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ABSTRACT 

 

WATER SURFACE PROFILE COMPUTATION AROUND SQUARE 

BLOCKS BY IMAGINARY REPRESENTATION OF THE 

OBSTRUCTIONS IN THE SHALLOW WATER EQUATIONS  

 

 

 

Hofioni, Sayed Omar 

Master of Science, Civil Engineering 

Supervisor : Prof. Dr. Ismail Aydın 

 

 

July 2021, 99 pages 

 

 

Depth integrated shallow flow equations can be solved easily over large domains to 

provide flood inundation maps. However, there may be numerous natural or artificial 

obstructions that increase resistance to flow due to drag forces induced on the 

submerged volumes. It is possible to numerically solve the governing equations on 

a suitable grid system for the flow field around such obstructions and determine the 

flow depths. But, when the number of obstructions increases with arbitrary size and 

distribution, such a detailed numerical solution is unfeasible. 

In this study, a new technique is proposed to reduce the geometric complexity and 

computational work when the number of obstructions is large. The computational 

grid is generated without the obstructions, but the numerical solution is achieved by 

introducing the expected drag forces in the governing equations to represent the 

imaginary obstructions. This technique simplifies the computational grid as if there 

is nothing other than water in the computational domain. However, hydrodynamic 

consequences of obstructions are correctly reproduced in the 2D free surface profile.  
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Flow around a single square block and three-square blocks in a side-by-side 

configuration are considered as test cases. Experimental data describing water 

surface profiles are collected for different flow conditions. Numerical solutions are 

obtained with the block and with the imaginary block. Results are compared to 

experimental data, and it is found that the present ‘imaginary block’ approach 

produces successful solutions without any loss of information. 

Keywords: Shallow Flows, Water Surface Profile, Flood Inundation, Drag Force  
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ÖZ 

 

SIĞ AKIM  DENKLEMLERİNDE OBSTRÜKSİYONLARIN HAYALİ 

TEMSİLİYLE KARE BLOKLARIN ETRAFINDAKI SU YÜZEYİ PROFİLİ 

HESAPLAMASI 

 

 

Hofioni, Sayed Omar 

Yüksek Lisans, İnşaat Mühendisliği 

Tez Yöneticisi: Prof. Dr. Ismail Aydın 

 

 

Temmuz 2021, 99 sayfa 

 

Derinlik entegre sığ akım denklemleri, taşkın haritaları sağlamak için geniş alanlar 

üzerinde kolayca çözülebilir. Bununla birlikte, batık hacimler üzerinde indüklenen 

sürükleme kuvvetleri nedeniyle akışa direnci artıran çok sayıda doğal veya yapay 

engel olabilir. Bu tür engellerin etrafındaki akış alanı için uygun bir ızgara sistemi 

üzerinde akım denklemlerini sayısal olarak çözmek ve akış derinliklerini belirlemek 

mümkündür. Ancak, engellerin sayısı ve boyutları rasgele arttığında, böyle ayrıntılı 

bir sayısal çözüm mümkün değildir.  

Bu çalışmada, engel sayısı büyük olduğunda geometrik karmaşıklığı ve hesaplama 

yükünü azaltmak için yeni bir teknik önerilmiştir. Hesaplama ızgarası engeller 

olmadan oluşturulur, ancak sayısal çözüm, hayali engeller göz önünde 

bulundurularak sığ akım denklemlerinde beklenen sürükleme kuvvetleri dahil 

edilerek elde edilir. Bu teknik, hesaplama alanında sudan başka bir şey yokmuş gibi 

hesaplama ızgarasını basitleştirir. Bununla birlikte, engellerin hidrodinamik etkileri, 

2B su yüzü hesabında doğru bir şekilde temsil edilir.  

Tek bir kare blok ve yan yana konfigürasyonda üç kare blok etrafındaki akım, test 

durumları olarak dikkate alınmıştır. Farklı akım koşulları için su yüzeyi profillerini 
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tanımlayan deneysel veriler toplanmıştır. Bloklu ve bloksuz yani hayali blok temsili 

ile sayısal çözümler elde edilmiştir. Sonuçlar deneysel verilerle karşılaştırılmış ve 

mevcut 'hayali blok' yaklaşımının herhangi bir bilgi kaybı olmadan başarılı çözümler 

ürettiği tespit edilmiştir. 

Anahtar Kelimeler: Sığ Akımlar, Su Yüzü Profili, Sel Baskını, Sürükleme kuvveti 
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CHAPTER 1  

1 INTRODUCTION  

1.1 Description of the Problem 

Flooding accounts for a significant proportion of the total number of reported natural 

disasters. It affects millions of people every year due to the increase in population in 

flood-prone areas. In solving the shallow water equations over large domains for 

flood modeling, the drag induced by natural and artificial obstructions causes 

resistance to the flow.  

In using Manning's equation for determining the resistance in the flood plains, the 

Manning's roughness coefficient for floodplains is determined by first selecting a 

base value for the natural bare soil surface of the flood plain and then account for 

other factors like surface irregularity, obstructions, and vegetation by adding 

adjustments to the roughness coefficient (Arcement and Schneider, 1989). 

This thesis aims to study the drag induced by emergent obstructions such as riparian 

trees, which grow along the flood plains. Since these emergent obstructions differ in 

size, shape, and number, determining the water surface profile and the water depth 

numerically becomes computationally exhaustive. Rather than using the friction 

laws such as Manning’s equation and increasing the Manning’s roughness 

coefficient to account for the obstructions, in the proposed new technique, the drag 

induced by the obstructions is determined by applying fictitious drag forces. The 

obstructions are removed from the computational domain, and their effect on the 

flow is determined by applying drag forces in the meshes occupied by the 

obstructions. This technique simplifies the grid generation and the preprocessing step 

in the numerical simulations, particularly when there are hundreds or thousands of 
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obstructions in the flow field. The obstructions are not considered in the domain, and 

thus it makes the preprocessing and grid generation easy and simplifies the 

computational domain. 

1.2 Scope of the Study 

The main objective of this thesis is to test a new approach by imaginary 

representation of the obstructions in the flow field in the governing equations without 

physical existence in the computational grid system. For this purpose, water surface 

profiles around single and multiple square blocks in a rectangular channel will be 

investigated experimentally and numerically. Test cases with various discharges and 

bed slopes will be considered.  

In the first Chapter, an introduction of the problem and the scope of the study are 

given. Chapter 2 presents a brief literature review on the drag of the emergent 

vegetative obstructions. In Chapter 3, the derivation of the governing shallow flow 

equations is given. Then, the numerical methods for the solution of the shallow water 

equations are introduced, and finally, the numerical method adopted for the present 

problem is presented. In Chapter 4, the experimental setup and the results of the 

experiments are given. Chapter 5 presents the numerical results for all the test cases, 

and the results are discussed. Chapter 6 describes numerical solutions with fictitious 

drag force and presents the results of the test cases. Finally, the thesis is concluded 

with the conclusions given in Chapter 7. 
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CHAPTER 2  

2 LITERATURE REVIEW 

2.1 Literature Review on the Drag of Emergent Vegetative Obstructions 

The drag due to the emergent vegetation modifies the velocity profiles, increases the 

water depth, reduces the flow discharge, and enhances flood attenuation and 

sediment deposition (Cheng, 2013). In rivers, the additional drag due to vegetation 

increases the flow depths and the potential of increasing the risk of flooding 

(Sonnenwald, Stovin & Guymer, 2018). Therefore, understanding the bulk effects of 

flow vegetation interaction is important for the design of flood protection and stream 

restoration (Kim & Stoesser, 2011). 

The conventional resistance equations like Manning's is not appropriate for 

determining the resistance due to vegetation. The drag in emergent vegetation is due 

to stem drag throughout the flow depth rather than by boundary shear stress at the 

bed (James et al. 2004 and James et al. 2008). Manning's equation does not provide 

enough information about the flow structure within and above the canopy, and it 

cannot represent regions of emergent vegetation and transitional or creeping flow 

(Nepf, 1999). 

Circular cylinders with uniform diameter are used to model the emergent vegetation, 

e.g., Nepf (1999), Tanino and Nepf (2008), Meftah and Mossa (2013), Kim and 

Stoesser (2011). For an isolated cylinder, the drag coefficient decreases with 

increasing cylinder Reynolds number up to Red=1000, and the presence and relative 

position of neighboring cylinders also affect the drag coefficient; for example, a 

cylinder in the wake of an upstream cylinder experiences a velocity deficit relative 

to the average mean velocity (Tanino & Nepf, 2008).  
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The drag on a cylinder is affected by the presence and relative position of another 

cylinder. Considering the characteristics of the wake in the interaction between two 

cylinder pairs shows that the wake from the upstream cylinder suppresses the drag 

coefficient on the trailing downstream cylinder, and this effect increases as the 

longitudinal and lateral spacing between cylinders decreases (Nepf, 1999). 

Arrays of circular cylinders in regular, staggered, and random arrangements are 

mainly used to model vegetation. Due to the presence of the array of cylinders, the 

volume of water in the array is reduced by a factor which is called the solid volume 

fraction (𝜑). The solid volume fraction is the ratio of the volume occupied by the 

vegetation to the total volume of the cylinder arrays and the water within the array 

(Tanino and Nepf, 2008). 

Sonnenwald et al. (2018) state that the drag coefficient for emergent cylinder arrays 

from experimental results is derived by equating the deriving forces with resistance 

caused by cylinders. The wall and bed stresses are negligible, resulting in the balance 

of gravity and drag forces for emergent cylinders.  

𝜌𝑔𝑆 (1 − 𝜑) =
1

2
𝐶𝐷𝑎𝜌𝑈𝑝

2                         (Sonnenwald et al. 2018)          (2.1) 

In the equation above, 𝜌 is the density, 𝑔 is the gravitational acceleration, 𝑆 is the 

channel or energy slope, 𝜑 is the solid volume fraction, 𝑎 is the frontal area which is 

the area perpendicular to the flow, 𝑈𝑝 is the mean interstitial velocity. In cases where 

the velocity and cylinder density is low, the use of Equation 2.1 becomes impractical 

since it is difficult to measure the surface slope, and the bed and free surface stresses 

also become important. In these cases, the drag can be measured using a force sensor 

(James et al. 2008, Tinoco and Cowen 2013) and equated directly to the right-hand 

side of Equation 2.1.   

When there are no physical measurements available for the drag coefficient for an 

array of cylinders and the use of computational fluid dynamics-based methods is 

difficult and even infeasible to apply. The drag coefficient can be estimated based 

on the equations derived in the literature to predict the drag coefficient.   
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Several researchers, e.g., Tanino and Nepf (2008), and Tinoco and Cowen (2013), 

have attempted to relate the drag to an expression for the pressure drop across packed 

columns derived by Ergun (1952).   

Tanino and Nepf (2008) have defined drag due to emergent cylinders by a temporally 

and spatially averaged drag coefficient.  

𝐶𝐷 = 
<𝑓𝐷̅̅ ̅̅ >

𝜌<𝑢>2
<𝑑>

2

                        (Tanino & Nepf,  2008)                    (2.2) 

Where < 𝑓𝐷̅̅ ̅ > is the average drag in the direction of the average flow per unit length 

of the stem, 𝜌 is the fluid density, < 𝑑 > is the characteristic plant width 

perpendicular to the mean flow,  < �̅� > is the fluid velocity in the direction of the 

mean flow averaged over the pores between stems. In their experimental study, rigid, 

circular, and randomly distributed cylinders were used to model the emergent 

vegetation. The laboratory measurements were carried out for solid volume fraction 

of 𝜑 = 0.91 − 0.35 and Reynolds number Red =25-685. By substituting the 

rearranged Ergun (1952) expression for the pressure drop in packed columns 
<𝑓𝐷̅̅ ̅̅ >

𝜇<𝑢>
=

𝛼0 + 𝛼1𝑅𝑒𝑑 into Equation 2.2, the following relationship for 𝐶𝐷 is found. 

𝐶𝐷 = 2(
𝛼0

𝑅𝑒𝑑
+ 𝛼1)                    (Tanino & Nepf, 2008)            (2.3) 

The first term on the right-hand side of Equation 2.3 describes the viscous shear 

stress on the cylinder surface, and the second term represents the inertial contribution 

arising from pressure loss in the cylinder wake. It was found that 𝛼1 is constant 

within the range of 0.12 ≤ 𝜑 ≤ 0.35, which suggests that viscous drag per unit 

cylinder length is independent of 𝜑 in this range. The authors have found that the 

array averaged drag coefficient decreased with increasing Reynolds number and 

increased with increasing solid volume fraction. As shown in Figure 2-1, the array 

averaged drag coefficient is plotted as a function of the Reynolds number by using 

Equation 2.3.  



 

 

6 

 

Figure 2-1  Array averaged drag coefficient as a function of Reynolds number  for 

different solid volume fractions  φ  (Tanino and Nepf, 2008) 

Sonnenwald et al. (2018) performed a re-parametrization of the Ergun coefficients 

based on cylinder diameter (d) and solid volume fraction (𝜑). Least square curve 

fitting was carried out by assuming 𝛼0 = 𝑓(𝑑) and 𝛼1 = 𝑓(𝑑, 𝜑). which gave the 

linear function for 𝛼0 = 6475𝑑 + 32  and 𝛼1 = 17𝑑 + 3.2𝜑 + 0.5. 

𝛼0 is an estimation of the viscous effects and 𝛼1 is an estimation of the inertial effects 

of the drag. By substituting 𝛼0 and 𝛼1 in Tanino and Nepf's (2008) expression for 

the drag coefficient 𝐶𝐷 = 2(
𝛼0

𝑅𝑒𝑑
+ 𝛼1) the following function is obtained for 

estimating the drag coefficient 𝐶𝐷. 

𝐶𝐷 = 2(
6475𝑑+32

𝑅𝑒𝑑
+ 17𝑑 + 3.2𝜑 + 0.5)      (Sonnenwald et al. 2018)           (2.4) 

The estimates of the drag coefficient  𝐶𝐷 by using Equation 2.4 match the 

experimental data better than estimates of  𝐶𝐷 made using the other functions (Cheng 

2013, Tanino and Nepf 2008 and White 1991), particularly at low solid volume 

fraction and cylinder Reynolds number.      

Nepf (1999) considered the vegetative density on the bulk drag coefficient and 

showed by experiments that the bulk drag coefficient decreases as the array density 
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increases both for a random and staggered arrangement of cylinders for cylinder 

Reynolds number Red > 200. The numerical model is based on observing a pair of 

cylinders and the wake interference of cylinders in an array of cylinders. At high 

Reynolds numbers, the dependence and change of the bulk drag coefficient with 

solid volume fraction is governed by the cumulative sheltering effects. The upstream 

cylinder shields the downstream cylinder, and the downstream cylinder experiences 

a lower impact velocity due to the velocity reduction in the wake. The turbulence 

due to the upstream cylinder wake delays the point of separation on the downstream 

cylinder, and it results in a lower pressure differential around the downstream 

cylinder and thus a lower drag.  

The wake interference model of (Nepf, 1999) also showed that the bulk drag 

coefficient decreases more rapidly in staggered arrays than in random arrays, which 

shows that wake sheltering is strongest and persists for the greatest longitudinal 

spacing when the cylinders are aligned.  

Meftah and Mossa (2013) provided a theoretical model for the flow velocity structure 

within an infinite square array of emergent, vertical, rigid, circular, and rough steel 

cylinders uniformly distributed to estimate the bulk drag coefficient. Their proposed 

model has led to a new formula for estimating the drag coefficient of an array of 

cylinders.  

𝐶𝐷̅̅̅̅ =
1

4𝜋5
(

𝑠𝑦
5

𝑑𝑙2𝑋2
)                 (Mefta & Mossa, 2013)                                        (2.5) 

In the equation above 𝑠𝑦 is the center-to-center spacing of two side-by-side cylinders, 

𝑑 is the diameter of the cylinder, 𝑙 is the mixing length scale, and 𝑋 is the distance 

downstream of the row of cylinders. Their model links the temporal averaged 

velocity at a certain axial distance downstream of a lateral row of cylinders and the 

bulk drag coefficient, 𝐶𝐷̅̅̅̅ .  The experiments were conducted with Reynolds numbers 

between 272-607, and the flow rate was kept constant while the depth was varied. 

The drag coefficient value was calculated using their proposed formula and other 

equations from the literature (Nepf 1999, White 1991). The results show that the 



 

 

8 

magnitude of the bulk drag coefficient obtained by different equations is comparable. 

Equation 2.5 was roughly able to estimate the bulk drag coefficient in the considered 

range of Reynolds numbers. 

The resistance due to simulated emergent vegetation has been interpreted differently 

in the literature due to the inconsistent use of velocity and length scales in the 

definition of drag coefficient and Reynolds number. Cheng and Nguyen (2011) have 

proposed a new friction function with Reynolds number redefined by using a 

vegetation-related hydraulic radius. An analogy between pipe flow and vegetated 

channel flow has been made to define a vegetated hydraulic radius in their study. 

The vegetated hydraulic radius is used to redefine the Reynolds number for vegetated 

channel flow. The vegetated hydraulic radius is defined as 𝑟 =
(1−𝜑)𝐵ℎ𝐿

𝑁ℎ𝑑
=

𝜋(1−𝜑)𝑑

4𝜑
 

where 𝜑 is vegetation density, B is channel width, h is flow depth, L is the length of 

vegetation zone, N is the number of cylinders and d is stem diameter, and the 

Reynolds number is defined by using the vegetated hydraulic radius as 𝑅𝑣 =
𝑉𝑣𝑟𝑣

𝜐
 

where 𝑉𝑣 is the average pore velocity and 𝜐 is kinematic viscosity. The authors 

explored this relationship by conducting experiments on staggered array 

arrangements and gathered data from similar experiments in the literature. As it can 

be seen in Figure 2.2, the data collapse well to a single curve. They have further 

proposed the following empirical relationship for the drag coefficient for Reynolds 

number between 52 − 5.6𝑥105. 

𝐶𝐷𝑣 =
50

𝑅𝑣
0.43 + 0.7 [1 − exp (−

𝑅𝑣

15000
)]          (Cheng & Nguyen, 2011)    (2.6) 

Cheng and Nguyen (2011) used the 𝐶𝐷𝑣 and 𝑅𝑣 to reformulate the Ergun's equation 

as 𝐶𝐷(𝐸𝑟𝑔𝑢𝑛) =
75𝜋

4𝑅𝑣
+
7𝜋

8
 and as shown in Figure 2.2, this function, when applied to 

vegetated open channel flow, would underestimate 𝐶𝐷𝑣 for low Reynolds number 

and overestimate 𝐶𝐷𝑣 for high Reynolds numbers.  
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Figure 2-2 Variation of drag coefficient 𝐶𝐷𝑣 with Reynolds number 𝑅𝑣  (Cheng and 

Nguyen 2011) 

Cheng (2013) developed an analytical formulation of the drag coefficient based on a 

pseudo-fluid model modification of a single isolated cylinder, and through successful 

reorganization of the experimental data, a single curve was obtained, which shows 

the relation of a generalized drag coefficient to a generalized Reynolds number and 

is valid for a wide range of solid volume fraction and Reynolds numbers. An 

equation was formulated to estimate the drag coefficient based on a generalized  form 

of drag coefficient (𝐶𝐷′) and Reynolds number (𝑅′). 

𝐶𝐷
′ = 11𝑅′

−0.75
+ 0.9 [1 − exp (−

1000

𝑅′
)] + 1.2[1 −

exp (−(
𝑅′

4500
)
0.7

]    (Cheng, 2013)                    (2.7) 

Where 𝑅′ =
1+𝑆

1+80𝜑
𝑅𝑎 , 𝑆 is the energy slope, 𝑅𝑎 is the Reynolds number for a 

cylinder array, and 𝜑 is the solid volume fraction. 𝐶𝐷 = 
1−𝜑

1+𝑆
𝐶𝐷𝑎, 𝐶𝐷𝑎 is the drag 

coefficient for a cylinder array. As shown in Figure 2.3, experimental data from the 
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literature can be reasonably represented by the sole solid line plotted by Equation 

2.7. The formula derived based on the pseudo-fluid model does not consider any 

analysis of stem-induced flow phenomena like eddy-eddy and eddy-stem interaction. 

This model is limited to emergent vegetation simulated by cylindrical rods. 

 

Figure 2-3 Generalized relationship between drag coefficient 𝐶𝐷′ and Reynolds 

number 𝑅′ for different vegetation configuration from the literature (Cheng, 2013) 

Computational fluid dynamics (CFD) modeling has been used to evaluate the drag 

coefficient for a single cylinder and an array of cylinders, e.g., Kim and Stoesser 

(2011), Wu and Wang (2004), Stoesser, Kim and Diplas (2010).  

Kim and Stoesser (2011) showed that the drag coefficient as an empirical parameter 

is important for accurate RANS simulations of flow through emergent vegetation, 

and if a wrong drag coefficient is used at high vegetation densities, then the flow 

resistance would be severely underestimated. In the Reynolds Averaged Navier-

Stokes (RANS) models, coarser grids are used and the additional form drag due to 

vegetation is accounted by subgrid forces, which are added to the momentum and 

turbulence model transport equations, and this treatment is referred to as the 
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vegetation closure model. The drag force concept is employed in most of the 

vegetation closure models, and an accurate estimate for the empirical parameter drag 

coefficient is needed for the calculation of the vegetation drag; and this drag 

coefficient which is required a priori, is determined through experiments or set to a 

fixed value because of the lack of a real value. RANS accurately models the time-

averaged flow field, but the agreement with measured turbulence quantities is poor. 

The steady RANS models do not resolve the flow vegetation interaction and vortex 

shedding and local velocity gradients are also absent.  

Kim et al. (2011) also showed that to circumvent the dependency of numerical 

simulations on drag coefficient (Cd), a low-resolution Large Eddy Simulation (LES) 

model can be used, and this method has predicted the velocity gradients, recirculation 

zones, and secondary flows reliably for low to moderate vegetation densities. 

Stoesser et al. (2010) performed several Large Eddy Simulations (LES) of turbulent 

flow in an open channel through staggered arrays of rigid, emergent cylinders and 

the high resolution of the simulations enables to explicitly calculate the drag forces 

decomposed into pressure and friction drag. In the LES models, the drag coefficient 

is avoided by resolving the vegetation through the numerical grid. No-slip boundary 

condition was applied on all solid boundaries, including the cylinders' surface, and 

in that way, the flow-vegetation interaction was explicitly calculated. They found 

that the flow behaves similar to the flow around an isolated cylinder at low vegetation 

density. Still, at high cylinder density, there are significant structural differences 

reflected in the turbulence statistics and the flow resistance. The calculated drag 

forces suggest that the flow resistance increases with both density and cylinder 

Reynolds number confirming the findings of Tanino and Nepf (2008).  

The presence of vegetation in the flow field causes the flow around the vegetation to 

be unsteady and three-dimensional. Still, in practical engineering applications, the 

flow properties needed are time-averaged and depth-averaged rather than a detailed 

simulation of the flow around the vegetation.  
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Wu and Wang (2004) developed a depth-averaged two-dimensional numerical 

model for the simulation of flow and sediment transport and bed morphological 

changes in vegetated open channels. In their model, 2-D depth-averaged shallow 

water equations were solved along with the standard 𝑘 − 𝜀 turbulence model for the 

eddy viscosity. The effect of vegetation was considered by including drag force 

terms in momentum equations, and the generation and dissipation of turbulent energy 

due to vegetation was accounted for by 𝑘 − 𝜀 equations. The drag force terms were 

related to the flow velocity, projected area of vegetation, and the drag coefficient. 

The drag coefficient as an empirical constant was set to a fixed value before carrying 

out the numerical simulation. In the experimental studies of the flow in a flume with 

alternate vegetation zones, the drag coefficient was set to 0.8, 1.2, 1.8, 3.0 for 

vegetation densities 0.04%, 0.2%, 0.6%, 2.5% and 10%, respectively. The drag 

coefficients were increased with increasing vegetation densities based on the fact 

that when the vegetation density is higher, the flow velocity and Reynolds number 

in the vegetation zone is smaller, and thus considering the relation of the drag 

coefficient with Reynolds number in a single-cylinder a larger drag coefficient was 

used.  

Bai, Yang, Huai, and Zheng (2016) developed a 2D shallow-water model to simulate 

the flow-rigid vegetation interaction. The rigid vegetation was modeled as cylinders, 

and the formula of drag force induced by the rigid vegetation was included in the 

momentum equations as a sink term. An implicit splitting scheme was used to 

discretize the bed friction and drag force terms. The scheme used a finite volume 

Godunov type method based on rectangular mesh with HLLC approximate Riemann 

solver to solve the convection terms. The remaining terms were solved with a finite 

difference method. The MUSCL method was used to achieve second-order accuracy 

in space, and the Runge-Kutta method was used to achieve second-order accuracy in 

time. The model was tested with experimental data of the interaction of solitary 

waves with emergent, rigid vegetation and the computed results showed good 

agreement with experimental data. In the experiments, the vegetation density was 

0.175 and 0.087, and a drag coefficient (Cd) value of 2.45 was used. 
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CHAPTER 3  

3 MATHEMATICAL MODEL 

3.1 Derivation of the Governing Equations 

Shallow water equations (SWE) are used to model various free surface flow 

problems under gravity like urban flooding, dam-break modeling, tsunami waves, 

and flow around structures.  

Shallow water equations are two-dimensional, time-dependent, non-linear 

hyperbolic partial differential equations. In the derivation of the shallow water 

equations, the critical assumption is to neglect the effects of the vertical component 

of acceleration on the pressure, which would result in hydrostatic pressure 

distribution.  

In this chapter, the depth-averaged shallow water equations are derived. The 

derivation is based on Toro (2001).  

In deriving the shallow water equations, the first step is to start by stating the 

conservation of mass and the conservation of momentum principles for a 

compressible fluid in differential conservation form as follows:  

𝜌𝑡 + ∇ ∙ (𝜌𝑉) = 0         (3.1) 

𝜕

𝜕𝑡
(𝜌𝑉) + ∇  ∙ [𝜌𝑉 ⊗ 𝑉 + 𝑝𝐼 − ∏] = 𝜌𝑔      (3.2) 

In the above equations of conservation of mass and momentum in the differential 

conservation form, the conserved variables are the mass (𝜌) and momentum(𝜌𝑉). 

The independent variables are the time (𝑡) and spatial variables(𝑥, 𝑦, 𝑧). The 

dependent variables are the density (𝜌) and velocity vector (𝑉 = (𝑢, 𝑣, 𝑤)).  𝑝 is the 

pressure and 𝑔 = (𝑔1, 𝑔2, 𝑔3) is the vector of body force.  
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The tensors in the above equations are the viscous stress tensor (∏), which is derived 

from the Newtonian assumption of the fluid, and the dyadic product of the velocity 

vector (𝑉⨂𝑉). (𝐼) is the identity matrix. 

  𝑉⨂𝑉 =  [
𝑢2 𝑢𝑣 𝑢𝑤
𝑣𝑢 𝑣2 𝑣𝑤
𝑤𝑢 𝑤𝑣 𝑤2

]         (3.3) 

 𝐼 =  [
1 0 0
0 1 0
0 0 1

]       (3.4) 

 ⨅ = [
𝜏𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜏𝑦𝑦 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜏𝑧𝑧
]      (3.5) 

 

Since the fluid in consideration is water and to simplify, the viscosity effects have 

been neglected, and the density is assumed constant.  

By neglecting the viscous effects and assuming the density constant, we expand the 

Equations (3.1) and (3.2) and express them in terms of the physical 

variables(𝜌, 𝑢, 𝑣, 𝑤, 𝑝). 

The body force is the gravitational force, and the body force vector is taken as 𝑔 =

(0,0, −𝑔), where 𝑔 is the gravitational acceleration. 

𝑢𝑥 + 𝑣𝑦 + 𝑤𝑧 = 0                   (3.6) 

𝑢𝑡 + 𝑢𝑢𝑥 + 𝑣𝑢𝑦 + 𝑤𝑢𝑧 = − 
𝑝𝑥

𝜌
      (3.7) 

𝑣𝑡 + 𝑢𝑣𝑥 + 𝑣𝑣𝑦 + 𝑤𝑣𝑧 = − 
𝑝𝑦

𝜌
      (3.8) 

𝑤𝑡 + 𝑢𝑤𝑥 + 𝑣𝑤𝑦 + 𝑤𝑤𝑧 = − 
𝑝𝑧

𝜌
− 𝑔     (3.9) 

The following Figure 3-1 defines the coordinate convention for the spatial variables, 

where x, y denotes a horizontal plane, and z represents the vertical direction. 
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 𝑧 = 𝑏(𝑥, 𝑦) defines the bottom or bed,  𝑧 = 𝑠(𝑥, 𝑦, 𝑡) = 𝑏(𝑥, 𝑦) + ℎ(𝑥, 𝑦, 𝑡) defines 

the free surface, and ℎ(𝑥, 𝑦, 𝑡) is the water depth.  

 

Figure 3-1 Free surface flow under gravity for a fixed section y 

To derive the shallow water equations from (3.6)-(3.9), we assume the vertical 

component of acceleration to be negligible, and by putting  
𝐷𝑤

𝐷𝑡
= 0  in Equation (3.9), 

we obtain 𝑝𝑧 = −𝜌𝑔.  By integrating the equation for 𝑝𝑧 and imposing the 

dynamical boundary condition at the free surface, 𝑝𝑎𝑡𝑚 = 0, the following equation 

for the pressure is obtained.  

∫ 𝑝𝑧 = ∫ −𝜌𝑔
𝑠

𝑧

0

𝑝
                    (3.10)  

𝑝 =  𝜌𝑔(𝑠 − 𝑧)        (3.11) 

By differentiating the pressure equation with respect to x and y, we obtain 𝑝𝑥 =

 𝜌𝑔𝑠𝑥 and 𝑝𝑦 =  𝜌𝑔𝑠𝑦 and it shows that 𝑝𝑥 and 𝑝𝑦 are not dependent on z, and thus 

the x and y components of the acceleration of water particles  
𝐷𝑢

𝐷𝑡
 and 

𝐷𝑣

𝐷𝑡
 are also not 

dependent on 𝑧 either and thus 𝑢𝑧 = 𝑣𝑧 = 0. 
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By inserting, the above conditions into the x and y momentum equations; we obtain 

the following simplified forms: 

𝑢𝑡 + 𝑢𝑢𝑥 + 𝑣𝑢𝑦 = −𝑔𝑠𝑥       (3.12) 

𝑣𝑡 + 𝑢𝑣𝑥 + 𝑣𝑣𝑦 = −𝑔𝑠𝑦       (3.13) 

After obtaining the simplified forms of the continuity and momentum equations, the 

next step is to integrate the continuity equation with respect to the vertical coordinate 

z, between the bed 𝑧 = 𝑏(𝑥, 𝑦) and free surface 𝑧 = 𝑠(𝑥, 𝑦, 𝑡). 

∫ (𝑢𝑥 + 𝑣𝑦 + 𝑤𝑧)𝑑𝑧
𝑧=𝑠(𝑥,𝑦,𝑡)

𝑧=𝑏(𝑥,𝑦)
= 0      (3.14) 

𝑤|𝑧=𝑠(𝑥,𝑦,𝑡) − 𝑤|𝑧=𝑏(𝑥,𝑦) + ∫ 𝑢𝑥𝑑𝑧
𝑧=𝑠(𝑥,𝑦,𝑡)

𝑧=𝑏(𝑥,𝑦)
+ ∫ 𝑣𝑦𝑑𝑧

𝑧=𝑠(𝑥,𝑦,𝑡)

𝑧=𝑏(𝑥,𝑦)
= 0 (3.15) 

We now apply the kinematic boundary condition on the free surface and the bed to 

obtain the following equations.  

Free Surface:          ψ(𝑥, 𝑦, 𝑧, 𝑡) = 𝑧 − 𝑠(𝑥, 𝑦, 𝑡) = 0   (3.16) 

𝐷ψ

𝐷𝑡
= ψt + 𝑢ψx + 𝑣ψy + 𝑤ψz = 0      (3.17) 

 (
𝜕𝑠

𝜕𝑡
+ 𝑢

𝜕𝑠

𝜕𝑥
+ 𝑣

𝜕𝑠

𝜕𝑦
− 𝑤)| 𝑧=𝑠(𝑥,𝑦,𝑡) =  0     (3.18) 

𝑤|𝑧=𝑠(𝑥,𝑦,𝑡) = (𝑠𝑡 + 𝑢𝑠𝑥 + 𝑣𝑠𝑦)|𝑧=𝑠(𝑥,𝑦,𝑡)     (3.19) 

Bed:     Ψ(𝑥, 𝑦, 𝑧, 𝑡) = 𝑧 − 𝑏(𝑥, 𝑦) = 0     (3.20) 

𝐷ψ

𝐷𝑡
= ψt + 𝑢ψx + 𝑣ψy + 𝑤ψz = 0      (3.21) 

 (𝑢
𝜕𝑏

𝜕𝑥
+ 𝑣

𝜕𝑏

𝜕𝑦
− 𝑤)| 𝑧=𝑏(𝑥,𝑦) =  0      (3.22) 

𝑤|𝑧=𝑏(𝑥,𝑦) = (𝑢𝑏𝑥 + 𝑣𝑏𝑦)|𝑧=𝑏(𝑥,𝑦)      (3.23) 

By inserting the kinematic boundary condition in the depth-integrated continuity 

equation, we arrive at the following result. 



 

 

17 

(𝑠𝑡 + 𝑢𝑠𝑥 + 𝑣𝑠𝑦)|𝑧=𝑠(𝑥,𝑦,𝑡) − (𝑢𝑏𝑥 + 𝑣𝑏𝑦)|𝑧=𝑏(𝑥,𝑦) + ∫ 𝑢𝑥𝑑𝑧
𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
+

∫ 𝑣𝑦𝑑𝑧
𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
= 0        (3.24) 

In order to further simplify and come up with the conservation form of the shallow 

water equations, we use the Leibniz integral rule.  

𝑑

𝑑𝑎
∫ 𝑓(𝜀, 𝑎)𝑑𝜀
𝜀2(𝑎)

𝜀1(𝑎)
= ∫

𝜕𝑓

𝜕𝑎

𝜀2(𝑎)

𝜀1(𝑎)
𝑑𝜀 + 𝑓(𝜀2, 𝑎)

𝑑𝜀2

𝑑𝑎
− 𝑓(𝜀1, 𝑎)

𝑑𝜀1

𝑑𝑎
  (3.25)  

We apply the Leibniz integral rule to the last two terms of Equation (3.24) and obtain 

the following equations. 

∫ 𝑢𝑥𝑑𝑧 =  
𝜕

𝜕𝑥
∫ 𝑢𝑑𝑧 − 𝑢|𝑧=𝑠(𝑥,𝑦,𝑡) ∙ 𝑠𝑥 + 𝑢|𝑧=𝑏(𝑥,𝑦) ∙ 𝑏𝑥
𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)

𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
 (3.26) 

∫ 𝑣𝑦𝑑𝑧 =  
𝜕

𝜕𝑦
∫ 𝑣𝑑𝑧 − 𝑣|𝑧=𝑠(𝑥,𝑦,𝑡) ∙ 𝑠𝑦 + 𝑢|𝑧=𝑏(𝑥,𝑦) ∙ 𝑏𝑦
𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)

𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
 (3.27) 

By substituting the above equations for ∫ 𝑢𝑥𝑑𝑧
𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
 and ∫ 𝑣𝑦𝑑𝑧

𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
 in Equation 

(3.24) and simplifying, we obtain the following equation.  

𝑠𝑡 + 
𝜕

𝜕𝑥
∫ 𝑢𝑑𝑧
𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
+

𝜕

𝜕𝑦
∫ 𝑣𝑑𝑧
𝑠(𝑥,𝑦,𝑡)

𝑏(𝑥,𝑦)
= 0     (3.28) 

As previously stated, u and v are not dependent on z and 𝑠(𝑥, 𝑦, 𝑡) = 𝑏(𝑥, 𝑦) +

ℎ(𝑥, 𝑦, 𝑡) and 𝑏𝑡 = 0, by using these conditions in Equation (3.28), we come up with 

the differential conservation law form of the conservation of mass equation.  

ℎ𝑡 + (ℎ𝑢)𝑥 + (ℎ𝑣)𝑦 = 0       (3.29) 

To express the x momentum equation in differential conservation form, we multiply 

Equation (3.12) with ℎ and Equation (3.29) with 𝑢 and add these equations. The 

water depth ℎ(𝑥, 𝑦, 𝑡) is assumed to be differentiable and by using the following 

relation. 

ℎ
𝜕ℎ

𝜕𝑥
=

𝜕

𝜕𝑥
(
1

2
ℎ2)        (3.30) 

We come up with the differential conservation form of the x momentum equation.  
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(ℎ𝑢)𝑡 + (ℎ𝑢
2 +

1

2
𝑔ℎ2)

𝑥
+ (ℎ𝑢𝑣)𝑦 = −𝑔ℎ𝑏𝑥    (3.31) 

We follow the same steps for the 𝑦 momentum equation; first, we multiply Equation 

(3.13) by ℎ and Equation (3.29) by 𝑣 and add them together to obtain the following 

differential conservation form for the 𝑦 momentum equation. 

(ℎ𝑣)𝑡 + (ℎ𝑢𝑣)𝑥 + (ℎ𝑣
2 +

1

2
𝑔ℎ2)

𝑦
= −𝑔ℎ𝑏𝑦    (3.32) 

The bed shear stress in x and y directions are written in terms of the friction 

coefficient, 𝑐𝑓. 

𝜏𝑥,𝑏 = 𝜌𝑐𝑓𝑢√𝑢2 + 𝑣2        (3.33) 

𝜏𝑦,𝑏 = 𝜌𝑐𝑓𝑣√𝑢2 + 𝑣2        (3.34) 

Where 𝑐𝑓 =
𝑔𝑛2

ℎ
1
3

, the kinematic bottom shear stresses written in terms of friction 

slope is given below:  

−
𝜏𝑥,𝑏

𝜌
= −

𝜌𝑐𝑓𝑢√𝑢
2+𝑣2

𝜌
= −(

𝑔𝑛2

ℎ
1
3

) 𝑢√𝑢2 + 𝑣2 ∗
ℎ

ℎ
= −𝑔ℎ𝑆𝑓,𝑥  (3.35) 

Similarly, the −
𝜏𝑦,𝑏  

𝜌
= −𝑔ℎ𝑆𝑓.𝑦. 

𝑆𝑓,𝑥 and 𝑆𝑓,𝑦 are the friction slopes in the x and y directions. 

The Equations (3.29), (3.31), and (3.32) can be grouped together to obtain the 

following single vector equation. 

𝑈𝑡 + 𝐹(𝑈)𝑥 + 𝐺(𝑈)𝑦 = 𝑆(𝑈)      (3.36) 
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Where 𝑈 = (
ℎ
ℎ𝑢
ℎ𝑣
) is the vector of conserved variables, 𝐹(𝑈) = (

ℎ𝑢

ℎ𝑢2 +
1

2
𝑔ℎ2

ℎ𝑢𝑣

) and 

𝐺(𝑈) = (

ℎ𝑣
ℎ𝑣𝑢

ℎ𝑣2 +
1

2
𝑔ℎ2

) are the flux vectors and 𝑆(𝑈) = (

0
−𝑔ℎ(𝑏𝑥 + 𝑆𝑓𝑥)

−𝑔ℎ(𝑏𝑦 + 𝑆𝑓𝑦)

)  is the 

source term vector.  

3.2 Numerical Methods for the Solution of Shallow Water Equations 

3.2.1 Finite Volume Methods 

In this thesis, a shock-capturing high-resolution finite volume method is used for the 

numerical simulation of the governing shallow water equations. Since the shallow 

water equations are a non-linear hyperbolic system of partial differential equations, 

there are discontinuities in the solution in the form of hydraulic jumps and bores. 

There are shock and rarefaction waves, and in the case of discontinuous bottom 

topography, there are also contact discontinuities.  

Due to the presence of discontinuities, the finite difference methods cannot 

approximate the solution near the discontinuities where the differential equations do 

not hold. Finite volume methods are based on the integral form of the conservation 

equations, and in this method, the domain is subdivided into cells called control 

volumes. The conservation equations are approximated over each grid cell, or a cell 

average is taken where the integral is divided by the volume of the cell. The finite 

volume method is suitable for its applicability to any type of grid, especially complex 

geometries. 

The flux functions modify the values of the grid cells in each time step. Determining 

the correct numerical flux functions to approximate fluxes from the cell average 

values is very important.  
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3.2.2 The Riemann Problem and Godunov’s Method 

The Riemann Problem was introduced by Bernhard Riemann in 1860. The classical 

Riemann problem in fluid dynamics is a set of homogeneous partial differential 

equations in which the initial data consist of two constant states separated by a 

discontinuity. 

For x-split two-dimensional shallow water equations, the Riemann problem can be 

expressed as (Toro, 2001): 

𝑈𝑡 + 𝐹(𝑈)𝑥 = 0                        (3.37) 

𝑈(𝑥, 0) = {
𝑈𝐿     𝑥 < 0
 𝑈𝑅  𝑥 > 0 

           (3.38) 

Where 𝑈 is the vector of conserved variables, 𝑈 =  (
ℎ
ℎ𝑢
ℎ𝑣
) and 𝐹(𝑈) is the flux vector 

in x-direction 𝐹(𝑈) =  (
ℎ𝑢

ℎ𝑢2+
1

2
𝑔ℎ2

ℎ𝑢𝑣

). 

𝑈𝐿 and 𝑈𝑅 are the constant vectors and represent conditions to the left of 𝑥 = 0 and 

to the right of 𝑥 = 0 at time 𝑡 = 0. In the solution of the Riemann problem of (3.37), 

there are three wave families which correspond to the eigenvalues of the system of 

homogeneous hyperbolic PDEs. 

As seen in Figure 3-2, the left and right waves can be either shock or rarefaction 

waves, and the middle wave is always a shear wave. The left and right waves 

correspond to the one-dimensional case of the shallow water equations, and the 

middle wave is due to the y-momentum equation in (3.37).  
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Figure 3-2  The structure of the solution of the Riemann problem for the x-split two 

dimensional shallow water equations 

These three waves separate four constant states, which are denoted from left to right 

as 𝑈𝐿, 𝑈𝐿
∗,𝑈𝑅

∗ , and 𝑈𝑅. The solution of the Riemann problem is a similarity solution 

𝑈(
𝑥

𝑡
) and 𝑈 depends on the ratio 

𝑥

𝑡
.   

Upwind and centered discretization schemes are two types of numerical methods that 

can be used for the numerical discretization of the hyperbolic partial differential 

equations. In the upwind method, the wave propagation information, particularly the 

direction of propagating waves, is used in the formulation of numerical schemes. In 

the centered methods, the direction of wave propagation is not considered, and thus 

it is symmetric about the point where the solution is updated.  

Godunov’s method introduced by S.K Godunov (1959) is a conservative first-order 

upwind numerical scheme. Godunov’s method is based on the solution of the 

Riemann problem, which can be exact or approximate. Godunov’s numerical scheme 

is first-order accurate in space and time. Due to its first-order accuracy, it introduces 

numerical diffusion in the solution, which results in poor accuracy and smeared 

results.  
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Godunov’s method in conservation form can be expressed as (Toro, 1999): 

𝑈𝑖
𝑛+1 = 𝑈𝑖

𝑛 +
∆𝑡

∆𝑥
[𝐹
𝑖−

1

2

− 𝐹
𝑖+

1

2

]      (3.39) 

Where the intercell numerical flux is given by: 

𝐹
𝑖+
1

2

= 𝐹(𝑈
𝑖+
1

2

(0))        (3.40) 

𝐹
𝑖−
1

2

= 𝐹(𝑈
𝑖−
1

2

(0))        (3.41) 

In the above Equations (3.40) and (3.41), 𝑈
𝑖+
1

2

(0) is the solution of the Riemann 

problem along the t-axis with the left and right data states 𝑈𝑖
𝑛 and 𝑈𝑖+1 

𝑛 and similarly 

𝑈
𝑖−
1

2

(0) is the solution of the Riemann problem along the t-axis with the left and 

right data states  𝑈𝑖−1
𝑛  and 𝑈𝑖

𝑛 and both are evaluated at 
𝑥

𝑡
= 0. 

3.2.3 Approximate Riemann Problem Solutions for the Shallow Water 

Equations 

3.2.3.1 The HLL Approximate Riemann Solver 

HLL approximate Riemann solver was put forward by Harten, Lax, and Van Leer in 

1983. In the HLL approach, a direct approximation to the inter-cell numerical flux is 

obtained. A wave configuration that contains two waves and which separates three 

constant states is assumed for the solution, and then the integral form of the 

conservation law in closed form is applied to obtain an approximate expression for 

the flux.  

The assumption of two wave configuration in the HLL Riemann solver is only 

accurate for hyperbolic systems with two equations, such as 1-D shallow water 

equations. For larger systems like 2-D shallow water equations, the two-wave 

assumption is not correct.  
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The HLL approximate Riemann solver for the shallow water equations is given 

below (Toro 2001, Fraccarrollo & Toro 1995, and Toro 1992). 

In the HLL method, it is assumed that the smallest and largest signal velocities 𝑆𝐿 

and 𝑆𝑅 in the solution of the Riemann problem with data 𝑈𝐿 = 𝑈𝑖
𝑛 and 𝑈𝑅 = 𝑈𝑖+1

𝑛  

and corresponding fluxes 𝐹𝐿 = 𝐹(𝑈𝐿) and 𝐹𝑅 = 𝐹(𝑈𝑅) is known.  

 

Figure 3-3 The two-wave structure of the Riemann problem in the HLL method 

The HLL numerical flux is given as:  

  𝐹
𝑖+
1

2

= {

𝐹𝐿                                                                   𝑖𝑓 𝑆𝐿 ≥ 0      

𝐹𝐻𝐿𝐿 =
𝑆𝑅𝐹𝐿−𝑆𝐿𝐹𝑅+𝑆𝑅𝑆𝐿(𝑈𝑅−𝑈𝐿)

𝑆𝑅−𝑆𝐿
            𝑖𝑓 𝑆𝐿 ≤ 0 ≤ 𝑆𝑅

𝐹𝑅                                                                   𝑖𝑓 𝑆𝑅 ≤ 0       

                      (3.42) 

The estimates for the wave speeds 𝑆𝐿and 𝑆𝑅 can be found from various possible 

choices. The following estimates for the wave speeds 𝑆𝐿 and 𝑆𝑅 leads to accurate and 

robust schemes. 

                  𝑆𝐿 = 𝑢𝐿 − 𝑎𝐿𝑞𝐿              𝑆𝑅 = 𝑢𝑅 + 𝑎𝑅𝑞𝑅                              (3.43) 

Where 𝑞𝐾 = (𝐾 = 𝐿, 𝑅) is given by: 

                           𝑞𝐾 = {
√
1

2
[
(ℎ∗+ℎ𝐾)ℎ∗

ℎ𝐾
2 ]                 𝑖𝑓 ℎ∗ > ℎ𝐾

              1                         𝑖𝑓 ℎ∗ ≤ ℎ𝐾

         (3.44) 
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In the equation ℎ∗is the estimate for the exact solution of ℎ in the star region. It can 

be estimated from the given approximate Riemann solvers.  

Exact Depth Positivity Based Approximate Riemann Solver 

                                      ℎ∗ =
1

2
(ℎ𝐿 + ℎ𝑅) −

1

4
(𝑢𝑅−𝑢𝐿)(ℎ𝐿+ℎ𝑅)

𝑎𝐿+𝑎𝑅
         (3.45) 

Two-Rarefaction Riemann Solver 

                                        ℎ∗ =
1

𝑔
[
1

2
(𝑎𝐿 + 𝑎𝑅) +

1

4
(𝑢𝐿 − 𝑢𝑅)]

2

         (3.46) 

The H LL approximate Riemann solver is based on a two-wave assumption and does 

not consider intermediate waves such as shear waves or contact discontinuities. 

Thus, it results in excessive smearing of vortices and contact discontinuities.  

3.2.3.2 The HLLC Approximate Riemann Solver 

The HLLC approximate Riemann solver proposed by Toro, Spruce, and Spears 

(1994) adds a modification to the HLL approximate Riemann solver by including the 

influence of the intermediate waves such as shear waves or contact discontinuities. 

 

Figure 3-4 The HLLC approximate Riemann solver for x-split two dimensional 

shallow water equations 
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As shown in Figure 3-4, for the assumed wave structure for the HLLC Riemann 

solver, there are two fluxes in the star region. Besides the estimates for 𝑆𝑅 and𝑆𝐿, 

there is an estimate needed for 𝑆∗ for the speed of the middle wave. 

The HLLC numerical flux is given below:  

                                     𝐹
𝑖+
1

2

𝐻𝐿𝐿𝐶 =

{
 

 
𝐹𝐿                     𝑖𝑓 𝑆𝐿 ≥ 0
  𝐹∗𝐿             𝑖𝑓 𝑆𝐿 ≤ 0 ≤ 𝑆∗
𝐹∗𝑅          𝑖𝑓 𝑆∗ ≤ 0 ≤ 𝑆𝑅
  𝐹𝑅                       𝑖𝑓 0 ≥ 𝑆𝑅

   (3.47)     

Where the 𝐹∗𝐿 and 𝐹∗𝑅 are defined as follows: 

                                                   𝐹∗𝐿 = 𝐹𝐿 + 𝑆𝐿(𝑈∗𝐿 − 𝑈𝐿)   (3.48) 

                                                  𝐹∗𝑅 = 𝐹𝑅 + 𝑆𝑅(𝑈∗𝑅 − 𝑈𝑅)   (3.49) 

 𝑈∗𝐿and 𝑈∗𝑅 can be found as: 

                                                𝑈∗𝐾 = ℎ𝐾 (
𝑆𝐾−𝑈𝐾

𝑆𝐾−𝑆∗
) [

1
𝑆∗
𝜑𝐾

]    (3.50) 

where 𝐾 = {𝐿, 𝑅} and 𝜑 = 𝑣 represent the two-dimensional shallow water 

equations, and in the case of one-dimensional pollutant transport models 𝜑 

represents the contact discontinuities. 

The estimates for 𝑆𝑅 and 𝑆𝐿 can be found from Equations (3.43) and (3.44). The 

estimate for the middle wave 𝑆∗ can be found by equating it to the approximate value 

of the particle velocity 𝑢∗. 

                   Exact Depth Positivity Based Approximate Riemann Solver 

                                       𝑢∗ =
1

2
(𝑢𝐿 + 𝑢𝑅) −

(ℎ𝑅−ℎ𝐿)(𝑎𝐿+𝑎𝑅)

ℎ𝐿+ℎ𝑅
   (3.51) 

          Two-Rarefaction Approximate Riemann Solver 

                                            𝑢∗ =
1

2
(𝑢𝐿 + 𝑢𝑅) + 𝑎𝐿 − 𝑎𝑅    (3.52) 
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𝑆∗ can also be estimated from the equation below: 

                                                   𝑆∗ =
𝑆𝐿ℎ𝑅(𝑢𝑅−𝑆𝑅)−𝑆𝑅ℎ𝐿(𝑢𝐿−𝑆𝐿)

ℎ𝑅(𝑢𝑅−𝑆𝑅)−ℎ𝐿(𝑢𝐿−𝑆𝐿)
         (3.53) 

3.2.4 The Weighted Average Flux (WAF) Method 

High-resolution numerical methods have a second and high order of accuracy in 

smooth parts of the solution and do not produce spurious oscillations. They produce 

a high resolution of the discontinuities (Toro, 1999).  

Total Variation Diminishing (TVD) methods are a class of non-linear methods and 

are based on the requirement that the total variation of the numerical solution is non-

increasing in time. The TVD methods are oscillation-free near shock waves and 

retain second-order accuracy in smooth parts of the solution.  

This section presents the WAF numerical scheme and is based on (Toro 2001, Toro 

1999). The Weighted Average Flux (WAF) method is a conservative, shock-

capturing, high-resolution TVD method. The WAF method is a second-order 

extension of Godunov’s first order upwind method and leads to fully discrete, 

explicit second-order accurate schemes. There are two versions of the WAF method. 

In the WAF method, an inter-cell flux is calculated, which is the integral average of 

the physical flux across the full structure of the solution of the local Riemann 

problem. In the second version of the WAF method, an average state is computed, 

and the inter-cell flux is found by evaluating the physical flux at this state.  

Examples of the application of the WAF numerical scheme to the shallow water 

equations can be found in (Toro 1992, Fraccarollo & Toro 1995).  

The WAF numerical flux without the TVD modification for the x-split shallow water 

equations is defined as the integral average:  

                                          𝑭
𝑖+
1

2

𝑊𝐴𝐹 =
1

𝑡2−𝑡1

1

𝑥2−𝑥1
∫ ∫ 𝑭(𝑼∗(𝑥, 𝑡))𝑑𝑥𝑑𝑡

𝑥2

𝑥1

𝑡2

𝑡1
         (3.54) 
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For the integration volume, 𝑥1 = −
∆𝑥

2
, 𝑥2 =

∆𝑥

2
, 𝑡1 = 0,𝑡2 = ∆𝑡 can be used.  

The vector 𝑼∗(𝑥. 𝑡)in the integrand is the solution 𝑼
𝒊+
𝟏

𝟐

(
𝑥

𝑡
)of the Riemann problem 

with piecewise constant data 𝑈𝑖
𝑛 and 𝑈𝑖+1 

𝑛 . 

 

Figure 3-5 The WAF flux across the wave structure of the Riemann problem 

The time integration in (3.54) is approximated by the midpoint rule, and the 

numerical flux is simplified as: 

                                                   𝑭
𝒊+
𝟏

𝟐

𝒘𝒂𝒇
=

1

∆𝑥
∫ 𝑭(𝑼

𝒊+
𝟏

𝟐

(𝑥,
∆𝑡

2
))𝑑𝑥

∆𝑥

2

−
∆𝑥

2

   (3.55) 

For the wave structure presented in Figure 3-5, the application of the integral (3.55) 

results in the following summation: 

                                                                𝑭
𝑖+
1

2

𝑤𝑎𝑓
= ∑ 𝑤𝑘𝑭

𝑖+
1

2

(𝑘)𝑁+1
𝑘=1     (3.56) 

Where the weights 𝑤𝑘are given by: 

                                      𝑤𝑘 =
1

2
(𝑐𝑘 − 𝑐𝑘−1)            𝑐0 = −1        𝑐𝑁+1 = 1  (3.57) 
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With 𝑐𝑘 =
∆𝑡𝑆𝑘

∆𝑥
 being the courant number for the wave k and 𝑆𝑘the speed of wave k. 

N is the number of conservation laws or the number of waves in the solution of the 

Riemann problem. 𝑭
𝑖+
1

2

(𝑘)
 is the value of the flux vector in the interval k of length 𝑤𝑘. 

By inserting the weights in (3.57) to (3.56), the following expression for the 

numerical flux is obtained.  

                                       𝐹
𝑖+
1

2

𝑤𝑎𝑓
=

1

2
(𝐹𝑖 + 𝐹𝑖+1 ) −

1

2
∑ 𝑐𝑘∆𝐹𝑖+1

2

𝑘𝑁
𝑘=1    (3.58) 

Where ∆𝐹
𝑖+
1

2

𝑘 = 𝐹
𝑖+
1

2

(𝑘+1)
− 𝐹

𝑖+
1

2

𝑘  is the flux jump across the wave k.  

As stated, the WAF numerical scheme is second-order accurate in space and time, 

and as such, it produces spurious oscillations in the vicinity of high gradients. A non-

linear modification of the WAF flux for avoiding the spurious oscillations is carried 

out by enforcing a total variation diminishing constraint on the scheme. 

The WAF flux with the TVD modification is given below: 

                                 𝐹
𝑖+
1

2

𝑇𝑉𝐷 =
1

2
(𝐹𝑖 + 𝐹𝑖+1) −

1

2
∑ 𝑠𝑖𝑔𝑛(𝑐𝑘)𝐴𝑘∆𝐹𝑖+1

2

𝑘𝑁
𝑘=1  (3.59) 

𝐴𝑘is the WAF limiter function and can be chosen from the following possibilities.  

                                 𝐴𝑠𝑎(𝑟, |𝑐|) =  

{
 
 

 
 

1                      𝑖𝑓 𝑟 ≤ 0

1 − 2(1 − |𝑐|)𝑟     𝑖𝑓   0 ≤ 𝑟 ≤
1

2

|𝑐|                             𝑖𝑓  
1

2
≤ 𝑟 ≤ 1

1 − (1 − |𝑐|)𝑟       𝑖𝑓   1 ≤ 𝑟 ≤ 2

2|𝑐| − 1        𝑖𝑓 𝑟 ≥ 2

 (3.60) 

                       𝐴𝑣𝑙(𝑟, |𝑐|) =  {
1                                 𝑖𝑓 𝑟 ≤ 0

1 −
(1−|𝑐|)2𝑟

1+𝑟
           𝑖𝑓 𝑟 ≥ 0

  (3.61) 

                                   𝐴𝑣𝑎(𝑟, |𝑐|) = {
1                                       𝑖𝑓 𝑟 ≤ 0

1 −
(1−|𝑐|)𝑟(1+𝑟)

1+𝑟2
          𝑖𝑓 𝑟 ≥ 0

 (3.62) 
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                           𝐴𝑚𝑎(𝑟, |𝑐|) =  {

1                     𝑖𝑓 𝑟 ≤ 0

1 − (1 − |𝑐|)𝑟          𝑖𝑓  0 ≤ 𝑟 ≤ 1           
|𝑐|             𝑖𝑓 𝑟 ≥ 1

 (3.63) 

The above limiter functions for the WAF flux depends on the parameter 𝑟(𝑘) which 

is the ratio of the upwind change to local change in a scalar quantity q. 

                                          𝑟(𝑘) =

{
  
 

  
 
∆𝑞

𝑖−
1
2

(𝑘)

∆𝑞
𝑖+
1
2

(𝑘) =
𝑞𝑖
(𝑘)
−𝑞𝑖−1 

(𝑘)

𝑞
𝑖+1 
(𝑘)

−𝑞
𝑖
(𝑘)        𝑖𝑓 𝑐𝑘 > 0

∆𝑞
𝑖+
3
2

(𝑘)

∆𝑞
𝑖+
1
2

(𝑘) =
𝑞𝑖+2
(𝑘)

−𝑞𝑖+1 
(𝑘)

𝑞
𝑖+1 
(𝑘)

−𝑞
𝑖
(𝑘)        𝑖𝑓 𝑐𝑘 < 0

  (3.64) 

In the case of x-split two dimensional shallow water equations for the non-linear 

waves 𝑞 = ℎ can be taken, and for shear waves, 𝑞 = 𝑣 can be taken.  

3.3 The Numerical Method Adopted for the Present Problem 

The governing shallow water equations were derived in the first part of this chapter. 

In this section, the numerical method used for the solution of the shallow water 

equations is described. 

An un-split conservative finite volume method is used to update the solution to the 

next time level.  

 𝑈𝑖,𝑗
𝑛+1 = 𝑈𝑖,𝑗 

𝑛 +
∆𝑡

∆𝑥
[𝐹

𝑖−
1

2
,𝑗
− 𝐹

𝑖+
1

2
.𝑗
] +

∆𝑡

∆𝑦
[𝐺

𝑖,𝑗−
1

2

− 𝐺
𝑖,𝑗+

1

2

] + ∆𝑡𝑆𝑖,𝑗  (3.65) 

As seen in Figure 3-6, by assuming the rectangular grid to be aligned with the 

coordinate axis x and y, the dimension of a typical cell 𝐼𝑖,𝑗 is ∆𝑥 × ∆𝑦.This 

configuration results in a cell-centered method where the cell average 𝑈𝑖,𝑗
𝑛  is assigned 

to the center of the cell. In each inter-cell boundary, a numerical flux must be 

calculated.  
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Figure 3-6 Rectangular Cartesian grid for the finite volume discretization 

By using the Equation (3.65), the cell average 𝑈𝑖,𝑗
𝑛  in cell 𝐼𝑖,𝑗at time n is advanced to 

time level n+1 in a single step. Once a numerical scheme for the fluxes 𝐹
𝑖+
1

2
,𝑗

and 

𝐺
𝑖,𝑗+

1

2

 is selected, and a computational grid is specified, the Equation (3.65) is fully 

determined.  

In the present study, the Weighted Average Flux (WAF) method is used to compute 

the inter-cell numerical fluxes 𝐹
𝑖+

1

2
,𝑗

 and 𝐺
𝑖,𝑗+

1

2

. 

The numerical flux 𝐹
𝑖+

1

2
.𝑗

 in the x direction can be computed by the following steps 

(Toro, 2001):  

𝐹
𝑖+
1

2
,𝑗
= 𝐿

𝑥,
∆𝑡

2

𝑤𝑎𝑓
(𝑈𝑖,𝑗

𝑔𝑜𝑑
, 𝑈𝑖+1,𝑗

𝑔𝑜𝑑
)   (3.66) 

𝑈𝑖,𝑗 
𝑔𝑜𝑑

= 𝐿
𝑦,
∆𝑡

2

𝑔𝑜𝑑
(𝑈𝑖,𝑗

𝑛 )   (3.67) 

𝑈𝑖+1,𝑗 
𝑔𝑜𝑑

= 𝐿
𝑦,
∆𝑡

2

𝑔𝑜𝑑
(𝑈𝑖+1,𝑗

𝑛 )  (3.68) 
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As it can be seen in Figure 3-7, first, to compute the inter-cell flux 𝐹
𝑖+
1

2
,𝑗

, the 

Godunov first-order upwind method is applied in the 𝑦 direction for a time 
∆𝑡

2
 to 

modify the initial data on the left and right sides of the interface and obtaining the 

two states 𝑈𝑖,𝑗 
𝑔𝑜𝑑

 and 𝑈𝑖+1,𝑗 
𝑔𝑜𝑑

. 

 

Figure 3-7 Schematic representation of the Cartesian grid for the computation of 

WAF fluxes 

The operator 𝐿
𝑥,
∆𝑡

2

𝑤𝑎𝑓
 which means the application of the WAF TVD method in the x 

direction is applied to the 𝑈𝑖,𝑗
𝑔𝑜𝑑

 and 𝑈𝑖+1,𝑗
𝑔𝑜𝑑

to advance the solution for a full-time step 

∆𝑡. 

The numerical flux 𝐺
𝑖,𝑗+

1

2

 is obtained in an analogous way to 𝐹
𝑖+

1

2
.𝑗

. The numerical 

flux 𝐺
𝑖,𝑗+

1

2

 in the y direction can be computed by the following steps (Toro, 2001): 

 𝐺
𝑖,𝑗+

1

2

= 𝐿
𝑦,
∆𝑡

2

𝑤𝑎𝑓
(𝑈𝑖,𝑗

𝑔𝑜𝑑
, 𝑈𝑖,𝑗+1

𝑔𝑜𝑑
)  (3.69) 

𝑈𝑖,𝑗 
𝑔𝑜𝑑

= 𝐿
𝑥,
∆𝑡

2

𝑔𝑜𝑑
(𝑈𝑖,𝑗

𝑛 )   (3.70) 

𝑈𝑖,𝑗+1 
𝑔𝑜𝑑

= 𝐿
𝑥,
∆𝑡

2

𝑔𝑜𝑑
(𝑈𝑖,𝑗+1

𝑛 )  (3.71) 
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3.3.1 Boundary Conditions 

In fluid mechanics, the problems are defined in terms of initial and boundary 

conditions. It is vital to correctly impose the boundary conditions since the numerical 

solution is highly dependent on the boundary conditions.  

In this section, the boundary conditions used for the numerical solution of the 

governing equations are discussed.  

3.3.1.1 Reflective Boundary Conditions 

In the case of a solid impermeable wall fixed or moving, reflective boundary 

conditions must be used. For one-dimensional problems, the reflective boundary 

condition is applied as follows (Toro, 1992).  

The last two cells in the numerical grid are denoted by 𝑀 − 1 and 𝑀. For the physical 

situation to be correctly modeled, we assume two fictitious computational cells to 

the right of the solid boundary and denote them as 𝑀 + 1 and 𝑀 + 2. 

Considering the Riemann problem 𝑅𝑃(𝑀,𝑀 + 1) the correct Riemann problem is 

the one whose solution gives 𝑢∗ = 𝑣𝐵 where 𝑣𝐵 is the velocity of the solid boundary. 

For this to happen and to preserve the second-order accuracy, the fictitious states 

𝑀 + 1 and 𝑀 + 2 are given by: 

𝜑𝑀+1 = 𝜑𝑀         (3.72) 

𝑢𝑀+1 = −𝑢𝑀 + 2𝑣𝐵        (3.73) 

𝜑𝑀+2 = 𝜑𝑀−1        (3.74) 

𝑢𝑀+2 = −𝑢𝑀−1 + 2𝑣𝐵       (3.75) 

Where 𝜑 = 𝑔(ℎ + 𝜂) and ℎ + 𝜂 is the total depth and 𝑔 is the gravitational 

acceleration. 𝑢 is the velocity component in the x-direction.  
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In this study to solve the governing shallow flow equations numerically, the 

reflective boundary condition is imposed as follows: 

𝐷𝑀+1 = 𝐷𝑀         (3.76) 

𝐷𝑀+2 = 𝐷𝑀−1         (3.77) 

𝑢𝑀+1 = −𝑢𝑀         (3.78) 

𝑢𝑀+2 = −𝑢𝑀−1        (3.79) 

𝑣𝑀+1 = −𝑣𝑀         (3.80) 

𝑣𝑀+2 = −𝑣𝑀−1        (3.81) 

𝑐𝑀+1 = 𝑐𝑀         (3.82) 

𝑐𝑀+2 = 𝑐𝑀−1         (3.83) 

Where 𝐷 is the water depth, 𝑐 is the celerity, 𝑢 is the velocity in the x-direction, and 

𝑣 is the velocity in the y-direction.  

3.3.1.2 Transmissive Boundary Conditions 

For finite or sufficiently small computation domains, the need to define transmissive 

or transparent boundary conditions arises.  

Transmissive boundary conditions are a numerical attempt to develop boundary 

conditions that allow the passage of waves without any effect on them (Toro, 1999).  

For one-dimensional problems, the transmissive boundary condition is applied as 

follows (Toro, 1992).  

𝜑𝑀+1 = 𝜑𝑀         (3.84) 

𝑢𝑀+1 = 𝑢𝑀         (3.85) 

𝜑𝑀+2 = 𝜑𝑀−1        (3.86) 
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𝑢𝑀+2 = 𝑢𝑀−1         (3.87) 

Where 𝜑 = 𝑔(ℎ + 𝜂) and ℎ + 𝜂 is the total depth and 𝑔 is the gravitational 

acceleration. 𝑢 is the velocity component in the x-direction.  

The transmissive boundary conditions in this study is implemented as follows: 

𝐷𝑀+1 = 𝐷𝑀         (3.88) 

𝐷𝑀+2 = 𝐷𝑀−1         (3.89) 

𝑢𝑀+1 = 𝑢𝑀         (3.90) 

𝑢𝑀+2 = 𝑢𝑀−1         (3.91) 

𝑣𝑀+1 = 𝑣𝑀         (3.92) 

𝑣𝑀+2 = 𝑣𝑀−1         (3.93) 

𝑐𝑀+1 = 𝑐𝑀         (3.94) 

𝑐𝑀+2 = 𝑐𝑀−1         (3.95) 

Where 𝐷 is the water depth, 𝑐 is the celerity, 𝑢 is the velocity in the x-direction, and 

𝑣 is the velocity in the y-direction.  

3.3.1.3 Constant Discharge Boundary Condition 

Constant discharge boundary condition, which considers steady-state flow 

configuration, is imposed at the inflow.  

The constant discharge boundary condition is applied as follows: 

𝐷𝑀+1 = 𝐷𝑀         (3.96) 

𝐷𝑀+2 = 𝐷𝑀−1         (3.97) 

𝑢𝑀+1 =
𝑞𝑢𝑛𝑖𝑡

𝐷𝑀
         (3.98) 
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𝑢𝑀+2 =
𝑞𝑢𝑛𝑖𝑡

𝐷𝑀−1
         (3.99) 

𝑣𝑀+1 = 𝑣𝑀         (3.100) 

𝑣𝑀+2 = 𝑣𝑀−1         (3.101) 

𝑐𝑀+1 = 𝑐𝑀         (3.102) 

𝑐𝑀+2 = 𝑐𝑀−1         (3.103) 

𝑞𝑢𝑛𝑖𝑡 is the discharge per unit width (
𝑚2

𝑠
). 𝐷 is the water depth, 𝑐 is the celerity, 𝑢 is 

the velocity in the x-direction, and 𝑣 is the velocity in the y-direction.  

3.3.1.4 Symmetry Boundary Condition 

The symmetry boundary condition defines a mirror plane or surface. In the numerical 

solution of the governing shallow water equations, the solution is computed for half 

of the domain, and this solution is superposed across the symmetry plane.  

At the symmetry boundary condition, there should not be any flow or mass flux 

across the boundary, and as such, the normal components of all the variables should 

be set to zero. 

3.3.2 Numerical Solution of the Water Surface Profile around a Square 

Block in a Rectangular Channel 

As seen in Figure 3-8 for the numerical modeling of the water surface profile around 

a square block in a rectangular channel, a channel of length 610 cm and width 60 cm 

is considered. From Figure 3-8, it can be seen that the square block is in the middle 

of the channel laterally, and the numerical solution domain extends 500 cm upstream 

of the block and 100 cm downstream of the block. The dimensions of the square 

block are 10 cm x 10 cm. The inflow boundary condition is set to constant discharge 

boundary condition, and the outflow boundary condition is set to transmissive 
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boundary condition. The reflective boundary condition is considered around the 

block and at the two sides of the channel. The symmetry line divides the 

computational domain in half, where numerical computation is carried out for half 

of the domain and superposed across the symmetry plane to obtain the solution for 

the whole domain.  

 

Figure 3-8 Computational domain for the numerical solution for a single square 

block 

3.3.3 Numerical Solution of the Water Surface Profile around Three 

Square Blocks in Side by Side Configuration in a Rectangular 

Channel 

In the second numerical test case, three-square blocks with dimensions 6 cm x 6 cm 

in a side-by-side configuration are considered. The solution domain has a length of 

556 cm and a width of 60 cm. As shown in Figure 3-9, the square blocks are placed 

in a side-by-side configuration with equal distance between them. The constant 

discharge boundary condition is assumed at the channel inflow, and the outflow 

boundary condition is set to the transmissive boundary condition. The reflective 

boundary condition is considered around the square blocks and the two sides of the 

channel. The symmetry line divides the computational domain in half. The numerical 
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computation is carried out for half of the domain and superposed across the 

symmetry plane to obtain the solution for the whole domain.   

 

Figure 3-9 Computational domain for the numerical solution for three square blocks 

in a side-by-side configuration
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CHAPTER 4  

4 EXPERIMENTS 

4.1 Experimental Setup 

The schematic view of the experimental setup is given in Figure 4-1. It is made of a 

12 m long tilting channel with a depth of 35 cm and a width of 60 cm. There is a 

reservoir in the upstream end of the channel, the three surfaces of the channel, the 

sides, and the bottom, are made up of glass, and a steel structure is used to support 

the channel.  

 

There is a free fall at the downstream end of the channel where water flows into 

returning channels and an underground pool. A pump is used to recirculate the water, 

and the pump can provide 170 l/s discharge for the experiments.  

To change the channel bed slope, a pin and a jack are used for supporting the channel, 

and a Vernier is used to determine the height of the channel end for the desired 

channel slope. For controlling and decreasing the fluctuations in the water surface, 

Figure 4-1 Schematic view of the experimental setup 
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several vertical parallel screens are used at the channel inlet. A wooden plate parallel 

to the water surface at the channel entrance is used to smoothen the surface waves. 

A water level gauge attached to a holder, which can roll along the channel, is used 

to measure the water depth at the designated points along the channel. A magnetic 

flow meter is used to read and a valve on the supply pipe is used to adjust the water 

discharge for different experiments.  

4.2 Experimental Procedure 

The main objective in the experimental study of the water surface profile around a 

square block is to determine the resistance caused by the block to the flow. In the 

experiments, the focus was on the increase in the water depth caused by the square 

block at the upstream of the block. This increase in the water depth is due to the 

contraction in the flow area and the drag induced by the square block.  

Two experiments with varying flow rates and bed slopes were performed to study 

the water surface profile around a single square block. The water level gauge 

attached to a holder, which can roll along the channel, was used to read the water 

depth values for a detailed 2D water surface profile around the square block. The 

water depth values are measured by point gauge. 

As shown in Figure 4-2, to measure the water depth for the water surface profile, a 

block with dimensions of length and width of 10 cm and height of 35 cm was placed 

in the test section. At each of the designated points along the channel, the bed 

elevation and the water surface elevation were measured. The water depth was found 

by subtracting the bed elevation from the water surface elevation.   
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Figure 4-2 Experimental view of the flow around a square block in a rectangular 

channel 

As shown in Figure 4-2, in the wake of the square block, the flow shows oscillations 

and is markedly three-dimensional and unsteady. Therefore, it was not easy to 

measure the instant water depth accurately with the water level gauge, and thus a 

time average value approximately over 10 seconds was measured at these points.  

For the 2D detailed water surface profile, a working area of 50 cm upstream of the 

block and 50 cm downstream of the block was considered. The water depth was 

measured at specific intervals of 50 cm, 40 cm, 30 cm, 20 cm, 10 cm, and 5 cm, both 

at the upstream of the block and the downstream of the block. To have a clear view 

of the water surface around the block, the water depth was also measured at the 

upstream edge, downstream edge, the midpoint of the block, and 7.5 cm from the 

upstream edge of the block. At each of these points, the water depth was measured 

laterally at every 3 cm from one end of the channel to the other end of the channel.  
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Figure 4-3 Point gauge measurement points for the 2D water surface profile around 

a single block 

1-D longitudinal water surface profiles are also measured along the channel 

centerline. The measurements are carried out starting after the flow development 

section at the channel inlet, and the first measurement was taken at 286.5 cm from 

the channel inlet. The measurements are taken at every 25 cm interval, with the last 

measured data point being 35 cm to the channel outflow. For flow rate, 170 l/s and 

bed slope 0.003, the measurements are taken at every 10 cm intervals. 

To experimentally study the water surface profile around multiple square blocks, 

three square blocks with dimensions of length and width of 6 cm and height of 35 

cm are placed in side-by-side configuration in the rectangular channel. Two 

experiments with the same flowrate but different bed slopes were performed. The 

water level gauge was used to measure the water depth values.  

In the experiments, the focus was to study the increase in the water depth at the 

upstream of the blocks. The drag induced by the blocks causes the water depth to 
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increase upstream of the blocks, and the relative position and distance of the blocks 

affect this drag. The three blocks are placed with an equal distance of 10.5 cm 

between them.  

As in the case of a single block, for the water surface profile measurements of three 

blocks, 50 cm upstream of the blocks and 50 cm downstream of the blocks were 

considered. The water depth was measured at specific intervals of 50 cm, 40 cm, 30 

cm, 20 cm, 10 cm, and 5 cm, both at the upstream and downstream of the blocks. To 

have a clear view of the flow around the blocks, the water depth was also measured 

at the upstream edge, downstream edge, and 5 cm from the upstream edge of the 

blocks. At each of these points, the water depth was measured laterally at every 3 cm 

intervals from wall to wall.  

Figure 4-4 shows the experimental view of the flow around the square blocks in the 

rectangular channel. The flow downstream of the blocks shows three-dimensional 

and turbulent characteristics, and at these points, a time average water depth value 

was measured. 

For the 1-D longitudinal profiles for the three blocks, the measurements are taken 

along the centerline of the channel. The water depth values are measured at every 25 

cm intervals, with the first measurement taken at 286.5 cm from the channel inlet, 

and the last measurement point is 35 cm to the channel outlet. The flow rates are the 

same as 135 l/s, with the bed slopes varying between 0.001 to 0.004.  
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Figure 4-4 Experimental view of the flow around three square blocks in a rectangular 

channel 

4.3 Experimental Results 

The test cases along with the flow rates and the bed slopes are given in Tables 4-1 

and 4-2.  

Table 4-1 Summary table of the test cases for the flow around a single square block 

in a rectangular channel 

2-D Water Surface Profiles  
  Test Case A1 Test Case A2     

Flowrate (l/s)  170 140      

Bed Slope  0.003  0.004     

1-D Longitudinal Profile  
  Test Case B1 Test Case B2 Test Case B3 Test Case B4 

Flowrate (l/s)  170 140 140 140 

Bed Slope  0.003 0.004 0.001 0.002 
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Table 4-2 Summary table of the test cases for the flow around three square blocks 

in a side-by-side configuration in a rectangular channel 

2-D Water Surface Profiles  
  Test Case C1 Test Case C2     

Flowrate (l/s)  135 135      

Bed Slope  0.002  0.004     

1-D Longitudinal Profile  
  Test Case D1 Test Case D2 Test Case D3 Test Case D4 

Flowrate (l/s)  135 135  135  135  

Bed Slope  0.002 0.004  0.003  0.001  

 

4.3.1 Water Surface Profile around a Square Block  

The 2-D water surface profiles plotted from the measured water depth values for the 

Test Cases A1 and A2 are given in Figures 4-5 and 4-6. 

The measured water depth values for the 1-D longitudinal profile are plotted in 

Figure 4-7. From Figure 4-7, it can be seen that the water depth values follow a 

steady rise until the block. At the downstream of the block, the water surface has an 

oscillatory character which is in accordance with the flow vortical structures and the 

surface waves around the block.  

The bed slope effect on the water depth values was studied by measuring the 

longitudinal profiles for Q = 140 l/s with three different bed slopes. Figure 4-7 shows 

that the steeper slope 0.003 gives lower water depth values at the initial points of 

measurement and converges with the other milder slopes 0.002 and 0.001 near the 

block. The low water depth values at the initial measurement points are due to the 

steepness of the slope, which requires a longer distance for the water surface to 

become flat.  
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Figure 4-5 2-D plot of the measured water depth values for test 

case A1 

Figure 4-6 2-D plot of measured water depth values for test 

case A2 
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4.3.2 Water Surface Profiles around Multiple Square Blocks 

The 2-D water surface profiles for the three square blocks in a side-by-side 

configuration plotted from the measured water depth values are given in Figures 4-

8 and 4-9.  

 

 

 

 

 

 

 

 

 

Figure 4-7 1-D longitudinal profile of the water depth for a single square block 

Figure 4-8 2-D plot of measured water depth values for test 

case C1 
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Figure 4-9 2-D plot of measured water depth values for test case C2 

The 1-D longitudinal profiles from the measured water depth values for the three 

blocks are plotted in Figure 4-10. The Figure 4-10 shows that the water depth values 

follow a steady rise and merge at the upstream of the blocks. The steeper slopes 

0.003 and 0.004 give lower water depth values at the initial points than the milder 

slopes 0.002 and 0.001. 
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Figure 4-10 1-D longitudinal profile for water depth along the length of the channel 

for three square blocks in a side-by-side configuration 
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CHAPTER 5  

5 RESULTS AND DISCUSSIONS 

5.1 One Block Case 

5.1.1 Numerical Results for the Water Surface Profile around a Square 

Block in a Rectangular Channel 

The computational domain and the boundary conditions for the numerical solution 

of the water surface profile around a square block in a rectangular channel were given 

in Figure 3-8 in Chapter 3. The test cases were defined in Table 4-1 of Chapter 4. In 

this section, the numerical solution of the test cases is presented.  

The main objective in the numerical solutions of the water surface profile in a 

rectangular channel is to study the effect of the square block on the water depth at 

the upstream of the block. The focus was to obtain a smooth water surface profile 

where all the surface waves have converged in the numerical solutions.   

For the numerical solutions, various mesh sizes were tested and the 1cm mesh size 

was selected for the test cases, which is more than required.  

5.1.1.1 Test Case B1 

As shown in Table 4-1, the flow rate for the test case B1 is 170 l/s, and the bed slope 

is 0.003.  For the numerical solution of this test case, the mesh size is set to 1cm. The 

CFL condition is equal to 0.9. The SELBIL code is run for 20000 time-steps to obtain 

a smooth water surface profile where all the surface waves have converged. Figure 

5-1 gives the 1-D longitudinal graph of the experimental and numerical water depth 

values along the channel's centerline. The numerical water depth values are validated 
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with the measured water depth values. Since the focus of the numerical solution is 

to obtain a detailed description of the increase in the water depth due to the drag 

induced by the block, it seems the numerical solution has predicted the water depth 

values closer to the experimental values at the upstream of the block 

 

Figure 5-1 Experimental and numerical solution of the water depth values along the 

centerline of the channel for the test case B1 

Figure 5-2 compares the 2D water surface profiles from the experimental and the 

numerical solution obtained by the SELBIL code. The numerical solution for the B1 

Test Case is obtained for the whole computational domain which is 610 cm long and 

only the portion of the solution at the near vicinity of the block is plotted in Figure 

5-2 since the measured experimental data considers only 50 cm upstream and 50 cm 

downstream of the square block.  

The numerical solution plot in Figure 5-2 shows a smooth water surface profile 

where all the surface waves have converged, and sharp cross-edged waves are 

observed downstream of the block. As seen from the contour legend, the water depth 

reaches a maximum value of 34 cm upstream of the block. The numerical solution 

provides a depth-averaged 2-D solution of the water surface profile around the block. 
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The numerical solution correctly predicts the increase in the water depth values at 

the vicinity of the block in the upstream direction. The 2-D vector plot and streamline 

plot drawn from the numerical solution are given in Figures 5-3 and 5-4. The 

SELBIL code computes the numerical solution for half of the domain and superposes 

it across the symmetry line. The streamline plot shows the formation of two vortices 

at downstream of the block. Overall, by comparing the experimental and numerical 

plots, it can be said that the water depth values obtained by the numerical solution 

are reasonable, particularly at the upstream of the block.  

 

Figure 5-2 Experimental and numerical water surface profile for test case B1 
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Figure 5-3 2-D vector field for test case B1 

 

Figure 5-4 Streamline plot of the 2-D flow field for test case B1 

5.1.1.2 Test Case B2 

Figure 5-5 gives the 1-D longitudinal graph of the experimental and numerical water 

depth values along the channel's centerline for this numerical test case. The depth-
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averaged numerical solution values closely match the measured water depth values 

upstream of the block. 

 

Figure 5-5 Experimental and numerical solution of the water depth values along the 

centerline of the channel for the test case B2 

For this test case, the mesh size is set to 1 cm, and the CFL condition is equal to 0.9. 

The code is run for 20000 time-steps to obtain 2-D depth averaged smooth water 

surface profile where all the surface waves have converged. Figure 5-6 gives the 

experimental plot and the numerical solution plot obtained by the SELBIL code. The 

numerical solution for the B2 Test Case is obtained for the whole computational 

domain, which is 610 cm, and only the portion of the solution at the near vicinity of 

the block is plotted in Figure 5-6 since the measured experimental data considers 

only 50 cm upstream and 50 cm downstream of the square block. As seen from the 

contour legend, the water depth reaches a maximum value of 32 cm upstream of the 

block. In this numerical test also the sharp cross-edged waves are observed 

downstream of the block. The 2-D vector plot and streamline plot drawn from the 

numerical solution are given in Figures 5-7 and 5-8. The streamline plot shows the 

formation of two vortices at downstream of the block. From the numerical plots in 
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Figure 5-6, it can be seen that the 2-D depth-averaged solution provides a reasonable 

description of the water depth values for this test case. 

 

Figure 5-6 Experimental and numerical water surface profile for test case B2 

 

Figure 5-7 2-D vector field for test case B2 
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Figure 5-8 Streamline plot of the 2-D flow field for test case B2 

5.1.1.3 Test Case B3 

As shown in Table 4-1, in Test Case B3, the flow rate is set to 140 l/s and the bed 

slope to 0.001. The mesh size is set to 1cm. The CFL condition is equal to 0.9. The 

water depth values along the channel's centerline obtained from the numerical 

solution are compared with the experimental water depth values in Figure 5-9.  

The 1-D longitudinal graph shows that the water depth values obtained from the 

numerical solution closely match the experimental values and are thus 

experimentally validated, particularly at the upstream of the block. The reason for 

the divergence of the water depth values at the downstream of the block is due to the 

three-dimensional flow characteristics and the numerical solution is a depth-

averaged two-dimensional solution without considering any 3D and turbulent effects 
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5.1.1.4 Test Case B4 

In Test Case B4, the flow rate is set to 140 l/s and the bed slope to 0.002. In this Test 

Case, the same flow rate as Test Case B3 is used, but the bed slope is changed from 

0.001 to 0.002. Figure 5-10 presents the 1-D longitudinal graph of the experimental 

and numerical water depth values along the channel's centerline for this numerical 

test case. As seen in Figure 5-10, the water depth values from the numerical and 

experimental solution follow the same trend and match closely at the upstream of the 

block. The mesh size is set to 1cm. The CFL condition is equal to 0.9. The water 

surface profile in Figure 5-10 is obtained after running the code for 20000 time-steps 

Figure 5-9 Experimental and numerical solution of the water depth values along 

the  centerline of the channel for the test case B3 
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Figure 5-10 Experimental and numerical solution of the water depth values along the 

centerline of the channel for the test case B4 

Figure 5-11 shows the result of the numerical solution of the water surface profile 

for this test case. Figure 5-11 gives a smooth water surface profile where all the 

surface waves have converged. As it can be seen from the contour legend, the water 

depth reaches a maximum value of 30 cm at the upstream vicinity of the block.  
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Figure 5-11 Numerical solution of the water surface profile for test case B4  

5.2 Multiple Block Case 

5.2.1 Numerical Results for the Water Surface Profile around Three 

Square Blocks in a Side-by-Side Configuration in a Rectangular 

Channel 

In Chapter 3, the computational domain and the boundary conditions for the 

numerical solution of the water surface profile around multiple square blocks were 

given. As shown in Figure 3-9 in Chapter 3, the solution domain has a length of 556 

cm and a width of 60 cm. Three square blocks are placed in a side-by-side 

configuration with 500 cm upstream of the blocks and 50 cm downstream of the 

blocks. In this section, the four test cases are presented. The numerical solutions are 

obtained by the SELBIL code.  

As stated before, the main objective of the numerical solution is to provide a depth-

integrated two-dimensional description of the flow around multiple blocks. The aim 
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is to study the effects of placing multiple blocks on the flow, particularly on the 

change in the water depth upstream of the blocks. The drag induced by the blocks 

tends to increase the water depth upstream of the blocks. The focus is to precisely 

describe this by the numerical solutions and validate it with the experimental results.  

For the numerical solutions, various mesh sizes were tested and a mesh size of 0.5 

cm has been selected for the test cases, which is more than required.  

5.2.1.1 Test Case D1 

The flow rate and the bed slope for Test Case D1 are given in Table 4-2, where the 

flow rate is 135 l/s, and the bed slope is 0.002.  The mesh size is 0.5 cm, and the CFL 

condition is equal to 0.9. The code is run for 500000 time-steps to obtain the 

numerical solution. The 1-D longitudinal profile for the experimental and numerical 

water depth values along the channel's centerline is given in Figures 5-12. As shown 

in Figure 5-12, the numerical solution obtained from the SELBIL code matches the 

experimental data precisely at the upstream of the blocks. The numerical solution 

predicts the increase in the water depth at the upstream of the blocks successfully, 

and the measured experimental values validate the numerical solution.   
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Figure 5-12 Experimental and numerical solution of the water depth values along the 

centerline of the channel for test case D1 

The experimental and numerical solution plot is given in Figure 5-13. The numerical 

solution is obtained for the whole computational domain, which is 556 cm, but only 

the 50 cm upstream and 50 cm downstream is plotted in Figure 5-13 to compare it 

with the measured experimental data. By comparing the experimental and numerical 

plots, it can be said that the two-dimensional depth-averaged numerical solution has 

provided a good approximation of the water depth values, particularly the increase 

in the water depth values upstream of the blocks.    
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Figure 5-13 Experimental and numerical water surface profile for test case D1 

5.2.1.2 Test Case D2 

For Test Case D2, as shown in Table 4-2, the flow rate was set to 135 l/s and the bed 

slope to 0.004. The mesh size is set to 0.5 cm and the CFL condition to 0.9. The code 

was run for 500000 time-steps to obtain the numerical solution for this test case. The 

1-D longitudinal profile for the experimental and numerical water depth values along 

the channel's centerline is given in Figures 5-14. The 1-D longitudinal profile is 

similar to the results obtained in numerical Test Cases D1 and D3 and shows that 

increasing the bed slope further does not profoundly affect the water depth values. It 

shows that the code predicts the increase in the water depth at the upstream of the 

blocks successfully, and the measured experimental values validate the numerical 

solution. 
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Figure 5-14  Experimental and numerical solution of the water depth values along 

the centerline of the channel for Test Case D2 

Figure 5-15 gives the experimental and numerical solution plots side by side for 

comparison. The numerical solution is obtained for the whole computational domain, 

which is 556 cm, but only the 50 cm upstream and 50 cm downstream is plotted in 

Figure 5-15 to compare it with the measured experimental data. In this Test Case, 

the bed slope was set to 0.004. The objective was to see the effects of increasing the 

bed slope on the water depth values around the blocks. The plots are similar to those 

obtained in Test Case D1 and show that steeper slopes do not have a lot of effect on 

the water depth values, particularly in the vicinity of the blocks.   
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Figure 5-15 Experimental and numerical water surface profile for test case D2 

5.2.1.3 Test Case D3 

For Test Case D3, as seen in Table 4-2, the flow rate is 135 l/s, and the bed slope is 

0.003. The 1-D longitudinal profile for the experimental and numerical water depth 

values along the channel's centerline is given in Figures 5-16. The 1-D longitudinal 

profile is the same as in Test Cases D1 and D2. The numerical solution correctly 

predicts the increase in the water depth at the upstream of the blocks successfully, 

and the measured experimental values validate the numerical solution. The 

numerical solution of the water surface profile for this test case is given in Figure 5-

17.  
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Figure 5-16 Experimental and numerical solution of the water depth values along the 

centerline of the channel for test case D3 

 

Figure 5-17 Numerical solution of the water surface profile for test case D3 
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5.2.1.4 Test Case D4 

In Test Case D4, the flow rate is set to 135 l/s and the bed slope to 0.001. The mesh 

size is 0.5 cm, and the CFL condition is equal to 0.9. Figure 5-18 gives the 1-D 

longitudinal profile of the experimental and numerical water depth values along the 

channel's centerline. The water depth values obtained from the numerical solution 

are validated by the measured experimental values. Figure 5-18 is obtained by 

running the code for 200000 time-steps. Figure 5-18 shows that the numerical 

solution has given the water depth values that precisely match the measured 

experimental values at the upstream of the blocks. The numerical solution predicts 

the increase in the water depth values due to the blocks accurately.  

 

Figure 5-18 Experimental and numerical solution of the water depth values along the 

centerline of the channel for test case D4 
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CHAPTER 6  

6 NUMERICAL SOLUTIONS WITH FICTITIOUS DRAG FORCE 

6.1 Addition of the Drag Force Terms in the Governing Shallow Water 

Equations 

For the numerical solution of the governing shallow flow equations for the water 

surface profile by considering an imaginary block, the following drag force terms 

are added to the momentum equations as source terms. 

𝐹𝑑𝑥 =
𝐶𝑑𝑢

2

2𝑁
         (6.1) 

𝐹𝑑𝑦 =
𝐶𝑑𝑣

2

2𝑁
         (6.2) 

In the above equations 𝐶𝑑 is the drag coefficient and N is the number of 

computational mesh that falls in the cross-sectional area of the imaginary 

obstruction. The drag force terms are added in the momentum equations of the 

governing shallow flow equations derived in Chapter 3 as source terms, and the 

source term vector is modified as shown:  

𝑆(𝑈) = (

0
−𝑔ℎ(𝑏𝑥 + 𝑆𝑓𝑥) − 𝐹𝑑𝑥    

  −𝑔ℎ(𝑏𝑦 + 𝑆𝑓𝑦) − 𝐹𝑑𝑦

)       (6.3) 

6.2 Numerical Solution of the Water Surface Profile by Applying a 

Fictitious Drag Force and Considering an Imaginary Square Block 

The objective for these numerical test cases is to see whether it is possible to simulate 

the effects of the square block on the flow by applying a fictitious drag force all 



 

 

70 

throughout the meshes occupied by the block without including the block physically 

in the domain.  

As shown in Figure 6-1, there is no square block in the computational domain in this 

numerical test case. In place of the block, a fictitious drag force is calculated and 

distributed throughout the meshes that coincide with the block. For this test case, a 

solution domain with a length of 410 cm and a width of 60 cm is considered. At the 

channel inflow, the constant discharge boundary condition is used, and at the channel 

outflow, the transmissive boundary condition is used. The reflective boundary 

condition is used at the two sides of the channel.  

 

Figure 6-1 Computational domain for the numerical solution by considering an 

imaginary block 

6.2.1 Numerical Results for the Test Cases 

This section presents the numerical results for the water surface profile by applying 

a fictitious drag force and considering an imaginary square block. The objective of 

the numerical solutions is to simulate the effects of the square block by the fictitious 

drag force. Considering an imaginary block and applying the fictitious drag force 

greatly simplifies the geometric complexity and improves the computational 

efficiency of the numerical simulations. The numerical solutions converge faster to 

the desired solutions. 
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In calculating the fictitious drag force, an empirical drag coefficient is needed to be 

defined before starting the numerical solutions. The drag coefficient is determined 

through a trial and error procedure. Root Mean Square Error (RMSE) is calculated 

between the water depth values along the channel's centerline obtained by the 

imaginary block method and the numerical solutions with the block. The RMSE vs. 

Drag Coefficient graphs are drawn for the test cases and the minimum drag 

coefficient value is selected from the graphs as the appropriate drag coefficient value 

for the numerical test case. 

For the imaginary block method, four test cases with varying flow rates and bed 

slopes are considered. The numerical solutions obtained by the imaginary block 

method are compared with the numerical solutions obtained with the block present 

in the computational domain.  

6.2.1.1 Test Case B1 

In Test Case B1, as shown in Table 4-1 of Chapter 4, the flow rate is set to 170 l/s 

and the bed slope to 0.003. Figure 6-2 gives the water surface profile around a square 

block obtained from the numerical solution with the block and with the fictitious 

drag force and also from the measured experimental data. The solutions are similar, 

and the water depth values match across the domain, as seen from the contour legend. 

In the numerical solution with the block, the mesh size was set to 1 cm, and the water 

surface profile was obtained by running the code for 20000 time-steps. The water 

surface profile with the fictitious drag force was obtained after running the code for 

10000 time-steps with a mesh size of 1 cm. The CFL condition in both cases was 

0.9. Figure 6-3 gives the 1-D longitudinal profile along the channel's centerline for 

the water depth values obtained from the experimental and numerical solution values 

with block and fictitious drag force. At the upstream of the block, the values obtained 

by the imaginary block method are accurate and according to the experimentally 

measured water depth values. 
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Figure 6-4 gives the RMSE vs. Drag Coefficient graph. For this numerical test case, 

the drag coefficients in the range of 0.75 to 0.93 have been tested, and the numerical 

solution has been plotted. All of the drag coefficient values in the range of 0.75 to 

0.93 were found to give accurate solutions. Then to determine the optimum drag 

coefficient value, the RMSE values are calculated, and the drag coefficient with the 

minimum RMSE value is selected. For this numerical test case, the drag coefficient 

Cd=0.79 gives the minimum RMSE value of 0.5239 and is thus selected as the 

optimum value for the drag coefficient.  

 

Figure 6-2 Water surface profile from experimental and numerical solution with 

fictitious drag force and with block for test case B1 
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Figure 6-3 1-D longitudinal profile of the water depth values along the centerline of 

the channel from experimental and numerical solution values for test case B1 

 

Figure 6-4 RMSE vs. Drag Coefficient for test case B1 



 

 

74 

6.2.1.2 Test Case B2 

For the Test Case B2, the flow rate is 140 l/s, and the bed slope is 0.004. The water 

surface profile graph for this test case is given in Figure 6-5. In the numerical solution 

with the block, the mesh size was set to 1 cm, and the water surface profile was 

obtained by running the code for 20000 time-steps. The water surface profile with 

the fictitious drag force was obtained after running the code for 10000 time-steps 

with a mesh size of 1 cm. The CFL condition in both cases was 0.9. The 1-D 

longitudinal profile is given in Figure 6-6. Figure 6-7 gives the RMSE vs. Drag 

Coefficient graph for this test case. For this test case, the drag coefficients in the 

range of 0.65 to 0.9 have been tested, and the numerical solution has been plotted. 

All of the drag coefficient values in the range of 0.65 to 0.9 were found to give 

accurate solutions. For this numerical test case, the drag coefficient Cd=0.7095 gives 

the minimum RMSE value of 0.7468 and is thus selected as the optimum value for 

the drag coefficient.  

From the water surface profile in Figure 6-5, it can be seen that the solutions are 

similar, and the water depth values match precisely across the domain. From the 1-

D longitudinal profile for the water depth values in Figure 6-6, it can be seen that at 

the upstream of the block, the values obtained by the imaginary block method are 

accurate and according to the measured values. 
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Figure 6-5 Water surface profile from experimental and numerical solution with 

fictitious drag force and with block for test case B2 

 

Figure 6-6 1-D longitudinal profile of the water depth values along the centerline of 

the channel from experimental and numerical solution values for test case B2 

 

 



 

 

76 

 

Figure 6-7 RMSE vs. Drag Coefficient for test case B2 

6.2.1.3 Test Case B3 

For Test Case B3, the flow rate is set to 140 l/s and the bed slope to 0.001. Figure 6-

8 gives the water surface profile around a square block obtained from the numerical 

solution with the block and with the fictitious drag force. In the numerical solution 

with the block, the mesh size was set to 1 cm, and the water surface profile was 

obtained by running the code for 60000 time-steps. The water surface profile with 

the fictitious drag force was obtained after running the code for 10000 time-steps 

with a mesh size of 1 cm. Figure 6-9 gives the 1-D longitudinal profile along the 

centerline of the channel for the water depth values obtained from the experimental 

and numerical solution values with block and with the fictitious drag force. The drag 

coefficient and RMSE values are given in Table 6-1. Table 6-1 shows that the Cd = 

0.85 gives the minimum RMSE value and is thus selected for the present test case as 

the optimum drag coefficient value.  

By comparing the water surface profiles obtained with the block and with the 

fictitious drag force in Figure 6-8, it seems that the imaginary block method has been 
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successful and has given similar water surface profile as that obtained with the block. 

The solution obtained with the imaginary block method converges faster and is thus 

computationally efficient than the numerical solution with the block, which requires 

significantly more time to converge. 

Table 6-1 Drag coefficient and RMSE values for test case B3 

Drag Coefficient (Cd) RMSE CFL Time-steps 

0.85 0.7534 0.9 10000 

0.85 0.9191 0.7 10000 

0.84 1.3961 0.9 10000 

0.85 1.0568 0.8 10000 

0.90 1.4436 0.9 10000 

 

 

Figure 6-8 Water surface profile from numerical solution with fictitious drag force 

and with block for test case B3 

The 1-D longitudinal profile given in Figure 6-9 shows that the water depth values 

upstream of the block obtained by the imaginary block method are accurate and thus 

predict the increase in the water depth values similar to the results obtained with the 

measured values.  
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Figure 6-9 1-D longitudinal profile of the water depth values along the centerline of 

the channel from experimental and numerical solution values for test case B3 

6.2.1.4 Test Case B4 

In Test Case B4, the flow rate is set to 140 l/s and the bed slope to 0.002. Figure 6-

10 gives the water surface profile around a square block obtained from the numerical 

solution with the block and with the fictitious drag force for this test case. In the 

numerical solution with the block, the mesh size was set to 1 cm, and the water 

surface profile was obtained by running the code for 20000 time-steps. The water 

surface profile with the fictitious drag force was obtained after running the code for 

10000 time-steps with a mesh size of 1 cm. The CFL condition in both cases was 

0.9. Figure 6-11 gives the 1-D longitudinal profile along the channel's centerline for 

the water depth values. From Figure 6-11 it can be seen that the water depth values 

upstream of the block obtained by the imaginary block method is accurate and in 

accordance with the experimental values 

Figure 6-12 gives the RMSE vs. Drag Coefficient graph. For this numerical test case, 

the drag coefficients in the range of 0.87 to 0.76 have been tested, and the numerical 
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solution has been plotted. All of the drag coefficient values in the range of 0.87 to 

0.76 were found to give accurate solutions. Then to determine the optimum drag 

coefficient value, the RMSE values are calculated, and the drag coefficient with the 

minimum RMSE value is selected. For this numerical test case, the drag coefficient 

Cd=0.7915 gives the minimum RMSE value of 0.4450 and is thus selected as the 

optimum value for the drag coefficient.  

As it can be seen in Figure 6-10, the numerical solution with the imaginary block 

and fictitious drag force gives a similar water surface profile as the numerical 

solution with the block. As the contour legend shows, the water depth values given 

by the imaginary block method match with the values obtained by the numerical 

solution with the block. The solution obtained by the imaginary block method was 

found to converge faster.  

 

Figure 6-10 Water surface profile from numerical solution with fictitious drag force 

and with block for test case B4 
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Figure 6-11 1-D longitudinal profile of the water depth values along the centerline 

of the channel from experimental and numerical solution values for test case B4 

 

Figure 6-12 RMSE vs. Drag Coefficient for test case B4 
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6.3 Numerical Solution of the Water Surface Profile by Applying a 

Fictitious Drag Force and Considering Three Imaginary Square Blocks 

in Side-by-Side Configuration 

The objective for these numerical test cases is to find out whether it is possible to 

simulate the effects of multiple square blocks on the flow structure by instead 

applying a fictitious drag force all throughout the meshes defined by the square 

blocks.  

For this purpose, in place of the three square blocks, drag forces are calculated and 

distributed throughout the meshes defined by the square blocks. A rectangular 

computational domain with a length of 406 cm and a width of 60 cm is considered. 

The constant discharge boundary condition is applied at the channel inflow, and at 

the channel outflow, the transmissive boundary condition is considered. The 

reflective boundary conditions are applied at the two sides of the channel.  

 

Figure 6-13 Computational domain for the numerical solution by considering three 

imaginary blocks 

6.3.1 Numerical Results for the Test Cases 

This section presents the numerical results for the water surface profile by applying 

a fictitious drag force and considering three imaginary square blocks in a side-by-

side configuration. The computational domain, and the boundary conditions were 
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given in Figure 6-13. The objective for these numerical tests is to simulate the effects 

of multiple square blocks on the flow by calculating and applying a fictitious drag 

force and considering three imaginary square blocks. There are no square blocks in 

the computational domain. In place of the square blocks, fictitious drag forces are 

applied in the meshes defined by the blocks. This section aims to see whether the 

imaginary block method can be extended to multiple square blocks in a side-by-side 

configuration.  

Four test cases are considered in this section. It was found out that applying a 

fictitious drag force and removing the square blocks from the computational domain 

greatly improves the computational efficiency and simplifies the geometric 

complexity. The numerical solutions were found to converge faster to the desired 

solutions.  

The drag coefficient is needed to calculate the fictitious drag force and is determined 

by a trial and error approach. The Root Mean Square Error (RMSE) is calculated 

between the water depth values along the channel's centerline obtained by the 

imaginary block method and numerical solutions with the square blocks. To 

determine the optimum drag coefficient value for each numerical test case, the 

RMSE vs. Drag Coefficient graphs are plotted. The drag coefficient corresponding 

to the minimum RMSE value is selected.  

In the four test cases considered in this section, the numerical solutions obtained by 

the imaginary block method are compared with the numerical solutions obtained 

with the square blocks present in the computational domain. 1-D longitudinal 

profiles of the water depth values are drawn for each test case and validated by the 

measured experimental values.   

6.3.1.1 Test Case D1 

For Test Case D1, the flow rate is 135 l/s and the bed slope is 0.002. The water 

surface profile obtained by the numerical solution with the block and with the 
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fictitious drag force along with the measured experimental data is given in Figure 6-

14. In the numerical solution with the blocks, the mesh size was set to 0.5 cm, and 

the water surface profile was obtained by running the code for 200000 time-steps 

with the CFL condition equal to 0.9. The water surface profile with the fictitious drag 

force was obtained after running the code for 30000 time-steps with a mesh size of 

0.5 cm and the CFL condition set to 0.95. Figure 6-15 gives the 1-D longitudinal 

profile along the channel's centerline for the water depth values obtained from the 

experimental and numerical solution values with blocks and with the fictitious drag 

force. 

The drag coefficient was determined by a trial and error approach. The drag 

coefficient value is set before running the code. Figure 6-16 gives the RMSE vs. 

Drag Coefficient graph. The optimum drag coefficient is found first by assigning a 

value for the drag coefficient before running the code, and the numerical solution 

obtained is plotted to figure out if the numerical solution is accurate or not. For this 

numerical test case, the drag coefficients in the range of 1.0 to 1.9 have been tested, 

and the numerical solution has been plotted. All of the drag coefficient values in the 

range of 1.0 to 1.9 were found to give accurate solutions. Then to determine the 

optimum drag coefficient value, the RMSE values are calculated, and the drag 

coefficient with the minimum RMSE value is selected. For this numerical test case, 

the drag coefficient Cd=1.41 gives the minimum RMSE value of 1.0124 and is thus 

selected as the optimum value for the drag coefficient.  

As seen in Figure 6-14, the water depth values given by the imaginary block method 

match with the values obtained by the numerical solution with the blocks. The 

solution obtained by the imaginary block method was found to converge 

significantly faster.  

The 1-D longitudinal profile for the water depth values in Figure 6-15 at the upstream 

of the block obtained by the imaginary block method is accurate and in accordance 

with the experimental values.  
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Figure 6-14 Water surface profile from experimental and numerical solution with 

fictitious drag force and with blocks for test case D1 

 

Figure 6-15 1-D longitudinal profile of the water depth values along the centerline 

of the channel from experimental and numerical solution values for test case D1 
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Figure 6-16 RMSE vs. Drag Coefficient for test case D1 

6.3.1.2 Test Case D2 

For Test Case D2, the flow rate is the same and is equal to 135 l/s, and the bed slope 

is increased to 0.004. The water surface profile graph for this numerical test case is 

given in Figure 6-17. In the numerical solution with the blocks, the mesh size was 

set to 0.5cm, and the water surface profile was obtained by running the code for 

200000 time-steps with the CFL condition equal to 0.9. The water surface profile 

with the fictitious drag force was obtained after running the code for 35000 time-

steps with a mesh size of 0.5 cm and the CFL equal to 0.9.  The 1-D longitudinal 

profile is given in Figure 6-18. Figure 6-19 gives the RMSE vs. drag coefficient 

graph for this numerical test case. For this numerical test case, the drag coefficients 

in the range of 0.8 to 1.70 have been tested, and the numerical solution has been 

plotted. All of the drag coefficient values in the range of 0.8 to 1.70 were found to 

give accurate solutions. For this numerical test case, the drag coefficient Cd=1.15 

gives the minimum RMSE value of 1.0093 and is thus selected as the optimum value 

for the drag coefficient.  
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From the water surface profile in Figure 6-17, it can be seen that the solutions are 

similar, and the water depth values match across the domain. The1-D longitudinal 

profile for the water depth values for this numerical test case shows that at the 

upstream of the block, the values obtained by the imaginary block method are 

accurate and in accordance with the measured values. 

 

Figure 6-17 Water surface profile from experimental and numerical solution with 

fictitious drag force and with blocks for test case D2 
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Figure 6-18  1-D longitudinal profile of the water depth values along the centerline 

of the channel from experimental and numerical solution values for test case D2 

 

Figure 6-19 RMSE vs. Drag Coefficient for test case D2 
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6.3.1.3 Test Case D3 

For this test case, the flow rate is the same as 135 l/s, and the bed slope is set to 

0.003. The water surface profile graph is presented in Figure 6-20. In the numerical 

solution with the blocks, the mesh size is set to 0.5 cm, the CFL condition to 0.90, 

and the water surface profile is obtained by running the code for 200000 time-steps. 

The water surface profile with the fictitious drag force is obtained by running the 

code for 35000 time-steps with the CFL=0.90 and the mesh size set to 0.5 cm. The 

1-D longitudinal profile for this test case is given in Figure 6-21.  

Figure 6-22 gives the RMSE vs. Drag Coefficient graph. For this numerical test case, 

the drag coefficients in the range of 0.80 to 2 have been tested, and the numerical 

solution has been plotted. All of the drag coefficient values in the range of 0.8 to 2 

were found to give accurate solutions. Then to determine the optimum drag 

coefficient value, the RMSE values are calculated, and the drag coefficient with the 

minimum RMSE value is selected. For this numerical test case, the drag coefficient 

Cd=1.19 gives the minimum RMSE value of 0.9744 and is thus selected as the 

optimum value for the drag coefficient.  

 

Figure 6-20 Water surface profile from numerical solution with fictitious drag force 

and with blocks for test case D3 

 



 

 

89 

 

Figure 6-21  1-D longitudinal profile of the water depth values along the centerline 

of the channel from experimental and numerical solution values for test case D3 

 

Figure 6-22 RMSE vs. Drag Coefficient for test case D3 
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6.3.1.4 Test Case D4 

In Test Case D4, the flow rate is 135 l/s, and the bed slope is 0.001. The water surface 

profile obtained from the numerical solution with the blocks and with the fictitious 

drag force is shown in Figure 6-23. In the numerical solution with the blocks, the 

mesh size was set to 0.5 cm. The CFL condition was set to 0.9, and the water surface 

profile was obtained by running the code for 200000 time-steps. In the numerical 

solution with the fictitious drag force, the mesh size was set to 0.5 cm, the CFL was 

set to 0.95, and the water surface profile was obtained by running the code for 35000 

time-steps. 

After running the numerical solution with the fictitious drag force with various drag 

coefficient values, it was found that the Cd = 1.7 gives a reasonable solution. Figure 

6-24 gives the 1-D longitudinal profile along the channel's centerline for the water 

depth values obtained from the experimental and numerical solutions with the block 

and with the fictitious drag force.  

From Figure 6-23, it seems that the imaginary block method has been successful and 

has given similar water depth values, particularly at the upstream of the blocks. ..As 

Figure 6-24 shows in the 1-D longitudinal profile, the water depth values upstream 

of the blocks obtained by the imaginary block method are accurate and thus predict 

the increase in the water depth values at the upstream of the blocks similar to the 

results obtained from the measured values. 

. 

 

 



 

 

91 

 

Figure 6-23 Water surface profile from numerical solution with fictitious drag force 

and with blocks for test case D4 

 

Figure 6-24 1-D longitudinal profile of the water depth values along the centerline 

of the channel from experimental and numerical solution values for test case D4 
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6.4 Summary of the Numerical Results 

The Reynolds number is defined as follows: 

𝑅𝑒 =
𝑢∙𝐿

𝜐
         (6.4) 

Where 𝑢 is the velocity derived by dividing the flowrate to the net area, which is the 

total area without the block. The characteristic length is taken as the equivalent 

diameter of the block. 𝜐 is the kinematic viscosity of the water. The water depth in 

the calculation of the net area is taken as the depth along the centerline of the channel 

just behind the block in the upstream direction. 

Table 6-2 Drag coefficients and Reynolds number for test cases for a single square 

block 

  Flow rate (l/s) Bed Slope Reynolds Number  
Drag 
Coefficient   

 Test Case B1  170 0.003  1.16 x 105  0.79 

 Test Case B2  140 0.004  1.09 x 105  0.7095 

 Test Case B3  140 0.001  1.05 x 105  0.85 

 Test Case B4  140 0.002  1.08 x 105 0.7915 

 

As it can be seen from the Reynolds numbers in Table 6-2, the flow around the square 

block for all the four test cases is fully turbulent. In the literature, the drag coefficient 

for a cube is 1.05 for Re > 104 and for a 2-D rectangular geometry with (
𝑙

𝐷
=1) is 2.2 

at Re = 105 (Munson et al., 2009).  

 

Figure 6-25 Drag coefficient of a 2-D rectangular geometry and a cube (Munson, 

et. al. 2009) 
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A cubic block is a 3-D bluff body with a three dimensional flow while a square 

cylinder is a 2-D equivalent of a cube based on geometry. The drag coefficient for 

a square cylinder is Cd > 2 for Reynolds number between 1.3 x 104 and 17.6 x 104 

(Khan et al. 2018).  

As it can be seen in Figure 6-26 which shows the variation of the drag coefficient 

with Reynolds number for a cube from different researchers the drag coefficient 

values obtained in this study for a single square block for test cases in Table 6-2 

closely match with the drag coefficient values of a cubic block at high Reynolds 

number. 

 

Figure 6-26 Variation of drag coefficient with Reynolds number for a cube (Khan et 

al., 2018) 

Table 6-3 Drag coefficients and Reynolds number for test cases for three Square 

block in a side by side configuration 

  Flow rate (l/s) Bed Slope 

Reynolds 

Number  

Drag 

Coefficient   

Test Case D1  135 0.002  6.83 x 104  1.41 

Test Case D2  135 0.004  6.84 x 104  1.15 

Test Case D3 135 0.003  6.83 x 104  1.19 

Test Case D4  135 0.001  6.89 x 104  1.7 
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The drag coefficient values obtained for three-square blocks in a side-by-side 

configuration at high Reynolds number can be compared with the drag coefficient 

values obtained for arrays of circular cylinders in Figure 2-2 and 2-3 in Chapter 2 

and it seems the drag coefficient values fall in the required range. 
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7 CONCLUSIONS 

Water surface profile around single and three-square blocks in a side-by-side 

configuration in a rectangular channel was studied experimentally and numerically 

by using the SELBİL code. The code used the Weighted Averages Flux (WAF), 

which is a conservative, shock-capturing, TVD method to compute the numerical 

fluxes in the code. The Riemann problem in the computation of the fluxes in the 

WAF method was solved with the HLLC approximate Riemann solver.  

This thesis study proposed a new technique to reduce the geometric complexity and 

the computational work in case of high number of obstructions in the flow field. 

First, the computational grid was generated without the square blocks. Then, the 

computation of the water surface profiles was carried out by applying a fictitious 

drag force in the meshes that coincide with the area of imaginary blocks.  

In the first part of this study, the experimental water surface profiles were compared 

with the numerical water surface profiles obtained by the SELBIL code, and it was 

found that the numerical solution provided a good approximation of the water depth 

values. Smooth water surface profiles where all the surface waves have converged 

were obtained for all the test cases. 1-D longitudinal profiles of the water depth along 

the channel's centerline were compared with the measured experimental values. It 

was found that the numerically obtained water depth values matched the measured 

water depth values closely, particularly at the upstream of the blocks. At the 

downstream of the blocks, the water depth values obtained by the numerical and 

experimental methods were found to differ. The reason was due to the three-

dimensional vortical flow characteristic at downstream of the blocks, which the 2-D 

depth-averaged numerical solution could not evaluate accurately.  

In the second part of this thesis, the test cases were evaluated for the proposed new 

technique where the computational grid was generated without the blocks. Instead, 

a fictitious drag force was applied throughout the meshes that coincide with the area 
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of imaginary blocks. Four test cases with varying flow rates and bed slopes were 

evaluated for computing the water surface profile by considering an imaginary single 

square block and applying a fictitious drag force. From the numerical results 

obtained, it was found that the imaginary block method greatly simplifies the 

geometric complexity and improves the computational efficiency. For all the test 

cases, the appropriate drag coefficients were found by plotting the RMSE vs. Drag 

Coefficient graphs and selecting the drag coefficient value corresponding to the 

minimum RMSE value. The imaginary block method was extended by considering 

three-square blocks in a side-by-side configuration. It was found that the imaginary 

block method provides appropriate water surface profiles and could be extended to 

multiple blocks in a side-by-side configuration.  

In future studies, an appropriate turbulence model for 2D shallow flows can be used 

in the code to account for the turbulent characteristics of the flow. This present study 

can be extended by using an unstructured grid system to model arrays of circular 

cylinders in different configurations to study the emergent obstructions particularly 

the emergent vegetation.  
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