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ABSTRACT

MODELING TRANSIENT FLOW IN FRACTURED SHALE RESERVOIRS

Kiligaslan, Ufuk
Doctor of Philosophy, Petroleum and Natural Gas Engineering
Supervisor: Prof. Dr. Serhat Akin

July 2021, 137 pages

Oil and gas production from shale reservoirs has been popular in North America for
more than two decades. Commercial production from these extremely low
permeability reservoirs is only achieved by multi-stage fractured horizontal wells.
However, production performance of these wells is quite different than wells drilled
in conventional reservoirs. Main distinct behavior seen in these wells is very long

period of transient flow due to tightness of such reservoirs.

This thesis questions validity of existing dual-porosity reservoir simulation
technique for fractured shale reservoirs. In this respect, analytical solutions of
pressure diffusion are presented for constant fracture pressure, constant rate and
constant fracture pressure followed by linearly declining fracture pressure boundary
conditions. According to these solutions, time-dependent shape factors are derived
for 3D rectangular anisotropic matrix. Obtained shape factors and proposed
simplifications are verified against fine scale single-porosity numerical models. Key
finding from this study is that matrix — fracture transfer function (shape factor) is not
constant, but rather decreases with time until reaching to a constant value. Therefore,
dual-porosity simulation of fractured shale reservoirs using constant shape factor

does not capture actual physics of matrix to fracture flow and yields inaccurate



performance prediction. Also, proposed simplifications either as an empirical

function or reduced form are robust in modeling this phenomenon.

In addition to those, common features of decline curve analysis are tested for
fractured shale reservoirs. Time dependency of b-parameter used in hyperbolic
decline curve analysis is assessed for different reservoir properties by sensitivity
analysis. Proposed empirical functions are used to obtain b-parameter for these cases

and results are compared with actual ones.

Keywords: Matrix — fracture transfer function, Shape factor, Shale reservoirs,

Unsteady-state flow, Dual-porosity reservoir simulation

Vi



0z

CATLAKLI SEYL REZERVUARLARINDA KARARSIZ AKIS
MODELLEMESI

Kiligaslan, Ufuk
Doktora, Petrol ve Dogal gaz Miihendisligi
Tez Yoneticisi: Prof. Dr. Serhat Akin

Temmuz 2021, 137 sayfa

Kuzey Amerika’da yaklagik 20 yili askin siiredir, seyl rezervuarlarindan
petrol ve gaz iretimi popiler durumdadir. Diisiik gecirgenlige sahip bu
rezervuarlardan ticari liretim yapmak ancak ¢ok kademeli catlatilmis yatay kuyular
ile basarilmaktadir. Fakat, bu kuyularin {iretim performanslari konvansiyonel
rezervuarlarda kazilan kuyulardan oldukga farklidir. Bu kuyularda gorilen en temel

farkli davranis kesiflige bagli ¢cok uzun siiren kararsiz akig donemidir.

Bu tez mevcut cift-gozenekli rezervuar similasyon tekniginin catlakli seyl
rezervuarlari igin gegerliligini sorgulamaktadir. Bu kapsamda, sabit catlak basinci,
sabit debi ve sabit ¢atlak basinc1 ardindan dogrusal olarak ¢atlak basincinin azalmasi
sinir  kosullarinda basing difizyonunun analitik ¢ozimleri sunulmustur. Bu
cozlmlere gore, Ug-boyutlu anizotropik matriks i¢in zamana bagli sekil faktorleri
tiretilmistir. Elde edilen sekil faktorleri ve 6nerilen basitlestirmeler ince dlcek tek-
gOzenekli  nimerik  modellerle  dogrulanmistir.  Matriks-catlak  transfer
fonksiyonunun (sekil faktoriinin) sabit olmaktan ziyade sabit bir degere ulagincaya
kadar zamana bagl azaldig1 bu ¢alismadan elde edilen asli bulgudur. Dolayisiyla,
catlakli seyl rezervuarlarinin sabit sekil faktori kullanilarak yapilan ¢ift-gozenekli

vii



simulasyonu matriksten catlaga olan akisin gercek fizigini yakalayamaz ve dogru
olmayan performans tahmini ortaya cikarir. Ayrica, yapay fonksiyon veya
indirgenmis sekil olarak onerilen basitlestirmeler bu davranisin modellenmesinde

gucludur.

Bunlara ek olarak, diisiim egrisi analizinin temel 6zellikleri ¢atlakli seyl rezervuarlari
icin test edilmistir. Hiperbolik diisim egrisinde kullanilan “b” parametresinin
zamana bagliligi duyarlilik analizi ile farkli rezervuar 6zellikleri i¢in belirlenmistir.
Onerilen yapay fonksiyonlar kullanilarak bu senaryolar icin “b” parametresi elde

edilmistir ve sonuglar gergek degerleriyle kiyaslanmistir.

Anahtar Kelimeler: Matriks-catlak transfer fonksiyonu, Sekil faktord, Seyl

rezervuarlari, Kararsiz akis, Cift-gozenekli rezervuar similasyonu
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CHAPTER 1

INTRODUCTION

In oil industry, Masters (1979) used resource triangle concept introduced by Gray
(1977) to evaluate the gas accumulation in low porosity-low permeability Cretaceous
sandstones in Canada. According to this concept, distribution of the natural resources
looks like a triangle where high-grade deposits are at the top of triangle by covering
smallest part of the triangle while low-grade deposits stay at the bottom and they
constitute much greater portion of the triangle. In terms of oil and gas resources, this

concept is depicted in Fig. 1.1.

Conventional Reservoirs
Small volumes that are
easy to develop

Unconventional
Large volumes
that are difficult

to develop il Coalbed —
; Methdle

Improved technology

Increased pricing

a
-
a
-

.
Dil Shale

Figure 1.1: The resource triangle for oil and gas deposits (Martin et al., 2010)

However, having enormous amount of unconventional resources doesn’t necessarily
end up with favorable economic results. Holditch (2006) emphasized on
commerciality by defining tight gas reservoir as “a reservoir that cannot be produced
at economic flow rates nor recover economic volumes of natural gas unless the well
is stimulated by a large hydraulic fracture treatment or produced by use of a

horizontal wellbore or multilateral wellbores”.



United States (US) is the leading country to utilize horizontal drilling and multi-stage
hydraulic fracturing technologies to its giant tight oil/gas and shale oil/gas plays (see
in Fig. 1.2).
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Figure 1.2: Major tight oil and shale gas plays in United States (EIA (2021a))

As shown in Fig. 1.3, multi-stage fractured horizontal wells in shale and tight
reservoirs of US has increased country production (red line) from 5 million barrel
per day (MMstb/d) in 2008 to record level of 12.5 MMstb/d in 2019. Eagle Ford,
Bakken and Permian (Spraberry, Wolfcamp and Bonespring) are major contributing
shale plays to this production. Similarly, the US gas production has almost doubled
and reached to daily total gas production of 120 billion standard cubic feet per day
(Bscf/d) in 2021 (red line in Fig. 1.4), where almost 75 Bscf/d of it comes from shale
reservoirs. Currently, Marcellus, Permian, Haynesville and Utica shale plays are

dominating the shale gas production in US.
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Figure 1.3: Effect of tight oil production in US total oil production (EIA (2021b))

US Dry Shale Gas Production
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Figure 1.4: Effect of dry shale gas production in US total gas production (EIA
(2021c))

Achieving high oil and gas production from these reservoirs has led to enter many
new companies into this business. To assign fair value, both buyer and seller need
reliable performance prediction of an associated asset. Generally, practitioner
engineers in oil industry prefer to use classical historical analysis techniques even
though underlying assumptions of these techniques are not valid for these new

reservoirs. In performance prediction, commonly used techniques are decline curve



analysis, analytical or semi-analytical models and numerical reservoir simulation,

specifically dual-porosity simulation.

This study aims to revisit validity of existing dual-porosity reservoir simulation with
constant shape factors for fractured shale reservoirs. In order to assure accuracy,
different types of boundary conditions are considered in derivation of analytical
solutions for pressure diffusion. Validation of new time-dependent shape factors for
3D rectangular anisotropic matrix and proposed simplifications is carried out by
comparing results using fine scale single-porosity numerical models. Also, time-
dependent behavior of b-parameter used in hyperbolic decline curve analysis is

assessed for fractured shale reservoirs by sensitivity analysis.
The thesis is organized as:

- Chapter Il covers literature review of existing techniques in performance
prediction of hydraulically fractured wells in shale formations.

- Chapter Il presents statement of problem.

- Chapter IV provides derivation of time-dependent shape factors for different
boundary conditions and their validations.

- Chapter V shows sensitivity of b-exponent in hyperbolic decline curve
analysis.

- Chapter VI summarizes conclusions and recommendations for future studies.



CHAPTER 2

LITERATURE REVIEW

This chapter begins with fundamentals of shale reservoirs. Main features of their
geology, key reservoir parameters and transport mechanisms are provided. Then,
current techniques in reservoir modeling to perform production forecasting, starting
from simple to complex one will be reviewed. In this respect, first decline curve
analysis, which is a simple emprical method is discussed. After that, analytical and
semi-analytical models, which are idealized models of reservoirs are analyzed.
Finally, details of numerical reservoir simulation methods, particularly dual-porosity

formulation in fractured formations are given.

2.1 Fundamentals of Shale Reservoirs

Shale formations are very fine-grained sedimentary rocks, mostly comprised of silts,
muds and clays. Apart from shales, many tight carbonate formations exist in the
world. Even though most shales are clastic, carbonate components can be present as
well. Concurrent deposition of very fine-grained organic material with silt, mud and
clay generates shales in the form of laminated layers. Depending on thermal maturity
and kerogen type, the organic content converts shales to source rock filling to
conventional oil and gas reservoirs. Huge amount of remaining hydrocarbons in
extremely low permeability source rocks is the current target for multi-stage
fractured horizontal wells (Ahmed and Meehan (2016)).

Total organic carbon content (TOC, weight%), kerogen type, thermal maturity,
mineralogy, brittleness, presence of natural fractures, stress regime, expected HC
type, thickness, porosity, matrix permeability and pressure are some of the important

parameters that should be considered to assess economic viability of shale reservoirs



(Kennedy et al. (2012)). Generally speaking, Type-I and Type-II kerogen with TOC
greater than 2% and vitrinite reflectance (Ro) values of 0.5% to 1.1% are good for
shale oil reservoirs (For example deposited in deep lake environments of China)
while Type-Il kerogen with TOC greater than 3% and R, values of 0.6% to 1.5% are
common in US marine shale oil reservoirs (Jiang et al. (2016)). Shale gas plays have
mainly Type-I11 kerogen with TOC greater than 2% and R, values of 1.1% to 1.5%
(Rezaee and Rothwell (2015)). In terms of fracability, shales deposited in marine
environment tend to have lower clay content and more brittle materials like quartz,
feldspar and carbonates, which make them better candidates for fracking. However,
non-marine shales with higher clay content are more ductile, thus they don’t respond
to fracking as favorably as marine shales (Ahmed and Meehan (2016)). Gandossi et
al. (2017) developed the following ranking methodology illustrated in Fig. 2.1 as
screening criteria to calculate oil and gas in place for countries in the European

Union.

Shale Gas/Oil System ranking

TOC/OM
Measured TOC,
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Average < 1.5% >1.5% known HC system
No — —— » 'NcTOCdata available,
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1000-5000m Class 1
N o Average > 7000 m < 1000 m Class 2
-—— —_—
or at the surface 5000-7000m Class 2
No depth measurement Class 3
Average < 20 m
N or no data 20-100m Class 1
o — — -100m Class 2
0.6—-1.1 Qil Class 1
a 2 Bi . <06 % >0.6 % 1.1—1.4 Wet gas Class 1
=s= egenic 1.4-3.0 Gas Class 1
No maturity indication Class 3
GIIP/OIIP calculation

Figure 2.1: Ranking system for shale resources based on TOC, depth, thickness and
maturity (Gandossi et al. (2017))

Varying pore sizes from nanometer to micrometer level creates complex matrix pore
network that could be classified with three main pore types. First one is interparticle
(interP) pores, which occur between particles and grains. The second one is



intraparticle (intraP) pores that are found within particles. In addition to these pores
in inorganic matter, which are formed by mechanical and chemical diagenesis,
organic matter pores, which are formed during maturation as intraparticle pores
within organic matter constitute the third type. Interparticle pores and organic matter
pores are important in terms of forming effective pore network due to their
interconnectivity (Loucks et al. (2012)). Authors enhanced early classification of
Choquette and Pray (1970) by adding nanopores and picopores. They also provided
a pore size classification under five different categories for mud rock pores as shown
in Fig. 2.2.

Rouquerol et al.
(1994) Pore-Size
Classification

Pore-Size
Classification

256 mm
1cm Macropore
Macropore
Mesopore
1T mm
Micropore
1 um
Nanopore Mesopore
1 nm 1— Ry
Picopore .
l<—Methane = 0,38 nm Micropore
|<—Water = 0.28 nm

Figure 2.2: Comparison of pore-size classification with another one proposed by
Rouquerol et al. (1994) (Loucks et al. (2012)).

Considering various pore types, it is quite challenging to measure porosity whether
it is total or effective (Fig. 2.3). Passey et al. (2010) showed disparities in calculated
porosity and permeability values from different laboratories for the same sample,
which is cord at the same depth to prevent vertical variability. Typical values of total
porosity in shale reservoirs are in the range of 5 to 12% (Bratovich and Walles
(2016)).
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Figure 2.3: Pore space distribution of organic rich shale matrix (Passey et al.

(2010)).

Nelson (2009) measured pore throat size for sandstone, tight sandstone and shale

samples collected in US and Canada. He considered not only rocks but also

molecular diameters of some liquids such as methane, water and mercury on

logarithmic scale as illustrated in Fig. 2.4 to highlight fluid flow through fine-grained

source rocks. Smaller pore throat size results in extremely low permeability (Fig.

2.5), which limits wells to reach economical flow rates unless they are hydraulically
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Figure 2.4: Logarithmic difference in pore throat size measurements (Nelson

(2009))
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Figure 2.5: Permeability ranges associated with reservoir types requiring hydraulic
fracturing (King (2012)).

Due to presence of multi-scale multi-pore systems in these formations, Javadpour et
al. (2007) claimed that Darcy flow models originated from Navier-Stokes equation
shouldn’t be used to simulate shale gas production behavior (see in Fig. 2.6). Authors
calculated Knudsen number, which shows the degree of deviation from continuum
flow (Darcy flow) for gas mixture as a function of pressure as seen in Fig. 2.6.
Knudsen number smaller than 0.001 results in no-slip flow, so Darcy flow is valid.
However, Darcy’s law is not applicable at high Knudsen numbers ranging from
0.001 to 0.1, where slip-flow conditions exist. In this region, Knudsen diffusion
should be used as transport mechanism instead of Darcy flow. Multi-scale flow from
multi-porosity systems in shale reservoirs has not been understood clearly. The main
transport mechanism (i.e. diffusion, convection or desorption) is still a hot topic for
discussion and has not been agreed on yet (Sun et al. (2015)). In addition stress
dependent reservoir properties and complex fracture network formed by hydraulic
fractures and in-situ (induced or not induced) fractures foster challenges in
understanding and modeling of fluid flow in ultra-tight source rock (shale oil and

shale gas) reservoirs.
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Figure 2.6: Multi-scale gas flow with different transport mechanisms (modified
from Javadpour et al. (2007))

2.2 Decline Curve Analysis

Decline curve analysis has been used for many decades in the oil and gas industry
for performance prediction, expected ultimate recovery (EUR) calculation and
reserve estimation. Its practicality comes from not only its simplicity to use because
it is just a curve fitting technique, but also it requires minimum resources as well as
minimum data (i.e. rate and time). Therefore, one can easily perform production
forecasting in quite large number of wells within very short time compared to other
methods. Beyond that many commercially available software have advanced

functionalities that enables automated decline curve analysis.

The term “decline” in this respect was first used in oil industry by Arnold and
Anderson (1908). Decline was expressed as production drop percent per month.
Lewis and Beal (1918) plotted percentage decline and cumulative percentage decline
vs. time curves called as appraisal curves based on initial production rate in order to
estimate future production for different leases. Observations in various oil field
decline curves has led Cutler (1924) to use log-log plot for more reliable straight-

line relationship which suggests a hyperbolic decline instead semi-log plot which
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provided pessimistic results. The “loss-ratio” method was introduced by Johnson and
Bollens (1927) as a novel statistical method for extrapolation of decline curves.
Authors defined loss-ratio and its derivative as shown in below.

Loss-ratio = — — 1)

Derivative of Loss-ratio =6 — — — — 2)

Contributions of many other authors to decline curve analysis before 1945 was
summarized by Arps (1945) who is famous with providing mathematical equations

for exponential and hyperbolic decline in terms of two distinct loss ratio case.

Accordingly, exponential decline, which has a constant loss ratio (1/D) is defined as:
no nQ @)

where 1] is initial flow rate, ‘O is nominal decline rate (or 1/loss-ratio), and O is

cumulative production time. In order to visualize this constant percentage decline as

a straight line, rate vs. time should be plotted on a semi-log paper where slope is O

(or -1/ loss-ratio). In case of rate vs. cumulative relationship, a cartesian plot should

be used to obtain straight line.

By assuming first difference of loss-ratio is constant or nearly constant, hyperbolic

decline can be formulated as:
no —— (4)

where b is Arps hyperbolic decline exponent (or first derivative of loss-ratio) and O
is initial decline rate or inverse of initial loss ratio at 6=0. In contrast to exponential
decline, decline rate is not constant, rather it is varying and decreasing according to
the given formula below (Kupchenko et al. (2008)):

00 — &b (5)
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As opposed to exponential decline case, a straight line is obtained from rate vs. time
on log-log plot with a slope of -1/b. The same log-log plot can be used for rate vs.
cumulative relationship. However, both requires some shifting and attention during
extrapolation. It is worth to mention that Eq. 4 is more generalized form of decline
curve analysis such that extreme values of b results in exponential decline (b=0) or

harmonic decline (b=1), which is a special case of hyperbolic decline.

Use of classical decline curve analysis in unconventional wells results in b values
greater than unity showing that hyperbolic decline model becomes unbounded.
Maley (1985) was the first to report a b value greater than unity during curve fitting
of historical production for a tight gas well and questioned proper implementation of
this method in order to avoid misleading EUR estimations. Rushing et al. (2007) also
showed significant overestimation in EUR calculation by conducting classical
decline curve analysis in tight formations. The reason for this overestimation is that
existing data in unconventional wells are generally in transient flow period due to

reservoir rock’s tightness, violating boundary dominated flow assumption.

To overcome this problem, two different approaches have been suggested. Several
studies preferred to use existing Arps hyperbolic decline model (Kupchenko et al.
(2008), Fulford and Blasingame (2013), Xiong et al. (2017), Varma et al. (2018) and,
Tugan and Weijermars (2020)) while investigating behavior of time-dependent b
exponent using simple semi-analytical and numerical reservoir models. It has been
shown that b exponent follows a different pattern for each individual flow regime
(Fig. 2.7). As a result, multi-segment DCA was suggested and specific values for b
exponent associated to each flow regime were estimated. Fulford and Blasingame
(2013) presented calculation of b exponent using Gompertz logistic function for

decline of gas production in a simple fractured well model.
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Figure 2.7: Variation of b exponent with flow regime based on symmetric reservoir
model bounded by two no-flow boundaries (Modified from Varma et al. (2018)).

Second approach in eliminating failure of Arps hyperbolic decline model in tight
wells is using different rate-time relations. To constrain hyperbolic model with b
greater than unity, Robertson (1988) introduced modified hyperbolic decline by
dividing historical production into two periods at which first period is modelled by
hyperbolic decline. Once the instantaneous decline reaches ‘O , exponential

decline is used during last period starting from switch point.
no 4 , (6)

llk et al. (2008) revisited constant loss ratio case used in Arps exponential decline
model and approximated loss ratio in the form of decaying power function at which
late time responses are constant. Final form of power law exponential decline model
(PLE) is given as:

N onNe © ()

where 1) is rate intercept (notr] ), O is decline constant at infinite time, ‘O is another

decline constant and it equals to ‘O ¢, where € is time exponent.
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Observations from decline trends in group production of large number of shale gas
wells led Valko (2009) and, Valko and Lee (2010) to introduce another empirical
decline model called stretched exponential decline model (SEPM). The rate-time
formula of SEPM is provided as:

n 1o (8)

where 11 is maximum (or initial) production rate, 1} is produced gas in
period(mscf/month), O is period (# of months), ¢ is model parameter and T is
characteristic time constant. Gamma function and incomplete gamma function were
used to determine model parameters of € and 1 from historical production by solving
non-linear equations. The most important advantage of this model over Arps decline
method is to bound EUR estimations without cutoffs in time or rate for shale wells,
which have typically unbounded nature (b>1) in Arps model. However, historical
production should be long enough to assign model parameters accurately in SEPM
(Zuo et al. (2016)).

Duong (2011) recognized that log-log plot of 1j "O vs. time in unconventional wells
shows a linear trend and derived an empirical decline model based on long-term
linear flow named as fractured-dominated flow. The negative slope of “ & 7 (& is
generally higher than unity for unconventional wells) and intercept of “w” on the
log-log plot are two parameters to make forecast by using Duong’s model, where
flow rate is calculated based on:

n no O 9)
where 1 is flow rate at first day. He showed various examples for different
hydrocarbon production cases and suggested certain steps to get reliable EUR
estimations from this method. Since Duong model relies only on transient flow
period, Joshi and Lee (2013) proposed modified Duong’s model by forcing 1 to
zero and switching to hyperbolic decline when decline rate-O becomes %5 for wells

having long historical production with boundary dominated flow regimes to avoid

misleading remaining production estimates. EUR estimations for varying length of
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production changed least in Power law exponential decline model and modified
Duong model (Meyet et al. (2013)).

Clark et al. (2011) proposed Logistic Growth Model by adopting its general form to
hyperbolic one to represent decline behavior observed in low permeability
reservoirs. Model parameters are assigned from cumulative oil and gas production
and instantaneous rate is calculated by derivative of cumulative production with

respect to time as shown in below:
n — — (10)

In addition to these methods, there are other methods like extended exponential
decline and fractional decline models. Tan et al. (2018) provided a comprehensive
summary of these methods and listed their advantages and disadvantages for shale

gas reservoirs (Table 2.1).

Table 2.1: Common Decline Models for Hydraulically Fractured Tight Rocks
(modified from Tan et al. (2018))

Decline Model Author Rate-Time Equation
Arps Hyperbolic Decline _ T
q(t) i
Model Arps (1945) (1+ bD,t)"s
Modified H bol1 at D=D
°D Tm ;’fe;e;’ e Robertson (1988) | ¢ = { (1 + bD,t)/) temie
ecline Mo
qle(_Df[mzzt)- D = Dy
Power Law Exponential o S
B b Tik et al. (2008) a = Gie[~Du.t — D,t"]
Stretched Exponential . e "
N Valko (2009) q = qe=(%)
@ 1—m
Duong Model Duong (2011) q = gy t~meT=mlt ")
K -‘\tn—l
Logistical Growth Model | Clark et al. (2011) g =12
(a+ tm)?

To sum up, no matter which model is used, the fundamental drawback of decline
curve analysis is that none of these methods has physical background. Accuracy of

measured rates, presence of noise in rates, length of the historical production and
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whether it is still in transient or boundary dominated period are important points to
be checked before selecting any model and predicting future performance. In
addition to these, any interference to subsurface and/or surface during historical
production should be determined and its effect on existing trends as well as effects

of planned actions in the future should be considered.

2.3 Analytical / Semi-Analytical Models

As opposed to decline curve analysis with lack of physics, analytical models include
fundamental physical concepts occurring in fluid flow. They are simplified versions
of reality with idealized treatment of reservoir conditions, flow regions and
production scenarios in order to solve partial differential equations in an efficient
way. Even though these simplifications may lead to some errors during prediction,

their quick implementation is a major advantage over numerical reservoir simulation.

Multi-stage fractured horizontal wells (MFHWS) in unconventional reservoirs
exhibit transient linear flow for a long time. This observation has led to development
of analytical linear models in order to model historical production of these wells and
perform future predictions. The common methodology followed in analytical
modeling is solving diffusivity equation for defined case in Laplace domain (or other
transform methods like Fourier Transform) and inverting numerically to real time
domain when analytical inversion is not possible or convenient, which makes such
models semi-analytical. These models can vary significantly from each other
because of assumptions made during derivation. Reservoir boundary, number of
flow regions, type of dual porosity, matrix geometry, equation of state, stress-
sensitivity of reservoir parameters, wellbore effects like storage and skin, boundary
conditions and other concepts specific to gas cases such as desorption and non-Darcy
flow are some of the main aspects in having different analytical models. Many
analytical models exist because of these reasons, therefore only commonly used

models are described with their distinctive features.
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In petroleum engineering literature, many authors like Prats et al. (1962), Gringarten
et al. (1974) and, Cinco-Ley and Samaniego (1981) studied complicated cases for
fractured vertical wells. However, dominant flow regime in their cases was pseudo
radial flow after short duration of linear flow. Also, constant rate solution was
common to analyze PBU curves as opposed to constant pressure solutions used for
long-term production analysis (Wattenbarger et al. (1998)). New transient solutions
to linear dual porosity model of Aguilera (1987) were provided by El-Banbi (1998)
for various inner and outer boundary conditions as well as pseudo-pressure
correction for gas in order to analyze fractured tight gas well performance. Bello
(2009) extended this transient model in a bounded rectangular reservoir with slab
matrix as shown in Fig. 2.8 and included convergence skin to account for distortion
of flow from linear to radial around wellbore in actual horizontal well. He identified
five flow regions and developed asymptotic analysis equations to be used in rate

transient analysis of shale gas wells.

matrix
fractures

Figure 2.8: Conceptual model of slab matrix linear model in hydraulically fractured
well (Bello (2009)).

Brown et al. (2009) introduced trilinear model (TLM) as depicted in Fig. 2.9 for
MFHWSs in shale reservoirs and derived asymptotic approximations, which are

limiting forms of main equation for early, intermediate and late time to assign critical
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reservoir parameters. The mathematical model consists of outer reservoir region
beyond stimulated rock volume (SRV), dual-porosity inner reservoir region and
hydraulic fracture medium. The flow is modelled by sequential 1D linear flow in
each isotropic medium. Matrix-fracture transfer model in dual-porosity inner region
can be either pseudo-state (Warren and Root (1963)) or transient (Kazemi (1969),
De-Swaan (1976) and Serra et al. (1983)) by appropriate f(s) parameter which also
allows reducing dual porosity to single porosity in case of f(s)=1. Choking effects,
wellbore storage and pseudo-pressure formulation for gas cases were included in the

solution.

Ve =def2
- ™~

OUTER RESERVOIR
Ko, . os Cto

P L

(

HYDRAULIC
FRACTURE
KE, W, - F, Cte

Xe

“+— INNER RESERVOIR —
P — NATURALLY L8
i FRACTURED et
< ke, . 1 G

Kms - ms Ctm

Xg

HORIZONTAL WELL

Figure 2.9: Trilinear conceptual model for three contiguous media (Brown et al.
(2009))

A triple-porosity model was presented by Al-Ahmadi (2010) by extending linear
dual-porosity model (Bello (2009)) to incorporate flow from micro-fractures. As
illustrated by Fig. 2.10, sequential 1D linear flow occurs initially from matrix to
micro fractures, then the from micro-fractures to macro-fractures. Only macro-
fracture can flow to the wellbore. Analytical solutions were also provided for sub-
models of triple-porosity with different inter-porosity flow assumptions either
transient or pseudo-steady state, between each medium. Numerical reservoir

simulation was used to verify proposed analytical solution. Fully transient state
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model was used to identify flow regions observed in rate transient analysis and
associated reservoir parameters were determined by using Least Squares (LS)

method as a non-linear regression technique.
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Figure 2.10: Top view of Triple-porosity model with sequential flow (Al-Ahmadi
(2010))

Ezulike and Dehghanpour (2014) proposed a quadrilinear flow model (QFM) for
reasonably high matrix-hydraulic fracture interaction cases to eliminate misleading
interpretation of reservoir parameters from existing sequential flow models where
matrix-micro-fracture communication is much more dominant. The sequential
depletion assumption used in those models were relaxed by allowing matrix region
to simultaneously feed into both micro-fractures and hydraulic fractures as seen in
Fig. 2.11. Constant pressure and constant rate solutions were obtained in Laplace
space and numerically converted to real time by Gaver-Stefhest algorithm. The QFM
was validated against existing triple-porosity and linear dual porosity via type-

curves.
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Figure 2.11: Simultaneous matrix flow into MF and HF in QFM model (Ezulike and
Dehghanpour (2014))

To simulate complexity in reservoirs with MFHWSs, Stalgorova and Mattar (2013)
subdivided reservoir into five regions in trilinear model (Brown et al. (2009)) and
amalgamated it with enhanced fracture region model (Stalgorova and Mattar (2013))

to construct a general flow model called five-region model (FLM).
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Figure 2.12: Symmetric element of five-region model-one-quarter of a hydraulic

fracture (Stalgorova and Mattar (2013))

20



As seen in Fig. 2.12, Region 1 represents enhanced permeability region nearby
hydraulic fracture while Region 2, Region 3 and Region 4 corresponds to
unstimulated reservoir sections. Constant rate solution including wellbore storage
and choking skin was obtained by solving 1D linear diffusivity equations, and its
accuracy was benchmarked with fine scale numerical model. Authors also showed
that provided solution is valid for different reservoir size if stimulated zone is not too

small compared to whole reservoir.

To model contribution of unstimulated reservoir region in case of partially
penetrating fracture, Zeng et al. (2016) added two upper/lower regions (Region 5 and
Region 6) to existing five-region model as illustrated in Fig. 2.13 and named it as
seven-flow-region model. 1D linear flow was assumed to occur in each flow region

and model verification was carried out by well testing software.
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Figure 2.13: Symmetric element of seven region flow model (Zeng et al. (2016))

As mentioned previously, these models rely on simplified assumptions to allow that
diffusivity equations can be handled easily. The most common assumptions of these

models are:

1 Hydraulic fracturing effects on pressure and saturation of defined regions are

neglected and reservoir is treated as undisturbed at t=0.
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1 Fully penetrating well at the center of a closed reservoir with equally spaced
hydraulic fractures.
1 Homogeneous and isotropic regions.
1 Single phase slightly compressible fluid with constant viscosity.
1 Constant reservoir properties.
1 Wells are producing at either constant rate or constant bottom-hole pressure
However, reality is much more different than these assumptions. These
simplifications were eliminated by adding new functionalities, which obey
underlying physics of related phenomena. Ren and Guo (2015) came up with a novel
semi-analytical model to represent reservoir heterogeneity by different fracture
lengths, different fracture spacing, various angles between the fractures and the
horizontal well, fracture asymmetry, and partially penetrating fractures. Zeng et al.
(2019) extended seven-flow-region model (Zeng et al. (2016)) by splitting fracture
region into four new regions in order to model fracture damages like choked section
at nearby wellbore, partially propped section at nearby tips and other damages at
fracture face. Traditionally, variation of liquid properties and rock properties in
single phase oil flow is ignored. In case of single-phase gas flow, using pseudo-
pressure (Al-Hussainy and Ramey (1966)) and pseudo-time (Agarwal (1979)) allows
to linearize diffusivity equation for changes in fluid properties. Qanbari and Clarkson
(2013) implemented pseudo-pressure formulation while Roadifier and Kalaei (2015)
and, Stalgorova and Mattar (2016) used both pseudo-pressure and pseudo-time for

single phase oil flow to estimate reservoir parameters accurately.

In addition to variation of fluid properties, major changes occur in rock properties,
i.e. porosity and permeability. Reduction in pore pressure due to fluid withdrawal
increases net stress on the rock, which ultimately decreases porosity and permeability
of the flow elements. Considerable drop in reservoir permeability significantly
affects EUR and well economics in a negative manner. Change in reservoir property,
especially permeability as a response to change in net stress was handled by either

pseudo function method (Raghavan et al. (1972)) as in the case of variable fluid
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property. Pseudo-function approach has been applied to stress-sensitive natural
fractures by Ozkan et al. (2010) and Cho et al. (2013) for shale gas. Tabatabaie et al.
(2017) applied both pseudo-pressure and pseudo-time formulation for liquid flow in
hydraulically fractured formations with pressure-dependent permeability. The
pseudo-time was calculated based on average reservoir pressure within the region of
investigation proposed by Anderson and Mattar (2007). Molina (2019) extended
trilinear flow model by adding exponential pressure-dependent rock and fluid
properties, which increases non-linearity of partial differential equations for single-
phase, slightly compressible fluid flowing at constant rate. Another method to tackle
non-linearity of the problem is Pedrosa’ perturbation technique where permeability
modulus as a parameter in power series expansion for solution transforms nonlinear
boundary value problem in a sequence of linear problems (Pedrosa (1986)) is
introduced. Some authors (Wang et al. (2015), Wang and Wang (2016), Chen et al.
(2016), Ji et al. (2017), Huang et al. (2019)) implemented this technique to analyze

transient behavior of shale reservoirs having stress-sensitive permeability.

Shale gas modeling requires special attention due to its complex transport
mechanism such as slip flow, diffusion and desorption. Having adsorbed gas on the
surface of organic matter, non-Darcy flow in hydraulic fracture and stress-sensitive
reservoir parameters add other challenges to its modeling. A recent semi-analytical
model presented by Yu et al. (2017) incorporates a revised diffusivity equation,
which considers all the major gas transport mechanisms with segmented complex
non-planar fracture in order to replicate reality as much as possible. Tao et al. (2018)
developed a fractal-anomalous diffusion based analytical model to enhance existing

modeling capability for heterogeneous shale matrix and complex fractures.

Apart from the summarized models in this section, many other analytical/semi-
analytical models have been developed with different simplified assumptions. Using
them like a black box without knowing underlying assumptions can result in
misleading interpretations. Therefore, selecting proper model with available data is
a must before using it for any production forecast study. Including fundamental

physical concepts occurring in fluid flow and its easiness to use allow engineers to
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perform many analyses with analytical/semi-analytical model in a limited time as
opposed to numerical reservoir simulation. However, change in pressure and
saturation of defined regions due to hydraulic fracturing is neglected. Hence, model
initialization is not physically correct in these models.

2.4 Numerical Reservoir Simulation

Instead of using single-averaged value for a reservoir property as in case of analytical
model, spatial variation of a reservoir property can be modelled by numerical
reservoir simulation. Also, pressure and saturation changes as a result of fracking are
considered. The numerical reservoir simulation can model multiple wells,
multiphase flow and heterogeneous reservoir properties in a 3D environment, which

are not possible by analytical models (Vassilellis et al. (2016)).

The most commonly used approaches in numerical reservoir simulation of
unconventional reservoirs are dual-porosity/dual-permeability (DP/DK) with local
grid refinement (LGR) and discrete fracture model (DFM) (Jiang and Younis
(2016)). LGR is used nearby hydraulic fracture to calculate transients accurately
while dual permeability stands for matrix and small-scale fractures (Rubin (2010)).
The main drawback of this approach is that hydraulic fractures should follow matrix
grid alignment. Therefore, complex fracture network with non-ideal fracture
geometries cannot be modeled by this approach unless some simplifications are
assumed. The discrete fracture model (DFM) can overcome this limitation by
generating unstructured grid on the basis of fracture geometry without any
simplification. However, its high computational cost and complex setup discourage
its application for history matching and optimization at the field level (Xue et al.
(2019)). The embedded discrete fracture model (EDFM) was introduced by Li and
Lee (2008) as a hybrid finite volume method to simulate multiphase flow in a field-
scale naturally fractured reservoir. In this numerically efficient hybrid model, large
fractures are modeled by discrete fracture networks while small and medium

fractures are modeled by effective permeability. The lower computational cost and
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high-resolution modeling capability led to get consideration from many authors
(Jiang and Younis (2016), Ren et al. (2017), Yang et al. (2018) and Xue et al. (2019))

to be used in unconventional reservoir modeling.

Numerical reservoir simulation is a very powerful and reliable tool for modeling of
unconventional reservoirs. It allows users to model multi-scale, multiphase fluid
flow with heterogeneous rock and fluid properties under varying
production/injection schedule and volume. On the other hand, enough and reliable
data honoring aforementioned functionalities should be available to create a detailed
model and carry out production forecast after history match. Without having enough
data, which increases uncertainty, multiple reservoir models with different set of
reservoir parameters could end up with same results. This questions, which model

represents reality and should be used during forecast.

To sum up, numerical reservoir simulation with proper implementation replicates
reality much better than other methods. However, it requires much more data, well-
trained personnel, time and other resources compared to simpler methods like

analytical models and decline curve analysis.

24.1 Dual-Porosity Approach

Since fractured rocks have complex geological and dynamic features, modeling of
proper modeling of such formations is challenging. Also, matrix and fracture
properties are different with orders of magnitude differences such that numerical
approaches have difficulty in handling it in a stable and efficient way. Two
commonly used formulations in simulation of fractured rocks are single medium
(porosity) and dual-medium (porosity) approaches. In single porosity (SP)
formulation, intrinsic properties are defined for each cell at its specific location.
Therefore, there is no transfer term to perform flow calculations. Fractured basement
rocks or high permeability reservoirs that have extremely low secondary porosity are

good candidates for single-porosity modeling. However, complex nature of fracture
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system doesn’t allow engineers to identify fracture properties such as fracture
geometry and flow properties spatially. Discrete fracture network (DFN) models
could solve such problems by generating these properties stochastically for each
fracture. However, such explicit definition requires much more computational time
than classical way to solve equations. Therefore, DFN modeling is not very efficient
for routine studies. As opposed to this approach, averaged values of reservoir
properties over representative elementary volume for each matrix and fracture cell

are used in dual-porosity (DP) formulation.

The dual-porosity concept was introduced by Barenblatt et al. (1960) for modeling
fluid seepages into fissured rocks. Warren and Root (1963) adopted this concept to
oil industry by introducing “sugar-cube” model. In this idealized model, uniform
fractures and separated cubic matrix blocks represent naturally fractured reservoir as

shown in Fig. 2.14.

VUGS MATRIX FRACTURE MATRIX FRACTURES

ACTUAL RESERVOIR MODEL RESERVOIR

Figure 2.14: Simplified model for naturally fractured reservoir (Warren and Root
(1963))

The first key assumption in dual-porosity simulation is that there is no flow within
matrix itself. Instead, matrix can only flow to fracture. This assumption eliminates
the need of discretization of matrix and matrix contribution is handled by a source
term in fracture diffusivity equation. For the sake of simplicity, several authors

including Barenblatt et al. (1960) and, Warren and Root (1963) related inter-porosity
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flow term with pressure difference between average matrix pressure and fracture
pressure (Fig. 2.15). In other words, transfer term is linear function of this pressure

difference.

X
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Figure 2.15: Pressure definitions for dual-porosity simulation (modified from
Warren and Root (1963))

Accordingly, they defined inter-porosity flow term as (mathematical details are

provided in Chapter 4):

_ WP _ o kafp B
q= (fct)mwm— -;1,:u77(Pf Pm) (11)
where, 1} is volumetric flux per unit time per unit total rock volume (L3/L3xT), %ois
matrix porosity (fraction), ¢ is total compressibility of the matrix (LxT%M), Q is
matrix permeability (L?), * is fluid viscosity (M/LxT), 0 is mean matrix pressure
(M/LxT?) while 0 is mean fracture pressure (M/LxT?) and & is unit conversion

factor (it is unity for Darcy unit system and 0.006328 for field unit system).

This linear relationship is based on the pseudo-steady state flow condition for matrix,
which is 2" important assumption. Under this condition, pressure disturbance at
matrix boundary reaches to center of the matrix block (dashed line in Fig. 2.16)

within very small time (0  @). In other words, transient flow period (solid lines in

Fig. 3.2) is neglected.
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Figure 2.16: Pressure profile for a matrix block

Both authors used transfer function (or shape factor) to calculate inter-porosity flow
between matrix and fracture. Barenblatt et al. (1960) related shape factor with square
of total fracture surface area per unit rock volume, having unit of area™. On the other
hand, Warren and Root (1963) expressed it in terms of number of fracture sets and
matrix characteristic dimension with following equation:

s = 4n(n+2)

|2

(12)

where, ,, is shape factor (1/L?), £ is number of normal sets of fracture while ¢is
characteristic dimension (L). This characteristic dimension was defined for 3D, 2D

and 1D matrix geometry, respectively:

_ 3abc | = 2ab
" (ab+bc w&c)’ "7 (a+h)

|, =a (13)

where, ¢) Mand tare matrix dimensions (L) in X, y and z- direction, respectively. On
the other hand, Chang (1993) represented shape factor from Darcy’s Law perspective

as:

s=_ A (14)
VDL

where, 8 is area open to flow (L?), cis volume of the matrix (L) and Y0 is distance

between point of matrix’s average internal pressure and point of fracture pressure

(L).
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Warren and Root (1963) solution was extended by Kazemi et al. (1976) for modeling
two phase water-oil flow using finite difference simulator without gravity term by
introducing a different shape factor definition. Coats (1989) doubled shape factor
values proposed by Kazemi et al. (1976) for quasi-steady state single phase flow.
Later, Ueda et al. (1989) came up with a similar proposal such that Kazemi’s shape
factor should be doubled and tripled for 1D and 2D flow, respectively. De-Swaan
(1990) found new shape factors for slabs and cubes from semi-analytical solution of
unit-step pressure change in the fractures. Chang (1993) considered different
boundary conditions and provided shape factors for 1D, 2D and 3D rock matrix for
pseudo-steady state flow period. In derivation of shape factors, Lim and Aziz (1995)
used approximations to pressure diffusion equations like Zimmerman et al. (1993)
by taking only first term in the infinite sum series. As it can be seen in Table 2.2,
some of the proposed shape factors are different although same matrix geometry is
used. More recently, Rangel-German et al. (2010) highlighted that shape factors are
process dependent. Therefore, an appropriate shape factor based on flow mechanism
should be chosen. Another important aspect of shape factors is that, they are constant

throughout simulation time.

Table 2.2: Shape Factor Comparison

Shape Factor*L? (Rectangular Matrix) OR Shape Factor*R? (Cylindrical or
Spherical Matrix)
Matrix | Warren | Kazemi | Coats | Ueda | De- | Chang | Zimmerman | Lim
Geometry and etal. | (1989)| etal. | Swaan | (1993) | etal. (1993) | and
Root | (1976) (1989) | (1990) Aziz
(1963) (1995)
Slab 12 4 8 8 15 2 2 2
Bar 32 8 16 24 - 2m2 2m? 2m2
Cube 60 12 24 - 60 32 32 32
Cylinder - - - - - 8 5.784 5.784
Sphere - - - - - 15 2 2
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CHAPTER 3

STATEMENT OF PROBLEM

As mentioned in previous section, transfer rate between matrix and fracture in
classical dual-porosity simulation depends on pressure difference between average
matrix pressure and fracture pressure linearly. However, this linear relationship is
due to assumption of pseudo-steady state flow condition in matrix such that any
pressure disturbance at matrix boundary is felt at matrix center immediately.
Therefore, transient flow period within matrix is not taken into consideration. Under
this assumption, a single value of shape factor can be used throughout whole

simulation period to calculate inter-porosity flow term.

Duration of transient flow depends on matrix reservoir properties and its shape. Shale
formations have extremely low permeability, which results in long period of
unsteady-state flow. As opposed to pseudo-steady state flow condition, pressure
behavior is non-linear in transient flow period. Therefore, linear relationship
between inter-porosity flow term and differential pressure does not exist during this
period. In order to model non-linear pressure behavior during transient flow period
in existing dual-porosity approach, shape factor should be time-dependent instead of
being constant.

This study investigates accuracy of constant shape factor arising from this
assumption for different matrix geometries and assess accuracy loss in production
forecasts in fractured shale reservoirs. In this regard, analytical solutions of pressure
diffusion and associated time-dependent shape factors are derived for 3D rectangular
anisotropic matrix under different type of boundary conditions. Fine scale single-
porosity numerical models are used to benchmark new time dependent shape factors.
Several simplifications are proposed to mimic exact solutions for considered

problems.
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CHAPTER 4

TIME-DEPENDENT SHAPE FACTORS

This chapter starts with methodology section, which summarizes main steps
followed during derivation of time-dependent shape factors. After revisiting dual-
porosity formulation, new analytical solutions of pressure diffusion are derived for
3D rectangular anisotropic matrix under constant fracture pressure, constant rate and
constant fracture pressure followed by linearly declining fracture pressure boundary

conditions. Time-dependent shape factors are obtained accordingly.

4.1 Methodology

In this section, dual-porosity formulation and shape factor definitions are presented.
Once time-dependent shape factor is derived in its general form, three different type
of boundary conditions are studied for 3D rectangular anisotropic matrix. These are
constant fracture pressure, constant rate and constant fracture pressure followed by
linearly declining fracture pressure boundary conditions. After writing partial
differential equation (PDE) and associated initial (IC) and boundary conditions
(BCs) for pressure diffusion in matrix, their dimensionless forms are obtained from
defined dimensionless parameters. Then, analytical solution of pressure diffusion for
a given problem is achieved by appropriate solution technique. Finally, time-
dependent shape factors are calculated from pressure solution.

Before moving to validation, shape factor profiles are generated for extended
production period in order to cover extremely low permeabilities. Based on their
behaviors, some empricial functions and/or reduced forms of solutions are proposed
to mimic exact solutions. Verification of the derivations are done against fine-scale
single porosity numerical model, where reservoir properties are obtained from

literature. It is worth to mention that heterogeneties like bedding planes, lamination
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and mineral composition within matrix block are not considered as well as stress
dependency of reservoir properties in numerical modeling. In addition to dual-
porosity model with time-dependent shape factor obtained either from simplification
or from full-solution, classical dual-porosity model with constant shape factor is

constructed for comparison. Summary of the workflow is depicted in Fig. 4.1.

« Partial Differential Equation (PDE)
Defining | «Initial (IC) and Boundary Conditions (BCs)

Problem

* Dimensionless Form of PDE, IC and BCs
* Appropriate Solution Technique

Solving 3D Anisotropic Solution

Problem

s |sotropic Solutions for 1D (slab), 2D (bar) and 3D (cube) Cases
P|Otting * Proposed Empirical Functions and/or Reduced Forms
Solution

* Simulation of Fine-Scale Single-Porosity Numerical Model
¢ Simulation of Dual-Porosity Numerical Model having Constant Shape Factor
* Simulation of Dual-Porosity Numerical Model having Time-Dependent Shape Factor

Validating
Solution

Figure 4.1: Workflow for obtaining time-dependent shape factors

4.2  Dual-Porosity Formulation

The diffusivity equation of a single-phase slightly compressible fluid in fracture

medium is written as (Matthews and Russell (1967)):

k WP, (U, t)
6P D Y ) — (15)
Similarly, it can be written for matrix medium as:
¢, npp (u,.1) (fc), Halnt) (16)
m Mt
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Even though fractures constitute a small portion of the reservoir, it dominates fluid
transport. As a result, fracture diffusivity equation is written on total volume with
bulk properties in dual-porosity formulation. Matrix is main medium in total storage
capacity of system such that it is treated as a source term in the diffusivity equation
of fracture. Therefore, matrix domain is not discretized, which reduces computation
time. Since flow from matrix to fracture occurs only at matrix boundary (6 0),
it is not included in matrix diffusivity equation (Eq. 16). From Darcy’s Law, Duguid
and Lee (1977) calculated flux term between two mediums by integrating it over

matrix boundary (Fig 4.2) as:
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Figure 4.2: Matrix boundary open to flow.

Volume integration is used to find average matrix pressure and divergence theorem
allows converting volume integral of Laplacian term in matrix diffusivity equation
to surface integral (see Zimmerman et al. (1993) for details). Then, flux term
becomes:

1 k

— —”‘%dA:(fct)

m
Vm W, m “‘n

M = q.(uf 1) (18)
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Having an average matrix pressure of:

PL(U 1) == AP, (U, )V (19)
V

my,

m

Flow condition is assumed as quasi-steady state to calculate source term such that
transfer rate from matrix to fracture is a linear function of pressure difference
(Barenblatt et al. (1960) and, Warren and Root (1963)). Final relation of inter-
porosity flow term with respect to average matrix pressure and shape factor can be

written as:

q= .(fct)mu—j“: -s,%2(P, o) (20)

Then, time-dependent shape factor in dual-porosity approach becomes:

siy=2_1 MR (21)
h, P -P
Having a matrix diffusivity coefficient:
o= Cukn (22)
(fe), -

where, is Laplacian which takes specific form based on coordinate system
(cartesian, cylindrical or spherical), 6 is position vector, 0 is unit matrix volume ,
T w is matrix boundary, ¢ direction of outward unit normal vector to matrix, 1 is
volumetric flux per unit time per unit total rock volume (L%L3xT), %ois matrix
porosity (fraction), & is total compressibility of the matrix (LxT%/M), ,, is shape
factor (1/L%), "Q is matrix permeability (L?), * is fluid viscosity (M/LXT), 0 is
mean matrix pressure (M/LxT?) while 0 is mean fracture pressure (M/LxT?) and &
IS unit conversion factor (it is unity for Darcy unit system and 0.006328 for field unit

system).
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4.3  Constant Fracture Pressure Boundary Condition

General solution for pressure diffusion and associated time-dependent shape factor

are derived for a 3D anisotropic matrix (shown in Fig. 4.3).

L~ i

o
y
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x

Figure 4.3: 3D anisotropic matrix geometry.

For a single-phase slightly compressible fluid, diffusivity equation (partial
differential equation-PDE) in anisotropic matrix medium can be written as:

2P P ’p P 0O¢x a,
c.k,—+ck,— €k — — 23
UXHXZ uywz uzzi1 (:'{W)t 0¢y(u—y ()

0¢cz d,

where "Q, "Q and "Q are matrix permeability in x, y and z-direction, having fracture
spacing of 0 , 0 and O , respectively. Initial condition (IC) and constant fracture

pressure boundary conditions (BCs) for all directions are given below:

P(x,y,z,t=0) P (24)
ex=0&x L o=
Pey=0&y L gB =0 (25)
&€=0&z L, W=
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where 0O is initial pressure. To simplify original PDE given in Eq. 23, following

dimensionless parameters are used:

P-F & Xy, Lo, &t C“kxt—ﬂt(ZG)
P-P" 7 LT LT LT (Pl L

X y

P, =

where 0 is dimensionless pressure, @ , & and ¢ are dimensionless length in X, y
and z-direction, 0 is dimensionless time, — is diffusivity coefficient in x-direction

(L2/T). Finally, PDE in dimensionless form becomes:

2 2
CX H Plg +Cy ﬁPD _E: ﬂ) _PDI

WX Wt by 0
with coefficients of:
C, =1, C kyLi: C kL, (28)
A A A W ks

Initial condition (IC) and boundary conditions (BCs) in all directions are also written
in dimensionless form, such that:

PD(XD’yD,ZD’tD):O @t, 0 (29)

e, =0 & x, Lty &
e u
PD éyD =0 & yD 1’tD Ui (30)

&,=0&z, Llt, B

As seen in Eqg. 29 and Eq. 30, boundary conditions are not homogeneous. To apply
separation of variable technique, problem is converted to a homogenous one by
defining new dimensionless pressure (0 ). Accordingly, new PDE, IC and BCs

becomes:

i B (31)
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poE: ¢ HFon ¢ @D; c_Hy _Foll (32)

ot w T gt tp
IC: Py (X5, ¥5.25,0) 1 (33)
BCs: P, (boundaries,t;) O (34)

Based on those, analytical solution for new dimensionless pressure is obtained as

(derivation details are given in Appendix A):

. u_t_exp{-g(Zn 1)'c, (em 1ic, (2% 10 ,ﬁztD}

PDH(XD’yD,ZD’tD):Fn:Om?k0(:3 (2n+1)(2m '&)(Zk 1')
sing2n 1)px, gn (& 1) g, sing2k &) 1 g

(35)

It is worth to mention that same solution can also be obtained by product solution

technique as initial condition is suitable. By using relation in Eq. 27, 0 is found as:

P (X 7t )_1 E.n. 2 ﬂ;sxp{‘ g(Zn -H-_)ZCX (-Qm 1)-2|-Cy (Zkl‘ 1)202 ﬁztD}
o Xp1 ¥YpiZp:lp) = psa a a (2n+1)(2m -H_)(Zk 1.)

sing2n 1)px, gn (28 1) &, sing2k @) g

(36)

Using shape factor formula given in Eqg. 21, time-dependent shape factor is

calculated as:

2e§(2n+1)zcx {2m B'c, (% 1€, g > :
|
|

é a n;gexp{- g2n t)°c, (em 1)ic, (2v 1)°G gztD}
5oLl ﬁmm@ko‘f‘ ‘ (2n+1)(2m 4) (2k
Lo’ o e ;(_\axp{-g(Zn t)°C, (em 1fc, (2w 1)°G ,ﬁztD}
aaa (2n+1)*(2m 4) (2k

(37)
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For an isotropic case where Q =" Q ="Q="0and 0 =0 =0 =0, time-dependent

3D shape factor can be found as:

5'1 au§2n+l) fom ¥ (2% 1) +ﬂexp{‘ (fg )" (#m ¥ (2k+ 1) 2tg}
SSD(t):p_jnwm@k ¢ (2n+1) (2m ) (2 &’
L s o nexp[ g2n 4) 1) (em 2 (2¢ 1) ;gztD}
33 (e (&

(38)

In the literature, analytical solutions were obtained by same technique for different
shapes like cylinder and sphere to model either heat conduction (Carslaw and Jeager
(1959)) or diffusion (Crank (1975)). Based on these solutions, time-dependent shape
factors are calculated from Eq. 21. Summary of mean matrix pressure in

dimensionless form and time-dependent shape factors are given in Table 4.1.
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Table 4.1: Dimensionless Mean Matrix Pressure and Time-Dependent Shape Factors for Different Matrix Shapes

MATRIX
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where 0  — ofQ is the dimensionless time and Qis characteristic length equals
to either thickness (0) or radius ('Y) of matrix depending on matrix geometry. For
cylinder, T is the root of 1% kind of Bessel function with zero order such that

0 f L

From mathematical perspective, infinite sum series in time-dependent shape factor
formula are in decaying order such that adding new terms into the summation does
not change final sum. Thus, first term in the summation is enough and shape factor
becomes no longer time dependent. This is true if dimensionless time is higher than
0.1. Generally, this time is less than a day for most of the fractured reservoirs as
previously stated by Coats (1989) and Chang (1993). That’s why, linear pressure
profile with constant shape factor is a valid assumption for conventional reservoirs
since reaching pseudo-steady state flow condition is quite fast, resulting in loss of
accuracy being limited to only very early time. However, having three orders of
magnitude lower permeability than conventional reservoirs, tight rocks leads to same
order of reduction in dimensionless time while keeping remaining reservoir
parameters same for both cases. This reduction eventually increases required flow
period to reach pseudo-steady state flow conditions by three orders of magnitude. In
other words, transient period may last more than 1,000 days in a shale reservoir as
opposed to 1 day for a conventional reservoir mentioned above. As highlighted by
llk et al. (2016), this flow period can continue for most of the producing life of a well
producing in an ultra-low permeability reservoir. Under these circumstances, each
new term to be added into the summation beyond the first one becomes important as
it directly affects final value of the shape factor. The smaller dimensionless time
amplifies its effect on shape factor. Consequently, inaccuracy in fluid transfer
between matrix and fracture associated with this assumption becomes significant and

cannot be ignored.

In this respect, there are some approximations presented by different authors in the
literature. Dykhuizen (1990) proposed two separate equations to approximate early
time and late time for step-change boundary condition for slab shaped matrix. Early
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time equation is used before pressure transient reaches to the center of the block
named as “switch-over time”. Pruess and Wu (1993) adopted an integral solution
method originally developed by Vinsome and Westerveld (1980) to determine
matrix pressure as a function of initial pressure, fracture pressure, penetration depth
based on diffusivity coefficient and some coefficients that must be calculated at each
time step. Zimmerman et al. (1993) introduced an elegant way to handle this problem
by implementing a single empirical function initially used for ion exchange by
Vermeulen (1953). Using the same function with reservoir properties to approximate
spherical matrix under step-rate boundary condition in dual-porosity simulation,
mean matrix pressure was obtained. Proposed function was compared with those
obtained using an analytical solution and Warren and Root’s approach. Results
showed that empirical function is very accurate both at early time and late time as

opposed to Warren and Root’s solution, which is accurate only at late time.

Studied cases mentioned above are limited in terms of geometry of matrix shape.
Generally, only one type of geometry was used to test functionality of the proposed
approximation. Also, minimum dimensionless time was around 1x10, which could
be much lower for rocks with extremely low permeability. Due to aforementioned
concerns, detailed analysis of mean pressure behavior using its associated shape
factor is conducted for different matrix geometries including cylinder and sphere.
Dimensionless time range (1x107° to 10 with equally spaced 1000 points) is selected
wide enough to cover extreme cases in early time and late time as well. In order to
prevent any misleading calculation for extremely small values, calculation tolerance
is set to 1x107°, Therefore, whenever any term in the infinite sum series is less than
the given tolerance, summation operation is finalized, and it is accepted as analytical

solution at the corresponding point.

To assess accuracy of the approximations, 1% term approximation with constant
shape factor proposed by Chang (1993) and Lim and Aziz (1995) is considered as a
starting point. Although Zimmerman et al. (1993) used Vermeulen’s simple
empirical function for sphere and cube, its performance on modeling other

geometries was not presented. Therefore, it is considered as an alternative method of
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calculation. In addition to these methods, new empirical functions are introduced to
test their capability of modeling both early and late time behavior. All of these
methods are compared with exact solution for each matrix geometry, including

associated absolute errors.

43.1 Slab

Slab matrix denotes a single fracture set with one-dimensional flow in cartesian
coordinate system. It is an ideal candidate for modeling linear flow, which is
commonly seen hydraulically fractured wells in unconventional reservoirs. Analyzed
methods with their approximations of mean matrix pressure and shape factor are

presented in Table 4.2 for slab matrix having thickness of 0.

Table 4.2: Mean matrix pressure and shape factor for slab matrix in dual-porosity

model
Method Pp Shape Factor ()
8 ] w2
15t Term 1-— 3 6xP [—m?tp] e
Vermeulen’s ( 2 172 (1 N 1 )
[1—exp(—mat 273 P
Function v v 2L V1 —exp(—m2ty)
w2t | mit
New Empirical | T2t 172 | (1 + tanh( 5 2y)(1 + Mltcmh[ 5 2y)
| - D i
tanh( ) 7 —
. | 4 L 2
Function \ 2 VI| tanh( m 2&:)

The mean matrix pressure, shape factor and corresponding absolute errors (same
colors with dashed lines) for slab matrix are given in Fig. 4.4 and Fig. 4.5,
respectively. It is obvious that 1% term approximation to analytical solution with
constant shape factor fails to represent early time behavior, which is very important
for fractured shale reservoirs. Significant underestimation exists in transfer rate for
this method before reaching to pseudo-steady state. Another deviation can be seen

for Vermeulen’s function, which overestimates shape factor by 40% before it
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converges to analytical solution. On the other hand, new empirical function
accurately aligns with analytical solution at each time domain except for 0 values
between 0.02 and 0.3, where observed maximum error is 10%. Overall, average

absolute error is less than 2% both in mean matrix pressure and transfer rate from

matrix.
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Figure 4.4: Mean matrix pressure behavior for slab matrix.
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Figure 4.5: Time dependent shape factor for slab matrix.
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4.3.2 Bar

For two orthogonal fracture sets, bar shaped matrix can be used to model two-
dimensional flow in Cartesian coordinate system. Since number of flow surface is
doubled compared to slab case, constant term in both proposed 1% function and
Vermeulen’s approach are multiplied by 2. In addition, another empirical function is
introduced by considering exact analytical solution presented in Table 4.1 in the
form of 1-(8/nxY sum)? =(1-8/mxY sum)(1+8/nxy sum) as a rough estimate, where
Ysum = Yexp[-(2n+1)?m’tp]/(2n+1)2. Since the behavior of (1-8/mxYsum) term is
matched with new empirical function in slab matrix, it is used to obtain final form of
2" empirical function by simple algebra. The mean matrix pressure and

corresponding shape factor are given in Table 4.3 for each method.

Table 4.3: Mean matrix pressure and shape factor for bar matrix in dual-porosity

model
Method Py Shape Factor (o)
s 8\’ 2n?
1# Term 1- (P) exp[—2mtp] 5
Vermeulen’s 2 1
J1—exp(—2m2ty) —2(1+ )
Function L J1—exp(—2n2tp)
New Empirical 172 [(1 + tanh(n?ty)) (1 + Jtanh(n2ty))|
Jtanh(m?tp) 573
Function-1 2L ] Jtanh(m2ty) ]
) . x Hztn [ HZED nztg ]
New Empirical 2 (tanh( 3 ) 12| (1 + tanh( ) N(1 + _[tanh( 7 1)
: 212 2
Function-2 it mtp
— tanh(—2) | tanh(=3=)

As it can be seen from Fig. 4.6 and Fig. 4.7, 1% term approximation to analytical
solution with constant shape is not capturing transient behavior. As opposed to slab
matrix case, Vermeulen’s function can match analytical solution with high accuracy
at each time domain. Its average absolute error (dashed lines) is less than 2% except

for dimensionless time values between 1x10° and 1x10, where maximum error
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reaches up to 16%. Our 1% empirical function yields 30% error before it converges
to analytical solution while second one performs much better in predicting unsteady-
state flow behavior. The maximum absolute error with respect to analytical solution
of time-dependent shape factor is less than 10%, compared to 16% seen in
Vermeulen’s function. As it may be noticed the hump seen in mean matrix pressure

error is magnified in shape factor error as a result of derivative form of these

functions.
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Figure 4.6: Mean matrix pressure behavior for bar matrix.
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Figure 4.7: Time dependent shape factor for bar matrix.
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43.3 Cube

Cubic matrix is used to model three orthogonal fracture sets by solving three-
dimensional flow in cartesian coordinate system. Cube has six flow faces, so constant
term is tripled accordingly in our 1% empirical function and Vermeulen’s approach.
Similar to bar shaped matrix, a rough estimate from equation of 1-(8/mx Y sum)3=(1-
8/mx> sum)(1+8/mxy sum+(8/axY sum)?) is used to obtain 2" empirical function,
where Ysum = Yexp[-(2n+1)%n?tp]/(2n+1)2. From slab matrix, (1-8/mxY sum) term
is replaced by appropriate tanh function and final form of 2" function was obtained.
As shown in Table 4.4, 2" proposed function has much more complex than 2D bar
case, as expected. Taking its derivative further increases its complexity due to use of

additional terms, which poses instability risk.

Table 4.4: Mean matrix pressure and shape factor for cubic matrix in dual-porosity

model

Method

Pp

Shape Factor (o)

15t Term

2

8
1— (;) exp[—3m?ty]

32
Iz

Vermeulen’s

Function

J1—exp(—3m2ty)

3m
212

2
(1+

1

V1 —exp(—3m2ty) )

Function-2

New 32t 32t
Empirical tD 32| (1 + tanh( D))(l + ,lltﬁnh( byy

tanh( ) i 3n— -
Function-1 tanh( D)

Ip 1
New (1— tanh( ) ) T
Empirical 31 tanh( 5 )
412

1 —3tanh(

2 1
T I2)z + 3 tanh(

m2tp, 2ty
5) tanh( 5

)%

The best approximation in predicting of mean matrix pressure (Fig. 4.8) and matrix
transfer rate (Fig. 4.9) is achieved by 2" proposed function. However, it loses its
stability as dimensionless time exceeds unity due to its complex form. Therefore, it
is suggested that this function can be used confidently before dimensionless time of

unity and then simulation can continue with constant shape factor obtained from
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analytical solution. The second closest match is achieved by Vermeulen’s function
with 20% error. On the other hand, first approximation function has 43% error in
predicting mean matrix pressure and shape factor, which is much higher than slab
and bar matrix cases. Like previous cases, constant shape factor is much lower than
actual shape factor during unsteady-state period, which results in underestimated

matrix transfer rate.
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Figure 4.8: Mean matrix pressure behavior for cubic matrix
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Figure 4.9: Time dependent shape factor for cube geometry.
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4.3.4 Cylinder

Due to its shape, cylindrical matrix offers a practical way to model radial flow. Two-
dimensional flow seen in rectangular matrix crossed with two perpendicular fracture
can be approximated by this geometry. This analytical solution requires roots of
Bessel function of 1% kind with zero order. Therefore, square of the first root is
assigned to Vermeulen’s function and our first approximation as a constant term. As
shown in Table 4.5, modified Vermeulen’s function with a smaller coefficient is also

tested.

Table 4.5: Mean matrix pressure and shape factor for cylindrical matrix in dual-

porosity model

Method Pp Shape Factor (o)
4 5.784
18( T [
erm 1-— 5784 ———exp[—5.784t,] R?
Vermeulen’s 15.784 1
1— exp(— 5.784t,) (1 + )
Function v ? 2 & V1 - exp(—5.784tp)
New
ew 15784 (1 + tann(3Z342y)(1 4 |rann(2784ny)
Empirical
Jtanh(5.784t,/2) 1R 5784t
Function-1 tanh( D)
New 172
Empirical tp i
P 1—exp(— 2 ) 4R? 1+ ity
Function-2 1-exp(~ 2 )

Accuracy loss of mean matrix pressure and matrix transfer rate are obvious for 1%
term approximation. As illustrated in Fig. 4.10 and Fig. 4.11, 1%t empirical function
underestimates these parameters by 24% before converging to exact solution. While
Vermeulen’s function has less than 10% error during transient period, error is further
reduced to 2% by modified version. However, new Vermeulen’s function fails at late
time starting from dimensionless time of 0.1 as its coefficient leads to smaller shape

factor compared to analytical one. As observed in cubic matrix, switching between
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this empirical function and constant shape factor at the dimensionless time of 0.1

during simulation should be preferred in order to model actual matrix transfer rate.
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Figure 4.10: Mean matrix pressure behavior for cylindrical matrix.
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Figure 4.11: Time dependent shape factor for cylinder geometry.
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4.3.5 Sphere

Spherical matrix is generally preferred to reduce three-dimensional flow to one-
dimensional flow by changing variable in diffusivity equation for spherical
coordinates. In case of three perpendicular fracture sets, diffusion can be modelled
by considering spherical shaped matrix instead of a rectangular one. From analytical
solution, constant term of = is assigned to both Vermeulen’s function and 1%
proposed function. Zimmerman et al. (1993) mentioned another constant used by
Crank (1975) for early time but they didn’t show any results. That’s why, it is added

to list for comparison as presented in Table 4.6.

Table 4.6: Mean matrix pressure and shape factor for spherical matrix in dual-

porosity model

Method Pp Shape Factor (c)
6 2
t = 2 -
15t Term 1 3 exp[—mtp] o
Vermeulen’s 12 1
1—exp(—mity) ——2(1 + )
Function 2R 1—exp(—m3ty)
New w2ty Jingtg
Empirical ot 12| (1 + tanh(Z52) (A + Jranh(—52)
tan (—2 ) 4 R? .
Function-1 tanh( > )
New
iri 18 1 1
Empirical — — LI PR
V1 —exp(—36tp/m) p Rz( 1 exp(_ 3605/
Function-2

Similar to previous cases, 1% term approximation with constant shape factor leads to
a huge deviation during unsteady-state period (Fig. 4.12 and Fig. 4.13). Although
2" empirical function with Crank’s coefficient is successful at very early times with
almost no error, deviation starts from a dimensionless time of 1x10*. Since 36/x is
bigger than =2, transfer rate in pseudo-steady state period is overestimated. On the
other hand, 1% empirical function underestimates matrix transfer by 35% before

converging to exact solution at dimensionless time of 0.5. This kind of error should
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be expected since proposed function value for sphere is exactly same when compared
with that of slab even tough sphere has more area to volume ratio than slab. Among

others, Vermeulen’s function is robust at predicting exact solution for all times with

less than 10% error.
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Figure 4.12: Mean matrix pressure behavior for spherical matrix.
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Figure 4.13: Time dependent shape factor for sphere geometry.
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4.3.6 Validation

In order to show uses and advantages of proposed shape factors, a test model is
prepared by considering unconventional reservoirs, which are inherently tight.
Planar hydraulic fracture within shale reservoir is an ideal candidate for dual-
porosity modeling with an emphasis of slab matrix. In this respect, one-dimensional
model with constant reservoir properties is constructed for modeling flow in a single
planar fracture. One of the key reservoir parameters in modeling such systems is
fracture conductivity, which actually enhances system permeability in tight
formations. Mayerhofer et al. (2017) calculated 5 md-ft for different fracture half-
lengths in Middle Bakken and Three Folks. However, Shahvali et al. (2016) used
100 md-ft in simulation of hydraulically fractured wells drilled in the same basin.
Therefore, 50 md-ft is assumed as representative value for fracture conductivity.
Matrix porosity and permeability are taken from a study of core measurements under
in-situ conditions reported by Bhandari et al. (2018) as 0.05 and 1x10° md (10 nano
Darcy), respectively. Matrix rock compressibility is 1x10° psit (Davudov et al.
(2018)) and it is increased by 10 times for fracture due to its tendency for compaction
(Kurtoglu (2013)). To eliminate any complexity related to fluid behavior in
calculating shape factor values at each time step, water is selected as the fluid phase.
Initial reservoir pressure is 7,000 psi at a depth of 10,000 ft (Weijarmars et al. (2017))
and well is controlled by constant bottom-hole pressure which is set at 2,000 psi in

order to mimic high drawdown seen in these reservoirs.

Model size in the y-direction is limited to fracture length and fracture spacing per
cluster is used to determine it in the x-direction. From the study by Mayerhofer et al.
(2017) and Weijers et al. (2019), average fracture half-length and spacing per cluster
is taken as 320 ft and 80 ft, respectively. Formation thickness is assumed to be 70 ft.
As highlighted by Barree et al. (2015), production during first five year dominates
economic life of the well, which is capitally intensive. Therefore, simulation period
is limited to 5 years. To eliminate any discretization error, matrix cells are set as 0.75

ft along the flow direction. Instead of running fracture at its actual aperture of less
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than 0.01 ft, 0.5 ft is assigned as cell width by appropriate fracture properties in order
to reduce simulation time without losing accuracy (Rubin (2010)). In addition to
meshing, time-step size is constrained to 1 day throughout simulation run. Bulk
reservoir parameters are used for dual-porosity models and grid system is kept same
with single porosity model to prevent any error related to upscaling as much as
possible. Constant shape factor calculated from 1% term approximation is used in 1%
dual porosity model. On the other hand, a new shape factor is calculated at each time
step from the proposed function by using a script for 2" dual-porosity model and it
is overwritten in the Schedule section of the data file by MULTSIG keyword. A
commercial black-oil simulator (Eclipse (2019)) was used to perform these

simulation runs. Table 4.7 presents key input parameters for simulation models.

Table 4.7: Input parameters for numerical simulation of single-porosity (SP) and

dual-porosity (DP) models

PARAMETER Sp DP MODEL
Model Size, fi 80x640x70
Grid System 107x1x1 HF We”
Fracture porosity, fraction 0.02 1.25x10+4 .
Fracture permeability, md 100 0.625

(50 md-ft)

Matrix permeability, md 1x10-3 9.94x105
Matrix porosity, fraction 0.05 0.0497
Matrix Compressibility, psi-! 1x10-6
Fracture Compressibility, psi-! 1x10-3
Water Compressibility, psi! 1.35x10-°
Water FVF, rbbl/stb 1
Viscosity, cp 0.35
Time step, day 1

Mean matrix pressure and cumulative water production are used to compare cases.
As it can be seen in Fig. 4.14, classical dual-porosity formulation (DP)

underestimates flow contribution from matrix while overestimating average pressure
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in the matrix, even with 1% term of analytical solution. On the contrary, time-
dependent transfer rate by using proposed empirical function (DP-N) copes with this
deficiency reasonably well. Small difference with single-porosity model (SP) arises
from both dual-porosity upscaling and increased error in empirical function’s
estimation of shape factor between 0 of 0.02 and 0.3, as mentioned earlier. Beyond
that, new dual-porosity modeling accurately replicates actual reservoir responses

throughout simulation period.

tp, dimensionless time
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Figure 4.14: Comparison of dual-porosity models with single-porosity solution in

average matrix pressure and cumulative water production (dashed lines).

Since transient time for this representative case lasts 2,566 days (more than 7 years),
1% term shape factor is expected to fail. It yields more than 6-folds larger absolute
error in cumulative production (13.9% vs. 2.2%) than proposed approximation.
Similarly, pressure overestimation is 5.9 times larger (10.7% vs. 1.8%). It is worth
to mention that this simulation was conducted on a single planar fracture. One can
easily recognize that error in flow rate will be magnified proportionally with the
number of created planar fractures. Considering current industry practice of 40 stage
fracturing (Weijers et al. (2019)), this error cannot be neglected. Furthermore, error
in prediction grows severely with increase of formation tightness. Even though this

fundamental error in existing dual-porosity modeling can be compensated by
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modifying other reservoir parameters to match existing well performance, doing so
adversely affects both technical and commercial assessment of the field. This study
can be conducted for other matrix geometries as long as flow behavior is

representative of simulated one.

4.4  Constant Rate (Flux) Boundary Condition

For a single-phase slightly compressible fluid, diffusivity equation (partial
differential equation-PDE) in anisotropic matrix medium (Cartesian coordinate
system) can be written:

2p , . 0¢x d,
ek, KT +cuky—aj ek P ¢ mL ocy @, (39
X U Al t
0¢cz d,

Initial condition (IC) and constant flux (rate per flow area) boundary conditions

(BCs) for all directions are given:

P(x,y,2,t=0) P (40)

-CukXE :Eh @X Lx & -Cukxﬁ =q-x @X 0 (41)
HX MX

-cukyE ¥, @y L, & -cukyE =¢, @y O (42)
Ky Ky

-cukzE 9, @z L, & -cukzE =¢ @z O (43)
Mz Mz

To simplify original PDE given in Eq. 39, following dimensionless parameters are
used:
P-P X y

i Z utx- o -
Pfo-P’ Xo 77 F T Do T__1 Iy TE 12 (44)

P, =
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where 0 is dimensionless pressure, @ , & and ¢ are dimensionless length in X, y
and z-direction, o is dimensionless time, 0 is initial fracture pressure (M/LxT?).

Finally, PDE in dimensionless form becomes:

2 2
CX U Plg +Cy ﬁPD 'C BD _PDI

. (45)
X, W’ It
with coefficients of :
C. =1 C Kb C kL, (46)
T K LBT T kL

Initial condition (IC) and boundary conditions (BCs) in all directions are also written

in dimensionless form, such that:

Py (X, yD,ZD’tD) =0 @t, O (47)
W f @x, 1 = B f, @x, 0, f, L (4g)
IJXD K’D Cukx

WPy _ B q,m

_Z =T, @ yD 1 - I fy @ yD O, fy éu kyy (49)
Wo_t @2, 1 =P @z 0 f £ (5
“ZD ”3 Cukz

where "Q "Q and "Qare associated flux terms (L*xM/T?) in X, y and z-direction,

respectively.

Since this initial boundary value problem (IBVP) has non-homogenous Neumann
boundary conditions (Eg. 48, Eqg. 49 and Eq. 50), superposition of one-dimensional
(1D) unsteady-state solutions can be used to obtain final solution (Taler (2014)).
Main idea is decomposing original problem into sub-problems where only one non-
homogeneous boundary condition exists. Fig. 4.15 shows solution strategy for one-

dimensional problem.

58



Yy

oy By o |t 0P oy _ a__ ~a
E,,*f"PD.ax,, e 70.PD»0x e + ax,,*f’«PD‘ax -0

D

+

Figure 4.15: Superposition principle for non-homogeneous Neumann boundary

conditions

Considering initial condition and boundary conditions, Laplace transform technique
is used to reduce partial differential equation to ordinary differential equation. After
solving pressure equation for each sub-problem in Laplace domain, inversion to real
time domain is achieved analytically. Once pressure solution is obtained in real time
domain, time-dependent shape factor is derived based on Eq. 21. Since shape factor
is directly related to area open to flow per unit volume, summation of 1D shape
factors yields multi-dimensional (2D or 3D) shape factors. For a 3D anisotropic
matrix under constant fluxes at its boundaries, pressure solution and time-dependent
shape factor are given in Eqg. 51 and Eq. 52, respectively. Derivation details are

provided in Appendix-B.
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For an isotropic case where Q =" Q ="Q="Q0 =0 =0 =0andfj = =1 =

|, time-dependent 3D shape factor becomes:
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After derivation, detailed analysis of time-dependent shape factor is performed for
slab (1D), bar (2D) and cube (3D) matrix geometries, where matrix is isotropic with
equally spaced fracture for bar and cube. In this respect, in order to cover extreme
cases for early and late times, a wide dimensionless time range (1x107° to 10 with
equally spaced 1000 points) is selected. Calculation tolerance is set to 1x10™° to
eliminate any round-off errors even for extremely small values such that summation
operation is finalized whenever any term in the infinite sum series is less than the
given tolerance. Final summation is accepted as analytical solution at the

corresponding point.

As shown in Fig. 4.16, shape factor is not constant but decreases with time until 0

of 0.1 for all cases. After & of 0.1, it becomes constant and becomes 12/L2 for 1D-
slab matrix (black solid line), 24/L2 for 2D-bar matrix (gray solid line) and 36/L? for
3D-cube matrix (dark gray solid line), respectively. Similar observation was pointed
out by Chang (1993). As stated previously, our focus is not pseudo-steady state
period but transient flow period, which generally covers payout time of a typical
fractured well in a shale reservoir. That’s why; accurate modeling of this period is
crucial for realistic technical and economical assessment. In this regard, two different
approximations are tested against exact analytical solution. Instead of adding new
terms to summation until reaching to tolerance of 1x10°%°, shape factor is calculated
based on 1% term approximation (£=0 in Eq. 53) and 2"¢ term approximation (¢ =0
and £€=1 in Eq. 53). As it can be seen in Fig. 4.16, 1 term approximation (dotted
lines with same color code) perfectly matches analytical solution in transient flow
period for all matrix shapes. However, it starts to deviate from exact solution around
0 of 0.3 at which shape factor is already constant. 2" term approximation (dashed
lines with same color code) is obtained by adding one more term ( €=1) to 1% term
approximation. It only delays deviation from 0 of0.3to 0 of 1. It can be concluded
that more terms are needed to achieve required accuracy in shape factor estimation
at late time even though shape factor is constant during that period. According to
these results, following approximation reported below is suggested to calculate shape

factor for 1D-slab matrix geometry. Same formula can be used for isotropic 2D-bar
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and 3D-cube matrix shapes as long as they are multiplied by a factor of 2 and 3,

respectively.
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Figure 4.16: Time-dependent shape factor profile for an isotropic rock matrix under

constant flux.

441 Validation

For validation, same numerical models (Table 4.7) used in constant fracture pressure

case are preferred to test time-dependent shape factor derivation. However, constant

shape factor value used in first dual-porosity model is changed from n?/L? to 12/L2

to reflect pseudo-steady state flow for this boundary condition. Again, time-

dependent shape factor is calculated at each time step based on Eq. 54 by using a

script for dual-porosity model and it is overwritten by MULTSIG keyword. Since
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boundary condition is constant flux, well production rate is constrained to 0.5

STB/day throughout simulation.

To compare cases under constant rate production constraint, bottom-hole pressure
and cumulative water production parameters are used. As it can be seen in Fig. 4.17,
all cases produce same amount of fluid (dashed lines), which assures accuracy of
considered constraint. However, classical dual-porosity formulation with constant
shape factor (blue solid line) requires much more depletion in order to produce same
amount of fluid compared to fine-scale single porosity model (green solid line). The
underlying reason for this behavior is that shape factor based on pseudo-steady state
flow condition is much lower than its actual value in shale reservoirs. It means that
flow contribution from matrix to fracture is underestimated. As a matter of fact,
additional depletion is needed to satisfy constant rate constraint in simulation.
Maximum difference observed between single-porosity model and 1% dual-porosity
model in bottom-hole pressures is 1,711 psi while average one is 471 psi within 5
years simulation run. On the other hand, mismatch is removed by using time-
dependent shape factor in 2" dual-porosity model (red solid line) and pressure

profile is same with single-porosity model.

tp, dimensionless time
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Figure 4.17: Comparison of dual-porosity models with single-porosity solution in

bottom-hole pressure and cumulative water production.
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Such a significant error in bottom-hole pressure occurs only for 0.5 STB/day of
production. Obviously, it becomes significantly larger as the withdrawal is larger.
Modifying other reservoir parameters to match well performance could be another
option to compensate this fundamental error in existing dual-porosity models.
However, such approach adversely affects both technical and commercial

assessment of the field.

45  Constant Fracture Pressure Followed by Linearly Declining Fracture
Pressure Boundary Condition

For considered problem in anisotropic matrix medium with a single-phase slightly
compressible fluid, PDE, IC and BCs are defined in Eq. 55, Eq. 56 and Eq. 57,

respectively.

2 2
Cukx u Ij+cuky_ﬁf -Bukz_a (:f W)_P 0¢x qLX
kX K zjt t O¢y o, (55)
0¢z o,
P(x,y,z,t=0) P (56)
gx:O & x Lt gEéPf ot
Pay=0&y L.t H | (57)

u_l =
: P oKt 4) t ot
&€=0& 1z L,t %Tf 1)

S

where 0 is decline coefficient of fracture pressure (P/T or M/LxT3) and 0O is
switching time (T) from constant fracture pressure to linearly declining fracture
pressure. Using dimensionless parameters defined in Eq. 44 yields same PDE in Eq.

45 with same coefficients in Eq. 46. IC and BCs for this problem becomes:

Po (X5, ¥p,2p:15) =0 @t, O (58)
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As seen from the BCs given above, this problem can be treated as superimposed
version of two distinct problems. Therefore, it can be written as summation of those,
where one of them is time-dependent problem. Definitions of these sub-problems are
arranged such that they should be easy to solve as much as possible. In this respect,
two new PDEs are constructed based on Eqg. 60 in below. Also, new dimensionless

pressure definition shown in Eq. 61 is used to find IC and BCs of sub-problems.
I:)D :1 -(PDH pr) (60)

P.-P
PDH = PDT =P P

-

(61)

-

where 0 is dimensionless pressure for homogeneous problem while 0 s
dimensionless pressure for time-dependent problem. Their final versions including
IC and BCs become:

poE: ¢, MPor ¢ —4?@21 C—'B'@-ti : (62)
MXp W DH
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BCs: PR, (boundaries,t;) O (64)
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Verifications to original problem can be carried out by summing PDE, IC and BCs
of two separate problems based on Eq. 60 and comparing those with Eq. 58 and Eq.
59. The first problem called homogeneous problem due its boundary conditions is

already solved in previous section as:

4z o oo0-gon 4Fc fem 2fic, (2 10 git,)

Pou (%o Yo o) = 5a A @ (2n+1)(2m 4)(2k 3
sing2n 1)px, €n (28 1) & sing2k @) w g

(68)

As seen in Eq. 66 and in Eq. 67, 0 is simply zero from beginning to switching
time. Once time exceeds that point, BCs are neither zero nor constant. To solve PDE
with time-dependent boundary conditions, Duhamel’s theorem is implemented.
Solution strategy is forming an auxiliary problem where initial condition is zero
while boundary conditions are unity. Once auxiliary problem is solved, time-

dependent dimensionless solution is obtained from Duhamel’s superposition integral

as (derivation details are provided in Appendix-C):

Q

a 0
P o YorZo10) = 25 1) O

&L 9
8 Kk T exp- g2n 4f'c, (em 1fic, (2 10 B, to)} -1 3
= 8.2 Zanvifc, fom c, (2 1€, g(2n 1)(m 12 1)
(;2 X sing2n 1)px, gn (2 1) &, sing2k @) B

(69)
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By using Eq. 60, final form of the dimensionless pressure solution for a 3D

anisotropic matrix is:
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Time-dependent shape factor is calculated from Eq. 21 as:
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For an isotropic case where Q = Q ="Q="0and 0 =0 =0 =0, time-dependent

3D shape factor is:
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Contrary to constant rate boundary condition, achieving desired tolerance of 1x10™®
in infinite sum series within reasonable computational time is not possible for time-
dependent shape factor of constant fracture pressure followed by linearly declining
fracture pressure case, especially for 2D and 3D matrix geometries. Calculating 3D
shape factors corresponding to 16 dimensionless time values takes almost 15 days
on a 32 gb ram PC with 3.60 GHz of 19 processor, where calculation tolerance is
only set to 1x107°. In this respect, dimensionless time (0 ) range is narrowed such
that it starts from 1x107 to 10 in order to eliminate convergence problems observed
in too small 0 values. To keep computation time at reasonable level, tolerance in
summation terms is determined as 1x107%%, 1x10® and 1x10® for 1D-slab, 2D-bar
and 3D-cube matrix shapes, respectively. Finally, flow control terms in Eq. 67 are

selected as U =1 psi/day, YO =Q &10 psi, 0 j 6=— j 0 =1E-10 day™and 6 =O0.

Based on parameters above, calculated shape factors are plotted as seen in Fig. 4.18.
Similar to constant pressure and constant rate solutions, shape factor decreases with
time until 6 of 0.1. Once 0 exceeds 0.1, it is no longer time-dependent rather it
becomes constant during late time or pseudo-steady state flow, as expected. For a
1D-slab matrix (green color), constant shape factor is found as 12/L2, same value
was also reported by Chang (1993). On the other hand, 28.4/L? and 49.5/L? are
calculated for 2D-bar (blue) and 3D-cube (red) matrix cases, respectively. As
opposed to constant pressure and constant rate solutions, proportionality of shape

factor with respect to matrix dimension is not observed. In other words, 2D and 3D
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cases do not converge to values of 24/L% and 36/L2, respectively. This unexpected
result can be attributed to complex form of infinite sum series. Lack of precise
tolerance could be considered another reason but its effect on late time calculation is
limited. Increasing tolerance does not reduce difference between 49.5/L.2 and 36/L2,

rather it increases very slightly.

Shape Factor for Constant Fracture Pressure Followed by
Linear Decline in Fracture Pressure Solution
1.E+03
—1D
—2D
1.E+02
¥ —3D
=
—
*
o
1.E+01
1.E+00
1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00 1.E+01
tp, dimensionlesstime

Figure 4.18: Time-dependent shape factor profile for an isotropic rock matrix under
constant fracture pressure followed by linearly declining fracture pressure.

Since high accuracy calculation of shape factor with a tolerance of 1x10%° is
achieved in 1D matrix shape, sensitivity analysis is conducted on flow control
parameters mentioned above for this case. First parameter to be tested is switching
time. As illustrated in Fig. 4.19, shape factor is calculated for three switching times.
If fracture pressure starts to decline linearly at the beginning (black dashed line),
shape factor deviates from constant pressure solution (blue line) immediately and
follows its own trend until converging to constant rate solution (red line) at late time.
On the contrary, shape factor is aligned with constant pressure solution before
switching times of 6 =1x10° (yellow dashed line) and 6 =1x10? (green dashed
line), as expected. After initial spikes to higher values at these points, shape factor
lines up its particular trend. Ultimately, they converge to constant rate solution at

late time, where shape factor is almost constant.
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SHAPE FACTOR FOR SLAB MATRIX
K=1 psi/day, dP= 10 psi and t,/t=1E-10 day?
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Figure 4.19: Effect of switching time on time-dependent shape factor behavior.

Second analysis focuses on both 0 j 6(— j 0 ), which is an amalgamated reservoir-
completion property and ‘Q O(Y0 ), which is an operational property. Not only their
individual effects on shape factor but also their combined effects are investigated. In
this respect, 0 is selected as zero for all cases in order to amplify their sensitiveness

while U is kept as 1 psi/day.

SHAPE FACTOR FOR SLAB MATRIX, K=1 psi/day and t,.=0
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Figure 4.20: Effect of 0 j 6 and 'Q Oparameters on time-dependent shape factor

behavior.
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It is shown in Fig. 4.20 that higher initial drawdown pressure or 'Q O(yellow, black
and green colors, respectively) prolongs constant pressure behavior in shape factor
profile, regardless of O j dvalue. Same observation is also obvious for increase in
0 j 0 parameter (dotted, solid and dashed lines, respectively). From physical
perspective, effect of linear decline in fracture pressure on shape factor profile is
masked in a shale reservoir with better rock quality or denser fracture sets. If 0 j 0
value is large, shape factor profiles for different initial drawdown pressures (yellow,
black and green dashed lines, respectively) are very similar. Finally, shape factor
becomes constant around 0 of 0.1 as in the case of constant rate solution illustrated

by red solid line (whole profile is limited because it hinders other ones).

Last analysis is performed with operational parameters of 0 and 'Q O Again, linear
decline in fracture pressure is started immediately to allow their effects on shape
factor under this boundary condition much more recognizable. In order to extend

transient flow period, 0 j Ois chosen as 1x107%° day™.

SHAPE FACTOR FOR SLAB MATRIX, tp.=0 and tp/t=1E-10 day™?
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Figure 4.21: Effect of 0 and'Q 0 parameters on time-dependent shape factor

behavior.

As it can be seen in Fig. 4.21, increasing initial drawdown pressure (Q 0 results in
longer duration of constant pressure trend in shape factor profile (blue line)

irrespective of U (yellow, black and green colors, respectively). As decline in
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fracture pressure accelerates, deviation in shape factor profile from constant pressure
solution begins earlier (dotted, solid and dashed lines, respectively). Shape factors
for considered cases are unified at 0 of 1x10® and they keep decreasing according
to their distinctive trend until reaching to value of 12/L2 This terminal value is
exactly same for constant rate solution (red line). In other words, shape factor

behaves same at late time for both boundary conditions.

45.1 Validation

In validation of provided solution, aforementioned numerical model for constant rate
boundary condition is used. To adopt it, switching time is started from the beginning
(6 =0) while initial drawdown pressure is assumed as 2,000 psi (0 = 5,000 psi).
Decline coefficient of U is selected as 1 psi/day such that 1 psi reduction occurs in
bottom-hole pressure at each day. The 0 j 0 value can be calculated as 3.95x107
from data provided in Table 4.7. After constructing single-porosity model, three
different dual-porosity models are built for comparison. First dual-porosity model
has constant shape factor of n%/L2, which corresponds to late time approximation of
constant fracture pressure solution. Its constant rate version is represented by 2"
dual-porosity model where shape factor is 12/L2. On the other hand, 3" model uses

time-dependent shape factors calculated from Eq. C-37, instead of constant value.

Their behaviors in terms of mean matrix pressure and cumulative water production
are depicted in Fig. 4.22 by solid lines and dashed lines with same colors,
respectively. Both 1% (blue color) and 2™ (red color) dual-porosity models are not
able to replicate neither mean matrix pressure nor cumulative water production of
single-porosity model (green color). Since 1% model has lower shape factor value
than 2" one (n%/L? vs. 12/L?), underestimation in fluid transfer from matrix to
fracture is bigger. Associated errors in cumulative water production are %19.6 and
%8 while they become %7.7 and %3.2 in final mean matrix pressure, respectively.
On the contrary, 3" dual-porosity model with time-dependent shape factor (yellow

color) exhibits same behaviors in both parameters, which validates our derivation.
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Figure 4.22: Comparison of dual-porosity models with single-porosity solution in
mean matrix pressure.
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CHAPTER 5

DECLINE CURVE ANALYSIS

As mentioned in literature review section, decline curve analysis is another
commonly used technique for performance prediction of wells. This chapter analyzes
effect of long transient flow period in fractured shale reservoirs on decline curve
analysis, specifically with Arps hyperbolic decline model. In this respect, behavior
of hyperbolic decline parameter (b exponent) is assessed by transient dual-porosity
model for accuracy. The b exponent obtained from exact solution is compared with
those obtained from new empirical function discussed in previous section.
Sensitivity analyses are conducted using different set of reservoir models to show
the uses and the accuracy of the proposed method.

51 Methodology

Initial step of the study is setting up a benchmark model, which must be capable of
modeling transient flow accurately. Another concern is simplicity with respect to run
time and sensitivity analysis. In this respect, semi-analytical transient dual-porosity
model is chosen as a mechanistic model. In order to assure its accuracyi, it is validated

by fine-scale single porosity numerical reservoir model.

Well production from this model is used to calculate b exponent in Arps hyperbolic
decline model according to formula (initially defined as derivative of loss-ratio by

Johnson and Bollens (1927)) given below:

bexponent=06 — — — (73)

]
Two other alternative b exponent calculations are obtained from inter-porosity flow

term. The first one uses exact analytical pressure solution while second one is

calculated from empirical function proposed in previous chapter. In order to test their
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performance in predicting of b exponent behavior, sensitivity analysis is conducted
on both matrix and fracture properties. Finally, results are compared for three
different b exponent calculations. Fig 5.1 summarizes workflow followed in this
chapter.

s Semi-Analytical Dual-Porosity Model
* Validation with Fine-Scale Single-Porosity Numerical Model

Model Set-up

= b exponent from Model
* b exponent from Inter-Porosity Flow Term with Analytical

The b Solution
exponent = b exponent from Inter-Porosity Flow Term with Empirical Function

* Effect of matrix properties on b exponent
Sensitivity * Effect of fracture properties on b exponent

Analysis

Figure 5.1: Workflow followed in b exponent analysis

5.2 Mechanistic Model

The planar form of hydraulic fractures perpendicular to minimum horizontal stress
was confirmed by Distributed Acoustic Sensor for Strain Fronts (DAS-SF)
measurements in the Groundbirch Montney in Canada (Ugueto et al. (2019)). It has
been shown that planar fracture propagates within a relatively narrow corridor called
“Frac-Zone-Domain”, which questions development of enhanced permeability
region nearby planar fracture. From pressure monitoring outside of the offset well
in Eagle Ford, Raterman et al. (2019) concluded that not all hydraulic fracture strands
contribute flow but only few major fracture strands are associated with depletion,
resulting a patchy type rock drained volume. Along with other observations, planar

fracture modeling approach was suggested by McClure et al. (2020). It has been also
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claimed that natural fractures can be treated as a bulk property in continuum

modeling, because of their small sizes and abundances.

For the sake of simplicity, mechanistic model is selected as transient dual-porosity
model presented by EI-Banbi (1998) and Bello (2009) consisting of hydraulic
fracture and tight rock matrix. Reservoir has a rectangular geometry, where planar
fracture extends to reservoir boundary. This slab matrix geometry with homogeneous
reservoir properties assures long term linear flow, commonly seen in unconventional
wells. Since the derived solutions are in Laplace domain, numerical inversion is

carried out by using well known Stefhest algorithm.

Validation of the semi-analytical model is conducted using a commercial black-oil
simulator for single porosity model mentioned in Chapter 4.1, where well is
controlled by constant bottom-hole pressure to reflect high drawdown operating
strategy in unconventional wells. As illustrated in Fig. 5.2, production rate from
semi-analytical solution (dashed red line) is in accord with the one from single-
porosity model (dashed green line) except for very early times at which early fracture
depletion occurs. The mismatch might arise from the use of small real time
corresponding to large s value in Laplace domain such that numerical inversion
might have some errors. Since early time period is too short and generally not seen
in these wells, semi-analytical model can be confidently used in sensitivity analysis.
As a supporting fact, log-log plot clearly shows matrix linear flow. One interesting
observation is that b exponent calculated from numerical simulation exhibits some
oscillatory behavior similar to those reported by Tugan and Weijermars (2020). On
the other hand, dense logarithmic time stepping in Laplace solution results in much
narrowed b exponent behavior. This is another advantage of the proposed model
during sensitivity analysis in terms of identifying b exponent response to

corresponding reservoir parameter.
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Figure 5.2: Comparison of semi-analytical transient dual-porosity model with fine-

scale reservoir simulation.

5.3  New Empirical Function

In shale reservoirs, hydraulic fracturing is used as a stimulation technique to reach
economical flow rates. As opposed to conventional fractured reservoirs, produced
oil and gas comes only from the rock matrix. Artificially created fractures only
deliver what it gets from matrix to the wellbore. Therefore, matrix-fracture transfer
rate can be representative in understanding actual production behavior of the well.
In this respect, inter-porosity flow term can be calculated by using Eq. 74 with known
reservoir properties, drawdown pressure and dimensionless mean matrix pressure.
Both exact analytical solution of mean matrix pressure (Eq. 75) and proposed
empirical function (Eq. 76) are used to estimate inter-porosity flow. Then, hyperbolic
b exponent from inter-porosity flow term is calculated for both approaches and then

compared to those obtained from actual well flow rates.

n %60 — %) ———— % YO —  (74)

656 — p —B (75)
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0 — 06@ 0ig (76)
6 ——— (77)

where 1j is the volumetric flux per unit time per unit total rock volume (L%/L3xT) and

Y0 is the drawdown pressure of well intersecting with highly conductive fracture.

5.4  Sensitivity Analysis

Commonly used experimental setups and corresponding procedures to measure
reservoir rock properties are developed for conventional rocks. In addition, accuracy
limits of equipment used to obtain reservoir rock properties are not aligned with tight
rock properties. Accurate measurement of key reservoir parameters like permeability
and rock compressibility is extremely difficult in such formations. As a consequence,
widely changing values are reported in the literature for the same reservoir property
in the same formation. In addition to those, most of the completion parameters are
uncertain. Even though measurement tools such as micro-seismic and distributed
acoustic sensors provide some useful information, fracture geometry is usually not
available. Several studies used simple 2D crack models developed at early 60’s while
others preferred to use sophisticated 3D models with advanced functionalities like
coupling rock mechanics with fluid and heat flow. In addition to fracture geometry,
production contribution of each created fracture is not known. Furthermore, as
highlighted by Weijers et al. (2019) fracking technology and its application has
changed over the years. For example, early drilled wells are shorter in lateral length
with small number of frac stages while newer wells are laterally longer with higher
frac stage counts aiming denser fractures. Last but not least, amount of injected water
and proppant per stage have increased. Due to these reasons, base model construction
with representative parameters is challenging. In this respect, model parameters
reported in the literature are averaged to a certain extent while others are assumed.

Sensitivity analysis is conducted on parameters, which have higher uncertainties.
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Selected parameters are fracture half-length, fracture spacing, fracture conductivity,
matrix permeability, matrix porosity, matrix rock compressibility and fracture rock
compressibility. A range with reasonable limits is assigned to test modeling
capabilities of the proposed models. Economic well life is assumed as 25 years.
Table 5.1 summarizes model properties used in sensitivity analysis and associated

references.

Table 5.1: Semi-analytical model parameters

Base

Parameter Lowest | Lower Case Higher | Highest References
Maverhofer et al. (2017)
Fracture half-length, ft 100 200 300 400 500
racture hati-leng Raterman et al. (2019)
Wegjers et al. (2019)
Fracture spacing, ft g0 160 200 300 400

Ugueto et al. (2019)

Fracture conductivity, Shahvali et al. (2016)

0.5 100 500
md-ft Mayerhofer et al. (2017)

L
L
=

Rubin (2010)

Fracture Aperture, ft 0.01
racture Aperture. Ciezobka and Reeves (2020)

Bhandari et al. (2018)
Matrix Permeability, md | 1E-05 | 1E-04 | 2E-04 | 5E-04 | 1E-03
McClure et al. (2020)

Weijermars et al. (2017)
Matrix Porosity, fraction 0.04 0.06 0.08 0.1 0.12
Bhandari et al. (2018)

Matrix R".':l_[. . 1E-07 1E-06 1E-05 1E-04 SE-04
Compressibility, psil Kurtuoglu (2013)

Davudov et al. (2018)

Fracture Rock

Compressibility, psi® 1E-06 1E-05 1E-04 1E-03 SE-03

Fluid Compressibility,

. 1.33E-5 Assumed
psit
Fluid
1 Assumed
FVF, rbblistb
Fluid
0.7 Assumed
Viscosity, cp
Formation Thickness, ft 150 Kennedy et al. (20186)
Wegjermars et al_ (2017)
Initial Pressure, psi 7500
Gherabati (2018)
Bottom-hole Pressure, psi 1000 Assumed
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By using semi-analytical model, five different scenarios for each individual
parameter are studied. Model outputs are used to compute instantaneous hyperbolic
b exponent. In order to observe model responses, flow rate and associated b exponent
are plotted against dimensionless time (0 ) which can be obtained from Eq. 77. Since
start value of O is different for each case, 1x10* is selected as a starting point in
plotting. After that, Eq. 74 is used to estimate inter-porosity flow term where
dimensionless pressure is taken from Eq. 75 for analytical solution and Eq. 76 for
proposed empirical function, respectively. Finally, b exponents from inter-porosity
flow terms are calculated. Legends on the plots are arranged such that red color
shows low value while purple one refers to high value for the corresponding
parameter. Dots with same color code are used to plot b exponent for semi-analytical
solution. Also, analytically obtained b exponent is represented by solid line while

dashed line shows empirical one.

54.1 Matrix Permeability

As illustrated in Fig. 5.3, tighter matrix leads to longer duration of formation linear
flow characterized by negative half slope in log-log flow rate versus time plot. The
b exponent is equal to 2 during this period, which was mathematically shown by

Spivey et al. (2001) based on flow rate-time™*2 (q vs. t*?) relation.

Effect of Matrix Permeability
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Figure 5.3: Sensitivity analysis for matrix permeability.
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Plotting flow rate versus dimensionless time (Fig. 5.4) reveals that b exponent starts
to deviate from 2 for 6 values larger than 0.02. Ata 0 of 0.1, b exponent becomes
zero indicating boundary-dominated flow. In between 0.02 and 0.1, transition from
matrix linear flow to boundary-dominated flow is observed as a sigmoidal curve.
These values are different than those presented by Fulford and Blasingame (2013)
such that in their study, 0.1 and 0.7 were found as end of linear flow and beginning
of boundary-dominated flow, respectively. When two studies are compared, it can
be observed that flow regimes are established at later times. This observation is
related to gas phase such that its compressibility leads to extension of flow regimes.

10000 —q_Km=10 nd —q_Km=100 nd 12
—q_Km=200 nd q_Km=500 nd
1000 —q_Km=1000nd - b_Km=1000nd| 10
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8
=
Z 10 2
= 69
=] o
T 1 b
£
a
0.1
0.01 2
0.001 —
1.E-04 1.E-03 1.E-02 1.E-01 1.E+00

tD, dimensionless time

Figure 5.4: The q vs. b exponent behavior in dimensionless time for matrix

permeability.

In Fig. 5.5, b exponent obtained from inter-porosity flow term is compared with
model result. The b exponent from analytical solution has same trend with model
ones for all cases, which can be considered as another verification of the semi-
analytical model. On the other hand, note that the empirical function yields a wider
sigmoidal curve for the b exponent. Deviation from b=2 starts earlier than other
solutions while time to reach terminal decline (b=0) is deferred. As seen in Fig. 4.4,
empirical function has less than 3% of error in predicting mean matrix pressure

compared to analytical solution. However, this error is magnified at middle time
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period due to formulation of b exponent. It is worth to mention that, analysis of the
flow regimes is carried out on the basis of b exponent rather than classical log-log

rate versus time plot.
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Figure 5.5: The b exponent behavior of empirical function for matrix permeability.

5.4.2 Matrix Porosity

The smaller matrix porosity means smaller volume to deplete such that elapsed time
to reach boundary-dominated flow becomes shorter as shown in Fig. 5.6. As in the
case of matrix permeability, b exponent starts to decline from value of 2at 6 =0.02
and reaches to zeroat © = 0.1 (Fig. 5.7). One interesting observation is presence of
single flow rate behavior on dimensionless time plot after some production period
(0 starts at 1x10#) even though original rate profiles of the cases are somewhat
different. From time perspective, higher matrix porosity delays time to reach same
flow rate compared to cases with smaller porosity. However, time increment is
compensated by porosity increment and it ends with same value because of its
formulation. Again, b exponent from empirical function is not able to reflect

narrower S-shape profile at transition period (Fig. 5.8).
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Effect of Matrix Porosity
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Figure 5.6: Sensitivity analysis for matrix porosity.
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Figure 5.7: The g vs. b exponent behavior in dimensionless time for matrix

porosity.
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Figure 5.8: The b exponent behavior of empirical function for matrix porosity.

5.4.3 Matrix Rock Compressibility

Assigning matrix rock compressibility from experiments for shale is difficult. On the
contrary, limited uncertainty exists in produced fluid. Therefore, wide range of
compressibility values are preferred to estimate its effect on production profile as
well as on b exponent. Higher compressibility enhances reservoir energy resulting in
a prolonged linear flow period as demonstrated in Fig. 5.9. First two cases are very
close to each other since total compressibility is dominated by the fluid
compressibility (1.35x107 psit). As in the case of matrix porosity, single profile is
seen in both flow rate and b exponent for the cases (Fig. 5.10). The effect of larger
time associated with longer period of linear flow in the numerator is cancelled out
by higher compressibility in the denominator. The b exponent is again aligned with
analytical solution but sharpness of the curve at transition period is not observed in

the case of empirical function (Fig. 5.11).
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Effect of Matrix Rock Compressibility
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Figure 5.9: Sensitivity analysis for matrix rock compressibility.
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Figure 5.10: The g vs. b exponent behavior in dimensionless time for matrix rock

compressibility.
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Figure 5.11: The b exponent behavior of empirical function for matrix rock
compressibility.

54.4 Fracture Spacing

Fracture spacing is another controversial topic being discussed by the industry. The
current trend of denser spacing does not guarantee forming a large planar fracture at
each cluster. Coarser spacing means laterally bigger matrix slab. As demonstrated in

Fig. 5.12, smaller matrix reaches to boundary-dominated flow earlier.

Effect of Fracture Spacing
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Figure 5.12: Sensitivity analysis for fracture spacing.
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In 0 plot (Fig. 5.13), the order of rates seems reversed even though they are same
during matrix linear flow. However, it is totally related to formulation of 0 such
that same 0 value corresponds to early time for small matrix block while it becomes
late time for bigger matrix. Once again, end of linear flow is seen at ¢ of 0.02 and
boundary-dominated flow starts at © of 0.1. The mismatch in b exponent between

empirical function and model is persistent at transition period (Fig. 5.14).
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Figure 5.13: The q vs. b exponent behavior in dimensionless time for matrix
fracture spacing.
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Figure 5.14: The b exponent behavior of empirical function for fracture spacing.
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545 Fracture Half-Length

Fracture half-length is one of the key parameters in achieving high flow rates. It can
be easily seen in Fig. 5.15 that the longer the fracture is, the higher production will
be because of larger surface area open to flow. On the other hand, b exponent profiles
are quite similar. The underlying reason is that all models have same ratio of model
flow area to model volume, even fracture half-lengths are changing. Thus, fracture

half-length does not have any effect on b exponent for this reservoir configuration.

Effect of Fracture Half-Length
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Figure 5.15: Sensitivity analysis for fracture half-length.

5.4.6 Fracture Conductivity

Fracture conductivity is important for operating companies in evaluation of frac
design, specifically selection of proppant mesh size and its concentration. Fracture
conductivity of 0.5 md-ft exhibits bilinear flow with a quarter slope in log-log rate
versus time plot for almost 30 days as seen in Fig. 5.16. The b exponent is equal to
4, which was mentioned previously by Kupchenko et al. (2008) obtained from flow
rate-time"¥* relation during this period. In this case, pure matrix linear flow is not
observed clearly, rather transition from bilinear to boundary-dominated flow covers

almost half of the production period. From sensitivity cases, it can also be concluded
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that creating a fracture larger than 5 md-ft conductivity matters only in first month
of the production. Since fracture conductivity, fracture half-length and fracture rock
compressibility are not inputs to inter-porosity flow term, plotting decline profile in
0 and comparing b exponent mentioned approaches are meaningless. That’s why,

they are not presented.

Effect of Fracture Conductivity
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Figure 5.16: Sensitivity to fracture conductivity.
54.7 Fracture Rock Compressibility

As shown in Fig. 5.17, fracture rock compressibility is only effective at early
production time. Higher values of rock compressibility cause fracture linear flow
for a very small time, practically not seen in real data. Two distinct linear flow
creates two different sigmoidal signatures, where b exponent in fracture linear flow
does not approach to zero due to matrix contribution. Also, b exponent is bigger than
value of 2 at end of transition period. Similar multi-sigmoidal behavior associated
with flow regimes and b exponent bigger than 2 were reported by Varma et al.
(2018), shown in Fig. 2.6. As a result of fluid compressibility domination in total
compressibility, small fracture rock compressibility does not change production

behavior. Matrix linear flow is observed for all cases, as expected.
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Effect of Fracture Rock Compressibiliy
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Figure 5.17: Sensitivity analysis for fracture rock compressibility.

5.4.8 Empirical Function

Another interesting observation is deviation of b exponent calculated from empirical
function at transition flow period. In Fig. 5.18, mean matrix pressure of base case
calculated from empirical function defined in Eq. 76 (dashed green line) is almost
same with exact analytical solution defined in Eq. 75 (dashed red line). However,
same level of accuracy is not seen in b exponent estimation at transition flow period
(solid lines) in spite of using same inter-porosity flow term (Eq. 74). The
fundamental reason of this mismatch is total number of differentiation. In other
words, b exponent is actually a result of three consecutive differentiation of mean
matrix pressure. Therefore, small differences in mean matrix pressure are magnified
at each derivative operation until arriving final b exponent at that time. Based on
these findings, it can be concluded that b exponent is very sensitive to minor changes

and its sensitivity increases during transition flow period.
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Figure 5.18: Mean matrix pressure and b exponent comparison for base case.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

In this study, accuracy of existing dual-porosity reservoir simulation with constant
shape factors is analyzed for fractured shale reservoirs. In this respect, different types
of boundary conditions are considered for 3D rectangular anisotropic matrix to
eliminate any misinterpretation associated to boundary condition type. Analytical
solutions of pressure diffusion and time-dependent shape factors are obtained for all
boundary conditions. Also, reduced forms of shape factors in terms of dimension and
homogeneity are presented. Furthermore, new empirical functions are proposed to
mimic real behavior of mean matrix pressure and shape factor. For validation of
derived time-dependent shape factors and their proposed simplifications, fine scale
single-porosity numerical models are employed. Apart from these, effects of key
reservoir and completion parameters on production and hyperbolic decline exponent
(b exponent) are assessed by using semi-analytical transient dual-porosity models.
Possibility of generating b exponent from inter-porosity flow term with two different

approaches is tested. The following conclusions are drawn:

1 Modeling unsteady-state flow period is crucial as it covers most of economic
production life of well in shale formations.

1 Assumption of linear pressure profile between matrix and fracture is not valid
in fractured shale reservoirs.

1 Non-linearity observed in unsteady-state period lasts for a long time and this
period cannot be accurately modeled by constant shape factors.

1 The tighter the matrix is, the larger the error will be in classical dual-porosity
formulation.

1 Implementation of time-dependent shape factor eliminates this deficiency

without demanding further discretization.
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Empirical functions are robust in modeling of not only transient period, but
also late time behavior as opposed to constant shape factor.

New empirical functions can be easily implemented in dual-porosity
simulation without adding computational complexity.

Not only simplicity of function itself but also its derivative form is crucial to
obtain stable solution.

Switching between time dependent and independent shape factor can be
implemented for functions, which perform very well at reflecting early time
behavior but become incorrect at pseudo-steady state period.

1% term approximation for constant rate boundary condition provides reliable
forecasts in transient flow period.

Having better permeability or denser fractures and higher initial drawdown
extends constant pressure behavior in shape factor profile for linearly
declining fracture pressure.

Earlier switching time or steeper decline in fracture pressure displays
deviation from constant pressure behavior forward in shape factor profile for
linearly declining fracture pressure.

Matrix linear flow yields a b exponent of 2.

End of linear flow based on b exponent occurs at a 0 of 0.02 whereas
boundary-dominated flow starts ata 6 of 0.1.

Proposed empirical function is accurate at both early and late times in
predicting b exponent from inter-porosity flow term but it fails at transition
flow period.

Duration of matrix linear flow decreases with increase in matrix permeability
as well as reduction in matrix porosity, total matrix compressibility and
fracture spacing.

The b exponent is insensitive to variation of fracture half-length because of

constant flow area per unit volume for the studied reservoir configuration.

94



T

Effect of fracture conductivity on b exponent behavior is limited except for
too small values, where bilinear flow is seen and long transition period can
mask matrix linear flow.

Variation of fracture rock compressibility only dominates early time behavior

in a certain extent but this period is rarely seen in real production data.

As stated in derivations, fluid is assumed as slightly compressible such that its

properties are constant. Similarly, rock properties are also not function of pressure.

For future studies, following cases should be considered to extend this work:

)l
)l
)l
)l

Compressible fluid with pseudo-pressure implementation
Compressible fluid with pseudo-pressure and pseudo-time implementation
Stress-dependent rock properties with pseudo-pressure implementation

The b exponent behavior for compressible fluid (dry gas)
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APPENDICES

A. Constant Fracture Pressure Solution

For constant pressure at the boundary of anisotropic matrix having a single-phase
slightly compressible fluid, PDE, IC and BCs are defined as:

2 2
cukxulj+cuky ﬁ: f:ukz—a & ng)—I: 0¢x o,
z
X )’ 0¢y da, (A1)
0¢cz d,
P(x,y,z,t=0) P (A-2)
ex=0&x L @=
P&y=0&y L gR =0 (A-3)
&=0&z L, Y=

where 0 is initial pressure (M/LxT?) and O is fracture pressure (M/LxT?). To

simplify original PDE given in Eg. A-1, following dimensionless parameters are

used:

P-P X y z ckt h
~, Xy —, Yp=—, Iy —, & —Z—= =t (A-4)
P, -P L L, L (f > L2

Z

P, =

—

X X

where 0 is dimensionless pressure, 0 is fracture pressure (M/LxT?), & , & and &
are dimensionless length in x, y and z-direction, 0 is dimensionless time, — is
diffusivity coefficient in x-direction (L%T). Finally, PDE in dimensionless form

becomes:

2 2
CX I“l Plg +Cy ﬁPD _C BD _PDI (A'5)

2

X, W ot by
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with coefficients of :

k, L2 k L2
C, =1 C, LX=C, -2 (A-6)
vk kL2

IC and BCs in all directions are also written in dimensionless form, such that:
Py (Xp, yD,ZD7tD) =0 @t, O (A-7)

&, =0 & x, 1t, o
e, _ u
Poao =0 &Yy, Lt, 33 (A-8)
&,=0&z, Lt, B
As seen in Eqg. A-8, boundary conditions are not homogeneous. To apply separation
of variable techniques, problem is converted to homogenous one by defining new

dimensionless pressure as:

P -P

P, = h P i R (A-9)
2 2

poE: ¢, Ko ¢ Mo ¢ By Polkl (A-10)
W ¥ 4t tH

IC: Pou (X5, ¥p,25,0) 1 (A-11)

BCs: P, (boundaries,t;) O (A-12)

According to new IC and BCs, new dimensionless pressure can be expressed as

product of four functions which are function of single variable.
Pon (X5 Yo Zptp) = X (%)Y (Yp)Z(25)T (t5) (A-13)

By using Eq. A-10 leads to following equalities:

WX o 1 'z

c L 1
Xt Y w7z

1 TH 4 (A-14)
T tu

D
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a2 - b g = (A-15)

Now, each single dependent function can be solved as eigenvalue problem by using

Eq. A-14. Applying BCs in Eq. A-12 yields:

d*’X _a’
==X X(x, Y ¢ cos%az/C Xy Zc,sin Jﬁ/c X5
dx, C, (A-16)
X(X,) =¢;sin[npx,], np | 4C,, =n 123.....
d% _ b’ , \ 7 o 2
=— = £
&, CyY Y(y N ¢, cose%/b /C, Yo @c,sin é5/nyD A1)

Y(yp) =cssin[mpy,], mp J #HC,, =m 1,23..

d’Z _ ¢ ’ \ -
_ & g /
@ C. Z  Z(z,)Y ccos§ 7/C,z, @c, sin ‘g?/CZZD

Z(z,)=¢,sin[kpz,], k p  %4C,, =k 123....

(A-18)

Using Eq. A-13, general solution for 0 can be expressed as:

Por (X1 Yo Zosto) =@ @ Bk ©XP( '/ZtD)Sin[n /XD]Sin[m )Q]Sin[k XDC}

n=lm#%k 1=

(A-19)

Tofind @  term, initial condition and orthogonality of sine function are used, and

it is found as:
8 al- -1”01 1 1 & -

G =S (D" BADT 1Y (A-20)
L +Kg

For any even valuesof &, & and Qo becomes zero. Therefore, they are replaced

byce p.cd pandcQ p, respectively. Then, final homogeneous solution for

anisotropic matrix is:

115



64. . “..eXp{_ g(zn -&)ZCX (-Qm 1)-2'_Cy (Zkl- 1)20-2 ﬁzto}
PDH(XDin’ZD’tD):_:ga a a ¢
P’ nzom ok o (2n+1)(2m 4)(2k B

sing2n 1)px, gn (28 1) &, sing2k &) W g

(A-21)

From Eq. A-9,

uexp{-g(Zn t)°C, (Bm 1)tC, (2k 1)°G thD}

Py (o Yor Zoto) =1 ~2 8 & &
o=t 18 B AT e

sing2n 1)px, gn (26 1) &, sing2k &) é

(A-22)
Using Eq. 21, time-dependent shape factor takes form of:
sty=— 1 Mo (A-23)
h,1- P, Wt

Average dimensionless matrix pressure is calculated as:

A 2 2 2
_ 5122 o -op{- §2n 1FC, (em 1ic, (2 e, gt}
P (X0 Yo Zort) =1~ 8 A & e
P’ nzom ok o= (2n+1)"(2m 1) (2k B

(A-24)

Finally, time-dependent shape factor for a 3D anisotropic matrix becomes:

é‘g(Znﬂ)ZCX {am ¥'c, (% 1€, g 3

!
|
|
|

o s n;gexp{-an t)’C, (&m 1)-2|-Cy (2k 1)°G, ,ﬁztD}
) ﬁﬁm?ké" (2n+1) (2m 2 (2k I
Um0 T L L Lexpl- gon 4)’c, (em 1)ic, (2« 1)°G, @
s oo o= 2p- 20 ) C, (Bm IRC, (2 1)0; g
aaa (2n+1)" (2m 4)(2k 3

(A-25)
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For an isotropic case where Q =" Q ="Q="0and 0 =0 =0 =0, time-dependent

3D shape factor is:

,ge2”+1) fom § (% 1)+fexpp (-1 (3m 1f (2k+ 1) ﬁzte’ﬁ’}ﬂ
g (

(2n+1)"(2m 4)"(2k &’
exp{ g2n 1) (em F (2% 1) ;ﬁztD}

& et (om 4 (2 I

a
n=0m 8k

(A-26)

Similar to time-dependent 3D shape factor, 1D and 2D versions are presented in

below, respectively:

Fon+1) fon o gowl (@ U Hom )’ peg

p? a a% (2n+1) (2m 1)
szo(t)_ { N 2 2 2
= o exp{- §2n 4) (2m 1p ﬁtD}
aa (2n+1)° (2m )’
(A-27)
.!: 2 2
, a exp{- (2n 1) p tD}
S (t) =2 o0 : (A-28)
L" = exp{- (2n 4) pZtD}
na:o (2n +:|.)2
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B. Constant Rate (Flux) Solution

For a single-phase slightly compressible fluid, diffusivity equation (partial
differential equation-PDE) in anisotropic matrix medium (Cartesian coordinate

system) can be written:

0¢x dL,

2 2
cukxix_fmuky% f:usz?l ¢ np)—I: ocy a, (B-1)
06z d

where 'Q, 'Q and "Q are matrix permeability in x, y and z-direction, having fracture
spacing of 0 , 0 and O , respectively. Initial condition (IC) and constant flux (rate

per unit flow area) boundary conditions (BCs) for all directions are given:

P(x,y,z,t=0) P (B-2)

-cukxE ¥, @x L, and -cukxE =¢ @x O (B-3)
HX HX

-cukyE ¥, @y L, and -cukyE =¢, @y O (B-4)
Ky Ky

-cukzE ¥, @z L, and -cukzE =¢ @z O (B-5)
Hz Mz

where 0 is initial pressure (M/LxT?), 4 , 3 and R are fluxes (L/T) in x, y and z-

direction, respectively.

To simplify original PDE given in Eq. B-1, following dimensionless parameters are
used:
P-P X y

) Z
! ] X ] :y ] z _=! t — = (B-G)
PfO - Pl ? Lx ? I‘y ? Lz 0 (f W)Li

P, =
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where 0 is dimensionless pressure, @ , & and ¢ are dimensionless length in X, y
and z-direction, o is dimensionless time, 0 is initial fracture pressure (M/LxT?).

Finally, PDE in dimensionless form becomes:

2 2
CX I“l Plg +Cy ﬁPD 'C BD _PDI

z (B'7)
KX, W’ It
with coefficients of :
C =1 C kysz— C kZLZX (B-8)
T LT T kL2

Initial condition (1C) and boundary conditions (BCs) in all directions are also written

in dimensionless form, such that:

P (X5, Yp.20,t5) =0 @t, O (B-9)

oot @x, 1 =P  @x o f %k (B-10)
I'IXD MZ) Cukx

W _ - B gy,

—=f 1 =— f 0, f, =—— B-11

D @y, " , @Y, ek, (B-11)
Wy _ f @z, 1 = B f, @z, 0, f, Lot (B-12)
Ko B e

where "Q, "Qand "Qare associated flux terms (L3xM/T?) in X, y and z-direction.

As mentioned previously, 3D problem should be decomposed into six sub problems

for pressure solution such that:
I:)D (XD’ yD’ ZD’tD) = I:)D+x -'PD; FBy+ I:)D-)il- ) I:)Dz++|:)Dz (B'13)

Solution steps are shown in below for one sub-problem as an example. Laplace
transform is used to convert PDE and boundary conditions from real-time domain to

Laplace domain as follows:
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é 2p+ + 0 2 +

LR 2 B e B 2 bt t, O 0 (B-14)
i Co oy xf C,

é + o e f O+

LI& Y% B _ T @x, 1 0 @x, O (B-15)
(W, y K S Xl

Based on B-14, pressure solution and its derivative in Laplace domain are in the form

of:
PI:;x (XD ! S) = Cl exp(XD \/ S/Cx ) 'ez eXp( X-D \/ S/Cx ) (B-16)
%DJ; = Cl \/ S/Cx eXp(XD \/S/Cx) -CZ\/S/CX eXp( X_D AY, S/Cx) (B_17)

Boundary conditions in Eq. B-15 are used to determine constants and pressure

solution in Laplace domain is found as:

e _f cosh(X,/S/C,) ]
F’DX(XD,S)—s 5C. sinh(ys/C.) (B-18)

Similarly, mean matrix dimensionless pressure (Y ) in Laplace domain can be

obtained by integrating pressure solution over its boundary as shown in below:

: APl ¢
Up(X5,8) = : Xo=L - s? (B-19)
mozo dx,
To implement inversion, pressure solution is modified as:
" f Exp g— (1 _XD)\/ S/Cx ) 8exp (g_ XD) V S/Cx )
Po (Xp,8) = —= - (B-20)
sy/s/C, 1- exp§ 2,/s/C, @
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This modification allows us to use Binomial Theory such that:

1 . \
- =4 exp€ 2n,/s/C, (B-21)
1-exp§ 2,/s/C, € /

g =
unO

Then, pressure solution in Laplace domain becomes:

fX

s\/s/_CX,:a;‘OEngQn B xg)y/s/C, @exp @n -1 xg}sfC,

Po(Xp,8) =

(B-22)

Real time solution of pressure is obtained by taking its inversion according to
Carslaw and Jeager ((1959), pp.494) as in below:

e -(2n 4 x.)?
. éexp( ( 2 o) )
a 5 CXtD é to
_ e _ 2
Z V p &+ exp( (2n 4 >ﬂb))
é 4t

((2n +1 -Xp)

2\t )
+1 #p)

i (2n
(2n 4+ 4 )erfc( 2\/€ )

L'l{ PDX*(XD,S)} =P, (x5,ty) =f, i (2n 1 +x,)erfc

—) =) =) =) =) =) =) —f—() —) —) —) —) —) o:
R RN o § e | ey an’y ey N

(B-23)

Mean matrix dimensionless pressure is also inverted to real time domain as:

LU (6,9} =U, T0,t5) 618 (B-24)
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Same steps are followed to find 0 and Y as presented in below, respectively:

< C.tp -(2n 2 2 2 2 '
T8 2,/ B2 o))y g 20K 8
T =0 P é 4tD 4tD u |
ol o) =t o (@n+2 %)) (2n %),
]
A e(2n 2 xy)erfc((———22) (2n X yerfc((——=")
¢ 2 ofe b
(B-25)
UI-Dx (XD ’tD) = Cx fxtD (B-ZG)

As it can be seen from Eq. B-24 and Eq. B-26, mean matrix pressures are same,
which is another justification for solution method. Following steps mentioned above
for y and z-directions allows to find final 3D pressure solution and mean matrix

pressure according to formulas in below:
PD (XD’ Yoo ZD7tD) = PD+x -|PD>; F]f)y PD')'/' P + P (B'27)
UD(XD’yD’ZD’tD):UI;x -UD-x U-Dy+ Ua“y' UDZ++UDZ (B'28)

The final form of 3D pressure solution and mean matrix pressure for anisotropic

matrix are:
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2 ] ) 2
i, orp(-21 L")y 2L H) B
}3.2 hg , D.Q 2 , D 2 3
I - g @eXp(%) -exp(M) Y
P (Xor Vor Zotg) = 1, 1 b 4t, 7
D!'JD!'“D! X
% g(2n+1 -XD)erfC(M) ®n 1+XD)|erfc(M)
7. é 2t 2
T4 _
joeren 2 x )erfC(%Mzn -IXD)erfC((Zg\-/l-rXD))
i 8 5 -
8 N ) ,
1 ] c gexp( (2n 4‘3. YD) )+exp(M_) g
EY. Sbe b 4, i
T é ] , , U
1 n=0 p é+ eXp(W) -Exp(M) l;]
f ‘: Lo A_,ED G
yl\
D Gon+t yerte@ 0oy on 1y perto(BL T3, &
%- e 2\/§ 2\/5
[ M+2 - an
en @ yeroC1 ) an yoerte )
i 8 - :
é -
S PR R AP O I Y
%a 2 %g , D-Q 2 2 5 )@ 3
1 b g
% g(2n+1 -ZD)erfC(M) @n 1+z,)erfc (M)
7. € 2\/E 2\/%
P é
} e+(2n 2 Z-D)erfc(M) (2n D)El’fc((zn Z"))
i e 2\/E \/t:
(B-29)
Up (o Yo Z01t) =2C, T, €, T, G Tt (B-30)
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To find time-dependent shape factor, Eq. 21 is used. It can be written for x-direction

as:
s,(t) -1 _1 W (B-31)
hm Pfx - me ut

Following definitions are needed for parameters in Eq. B-31 to calculate time-
dependent shape factor:

P =R - Ry, R B Po (B-32)

P (Xp,tp) = —=—— (B-33)

P =R - APy (% 0OR %, 1t) (B-34)

By using relations above, time-dependent shape factor for x- direction can be found

as:
- a ck 0
5, 0= L -
h, ez 2
m%eaZ,/Ct @ oo ’)+2exp(‘ ) oo 2025 &
g n=0 P D D
é;l e 2n 2 UZCt
& g
g, S(Zn)erfc( \/E) 2(2n  Berfc( \/E) (2n 2)erfc(2 tD) a/

B-35)

Remember that same terms for 1D case are not cancelled to emphasize anisotropy
for 2D and 3D cases. As in the case of pressure, summation should be done for all

directions to calculate 3D shape factor according to:

Spt)= s + &) +6) (B-36)
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For an anisotropic matrix including fracture spacing, time-dependent 3D shape

factor becomes:

)
i
|
i
I
|
i "
L : -
165 2,oh eexp( P L G 2’3 o
Tgm VP aty 4ty ) et
g g(Zn)erfc( ) 2(2n 1}erfc(2n L @ 2erc (2n ®) g
46 2 2\t 2
i
T +

(t)_ 2 a Cukx :ﬁ Cy

TV T Bl P [on 0
158 27 ot ) 200 &) w0 @ 25 §
€m0 VP o Y5 2c t
~d a D
lg e on+1 me @
181 e(2n)erfc( ) 2(2n Berfc(—=) (2n 2)erfc(——=) W
1§ e Jt: 2t 2§
1 +
i C
| z
igé 22 G B 2000 ) e € B
1 & n=0 D D UT
-4 2t
ig’:l g(Zn)erfc( ) 2(2n l-)erfc( ) (2n 2)eff( QF Z
-2 \/t: ﬁ,

(B-37)

For an isotropic case where Q =" Q =Q="Q0 =0 =0 =0andn =1 =1

n

, time-dependent 3D shape factor becomes:
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1

(t)‘
3D ~
L* &= [t e -(2n)? {2n B (2n 2)% @ U
& 2\/: EXp(—, ) +2exp(—— ) ”exp(it 7
& n=0 P Se 4tD 4tD 4tD H %
4 e on+1 on 2 { 2o
. gonerfe(-T=) 2(2n Berfe(C1 =) (2n 2erfe(S 2n 2, 4
g 8 2@ NS N
(B-38)
Similar to time-dependent 3D shape factor, 1D and 2D versions are presented in
below, respectively:
1
1D(t)_ (2n)? (2n 1}2 (2n 2% g 0
ga \feexp( )+2exp(- ) exp( 3 0 i
=0 a 1
a & [thD
8 gemeric(-21) 2@n BerieX" ™) (2n 2eric(X" B)
g 6 \/ﬂ Jﬂ N
(B-39)
1
2l %, (2n)? (2 W (2 2% g
n n i
ga feexp( )+2exp( 1T exp( 3 g
=0 a i
a . [thD
8. gomerfe(-2L) e(2n Berte(X"*) (an 2)eric(X ?)
g & ofo o
(B-40)
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C. Constant Fracture Pressure Followed by Linearly Declining Fracture

Pressure Solution

For constant pressure followed by linearly declining pressure at the boundary of

anisotropic matrix having a single-phase slightly compressible fluid, PDE, IC and
BCs are defined as:

2 2
Cukx u I:)-'-Cuky ﬁj -Bukz_a (:f W)_P O¢ X (u_x
kX K z t O¢y d, (C-1)
0¢z o,
P(x,y,2,t=0) P (C-2)
gX:O & x Lt g}Pf t ot
Pay=0&y L,t = (C-3)

ul 13
TP - K(t ) t t
&=0&z L,t %Tf

S

where, 0 is decline coefficient (P/T or M/LxT3) and 0 is switching time (T) from
constant fracture pressure to linear declining fracture pressure. To simplify original

PDE given in Eqg. C-1, following dimensionless parameters are used:

P-P X z c k.t h
Xo0 —» Yo =Ll1 i, T 1‘:D — I =t (C'4)
Yy

Py =——L,
""P-P L L'® ¢l C

—

X

where 0 is dimensionless pressure, 0 0 is initial fracture pressure (M/LxT?),
@, and ¢ are dimensionless length in X, y and z-direction, 0 is dimensionless
time, — is diffusivity coefficient in x-direction (L¥T). Finally, PDE in
dimensionless form becomes:

cHPo o B o B R (C-5)
D T
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with coefficients of :

k, L2 k L2
C, =1 C, LX=C, -2 (C-6)
Tk L kL2

IC and BCs in all directions are also written in dimensionless form, such that:
Py (Xp, yD,ZD7tD) =0 @t, O (C-7)
&, =0 & x, 1t,

5
PDgyD :O&yD l’tD 3-,':1+_(tELDS) tD tD
& =0&z, Lt, Hi[ DR,

(C-8)

As seen from BCs above, this problem can be treated as superimposed version of
two distinct problems. In this respect, two new PDEs are constructed based on Eq.
C-9in below and Eg. C-5. Also, new dimensionless pressure definition shown in Eq.
C-10 is used to find IC and BCs of sub-problems.

Po=1 (P Ry) (C-9)
P -P
Pon = For _P: - P (C-10)

where 0 is dimensionless pressure for homogeneous problem while 0 s
dimensionless pressure for time-dependent problem. Their final versions including
IC and BCs becomes:

2 2
PDE: C, H'on Cyﬁ% c Py _Folt (C-11)
W ¥ I
IC: Poy (X5, Y5, 25,0) 1 (C-12)
BCs: P, (boundaries,t;) O (C-13)

128



2 2
poE: ¢, KR ¢ Hr ¢ i (C-14)
WX W z o U
IC: Py (X Yp:25,0) O (C-15)
gPDT(boundaries,tD):O o fo |
BCs: ?PDT(boundaries,tD): K(tD—htDS) ot 1| (C-16)
7 DP. x [
[ L i

For homogeneous problem, solution is already obtained for constant fracture

pressure case as.

Gas o ulgxp{-g(Zn 1)°C, (em 1fc, (2« 1''G thD}
P (%0 Yo, ) =—=a a a

P rom ek o (2n+1)(2m 4)(2k

sing2n 1)px, gn (2& 1) &, sing2k &) w g

(C-17)

To solve PDE with time-dependent boundary conditions, Duhamel’s theorem is
implemented. Solution strategy is forming an auxiliary problem where initial
condition is zero while boundary conditions are unity. In this respect, auxiliary

problem becomes:

2 2
PDE: C, M o cyﬁ% c Py _Folt (C-18)
I W 4t tH
IC: Poa(Xo, Y51 25,0) O (C-19)
BCs: P,,(boundaries,t;) 1 (C-20)

where 0 is dimensionless pressure for auxiliary problem. As seen in Eq. C-11, Eq.
C-12 and Eq. C-13, auxiliary problem can be formed from 0 by satisfying all

conditions mentioned above such that :

Poa =1 -Poy (C-21)
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Final form of the 0 is:

642 n"exp{-g(zn t)°c, (em 1jic, (2w )G ,ﬁZtD}

Poa (X5, Y5125, tp) =1 —a a a

P n=om sk o= (2n+1)(2m '&)(Zk 1‘)
sing2n 1)px, @n (20 1) A sing2k @) B

g 1

(C-22)

0 s calculated by using Duhamel’s superposition integral (Hahn and Ozisik

(2012)) as:

f(t.) “PDA(XD' yD’ZD’tD {) d i

0

t
Por (X0, ¥p1 25, tp) = ﬁi

D

where "QT is time-dependent boundary condition, which is:

ef(1)=0 t |
) K(t-t 1
L= & hDs) tty
I DR, !
r B f

Based on BCs above, 0 becomes:

e K(F - ts) HPoA (X, Yo 250ty )
PDT(XD'yD’ZD’tD)_rt]DS hD DA D F?[ DD ds
DPOL—g D

After tedious integration, 0  for anisotropic 3D matrix is:
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(C-23)

(C-24)

(C-25)



é K 64:° Loty -ty) |
r o hprdd &yl j
PDT(XD1yD7ZD’tD):1 DPOF i
[ b [
fsing2n+1)px, g@n (28 1) &, sing2k & B |
& K 64: 5 cexp{-Alt, 1)} k (
i- —a a a { B o)t ]
I pDp 2x n=0m 8k 0= |
P %
fsing2n+1)px, @n (2 1) ®, sing2k & w g
(C-26)
where,
A=§2n #)°C, (em 1}iC, (20 1)°C; g (C-27)
B=(2n 4)(2m 2}(2k 1) (C-28)
Further simplification can be done by using following relation:
s sing2p+l)g gp
a ==, 0 g ¢ (C-29)
= (2p+1) 4
After simplification, 0 for anisotropic 3D matrix becomes:
K K 645 % °expi-Alt, ) L
PDT(XD’yD’ZD’tD): —(tD tbs 53 a { o_° }
hX />Z n=0m 8k O AB
DPOF [I?O?
sing2n 1)px, gn (2&+ 1) &, sing2k @) g
(C-30)
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Final dimensionless pressure solution for the problem based on Eq. C-9 is:

ool gon 4)°C, (em 1ic, (2 10 gt

ZFP :
Po(%0: Yo, 20, 1) =1 &p* 7 T & (2n+1)(2m 4)(2k B
& sing2n 1)px, g@n (2 1) &, sing2k+@) B
a o}
e K (0]
B&——(tp, - ty,) O +
h, 0
& 0
4 K 6 5 exp{ gon 4)°C, (em 1iC, (217G, £ tDs)}
+§Dp0i;p3n0m@w 2n+1)°C, 42m B'C, (% 1)°€ £ (2n 1)(2m 1)(2k 1)
L
> X
ge sing2n 1)px,gsin @m+1)pxs sig (2kgt) &,
(C-31)
Using Eq. 21, time-dependent shape factor takes form of
s=0n 1 MR (C-32)

Average dimensionless matrix pressure for considered problem is calculated as:

dOO OO

A copf-gon 4 c, (em 1ic, (2 1) 0; gt} O
Px, o t)=1l 2 —8 a a O
U Yo 7o:to) = graad (2n+1)° (2m 4) (2k # 8
(; -
a 0
e K (0]
&——(t, t5) O +
h, )
e 9
a
® K 5o o o exp{ g2n 4)°C, (em 1fC, (2k 1)°G; f(t tDS)}
+e a a
g O%fnomw 2n+1)°c, {2m H'c, (2 1€, g (2n 1)'(2m 1)'(2k 1)

(C-33)
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Finally, time-dependent shape factor for a 3D anisotropic matrix becomes:

W, (x 1€, Bp s

z uz

&2
N
=}
+

=

><O

e
N
3

: |
é |
gexp{- g(Zn t)°C, (em 14C, (2w 1)°G HZtD} |
€ K N 2 2 ) ) |
iy g ﬁ(exp{ g2n B'C, (2m 1)°€, (2Kk+1)CH(L, tDS)} 1) |
s =Ll ﬁnzmkf‘ (2n+1) (2m 4) (2k %

' Sanviyc, fam o+ 4)C, Bot |
é " |
gexp{ g2n t)°C, (em 1}C, (2w 1)°G HZtD} |
€ K 2 ) , |

o o g ﬁ(exp{ Hon Hc, (2m 1€, (k+1)CrA tDS)} 1) |
na=0r'n§kof1 g2n+1) Cx _(Zm 1_) Cy (Zk 1)2_€Z @n 1)2(Qm 1)2(2"( 1)2

(C-34)

For an isotropic case where Q =" Q ="Q="Q0 =0 =0 =0, time-dependent 3D

shape factor is:

?é(2n+1)2 fom 3 (2 1)+ exp{* (28-1)° (am 1f (2K 1) +/5tg}+;
ng.DP;Lz(exp{ Hon W (am 1)+ (2+1) B DS} ) -

= = o8 DR,
aa
SSD(t):p_zzn:Om@koff (2n+1)° (2m 4)°(2k &
k Hon+1f am (2 1)4g expf f2-1) (am 1F (ke 1) o) +
é K L? 2 2, :
! ag ﬁf(eXp{ Gon § (2m 1)+ (k+1)° F, Ds} 1) |
om ek Qan+1) {2m B (2 1)'+@n 1) (em 1) (2k 1)+

(C-35)
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Similar to time-dependent 3D shape factor, 1D and 2D versions are presented in

below, respectively:

é‘g(Znﬂ)z m ¥ g e (@ 1) «2ma) Ag

€ K L2 . 2 2, g2
;gD%m(exp{ g2n 8 (2m 1)+ tos)} 1
_,02 n:Om? (2n+1)2 (2m -&)2
SZD(t)_F A 2 2 - 2 2
Hon+1) {2m Yy g e)?p{ (28 1) +2m +) &g} |
¢ k12 \ 2 2, g2
;g—D%m(eXp{ H2n § (2m 1)+f (tD'tDs)} 1)
mom e gan+1) {2m 3 @n 1f(2m 1)+
(C-36)
2(2n+1) o’ 3exp{ (2n 1)} ﬁtD} :
€ K L2 - '
LS omn @0 0 o W) v
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L 2(2n+1) p? %xp{ (2n 1)* ﬁtD} |
é K L? 2 2 !
. gDPOhm(exp{ {2n B Pt tog)} D 4|
< (2n+1)"
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