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ABSTRACT

EXTENDED TARGET TRACKING USING REDUCED RANK GAUSSIAN
PROCESSES

Özcan, Mustafa Buğra

M.S., Department of Electrical and Electronics Engineering

Supervisor : Assoc. Prof. Dr. Emre Özkan

February 2021, 88 pages

Conventional tracking algorithms are predominantly based on point target assump-

tion; however, this assumption is challenged as a result of the advents in sensor res-

olutions. Improvements on processors and rapid advances in sensor capabilities has

enabled to the perception of target characteristics beyond the kinematics. Extended

target tracking is the ability to learn target shapes that occupy multiple resolution

cells and to track the motion of the target in a recursive framework. Gaussian pro-

cess, a non-parametric method to settle the bridge between inputs and outputs of a

system with tractable math, is opted for this thesis to establish the extended target

tracking structure. On the other hand, computational complexity can be considered

as a cost of the flexible nature of Gaussian processes. We, therefore, investigate the

periodic kernel spectral approximation that relies on restating the kernel matrix with

a lower rank. Following this, we perform in-depth mathematical derivations, conduct

simulations in comparison with other approaches, and discuss several aspects of our
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extended target tracking method.

Keywords: Extended Target Tracking, Object Tracking, Gaussian Process, Kalman

Filter
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ÖZ

DERECESİ AZALTILMIŞ GAUSS SÜREÇLERİ KULLANILARAK
GENİŞLETİLMİŞ HEDEF TAKİBİ

Özcan, Mustafa Buğra

Yüksek Lisans, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi : Doç. Dr. Emre Özkan

Şubat 2021, 88 sayfa

Geleneksel takip algoritmaları büyük ölçüde nokta hedef varsayımına bağlı olmasına

rağmen, bu varsayımın yeterliliği sensor çözünürlüklerindeki gelişmeler neticesinde

sorgulanmaya başlanmıştır. İşlemcilerde gerçekleştirilen ilerlemeler ve sensör kapa-

sitelerindeki hızlı artışlar, hedeflerin kinematik özelliklerinin ötesinde şekilsel karak-

teristiklerini de algılayabilmeye imkan sağlamıştır. Genişletilmiş hedef takibi birden

fazla çözünürlük hücresine yayılan cisimlerin şeklini yinelemeli olarak öğrenme ve

hareketini takip etme yeteneğidir. Bir sistemin girdi ve çıktıları arasındaki köprüyü

parametrelere bağlı kalmadan, kavraması zor olmayan bir matematikle oluşturabilen

Gauss süreçleri, bu tezdeki genişletilmiş hedef takibi yapısını kurmak için tercih edil-

miştir. Diğer bir taraftan Gauss süreçlerinin doğasındaki bu esnekliğin bedeli olarak

işlem karmaşıklığı göz önünde bulundurulmalıdır. Bu problemin çözümüne periyodik

kernel matrislerinin daha düşük dereceli olarak ifade edilebilen spektral yakınsaması

ile zemin hazırlanmıştır. Bununla birlikte detaylı matematiksal çıkarımlar yapılmış,
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diğer metodlar ile karşılaştırmalı benzetimler gerçekleştirilmiş ve metodun incelikleri

tartışılmıştır.

Anahtar Kelimeler: Genişletilmiş Hedef Takibi, Obje Takibi, Gauss Süreci, Kalman

Filtresi
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CHAPTER 1

INTRODUCTION

As Albert Einstein summed up, "We cannot solve our problems with the same think-

ing we used when we created them." This can inspire us to think that mathematical

models have been enhanced by recent growth in technology. From the Wiener filter

to the Kalman filter and beyond, researchers have been improving existing techniques

for arising problems. Estimation theory, an important keystone of them, deals with

the unknown in problems based on observational data. Numerous dynamical sys-

tems consist of these unknown quantities as they have a random component in the

form of time series. A mathematical framework for this implicit relation between the

unknown, observations, and time can be described with state-space models (SSMs).

They are considered as tailored models to reveal statistically coherent estimations.

Object tracking involves estimation of unknown kinematic state variables of moving

objects, which are modeled as dynamical systems. In typical target tracking algo-

rithms, states are selected to represent the target’s kinematic features such as position,

velocity, or acceleration.

Bayesian filtering is a framework to obtain posterior probability density function

(PDF) of the state given the measurements. Kalman filter (KF) instantiates Bayesian

filtering for linear systems corrupted by Gaussian noise with a closed-form solution.

KFs can be used in tracking applications when the underlying dynamics and the mea-

surement equation is assumed to be linear. Kalman filter is beneficial when PDFs are

unimodal with linear interactions. For nonlinear systems, it is possible to use Kalman

filter variants such as extended Kalman filter (EKF), which involves linear approxi-

mation [29], and unscented Kalman filter (UKF), which relies on sigma points [31].
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When the degree of nonlinearity is severe, or the posterior PDF is multimodal, more

sophisticated algorithms can be used, such as Gaussian sum filtering [3] or particle

filters [20, 35, 28].

In the history of target tracking, the objects of interest have been modeled as point

sources [13, 4, 71]. This assumption is valid for most sensors such as radar, sonar, or

lidar, which generate at most one measurement per scan. Over the last two decades,

rapid advances in sensor capability and improvements on processors have opened the

door for extended target tracking (ETT) algorithms [22]. These dedicated tracking

algorithms are capable of processing multiple measurements per object and estimate

the object’s extent, which can be defined as the region that generates measurements.

There are several challenges, such as computational burden, changes in object ori-

entation, unknown target shape to overcome in the ETT problem. The target model

is an important factor related to the challenges [22, 45]. Various attempts have been

carried out on modeling the target extent. The first investigations into ETT consider

target shape as restricted constant models. Studies are conducted to model the extent

as a stick in [19, 14] and more recently in [6, 23]. The main pitfall of that approach is

the dimension of the extent. It fails to explain the cross extent of the target, which is

perpendicular to the line. The extent can never be more than one dimension with this

approach.

The close resemblance between a vehicle and a rectangle leads to ETT studies to re-

strict the shape with four right angles [24, 36]. On the other hand, target extent is

represented as a circle in [11]. Moreover, modeling the shape as an ellipsoid gives

more flexible restrictions and increases the variety of applications [37, 18]. An in-

ference method and a comparison between ellipsoid or rectangle modeling are in-

vestigated in [24]. Ellipsoid modeling, which is carried out by a symmetric positive

semi-definite matrix, is also a common solution [48, 43]. Several studies suggested

an extension of ellipsoid modeling to multi-ellipsoids for representing more complex

shapes [33, 27, 25]. These models divide targets into several parts and represent each

of them as an ellipse to capture more details about the target. However, in all of these

suggestions initializing with a restricted boundary for the shape can be considered
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as a drawback of these methods. Another fold of studies, star convex shapes, are

suggested in [8] and can be a solution to this restriction. An initial version of this

method introduced in [37] is also compared by the study in [7] and further discussed

in [62, 9]. A related suggestion is proposed in [34] by utilizing B-splines to express

vehicle contour. These instruments adopted in the field of ETT are comprehensively

surveyed in [22]. The aforementioned methods are illustrated comparatively in Figure

1.1. In the figure, the same target is represented using different approaches.

A method well-suited to the star convex shapes using Gaussian processes (GPs) is

proposed in [66]. GPs occupy a significant place in machine learning applications and

are extensively covered in [54]. They provide tractable posterior computations and

have useful analytical properties. The model in [66] presents systematic expressions

for tracking the target extent and has been adopted by several research papers [1, 41,

65]. A 3D implementation is suggested in [41], and classification works are carried

out in [47, 65].

GPs are also utilized for learning ambient magnetic fields [58], and later for simul-

taneous localization and mapping (SLAM) algorithms [39]. Although GP can fulfill

decent solutions to the regression problem, its characteristics should be taken into

account in terms of computational complexity, recursive structures, and closed-form

solutions. The spectral domain solutions, particularly reduced rank forms of GP re-

gression, have received much attention over the last years [58, 39]. This form is opted

for our work due to its outstanding results in finite space solutions and the ability to be

formulated in a recursive form. Related works consider other applications and only

examine squared exponential kernel with Dirichlet boundary conditions [30, 58, 39].

We refined the method for periodic functions and proposed a systematic structure for

ETT applications.

Autonomous driving, mobile robotics, or computer vision can be possible application

areas for the method provided in this thesis. Figure 1.2 shows ETT examples with

real data for a video experiment of a dinghy [40] and a 2D laser experiment of a

vehicle [66]. Another example ETT application is depicted in Figure 1.3 for a 3D

traffic scenario studied in [42]. Our method can also be used for similar applications.
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Figure 1.1: Different modeling approaches for the same target
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(a) (b)

Figure 1.2: (a) is a video experiment data [40] and (b) shows 2D laser data of a vehicle

together with the extent estimates [66].

(a) (b)

(c)

Figure 1.3: A 3D laser scanner data in [42]. (a) and (b) are camera views and (c)

shows the laser sensor data together with the extent estimates.
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The thesis is composed of six chapters. Chapter 2 presents the theoretical principles

of Bayesian filtering, its closed-form solution under certain conditions, and reviews

Kalman filter and its variants for nonlinear system dynamics. Random processes are

also renowned for the myriad of applications, and they are introduced in Chapter 3.

The reduced rank approximation is given in Chapter 4 with explicit derivations, and

a learning method of a target shape is presented. In Chapter 5, augmented SSM is

asserted with proposed algorithms for ETT applications. Finally, a brief conclusion

is outlined in Chapter 6.
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CHAPTER 2

BAYESIAN FILTERING

This chapter aims to address the fundamental principles of target tracking. Although it

has concise information about Bayesian filtering, Kalman filter, and extended Kalman

filter, derivations are also included to have a good grasp.

Establishing a mathematical framework is the primary component of a target track-

ing algorithm. State-space models (SSMs) constitute the backbone of the tracking

algorithms as they construct the algebraic structure that defines target dynamics and

measurement equations. The core problem is to obtain the posterior distribution of the

state after compounding measurements. Different methods for computing posterior

distributions are addressed in the following sections.

2.1 Bayesian Filtering

Bayesian filtering can be defined as a Bayesian method of optimum filtering [64].

It formulates marginal posterior distribution of the state given the measurements in

terms of products of probability density functions. State can be very briefly explained

as a summary of the past. In target tracking applications, it may consist of information

about target position, velocity, orientation, or any other variable to be estimated. A

general state-space model can be described with two equations
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xk = f(xk−1, wk−1), (2.1a)

yk = g(xk, vk), (2.1b)

for k = 1, 2, . . . , where

• xk ∈ Rm is the state vector at time k,

• yk ∈ Rn is the measurement available at time k,

• f(·) is the known system equation generally describing the model dynamics,

• g(·) is the known measurement equation which defines the relation between the

state and measurements,

• wk−1 is the process noise,

• vk is the measurement noise.

When measurements are acquired up to the kth time instance, Bayesian filtering aims

to obtain the posterior probability density function of the state p(xk|y1:k). This is

mostly performed in recursive updates in two steps, which are called the prediction

and measurement updates.

2.1.1 Prediction Update

Prediction update is the process of finding the state’s probability density function for

a future time step given the available measurements. The aim of the prediction update

is to obtain p(xk|y1:k−1) by calculating the integral

p(xk|y1:k−1) =

∫
p(xk, xk−1|y1:k−1) dxk−1

, (2.2a)

=

∫
p(xk|xk−1, y1:k−1) p(xk−1|y1:k−1) dxk−1

. (2.2b)
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This equation is known as the Chapman-Kolmogorov equation in the literature. It

relates joint PDFs by employing the law of total probability [51]. Furthermore, with

the assumption that the current state only depends on the previous state, which is

known as Markov property, it is possible to express the prediction density as

p(xk|y1:k−1) =

∫
p(xk|xk−1) p(xk−1|y1:k−1) dxk−1

. (2.3)

Attempts to solve this integral equation might be difficult, depending on the relevant

distributions. Under linear relations with Gaussian assumptions, more convenient

forms can be achieved.

2.1.2 Measurement Update

When a new measurement is acquired, new posterior distribution can be calculated

by applying the Bayes rule using the result obtained in the prediction update. This

step aims to include the information that comes with the new measurement to the

prediction density. Given all measurements up to time k, the posterior of the state

variable can be obtained as follows

p(xk|y1:k) = p(xk|yk, y1:k−1),

=
p(xk, yk, y1:k−1)

p(yk, y1:k−1)
,

=
p(yk|xk, y1:k−1) p(xk, y1:k−1)

p(yk, y1:k−1)
,

=
p(yk|xk, y1:k−1) p(xk|y1:k−1) p(y1:k−1)

p(yk|y1:k−1) p(y1:k−1)
.

(2.4)

This equation can be further simplified by assuming that measurement yk is condi-

tionally independent of yl for l < k given xk such that

p(xk|y1:k) =
p(yk|xk) p(xk|y1:k−1)

p(yk|y1:k−1)
. (2.5)
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Many researchers have attempted to assert different methods for the calculation of

these products. Not only do they try to find an approximate equation depending on

the distribution properties, but they also derive compact analytical formulas under

certain conditions.

2.2 Kalman Filter

With R.E. Kalman’s seminal paper in 1960, "A New Approach to Linear Filtering

and Prediction Problems" [32], Kalman filter (KF) is a frequently used technique to-

day. It provides the closed-form optimal solution of the filtering problem in equation

2.1 under linear Gaussian assumptions, which indicate that f(·) and g(·) are linear

functions and the noise terms are Gaussian. A linear Gaussian SSM can be expressed

as

xk = Axk−1 + wk−1, (2.6a)

yk = Hxk + vk, (2.6b)

for k = 1, 2, . . . , where

• xk ∈ Rm is the state vector at time k,

• yk ∈ Rn is the measurement available at time k,

• A is a m×m matrix representing linear relationship between states for succes-

sive time instances,

• H is a n×m matrix to relate the state with the measurement,

• wk−1 ∼ N (0, Q), Q is the process noise covariance matrix,

• vk ∼ N (0, R), R is the measurement noise covariance matrix.
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In this characteristic KF SSM representation, prior state distribution is also assumed

as Gaussian. Hence, the posterior and predictive distributions can be expressed as

follows

p(xk|y1:k) = N (xk;mk|k, Pk|k), (2.7a)

p(xk|y1:k−1) = N (xk;mk|k−1, Pk|k−1), (2.7b)

where the mean of the resulting PDF is defined as m ,and covariance of it is referred

as P . Kalman filter solutions can be obtained in the same manner as the Bayesian

filtering equations introduced in Section 2.1.

In the prediction update, the posterior density obtained from the previous time step is

propagated in time according to system dynamics to find the PDF of the state in the

next time instance. Moreover, the aim of the measurement update is to utilize new

measurement information for the best possible posterior PDF. Hence, well-known KF

update equations can be expressed as follows:

• Prediction Update:

mk|k−1 = Amk−1|k−1, (2.8a)

Pk|k−1 = APk−1|k−1A
T +Q. (2.8b)

• Measurement Update:

Sk = HPk|k−1H
T +R, (2.9a)

Kk = Pk|k−1H
TS−1k , (2.9b)

mk|k = mk|k−1 +Kk

(
yk −Hmk|k−1

)
, (2.9c)

Pk|k = Pk|k−1 −KkHPk|k−1. (2.9d)

Where Kk and Sk are referred to as Kalman gain and innovation matrix, respectively.
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2.3 Extended Kalman Filter

Linear system dynamics or linear measurement state relations often may not occur

in practical applications. In such situations, classical KF equations cannot be used.

An approximation method should be employed to overcome this problem. Extended

Kalman filter is capable of handle this nonlinearity. It utilizes Taylor series expan-

sion to obtain the posterior distribution. Consider the following nonlinear SSM with

additive Gaussian noise

xk = f(xk−1) + wk−1, (2.10a)

yk = h(xk) + vk. (2.10b)

for k = 1, 2, . . . , where

• xk ∈ Rm is the state at time k,

• yk ∈ Rn is a measurement obtained at time k,

• f(·) is a nonlinear function representing the relationship between states for

successive time instances, and it might also depend on k,

• h(·) is a nonlinear function to relate the state with the measurement, and it

might also depend on k,

• wk−1 ∼ N (0, Q), Q is the process noise covariance matrix,

• vk ∼ N (0, R), R is the measurement noise covariance matrix.

EKF linearizes dynamic and/or the measurement equations to obtain posterior PDF of

the state recursively. It uses first-order terms in Taylor series expansion and neglects

the higher-order terms. So, EKF relies on the Jacobian matrix with the help of the

predicted state because the exact state is not available. Although EKF has some draw-

backs, such as dependency on the Jacobian matrix, it is one of the commonly used
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tracking algorithms in terms of computational efficiency, ease of use, and theoretical

stability. EKF equations can be written as follows:

• Prediction Update:

mk|k−1 = f(mk−1|k−1), (2.11a)

Pk|k−1 = FkPk−1|k−1F
T
k +Q. (2.11b)

• Measurement Update:

Sk = HkPk|k−1H
T
k +R, (2.12a)

Kk = Pk|k−1H
T
k S
−1
k , (2.12b)

mk|k = mk|k−1 +Kk

(
yk − h(mk|k−1)

)
, (2.12c)

Pk|k = Pk|k−1 −KkHkPk|k−1, (2.12d)

where Jacobians can be written as:

Fk =
∂f

∂x

∣∣∣∣
xk−1|k−1

, (2.13a)

Hk =
∂h

∂x

∣∣∣∣
xk|k−1

. (2.13b)

Throughout this chapter Bayesian filtering equations are introduced, and KF, a closed-

form solution under certain conditions, is presented. Unlike the KF that is suited for

linear models, there are other filtering variants for nonlinear systems. EKF, which

is considered as one of them, is adopted in the works for this thesis. Since they are

fundamental inference methods that are related to the subject of our work, a brief

background is outlined. Another principal subject of our research, which is Gaussian

processes, is examined in the next chapter.
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CHAPTER 3

GAUSSIAN PROCESSES

Gaussian Processes can be considered as a powerful tool to learn a function by com-

puting posterior distribution with observed measurements, especially for machine

learning applications. Apart from being solely a stochastic process, it is a non-

parametric method to establish a bridge between inputs and outputs with tractable

math. Since the prior distribution of functions can be interpreted as GP, the posterior

distribution can be predicted by defining correlation structures in a probabilistic ap-

proach. The closeness of function values with respect to inputs is induced by a kernel.

It is a key component for GP and will be explained in Section 3.1.

A latent function with a GP prior can be denoted as

f(x) ∼ GP (m(x), k (x, x′)) , (3.1)

where m(x) is the mean function, and k (x, x′) is the kernel function. Since they

are sufficient statistics for the Gaussian distribution, multiple input evaluation can be

written for points x = [x1, x2, . . . , xL] as follows


f (x1)

...

f (xL)

 ∼ N (m(x) , K (x,x)) , (3.2)
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where

m(x) =


m (x1)

...

m (xL)

 , (3.3a)

K (x,x) =


k (x1, x1) . . . k (x1, xL)

... . . . ...

k (xL, x1) . . . k (xL, xL)

 . (3.3b)

3.1 Kernel Functions

A kernel function is an essential factor in constructing a GP prior. It is a way of

expressing our belief about the unknown function. While we do not know the latent

function, we might have an intuition about some characteristics, such as smoothness,

periodicity, or any knowledge about the correlation between either inputs or func-

tion values. A straightforward assumption might be that closer input points tend to

have similar function values so that neighboring cells give more information about

the underlying function value at the desired point. This assumption mathematically

requires the kernel to be a function of x − x′. The term stationary kernel has been

used to refer to this specification. Moreover, if it is a function of ‖x− x′‖, which is

the norm distance between input points, the kernel is termed isotropic. There exists

a variety of kernels that manage different properties; hence, it should be chosen by

"kernel engineering". The choice of a kernel depends on the target function behavior.

Some prominent examples are given in the following subsections.

3.1.1 Exponential Kernel

The exponential kernel defines the correlation between two points by considering

an exponential function. Since it is a function of |x− x′|, it is both stationary and

isotropic. The exponential kernel is denoted as
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k(x, x′) = σ2 exp

(
−|x− x

′|
l

)
. (3.4)

For this representation, l is called the length scale, which shows characteristics of cor-

relation over distance, and σ2 is the scale parameter that can be thought as correlation

amplitude. The distance can be tuned with the length scale parameter, and correlation

can be adjusted with the scale parameter. An example of the exponential kernel with

{σ2 = 1, l = 2} can be seen in Figure 3.1 as a function of distance.
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Figure 3.1: Exponential kernel with σ2 = 1 and l = 2

3.1.2 Squared Exponential Kernel

Squared exponential (SE) kernel, exponentiated quadratic kernel, is one of the favored

kernel functions. Not only does it ensure a smoother correlation line, but it also has

a closed-form spectral density equation. Although the level of smoothness may be
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undesirable in certain applications in which this high smoothness is not suitable, there

are also many successful works using SE kernel. It is considered as a default kernel

for a variety of applications [54], [68]. It can be constructed as follows

k(x, x′) = σ2 exp

(
−|x− x

′|2

2l2

)
. (3.5)

The scale parameter denoted as σ2, and the length scale parameter, denoted as l,

are used for the same purpose in all kernels. The former is used to tune correlation

amplitude, and the latter is used to control the correlation length. An example is given

in Figure 3.2 in comparison with the exponential kernel.
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Exponential Kernel

SE Kernel

Figure 3.2: Squared exponential kernel with σ2 = 1 and l = 2
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3.1.3 Periodic Kernel

Periodicity can be encountered in a lot of real-world observations as well as in math-

ematical or physical models. Therefore, some latent functions may repeat a pattern

between subsequent identical intervals as a mirror of this phenomenon. In order to

adopt this behavior to the GP framework, periodic kernels are used. An example

periodic kernel can be expressed as

k(x, x′) = σ2 exp

(
− 2

l2
sin2

(
π |x− x′|

p

))
, (3.6)

where p is a parameter that expresses assumed periodicity, σ2 and l are other hyper-

parameters to adjust amplitude and length scale. A periodic kernel is shown in Figure

3.3. Furthermore, a visualization of its matrix form, which is introduced in equation

3.3a can be seen in Figure 3.4 with a period of 2π.

3.2 Hyperparameters

There might be a question that although GP is called a non-parametric model, how

some parameters are frequently mentioned up to this section. A model can be de-

scribed as a parametric method if the number of parameters representing the function

can be compressed into a finite-dimensional parameter vector [54]. Unlike this defi-

nition, GP only parameterizes the distribution over functions, and the term hyperpa-

rameters are used to emphasize that they are indeed tuning parameters of the kernel

function [46].

In order to thoroughly learn the unknown function, hyperparameters should be tuned

for addressing the function behavior. Hyperparameters can be determined in a brute

force method, or some particular estimation method, e.g., maximum likelihood es-

timation (MLE) can be used. More details about the MLE technique are stated in

[54] with problems similar to multiple local optimums and some solutions. Figure

3.5 demonstrates the effect of different hyperparameters for SE kernel concerning the
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Figure 3.3: Periodic kernel with σ2 = 1, l = 2 and p = 2π

distance between inputs.

3.3 Gaussian Process Regression

Regression is the problem of predicting a continuous quantity of a certain outcome.

The regression problem can be solved by GPs. One of the advantages of the method

is that GP regression knows how much it knows [54]. It can predict a point estimate

with its uncertainty metric. More specifically, since GP constructs a model where

the function is jointly Gaussian, the marginal distribution of a new point, which is

also a Gaussian, has a covariance value. If the standard regression problem can be

formulated by assuming a prior for the function, it is formulated as follows
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Figure 3.4: K(x, x′) using a periodic kernel with σ2 = 1, l = 2 and p = 2π

z = f(x) + ε, ε ∼ N
(
0, σ2

r

)
, (3.7)

where

• z is the observed measurement corrupted with noise,

• f(·) is the unknown function modeled as GP as in equation 3.1,

• ε is the Gaussian measurement noise with zero mean and variance σ2
r .

This problem can be expanded for multiple observation case with multivariate Gaus-

sian distribution, as introduced in equation 3.2. Multi-dimensional notation can be

denoted as
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Figure 3.5: SE kernel with different hyperparameters

 z

f (x?)

 ∼ N
 m (x)

m (x?)

 ,
 K(x,x) + IN ⊗ σ2

r K (x,x?)

K (x?,x) K (x?,x?)

 , (3.8)

where

• x is the vector of L points where measurements are collected and represented

as x , [x1 . . . xL]>,

• z is the set of measurements z , [z1, . . . , zL]>,

• x? consist of the location of test inputs such that x? , [x?1, . . . , x
?
L]>,

• f (x?) is the desired function values at the test inputs x?,

• σ2
r is the covariance for measurements,
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• m (x) and m (x?) are the mean vectors of marginal distributions for corre-

sponding inputs such that m (x) , [m (x1) , . . . ,m (xL)]> and

m (x?) , [m (x?1) , . . . ,m (x?L)]>,

• K(·) is the kernel function introduced in equation 3.3a.

Consequently, the marginal distribution of the desired function values p(f (x?)|z) can

be calculated as another Gaussian, p(f (x?)|z) ∼ N (m?,Σ?). The posterior mean

m? and posterior covariance Σ? values can be written with the two equations below

m? = m (x?) +K (x?,x)
[
K(x,x) + IN ⊗ σ2

r

]−1
(z−m (x)) , (3.9a)

Σ? = K (x?,x?)−K (x?,x)
[
K(x,x) + IN ⊗ σ2

r

]−1
K (x,x?) . (3.9b)

Usually, prior of the mean function, m (x) is chosen as 0 for most of the applications.

However, this choice is not such a restrictive assumption so that the posterior mean

could be anything depending on the underlying function. Moreover, for notational

brevity, some intermediate variables can be defined such that

S = K (x?,x)K−1z , (3.10a)

P = K (x?,x?)− SK (x,x?) , (3.10b)

Kz = K(x,x) + IN ⊗ σ2
r . (3.10c)

Hence, mean and covariance functions of the test points can be restated as m? = Sz

and Σ? = P .

An illustration of the GP regression is visualized in Figure 3.6 and Figure 3.7 with

the following properties,

• A quintic function, which is described as a fifth-degree polynomial, is chosen

as the unknown function,
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• L = 5 measurements are observed at locations x = [−0.5 0.2 1.5 2 2.5]> with

measurement noise variance σ2
r = 0.05,

• Hyperparameters are set to σ2 = 5 and l = 0.5,

• Test inputs are defined very dense; whereas, two specific yet arbitrary locations

are determined to draw the posterior PDFs in Figure 3.7.

Figure 3.6: Illustration of a GP regression example. The dashed line is the unknown

function, plus signs are the measurements, and the continuous line shows the mean

prediction with 95% confidence interval area.

One of the significant advantages of it is knowing the confidence interval about pre-

diction, which can be proved by investigating intervals with no measurements. It is

higher at less observed locations and lower at neighboring measurement locations.
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Figure 3.7: A 3D visualization of the GP regression example

3.4 Approximations of GP Regression

Despite the fact that GP regression can be utilized for Bayesian regression, it may

suffer from computational complexity. This drawback may be interpreted as a cost of

the non-parametric nature of GP regression. This complexity is particularly important

when investigating big data sets. It can be seen in equation 3.9 that Kernel functions

account for this burden while computing matrix inverse. This problem can be outlined

as requiringO(n3) operations for inversion, where n is the number of measurements.

While exploiting the GP regression, this shortcoming is seen to be a possible dilemma.

Therefore, a growing body of literature has been proposed to overcome this issue [16],

[55], [56], [26]. These methods can be interpreted as two approaches regarding the

solution domain in which approximation is performed. The first approach can be

stated as utilizing pseudo inputs to construct kernel function and relating them with
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real inputs. Despite the fact that the way of the regulating locations of pseudo inputs

or their usage in equations changes, they assume pseudo variables and represent the

solution in the time domain where GP literally lies. On the other hand, recently,

there has been considerable interest in spectral representation of the kernel function

[59]. When this approximation is considered, real input values are exploited instead

of pseudo ones, and one of them is entirely pointed out in Section 4. Besides, many

studies are published on comparing sparse approximations [5], [53].
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CHAPTER 4

REDUCED RANK GAUSSIAN PROCESS REGRESSION

When considering GP as a flexible tool that provides solutions to the regression prob-

lem, real-time applications have to be taken into account in terms of computational

complexity, recursive structures, and closed-form solutions. Over the last decade,

many researchers have studied these issues by developing sparse solutions aforemen-

tioned in Section 3.4. There are also other approaches that aim to find a solution in the

spectral domain. Particularly, the reduced rank form of GP regression is addressed in

[58], [30], and [39]. This form is opted for this thesis due to its convenience for finite

space problems and its ability to be formulated in a recursive structure. Even though

comprehensive studies are carried out, to the best of our knowledge, related appli-

cations only examine squared exponential kernel and Dirichlet boundary conditions.

We refined the method for periodic functions, and this aspect is presented throughout

the chapter.

4.1 Reduced Rank Approximation

This method relies on restating the kernel function with lower rank but enabling equa-

tions to be written algebraically more tractable. This optimum approximation is men-

tioned in [54]; however, the use of that form is very inconvenient due to computing

eigendecomposition operation. It offers no remedy with regard to the exact GP solu-

tion. Fortunately, for restricted domains, eigenfunctions can be calculated in a more

efficient way. It is thoroughly studied in [59] with extensive details and comparisons.

The approximation is based on constructing the kernel function in the following way
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k (x, x′) ≈
∑
j

S(
√
λj)φj(x)φj (x′) , (4.1)

where S(·) is the spectral density of the kernel, and it can be calculated either nu-

merically or in closed-form. φn (·) is nth basis in a set that spans the desired space

associated with λn and may have a closed-form expression for the input argument.

Some other works do not include closed-form expressions due to the complexity of

the considered space, such as [39] for a hexagonal domain or [57] for more sophis-

ticated domains that might be non-convex or disconnected. While they cannot state

an explicit function for bases, the numerical calculation of bases is also possible by

storing them in memory. In our study, closed-form expressions are given in Section

4.1.2 for the domain in which we solved the ETT problem.

It is presented that bases can be found by solving an eigenvalue problem for the

Laplacian operator for a finite domain [59]. In contrast to standard cases, our problem

involves a periodic function. In order to satisfy periodicity, the eigenvalue problem for

the Laplacian operator should be solved by imposing different boundary conditions.

Solutions of this approach can be obtained by solving a second-order differential

equation, which is explicitly derived in the next sections with different boundary con-

ditions.

4.1.1 Basis Functions with Dirichlet Boundary Conditions

Dirichlet Boundary Condition stands for specifying a constant value at the edges of

the space. It is predominantly used in many areas, from fluid mechanics [12] to nu-

clear physics [21]. In statistics, several studies, such as [59], [58], or [39], have been

carried out with solutions of Dirichlet boundary conditions through a finite domain.

In this section, explicit solutions of the Laplace equation with respect to Dirich-

let boundary conditions are given. The problem can be restated with the following
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piecewise-defined function with 0 at the boundary

−∇
2φn(x) = λnφn(x) , x ∈ Ω,

φn(x) = 0, x ∈ ∂Ω.
(4.2)

It can also be written as a second-order differential equation such that

d2φn(x)

dx2
+ λnφn(x) = 0, 0 < x < L, (4.3)

with following limitations at the boundary of the domain

φn(0) = φn(L) = 0. (4.4)

The methodology which is performed in the nonlinear physical science book [67] as

separations of variables is broadened for non-trivial solutions of this type of second-

order differential equations into 3 cases, which are λn < 0, λn = 0, and λn > 0.

• For λn < 0 :

If it is denoted as λn = −ω2, the differential equation can be written in the

following form

φ′′n(x)− ω2φn(x) = 0. (4.5)

General solutions of this kind of equations are also examined in [60] and de-

fined as

φn(x) = c1e
ωx + c2e

−ωx. (4.6)

Applying the boundary constraint x(0) = 0 into the general solution results in

c2 = −c1. (4.7)
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Substituting this coefficient gives the form

φn(x) = 2c1 sinh (wx) . (4.8)

Moreover, the other condition x(L) = 0 requires

2c1 sinh (wL) = 0. (4.9)

This equation forces the c1 = 0; therefore, it does not have a non-trivial solution

for λn < 0.

• For λn = 0 :

General solution becomes

φn(x) = c1 + c2x, (4.10)

as also stated in [60]. Applying x(0) = 0 gives

c1 = 0, (4.11)

and the other condition x(L) = 0 allows writing the coefficient

c2 = 0. (4.12)

Hence, the equation becomes φn(x) = 0; therefore, there is not a non-trivial

solution for this case.

• For last case which is λn > 0 :

If we again write λn = ω2, the differential equation can be written as

φ′′n(x) + ω2φn(x) = 0. (4.13)
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General solutions of this kind of equations are also given in [60] as

φn(x) = c1 cos (ωx) + c2 sin (−ωx). (4.14)

The boundary condition at 0 makes c1 = 0. By applying the other boundary

condition to the resulting solution, it can be written as

c2 sin (wL) = 0. (4.15)

Besides, apart from the trivial solution that c2 = 0, non-trivial solutions can be

the roots of

sin (wL) = 0. (4.16)

Hence, a solution can be written for ω as nπ
L

for n = 1, 2, . . . Therefore

λn =
(nπ
L

)2
where n = 1, 2, . . . , (4.17)

and corresponding eigenfunctions are

sin(
2nπx

L
) where n = 1, 2, . . . . (4.18)

These forms coincide with previous works [59], [58]. It should also be noted that

forcing bases to a strict value at boundaries might have some deficiency. Function

values may deviate from true values due to reaching these boundary conditions near

the end of the domain. In order to overcome this issue, basis functions are evaluated

with a safety margin than desired such that a larger domain is calculated. After this

evaluation, a subset of it that stands for the actual domain can be used. Figure 4.1

demonstrates a few bases obtained in the above equations in interval L = 2π. It also

pinpoints the boundary values apparently at the edges of the graph.
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Figure 4.1: A visualization of a few bases in the interval [0, 2π] with Dirichlet bound-

ary conditions

4.1.2 Basis Functions with Periodic Boundary Conditions

Although the ETT problem actually needs a periodic function, a periodicity assump-

tion is not presented yet. Problem statements in other works, as for instances [59, 58,

30, 39] can be restated for periodic boundary conditions such that


−∇2φn(x) = λnφn(x) , x ∈ Ω

φn(x), x ∈ ∂Ω

0 , x 6∈ Ω

(4.19)

In this section, the explicit solution of equation 4.19 is given by writing it as a second-

order differential equation similar to two dimensional heat equation in [70] as follows:
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Figure 4.2: A 2D illustration of the product Φ̃ = ΦΦT of a few bases in the interval

[0, 2π] with Dirichlet boundary conditions

d2φn(x)

dx2
+ λnφn(x) = 0, 0 < x < L (4.20)

In order to achieve a periodic pattern, boundary conditions are designated with the

following two identities

φn(0) = φn(L), (4.21a)

φ′n(0) = φ′n(L). (4.21b)

A complementary methodology is used to obtain closed-form final solutions analo-

gous to [67]. Second-order differential equations are broadly investigated in [60].

Non-trivial solutions of this second-order differential equation are examined in 3

cases, which are λn < 0, λn = 0, and λn > 0.

• For λn < 0 :

If it is denoted that λn = −ω2, the differential equation can be written as
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φ′′n(x)− ω2φn(x) = 0. (4.22)

General solutions of this kind of equations are given in [60]

φn(x) = c1e
ωx + c2e

−ωx. (4.23)

Using boundary constraints, equations are obtained such that

c1 + c2 = c1e
ωL + c2e

−ωL,

c1 − c2 = c1e
ωL − c2e−ωL.

(4.24)

After algebraic manipulations, the resulting equation can be written as

eωL = e−ωL. (4.25)

Since this equation is only satisfied for ω = 0, there is no solution for λn < 0.

• For λn = 0 :

The general solution becomes [60],

φn(x) = c1 + c2x. (4.26)

Afterward, using boundary constraints, c2 can be found as 0, and c1 can be

found as φn(x). So for λn = 0, one eigenfunction can be found as 1

• For the last case, which is λn > 0 :

If we again write λn = ω2, the differential equation can be written as

φ′′n(x) + ω2φn(x) = 0. (4.27)

General solutions of this kind of equations are [60],

φn(x) = c1 cos (ωx) + c2 sin (−ωx). (4.28)
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Using boundary constraints, we can obtain equations such that

c1 = c1 cos (ωL) + c2 sin (−ωL),

c2 = c2 cos (ωL)− c1 sin (−ωL).
(4.29)

After algebraic calculations, It can be written that,

sin (ωL) = 0 and cos (ωL) = 1. (4.30)

Hence, ω can be found as 2nπ
L

for n = ±1,±2, . . . Therefore

λn =

(
2nπ

L

)2

where n = ±1,±2, . . . , (4.31)

and corresponding eigenfunctions:

cos(
2nπx

L
) and sin(

2nπx

L
) where n = ±1,±2, . . . . (4.32)

To conclude, the solution to the equation 4.19 can be written for m basis function as


λ0 = 0 and φ0(x) = 1 for n = 0

λn =

(
2nπ

L

)2

and φn(x) = cos(
2nπx

L
), sin(

2nπx

L
) for n = ±1,±2, . . .

(4.33)

These forms correlate favorably with previous findings for similar structures in the

literature [70]. A visualization of a few basis functions is given in Figure 4.3. Fur-

thermore, it should be pointed out that basis functions are independent of hyperpa-

rameters of the kernel function. Hyperparameters can be adjusted with the spectral

representation of the kernel. Besides, it should be taken into account that when the

number of basis points defined as m and domain boundary L goes to infinity, approx-

imation reaches to exact kernel function as mentioned in [30] and proved in [59].
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Figure 4.3: A visualization of a few bases in the interval [0, 2π]

4.1.3 Prediction with Reduced Rank Kernel Function

In this section, the advantages of using the reduced rank kernel function are shown

with final form equations. The matrix structure of the low rank kernel function intro-

duced in equation 4.1 can be denoted as

K (x,x) ≈ ΦΛΦ>, (4.34)

where

• K (x,x) ∈ Rn×n is the kernel matrix for the input vector, introduced in equa-

tion 3.2,

• Φ ∈ Rn×m matrix with the rows Φi,
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• Φi is a row vector corresponding for the inputs xi where i = 1, 2, . . . , n such

that Φi = [φ1(xi), φ2(xi), . . . , φm(xi)],

• Λ is a diagonal m×m matrix whose terms are presented in equation 4.1.

Analogously, Φ? can be described in the same way for the test input x?, and kernel

matrix forms are given as

K (x,x?) ≈ ΦΛΦ>? , (4.35a)

K (x?,x) ≈ Φ?ΛΦ>, (4.35b)

K (x?,x?) ≈ Φ?ΛΦ>? . (4.35c)

Substituting these kernel matrix forms into the exact expression, which is given in

equation 3.9, one can write

m? = m (x?) + Φ?ΛΦ>
[
ΦΛΦ> + IN ⊗ σ2

r

]−1
(z−m (x)) , (4.36a)

Σ? = Φ?ΛΦ>? − Φ?ΛΦ>
[
ΦΛΦ> + IN ⊗ σ2

r

]−1
ΦΛΦ>? . (4.36b)

However, since matrix dimensions are the same, it is not seen as a computational

advantage yet. After algebraic manipulations such that:

m? = m (x?) + Φ?ΛΦ>
[
ΦΛΦ> + IN ⊗ σ2

r

]−1
(z−m (x)) , (4.37a)

= m (x?) + Φ?Λ
[
Φ>ΦΛ + IN ⊗ σ2

r

]−1
Φ> (z−m (x)) , (4.37b)

= m (x?) + Φ?

[(
Φ>ΦΛ + IN ⊗ σ2

r

)
Λ−1

]−1
Φ> (z−m (x)) , (4.37c)

= m (x?) + Φ?

[
Φ>ΦΛΛ−1 + Λ−1 ⊗ σ2

r

]−1
Φ> (z−m (x)) , (4.37d)

= m (x?) + Φ?

[
Φ>Φ + Λ−1 ⊗ σ2

r

]−1
Φ> (z−m (x)) . (4.37e)

Final forms are given below:
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m? = m (x?) + Φ?

[
Φ>Φ + σ2

rΛ
−1]−1 Φ> (z−m (x)) , (4.38a)

Σ? = σ2
rΦ?

[
Φ>Φ + σ2

rΛ
−1]−1 Φ>? . (4.38b)

where usually prior means m (x?) and m (x) are often assumed to be 0 as mentioned

before. Consequently, inversion of n × n matrix as in equation 3.9, where n is the

number of measurements, can now be reduced to the inversion of m × m matrix

where m is the number of bases. Moreover, it can now be decomposed in several

forms, demonstrated in equation 4.37a to 4.37e. The use of equations 4.1 to 4.36 is

summarized in Algorithm 4.1.

Algorithm 4.1 Batch regression with reduced rank GP

1: Calculate m bases functions and λ′s using equation 4.33 or 4.17 concerning de-

sired bounded domain limit L for each measurement

2: Calculate Φ? for chosen test locations x?

3: Construct Φ, Φ?, and Λ matrices to use in equation 4.35

4: Calculate K (x, x?), K (x?, x), and K (x?, x?) using equation 4.35

5: Evaluate m? and Σ? for predicted mean and covariance values with equation 4.36

An example is given in Figure 4.4a for 16 measurements and 8 bases by implement-

ing Algorithm 4.1 with Dirichlet boundary conditions in comparison with the full GP

solution, which is introduced in equation 3.9. As can be seen in the figure, the re-

duced rank prediction is well suited to the full GP solution. The confidence interval

is smaller in the interval from 0 to 3π
2

in which measurements are distributed. It is

higher in the other part of the function. Since there is not a periodic pattern assump-

tion in SE Kernel with Dirichlet boundary conditions, prediction values are different

at the edges of the figure. Another example is given in Figure 4.5a for a periodic

function with the same number of measurements and bases by using Algorithm 4.1

with periodic boundary conditions. It also testifies to consistency with the full GP

solution. Moreover, since GP is customized concerning a periodic function in this ex-

ample, although there are no measurements in the interval from π to 2π, the function
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is quite well predicted. It also shows GP’s valuable advantage, which is considered

as providing a confidence metric.

4.2 Recursive Form

Many applications require real-time solutions and cannot benefit from batch algo-

rithms. Batch processing may be inadequate since one can only deduce after gather-

ing all data. Therefore, online learning is becoming one of the essential requirements

of a time dependent method. Particularly for tracking systems, a recursive processing

method is a must-have. In this chapter, we will focus on making predictions with the

reduced rank method by means of its recursive form.

A closer look at equation 4.37a reveals that the desired mean value at test location x?

can be acquired with a matrix multiplication. For simplicity, the prior mean value for

test location m (x?) is assumed to be 0. The posterior mean can be obtained just with

a multiplication when needed such that:

m? = Φ?µ, (4.39)

where µ is independent of the prediction point and can be written as follows

µ = ΛΦ>
[
ΦΛΦ> + IN ⊗ σ2

r

]−1
(z−m (x)) . (4.40)

The resulting expressions, which rely on conditional Gaussian densities, are similar

to KF update equations. Initial mean and covariance can be assigned as µ0 = 0 and
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(a) Batch regression with reduced rank GP and full GP solution

(b) The final result of recursive reduced rank GP regression and full GP solution

Figure 4.4: Prediction with reduced rank GP with Dirichlet boundary conditions and

full GP SE kernel solution
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(a) Batch regression with reduced rank GP and full GP solution

(b) The Final result of recursive reduced rank GP regression and full GP solution

Figure 4.5: Prediction with reduced rank GP with periodic boundary conditions and

full GP periodic kernel solution
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Σ0 = Λ. Subsequently, recursive forms can be expressed as:

µi = µi−1 +Ki(yi − Φiµi−1), (4.41a)

Σi = Σi−1 −KiΦiΣi−1, (4.41b)

Ki = Σi−1Φi
TS−1i , (4.41c)

Si = ΦiΣi−1Φi
T + σ2

rI. (4.41d)

Furthermore, the covariance form given in equation 4.41b can be rearranged by sub-

stituting the defined Kalman gainK and innovation matrix S given in equations 4.41c

and 4.41d, respectively, into the form KiSiK
T
i such that

KiSiK
T
i = Σi−1Φi

T
(
ΦiΣi−1Φi

T + σ2
rI
)−1 (

ΦiΣi−1Φi
T + σ2

rI
)
KT
i , (4.42a)

= Σi−1Φi
TKT

i , (4.42b)

=
(
KiΦiΣ

T
i−1
)T
. (4.42c)

Since covariance matrices must be symmetric, the last term can be written asKiΦiΣi−1,

which is exactly the same term in equation 4.41b or equation 2.9d. Moreover, the co-

variance measurement update equation becomes

Σi = Σi−1 −KiSiK
T
i . (4.43)

Consequently, the state-space model of this recursive learning model can be written

for the state x such that

xi+1 = xi, (4.44a)

yi = Φixi + ek, ek ∼ N (0, R) (4.44b)

where ek is the measurement noise with covariance matrix R, and yi is the measure-

ment at time i.
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There is no need to evaluate any variable with regard to test inputs in this formulation.

When we need the predicted mean and covariance values at a test location, it can be

calculated as

m?
i = Φ?µi, (4.45a)

Σ?
i = Φ?ΣiΦ

T
? . (4.45b)

The procedure for this recursive estimation is summarized in Algorithm 4.2. Af-

ter obtaining all measurements, there is no difference between batch and recursive

predictions since they lie at the root of the same equation regardless of the kernel

function. The same functions given in Figure 4.4a and Figure 4.5a are predicted with

Algorithm 4.2. The final results are given in Figure 4.4b and Figure 4.5b. As shown

in the figures, there is no difference between the two implementations for each func-

tion. This formulation may also be beneficial in other applications since it can be

used with augmented structures introduced in Section 5 for the ETT problem.

Algorithm 4.2 Recursive regression with reduced rank GP
1: Initialize µ0 = 0 and Σ0 = Λ where Λ is introduced in equation 4.34

2: for i = 1, 2, . . . , n do

3: Calculate φi with measurement location xi

4: Construct Φi as in equation 4.34

5: Calculate µi and Σi with equations 4.41a to 4.41d

6: When a prediction is needed

7: Construct Φ? for desired prediction locations x?

8: Evaluate m?
i and Σ?

i by equation 4.45a and 4.45b

9: end for
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4.3 Learning Target Extent Using Reduced Rank Gaussian Process Regression

The instruments adopted in the field of machine learning, or more comprehensively

artificial intelligence, are features. They are undergoing a revolution in terms of en-

gineering, science, or applied mathematics and becoming the key component of al-

gorithms [17]. The target extent is a remarkable feature to investigate. It defines the

shape of the object, which is valuable information to assist researchers in exploring

targets. Preliminary works are conducted for modeling the extent as circle, rectan-

gle, or ellipsoids [11], [24], [38]. Recently, modeling the target extent as star-convex

shapes is generating considerable interest in terms of flexibility, attractive formula-

tion, and match with real objects. The mathematical definition can be asserted such

that if there exists a point ζ0 in a set S ∈ Rn where any line segment from ζ0 to any

other point ζ contained in S, S becomes a star domain. Figure 4.6 shows an arbitrary

star-convex shape with regard to terminology given in the previous definition. More-

over, convex is a more general property than star-convex, i.e., every convex set is also

star-convex, but not vice versa.

Figure 4.6: An arbitrary star domain with an example line segment from ζ0 to ζ

Various approaches are carried out by means of star-convex modeling of shapes for

44



tracking purposes [10], [63], [50]. The 2D shape, which is modeled as expressed

previously, can also be represented in the polar domain, referred to as r − θ inter-

changeably. Hence, Gaussian processes can be utilized to learn the target extent with

measurements arising on the contours. The first systematic study to learn the object’s

boundary with GP is suggested in [66]. Moreover, [41] proposed an enhancement of

it to 3 dimensional space. Furthermore, by learning the target extent, classification

or recognition can also be performed [65]. Different objects and their representation

in r − θ domain are depicted in Figure 4.7 and Figure 4.8. The polar domain repre-

sentations can be declared as in Table 4.1 for different types of shapes with a simple

equation.

Table 4.1: Equations for radius with respect to the angle which starts from the center

of the shape [15]

Shape Equation

Peanut r = 1 + 1
2

sin(2θ + π
2
)

Square r = min
(

1
|cos(θ)| ,

1
|sin(θ)|

)
Equilateral Triangle r =

cos( pi3 )
cos(( mod (θ, 2π3 ))−π3 )

Regular n-gon r =
cos( pin )

cos(( mod (θ, 2πn ))−πn)

Further, if we choose ζ0 as the center of the object, we can model its boundary, mea-

suring the length from the center r with respect to θ. Hence, r = f (θ) can be hypoth-

esized as

f (θ) = GP (0, K) , (4.46)

where K is the kernel function introduced previously. In order to recover the whole

shape, it is defined in interval [0, 2π] for this approach.

An example shape is chosen to illustrate the learning process. A stationary peanut-

like shape is learned with a total of 9 measurements recursively by implementing

reduced rank GP as proposed in Algorithm 4.2. The number of bases is chosen 16,
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(a) Target extent in Cartesian representation (b) Target extent in r − θ representation

Figure 4.7: An illustration of target extent representations for a peanut-like shape in

different domains
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(a) Target extent in Cartesian representation (b) Target extent in r − θ representation

Figure 4.8: An illustration of target extent representations for a square shape in dif-

ferent domains

and they are calculated for the squared exponential kernel given in Subsection 4.1.1.

The prediction is evaluated at four different time instances. Results belonging to

four different steps of recursion are given in Figure 4.9. Red plus signs indicate

measurements, and the dashed line shows the true shape for each time step. The blue

line illustrates the mean value of the predicted shape. As can be seen in example time

instances, areas which there are no measurements indicated with high uncertainty

levels. The uncertainty level is lower near measurement locations.

The final result is enlarged in Figure 4.10. The predicted extent substantially coinci-

dences with the true extent. However, a discontinuity problem occurs near the angles

0 and 2π. This problem indicates that the information can not be conveyed through
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Figure 4.9: Recursive reduced rank GP prediction of a peanut-like shape with the

squared exponential kernel in different time instances
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Figure 4.10: Recursive reduced rank GP prediction of a peanut-like shape with the

squared exponential kernel

the edges. For this reason, the periodic kernel, a solution to this problem, is utilized.

The same example is learned with the periodic kernel, and the final result is given in

Figure 4.11. The resulting predicted extent is continuous, and the problem confronted

with the SE kernel is resolved.

48



Figure 4.11: Recursive reduced rank GP prediction of a peanut-like shape with the

periodic kernel
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CHAPTER 5

AUGMENTED STATE SPACE MODEL FOR EXTENDED TARGET

TRACKING

Standard approaches in target tracking consider targets as point sources. In the his-

tory of target tracking, the focus has exclusively been given to estimating the target’s

kinematics such as location, velocity, or acceleration [44], [49]. With the advances in

sensor technology, it is now possible to extract more information from available mea-

surements and estimate target extent simultaneously with the target kinematic states

[66]. Consider the augmented state vector for time k

xk ,
[

x>k (xs
k)
>
]>
, (5.1)

where xs
k is the target extent related state variables and xk consists of the target loca-

tion, orientation, and velocities. They are denoted as xck, ψk, and xvk respectively and

can be written in the form

xk ,
[
(xck)

> ψk (xvk)
>
]>
. (5.2)

In order to associate the kinematic state variables and the target extent related vari-

ables in one vector, two different coordinate systems are described. The first one is

the global coordinate frame, where measurements and targets are observed within a

space, including a sensor. The other one is termed as body frame, which might be re-

volved in accordance with the target with respect to the global coordinate system with

an angle ψ. Two different coordinate system representations are given in Figure 5.1

51



(a) Global coordinate system (b) Body Coordinate System

Figure 5.1: Coordinate systems representations of an extended target

for an example extended target. (·)G stands for a formulation in the global coordinate

frame and (·)b for body coordinates.

An angle in the global coordinate frame with respect to target center xck at time k can

be defined as

θGk,l (x
c
k) = ∠ (yk,l − xck) , (5.3)

where yk,l is the lth measurement at time k. Coordinate transformation can be applied

with the following equation, yet, more comprehensive work has been carried out in

[41] for higher dimensional space using quaternions

θbk,l (x
c
k, ψk) = θGk,l (x

c
k)− ψk. (5.4)

These variables are shown in Figure 5.2, with target shapes belonging to consecutive

time instances at the same graph.
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Figure 5.2: Different coordinate systems of the same extended target at two consec-

utive time instances as k0 and k1. Red cross signs represent the measurements as l0

and l1 belonging to each time
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After acquiring angle information in the body frame, the underlying function that

corresponds to the target extent at that location, which is modeled as GP as in equa-

tion 4.46, can be obtained. It is plausible that the measurements are influenced not

only by the target extent but also by location, coordinate transformation, and noise

as well. Therefore, lth measurement at time instance k, which is represented as yk,l

and comprises two elements, can be modeled by transforming f
(
θbk,l (x

c
k, ψk)

)
to

the Cartesian frame by multiplying with p
(
θGk,l (x

c
k)
)
, then moving its center to the

global coordinate frame by adding xck, subsequently adding the noise. This sequence

of operations can be formulated as

yk,l = xck + p
(
θGk,l (x

c
k)
)
f
(
θbk,l (x

c
k, ψk)

)
+ ėk,l, (5.5)

where p
(
θGk,l (x

c
k)
)

is the orientation vector and written as pk,l (x
c
k) for simplicity and

can be expressed as

p
(
θGk,l (x

c
k)
)

= pk,l (x
c
k) =

yk,l − xck
‖yk,l − xck‖

. (5.6)

An additional substitution can be made for f(·) by replacing it with the previous

derivation as in equation 4.44b. The resulting equation can be simplified as

yk,l = xck + pk,l (x
c
k)
[
Φ
(
θbk,l (x

c
k, ψk)

)
xs
k + es

k,l

]
+ ėk,l, (5.7a)

= xck + H̃l (x
c
k, ψk) xs

k︸ ︷︷ ︸
=hk,l(xk)

+ pk,l (x
c
k) es

k,l + ėk,l︸ ︷︷ ︸
=ek,l

, (5.7b)

= hk,l (xk) + ek,l. (5.7c)

New measurement noise can be defined as a Gaussian density with covariance Rk,l

such that

ek,l ∼ N (0, Rk,l) , (5.8)
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where k shows the time, and l represents the measurement number. Other works, as

an example [66], use fixed and predetermined points on the extent as state variables.

This requires a transformation operation to associate measurements with points in

the state concerning their locations. Therefore, they calculate Rk,l for each measure-

ment due to their modeling approach. However, in contrast with what was previously

thought and proposed in other works, the reduced rank GP method does not necessi-

tate these calculations. Measurement noise covariance values can be taken the same

and predetermined in the reduced rank GP method with a variance σ2
r such that

Rk,l = σ2
r ⊗ I. (5.9)

Moreover, hk,l in equation 5.7c can be rewritten as follows

hk,l (xk) = xck + H̃l (x
c
k, ψk) xs

k, (5.10a)

H̃l (x
c
k, ψk) = pk,l (x

c
k) Φ

(
θbk,l (x

c
k, ψk)

)
. (5.10b)

The first set of formulations have highlighted the impact of measurements on the

variables. Besides, the kinematic state transition can be written similar to equation

2.6a as follows

x̄k+1 = F̄ x̄k + w̄k, (5.11)

where the process noise for the kinematic state can be expressed as zero-mean Gaus-

sian with covariance matrix Q̄ such that

w̄k ∼ N (0, Q̄). (5.12)

F̄ and Q̄ can be defined with the following two equations for the constant velocity
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model with sampling time T

F̄ =

 1 T

0 1

⊗ I3 (5.13a)

Q̄ =

 T 3

3
T 2

2
,

T 2

2
T

⊗

σ2
c 0 0

0 σ2
c 0

0 0 σ2
ψ

 . (5.13b)

σ2
c and σ2

ψ correspond for the process noise variances for position and orientation,

respectively.

By combining equation 5.11 with the previous extent related state, the augmented

state transition equation can be written such that

xk+1 = Fxk + wk, (5.14a)

wk ∼ N (0, Q). (5.14b)

These tailored structures can be constructed in an augmented matrix forms where

(·)s represents extent related variables, (̄·) corresponds to motion-related variables as

follows

xk =

 x̄k

xs
k

 , (5.15a)

F =

 F̄ 0

0 Im

 , (5.15b)

Q =

 Q̄ 0

0 0m

 , (5.15c)

where m is the number of bases and 0m represents m×m zero matrix.
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Complementary attempts are accomplished with the purpose of using all measure-

ments in one time instance in [66] and in [41]. So, each variable can be concate-

nated to involve entire measurements with the following augmented variables by us-

ing equation

yk =
[
yk,1, · · · , yk,nk

]>
, (5.16a)

Rk = Rk,l ⊗ Ink , (5.16b)

hk (xk) =
[
hk,1 (xk)

> , · · · , hk,nk (xk)
>
]>
. (5.16c)

In the light of recent derivations, a simple, compact form can be written to utilize

filtering operations as

xk+1 = Fxk + wk, (5.17a)

yk = hk (xk) + ek, (5.17b)

where ek ∼ N (0, Rk), with covariance Rk written in equation 5.16b, and wk is given

in 5.14b. Even though initially extent related state and measurements are defined in

a linear form, augmenting motion variables relate them nonlinearly with hk. This

inevitably leads to other variants of KF, for instance, EKF introduced in Chapter 2.1,

which is implemented for this work as well as for [66], [41], or [65]. The resulting

algorithm is given in Algorithm 5.1.

5.1 Proof of the Concept

The proposed algorithm is applied to an example scenario. A peanut-like shape target

is considered for a period of 30 time instances where 8 measurements are observed per

time scan with a uniform distribution. The target follows a path that includes a turn
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Algorithm 5.1 Extended Target Tracking with Reduced Rank Gaussian Processes
1: Initialize µ0 and P0,

2: Construct Φ? for desired evaluation locations x?,

3: for Consecutive time instances k = 1, 2, . . . do

4: Make EKF predictions in new time instance k,

5: for Measurements l = 1, 2, . . . , nk do

6: Obtain the angle in global coordinate frame θGk,l by using yk,l with xck,

7: Calculate the body angle θbk,l as in equation 5.4 with current ψk,

8: Construct Φ
(
θbk,l (x

c
k, ψk)

)
by analytically derived bases with eq. 4.33,

9: Determine the orientation vector pk,l with xck as in eq. 5.6,

10: Calculate H̃ (·) and hk,l (·) with equation 5.10a and 5.10b,

11: end for

12: Construct the structures yk, Rk, and hk expressed in equation 5.16a to 5.16c,

13: Make EKF measurement update with obtained variables,

14: If an evaluation is demanded for the extent, multiply Φ? with xs
k as in eq.

4.45a and use equation 4.45b for covariance.

15: end for
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after a while and continues its motion. The constant velocity model is implemented

to utilize EKF equations for this demonstration [13]. The number of bases is defined

as 9 for the target extent, and structures are arranged as described in Algorithm 5.1.

Figure 5.3 illustrates a visualization of the whole path with sampled time instances

and highlights two specific drawings belonging near initial and last evaluations. As

can be seen in Figure 5.3 (a) target center, orientation, and its extent are tracked simul-

taneously with considerable success. In Figure 5.3 (b), it can be seen that although

the target is at the path’s beginning, the ETT result is substantially acceptable. It also

reveals the uncertain parts of the target for which measurements are not observed yet.

Figure 5.3 (c) shows the result of the estimation at the end of the path, with red plus

signs for measurements. It is an enlarged version of the final step to assert a pros-

perous track where the dashed peanut-like shape resembles the true extent. The true

extent and estimation radically overlap in addition to the target center and orientation.

Estimations and ground truths are depicted in Figure 5.4 with 5.4a and 5.4b graphs.

The former shows true positions with dashed lines for 2 dimensions, and the latter

reveals angle estimation in comparison with ground truth, which is coherently drawn

as a dashed line. As shown in Figure 5.4, visual overlapping in Figure 5.3 can be seen

with a different aspect.
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Figure 5.3: An example ETT result of a peanut-like shape by using Algorithm 5.1 (a)

General view with a few sampled time instances, (b) Enlarged result of near initial

time, (c) Magnified final time instance
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5.2 Computational Aspects

Computational complexity is a measure that shows how fast an algorithm can work.

It defines computational demands that methods require to make calculations. We

especially pointed out the time complexity, which quantifies the amount of time that

an algorithm entails to complete its routine, instead of memory requirements. In this

section, we examine the computational differences analytically in terms of the total

number of operations where O(·) notation is used to express the time complexity as

a figure of merit.

Other works in the field of ETT with GPs utilize a different approximation by storing

physical quantities in the state vector [66, 41, 65]. The values in the state correspond

to the radiuses for predetermined angles. On the other hand, the proposed method

only stores coefficients for bases, which can be calculated by an analytical function.

Therefore, the two approaches principally differ in the way of the nonlinear observa-

tion model affecting computational aspects.

The measurement update steps between the method in [66], denoted as ETT-GP, and

the proposed method ETT using reduced rank Gaussian processes (ETT-RRGP) are

compared in table 5.1.

Table 5.1: Comparison table for measurement update steps in ETT-GP and ETT-

RRGP

ETT-GP Measurement Update Steps ETT-RRGP Measurement Update Steps

Calculate Hf Construct Φ(·) matrix

Calculate Rf Use constant R matrix

Compute Jacobians Compute Jacobians

Perform KF Measurement Update Perform KF Measurement Update

The computational requirements of the last step of both updates are the same if the

algorithms share a common number of basis vectors. However, ETT-RRGP algorithm

can perform well with a fewer number of basis compared to ETT-GP. The differences

62



in the computation of the Jacobians are minor. The significant components which

create the differences in the execution time of the algorithms are the computation

of Hf and Rf matrices in ETT-GP, and the construction of the Φ(·) matrix in ETT-

RRGP. We will investigate the complexity of these steps in more detail. The number

of bases is referred as m, and the number of measurements as n.

• Hf matrix computation:

The observation model matrix proposed for ETT-GP can be written as

Hf (u) = K(u,uf)(K(uf ,uf))−1, (5.18)

where u is the vector for measurement locations and uf for basis point loca-

tions.

Matrix inverse costs O(m3) operations but can be compensated by storing in

the memory because basis point locations are not changed over time. Even

though (K(uf ,uf))−1 can be acquired offline and stored, there is still a need for

multiplication. Multiplication performs O(nm2) operations for this equation.

• Rf matrix computation:

In the method proposed by [66], the state vector consists of radiuses for spe-

cific angles. However, measurements are not obtained exactly in these angles.

Therefore, they have to perform a measurement noise covariance matrix calcu-

lation routine by the following variable for equation 5.9

Rf (u) = K (u,u) +R−K
(
u,uf

) [
K
(
uf ,uf

)]−1
K
(
uf ,u

)
, (5.19)

where uf stands for basis point locations, u is the input vector for measurement

locations, R is a constant diagonal deviation matrix, and K (·) is the kernel’s

matrix form. Significant operations in Equation 5.19 requires O(nm2) time

complexity in total.
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• Φ(·) construction:

Φ matrix is constructed for m bases with the input vector for measurement

locations written as u = [u1, u2, . . . , un] such that

Φ =


φ1(u1) . . . φm(u1)

... . . . ...

φ1(un) . . . φm(un)

 , (5.20)

where φ(·) is a cos(·) or a sin(·) value that analytical formulas are given in

equation 4.33. Since there is neither a matrix multiplication nor a matrix addi-

tion, this construction’s time complexity only consists of function evaluations.

The summary of the significant time complexities between the two methods is com-

parably presented in table 5.2. To make numeric comparisons, typical scenarios are

investigated with total time complexities for the major differences in table 5.3.

Table 5.2: Significant time complexities in ETT-GP for different variables compared

to ETT-RRGP. O(·)? shows the complexity due to matrix inverse operations, which

can be dismissed by precalculations and storing in memory. The number of bases is

denoted as m, and n refers to the number of measurements.

ETT-GP Step Time Complexity
ETT-RRGP

Equivalent
Time Complexity

Hf (u) O(nm2) +O(nm3)? Φ(·) O(1)

Rf (u) O(nm2) +O(nm3)? R O(0)

As indicated previously, the complexity of matrix inverse operations can be handled

by storing them in memory. Consequently, the analytical differences in time com-

plexity can be declared as quadratically increasing with the number of basis points,

and it is linearly increasing with the number of measurements by using naive matrix

multiplication algorithms.

In addition to the significant components which create the differences in the execution

time of the algorithms, the time complexities of common steps, both of which exploit
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Table 5.3: Number of operations concerning significant terms for typical 2-D and 3-D

scenarios in comparison with ETT-GP and ETT-RRGP

Method

Typical 2-D Scenario

with 50 bases and

10 measurements

Typical 3-D Scenario

with 1000 bases and

10 measurements

ETT-GP 25000 10000000

ETT-RRGP 500 10000

the same EKF update equations introduced in equation 2.12 are also presented in table

5.4.

Multiplication of n × m matrix with m × p has O(nmp) time complexity by using

Schoolbook matrix multiplication algorithm, which is considered as standard matrix

multiplication [61]. Moreover, the inversion of n × n matrix with the Gauss-Jordan

elimination method requires O(n3) complexity. Furthermore, addition of two n×m
matrices has O(nm) time complexity since the algorithm visits each of the elements

once.

Table 5.4: Time complexities in EKF measurement update equations introduced in

equations 2.12a to 2.12d. m stands for the state dimension, and n is the number of

measurements.

Step Time Complexity

Innovation covariance calculation O (max {nm2,mn2})

Kalman gain calculation O (max {n3,mn2, nm2})

Posterior state estimate O (nm2)

Posterior covariance estimate O (nm2)

Simulation computation times are highly based on the number of measurements and

the number of bases as described. They are independent of the target extent or the sce-

nario path. Simulations regarding computational aspects are conducted by obtaining

average times that each method requires to complete calculations per an update.
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To calculate computation times, each update time is elapsed along the trajectory, MC

runs, and then averaged to present the difference. Figure 5.5 to show the effects of

both the number of basis and number of measurements to computation times compa-

rably for two approaches.

(a) Average computation time with respect to the number of bases with

10 measurements per time. Indicators demonstrate the basis number

that can be used for an equal computation time.

(b) Average computation time with respect to the number of measure-

ments with 20 number of bases.

Figure 5.5: Average computation times per update in simulations.
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Figure 5.5a demonstrates average computation time per update in terms of millisec-

onds with regard to the number of bases. In both methods, computation times increase

quadratically by increasing number of bases. The difference in the computation times

between the two methods increases as well. Figure 5.5b shows the effect of the num-

ber of measurements per time on computation times. Linear growth can be seen in

Figure 5.5b in both methods. The difference also has a linear behavior with regard to

the number of measurements as expected. As highlighted in 5.5, ETT-RRGP works

faster than ETT-GP.

5.3 Performance Evaluations

Assessing the performance of target tracking algorithms can be a challenging task.

There is not a superior method that is capable of handling all requirements, such as

kinematic error, computational complexity, or implementation difficulty. The perfor-

mance may depend on the application that may be associated with specific circum-

stances or functional concerns. Assessment of extended target tracking algorithms

can be more sophisticated since the variety of shapes expands the space.

For comparison measure, root mean square error (RMSE), also known as root mean

square deviation, is regarded for both position and orientation. It is defined between

the N dimensional estimated quantity θ̂ and its true value θ as

RMSE =

√√√√ 1

N

N∑
k=1

(
θ − θ̂

)2
. (5.21)

Position RMSE is calculated firstly for two dimensional position per each trajectory

time, afterward averaged for each time and then for each run. RMSE for the angle

is calculated firstly for each trajectory time then averaged for MC runs. Therefore,

RMSE stands for the average RMSE.

Moreover, calculating RMSE can be misleading for the target extent since it is directly

related to the estimated center, orientation, and highly depends on control points. Fig-
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ure 5.6 presents this coupling with an example case where the green line corresponds

to ground truth and the blue line for estimation.

Figure 5.6: An example case with RMSE control points for the target extent

On the other hand, there is another suggestion for extended target performance eval-

uation metric in [24] called intersection over union (IOU), which is common in com-

puter vision literature with an example in [2] or [52] for video tracking. IOU is also

known as the Jaccard index or the Jaccard similarity coefficient in the literature [69].

It is basically the ratio between the intersection area of two objects to the union of

them such that

IOU =
Area of Intersection

Area of Union
∈ [0, 1] (5.22)

Figure 5.7 illustrates this calculation where a green object can be considered ground

truth, and the blue one is an estimation. The red wavy lines correspond to the inter-

section area of them, and the black diagonal lines show the union area of two objects.

Furthermore, three different possibilities for IOU are visualized in Figure 5.8 as a

poor, fine, and perfect match.
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Figure 5.7: Intersection over union illustration for extended targets

(a) Poor IOU (b) Fine IOU

(c) Perfect IOU

Figure 5.8: Example illustrations for different IOU levels
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Figure 5.9: An example ETT illustration for a diagonal path with a square shape using

ETT-GP and ETT-RRGP with sampled time instances

Performance comparisons can be performed for ETT-RRGP by implementing the

method in [66] and obtaining results with the same measurements and the trajectory.

An example of the first scenario can be seen in Figure 5.9, where the dashed diagonal

line corresponds to the target center trajectory, dotted lines for the target true extent,

green lines for the method in [66] called ETT-GP, and blue lines for the proposed

ETT-RRGP method. In this scenario, state consists of 20 bases for both algorithms,

and 20 measurements are generated by uniformly distributed locations on the target

extent per trajectory time. Measurements are corrupted by Gaussian noise with the

standard deviation of 0.1 meter. Figure 5.9 consists of three shape illustrations cor-

responding to different time instances written above for each shape. In the last time

instance, measurements with red signs around the extent, orientation from the center

with blue and green lines are also depicted.

The Monte Carlo simulation technique is adopted with 100 runs using random mea-
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surements with the same number of measurements for each run; moreover, RMSE

and IOU metrics are calculated as introduced before. Table 5.5 compares the ETT-

GP method and ETT-RRGP for an example diagonal path with a square extent. ETT-

RRGP is slightly better in terms of both IOU and RMSE for this scenario.

Table 5.5: RMSE and IOU to compare ETT-GP and ETT-RRGP algorithms for a

square extent along a diagonal path

Method
RMSE IOU

Position [m] Angle [deg]

ETT-GP 0.21 0.49 0.938

ETT-RRGP 0.15 0.30 0.943

Simulations are also conducted for an additional scenario, which considers a triangle

shape with a path that consists of a U-turn, as shown in figure 5.10. The number

of measurements is chosen as 40, and 20 bases are used to track the maneuvering

triangle. Noises are generated by the same parameters in all scenarios. RMSE and

IOU results for a U-turn scenario are shown in table 5.6. They give similar IOU values

and ETT-GP slightly better in kinematics.

Table 5.6: RMSE and IOU to compare ETT-GP and ETT-RRGP algorithms for a

triangle extent along a U-turn path

Method
RMSE IOU

Position [m] Angle [deg]

ETT-GP 0.28 1.31 0.912

ETT-RRGP 0.32 4.41 0.909

Comparison results of specific scenarios may depend on several factors such as model

mismatched, parameter tuning, number of bases, or measurements. Model mis-

matched commonly occurs when the target extent is generated from a different kernel

that model considers. Other factors also expand the comparison space.

In order to express the general panorama of IOU over extents and trajectories in com-

parison with ETT-GP and ETT-RRGP, IOU differences of two methods are calcu-
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Figure 5.10: An example ETT illustration for a U-turn path with a triangle shape

using ETT-GP and ETT-RRGP with sampled time instances

lated for varying number of bases and number of measurements than averaged for

different shapes. Figure 5.11 shows the number of bases and measurements where

ETT-RRGP’s performance is better, where ETT-GP outperforms, or where there are

comparable IOU results.

To investigate the areas where comparable results are confronted, other corruptive

factors arise from model mismatched or tracking dynamics are tried to be minimized.

To obtain IOU results without model mismatched or kinematic effects, we have taken

sample functions generated by a periodic kernel that ETT methods have advanced. An

example model matched extent is depicted in Figure 5.12. Simulations are conducted

with known kinematics to reveal the IOU performance with respect to bases regarding

two methods. Figure 5.13 shows the average IOU results of ETT-GP and ETT-RRGP

with the different number of measurements per time. Full GP solution is also included

for this comparison, which is introduced in section 3.
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Figure 5.12: A randomly sampled extent for periodic kernel

As can be seen in figure 5.13, ETT-RRGP gives better performance for the small num-

ber of bases independent of the number of measurements. Increasing measurements

per time has a positive effect on IOU results on both methods. The minimum basis

point that gives the same IOU results in both methods has a negative correlation with
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(a) Average IOU with 5 Measurements per time

(b) Average IOU with 10 Measurements per time

Figure 5.13: Average IOU results for model matched targets using ETT-RRGP, ETT-

GP, and full GP methods with indicators for 15 and 80 bases on each comparison.

Indicators emphasize that the results for the same computation time per update with

different algorithms.
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the number of measurements per time. Although full GP solution is optimal, it is less

than the maximum IOU that can be reached. This stems from the finite number of test

points.

Indicators in Figure 5.5a demonstrate the increment for the basis number that can

be used for an equal computation time. ETT-RRGP can exploit roughly 80 bases

in the state, whereas ETT-GP can only use 15 bases. This enhancement increases

performance regarding IOU when ETT-RRGP is used, as shown in Figure 5.13a and

Figure 5.13b for all measurement numbers.

A further implication can be addressed in Figure 5.13 by highlighting the minimum

number of bases that is required to reach at least 98% of the maximum performance of

each method. On the one hand, ETT-GP necessities using at least 30 basis points for

98% of its performance; however, on the other hand utilizing 14 bases are sufficient

for the same criteria regarding ETT-RRGP.
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CHAPTER 6

CONCLUDING REMARKS AND FUTURE WORK

On account of a target can only be seen with at most one measurement per time step

from the sensor’s point of view, classical target tracking algorithms render the point

target assumption by ignoring its spatial extent. This has started to be out of date

by recent developments in sensor technology. When different scatterers belonging to

the same target give rise to distributed measurements that are generated by the target

extent, researchers have addressed embedding extent information into tracking struc-

ture. Numerous suggestions have been provided in the literature about modeling the

extent such as circle, rectangle, and so forth. Star-convex modeling is adopted for this

thesis, and it is described with the Gaussian processes in a probabilistic framework.

Utilizing GPs as a non-parametric learning method increases the amount of resources

required to run the algorithm. We have tried to propose a method that is capable of

handling the problem in the spectral domain apart from the approximations in the

literature.

In essence, a key problem, extended target tracking, is studied throughout the paper

by providing a methodology for ETT with a different framework. We have managed

to make a contribution to previously suggested ETT algorithms that utilize Gaussian

processes for star-convex modeling. A systematic study using the reduced rank ap-

proach, a spectral approximation method of GP regression, is proposed for ETT and

alleviate computational demands in a recursive structure.

In order to represent the target extent with GP using the reduced rank approach, the

necessity of attempts to express a periodic pattern is highlighted in mathematical
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terms. To present a solution, a periodic adaptation of the classical reduced rank ap-

proach is carried out. This is achieved by reformulating the boundary conditions and

by solving resulting differential equations explicitly. Subsequently, closed-form ex-

pressions are outlined for general restricted domains. By using these solutions, both

the batch regression and the recursive regression algorithms are presented, and they

are exploited in an augmented tracking structure.

In the final analyses, our method has several particular advantages. To begin with,

ETT-RRGP makes fewer total number of matrix multiplications than ETT-GP. This

leads to alleviating computational demands, especially for big data sets. Although it

works faster, its performance is comparably successful. Secondly, the state consists

of coefficients in ETT-RRGP, unlike predetermined points in ETT-GP. Therefore, pre-

dictions at desired points can be acquired just with one multiplication operation inde-

pendent of the density between the prediction points. In the condition that fewer state

variables have to be used, ETT-RRGP still reveals satisfactory results, and this may

be considered a promising aspect of the suggested method. Lastly, a measurement is

not physically associated with basis points as ETT-GP does with assumptions; it is

used directly in the equations given for ETT-RRGP without any assumption.

As expected, the spectral nature of ETT-RRGP does not always lead to an advantage.

One downside regarding ETT-RRGP is that increasing state dimension has limited im-

provements on results after a certain number of state variables compared to ETT-GP.

This factor stems from its spectral distribution in which first coefficients correspond

for general routine and others for details as they increase. On the other hand, when

considering ETT-GP, any enhancement on state dimension increases performance as

they correspond for a physical point on the target extent.

To carry our research further, we intend to make extensions of ETT-RRGP. That fur-

ther research should be undertaken to investigate the effects of the reduced rank ap-

proach in higher dimensional space. Additional studies are also recommended for

the reduced rank approach to examine the performance in the other areas confronted

with periodic problems. On a wider level, we hope that our research will serve as

a base for future works on real-time applications such as radar target classification
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while tracking with its favorable computational properties.
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