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vented by considering solutions in the Kerr-Schild form. In this paper, we give a general
formulation, where no simplifying assumption about the background metric is made, and
show that the gauge theory source is affected by a curvature term that characterizes the
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the Lifshitz black hole with two different matter couplings. The curvature of the back-
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solution in arbitrary dimensions.
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1 Introduction

The classical double copy is an extension of ideas discovered in the study of scattering
amplitudes [1, 2] to classical solutions of general relativity and gauge theories. The data
from the amplitudes suggest a gravity = (Yang-Mills)2-type relationship where the graviton
amplitudes form a double copy of the gluon amplitudes of two Yang-Mills theories that are
called single copies. In general, it is possible to relate the classical solutions at a fixed order
in perturbation theory [3–38]; however, for a certain class of spacetimes, a simpler form
can be achieved where exact solutions of general relativity are mapped to gauge theory
solutions [39–68]. Recently, a particular version, the so-called Weyl Double Copy [50], was
derived through the ideas from twistor theory [69], implying a much deeper and general
relation than previously thought.

In the pioneering work [39], the map was obtained by considering solutions of general
relativity which can be written in the Kerr-Schild (KS) form with the flat background
metric. The fact that the Ricci tensor with mixed indices becomes linear in the perturbation
for such solutions provides a natural way to map them to solutions of Maxwell’s theory
defined on the flat spacetime. A natural extension is to consider spacetimes with non-flat
background metrics, which was first studied in [40]. Later, a more systematic analysis was
given in [41] and it was shown that there exist two different ways to realize the double
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copy structure when the background metric is curved, called Type-A and Type-B double
copies. In the Type-A double copy, one maps both the background and the perturbation
by using the flat metric as the base. Alternatively, in the Type-B double copy, only the
perturbation is mapped by taking the base metric as that of the background spacetime,
yielding solutions of Maxwell’s theory defined on the curved background. A wide range
of examples with constant curvature background was presented in [42] where the authors
showed the crucial role played by the Killing vectors in the construction. For the stationary
solutions, the contraction of the gravity equations with the time-like Killing vector was
used, which is essentially checking the µ0-components of the trace-reversed equations as
done previously. More non-trivial evidence was obtained from the wave solutions where
the contraction with the null Killing vector yielded a reasonable single copy.

The linearity of the Ricci tensor in the perturbation, which is the crucial property
that makes the whole construction work, holds in the case of a generic curved background
spacetime. Motivated by this, in section 2, we will give a general formulation of the KS
double copy without any simplifying assumption about the background metric. With the
assumption that some redundant terms vanish, one obtains Maxwell’s equation defined on
the curved background where the source term gets a contribution from the curvature of the
background, which vanishes for a constant curvature spacetime, in addition to the energy-
momentum tensor in the gravity side. In order to see the implications, we will study differ-
ent solutions of general relativity with a cosmological constant. In section 3, solutions with
a maximally symmetric background will be examined. When the background is chosen to be
of constant curvature, there is no effect on the source. However, choosing a flat background
leads to a constant charge density filling all space. While it has been observed before, our
formalism explicitly demonstrates that this is due to the deviation of the background from
a constant curvature spacetime. In section 4, in order to exhibit the effect of a curved
background, we will consider the Lifshitz black hole with two different matter couplings.

2 General formulation

In this section, we give a general formulation of the KS double copy in curved spacetime.
For that, we will consider classical solutions of cosmological general relativity minimally
coupled to matter, which is described by the action

S = 1
16πGd

∫
ddx
√
−g [R− 2Λ + Lm] , (2.1)

where Gd is the d−dimensional Newton’s constant, Λ is the cosmological constant and
Lm is the matter part of the Lagrangian density. The field equations arising from the
action (2.1) are

Gµν + Λ gµν = Tµν . (2.2)

For the KS double copy, one needs the trace-reversed equations with mixed indices

Rµν −
2 Λ
d− 2 δ

µ
ν = T̃µν , (2.3)
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where the matter contribution is given by

T̃µν = Tµν −
1

d− 2 δ
µ
ν T. (2.4)

For a metric in the KS form,
gµν = ḡµν + φkµkν , (2.5)

where the vector kµ is null and geodesic with respect to both the background and the full
metric as

ḡµνkµkν = gµνkµkν = 0, kν∇̄νkµ = kν∇νkµ = 0, (2.6)

the Ricci tensor with mixed indices becomes linear in the perturbation as follows [70]

Rµν = R̄µν − φkµkαR̄αν + 1
2
[
∇̄α∇̄µ (φkαkν) + ∇̄α∇̄ν (φkµkα)− ∇̄2 (φkµkν)

]
. (2.7)

Since the aim is to obtain Maxwell’s equations in the background spacetime, we rewrite
the Ricci tensor in the KS coordinates (2.7) by using the gauge field Aµ ≡ φkµ as

Rµν = R̄µν −
1
2
[
∇̄αFαµkν + Eµν

]
, (2.8)

where Fµν = 2 ∇̄[µAν] is the field strength tensor and

Eµν = Xµ
ν + Y µ

ν − R̄
µ
αβνA

αkβ + R̄ανA
αkµ, (2.9)

with Xµ
ν and Y µ

ν given by

Xµ
ν = −∇̄ν

[
Aµ
(
∇̄αkα + kα∇̄αφ

φ

)]
, (2.10)

Y µ
ν = Fαµ∇̄αkν − ∇̄α

(
Aα∇̄µkν −Aµ∇̄αkν

)
. (2.11)

Using this form of the Ricci tensor (2.8) in the trace-reversed equations (2.3) gives,

∆µ
ν −

1
2
[
∇̄αFαµkν + Eµν

]
= T̃µν , (2.12)

where we introduce the deviation tensor

∆µ
ν = R̄µν −

2 Λ
d− 2 δ

µ
ν , (2.13)

which vanishes for a constant curvature spacetime if the cosmological constant Λ is ap-
propriately chosen, and therefore, characterizes the deviation of the background spacetime
from a spacetime with constant curvature (see appendix for more explanation).

In order to solve for the field strenght term, we consider the contraction of this equa-
tion (2.12) with a Killing vector V ν of both the background and the full metric, i.e.,

∇(µVν) = ∇̄(µVν) = 0, (2.14)

which gives the single copy equation as

∇̄νF νµ + Eµ = Jµ, (2.15)
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where the extra part is
Eµ = 1

V · k
Eµν V

ν , (2.16)

and the gauge theory source is given by

Jµ = 2
[
∆µ − T̃µ

]
, (2.17)

with
∆µ = 1

V · k
∆µ

νV
ν , T̃µ = 1

V · k
T̃µνV

ν , (2.18)

which are the contributions from the background spacetime and the matter part of the
Lagrangian respectively.

Contracting the single copy equation (2.15) with the Killing vector V µ, one obtains
the zeroth copy equation as

∇̄2φ+ Z + E = j, (2.19)

where
Z = V · Z

V · k
, E = V · E

V · k
, j = V · J

V · k
, (2.20)

with vectors Eµ and Jµ given in (2.16)–(2.17) and,

Zµ = ∇̄αkµ ∇̄αφ+ ∇̄α
[
2φ∇̄[αkµ] − kα∇̄µφ

]
. (2.21)

For any solution of the gravitational field equations (2.2) that be written in the KS
form (2.5), the gauge field Aµ = φkµ solves the single copy equation (2.15) and the scalar
φ solves the zeroth copy equation (2.19). In this paper, we will study black hole solutions
in the KS form by using the time-like Killing vector1 V µ = δµ0. For the examples that we
will consider in this paper, one has

V · k = 1, Eµ = Eµ0 = 0, E = E0 = 0, ∆µ = ∆µ
0, T̃µ = T̃µ0, (2.22)

and the single copy and the zeroth copy equations becomes Maxwell’s and Poisson’s equa-
tions

∇̄νF νµ = Jµ,

∇̄2φ+ Z = j, (2.23)

where the source terms are given by

Jµ = 2
[
∆µ − T̃µ

]
, j = J0 = ḡ0µJ

µ, (2.24)

and
Z = Z0 = ḡ0µZ

µ, (2.25)

with Zµ given in (2.21). The Z-term in Poisson’s equation vanishes when the background
metric is flat and takes a different form depending on the background spacetime.

1In [42], it was shown that the wave-type solutions with maximally symmetric background metrics can
be studied by choosing a null Killing vector.
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The principal result of our analysis is that the deviation of the background metric
from a constant curvature spacetime, which is characterized by the deviation tensor defined
in (2.13), affects nontrivially the gauge theory source as described in (2.17) for an arbitrary
Killing vector and in (2.28) for the time-like Killing vector. Previously, this has been
observed as a constant charge distribution filling all space when the background is taken to
be flat. In section 4, we will show that this remains to be true when the background is the
Lifshitz spacetime. Therefore, we write the contribution from the background spacetime as

∆µ = 1
2ρc δ

µ
0, (2.26)

where ρc is the constant charge density. The matter contribution can also be written in
the following form

T̃µ = −1
2ρmv

µ, (2.27)

where ρm is the charge density due to the matter in the gravitational theory and vµ is the ve-
locity of the charge distribution. These lead to the following form of the gauge theory source

Jµ = ρc δ
µ
0 + ρmv

µ, (2.28)

which we will use throughout this paper.2 In the next section, we will review some previ-
ously studied examples through our general formalism.

3 Maximally symmetric background spacetime

In this section, we focus on solutions of theories described by the action (2.1) with the
corresponding field equations (2.2) which can be written in the KS form (2.5) around a
maximally symmetric background spacetime. For a non-zero cosmological constant (Λ 6=
0), the background spacetime can be chosen to be Minkowski or AdS spacetimes. In the
former case, the gauge theory copy is defined on Minkowski spacetime and the deviation
tensor defined in (2.13) takes the form

∆µ
ν(Minkowski) = − 2Λ

d− 2δ
µ
ν , (3.1)

since R̄µν = 0, and the constant charge density in the gauge theory source for a timelike
Killing vector (2.28) is determined by the cosmological constant as

ρc = − 4Λ
d− 2 . (3.2)

Since the modification to the Poisson’s equation given in (2.25) vanishes when the back-
ground is Minkowski spacetime, the single copy and the zeroth copy equations become

∇̄νF νµ = Jµ,

∇̄2φ = j, (3.3)
2As discussed in [42], for black hole solutions, one has localized sources describing a point charge at

the origin. Since our main aim is to study the effect of the background spacetime, we will only give the
non-localized part of the gauge theory source.
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where the general form of the sources is given by

Jµ = ρc δ
µ
0 + ρmv

µ, j = −(ρc + ρm). (3.4)

Here, ρm is the charge density due to the matter fields and the velocity vector vµ can be
read from (2.27). For static solutions, one has a static charge distribution, and therefore,
vµ = δµ0. For stationary solutions, one obtains a rotating charge distribution and the
velocity vector takes a form accordingly.

In the latter case, the gauge theory copy is Maxwell’s theory on AdS spacetime and
the deviation tensor vanishes

∆µ
ν(AdS) = 0, (3.5)

which implies that there is no constant charge density in the gauge theory source (ρc = 0).
The Poisson’s equation is modified due to the curvature of the background as described
in (2.23). In what follows, we will give examples in d = 4, for which the equations take the
following form

∇̄νF νµ = Jµ,

∇̄2φ− 1
6R̄ φ = j, (3.6)

and the sources are fixed by only the matter contribution as

Jµ = ρmv
µ, j = −ρm. (3.7)

In the remainder of this section, we will elaborate on this, by applying our formalism to
some examples that were investigated previously in the literature, with a special focus on
the sources, and make a comparison between Minkowski and AdS backgrounds whenever
possible.

3.1 AdS4 spacetime around Minkowski background

As the simplest example, we consider the AdS4 spacetime [40], which is a solution when
d = 4, Lm = 0 in (2.1). It can be written in the KS form (2.5) around the Minkowski
metric

ḡµνdxµdxν = −dt2 + dr2 + r2
(
dθ2 + sin2 θ dφ2

)
, (3.8)

where the null vector and the scalar function are given by

kµdxµ = dt+ dr, φ(r) = Λr2

3 . (3.9)

As a result, the gauge field takes the form

Aµdxµ = Λr2

3 (dt+ dx) , (3.10)

and the only non-zero component of the field strength tensor is

Frt = 2Λr
3 . (3.11)

The effect of the cosmological constant on the sources shows itself as a constant charge
density as follows

ρc = −2Λ. (3.12)
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3.2 Banados-Teitelboim-Zanelli (BTZ) black hole

An interesting example in three dimensions is the BTZ black hole [42], which is a solution
when d = 3 and Lm = 0 in (2.1) for Λ < 0 [71]. This black hole solution can be obtained
by identifyting points of AdS3 spacetime by a discrete subgroup of SO(2,2) [72] and its
gauge theory copy possesses the same characteristics with AdSd spacetime with d ≥ 4. Its
KS form [73] is given around the Minkowski spacetime in spheroidal coordinates

ḡµνdxµdxν = −dt2 + r2

r2 + a2 dr2 + (r2 + a2)dθ2, (3.13)

where a is the rotation parameter. The null vector kµ is parametrized as

kµdxµ = dt+ r2

r2 + a2 dr + adθ, (3.14)

and the scalar is given by
φ(r) = 1 + 8GM + Λr2. (3.15)

The corresponding gauge field is given by

Aµdxµ =
(
1 + 8GM + Λr2

) [
dt+ r2

r2 + a2 dr + adθ
]
. (3.16)

Due to the rotation, there is also a magnetic field and the independent components of the
field strenght tensor are

Frt = 2Λr, Frθ = aFrt = 2Λar. (3.17)

The constant charge density corresponding to the BTZ black hole reads

ρc = −4Λ. (3.18)

Here, we content ourselves with showing that the constant charge density term appears
due to the general property of the deviation tensor (3.1) and refer the reader to [46] for a
more detailed discussion.

3.3 Three-dimensional rotating black hole

Another interesting example from three dimensions is the rotating black hole constructed
in [59]. While the background metric and the null vector is the same with our previous
example as given in (3.13) and (3.14), the scalar is given by

φ(r) = −2M log r + Λr2, (3.19)

which leads to the gauge field

Aµdxµ =
(
−2M log r + Λr2

) [
dt+ r2

r2 + a2 dr + adθ
]
, (3.20)
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with the following non-zero components of the field strenght tensor

Frt = 2
[
−M
r

+ Λr
]
, Frθ = aFrt = 2a

[
−M
r

+ Λr
]
, (3.21)

This solution should be sourced by a space-like fluid3 with the following energy momentum
tensor

Tµν = (ρ+ P )uµuν + Pgµν , (3.22)

where

P = M

r2 = −1
3ρ, uµ =

[
a

r
, 0, a

2 + r2

r

]
, u2 = +1, (3.23)

whose contribution to the trace-reversed Einstein equations is

T̃µν = −2Puµuν . (3.24)

Having a non-zero energy momentum tensor, we get a rotating charge distribution in
addition to the usual constant charge density as follows

ρc = −2Λ, ρm = −4Ma2

r4 , vµ =
(

1, 0,−1
a

)
. (3.25)

3.4 Schwarzschild-AdS4 black hole

Our next example is the Schwarzschild-AdS4 Black Hole which is a solution with d = 4
and Lm = 0 in (2.1). In [42], it was studied around AdS4 spacetime whose metric in global
static coordinates reads

ḡµνdxµdxν = −
[
1− Λr2

3

]
dt2 +

[
1− Λr2

3

]−1

dr2 + r2
(
dθ2 + sin2 θ dφ2

)
, (3.26)

and the null vector and the scalar are given by

kµdxµ = dt+
[
1− Λr2

3

]−1

dr, φ(r) = 2M
r
. (3.27)

The gauge field

Aµdxµ = 2M
r

dt+
[
1− Λr2

3

]−1

dr

 , (3.28)

has the field strenght tensor with the following non-zero component

Frt = −2M
r2 . (3.29)

We obtain vacuum solutions of (3.6) since the background is chosen to be of constant-
curvature, which implies ρc = 0 and there is no contribution from the matter fields
(ρm = 0).

3The static version can be obtained from a free scalar field as the source [59].

– 8 –



J
H
E
P
0
5
(
2
0
2
1
)
2
1
4

The solution can also be written around the Minkowski spacetime

ḡµνdxµdxν = −dt2 + dr2 + r2
(
dθ2 + sin2 θ dφ2

)
, (3.30)

with the null vector and the scalar defined as

kµdxµ = dt+ dr, φ(r) = 2M
r

+ Λr2

3 . (3.31)

The gauge field now becomes

Aµdx
µ =

[
2M
r

+ Λr2

3

]
(dt+ dr) , (3.32)

with the field strenght tensor
Frt = −2M

r2 + 2Λr
3 . (3.33)

This time, in the gauge theory source, the only contribution comes from the cosmological
constant as

ρc = −2Λ. (3.34)

3.5 Reissner-Nordström-AdS4 black hole

In order to see the effect of the matter coupling, we now consider Reissner-Nordström-AdS4
black hole. The matter part of the action is

Lm = −1
4fµνf

µν , (3.35)

with contribution to the trace-reversed equations

T̃µν = 1
2fµαf

α
ν −

1
8gµνfαβf

αβ . (3.36)

When the metric is written in the KS form around AdS4 spacetime (3.26) with the null
vector given in (3.27), the scalar function reads [42]

φ(r) = 2M
r
− Q2

4r2 , (3.37)

whereM and Q are the mass and the charge of the black hole respectively. The gauge field
becomes

Aµ =
[

2M
r
− Q2

4r2

]dt+
[
1− Λr2

3

]−1

dr

 , (3.38)

which leads to the field strength tensor

Frt = −2M
r2 + Q2

2r3 . (3.39)

While the constant curvature background implies no constant charge density (ρc = 0), the
matter field produces the following static charge density

ρm = Q2

2r4 , vµ = δµ0. (3.40)

– 9 –



J
H
E
P
0
5
(
2
0
2
1
)
2
1
4

One should note that our formalism gives the modification to the Poisson’s equation and
the source as

Z = Λ Q2 − 4Mr2

3r2 , (3.41)

j = Q2 (Λr2 − 3
)

6r2 , (3.42)

and one obtains the standard form given in (3.6)–(3.7) only after simplifications.
When written around the Minkowski spacetime (3.30) with the null vector (3.31), the

scalar function is given by

φ(r) = 2M
r
− Q2

4r2 + Λr2

3 , (3.43)

and the gauge field is

Aµ =
[

2M
r
− Q2

4r2 + Λr2

3

]
(dt+ dr) , (3.44)

with the field strength tensor

Frt = −2M
r2 + Q2

2r3 + 2Λr
3 . (3.45)

In addition to the static charge density ρm due to the matter part of the Lagrangian,
the constant charge density is produced by the non-zero deviation of the Minkowski back-
ground (3.1), which are given by

ρc = −2Λ, ρm = Q2

2r4 . (3.46)

4 Lifshitz black holes

So far, we studied metrics that can be written in the KS form around a maximally sym-
metric background and presented the differences that arise due to the deviation if the
Minkowski spacetime from a constant-curvature spacetime, which are a constant charge
density in the source and correspondingly, electric and magnetic (if the black hole rotates)
fields that linearly increase with the radial coordinate r. As an example of a solution with a
curved background, in this section, we will consider the Lifshitz black hole in d-dimensions,
whose metric reads

ds2 = L2
[
−r2zh(r)dt2 + dr2

r2h(r) + r2
d−2∑
i=1

dx2
i

]
, (4.1)

where the function h(r) has a single zero at a finite value of r and, h(r → ∞) = 1.
Asymptotically, the metric takes the form

ds2
∣∣∣
r→∞

= L2
[
−r2zdt2 + dr2

r2 + r2
d−2∑
i=1

dx2
i

]
, (4.2)
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which is the Lifshitz spacetime. In this form, it is apparent that it describes an asymptoti-
cally Lifshitz black hole with a planar horizon. With the following coordinate transforma-
tion,

dt→ dt+ α dr, α = h(r)− 1
h(r) r−(z+1), (4.3)

one can write the metric in the KS form where the background is the Lifshitz spacetime
with the metric

ḡµνdxµdxν = L2
[
−r2zdt2 + dr2

r2 + r2
d−2∑
i=1

dx2
i

]
, (4.4)

The null vector and the scalar are given by

kµdxµ = dt+ 1
rz+1 dr, φ(r) = L2 [1− h(r)] r2z. (4.5)

Note that, for z = 1, the background metric becomes the AdS spacetime in Poincare
coordinates. For z > 1, the background metric is not maximally symmetric and the
deviation tensor will give a non-trivial contribution. The Ricci tensor for the background
metric reads

R̄µν = diag
[
−z (z + d− 2)

L2 ,−z
2 + d− 2
L2 ,−z + d− 2

L2 ,−z + d− 2
L2

]
, (4.6)

which reduces to that of AdS spacetime (A.5) when z = 1. The relevant part is still a
constant given by

R̄µ0 = −z (z + d− 2)
L2 δµ0, (4.7)

which leads to the following background contribution to the gauge theory source

∆µ(Lifshitz) = −
[
z (z + d− 2)

L2 + 2Λ
d− 2

]
δµ0, (4.8)

and, as a result, the following constant charge density

ρc = −2
[
z (z + d− 2)

L2 + 2Λ
d− 2

]
. (4.9)

After this general discussion, we will study two different realizations of the Lifshitz black
hole with different matter couplings.

4.1 Lifshitz black hole from a massless scalar and a gauge field

The first solution that we consider is obtained by the following coupling of a massless scalar
to a gauge field [74]

Lm = 1
2∂µϕ∂

µϕ− 1
4e

λϕfµνf
µν , (4.10)

whose contribution to the trace-reversed equations is

T̃µν = 1
2∂µϕ∂νϕ+ 1

2e
λϕfµαf

α
ν −

1
4(d− 2)gµνe

λϕfαβf
αβ . (4.11)
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The equations for the matter fields are

∂µ
(√
−geλϕfµν

)
= 0, (4.12)

∂µ
(√
−g∂µϕ

)
− λ

4
√
−geλϕfµνfµν = 0. (4.13)

The Lifshitz black hole is a solution in this theory with the following metric function [75]

h(r) = 1−
rz+d−2

+
rz+d−2 , z ≥ 1, (4.14)

provided that the matter fields and the cosmological constant are given by

frt = q e−λϕrz−d+1, eλϕ = rλ
√

2(z−1)(d−2),

λ2 = 2(d− 2)
z − 1 , q2 = 2L2(z − 1)(z + d− 2),

Λ = −(z + d− 3)(z + d− 2)
2L2 . (4.15)

For z = 1, the matter fields vanish and one obtains the Schwarzschild-AdS black hole with
a planar horizon. By using the coordinate transformation (4.3), the metric can be put in
the KS form around the Lifshitz background (4.4) with the null vector and the scalar given
in (4.5). The explicit form of the scalar for the metric function (4.14) reads

φ(r) =
L2rz+d−2

+
rd−z−2 , (4.16)

The corresponding gauge field is

Aµdxµ =
L2rz+d−2

+
rd−z−2

[
dt+ 1

rz+1 dr
]
, (4.17)

and with the following non-zero component of the field strength tensor

Frt = −
(d− z + 2)L2rz+d−2

+
rd−z+1 . (4.18)

Since the matter configuration (4.15) does not change under the coordinate transformation,
it can be directly used in the rest of the calculations. It turns out that the contribution
from the deviation tensor and the energy-momentum tensor to the gauge theory source are
equal to each other and given by

∆µ = T̃µ = −(d− 3) (z − 1) (z + d− 2)
(d− 2)L2 , (4.19)

and therefore, the single copy is
∇̄νF νµ = 0. (4.20)

Although we started from a non-vacuum solution, the gauge field given in (4.17) is vacuum
solution of the gauge theory. The modification to the Poisson’s equation can again be
written in terms of the background Ricci scalar and the KS scalar as

Z = z(z − d+ 2)
z2 + (d− 2)z + 1

2(d− 1)(d− 2)
R̄ φ, (4.21)
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which leads to the following zeroth copy

∇̄2φ+ z(z − d+ 2)
z2 + (d− 2)z + 1

2(d− 1)(d− 2)
R̄ φ = 0. (4.22)

4.2 Lifshitz black hole from a massive vector and a gauge field

The second solution that we consider is a charged Lifshitz black hole obtained through the
following matter coupling [76]

Lm = −1
4fµνf

µν − 1
2m

2aµa
µ − 1

4FµνF
µν , (4.23)

where aµ is a massive vector field with the field strength fµν = 2 ∂[µaν] and Fµν is the field
strength of the gauge field. The matter field equations are

∂µ
(√
−gfµν

)
= m2√−g aν (4.24)

∂µ
(√
−gFµν

)
= 0, (4.25)

and the contribution to the trace-revesed equations is given by

T̃µν = 1
2fµαf

α
ν −

1
4(d− 2)gµνfαβf

αβ+ 1
2m

2aµaν + 1
2FµαF

α
ν −

1
4(d− 2)gµνFαβF

αβ (4.26)

The charged Lifshitz black hole is a solution with the metric function

h(r) = 1− q2

2(d− 2)2rz
, (4.27)

for the matter configuration

at = L

√
2(z − 1)

z
h(r)rz, Frt = qLrz−d−1. (4.28)

The mass of the vector field, the cosmological constant and the Lifshitz exponent should
also be fixed as follows

m =

√
(d− 2)z
L2 , Λ = −(d− 3)z + (d− 2)2 + z2

2L2 , z = 2 (d− 2) . (4.29)

The metric can be put in the KS form through the coordinate transformation (4.3) around
the Lifshitz background (4.4) with the null vector and the scalar given in (4.5). The explicit
form of the scalar for the metric function (4.14) reads

φ(r) = L2q2r3z

2 (d− 2)2 . (4.30)

The single copy gauge field and the non-zero component of the field strength tensor are

Aµdxµ = L2q2r3z

2 (d− 2)2

[
dt+ 1

rz+1 dr
]
, (4.31)

Frt = 3zL2q2r3z−1

2 (d− 2)2 . (4.32)
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This time, the coordinate transformation (4.3) affects the matter configuration (4.28) non-
trivially, yielding an additional radial component of the massive vector as follows

ar = αat. (4.33)

The contribution from the deviation tensor and the energy-momentum tensor to the gauge
theory source are this time given by

∆µ = −
(z − 1)

[
(d− 3) z + (d− 2)2

]
(d− 2)L2 δµ0, (4.34)

T̃µ = ∆µ + q2

2L2rz
δµ0, (4.35)

Similar to the previous example, the constant charge density contribution from the devia-
tion tensor (4.34) again disappears, however, this time the contribution from the energy-
momentum tensor (4.35) has an additional term, which leads to a non-vacuum solution.
The single copy is

∇̄νF νµ = Jµ, Jµ = − q2

L2rz
δµ0. (4.36)

The modification to Poisson’s equation in this case can be written as

Z = z2

z2 + (d− 2)z + 1
2(d− 1)(d− 2)

R̄ φ, (4.37)

which yields

∇̄2φ+ z2

z2 + (d− 2)z + 1
2(d− 1)(d− 2)

R̄ φ = j, j = q2rz. (4.38)

5 Summary and discussions

In this paper, extending the construction of [42], we gave a formulation of the classical
double copy with a generic, curved background spacetime. Apart from obtaining solutions
of Maxwell’s theory defined on curved backgrounds, our formulation makes the effect of
the background spacetime on the gauge theory source much more transparent through the
deviation tensor that we defined in (2.13). For an arbitrary Killing vector of the background
and the full metric, the result is given in (2.17)–(2.18). Choosing a flat background for
a solution with a non-zero cosmological constant yields a constant charge density filling
all space in the gauge theory due to the general property presented in (3.1). The effect
disappears when the background is chosen to be a constant curvature spacetime, which can
be explained due to the vanishing of the deviation tensor for a suitably chosen cosmological
constant (3.5). Furthermore, we studied two different realizations of the Lifsthiz black hole,
whose background is not maximally symmetric. While the contribution to the gauge theory
source again turns out to be a constant as described in (4.8)–(4.9), it is removed by the
matter fields in the gravity side, yielding a vacuum solution in one case.

In the light of our results, there are several directions to pursue. Although the extra
part in the single copy equation (2.16) was shown to vanish for all the examples in the
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literature, a general proof or, at least, the conditions under which it is true are still lacking.
The resolution of this might lead to a better understanding of the classical double copy.
The study of wave-type solutions with a curved background, as done in [42] for constant
curvature backgrounds might also be interesting. In addition to the simplifying assumptions
about the background metric, the assumption of the minimal matter coupling can also be
released for certain types of theories. We will return to it elsewhere.
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A Maximally symmetric spacetimes and the deviation tensor

In this appendix, we review some important properties of maximally symmetric spacetimes
by following [77], which will lead us to the definition of the deviation tensor discussed in
the main text. For a maximally symmetric spacetime, the Riemann tensor is given by4

R̄µανβ = ε

L2 (ḡµν ḡαβ − ḡµβ ḡνα) (A.1)

where ε = +1, 0,−1 correspond to de Sitter (dS), Minkowski and Anti-de Sitter (AdS)
spacetimes and L is the dS/AdS radius when ε 6= 0. Taking the trace yield the Ricci tensor
and the Ricci scaler as

R̄µν = ε
d− 1
L2 ḡµν (A.2)

R̄ = ε
d(d− 1)
L2 (A.3)

Using (A.2), one can show that the spacetime is a solution of vacuum Einstein equations
if the cosmological constant is chosen as

Λ = ε
(d− 1)(d− 2)

2L2 (A.4)

and, therefore, the Ricci tensor becomes

R̄µν = 2 Λ
d− 2 ḡµν . (A.5)

This motivates us to define the deviation tensor from a maximally symmetric spacetime as

∆µν = R̄µν −
2 Λ
d− 2 ḡµν , (A.6)

which vanishes for maximally symmetric spacetimes provided that the cosmological con-
stant is given by (A.4). When the background is Minkowski spacetime, one has R̄µν = 0
and,

∆(Minkowski)µν = − 2 Λ
d− 2 ḡµν , (A.7)

which is the origin of the constant charge density in the gauge theory source discussed in
the main text.

4We use barred quantities since, in this work, we consider the possibility of a background metric being
that of a maximally symmetric spacetime.
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