsA A B 1Oyt
and

Fy, = Fyt
= C3BsAA;'B;TCy

We have F3F1(63, bﬁ,az,(ll,bg,,CQ) = (b4,a6,a2,a1, b5,CQ> so that

F4 = B4A6A2A1_1B5_102_1 € H. Note that F3F1<03) = b4 since
teyriies) = (FsFi)te,(FsFy)™
= B3R CsF ' Fy!
= C3B,C3B'Cy!
= (tC:s Ub, )tC:s (tC:s Ub, ) -

- ttegtb4 (c3)

= b,
We get FyF; ' = C1A;'€H and then by conjugating C; A5 ' with R iteratively, we
get C; AL €H for all i.
Let
F5 = F4<02A§1)
- B4A6A2A;1Bg114§1
Fs = RF;R™
= BsAjA3A;'Bg ALY
and

F7 - F5F6
= B,A¢Bg'At
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(C4A5 ") Fr(ca, as) = (ba, as) so that ByA; '€ H and then B; A;}' € H for all i.
Hence, B;C; " = (B;A;}})(A;11C; )€H for all i.

(A4B; 1) Fr(ayg,bs) = (by,bs) so that ByB;*€H and then B;,,B; '€ H for alli. In
particular, B; B, leH.

Finally, C,Cy " = (C, By 1) (B, By ') (ByCy t)e€H and
A A = (A B Y (Be By ') (B A )eH.

It follows from Theorem that H = Mod (%), completing the proof of the corol-
lary. .

Corollary 4.2.2. If g = 7, then the mapping class group Mod(X,) is generated by
the two elements R and C} B4A6A7_1B5_102_1.

Proof. Let F} = CyB4AsA; ' B;'Cy . Let us denote by H the subgroup of Mod(%;)
generated by the set { R, F }.

Let

F, = RFR!
= CyBsAA'B;'Cyt

and
= C3BgA A B;TCy

First, we have F3F1 (Cg, b6, aiy, ay, b5, CQ) = (b4, ag, a1, Ay, b5, Cg) so that

Fy = ByAgA AT B Cyt € H.

Let
Fy = RF,R!
= BsA;AAT'B'Co?
and
Fs = F!
= O3Bs A1 A AT B
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Figure 4.6: Proof of Corollary 4.2.2]
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Then, we get F6F4(C3, b@, ai, as, ay, b5> = <b4, ag, a1, 9, ay, b5) so that

F; = ByAgA A AT B e H.

Let
Fy = RF.R!
= BsA; A AT AT B!
and
Fy = F;!
= BgA AsA;TAZIBI

Similarly, F9F7(b67 ai, as, as, ay, b5) = (CLG, ai, as, s, ay, b5) so that

F10 == AﬁAlAgAglAnggleH.

FioFy = AgBg'€H and then by conjugating AgB; ' with R iteratively, we get
A;B; '€ H for all i.

Now, we have F1 F; ' = C1 A e€H.
B,C; ! = (B1AT Y (A0 Y€ H and then B;C; '€ H for all 4.

Let

Fii = (BsA;Y)Fy
= ByBsA1A; By Oyt

and

F12 == RilFHR
= B3BsA;A;'B'C

Finally, F1oF} = B3C; '€ H and then B;,,C; '€ H for all i.

It follows from Corollary that H = Mod(X7;), completing the proof of the

corollary. O

Corollary 4.2.3. If g = 8, then the mapping class group Mod(3,) is generated by
the two elements R and B,CyA; A C: ' By
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Figure 4.7: Proof of Corollary [4.2.3]
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Proof. Let F} = B;C4A;Ag'C5 ' By . Let us denote by H the subgroup of Mod(%s)
generated by the set { R, F} }.

Let

F2 == RFlRil
= ByCsAgA;'Ci Byt

and

Fy, = Ft
= B3CsA 1 AZ'C5 Byt

We have F3F1(bg,06,a1,a8,c5,b2) = (bg,Cﬁ,bl,ag,Cg,,bz) so that

Fy = B3CsB1A'Cs "Byt € H.

Hence, F,F; ' = B;A;'€H and then by conjugating B; A;* with R iteratively, we
get B;A; € H for all i.

Let
F, = R?*FR?
= B3CsA1A'Co B!
Fy = Fgt
= ByCrAAT'Ci B!
and

Fr = (BA7Y)Fs(ABY)
= ByC:ByBy'Cy' By

NOW, weE get F7F1 (b47 C7, bg, bl, Cg, b3) = (04, Cr, bQ, bl, Cg, bg) SO that
Fg == C4C7BQBIICng§1€H.

Hence, FyF; ' = C,B; '€ H and then we get C; B; '€ H for all i.
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Let

Fy = RFR!
= BsCyB3B,'C;'B;!

and

Fo = (CiB)Fy '(B;Cy )
= C,0;B,B;'CtCs

Then, FioF3(cy, c7, b2, b3, cs,¢5) = (4, C7, b2, b3, by, c5) so that
Fy = CCyByB; ' By 'Oy e H.
Finally, F;,' 1, = CsB;'€H and then we get C’Z-BijrlleH for all <.

It follows from Corollary that H = Mod(2g), completing the proof of the

corollary. [

Corollary 4.2.4. If g > 9, then the mapping class group Mod(X,) is generated by
the two elements R and C} B4A7Ang5_16’2_1.

Proof. Let Fy = C1ByA7Ag'B; 'Oy Let us denote by H the subgroup of Mod(%,)
generated by the set { R, F }.

Let

F, = REFR!
= (OyBsAgAy'BytCst

and

— CgB(}AgAQlBglcgl.

We get F3F1 (637 667 Gy, ag, b57 62) = (b4a b67 Qg, asg, b5a 02) so that
Fy = ByBsAgA'Bs1Cyt € H.

Hence, F,F; ! = B,C;'€H and then by conjugating B,C5 " with R iteratively, we
get B;,1C; € H for all i.
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Note that * represents g — 9 genera.

Figure 4.8: Proof of Corollary 4.2.4]
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Let
Fs = F(CyB3Y)
= ByBsAgA' By ' B!
Fs = R*FR?
= ByByA;A;'B;' B!
and
= BlBgAGAngZIBgl.
Then, we have F7F5(bl, b3, ag, ar, b4, bg) = (bl, bg, b6, ar, b4, bg) so that
Fy = B1BsBsA7' B ' By e H.

Hence, FxF, ' = BsAg'€H and then B;A; '€ H for all i.

Let
Fy = F5(AsBg')(BsCrY)
= ByBsAyC;'B: B!
F10 - RilpgR
= BgB5A80671.B471.B271
and
Fn = Fy
= ByB,CeA;'B;'B; .

NOW, we have Fan(bg, b4, Cg, Aag, b5, bg) = (bg, b4, b67 as, b5, bg) SO that
F12 == BQB4BGA§1Bng§1€H.

Finally, FioF},' = BsCy '€ H and then B;C; '€ H for all i.

It follows from Corollary that H = Mod(%,), completing the proof of the

corollary. [
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Corollary 4.2.5. If g = 8, then the mapping class group Mod(X,) is generated by
the two elements R and By AsCsC; ' A7 Byt

Proof. Let Fy = B1AsC5C7 1 A7 By Let us denote by H the subgroup of Mod(X,)
generated by the set { R, F}.

Let
F, = RFRR'
= ByAsCsCqt A B
and
Fy, = Fy!
= ByACsCyt A By
We have F3Fy(by, as, cs, s, ag, ba) = (by, as, by, cg, ag, ba) so that

Fy = B4AsB\Cy ' A ' Byt € H.

F,F;' = B,Cg'€H and then by conjugating B;Cy' with R iteratively, we get
B;1C; '€ H for all i,

Let

Fs = RER!
- B5AlBQC771A7ilB:;1.

Hence7 F5F4(b57 aq, b27 Cr,ar, b3) = <b57 b17 b27 Cr, ary, b3) so that
Fs = BsB1B,C; ' A, ' By e H.

Now, we have FsF; ' = ByA7'€H and then B;A; '€ H for all i.
Let

Fy = (CyB5")Fs(C7Bg')(ArB; )
= C,B,ByB;'By'B;!

Fy, = RFRR!
= C3ByB3B,'B;'Bgt
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and
Fy = F3t
= BB ByB;'B;'C5 !

Hence, F9F7(b8, bl, b4, bg, bg, 65) = (bg, bl, Cy4, bg, bg, 65) so that

Fi = BsB1CyB; "By 'Cy e H.

Finally, FyoF, ' = C4B;'€H and then C;B; '€ H for all i.

It follows from Corollary that H = Mod(Xg), completing the proof of the
corollary. 0

Corollary 4.2.6. If g = 9, then the mapping class group Mod(%,) is generated by
the two elements R and B, A3CsCy ' Ag ' By

Proof. Let F} = B A3C5C3 Ay By ', Let us denote by H the subgroup of Mod (%)
generated by the set { R, F }.
Let
F, = RFRR!
= ByA,CsCyt A7 B!

and

= BsA;CoCy A 'By

We have F5F(bs, ar, co, cg, aq, ba) = (c5, ar, by, cg, by, by) so that
Fy = CsA:B,Cy'B "By € H.
Let
Fy = RFER!
= CAsB,C; By ' Byt
and
Fy = F;*
= B3BsC;By 'A'Ci
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Then, we get F6F4(b3, b5, Cr, bQ, as, 06) = (bg, Cs, C7, bQ, as, C6) so that

F; = BsCsCyBy P APCyt € H.

Hence, F;F; ' = CsB;'cH and then by conjugating Cs5B; * with R iteratively, we
get C; B; '€ H for all 4.

Let
Fy = (B;C;")Fs(CsBg)
= B3BsB:By'Ag'B;!
Fy, = RI3R™!
= ByBsBgB; A ' Bt
and

Fo = F;!
= B;AyBsBg'By'B; .

NOW, we get FloFg(b7, ag, bg, bg, b@, b4) = (b7, ag, bg, as, b6, b4) so that

Fi1 = BrAgBsAg' B ' By e H.

Hence, F[;' Flg = AsBg '€ H and then A;B; '€ H for all i.

Finally, Fy(B4A; ') Fy(BsCs') = B,Cy '€ H and then B;,,C; '€ H for all i.

It follows from Corollary that H = Mod(Xy), completing the proof of the

corollary. [
Corollary 4.2.7. If g = 10, then the mapping class group Mod(%,) is generated by
the two elements R and A,C,B3B;'C5 1A

Proof. Let Fy = A;C,B3B;'C5 ' A", Let us denote by H the subgroup of
Mod(%40) generated by the set { R, I} }.

Let

F, = RRR!
= AyCyB,By'Cyt A
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Then, we get FQFl(CLQ, Co, b4, bg, Cg, CL(,‘) = ((1,2, bg, b4, bg, b7, CL6) so that
Fy = AyB3ByBg'B- ' At € H.

Let
F, = R'F;R™4
= A¢B;BsB;'Bi'Ay
and
Fy, = F!
= A1B1ByBg By 1At

We also have F5F3(a10, bl, bg, bg, b7, 0,6) = (a,lo, bl, as, bg, b7, aﬁ) so that

Fg = AjgB1AyBg ' B At e H.

Hence, FyF; ' = Ay B, '€ H and then by conjugating A, B, ' with R iteratively, we
get A;B; '€ H for all i.

Let
F; = (B2Ay")(AsB3 ') F3(Br A7) (AsBg ')
== B2A3B4B§1A;1381
Fy = RF2F3*1R*1F7
== BQAgCgC{lAnggl
Fy = Fgt
= BgA;C,C3 A By Y
and

Fio = R'FyR™
= BjoA,C1C7 AT B

Now, we get FioFg(bio, a1, c1, ¢r, ar, bg) = (bio, a1, bz, c7, ar, bg) so that

Fi1 = BigA1Bo.Co AT By e H.
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Hence, Fy, F},' = BoC'€H and then B;C; '€ H for all 4.

Let
Fiy = (ByA)F3(AsBg ')(BsCy ') (Br A7) (BsAg ')
- BQBgB4A8_1A7—IC5_1
F13 - Flgl
= C3A7A3B;'B;'By!
and

F, = RF3R™
= CﬁAgAnglBll_lB?)_l.

Hence, F14F15(cg, as, ag, bs, ba, by) = (¢, as, ag, s, ba, bs) so that
F15 == C6A8A9057184713371€H.
Finally, FlglFM = C5BgleH and then C’iBfEH for all 7.

It follows from Corollary that H = Mod(Xy,), completing the proof of the

corollary. [
Corollary 4.2.8. If g > 13, then the mapping class group Mod(%,) is generated by

the two elements R and A, B,CsCy' Bs ' A3

Proof. Let Fy = A1 B4CsCy' By ' A3 Let us denote by H the subgroup of Mod(X,)
generated by the set { R, F }.

Let
F, = RFR™!
= AyBsCoC B AL
and
Fy = Fyt

= AyB;C,Cy'BITAY

41



First, we have F3F1 (a4, b7, C11, Co, b5, CL2> = (b4, b7, C11, Co, b5, CLQ) so that

Fy = B4B;C,Cy'By Ay € H.

Hence, F,F; ' = B;A;'€H and then by conjugating B,A; " with R iteratively, we
get B; A7 '€ H for all i.

Let
F, = R?*FR?
= A3BsC1oCry' Byt AL ?
and
Fy = F;!
= A;BgC1205' Bg 1AL

Then, F6F1 (a5, bg, C12, C10, b6, ag) = (a5, Cg, C12, C10, b6, Clg) so that

F; = A50801201_OIB6_1A?:16H.

Now, we have F; I, ' = CsBg'€H and then C;B; '€ H for all i.

Let
Fy = (A4B;')Fi(A3Bs')
= A ACCt By Byt
Fy = R3FyR3
= A4A;CHCH By ' Byt
and
Fo = Fyt
- BngClgCﬂlA;lAll.

We get FioFg(bs, by, c13, €11, a7, as) = (bg, Cs, C13, €11, A, ay) so that

Fy1 = BsCsC130' AT A e H.
Hence, FHFJJ1 = C'nglEH and then C’Z»B;flEH for all 7.
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It follows from Corollary that H = Mod(X,), completing the proof of the

corollary. [
Corollary 4.2.9. If g > 12, then the mapping class group Mod(%,) is generated by

the two elements R and By A3CsCrt A7 Bs

Proof. Let Fy = By A3CsChyt A7 B! Let us denote by H the subgroup of Mod(X,)
generated by the set { R, F }.

Let
F, = RFR™!
= ByAC,CAg Byt
and
Fy = Fy!

- BﬁAgCncglAllBgl.
Hence, F3F1 (b@, as, C11, Cr, A4, bg) = (Cg, as, C11, Cy, Qy, bg) so that
F, = CﬁASCHO;lAZlBQ_I € H.

We have F,F; ' = CsB; '€ H and then by conjugating CsB; * with R iteratively, we
get C;B; '€ H for all i.

Let

Fs = F(CyBiy)(BsCy )
= B1A3CsBd A POt

and

Fs = R?’F;R?
= BgA5Cng21A;10;1.

Now, we get FyF5(bs, as, cs, bi2, ag, ¢7) = (as, as, cs, b1z, ag, c7) so that

Fy = A3AsCs By Ag'C7 e H.
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Hence, Fy I, ' = A3B; '€ H and then A; B; '€ H for all i.

Let

Fy = (C1B{")(BsA3")Fi(BsCy )
= C1B3CsCrt AT O

and

Fy = RER!
= 0y,B,C;C AT Cy

We also have FQFS(CQ, b4, c7,C11, 0s, 06) = (bg, b4, C7,C11, 0s, Cﬁ) so that
Fy = B3B,C;C ' A Oy e .
Finally, FyoFy ' = B3Cy '€ H and then B;1C; '€ H for all 4.

It follows from Corollary that H = Mod(X,), completing the proof of the

corollary. O

Lemma 4.2.10. If g > 11, then the mapping class group Mod(X,) is generated by
two elements R and AlBQCAJLCg_}l Bg_ng;4.

Proof. Let F} = A1B204Og__113;_13149__14. Let us denote by H the subgroup of
Mod(X,) generated by the set { R, I} }.

Let

F2 = RFlRil - AQBgCg)C;lB;_le;_lg).

We have F2F1 ((12, bg, Cs, Cg, bg_Q, a,g_g) = (bg, bg, Cs, Cg, bg_g, bg_g) so that
F3y = ByBsCsC' B, 1B,y € H.

Let

F, = R 'R
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and
F5 - F:;l
- Bg,ng,gCgCngnggl.
HCHCC, F5F4(bg_3, bg_Q, Cg, Cs, b37 bg) = (bg_g, bg_g, bl, Cs, bg, bg) so that
Fs = B, 3B, 2B,C5'B;' By 'eH.

We also have FFy, ' = B, C, 1€ H and then by conjugating B; C, ! with R iteratively,
we get B;,1C; '€ H for all i.

Let

Fr = (Cgf3B;jz)<Cgf4Bg:13)F6
= C,_3C,4B,Cy'By'By*

and
Fy = R*FR2
- 0971097233077185713471.
HCI’ICC, F8F7(Cg_1, Cg_g, b37 Cy, b5, b4) = (Cg—h Cg_g, b3, C7, Cs, b4) so that
Fy=C, 1C, 2B3C;'Cy B eH.
Now, we get FoFy ' = C5B; '€ H and then C;B; '€ H for all 4.
Let

Fo = Fi(By30,)
= AB,CiCHC LAY,
and
Fll - RFloRil
— AQBgCg)C;lC;jQA;iS.
Hence, Fi1Fio(as, bs, ¢5, ¢q, Cg—2, ag—3) = (b2, b3, ¢35, ¢4, Cg—2,a9—3)
so that F12 = BQBgCE,C;lC;jQA;E?)EH.
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Finally, F1oF},' = ByA;'€H and then B;A; '€ H for all i.

It follows from Corollary that H = Mod(X,), completing the proof of the

lemma. 0
Lemma 4.2.11. If g > 13, then the mapping class group Mod(X,) is generated by
two elements R and A1B2C4C’;ZB;}4A;E5.
Proof. Let | = AlBQC'4C'g__12Bg__14Ag—_15. Let us denote by H the subgroup of
Mod(X,) generated by the set { R, I} }.
Let

F, = RFR™

HGHCG, FgFl (CLQ, bg, C5,Cg—1, bg_g, (Zg_4) = (bg, bg, C5,Cg—1, bg_g, bg_4) so that

F3y = ByBsC5C, L B3B!, € H.

Let
F, = FRFE;!

= ABy'AJY B,y

F- = RF,R!
- Ang_lA;_lng,3

Fs = [I5F;
= BQAgCg)C;jl A;,lgB;jgl

F7 - RiQ F6 R2
- BgAlcgc‘q_ngg—,lg)Bg_jﬁ
and

Fg - F;l
= By A;5CysC5'AT'B,
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We get FsFi(by—, g5, Cy3,C3,a1,by) = (by_s, ag_5,Cy3,C3,a1,C4-1) SO that

Fy = By A, 5Cy_3C5 " AT'C, L €H.

Hence, FyFy ' = g,lBg_leH and then by conjugating C'y_; Bg_1 with R iteratively,
we get C; B, €H for all i.

Let
FlO — F3<Cgleg_1>
= B,B;CsB,'B, B,
and

F, = R*F R
= ByBsC:By'B, !\ B,

We also have F1 Fig(ba, bs, c7,b2,bg—1,bg—2) = (ba, 5, €7, b2, bg—1,bg—2)
so that i, = ByC5Cr By ' B, B, !, € H.

Hence, F12Fﬁ1 = C5BgleH and then C’Z-leeH for all 7.

Let

Fi3 = Fi(By_4C,y)
= A1B2C4Og__120;_14149__15
and
Py, = RF3R™
= A2B3C5C;310;33A;E4

NOW, we get F14F13(a2, bg, C5,Cg—1,Cq—3, ag_4) = (bg, bg, C5,Cg—1, Cg—3, &9_4) so that
Fi5 = ByB3C5C L C A €H.

Finally, F15F;,' = BoA,'€H and then B;A; '€ H for all i.

It follows from Corollary that H = Mod(X,), completing the proof of the

corollary. O
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Lemma 4.2.12. If k > 7 and g > 2k + 1, then the mapping class group Mod(X,) is

generated by elements R and AlBQC4C’g__1k N 4Bg__1k +2A;_1 ft1-

Proof. Let Fy = Ay ByCyC Bl A

Mod(X,) generated by the set { R, F }.

Let us denote by H the subgroup of

Let
F, — R“SE R
= Ap2Bi1CpiC7' B AL
and
= F;!
= Ag—2Bg—1chl;ilBl;—11Al;—l2‘

We have F5F(ag—2,bg—1, C1, Crg1, br—1, ar—2) = (ag—2,bg-1, b2, Crt1, bp—1, ar_2) s0

that Fy = Ay_»B, 1 B,C, . B AL, € H.

Hence, F,F; ' = B,C; '€ H and then by conjugating B,C;* with R iteratively, we
get B;,1C; € H for all i.

Let
Fs = Fl(Bg—k+2Og__1k+1)
= AIB2C4C;jk+4Cg_Ek+1A;1k+1
and

Fy = RF;R!
= AB;CsC7L o7t AL

g—k+5"g—k+2*"g—k+2*

We get FgFi(ay, bs, C5, Cg—ki5, Cg—kt2, Gg—ki2) = (b2, b3, C5, Cg i, Cg—pi2; Gg—i2)
_ —1 —1 —1
so that f; = BQB3C5Cg,k+5Cg,k+2Ag,k+2EH—

Hence, [ F; ' = By A, '€ H and then B;A; '€ H for all 4.

Let
F8 — Rk72F6R27k
= ApBi1CrysCy'Cg AL
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and

AgCgCISCk_—l:sBk_ilAi;l-

Then, F9F6(ag,Cga0370k+3,bk+1,ak) = (Ggacg,53,0k+37bk+1,ak)

so that Fg = A,CyB;C; ', B; ! Ay '€H.
Finally, FyoF, ' = B3C;'€H and then B;C; '€ H for all i.

It follows from Corollary that H = Mod(X,), completing the proof of the

lemma. L

Corollary 4.2.13. If k > 5 and g > 2k + 1, then the mapping class group Mod(X,)
is generated by the elements R and A, 15’2040;_1,C N 419;_1,C +2A;_1 Tt 1

Proof. Ttdirectly follows from Lemma.2.10] Lemma.2.1T|Jand Lemmad.2.12] [

4.2.2  Proof of Theorem 1.0.4
Finally, we prove Theorem [1.0.4

Proof. If g = 6, let Hg be the subgroup of Mod (%) generated by the set

{R, RC,B,A¢A;'Bs*Cy'}. Then, Hg = Mod(%g) by Corollary Hence,
we are done by Lemma since R(C1B4Ag)R™' = CyBsA,. Note that, since
R(c1) = ¢9, R(by) = bs and R(ag) = ay, we have R(CyByAg) R~ = CyBsA; which
implies order of the element R(C} By Ag)(CoBs A1) is g.

If g = 7, let H; be the subgroup of Mod(X;) generated by the set
{R, RC1B4A¢A-'B;*Cy'}. Then, H; = Mod(X;) by Corollary Hence, we
are done by Lemma since R(CyBsAg) R~ = CyBsAs.

If g = 8, let Hg be the subgroup of Mod(Xs) generated by the set
{R, RB,C4A; Ag'C; ' By Y. Then, Hg = Mod(Xg) by Corollary Hence, we
are done by Lemma since R(B1C,A7)R™" = ByCs As.
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If g > 9, let Hy be the subgroup of Mod(X,) generated by the set
{R, RC,B,A; Ag' B1Cy '}, Then, Hy = Mod(X,) by Corollary Hence, we
are done by Lemma since R(CyB,A7)R™! = CyB5 As. O

4.2.3 Proof of Theorem [1.0.5]

Now, we can prove Theorem [1.0.5]

Proof. If g = 10, let Hyo be the subgroup of Mod(X;,) generated by the set

{R, R*A,C,BsB;'C5 Az '}, Then, Hyy = Mod(%) by Corollary Hence,
we are done by Lemma since R*(A,C1Bs)R™ = A;CsB;. Note that, or-
der of R* is clearly 5 and hence order of the element R*(A;C}B3)(AsC5B;)~! is
also 5 by Lemma since R*(a1) = as, R*(c;) = c5 and R*(b3) = b, implies
RY(A,CLBy) R~ = AsC5Bs.

If g = 9, let Hg be the subgroup of Mod(>Jg) generated by the set
{R, R*B1A3C5C3 ' A;' By '}. Then, Hy = Mod(Xg) by Corollary Hence, we
are done by Lemma since R3(ByA3C5)R™3 = By AeCs.

If g = 8, let Hg be the subgroup of Mod(Xs) generated by the set
{R, R?*B1AsC5C; ' A By '}, Then, Hy = Mod(Xg) by Corollary Hence, we
are done by Lemma since R*(B,A5Cs)R™? = B3A;C'.

If g = 7, let H7 be the subgroup of Mod(3J;) generated by the set
{R, RC1B,AcA7' B;'Cy'}. Then, H; = Mod(X;) by Corollary Hence, we
are done by Lemma since R(CyB,Ag) R~ = CyB5As.

The remaining part of the proof is the case of g > 11. Let k = g/¢ so that k is the
greatest divisor of g such that & is strictly less than g /2. Clearly, k can be any positive

integer but three.

If £ = 2, let K, be the subgroup of Mod(X,) generated by the set
{R, R?A, B,CsCyy' Bs ' A3 '}. Then, Ky = Mod(3,) by Corollary Hence, we
are done by Lemma since R?(A;B,Cs)R™2 = A3BsChy.

If k = 4, let K4 be the subgroup of Mod(X,) generated by the set
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{R, R*B, A3CsC' A7 ' B5 Y. Then, K, = Mod(X,) by Corollary Hence, we
are done by Lemma since R*(B;A3Cs)R™* = BsA7Chp.

If k = 1ork = 5, let K5 be the subgroup of Mod(X,) generated by the set
{R, R_5AIBQC4C’;}13;}3A;4}. Then, K5 = Mod(X,) by Corollary Hence,

we are done by Lemma since R°(A1B2Cy)R®> = Ay_4B, 3C,1.

If k = 6, let K¢ be the subgroup of Mod(X,) generated by the set
{R,RA,B,C,C, 1, B! A1, }. Then, K¢ = Mod(%,) by Corollary Hence,

we are done by Lemma since R™%(A;BsCy)RS = A, 5B, 4Cy».

If £ > 7, let K be the subgroup of Mod(X,) generated by the set
{R,R*A1B,C,C Y B, ,A L 1} Then, K = Mod(%,) by Corollary |4.2.13
Hence, we are done by Lemma since R™%(A1BoCy) RF = Ay k1B k12Cy—ksa

]

4.2.4 Proof of Theorem [1.0.6

In this section, we prove Theorem which states as: for g > 3k*+4k+1 and any
positive integer &, the mapping class group Mod(%,) is generated by two elements of

order g/ ged(g, k).
Korkmaz showed the following in the proof of Theorem (.0.1]

Theorem 4.2.14. If g > 3, then the mapping class group Mod(X,) is generated by
the elements AiAj’l, BiBj’l, C’Z-Cj’lfor all i, j.

Sketch of the proof is as follows:

First, it is easy to check that A; A, B By (a1, a3) = (b1, as) and we also have that
B1A;TCi Oy (b, a3) = (1, a3).

Korkmaz then showed that the Dehn twist A3 can be generated by these elements by
using the lantern relation.

Hence, we have that A; = (A;A31) A3, B; = (B;B; ') (B1 A3 1) A3 and we also get
C; = (C;C ) (CL A1) Az are generated by given elements. This finishes the proof.

Now, we prove the next statement as a corollary to Theorem @4.2.14
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Corollary 4.2.15. If g > 3, then the mapping class group Mod(X,) is generated by
the elements A;B; ", C;B; ', C; B}, for all i.

Proof. Let us denote by H the subgroup generated by the elements

A;B; ', C;B; ', C;B;, for all i.

We have B;B:' = (B;C;")(C;B},) -+ (B;1C; ) (Cy—1B; ') H forall i, j.
Similarly, C;C; ' = (C;B; ) (B;B; ') (B;C; ") eH for all i, j.

Finally, 4;A;" = (A4;B;")(B;B; ') (B;A; ')€H forall i, j.

It follows from Theorem [4.2.14| that H = Mod(X,), completing the proof of the

lemma. L]

Theorem 4.2.16. If g > 21, then the mapping class group Mod(X,) is generated by
the elements R27 BlB2A5A801101401_6101_31141_0114;13;1.83_1.

Pl"00f. Let F1 = BlBQA5A801101401_6101_31141_01147_1B4_1B3_1. Let us denote by H
the subgroup of Mod(X,) generated by the set { R?, F} }.

Let

F, = R’FR™?
= B3ByA7A;C13C1605 Ot A Ay ' By By

and

= BsBsAgA12015015C Crt Alg A7 By Byt

We have FgFl(b5, b6, s 763) = (a5, bﬁ, cee 7b3) so that
Fy = A5BsAgA1nCi5C1sC1 Oyt Afg A7 By By € H.

Note that - - - refers to the elements remaining fixed under the given maps.

Hence, F;F; ' = A;B; '€ H and then by conjugating A5 B; ' with R? iteratively, we
get AziHBgiHEH for all i.
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Let

Fs = R'RR™
= BsBsAgA15C15C 1505 Ot AT A Bg B

and
Fo = (A:B;)F; ' (BsA7 ")
= A?BgAllAl;lCl’?CQOC;SlCE—)IAI21A§1BglAgl-
We get F6F1(a77 b8> Q11,0 b67 a5) = (a77 ag, i1, ", b67 G5) so that

Fr = A7 AgAn A CirCog Ot Ct ALY A Y B A Y € H.

F;F;' = AgBg'€H and then by conjugating AgBg ' with R? iteratively, we get
Ag;By;' € H for all i.
Hence, AileeH for all 7.

Let

Fy = (BpAp)F
—  A5BgAgB12015C15C Cril Al AT B By

Now, we have FgFi(--- ,bja,---) = (- ,c11,- -+ ) so that
Fg - A5BGAQCH01501801%1CiglAliolAngilBgl - H

Hence, FyFy ' = OBy, €H and then by conjugating Cy; By, with R? iteratively,
we get Co; 1 Byt ,€ H for all i.

Let

Fio = (BuAi)F
= Ay AgB11A14017Co 0 Ot Ay Ay P By P AL

Similarly, we have FyoFy(--- ,by1,--+) = (--+ ,c11,- -+ ) so that
F11 == A7A8011A14C17CQ(]C;810£51A;;A;lBglAgleH.
Hence, FHFfO1 = C'nBl_llEH and then, we get CgiHBQ_Z-}rlGH for all 7.

53



Let

Fip = (31501_51)F4
= AsBgAgA12B15C1304 Cit Ay A7 ' By Byt

Then, F12F1(' . 7b15,' ) - ( cr,Cl4,y " ) SO that
F13 = A5BGA9A1201401801%1Ci;lAfolA;lBilBglEH.

We also have F13F1_21 = C’14Bl_51€H and then, we get C’giBQ_iLEH for all 7.
Hence, C;B; .} € H for all i.

Let

Fy = F(Ci5By)
= A7AgA11 A O CoCrt Brd A Ag ' B T A

Hence, F14F1(- < L big, ) = ( NG TIRRE ) so that
F15 = A7A8A11A14017020C;810;61AI21A51BglAglEH.

Similarly, F1’51F14 = C'16Bl’61€H and then, we get C’ziB;ilEH for all 7.
Finally, C;B; '€ H for all 4.

It follows from Corollary |4.2.15|that H = Mod(%,), completing the proof of the

theorem.

Corollary 4.2.17. If g is even and g > 22, then the mapping class group Mod(%,) is

generated by two elements of order g/2.

Proof. Let H be the subgroup of Mod(X,) generated by the set
{R? R?B)ByAsAsC11C14Cis Ciit Ay A By By 1)

Then, H = Mod(%,) by Theorem [#.2.16] Hence, we are done by Lemma

since R2(31B2A5A8011014)R72 = BgB4A7A10013016.

Generalization of Theorem and Corollary [4.2.17)is as follows:
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Figure 4.9: Generator for Theorem[1.0.6]
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Theorem 4.2.18. For k > 2 and g > 3k? + 4k + 1, the mapping class group
Mod(X,) is generated by the elements RFand R*F(R*F~R™*) where

F = BBy BpAski1Asir2 - Ar2 49k Cr2 43541 Cr2 1 akr2 -+ - Copz 13-

Proof. We define an algorithm to prove the desired result.

Let ' = B1By -+ BrAopy1Aspy2 -+ Apz 4ok Cr2 341 Ch2 pan2 - - - Copz 43 and

F, = F(RFF~'R7*). Let us denote by H the subgroup of Mod(X,) generated by
the set { R*, F} }.

A) Use conjugation of F; with R¥, R%* ...  R* with proper multiplications to get
Ay By €H, AyyoBy ly€H, -+, Aoy Byl |€H, Ay By € H, respectively.
Hence, AiBi’lEH for all s.

B) Follow the next £ steps.

1) Use conjugation of I with R* for some positive integers [’s with proper multipli-

cations to get C'Z-kHBZ-;frleH and C’ikHBi;erEH for all i.

2) Use conjugation of F; with R* for some positive integers [’s with proper multipli-

cations to get Cyy12B;, € H and Cypy0 B,y ;€ H for all 4.

k) Use conjugation of F; with R* for some positive integers I’s with proper multipli-
cations to get CikBi;lEH and Cz‘kBi_kLEH for all :.
Hence, C,»Bi_leH and C’Z»B;flEH for all 4.

It follows from Corollary 4.2.15| that H = Mod(X,), completing the proof of the
theorem. See Theorem [.2.16]for an example usage of the algorithm. O

Now, we prove Theorem 1.0.6]

Proof. For k > 2 and g > 3k? 4+ 4k + 1, let H be the subgroup of Mod(%,) gener-
ated by the set { R*, RFF(RFF~'R%)}. Then, H = Mod(%,) by Theorem
Hence, we are done by Lemma since the orders of R* and RFF(RFF~'R™F)
are g/d where d is the greatest common divisor of g and k. If £ = 1, we are done by
Theorem u
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4.3 Further Results

The mapping class group Mod(XV,) of closed connected nonorientable surface N, of
genus g is defined to be the group of the isotopy classes of all diffeomorphisms of V.
Compared to orientable surfaces less is known about Mod( N, g). Lickorish [11], [13]]
showed that it is generated by Dehn twists about two-sided simple closed curves and
a so-called Y'-homeomorphism (or a crosscap slide). Chillingworth [2] gave a finite
generating set for Mod (V) that linearly depends on g. Szepietowski [22] proved that

Mod(N,) is generated by three elements and by four involutions.

The twist subgroup 7, of Mod(N,) is the group generated by Dehn twists about two-
sided simple closed curves. The group 7, is a subgroup of index 2 in Mod(N,) [13]].
Chillingworth [2] showed that 7, can be generated by finitely many Dehn twists.
Stukow [21]] obtained a finite presentation for 7, with (g + 2) Dehn twist generators.
Later, Omori [20] reduced the number of Dehn twist generators to (g + 1) for g > 4.
Du [3)] obtained a generating set consisting of three elements whenever g > 5 and
odd. Recently, Yoshihara [25] proved that 7, can be generated by six involutions for
g > 14 and by eight involutions if g > 8.

The extended mapping class group Mod*(%, ) of closed connected orientable sur-
face X, ,, of genus g with p punctures is defined to be the group of the isotopy classes

of all diffeomorphisms of >, .

The idea in Sections 4. 1land can be used with little modifications for the extended
mapping class group of orientable surfaces possibly with punctures, the mapping class
group of nonorientable surfaces and twist subgroups of the mapping class group of

nonorientable surfaces.
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