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ABSTRACT 

 

HARDENING NONLINEAR STIFFNESS BEHAVIOUR OF 

PIEZOELECTRIC MATERIALS WITH PASSIVE NONLINEAR P-N 

JUNCTION CAPACITANCE SHUNT CIRCUITS  

 

 

 

 

Taşkıran, Muhammed Ali 

Master of Science, Mechanical Engineering 

Supervisor: Assoc. Prof. Dr. Mehmet Bülent Özer 

 

 

September 2021, 131 pages 

 

Piezoelectric materials are electromechanical energy transducers. They can be 

utilized actively when energized electrically or passively when connected to a 

passive shunt circuit. Due to this, they have been suggested for several vibrations 

suppression and energy harvesting applications.  

In this thesis, a novel way to attain passive hardening stiffness was suggested by 

introducing an electrical component for passive nonlinear piezoelectric vibration 

isolation or energy harvesting. Since piezoelectric materials can be used actively or 

passively, the introduced component allows it to use of active and passive vibration 

isolation techniques at the same time. A passive nonlinear component was suggested 

to be hardening capacitor attained by P-N junction. For the first step of this thesis, 

conceptual proof that hardening capacitor provides hardening stiffness is 

demonstrated. The hardening effect in frequency and time domain for single degree 

of freedom is then studied as the next step. Then the study is extended to piezo 

attached cantilever beam case. Equations for the beam structure are derived, and they 

are validated with numerical solutions and tests. It is shown that the test and the 

numerical simulation results are in agreement with the analytical solutions.  
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ÖZ 

 

PASİF DOĞRUSAL OLMAYAN P-N JONKSİYON KAPASİTANSLI ŞÖNT 

DEVRELERLE PİEZOELEKTRİK MATERYALLERİN DOĞRUSAL 

OLMAYAN SERTLEŞEN DİRENGENLİĞİ 

 

 

 

Taşkıran, Muhammed Ali  

Yüksek Lisans, Makina Mühendisliği 

Tez Yöneticisi: Doç. Dr. Mehmet Bülent Özer 

 

 
Eylül 2021, 131sayfa 

 

Piezoelektrik materyaller elektromekanik enerji çevirgeçleridir. Elektriksel olarak 

enerjilendirildiklerinde aktif olarak olarak kullanılabildikleri gibi pasif şönt devreye 

bağlandıklarında pasif olarak faydalanılabilirler. Bu sebeple, bu materyaller çeşitli 

titreşim sönümleme ve enerji hasatı uygulamalarında kullanılabilmektedirler.  

Bu tezde sertleşen direngenlik elde edecek pasif doğrusal olmayan piezoelektrik 

titreşim izolasyonunda veya enerji hasatı uygulamalarında kullanılmak üzere pasif 

elektriksel komponent çalışılmıştır. Piezoelektrik malzemeler aktif ve pasif olarak 

kullanılabildikleri için üzerine çalışılan bu elektriksel kavramsal pasif olmasına 

karşın aktif izolasyon tekniklerinin kullanılabilmesine de olanak sağlamaktadır. 

Pasif doğrusal olmayan komponent P-N jonksiyonun doğasında olan sertleşen 

kapasitör özelliğinden elde edilmektedir. Tezin ilk adımında, bu kapasitörün 

etkisiyle serleşen direngenlik özelliğinin elde edilebilirliği konseptsel olarak 

gösterilmiştir. Sonraki adımda zaman ve frekans alanında bu etkinin sonuçları tek 

serbestlik dereceli piezoelektrik yaması için irdelenmiştir. Akabinde bu çalışma 

piezo entegreli saplama çubuk için genişletilmiş ve denklemler türetilmiştir. 
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Denklemlerden alınan sonuçların sayısal benzetim ve test sonuçlarıyla uyumlu 

olduğu gözlenmiştir. 

 

Anahtar Kelimeler: Pasif Sertleşen Kapasitans, Piezoelektrik Titreşim İzolasyonu, 

Pasif Titreşim İzolasyonu, Doğrusal Olmayan Pasif Paralel Devre, Varaktor.  
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CHAPTER 1  

1 INTRODUCTION  

1.1 Motivation of the Thesis 

Vibration and shock isolation is an important subject in many engineering 

applications. Isolation is important because vibration and shock may cause problems 

like unpredicted failure of a system, shortened fatigue life of components, decreased 

comfort in transportation, noisy and ineffective sensing of measurement devices like 

reconnaissance cameras or accelerometers, and so on.   

In active isolation, the system requires power, actuators, controllers, and sensing 

devices and they introduce complexity in the system. In passive vibration isolation, 

simple components like spring, mass and damper are enough and they do not require 

power, controller and sensors. 

Piezoelectric materials are electromechanical transducers converting mechanical 

energy to electrical energy or electrical energy to mechanical energy. These 

conversions are called direct or reverse piezoelectric effects. This phenomenon 

allows one to use piezoelectric devices as actuators, sensors and passive structural 

elements. Compared to bulk, volume requiring mechanical structural elements like 

spring, damper and mass, piezoelectric devices can be more beneficial when volume  

is considered since counterparts of mechanical bulk components in electrical domain 

are resistors, inductors and capacitors which can be much smaller and even can be 

in micro scales. Moreover, since these devices can be used as structural components 

and also actuators, active and passive hybrid vibration isolation can be achieved.  

Passive vibration isolation can be linear and nonlinear. In mechanical domain, 

passive nonlinear vibration isolation can commonly be accompanied by geometric 

nonlinearities resulting in nonlinear stiffness, damping and mass. By introducing 
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nonlinearities to vibration absorbers, vibration isolation can be improved compared 

to linear counterparts [1]. It is possible to introduce nonlinear components in 

electrical domain which can be considered as equivalent nonlinear mechanical mass, 

damper and spring in the mechanical system with use of piezoelectric transducers.  

In this thesis, a passive nonlinear electro-mechanical system (where non-linearity is 

obtained form an electrical component) will be introduced which can be used in 

passive, hybrid or active non-linear vibration isolation studies.  

1.2 Thesis Outline 

This thesis starts with chapter 2 which is the literature review. In this chapter, three 

main subjects are investigated. The first subject is hardening capacitance used in 

electrical domain. The second subject is piezoelectric vibration absorber shunt 

circuits. As subsections, active, passive and semi-active vibration isolation circuits 

in literature are examined. Lastly, studies on nonlinear softening characteristics of 

piezoelectric materials near resonance are investigated. 

After the literature survey, modelling of simple piezoelectric patch is given in 

Chapter 3. The chapter starts with conceptual proof of hardening stiffness obtained 

by a nonlinear hardening capacitor. Then, quasi-static loading of a piezoelectric 

patch is shown to demonstrate the hardening stiffness effect. Later, time domain 

response and frequency domain response of the patch are studied.  

Following the simple proof of hardening stiffness related to a nonlinear capacitor, 

the study is extended to a fixed free bimorph cantilever beam with attached 

piezoelectric patches in Chapter 4. Equations for different modes of operation of the 

piezoelectric patches are derived and related Matlab simulation results are presented. 

Matlab simulation results are then validated by Comsol simulations which are 

performed in frequency domain and time domains. The chapter also includes Matlab 

simulation results which are to be validated by tests instead of FEM software. 
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In Chapter 5 experimental study is given. Cantilever beam that is to be tested is given 

first and then experimental hardware and software are explained. After this, 

experimental results are shared. The results are then compared with simulation 

results from chapter 4. 

Being the last chapter, chapter 6 is the summary of the thesis. The summary is 

followed by a discussion of how the method introduced in this thesis can be 

improved. The chapter finishes with future work suggestions
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CHAPTER 2  

2 LITERATURE REVIEW 

This chapter consists of four headings: 

- Hardening capacitance in electrical domain 

Under this heading nonlinear capacitor use in electrical domain is discussed. 

- Piezoelectric vibration absorber shunt circuits 

Under this heading active, passive and semi-active piezoelectric vibration 

mitigation techniques are discussed. 

- Softening characteristics of piezoelectric materials near resonance 

- Summary  

A gap in the piezoelectric vibration absorber techniques in the literature is 

pointed out and the motivating idea of this thesis is explained. 

2.1 Hardening Capacitance in Electrical Domain 

Under this heading, the use of components named variable capacitors or varactors 

exhibiting hardening capacitance characteristics in nonlinear electrical circuits  

literature is investigated. In the literature, variable capacitors are mainly obtained by 

two components; ferroelectric capacitors and varactor diodes.  

It is possible to observe the hardening capacitance components are used in several 

applications like electromagnetic vibration energy harvesting, electromagnetic wave 

frequency multiplication, pulse generation and so on [2][3][4][5][6][7][8]. For the 

applications, two types of variable capacitors are used. They are ferroelectric 

capacitors and varactors diodes. 

Ferroelectric capacitors can be obtained by placing ferroelectric material as a 

dielectric material in a capacitor and due to the ferroelectric layer, the capacitor 
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possesses hysteresis [4][9][10]. Typical charge-voltage characteristic of a 

ferroelectric capacitor is given in Figure 2-1. Gluskin [4] reported ferroelectric 

capacitors could be used as nonlinear capacitors in electrical applications. In the 

article, it is mentioned that ferroelectric capacitors show hysteretic characteristics 

and the condition for the degree of the hysteresis is discussed. He also reported that 

if the nonlinearity is not very strong and hysteresis is neglected, relation between 

voltage and charge accumulated on the capacitor can be approximated as follows: 

It is obvious from equation (2.1) that ferroelectric capacitors can have cubic 

nonlinearity however, the conditions mentioned above should be satisfied for 

accurate modeling. Apparently, the conditions introduce extra limitations in 

designing process of the components. 

 

Figure 2-1 Typical Charge-Voltage Characteristic of a Ferroelectric Capacitor [4] 

Varactor diode, which is another type of nonlinear capacitor, is used in nonlinear 

electrical circuits. Its nonlinear behavior stems from P-N junction [11] which is used 

in solid state devices like diodes and transistors. P-N junction reaction under voltage 

load is demonstrated in Figure 2-2. As can be seen from Figure 2-2 at the equilibrium, 

 𝑉 = 𝑎1𝑞 + 𝑎3𝑞
3 (2.1) 



 

 

7 

distance between p doped and n doped region is moderate. When the junction is 

forward biased, the distance decreases and when reverse biased, the distance 

increases. As the distance increase, capacitance of the structure decrease and 

oppositely, as the distance decrease, capacitance increase. Considering equation 

(2.2), this phenomenon can be imagined as two imaginary capacitor electrodes come 

closer in forward bias condition resulting in increased capacitance, whereas the 

electrodes move away in reverse bias condition resulting in decreased capacitance. 

In (2.2), C, 휀, A, d stand for capacitance, dielectric permittivity, area of the electrodes 

and distance between the electrodes, respectively. Connecting two P-N junctions 

back to back in series, which is, in fact, connecting two diodes such that no 

conduction occurs, gives a variable capacitor in both directions. It is because one of 

the junctions will be reverse biased in any direction. 

 

Figure 2-2 P-N Junction Biasing and Junction Reaction [12] 

Nonlinear capacitance versus voltage model of P-N junction under reverse voltage 

load can be found in the literature [13][11]. The function of the capacitance versus 

voltage is given in equation (2.3)  

 𝐶 = 휀 ×
𝐴

𝑑
 (2.2) 

 𝐶 =
𝐾

(𝜑 + 𝑉)𝑛
 (2.3) 
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In (2.3), C, K, 𝜑, V, n denote capacitance, built-in potential, reverse voltage, power 

law exponent, respectively. 

Similar to the ferroelectric capacitor approximation mentioned above, voltage versus 

charge of a P-N junction can be approximated as linear and cubic capacitances in 

series [5][2][8], which is given in (2.1). Krishnamurthi et al. [8] studied a frequency 

tripler with approximation formulized in  (2.1). Li et al. [5] studied frequency 

multiplier with cubic capacitance approximation and 20th degree polynomial Taylor 

series expansion approximation. In the work, it is possible to observe that the 

approximations are close. Wang et al. [2][14] studied electromagnetic nonlinear 

energy harvester to widen the useful bandwidth employing varactor diodes. In the 

work, cubic nonlinear approximation is used in calculations. Calculations are 

validated with experiments.  

2.2 Piezoelectric Vibration Absorber Shunt Circuits 

In the literature, it is possible to find numerous piezoelectric vibration absorber shunt 

circuits. They can be classified as passive, semi-passive and active shunt circuits 

[15]. The shunt circuits can be linear and nonlinear. Review articles [15] and [16] 

include several different studies on shunt circuits.  

2.2.1 Passive Shunt Circuits 

Passive shunt circuits require no power and controller to suppress vibration. They 

are constructed with use of passive, linear or nonlinear electrical components. 

Therefore, they are also cheaper and easy to implement. Passive circuits can be linear 

or nonlinear. 
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2.2.1.1 Passive Linear Shunt Circuits 

Hagood et al. [17] studied passive R and RL shunt circuits. The authors derived 

piezoelectric models and conducted experiments. They reported that the model and 

the experiments are in good agreement. The experiments are conducted using 

specific R or RL parameters which are tuned by techniques they discussed in their 

study. It was pointed that a large inductor is required for low frequency isolation. In 

reference [18], tuning of the parameters was also discussed, and the tuning technique 

introduced was experimentally validated. The authors, different from [17], discussed 

not only serially connected RL circuit but also parallel connected RL circuits and 

compared their advantages and disadvantages. In [19] additional strategied on tuning 

is discussed. 

 

Figure 2-3 R Shunt Circuit [17] 

 

Figure 2-4 RL Shunt Circuit [17] 

Park et al. [20] suggested a shunt decreasing inductance requirement which is 

mentioned in [17]. In the article, synthetic active inductor replacing bulky physical 
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inductor. The authors conducted experiments and showed that using their approach, 

the value of required inductance dropped by 50%. 

 

Figure 2-5 Enhanced Piezoelectric Shunt Circuit [20] 

Studies mentioned so far can mitigate vibration only for a specified structural mode. 

[21] and [22] offered a remedy for this deficiency (Figure 2-6 and Figure 2-7). The 

main idea in their shunts is that multiple shunt circuits which are tuned to suppress 

desired structural mode are parallel connected. Each shunt has its own filter, which 

is composed of passive electrical components like capacitor, inductor, and resistor, 

filtering frequency for vibration suppressing shunt circuit tuned for certain frequency 

range. In [21] and [22] experiments are also performed to verify their analytic 

derivations. 

 

Figure 2-6 Single Mode Vibration Isolation Shunt Circuit [21] 
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Figure 2-7 An Example of Multi Mode Vibration Absorber Shunt Circuit 

Mentioned in [22] 

2.2.1.2 Passive Nonlinear Shunt Circuits 

Inman [23] analyzed a fictitious nonlinear shunt whose capacitors’ voltage related to 

1st, 2nd, and 3rd polynomial order of the electrical charge on the fictitious electrical 

component. Inman reported that higher bandwidth is obtained by using a nonlinear 

shunt circuit; however, a resonant response is also introduced. The author did not 

mention what kind of electrical circuit component could be used to obtain the 

nonlinearity, and therefore, the work cannot be experimentally validated. 

Zhou et al. [24] studied a nonlinear energy sink consisting of piezoelectric material 

and a nonlinear shunt circuit to lessen the vibration of mistuned bladed disks. The 

authors suggested ferroelectric capacitors to obtain nonlinearity they examined in 

their work. They investigated SDOF nonlinear shunt circuit first (Figure 2-8), and 

they showed that the inductance required for the vibration absorption is decreased, 

and higher bandwidth is obtained. After the SDOF model, a nonlinear shunt is 

theoretically applied to bladed disks, and the system is reported as successful for 

mitigating vibration caused by mistuned blades. Even though they offered an 

electrical component which is ferroelectric capacitor, to obtain nonlinearity in the 

circuit, unlike Inman [23], they only mentioned the characteristics of the component 
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and did not mention the component’s cost, size, etc. their work includes only 

theoretical calculations. Similarly, Soltani et al. [25] offered a piezoelectric shunt 

circuit whose nonlinearity is suggested to be obtained by a ferroelectric capacitor. 

They investigated a nonlinear tuned vibration absorber. They reported better 

vibration mitigation compared to linear shunt made by Den Hartog’s tuning method. 

 

Figure 2-8 SDOF Nonlinear Shunt Circuit Introduced by Zhou et al. [24] 

Lossouarn et al. [26] studied a nonlinear tuned piezoelectric vibration absorber. 

Unlike nonlinearities studies by Soltani et al. [25] and Zhou et al. [24], nonlinearity 

is introduced by saturating inductance (Figure 2-9). Saturating inductance is reported 

to have a good performance on vibration isolation. Their theoretical work was 

experimentally supported. 
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Figure 2-9 Saturating Inductor Material Data Used in [26]: (a) Magnetic Field vs. 

Magnetic Field Intensity of the Material (blue line) Polynomial Approximation (red 

line) (b) Relative Magnetic Permeability vs. Magnetic Field Intensity of the 

Material (black line) Polynomial Approximation (red line) 

Another passive or self-powered shunt circuit is introduced by Niederberger et al. 

[27]. The circuit is shown in Figure 2-10. Their shunt circuit includes two 

piezoelectric structures. One of the piezoelectric material is used as a sensor, and the 

other one is used for vibration absorption. The main idea behind their shunt circuit 

is to create an electromagnetic shock on the inductor by switching the circuit from 

open to RL circuit with use of MOSFETs, and this switching action is to increase the 

effectiveness of the inductor used in the system. The experiments conducted in their 

article demonstrated that better performance was obtained when compared to passive 

R circuit. It is important to point out that this circuit can suppress only one frequency 

value. 
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Figure 2-10 Nonlinear Shunt Circuit Introduced by Niederberger et al. [27] 

Similar to [27], switching based damping was studied in [28]. Switching controller 

is realized by an analog circuit. The system has a vibration energy harvester that is 

to switch the circuit and supply energy to the controller. As a result, the system is 

not only a vibration absorber but also an energy harvester. [28] also includes 

experimental results. 

2.2.2 Semi-passive Shunt Circuits 

Semi-passive shunt circuits, as described in [15], do not exert energy into the system; 

rather, they use the energy to tune or switch the parameters in the circuit. Even 

though they do not input energy into a system, they require power to operate. In order 

to tune or switch the parameters, a control system and an algorithm are required. This 

further complicates the system, but still, power is not an issue. 

Switching shunts can be found in the literature as smart switch or state switch 

damping. Switching of the shunt can be done on one or more parallel/series 

combinations of electrical circuit elements, which are R, L, and C. Here it is 

important to note that infinite or zero values of the components can result in open or 

short circuits. For example, infinite R value between two nodes results in open 

circuit, whereas zero R value results in short circuit. In Figure 2-11, some switching 
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shunts are shown. From a to c in the figure, passive electrical components are 

switched, and from d to f, active components are switched. Active electrical 

component switches will be mentioned in the next section due to the fact that they 

intend to exert energy into the system. 

 

Figure 2-11 Switching Shunt Circuits [15]; (a) State Switch (b) Switch on Resistor 

(c) Switch on Inductor (d) Switch on Voltage (e) Switch on Negative Capacitor (f) 

Switch on Negative Capacitance and Inductor 

Clark [29] studied switching on a resistor. He explained state switch as stiffness 

control of the system, and he proposed resistor switch can improve vibration 

absorption performance. His intention on switching was said to be capturing 

vibration energy while the piezoelectric element has high stiffness and dissipating it 

through the resistor. His theoretical work resulted in better free vibration decay 

compared to state switch and resistive shunt. He used a specific state switch control 

law and an optimal resistance for switching regarding the cost function constructed 

by regarding the tip displacement over time. Experimental work is not shared in his 

study. Similar to Clark’s approach on state switch [29], Ramaratnam et al. [30] 

studied stiffness control on a piezoelectric vibration absorber. He carried out stability 
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analysis and presented experimental results for verification of theoretical claims. He 

reported good damping performance of free vibration decay. 

Richard et al. [31] suggested that instead of switching the shunt from open circuit to 

a short circuit, switching can be done between open circuit and a small inductor. The 

authors reported better harmonic and free vibration performance with the 

experimental data. Similarly, Corr et al. [32] investigated switching on an inductor 

and named it as pulse switching. In the article, it was observed that switching circuit 

with much smaller inductance than passive RL shunt outperformed state switch 

circuit. In [31] and [32], it is commonly noted that mistuning of the parameters is not 

an issue. Two articles utilize different switching strategies. Reference [33] is another 

inductor switch circuit with a different switching logic and optimization. 

Davis [34] offered a method of capacitance tuning of the shunt circuit using a 

capacitor bank. Similar to [31] and [32], his motivation was to adjust the stiffness in 

the system. He mentioned that tuned piezoelectric shunt is sensitive to parameters 

and in case of using resistance affects the absorber's performance in high frequency 

range negatively in his paper. His work includes an experimental study. 

 

Figure 2-12 Capacitor Bank Offered by Davis [34] 
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Figure 2-13 Response of the Piezoelectric Shunt System for Open Circuit and Short 

Circuit and Intermediate Tuned Capacitive Shunt [34] 

Lallart et. al. [35] offered blind switching technique to suppress vibration. The basic 

theory of the technique is that in a period of vibration, switching is done several 

times different from the above techniques, whose switching signals were mainly 

maximum voltage. The work includes semi passive and active versions. In semi 

passive part of the paper, blind switching is done on short circuit. In the active part, 

switching is done on a voltage source. The authors stated that blind switching on 

voltage a source resulted in better vibration attenuation regarding the experiments 

they have conducted. 

2.2.3 Active Shunt Circuits 

In the previous section, smart switching circuits are mentioned mainly, and active 

smart switching can also be found in the literature among numerous active shunt 

techniques. As shown in Figure 2-11 (d), switching can be done on a voltage source. 

Petit et al. [36] studied smart switching on a voltage source as well as switching on 

short circuit and inductance. In the paper performance of the techniques is 

demonstrated. Switching on voltage was shown to have the best performance than 

switching on inductance. The least effective shunt was observed as switching on 

short circuit. The authors modified the switch detector circuit by adding parallel RLC 
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shunts, which filter each resonant frequency to feed the detector circuit. Therefore, 

multi mode of a vibrating structure was claimed to be influenced. Badel et. al. [37] 

offered an adaptive voltage source to widen the frequency range of the vibration 

absorber shunt. Makihara et al. [38] offered a passive R-L shunt circuit which is 

serially connected to overcome the chattering problem of the switching. More than 

that, they improved switching by enriching the switching voltage source for opposite 

terminals with excluding a voltage source. As a result, three switching positions were 

created. 

Han et. al.[39] studied switching on negative capacitance, which is depicted in Figure 

2-11 (f). The authors showed their technique performed better than switching on 

inductor. They supported their investigation with experiments. In [40], also negative 

switch on a capacitor is examined, which is given in Figure 2-11 (e). It was reported 

that the shunt offered in the paper performed better than switching on inductor shunt 

relying on the experimental work. 

Before continuing with more complex active shunts, it would be better to mention 

synthetic electrical circuit components. Previously synthetic inductor and synthetic 

capacitor were mentioned. In Figure 2-14, negative capacitance is shown. In [41] 

pure negative capacitance shunt circuit is studied. The authors concluded the study 

by stating that the system they proposed was able to suppress vibration with several 

harmonic components. In Figure 2-15, a synthetic inductor is shown. In reference 

[20], it was reported that instead of a bulky physical inductor, a more compact 

synthetic inductor was more flexible and simpler.  
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Figure 2-14 Negative Capacitance Offered by Han et al. [39] 

 

Figure 2-15 Synthetic Inductor in [20] 

Morgan et al. [42] offered a control law that alters the inductance and resistance 

parameters in the circuits. The circuit has a passive R-L circuit cascaded with a 

controlled voltage source. The voltage source is driven such that it gives an output 

voltage that is the same as the actively tuned inductance and resistance. In the paper, 

the technique was reported to perform better than short circuit and semi active 

piezoelectric shunt techniques. Experimental results of the compared systems are 

presented in the study. Reference [43] includes more information on the 
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experimental study whose results are given in [42]. The system offered is depicted 

in Figure 2-16 

 

Figure 2-16 Piezoelectric Vibration absorber Suggested in [42] 

Similar to [42], Niederberger et al. [44] studied active impedance tuning. The 

difference between [42] and [44] is that synthetic inductance (called virtual 

inductance in the paper) is used instead of a voltage source in [44]. The suggested 

absorber is shown in Figure 2-17. 

 

Figure 2-17 Piezoelectric Vibration absorber Suggested in [44] 

In [45], active and passive vibration absorber shunt circuits are used at the same time. 

A collocated piezoelectric element was used as a sensor with a passive R-L shunt 

circuit. In other words, one of the piezoelectric elements was used to serve as a 
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passive vibration absorber as well as a sensor whose input is used in an active 

vibration control system. The second piezoelectric element was supposed to suppress 

vibration actively with the use of a voltage source. The authors declared that the 

absorber they suggested was able to perform better for a tuned frequency; however, 

active absorption is sensitive to the R-L parameters used in the sensori-passive 

piezoelectric shunt. 

 

Figure 2-18 Active Passive Piezoelectric Vibration Absorber System in [45] 

 In [42] and [44], a piezoelectric element is used as a sensor. In [45], the piezoelectric 

sensor element is used as a sensor and isolator at the same time. However, the active 

vibration absorber piezoelectric element can be used as an active isolator and sensor 

at the same time. In [46] self sensing actuator concept is studied. Self sensing concept 

is realized by the use of opamps. Analog circuits for rate sensing feedback and self 

sensing strain feedback systems are given in Figure 2-19 and Figure 2-20, 

respectively. The systems suggested in the article were experimentally validated for 

free vibration case. A significant vibration reduction is reported in the study 

considering the experimental results. The authors also stated that performance of the 

offered systems is comparable to the systems, which are realized by two distinct 

piezoelectric elements as a sensor and an actuator. 
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Figure 2-19 Self Sensing Rate Feedback Sensori Actuator System in [46] 

 

Figure 2-20 Self Sensing Positon Feedback Sensori Actuator System in [46] 
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The positive position feedback concept mentioned in [46] is improved in [47] with 

the name of modified positive position feedback. The main idea of the improved 

concept is to use two parallel compensators. This method was reported to be more 

effective for harmonic disturbance and equally effective for transient vibration. The 

study was supported by experimental work. 

In [48], constant gain and constant amplitude velocity feedback controls (CGVF and 

CAVF) are presented. Constant gain control, as obvious from the name, is linear and 

continuous; however, constant amplitude controller was said to be continuous but 

nonlinear. As can be understood from the name itself, constant amplitude controller 

is supposed to feed a constant voltage amplitude back. The results given in the study 

reveals that constant amplitude controller suppressed transient free vibration faster 

compared to constant gain feedback controller.  

In addition to CGVF and CAVF control strategies, LQR and LQG controller 

strategies are presented their performances presented in [49]. In the study, it was 

found that for free vibration with initial displacement, CAVF and LQG performed 

better. However, CAVF could not suppress multi mode vibration, whereas LQR 

could. It was reported that quadratic cost function increase flexibility easily when 

compared to classical control methods.  

Up to now, several active vibration elimination techniques in the literature presented. 

Some of them require a proper controller design, and some of them are simple system 

energizing circuits. Nonetheless, another technique that stands as a bridge between 

passive and active piezoelectric vibration isolation is studied in [50]. The main idea 

of the study is to use cubic capacitance mentioned in section 2.2.1.2. The nonlinear 

capacitor with cubic capacitance is realized by active linear electrical circuit 

components. Furthermore, to increase the effectiveness of the piezoelectric vibration 

absorber, a negative capacitance was added in series to the system. The system 

suggested in the paper was reported to be useful for aeroelastic control to reduce 

flutter. Their work was validated by only simulations. In [51], the concept was 

experimentally validated. 
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Figure 2-21 Nonlinear Piezoelectric Shunt Circuit Studied in [50] 

2.3 Softening Effects of Piezoelectric Materials under Harmonic Excitation 

Piezoelectric materials are commonly modelled as linear components ([52]). For 

cantilever beam applications, linear model can be used for small excitation 

amplitudes ([53]). For the case when amplitudes increase, piezoelectric materials 

such as PZT-5A and PZT-5H exhibit softening characteristics near resonance. This 

softening nonlinearity was reported in many publications such as references 

[54][55][56][57][58][59]. In [58] and [57], 3-3 mode piezoelectric patches 

interdigitated electrodes called MFC are studied, and the rest studied well-known 3-

1 mode piezoelectric patches. 

The softening effect can be considered as ferroelastic material softening, as stated in 

[58][55][57] and [59]. In [55], softening effect is claimed to be stemmed from 
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ferroelastic hysteresis, and for steady state applications, this hysteresis can be 

observed as softening spring effect. The nonlinear model introduced in the 

publication was confirmed with experiments. 

In [59], Leadenham and Ertürk summarized several nonlinear elasticity 

approximations. Among the approximations, the ferroelastic softening approach is 

employed, and the cantilever system is modelled accordingly. The cantilever is 

tested, and test results are shown to be in agreement with the mathematical 

modelling. Moreover, quadratic softening parameter is given in the paper, and it was 

reported to be found experimentally. 

2.4 Summary 

In the literature, several vibration isolation techniques are present. The isolation can 

be done actively, passively, and semi actively. Nonlinear vibration absorbers are 

reported to have some advantages. As mentioned in 2.2.1.2, cubic nonlinear 

capacitors are suggested for the isolation. However, most of the studies did not offer 

a way to achieve nonlinearity. In some papers in 2.1, it was suggested that the cubic 

capacitance could be achieved by ferroelectric capacitors due to their voltage-charge 

characteristics, but the practical implementation and feasibility were not mentioned. 

Cubic capacitance is only realized and implemented in [50] and [51], but the 

realization of the nonlinear component was obtained actively. Therefore, passive 

cubic capacitance in vibration isolation can be considered valuable.  

In the literature, practical considerations of implementation of a passive cubic 

capacitance for piezoelectric vibration isolation and validating experiments are 

absent. For this reason, in this thesis implementation of diodes for cubic capacitance 

capacitors for piezoelectric vibration isolation will be studied. Quadratic ferroelastic 

softening model of the piezoelectric materials mentioned in 2.3 is considered in the 

study. 
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CHAPTER 3  

3 SDOF MODELING OF A PIEZOELECTRIC PATCH OPERATING IN d33 MODE 

This chapter starts with conceptual proof of hardening stiffness obtained by 

hardening capacitance. After verification of the applicability of a mechanical 

hardening through hardening capacitance, quasi-static loading of a piezoelectric 

patch with linear shunt and nonlinear shunt, which is realized by diodes, and their 

comparison will be examined. Later, time domain response under harmonic forcing 

of the piezoelectric patches with linear and nonlinear shunts are simulated with 

Comsol 5.4 and Simulink. The study ends with frequency analysis of linear and 

nonlinear shunts. The chapter closes with a summary.  

3.1 Conceptual Proof of Hardening Stiffness via Hardening Capacitance 

Constitutive relations of a piezoelectric patch shown in Figure 3-1 operating in d33 

mode can be expressed as below, 

 

Figure 3-1 Simply Supported 2D Piezoelectric patch 

Writing the first equation obtained by matrix multiplication in (3.1) gives; 

 {
𝑆
𝐷
} = [

𝑠𝐸33 𝑑33
𝑑33 휀𝑇33

] {
𝑇
𝐸
} (3.1) 

 𝑆 = 𝑇𝑠𝐸33 + 𝑑33𝐸 (3.2) 
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Multiplying with the thickness of piezoelectric patch both sides of (3.2) results; 

Since multiplication of strain and the thickness gives mechanical displacement, the 

equation can be rewritten as follows; 

Writing the second equation of (3.1) gives; 

Multiplying both sides of (3.5) with the area of piezoelectric patch; 

Surface integral of the electrical displacement gives electrical charge, and electric 

field is voltage per thickness. Thus, (3.6) can be rewritten as; 

It can be realized that the coefficient of voltage in (3.7) is the capacitance of the 

piezoeletric patch, and therefore, the equation becomes; 

In Figure 3-2, circuit diagram of an external capacitor connected to the terminals of 

a piezoelectric patch is shown. Relation between charge and voltage can be written 

as follows considering the figure; 

 𝑆�̃� = 𝑇𝑠𝐸33𝑡 + 𝑑33𝐸𝑡 (3.3) 

 ∆𝑥 = 𝑇𝑠𝐸33𝑡 + 𝑑33𝑉 (3.4) 

 𝐷 = 𝑑33𝑇 + 휀
𝑇
33𝐸 (3.5) 

 𝐷𝐴 = 𝑑33𝑇𝐴 + 휀
𝑇
33𝐸𝐴 (3.6) 

 𝑄 = 𝑑33𝑇𝐴 +
휀𝑇33𝐴

𝑡
𝑉 (3.7) 

 𝑄 = 𝑑33𝑇𝐴 + 𝐶𝑝𝑉 (3.8) 
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Figure 3-2 Circuit Diagram of Capacitance 𝐶𝑑 Connected to Terminals of 

Piezoelectric Patch 

Using (3.8) and (3.9); 

Can be obtained. Rearranging (3.10) yields; 

Combining (3.11) and (3.4) and noting that force per area is equal to stress gives; 

For a linear spring, spring constant is defined as force per unit deflection. Assuming 

that the piezoelectric patch in Figure 3-1 to be linear spring, the spring constant can 

be obtained; 

 𝑄 = −𝑉𝐶𝑑 (3.9) 

 −𝑉𝐶𝑑 = 𝑑33𝑇𝐴 + 𝐶𝑝𝑉 (3.10) 

 −𝑉 =
𝑑33𝑇𝐴

𝐶𝑑 + 𝐶𝑝
 (3.11) 

 ∆𝑥 = 𝑇𝑠𝐸33𝑡 − 𝑑33
𝑑33𝑇𝐴

𝐶𝑑 + 𝐶𝑝
= 𝐹 (

𝑠𝐸33𝑡

𝐴
−

𝑑33
2

𝐶𝑑 + 𝐶𝑝
) (3.12) 
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Perturbing 𝐶𝑑 in (3.13), it is possible to observe as 𝐶𝑑 decreases 
𝑑33

2

𝐶𝑑+𝐶𝑝
 value 

increases. This decreases the denominator value, and the total expression, which is 

spring constant, increases. Therefore, hardening capacitor, the capacitor with 

decreasing capacitance with increasing voltage, results in a hardening stiffness. Even 

though the above expression does not include voltage variable directly, one can 

deduce as forcing and hence displacement increase since voltage builds up on the 

piezoelectric patch terminals. 

3.2 Quasi Static Loading of a Piezoelectric Patch 

Constitutive equations for piezoelectric material can also be expressed as; 

The first equation of (3.14) can be expanded as follows; 

Multiplying both sides with area yields; 

(3.16) can be rewritten to give the equation below; 

The second equation of (3.14) yields; 

 
𝑘 =

𝐹

∆𝑥
=

1

(
𝑠𝐸33𝑡
𝐴 −

𝑑33
2

𝐶𝑑 + 𝐶𝑝
)

 
(3.13) 

 {
𝑇
𝐸
} =

1

𝑠𝐸33휀𝑇33 − 𝑑33
2 [
휀𝑇33 −𝑑33
−𝑑33 𝑠𝐸33

] {
𝑆
𝐷
} (3.14) 

 𝑇 =
1

𝑠𝐸33휀
𝑇
33 − 𝑑33

2
(𝑆휀𝑇33 − 𝑑33𝐷) (3.15) 

 𝐹 =
𝐴

𝑠𝐸33휀𝑇33 − 𝑑33
2
(𝑆휀𝑇33 − 𝑑33𝐷) (3.16) 

 𝐹(𝑠𝐸33휀
𝑇
33 − 𝑑33

2) = (𝐴𝑆휀𝑇33 − 𝑑33𝑄) (3.17) 
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Multiplying both sides of (3.18) with the area and denominator of the right hand side 

and noting that electric field is voltage per distance (in this case thickness) gives; 

Dielectric constant 휀𝑆33 can be written as 

휀𝑆33 = 휀𝑇33 (1 −
𝑑33
2

𝑠𝐸33휀𝑇33
) =

(𝑠𝐸33휀
𝑇
33 − 𝑑33

2)

𝑠𝐸33
 

Since capacitance formula is defined as dielectric constant times area per thickness, 

it can be written as; 

Dielectric constant 휀𝑆33 can be written as 

Inserting the above expression into (3.19) gives; 

In [8] back to back connected diodes are approximated as; 

 Where 𝛼 and 𝛽 are constants for nonlinear capacitance realized by the diodes. 

Substituting voltage expression in (3.23) into (3.20)  gives; 

 𝐸 =
1

𝑠𝐸33휀𝑇33 − 𝑑33
2
(−𝑑33𝑆 + 𝐷𝑠

𝐸
33) (3.18) 

 
𝑉𝐴

𝑡
(𝑠𝐸33휀

𝑇
33 − 𝑑33

2) = (−𝑑33𝐴𝑆 + 𝑄𝑠
𝐸
33) (3.19) 

 𝐶𝑝 =
휀𝑆33𝐴

𝑡
 (3.20) 

 휀𝑆33 = 휀
𝑇
33 (1 −

𝑑33
2

𝑠𝐸33휀𝑇33
) =

(𝑠𝐸33휀
𝑇
33 − 𝑑33

2)

𝑠𝐸33
 (3.21) 

 𝐶𝑝𝑉𝑠
𝐸
33 = (−𝑑33𝐴𝑆 + 𝑄𝑠

𝐸
33) (3.22) 

 𝛼𝑉 =
𝑄

𝑄0
+ 𝛽 (

𝑄

𝑄0
)
3

 (3.23) 

 
−𝐶𝑝

𝛼
𝑠𝐸33 (

𝑄

𝑄0
+ 𝛽 (

𝑄

𝑄0
)
3

) = (−𝑑33𝐴𝑆 + 𝑄𝑠
𝐸
33) (3.24) 
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The expression can be reduced to; 

The solution of a cubic equation similar to (3.25) is given in [60]. The details of the 

solution are given below; 

Let the solution of 𝑄 be 𝑢 + 𝑣 then 

Since 𝑄 = 𝑢 + 𝑣 and letting 𝑐1 = −3𝑢𝑣 and 𝑐2 = −(𝑢
3 + 𝑣3) results in the original 

equation. Let 𝑟 = 𝑢3 and 𝑠 = 𝑣3 and therefore, 𝑟 + 𝑠 = 𝑢3 + 𝑣3and 𝑟𝑠 = 𝑢3𝑣3. If 

𝑟𝑠 and 𝑟 + 𝑠 are the multiplication of the roots and addition of a quadratic equation 

respectively then, the equation can be written as with dummy variable 𝑧 as 𝑧2 +

𝑐2𝑧 − (𝑐2/3)
3 = 0. One solution to the equation can then be determined as; 

Then, 

𝑢0 is the first root of (3.27). 2nd and 3rd roots are multiplication of 𝑢0 with 1st and 2nd 

powers of (−1 + √−3)/2. As obvious, other roots are not real, and they are not 

applicable solutions for the physical system. 

Because 𝑐1 = −3𝑢𝑣 then other root can directly be calculated as; 

Finally, the solution of (3.25) becomes; 

 𝑄3 + 𝑐1𝑄 + 𝑐2′𝑆 = 𝑄
3 + 𝑐1𝑄 + 𝑐2′

∆𝑥

𝑡
= 𝑄3 + 𝑐1𝑄 + 𝑐2 = 0 (3.25) 

 (𝑢 + 𝑣)3 = 𝑢3 + 3𝑢2𝑣 + 3𝑢𝑣2 + 𝑣3 = 3𝑢𝑣(𝑢 + 𝑣) + 𝑢3 + 𝑣3 (3.26) 

 𝑢3 = −
𝑐2
2
+ √(

𝑐2
2
)
2

+ (
𝑐1
3
)
3

 (3.27) 

 𝑢0 = √−
𝑐2
2
+ √(

𝑐2
2
)
2

+ (
𝑐1
3
)
33

 (3.28) 

 −
𝑐1
3𝑢

= 𝑣 (3.29) 



 

 

33 

The constants 𝑐1 and 𝑐2 can be expressed when necessary manipulation is done as; 

(3.31) describes the behavior of charge depending on the displacement of the 

piezoelectric element. Consequently, force can be expressed as a function of 

displacement using (3.17). Substituting relation between strain and displacement into 

(3.17) equation below can be written; 

In order to observe displacement vs. forcing characteristics of a piezoelectric system 

with nonlinear shunt, material and diode parameter values could be inserted into the 

equation above. 

For PZT-5H piezoelectric patch material parameters and 104 parallel connected Toko 

KV1471 diode parameters are given in Table 3.1, and results obtained using the table 

are given in  Figure 3-3 are obtained.  

 

 

 

 

 𝑄 = 𝑢 + 𝑣 = √−
𝑐2′∆𝑥

2𝑡
+ √(

𝑐2′∆𝑥

2𝑡
)

2

+ (
𝑐1
3
)
33

−
𝑐1
3𝑢

 (3.30) 

 𝑐1 =

−𝐶𝑝
𝛼𝑄0

𝑠𝐸33 − 𝑠
𝐸
33

−𝐶𝑝𝛽

𝛼𝑄0
3 𝑠

𝐸
33

 (3.31) 

 
𝑐2′ =

𝑑33𝐴

−𝐶𝑝𝛽

𝛼𝑄0
3 𝑠

𝐸
33

 
(3.32) 

 𝐹(𝑥) =

(
∆𝑥𝐴휀𝑇33

𝑡 − 𝑑33𝑄(𝑥))

(𝑠𝐸33휀𝑇33 − 𝑑33
2)

 
(3.33) 
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Table 3.1 Parameters Used for Simulating Quasi-Static Response of Piezoelectric 

Patch 

Parameter Value 

𝑡 (𝑚) 200x10-6 

𝑑33 (𝐶/𝑁) 400x10-12 

휀𝑇33(𝐹/𝑚)  1.549x10-8 

𝐴(𝑚2)  20.8x10-4 

𝑠𝐸33(1/𝑃𝑎)   20.7 x10-12 

𝑄0(𝐶)   (9 x10-11) x104 

𝛼(1/𝑉)  1.8 

𝛽(𝐶2)  2 

 

Parameters for diodes can be obtained by using the approach mentioned in [8]. 

Values in certain ranges substituted for the constants 𝑎1 and 𝑎2 in (2.1) and then for 

each value error is calculated by comparing analytical expression given in (2.3) and 

then square is taken for each value. Parameters giving the least squared value are 

chosen as approximation diode model parameters 𝑎1 and 𝑎2. This approximation 

requires high resolution of sweep range of the parameters 𝑎1 and 𝑎2. 

The same calculations can be done with PMN-PT single crystal piezoelectric patch. 

Parameters for the patch are as follows; 𝑑33 = 1620 × 10
−12 (𝐶/𝑁), 휀𝑇33 =

6.198 × 10−8 (𝐹/𝑚), 𝑠𝐸33 = 49.18 × 10
−12 (1/𝑃𝑎) and geometrical parameters 

are the same. The results are shown in Figure 3-4. 

Considering Figure 3-3 and Figure 3-4 force of the piezoelectric patches is bounded 

between open and short circuit conditions. It can be observed that PMN-PT 

piezoelectric material has a broader force range when compared to PZT-5H material. 

The Metric for comparing performance of piezoelectric material is the coupling 
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coefficient. The coupling coefficient is a metric defined by the ratio of energy 

conversion ratio of mechanical domain to electrical domain.  

  

Figure 3-3 Force vs. Displacement Curve for PZT-5H piezoelectric patch with 

cubic curve fit to 10000 number of parallel connected Toko KV1471 

 

Figure 3-4 Force vs. Displacement Curve for PMN-PT single crystal piezoelectric 

patch with cubic curve fit to 10000 number of parallel connected Toko KV1471 

Coupling coefficient is defined as below: 
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Substituting the values from Table 3.1 for PZT-5H and values of 𝑑33 =

1620 × 10−12 (𝐶/𝑁), 휀𝑇33 = 6.198 × 10−8 (𝐹/𝑚), 𝑠𝐸33 = 49.18 × 10
−12 (1/

𝑃𝑎) for PMN-PT in to (3.34) results are found as 0.706 and 0.928 respectively. 

Consequently, Figure 3-3 and Figure 3-4 indicate that stiffness change is bounded, 

and a higher coupling coefficient gives a broader stiffness range. 

Hardening stiffness of the piezoelectric system with diode shunt can also be 

demonstrated with the use of FEA software Comsol 5.4. FEA analysis is made for a 

2D piezoelectric patch with a size of 30x20x1 and material of PZT-5H. Roller 

boundary regions are shown in Figure 3-5. Load is applied on the upper surface of 

the patch, as shown in Figure 3-6. Diode parameter values are given in Table 3.2. 

The analysis is done for five different shunt circuits. They are open circuit, short 

circuit, diode realized nonlinear capacitor, -100nF capacitance negative capacitor, 

and -200nF capacitance negative capacitor. It is important to note that Comsol can 

model a diode with the model given in equation (2.3). The results for five different 

shunts are given in Figure 3-7. Effect of negative capacitance, which is also 

mentioned in [51], on stiffness can be comprehended by observing the results. 

Similar to the effect of high coupling coefficient, negative capacitance also widens 

the stiffness range. 

 

Figure 3-5 Roller Boundary Regions in Comsol For Quasi Static Loaded 

Piezoelectric Patch Analysis 

 𝑘 =
𝑑33

√𝑠𝐸33휀𝑇33
 (3.34) 
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Figure 3-6 Loading Regions in Comsol For Quasi Static Loaded Piezoelectric 

Patch Analysis 

 

Figure 3-7 Force vs. Displacement Graph of Quasi Static Loaded Piezoelectric 

Patch with 5 Different Shunt Circuits; Open Circuit, Short Circuit, Nonlinear 

Capacitor, and Two Negative Capacitance Capacitors 
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Table 3.2 Diode Parameter Values Used for Comsol to Simulate Quasi Static 

Loading of a Piezoelectric Patch 

Diode parameters Value 

Zero-bias junction capacitance (F) 10-7 

Current at breakdown voltage (A) 10-9 

Saturation current (A) 10-13 

Reverse saturation current (A) 10-13 

Grading coefficient 1.2 

Junction potential (V) 0.5 

 

3.3 Time Domain Response of Piezoelectric Patch with Nonlinear Capacitor 

under Harmonic Forcing Neglecting Softening Effect 

In the previous section, proof of concept of hardening stiffness achieved with use of 

diodes for quasi static loading was mentioned. Taking one step further, this section 

presents response of the same piezoelectric under harmonic excitation. To do this, 

Matlab Simulink and Comsol software programs are utilized. The Simulink model 

is shown in Figure 3-8. In the model, sine forcing is fed into nonlinear and linear 

systems. The response or outputs of the systems, which are position, current, and 

voltage, are observed. Parameters used in the simulations are taken from Table 3.2. 

Results are given from Figure 3-11 to Figure 3-13. 
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Figure 3-8 Simulink Model of SDOF Piezoelectric Patch under Harmonic Forcing 

 

Figure 3-9 Nonlinear System Block in Figure 3-8 
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Figure 3-10 Linear System Block in Figure 3-8 

 

Figure 3-11 Displacement of SDOF Piezoelectric Patch under Harmonic Forcing in 

Simulink; Nonlinear Shunt (Blue), Linear Shunt (Red) 
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Figure 3-12 Terminal Voltage of SDOF Piezoelectric Patch under Harmonic 

Forcing in Simulink; Nonlinear Shunt (Blue), Linear Shunt (Red) 

 

Figure 3-13 Current of SDOF Piezoelectric Patch under Harmonic Forcing in 

Simulink; Nonlinear Shunt (Blue), Linear Shunt (Red) 

The parameters used for the system presented in Figure 3-8 are given in Table 3.3. 

Parameters not presented in the table are taken as default. Further, auto solver 

configuration is used. 

 



 

 

42 

Table 3.3 Parameter Values of the System Shown in Figure 3-8 

Parameter Value 

Sine forcing amplitude  1000 

Angular frequency (rad/s) 2π 

Inductance of inductor (H) 10-9 

Resistance of resistor (ohm) 104 

Diode device area (m2) 1 

Diode number of parallel devices 1 

Diode saturation current, IS (A/m2) 10-13 

Diode ohmic resistance, RS (m2Ohm) 10-13 

Diode emission coefficient, ND 1 

Diode zero-bias junction capacitance, CJO (F/m2) 10-7 

Diode junction potential, VJ (V) 0.5 

Diode grading coefficient, MG 1.2 

Diode capacitance coefficient, FC 0.5 

Diode reverse breakdown current, IBV (A/m2) 10-13 

Piezo stack area (mm2) 600 

Piezo layer thickness (mm) 1 

Piezo number of layers 1 

Piezoelectric charge constant (m/V) 593x10-12 

Piezo dielectric constant (F/m) 3400x(8.854x10-12) 

Piezo elastic compliance (m2/N) 2.07x10-11 

Damping coefficient (Ns/m) 10-3 

Mass (kg) 10-3 

Capacitance of capacitor (F) 10-7 

 

The same simulation can be done using Comsol. The model given in section 3.2 is 

used with sinusoidal forcing input; however, this time plane stress is used instead of 

plain strain in 2D approximation. The parameters used are the same as those given 
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in Table 3.3 except for mass and damper. Results are given from Figure 3-14 to 

Figure 3-16. 

 

Figure 3-14 Displacement of SDOF Piezoelectric Patch under Harmonic Forcing in 

Comsol 5.4; Nonlinear Shunt (Blue), Linear Shunt (Red) 

 

Figure 3-15 Terminal Voltage of SDOF Piezoelectric Patch under Harmonic 

Forcing in Comsol 5.4; Nonlinear Shunt (Blue), Linear Shunt (Red) 
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Figure 3-16 Current of SDOF Piezoelectric Patch under Harmonic Forcing in 

Comsol 5.4; Nonlinear Shunt (Blue), Linear Shunt (Red) 

Comparing results from Comsol 5.4 and Simulink, it can be noticed that differences 

in linear system responses cannot be distinguished. Nevertheless, amplitudes of 

nonlinear system displacements of Comsol 5.4 results differ about 11% that of 

Simulink for steady state condition.  

3.4 Frequency Response of Piezoelectric Patch under Harmonic Forcing 

without Softening Effect 

Piezoelectric patch is a continuous body with multi modes; however, for frequencies 

much lower than the first mode, it can be modelled as a spring whose spring constant 

can be calculated regarding quasi static loading. Therefore, the system can be 

modelled as spring, mass, and damper as shown in Figure 3-17. By doing so, only 

the first mode is considered. Even though this is not a precise way to approximate 

the system, it builds insight into how a nonlinear system behaves. Also, assuming 

that the system is forced by a frequency much lower than first resonance frequency 

excitation, mechanical damping effect can be neglected. 
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Figure 3-17 Equivalent Model of Piezoelectric Patch system with Mass under 

Harmonic Loading 

(3.17) describes the relation between exerted external force on a piezoelectric patch, 

and electrical and mechanical force response of the piezoelectric material. If 

additional mass, spring, and damper added to the system, the force equation could 

be updated as below; 

Just as mentioned earlier, strain times thickness gives the displacement. Thus, it is 

evident that, �̈�𝑡 = ∆�̈�, �̇�𝑡 = ∆�̇� and 𝑆𝑡 = ∆𝑥 in (3.35). 

Rearranging (3.35) results in; 

where 𝑘𝑝𝑧𝑡 =
(𝐴𝜀𝑇33)

(𝑠𝐸33𝜀𝑇33−𝑑33
2)𝑡

 and 𝜃 =
(𝑑33𝑄)

(𝑠𝐸33𝜀𝑇33−𝑑33
2)

 and (𝑘𝑝𝑧𝑡 + 𝑘) = 𝑘. 

As (3.20) describes the relation between an external voltage applied on a 

piezoelectric material and electrical and mechanical voltage response of the 

piezoelectric material, adding RLC components in parallel into electrical circuit 

result in a modified version of (3.20) which is given below; 

 𝐹 =
(𝐴𝑆휀𝑇33 − 𝑑33𝑄)

(𝑠𝐸33휀𝑇33 − 𝑑33
2)
+ 𝑚�̈�𝑡 + 𝑐�̇�𝑡 + 𝑘𝑆𝑡 (3.35) 

 
𝐹 = (𝑘𝑝𝑧𝑡 + 𝑘)∆𝑥 + 𝑐∆�̇�  + 𝑚∆�̈� − 𝜃𝑄

= 𝑘∆𝑥 + 𝑐∆�̇�  + 𝑚∆�̈� − 𝜃𝑄 
(3.36) 
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(3.37) can be rewritten as below; 

Where, 𝐶𝑝𝑧𝑡 =
1

𝐶𝑝
. 

Using the same notation, (3.36) and (3.38) are the same as the 2nd equation in [25], 

considering no voltage is applied on the piezoelectric patch. 

In order not to deal with specific Hertz values, the equations normalized. In order to 

do this, it is required to define normalized time variable as below; 

Where 𝜔 is the angular frequency. For a dummy variable 𝑥, differentiation with 

respect to normalized time variable can be written as below; 

Rearranging (3.40) yields; 

Second time derivative of the 𝑥 with respect to time can then be calculated as 

follows; 

Equation (3.36) then can be expressed in terms of normalized time variable as below; 

 𝑉 =
(−𝑑33𝐴𝑆 + 𝑄𝑠

𝐸
33)

𝐶𝑝𝑠𝐸33
+ 𝐿𝑖𝑛𝑑�̈� + 𝑅�̇� +

𝑄

𝐶𝑙
 (3.37) 

 𝑉 = −𝜃∆𝑥 + (𝐶𝑝𝑧𝑡 +
1

𝐶𝑙
)𝑄 + 𝑅�̇� + 𝐿𝑖𝑛𝑑�̈� (3.38) 

 𝜏 = 𝜔𝑡, 𝑑𝜏 = 𝜔𝑑𝑡 (3.39) 

 
𝑑𝑥

𝑑𝜏
=
𝑑𝑥

𝑑𝑡

𝑑𝑡

𝑑𝜏
 (3.40) 

 
𝑑𝑥

𝑑𝑡
=
𝑑𝑥

𝑑𝜏
𝜔 (3.41) 

 
𝑑

𝑑𝑡
(
𝑑𝑥

𝑑𝑡
) =

𝑑

𝑑𝑡
(
𝑑𝑥

𝑑𝜏
𝜔) =

𝑑

𝑑𝜏
(
𝑑𝑥

𝑑𝜏
𝜔)

𝑑𝜏

𝑑𝑡
=
𝑑2𝑥

𝑑𝜏2
𝜔2 (3.42) 

 ∆𝑥′′𝜔2𝑚 + 𝑐∆𝑥′𝜔 + 𝑘∆𝑥 − 𝜃𝑄 = 𝐹 (3.43) 
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In (3.43), ′ denotes derivative of a variable wrt. 𝜏. Defining 𝜔 = 𝜔𝑟 = √
𝑘

𝑚
, 

neglecting damping coefficient and considering no additional mechanical spring is 

attached, (3.43) can be converted as follows; 

Similarly, (3.38) without additional capacitor can be written as; 

Let electrical resonant frequency be defined as 𝜔𝑒 =
𝐶𝑝𝑧𝑡

𝐿𝑖𝑛𝑑
 and rearranging (3.45) 

yields; 

Where 𝜃∗ =
𝜃

𝐿𝑖𝑛𝑑𝜔𝑟
2. Noting that if no voltage will be applied 𝑉 = 0 and adding cubic 

capacitor realized by diodes terms in to (3.46), the equation becomes; 

Assuming mechanical and electrical response of the piezoelectric patch to harmonic 

forcing 𝐹𝑠𝑖𝑛(𝛾𝜏) considering single harmonic for harmonic balance method; 

In the above equations, 𝛾 denotes normalized angular frequency. Substituting (3.48) 

and (3.49) into (3.44) and (3.47) respectively; 

 ∆𝑥′′ + ∆𝑥 −
𝜃

𝑘𝑝𝑧𝑡
𝑄 =

𝐹

𝑘𝑝𝑧𝑡
 (3.44) 

 𝑉 = 𝐿𝑖𝑛𝑑𝑄
′′𝜔𝑟

2 + 𝑅𝑄′𝜔𝑟 + 𝐶𝑝𝑧𝑡𝑄 − 𝜃∆𝑥 (3.45) 

 𝑉 = 𝑄′′ +
𝑅

𝐿𝑖𝑛𝑑𝜔𝑟
𝑄′ +

𝜔𝑒
2

𝜔𝑟2
𝑄 − 𝜃∗∆𝑥 (3.46) 

 0 = 𝑄′′ +
𝑅

𝐿𝑖𝑛𝑑𝜔𝑟
𝑄′ +

𝜔𝑒
2

𝜔𝑟2
𝑄 +

𝑎

𝐿𝑖𝑛𝑑𝜔𝑟2
𝑄3 +

𝑏

𝐿𝑖𝑛𝑑𝜔𝑟2
𝑄 − 𝜃∗∆𝑥 (3.47) 

 ∆𝑥 = 𝑥𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑥𝑐𝑐𝑜𝑠(𝛾𝜏) (3.48) 

 𝑄 = 𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏) (3.49) 

 

−𝛾2(𝑥𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑥𝑐𝑐𝑜𝑠(𝛾𝜏)) + 𝑥𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑥𝑐𝑐𝑜𝑠(𝛾𝜏)

−
𝜃

𝑘𝑝𝑧𝑡
(𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏)) =

𝐹

𝑘𝑝𝑧𝑡
𝑠𝑖𝑛(𝛾𝜏) 

(3.50) 
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Rewriting (𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏))
3
 gives; 

𝑄𝑠
3𝑠𝑖𝑛(𝛾𝜏)3 + 3𝑄𝑠

2𝑠𝑖𝑛(𝛾𝜏)2𝑄𝑐𝑐𝑜𝑠(𝛾𝜏) + 3𝑄𝑠𝑠𝑖𝑛(𝛾𝜏)𝑄𝑐
2𝑐𝑜𝑠(𝛾𝜏)2 + 𝑄𝑐

3𝑐𝑜𝑠(𝛾𝜏)3 

Using trigonometric relations above expression can be expressed as; 

3

4
(𝑄𝑐

2𝑄𝑠 + 𝑄𝑠
3)𝑠𝑖𝑛(𝛾𝜏) +

3

4
(𝑄𝑠

2𝑄𝑐 + 𝑄𝑐
3)𝑐𝑜𝑠 (𝛾𝜏) +

1

4
(𝑄𝑐

3 − 3𝑄𝑠
2𝑄𝑐)𝑐𝑜𝑠 (3𝛾𝜏)

+
1

4
(3𝑄𝑐

2𝑄𝑠 −𝑄𝑠
3)𝑠𝑖𝑛(3𝛾𝜏) 

Considering only first harmonics and neglecting higher ones in the above equation, 

the equation below can be written; 

(𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏))
3
=
3

4
(𝑄𝑠

2 + 𝑄𝑐
2)(𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏)) 

Substituting the above expression into Equation (3.51) and parsing coefficients of 

the sin and cos terms, four equations can be built as follows; 

 

−𝛾2(𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏))

+
𝑅𝛾

𝐿𝑖𝑛𝑑𝜔𝑟
(𝑄𝑠𝑐𝑜𝑠(𝛾𝜏) − 𝑄𝑐𝑠𝑖𝑛(𝛾𝜏))

+
𝜔𝑒
2

𝜔𝑟2
(𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏))

+
𝜃

𝐿𝑖𝑛𝑑𝜔𝑟2
(𝑥𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑥𝑐𝑐𝑜𝑠(𝛾𝜏))

+
𝑎

𝐿𝑖𝑛𝑑𝜔𝑟2
(𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏))

3

+
𝑏

𝐿𝑖𝑛𝑑𝜔𝑟2
(𝑄𝑠𝑠𝑖𝑛(𝛾𝜏) + 𝑄𝑐𝑐𝑜𝑠(𝛾𝜏)) = 0 

(3.51) 

 −𝑥𝑠𝛾
2 + 𝑥𝑠 −

𝜃

𝑘𝑝𝑧𝑡
𝑄𝑠 =

𝐹

𝑘𝑝𝑧𝑡
 (3.52) 

 −𝑥𝑐𝛾
2 + 𝑥𝑐 −

𝜃

𝑘𝑝𝑧𝑡
𝑄𝑐 = 0 (3.53) 
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Before investigation of nonlinear shunt circuit, it would be better to inspect effect of 

the coupling coefficient for linear open and short circuit frequency response. 

Parameter values in Table 3.4 are used for analyzing linear and nonlinear 

piezoelectric patch systems. In Figure 3-18, open and short circuit conditions for 

original PMN-PT and weakened piezoelectric charge constant resulting in weakened 

coupling coefficient are given. By looking at the figure, it can be deduced that as 

coupling coefficient decrease, frequency range between open and short circuit 

condition also decreases.  

 

Figure 3-18 Displacement Frequency Response of Original and Weakened Charge 

Constant Piezoelectric Patches for Open and Short Circuit Conditions Only 

 

−𝛾2𝑄𝑠 −
𝑅𝛾

𝐿𝑖𝑛𝑑𝜔𝑟
𝑄𝑐 +

𝜔𝑒
2

𝜔𝑟2
𝑄𝑠 −

𝜃

𝐿𝑖𝑛𝑑𝜔𝑟2
𝑥𝑠

+
𝑎

𝐿𝑖𝑛𝑑𝜔𝑟2
3

4
(𝑄𝑠

2 + 𝑄𝑐
2)𝑄𝑠 = 0 

(3.54) 

 

−𝛾2𝑄𝑐 +
𝑅𝛾

𝐿𝑖𝑛𝑑𝜔𝑟
𝑄𝑠 +

𝜔𝑒
2

𝜔𝑟2
𝑄𝑐 −

𝜃

𝐿𝑖𝑛𝑑𝜔𝑟2
𝑥𝑐

+
𝑎

𝐿𝑖𝑛𝑑𝜔𝑟2
3

4
(𝑄𝑠

2 + 𝑄𝑐
2)𝑄𝑐 = 0 

(3.55) 
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By introducing the nonlinear shunt circuit, it can be observed that range decrease 

also holds for the nonlinear system, which is shown in Figure 3-19. The figure 

reveals that when coupling coefficient decrease, nonlinear effect increase, and region 

that for the nonlinear curve gets narrower. Nonetheless, as the band gets narrower 

and narrower and the damping in the system is not at a considerable level, nonlinear 

curve may not turn and converge to open circuit system. 

 

Figure 3-19 Displacement Frequency Response of Original and Weakened 

Piezoelectric Patches with Open Circuit, Short Circuit, and Nonlinear Circuit  

Table 3.4 Parameters and Their Values Used to Calculate Frequency Response of 

Piezoelectric Patch with Nonlinear shunt circuit  

Parameter Value 

Forcing amplitude (N) 0.5 

Mass (kg) 102 

Inductance (H) 3x10-2 

Resistance (ohm) 102 

Piezoelectric material thickness (m) 968x10-6 

Piezoelectric charge constant (m/V) 1500x10-12 
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Table 3.4 Cont’d 

Piezoelectric dielectric constant (F/m) 5017×(8.854x10-12) 

Piezoelectric patch area (mm2) 30×20 

Piezoelectric material elastic compliance (m2/N) 60.8x10-12 

Q0 2.7548x10-8 

α 3.63 

β 0.35 

3.5 Summary of the Chapter  

The chapter started with conceptually proving that hardening capacitance results in 

hardening stiffness. Then hardening stiffness effect is shown by hand calculations 

whose nonlinear parameter values are obtained by curve fitting stemming from [8] 

and by Comsol 5.4 simulations which can model diodes as they are. In addition to 

hardening stiffness, how negative capacitance concept induces stiffness was briefly 

mentioned.  

By observing hardening stiffness effect of the nonlinear shunt, time domain response 

of harmonically forced simply supported piezoelectric patch systems are studied. 

Time domain analyses are conducted with use of Comsol 5.4 and Simulink with a 

single low frequency value. In the software’s diodes in shunt circuits, which 

introduce nonlinearity, are modelled, and the results are given with linear shunt 

circuit case. For time domain analysis, it was found that results from Comsol 5.4 are 

in agreement with results from that of Simulink by around 10% error. 

Lastly, frequency response of the piezoelectric patches is studied in the chapter. The 

study basically revealed the nonlinear trend and the importance of the coupling 

coefficient in observation of the nonlinear effects. It was found that stiffness value 

of the piezoelectric patch system is bounded by open and short circuit stiffness 

values. Moreover, the fact that frequency range between open and short circuit 
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conditions is related to coupling coefficient of the piezoelectric material was 

demonstrated with several different simulations throughout this chapter. 
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CHAPTER 4  

4 MODELING OF PIEZOELECTRIC PATCH INTEGRATED COMPOSITE 

CANTILEVER BEAM 

In the previous chapter cubic capacitance shunt circuit was investigated using a 

piezoelectric patch. Nonlinear effect was observed for fictitious cubic capacitance 

values and piezoelectric element by itself. The proposed shunt circuit can be 

modelled for a realizable practical system that is a piezoelectric patch attached 

cantilever beam. 

This chapter starts with analytical modelling of bimorph piezoelectric material 

attached composite cantilever beam with linear piezoelectric material assumption. 

Since the analytical model of the composite structure can be reduced to plain 

cantilever beam by equating some parameters to zero, frequency responses of the 

analytical and FEM model plain cantilever beam are compared for verification. 

Then, analytical model is used to describe plain discontinuous cantilever beam, and 

frequency responses of the model and FEM model are compared. The chapter 

proceeds by introducing piezoelectric effect to the discontinuous cantilever 

structures, and again, frequency responses of FEM and derived model are compared 

for linear shunt circuit. Since FEM software employs linear piezoelectric model, the 

aforementioned assumption is utilized. After this, analytical method is used to 

determine frequency response of the proposed nonlinear shunt circuit with 

theoretical piezoelectric material and electrical component, and time domain 

analysis is made to observe jumps in frequency responses. Finally, frequency 

response plots are generated for a commercially available piezoelectric patch with 

interdigitated electrodes and a commercially available diode. However, this time 

softening stiffness of the piezoelectric material, which is discussed in 2.3, is included 

since the method will be compared with tests instead of FEM software. 
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The analyses mentioned above include theoretical elements as well as commercially 

available elements. Theoretical elements make it possible to pass beyond the 

available limits and observe the exaggerated effects of parameters. Using 

commercially available elements in models paves the way for experimental studies. 

Also, it demonstrates if the proposed system is realizable or not with off the shelf 

components. 

4.1 Derivation of Equation of Motion for Piezoelectric Patch Integrated 

Composite Cantilever Beam with Linear Piezoelectric Material 

Assumption 

Modelling of the beam structure shown in Figure 4-1 can be done in two ways; using 

Newton’s second law and using Hamilton’s principle. In this section, both of the 

derivations are presented, and for further analysis, Hamilton’s principle is 

implemented.  

  

Figure 4-1 Schematic of Bimorph Composite Piezoelectric Integrated Cantilever 

Beam  

4.1.1 Derivation of Equation of Motion with Newton’s Second Law 

Cantilever beam structure is a continuous body and Euler-Bernoulli beam theory can 

be employed to define motion of the system if slender beam requirement is met. A 

beam having low thickness/length ratio is considered as slender. Since in this thesis, 
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slender beams having slenderness ratio of not more than 5% are presented, Euler-

Bernoulli beam theory is used. The theory neglects shear deformations in the beam, 

and therefore results may include small discrepancies due to shear effects. However, 

the approximation is employed in the literature [61][62][63], and the results of 

theoretical calculations are found to be close to that of experiments [51]. 

Considering that the cantilever beam element experiences only pure bending and 

neglecting shear deflections, the element takes the form shown in Figure 4-2. In the 

figure neutral axis is the line where no strain occurs, ρ is the radius of the curve, θ is 

the angle which caused by bending action, w is transverse displacement, z is the 

distance from the neutral axis, and h and b are thicknesses and width of the 

piezoelectric material and host structure. 

 

Figure 4-2 Bent Composite Beam Element 

Let L0 be the length of the element before bending. After bending, the length of each 

layer of the element can be calculated as 

𝐿′ = (ρ − z)θ 

Then strain becomes 
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𝑆 =
𝐿′ − 𝐿0
𝐿0

= −
𝑧θ

ρθ
=
𝑧

ρ
 

Curvature of the beam is defined as; 

κ =
1

ρ
=

𝑤′′

(1 + 𝑤′2)
3
2

 

Assuming relatively small angle θ, which is a reasonable approximation for a beam 

made of steel or aluminum, 𝑤′ ≪ 1. Then above expression reduces to; 

κ =
1

ρ
= 𝑤′′ 

Thus, strain can be determined as below; 

Recalling (3.2) and substituting 𝑌33
𝐸 = (𝑠𝐸33)

−1 internal stress on the piezoelectric 

element is defined as; 

Internal stress on the host structure can be expressed as; 

Hence, internal mechanical moment on the element can be calculated as follows; 

The other term of the internal moment being electrical moment can be calculated as 

below; 

 𝑆 = −𝑤′′𝑧 (4.1) 

 𝑆𝑌33
𝐸 − 𝑑31𝐸𝑌33

𝐸 = 𝑇𝑝 (4.2) 

 𝑇 = 𝑌𝑠𝑡𝑆 (4.3) 

 

𝑀𝑚𝑒𝑐ℎ =∬ 𝑆𝑌33
𝐸 𝑧𝑑𝑧𝑑𝑦

−
ℎ𝑠𝑡
2

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

+∬ 𝑆𝑌33
𝐸 𝑧𝑑𝑧𝑑𝑦

(
ℎ𝑠𝑡
2
+ℎ𝑝)

ℎ𝑠𝑡
2

+∬ 𝑆𝑌𝑠𝑡𝑧𝑑𝑧𝑑𝑦

ℎ𝑠𝑡
2

−
ℎ𝑠𝑡
2

 

(4.4) 
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Substituting strain into equations (4.4) and (4.5) and evaluating the integrals total 

external moment becomes; 

Using equation (3.5) electrical part of the system can be written as below; 

In order to obtain electrical charge from electrical displacement, area integral of the 

above equation should be taken; 

Since the strain along z-direction varies linearly, taking the middle point of the 

piezoelectric element gives average strain along with the piezoelectric material 

thickness. Regarding this and expressing electric field in terms of voltage electrical 

charge can be written as; 

where, 

 𝑀𝑒𝑙𝑒𝑐 =∬ 𝑑31𝐸𝑌33
𝐸 𝑧𝑑𝑧𝑑𝑦

−
ℎ𝑠𝑡
2

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

+∬ 𝑑31𝐸𝑌33
𝐸 𝑧𝑑𝑧𝑑𝑦

(
ℎ𝑠𝑡
2
+ℎ𝑝)

ℎ𝑠𝑡
2

 (4.5) 

 

𝑀 = 𝑀𝑚𝑒𝑐ℎ +𝑀𝑒𝑙𝑒𝑐

=
𝑌33
𝐸𝑤′′𝑧3

3
𝑏𝑝|

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

−
ℎ𝑠𝑡
2

+
𝑌33
𝐸𝑤′′𝑧3

3
𝑏𝑝|ℎ𝑠𝑡

2

(
ℎ𝑠𝑡
2
+ℎ𝑝)

+
𝑑31𝐸𝑌33

𝐸 𝑧2

2
𝑏𝑝|

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

−
ℎ𝑠𝑡
2

+
𝑑31𝐸𝑌33

𝐸 𝑧2

2
𝑏𝑝|ℎ𝑠𝑡

2

(
ℎ𝑠𝑡
2
+ℎ𝑝)

+
𝑌𝑠𝑡𝑤

′′𝑧3

3
𝑏𝑠𝑡|

−
ℎ𝑠𝑡
2

ℎ𝑠𝑡
2

 

(4.6) 

 
𝐷 = 𝑑31𝑇 + 휀

𝑇
33𝐸 = 𝑑31(𝑆𝑌33

𝐸 − 𝑑31𝐸𝑌33
𝐸 ) + 휀𝑇33𝐸

= 𝑑31𝑆𝑌33
𝐸 + 𝐸(휀𝑇33 − 𝑑31

2 𝑌33
𝐸 ) 

(4.7) 

 ∬𝐷𝑑𝑥𝑑𝑦 = ∫ (−𝑤′′𝑧𝑑31𝑌33
𝐸 + 𝐸(휀𝑇33 − 𝑑31

2 𝑌33
𝐸 ))𝑏𝑝𝑑𝑥

𝐿1+𝐿𝑝

𝐿1

 (4.8) 

 𝑄 = (−𝑤′𝑧𝑑31𝑌33
𝐸|

𝐿1

𝐿1+𝐿𝑝

+
𝑉

ℎ𝑝
(휀𝑇33 − 𝑑31

2 𝑌33
𝐸 )𝐿𝑝)𝑏𝑝 (4.9) 
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𝑧 =
ℎ𝑠𝑡
2
+
ℎ𝑝

2
 

When two piezoelectric patches are connected in parallel, the width of the connected 

piezoelectric structure can be considered as doubled for the electrical equations. 

Hence, inserting 2𝑏𝑝 instead of 𝑏𝑝 in the above equation changes noting in it. 

When piezoelectric patches are connected in series, piezoelectric structure can be 

considered as stack, and for this reason, piezoelectric patches can be considered as 

one piezoelectric patch with doubled thickness. As a result, electrical equation for 

serially connected piezoelectric patches can be written as below; 

By taking parallel connected piezoelectric patch configuration into account, circuit 

equation of the shunt circuit given in Figure 4-3 can be written as below; 

Substituting (4.11) into (4.10) gives; 

 𝑄 = (−𝑤′𝑧𝑑31𝑌33
𝐸|

𝐿1

𝐿1+𝐿𝑝

+
𝑉

2ℎ𝑝
(휀𝑇33 − 𝑑31

2 𝑌33
𝐸 )𝐿𝑝)𝑏𝑝 (4.10) 

 𝑉𝑝 = −(𝐿�̈� + 𝑅�̇� + 𝑎𝑄3 + 𝑏𝑄) (4.11) 

 

𝑄 = (−𝑤′𝑧𝑑31𝑌33
𝐸|

𝐿1

𝐿1+𝐿𝑝

−
(𝐿�̈� + 𝑅�̇� + 𝑎𝑄3 + 𝑏𝑄)

2ℎ𝑝
(휀𝑇33 − 𝑑31

2 𝑌33
𝐸 )𝐿𝑝)𝑏𝑝 

(4.12) 



 

 

59 

 

Figure 4-3 Piezoelectric Shunt circuit 

Continuing from (4.6) equation of motion of the beam can be determined by 

considering Figure 4-4. 

 

Figure 4-4 Free Body Diagram of Infinitesimal Element of Cantilever Beam 

Experiencing Transverse Vibration 

Applying Newton’s second gives; 

 −𝑑𝑄 + 𝑓𝑑𝑥 = 𝑚𝑑𝑥�̈� (4.13) 
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Noting that 

𝑑𝑄

𝑑𝑥
=
𝑑2𝑀

𝑑𝑥2
 

(4.13) can be written as; 

Piezoelectric material and host structures’ material constitutes 𝑚; thus, it can be 

expressed as; 

Where 𝑋 denotes step function. Substituting (4.6) and (4.15) into (4.14) gives the 

EOM below; 

 𝑓 −
𝑑2𝑀

𝑑𝑥2
= 𝑚�̈� (4.14) 

 𝑚 = 𝑚𝑝 (𝑋(𝑥 − 𝐿1) − 𝑋 (𝑥 − (𝐿1 + 𝐿𝑝))) + 𝑚𝑠𝑡 = 𝑚𝑝�̅� + 𝑚𝑠𝑡 (4.15) 

 

𝑓 = (
𝑌33
𝐸𝑤(4)𝑧3

3
𝑏𝑝|

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

−
ℎ𝑠𝑡
2

+
𝑌33
𝐸𝑤(4)𝑧3

3
𝑏𝑝|ℎ𝑠𝑡

2

(
ℎ𝑠𝑡
2
+ℎ𝑝)

+
𝑑31𝐸𝑌33

𝐸 𝑧2

2
𝑏𝑝|

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

−
ℎ𝑠𝑡
2

+
𝑑31𝐸𝑌33

𝐸 𝑧2

2
𝑏𝑝|ℎ𝑠𝑡

2

(
ℎ𝑠𝑡
2
+ℎ𝑝)

)(𝑋(𝑥 − 𝐿1)

− 𝑋 (𝑥 − (𝐿1 + 𝐿𝑝))) +
𝑌𝑠𝑡𝑤

(4)𝑧3

3
𝑏𝑠𝑡|

−
ℎ𝑠𝑡
2

ℎ𝑠𝑡
2

+ (𝑚𝑝 (𝑋(𝑥 − 𝐿1) − 𝑋 (𝑥 − (𝐿1 + 𝐿𝑝)))

+ 𝑚𝑠𝑡) �̈� 

(4.16) 
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In the equation above, forcing can be exerted as base excitation, tip forcing, and so 

on. In addition to that, the tip mass can be introduced to the system by adding a term 

given below in (4.15). 

𝑀𝑡𝑖𝑝𝛿𝑘𝑟𝑜𝑛𝑒𝑐𝑘𝑒𝑟(𝑥 − 𝐿) 

Where 𝛿𝑘𝑟𝑜𝑛𝑒𝑐𝑘𝑒𝑟 denotes Kronecker delta function. 

4.1.2 Derivation of Equation of Motion with Hamilton’s Principle 

EOM can be derived using Hamilton’s principle considering the assumptions 

mentioned in 4.1.1 for the cantilever beam structure. Using the principle equation 

below can be written; 

In order to express Lagrangian ℒ, its components giving total energy in the system 

need to be calculated. Strain energy can be calculated as; 

For 3-1 mode operating piezoelectric patch equations (3.15) and (3.18) can be 

modified as below; 

Using (4.18), (4.19), (4.20), and (4.1), strain energy in the piezoelectric patch can be 

expressed as below; 

 ∫ 𝛿(ℒ)𝑑𝑡 = 0
𝑡2

𝑡1

 (4.17) 

 𝑈𝑆𝐸 =
1

2
𝑆𝑇 (4.18) 

 𝑇 =
1

𝑠𝐸31휀𝑇33 − 𝑑31
2
(𝑆휀𝑇33 − 𝑑31𝐷) = 𝑐31

𝐷 𝑆 − ℎ31𝐷 (4.19) 

 𝐸 =
1

𝑠𝐸31휀𝑇33 − 𝑑31
2
(−𝑑31𝑆 + 𝐷𝑠

𝐸
31) = −ℎ31𝑆 + 𝛽33

𝑠 𝐷 (4.20) 
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(4.21) can be evaluated as; 

𝑈𝑝 =
1

2
∫ �̅�𝑏𝑝

(

 
 
2𝑐31

𝐷

((
ℎ𝑠𝑡
2 + ℎ𝑝)

3

− (
ℎ𝑠𝑡
2 )

3

)

3
𝑤′′2

𝐿

0

+ ℎ31 ((
ℎ𝑠𝑡
2
+ ℎ𝑝)

2

− (
ℎ𝑠𝑡
2
)
2

)𝑤′′𝐷

)

 
 
𝑑𝑥 

Above equation can be simplified to give; 

Similarly, strain energy of the host structure can be calculated as; 

Kinetic energy of the piezoelectric patch can be calculated as below; 

 

𝑈𝑝 =
1

2
(∫ ∫ ∫ (𝑐31

𝐷 𝑧2𝑤′′2 + ℎ31𝑧𝑤
′′𝐷)𝑑𝑦𝑑𝑧𝑑𝑥

𝑏𝑝

0

−
ℎ𝑠𝑡
2

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

𝐿

0

+∫ ∫ ∫ (𝑐31
𝐷 𝑧2𝑤′′2

𝑏𝑝

0

(
ℎ𝑠𝑡
2
+ℎ𝑝)

ℎ𝑠𝑡
2

𝐿

0

+ ℎ31𝑧𝑤
′′𝐷)𝑑𝑦𝑑𝑧𝑑𝑥) �̅� 

(4.21) 

 𝑈𝑝 =
1

2
∫ �̅�(𝑐31

𝐷 𝐽3𝑝𝑤
′′2 + ℎ31𝐽2𝑝𝑤

′′𝐷)𝑑𝑥
𝐿

0

 (4.22) 

 

𝑈𝑠𝑡 =
1

2
∫ ∫ ∫ 𝑌𝑠𝑡𝑧

2𝑤′′2𝑑𝑦𝑑𝑧𝑑𝑥
𝑏𝑠𝑡

0

ℎ𝑠𝑡
2

−
ℎ𝑠𝑡
2

𝐿

0

= ∫
𝑌𝑠𝑡𝑏𝑠𝑡ℎ𝑠𝑡

3

24
𝑤′′2𝑑𝑥

𝐿

0

= ∫
𝑌𝑠𝑡𝐽3𝑠𝑡𝑤

′′2

2
𝑑𝑥

𝐿

0

 

(4.23) 

 𝐾𝑝 =
1

2
∫ 𝑚𝑝�̅��̇�

2𝑑𝑥
𝐿

0

 (4.24) 
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Likewise, kinetic energy of the host structure can be written as; 

Considering electrical equation as; 

𝑈𝐸𝐿 =
𝐸𝐷

2
 

Electrical energy stored in the piezoelectric element can be expressed as below; 

Finally, work done by external forces on the system can be expressed as follows; 

Although the system suggested in this thesis is suitable for controlling by external 

electrical power application, work done by electric domain is omitted to observe 

passive components’ effects. 

Regarding equations from (4.21) to (4.27), Lagrangian becomes; 

To evaluate (4.17), variation of each term in (4.28) must be evaluated. 

Time integral of variation of 𝐾𝑝 yields; 

 𝐾𝑠𝑡 =
1

2
∫ 𝑚𝑠𝑡�̇�

2𝑑𝑥
𝐿

0

 (4.25) 

 

𝑈𝑒𝑙 =
1

2
(∫ ∫ ∫ (ℎ31𝑧𝑤

′′ + 𝛽33
𝑠 𝐷)�̅�𝑑𝑦

𝑏𝑝

0

𝑑𝑧
−
ℎ𝑠𝑡
2

−(
ℎ𝑠𝑡
2
+ℎ𝑝)

𝑑𝑥
𝐿

0

+∫ ∫ ∫ (ℎ31𝑧𝑤
′′ + 𝛽33

𝑠 𝐷)�̅�𝑑𝑦
𝑏𝑝

0

𝑑𝑧
(
ℎ𝑠𝑡
2
+ℎ𝑝)

ℎ𝑠𝑡
2

𝑑𝑥
𝐿

0

)

=
1

2
(∫ 𝑏𝑝�̅�(ℎ31𝐽2𝑝𝐷𝑤

′′ + 𝛽33
𝑠 𝐷2)𝑑𝑥

𝐿

0

) 

(4.26) 

 𝑊 = 𝑓𝑤 (4.27) 

 ℒ = 𝐾𝑝 + 𝐾𝑠𝑡 − 𝑈𝑝 − 𝑈𝑠𝑡 − 𝑈𝑒𝑙 +𝑊 (4.28) 

 ∫ 𝛿𝐾𝑝𝑑𝑡
𝑡2

𝑡1

= ∫ ∫ 𝑚𝑝�̅��̇�𝛿�̇�𝑑𝑡𝑑𝑥
𝑡2

𝑡1

𝐿

0

 (4.29) 
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Applying integration by parts (IBP) to (4.29) gives; 

The first term in (4.30) is zero since variation from 𝑡1 to 𝑡2 is zero. Thus; 

Using the same procedure for 𝐾𝑠𝑡 which is the second term in (4.28), its time integral 

of variation can be expressed as below; 

Time integral of variation of the third term’s first term in (4.28) 𝑈𝑝 yields; 

Applying IBP to (4.33) considering 𝑢 = 𝑤′′�̅� and 𝑑𝑉 = 𝑤′′ gives; 

In the above equation �̅� is zero at the boundaries 0 and L and applying IBP on the 

second term yields, 

 ∫ 𝑚𝑝�̅��̇�𝛿𝑤|
𝑡1

𝑡2

𝑑𝑥
𝐿

0

−∫ ∫ 𝑚𝑝�̅��̈�𝛿𝑤𝑑𝑡
𝑡2

𝑡1

𝑑𝑥
𝐿

0

 (4.30) 

 ∫ ∫ 𝛿𝐾𝑝𝑑𝑡𝑑𝑥
𝑡2

𝑡1

𝐿

0

= ∫ −∫ 𝑚𝑝�̅��̈�𝛿𝑤𝑑𝑡
𝑡2

𝑡1

𝑑𝑥
𝐿

0

 (4.31) 

 ∫ 𝛿𝐾𝑠𝑡𝑑𝑡
𝑡2

𝑡1

= ∫ −∫ 𝑚𝑠𝑡�̈�𝛿𝑤𝑑𝑡
𝑡2

𝑡1

𝑑𝑥
𝐿

0

 (4.32) 

 ∫ 𝛿 (
1

2
∫ �̅�𝑐31

𝐷 𝐽3𝑝𝑤
′′2𝑑𝑥

𝐿

0

𝑑𝑡)
𝑡2

𝑡1

= ∫ ∫ 𝑐31
𝐷 𝐽3𝑝𝑤

′′�̅�𝛿𝑤′′𝑑𝑥𝑑𝑡
𝐿

0

𝑡2

𝑡1

 (4.33) 

 

∫ 𝛿 (
1

2
∫ �̅�𝑐31

𝐷 𝐽3𝑝𝑤
′′2𝑑𝑥

𝐿

0

𝑑𝑡)
𝑡2

𝑡1

= ∫ 𝑐31
𝐷 𝐽3𝑝(𝑤

′′�̅�)𝛿𝑤′|
0

𝐿

𝑑𝑡
𝑡2

𝑡1

−∫ ∫ 𝑐31
𝐷 𝐽3𝑝(𝑤

′′�̅�)𝛿𝑤′𝑑𝑥𝑑𝑡
𝐿

0

𝑡2

𝑡1

 

(4.34) 
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The first term on the right hand side in (4.35) is zero because variation of 𝑤 is zero 

from 𝑡1 to 𝑡2. Rewriting the equation, one can obtain the relation below; 

To complete time integration of variation of 𝑈𝑝’s the second term should be 

calculated. 

Applying IBP to the above equation gives; 

Since �̅� is zero at the boundaries, the first term in the parenthesis above is zero. One 

more IBP gives; 

 

∫ 𝛿 (
1

2
∫ �̅�𝑐31

𝐷 𝐽3𝑝𝑤
′′2𝑑𝑥

𝐿

0

𝑑𝑡)
𝑡2

𝑡1

= −(∫ 𝑐31
𝐷 𝐽3𝑝(𝑤

′′�̅�)′𝛿𝑤|
0

𝐿

𝑑𝑡
𝑡2

𝑡1

−∫ ∫ 𝑐31
𝐷 𝐽3𝑝(𝑤

′′�̅�)′′𝛿𝑤𝑑𝑥𝑑𝑡
𝐿

0

𝑡2

𝑡1

) 

(4.35) 

 

∫ 𝛿 (
1

2
∫ �̅�𝑐31

𝐷 𝐽3𝑝𝑤
′′2𝑑𝑥

𝐿

0

𝑑𝑡)
𝑡2

𝑡1

= ∫ ∫ 𝑐31
𝐷 𝐽3𝑝(𝑤

(4)�̅� + 2𝑤(3)�̅�′
𝐿

0

𝑡2

𝑡1

+ 𝑤′′�̅�′′)𝛿𝑤𝑑𝑥𝑑𝑡 

(4.36) 

 

∫
1

2
∫ 𝛿(�̅�𝑏𝑝ℎ31𝐽2𝑝𝑤

′′𝐷𝑑𝑥)
𝐿

0

𝑑𝑡
𝑡2

𝑡1

= ∫
1

2
∫ �̅�𝑏𝑝ℎ31𝐽2𝑝𝛿(𝑤

′′)𝐷𝑑𝑥
𝐿

0

𝑑𝑡
𝑡2

𝑡1

 

(4.37) 

 

∫
1

2
∫ 𝛿(�̅�𝑏𝑝ℎ31𝐽2𝑝𝑤

′′𝐷𝑑𝑥)
𝐿

0

𝑑𝑡
𝑡2

𝑡1

= ∫
1

2
𝐽2𝑝ℎ31𝐷 (�̅�𝛿𝑤

′|
0

𝐿

−∫ �̅�′𝛿𝑤′𝑑𝑥
𝐿

0

)𝑑𝑡
𝑡2

𝑡1

 

(4.38) 
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Again, due to that �̅� is zero at the boundaries and therefore �̅�′ is also zero above 

equation reduces to following; 

To continue with the 3rd term (𝑈𝑠𝑡) in (4.28), the time integral can be written as; 

Applying IBP above equation can be written as; 

Since either moment or slope is zero first term in the parenthesis above goes to zero. 

Applying one more IBP gives; 

The first term above goes to zero since either moment or slope is zero at the 

boundaries. Hence,  

 

∫
1

2
∫ 𝛿(�̅�𝑏𝑝ℎ31𝐽2𝑝𝑤

′′𝐷𝑑𝑥)
𝐿

0

𝑑𝑡
𝑡2

𝑡1

= ∫ −
1

2
𝐽2𝑝ℎ31𝐷(�̅�

′𝛿𝑤|
0

𝐿

−∫ �̅�′′𝛿𝑤𝑑𝑥
𝐿

0

)𝑑𝑡
𝑡2

𝑡1

 

(4.39) 

 ∫
1

2
∫ 𝛿(�̅�𝑏𝑝ℎ31𝐽2𝑝𝑤

′′𝐷𝑑𝑥)
𝐿

0

𝑑𝑡
𝑡2

𝑡1

= ∫
1

2
𝐽2𝑝ℎ31𝐷∫ �̅�′′𝛿𝑤𝑑𝑥

𝐿

0

𝑑𝑡
𝑡2

𝑡1

 (4.40) 

 

∫ 𝛿𝑈𝑠𝑡𝑑𝑡
𝑡2

𝑡1

= ∫ 𝛿 (∫
𝑌𝑠𝑡𝐽3𝑠𝑡
2

𝑤′′2𝑑𝑥
𝐿

0

)𝑑𝑡
𝑡2

𝑡1

= ∫ ∫ 𝑌𝑠𝑡𝐽3𝑠𝑡𝑤
′′𝛿𝑤′′𝑑𝑥

𝐿

0

𝑑𝑡
𝑡2

𝑡1

 

(4.41) 

 

∫ ∫ 𝑌𝑠𝑡𝐽3𝑠𝑡𝑤
′′𝛿𝑤′′𝑑𝑥

𝐿

0

𝑑𝑡
𝑡2

𝑡1

= ∫ 𝑌𝑠𝑡𝐽3𝑠𝑡 (𝑤
′′
𝑑

𝑑𝑥
𝛿𝑤|

0

𝐿

−∫ 𝑤(3)𝛿𝑤′𝑑𝑥
𝐿

0

)𝑑𝑡
𝑡2

𝑡1

 

(4.42) 

 

∫ ∫ 𝑌𝑠𝑡𝐽3𝑠𝑡𝑤
′′𝛿𝑤′′𝑑𝑥

𝐿

0

𝑑𝑡
𝑡2

𝑡1

= ∫ −𝑌𝑠𝑡𝐽3𝑠𝑡 (𝑤
(3)𝛿𝑤|

0

𝐿

−∫ 𝑤(4)𝛿𝑤𝑑𝑥
𝐿

0

)𝑑𝑡
𝑡2

𝑡1

 

(4.43) 
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Time integral of variation calculation of 𝑈𝑒𝑙 is similar to 𝑈𝑝’s second term’s; 

The term including electrical displacement in the above equation is independent of 

any path, and the remaining term is the same with (4.37). Hence, the equation can be 

written as; 

Calculation for 𝑊 is trivial; however, it can be written as below; 

Evaluating the time integral of variations, EOM can be now expressed as below; 

 ∫ 𝛿𝑈𝑠𝑡𝑑𝑡
𝑡2

𝑡1

= ∫ 𝑌𝑠𝑡𝐽3𝑠𝑡∫ 𝑤(4)𝛿𝑤𝑑𝑥
𝐿

0

𝑑𝑡
𝑡2

𝑡1

 (4.44) 

 

∫ 𝛿𝑈𝑒𝑙𝑑𝑡
𝑡2

𝑡1

= ∫ 𝛿 (
1

2
(∫ 𝑏𝑝�̅�(ℎ31𝐽2𝑝𝐷𝑤

′′ + 𝛽33
𝑠 𝐷2)𝑑𝑥

𝐿

0

))𝑑𝑡
𝑡2

𝑡1

= ∫
1

2
(∫ 𝑏𝑝�̅� (ℎ31𝐽2𝑝𝐷𝛿𝑤

′′
𝐿

0

𝑡2

𝑡1

+ 𝛿(𝛽33
𝑠 𝐷2)) 𝑑𝑥)𝑑𝑡 

(4.45) 

 ∫ 𝛿𝑈𝑒𝑙𝑑𝑡
𝑡2

𝑡1

= ∫
1

2
𝐽2𝑝ℎ31𝐷∫ �̅�′′𝛿𝑤𝑑𝑥

𝐿

0

𝑑𝑡
𝑡2

𝑡1

 (4.46) 

 ∫ 𝛿𝑊𝑑𝑡
𝑡2

𝑡1

= ∫ ∫ 𝑓𝛿𝑤𝑑𝑥𝑑𝑡
𝐿

0

𝑡2

𝑡1

 (4.47) 

 
𝑚𝑝�̅��̈� + 𝑚𝑠𝑡�̈� + 𝑐31

𝐷 𝐽3𝑝(𝑤
(4)�̅� + 2𝑤(3)�̅�′ + 𝑤′′�̅�′′)

+ 𝑌𝑠𝑡𝐽3𝑠𝑡𝑤
(4) + 𝐽2𝑝ℎ31𝐷�̅� = 𝑓 

(4.48) 
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4.2 Deriving Equations for Response of Bimorph Composite Piezoelectric 

Integrated Cantilever Beam in 3-1 Mode with Linear Piezoelectric 

Material Assumption  

Response of the system whose EOM is derived in 4.1 can be expressed using 

expansion theorem [64][65][66][61] as below; 

In the equation above 𝜙𝑟 denotes rth eigenfunction and 𝑞𝑟 denotes rth modal 

coordinate. Multiplying equation (4.48) with 𝜙𝑟 and taking integral along the length 

of the beam gives; 

Substituting (4.49) in (4.50) equation below can be written; 

Where, 

 𝑤 =∑𝜙𝑟𝑞𝑟
𝑟

 (4.49) 

 

∫ (𝑚𝑝�̅��̈� + 𝑚𝑠𝑡�̈� + 𝑐31
𝐷 𝐽3𝑝(𝑤

(4)�̅� + 2𝑤(3)�̅�′ + 𝑤′′�̅�′′)
𝐿

0

+ 𝑌𝑠𝑡𝐽3𝑠𝑡𝑤
(4) + 𝐽2𝑝ℎ31𝐷�̅�)𝜙𝑟𝑑𝑥 = ∫ 𝑓𝜙𝑟𝑑𝑥

𝐿

0

 

(4.50) 

 [𝑀]�̈� + [𝐾]𝑞 + {𝐶}𝑄 = 𝐹 (4.51) 

 𝑀𝑖,𝑗 = (𝑚𝑠𝑡 +𝑚𝑝�̅�)∫ 𝜙𝑖𝜙𝑗𝑑𝑥
𝐿

0

 (4.52) 

 

𝐾𝑖,𝑗 = 𝑐31
𝐷 𝐽3𝑝∫ (𝜙𝑖

(4)�̅� + 2𝜙𝑖
(3)�̅�′ + 𝜙𝑖

′′�̅�′′)𝜙𝑗𝑑𝑥
𝐿

0

+ 𝑌𝑠𝑡𝐽3𝑠𝑡∫ 𝜙𝑖
(4)𝜙𝑗𝑑𝑥

𝐿

0

 

(4.53) 

  𝐶𝑖 = 𝐽2𝑝ℎ31𝐷∫ (�̅�′′)𝜙𝑖𝑑𝑥
𝐿

0

=
𝐽2𝑝ℎ31𝑄

2𝑏𝑝𝐿𝑝
∫ (�̅�′′)𝜙𝑖𝑑𝑥
𝐿

0

 (4.54) 

 𝐹𝑖 = ∫ 𝑓𝜙𝑖𝑑𝑥
𝐿

0

 (4.55) 
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Integral equation in (4.53) can be divided into three sub integrals; 

𝐼2 can be rewritten as below after applying IBP; 

Since the �̅� is zero at the given boundaries, the first term in the parenthesis becomes 

zero and can be expressed as below; 

IBP can be applied to 𝐼3 also and gives; 

As stated above, �̅�′ is the derivative of the zero value. Hence, the first term goes to 

zero, and IBP can be applied to the remaining integral; 

Nonzero element of the 𝐼3 is only the integral appearing in (4.60), and it rewriting 

the equation gives; 

 

∫ (𝜙𝑖
(4)�̅� + 2𝜙𝑖

(3)�̅�′ + 𝜙𝑖
′′�̅�′′)𝜙𝑗𝑑𝑥

𝐿

0

= ∫ (𝜙𝑖
(4)�̅�)𝜙𝑗𝑑𝑥

𝐿

0

+∫ (2𝜙𝑖
(3)�̅�′)𝜙𝑗𝑑𝑥

𝐿

0

+∫ (𝜙𝑖
′′�̅�′′)𝜙𝑗𝑑𝑥

𝐿

0

= 𝐼1 + 𝐼2 + 𝐼3 

(4.56) 

 

𝐼2 = ∫ (2𝜙𝑖
(3)�̅�′)𝜙𝑗𝑑𝑥

𝐿

0

= 2(𝜙𝑖
(3)𝜙𝑗�̅�|

0

𝐿

−∫ �̅�′(𝜙𝑖
(4)𝜙𝑗 + 𝜙𝑖

(3)𝜙𝑗
′)𝑑𝑥

𝐿

0

) 

(4.57) 

 𝐼2 = 2(−∫ �̅�′(𝜙𝑖
(4)𝜙𝑗 + 𝜙𝑖

(3)𝜙𝑗
′)𝑑𝑥

𝐿

0

) (4.58) 

 𝐼3 = 𝜙𝑖
′′𝜙𝑗�̅�

′|
0

𝐿

−∫ �̅�′(𝜙𝑖
(3)𝜙𝑗 + 𝜙𝑖

′′𝜙𝑗
′)𝑑𝑥

𝐿

0

 (4.59) 

 𝐼3 = −(�̅�(𝜙𝑖
(3)𝜙𝑗 + 𝜙𝑖

′′𝜙𝑗
′)|

0

𝐿

−∫ �̅�(𝜙𝑖
(3)𝜙𝑗 + 𝜙𝑖

′′𝜙𝑗
′)
′
𝑑𝑥

𝐿

0

) (4.60) 
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𝐾𝑖,𝑗 in (4.53) can be reduced to the equation below; 

Similar to 𝐾𝑖,𝑗, the integral part of 𝐶𝑖 can be rearranged by applying IBP; 

The first term above integral is zero because of the same reason mentioned between 

(4.57) and (4.58). The second term can be integrated by parts one more time to give; 

The first term in the above equation is zero, and the evaluated integral can be 

substituted into (4.54) and 𝐶𝑖 becomes; 

All coefficients being vectors and matrices can be calculated in (4.51), and 

considering first harmonic only modal coordinates can be expressed below for steady 

state response; 

Similarly, considering first harmonic for steady state electrical charge can be 

expressed as below; 

Under harmonic excitation 𝑓 = 𝑓0 sin(𝑤𝑡) (4.51) becomes; 

 𝐼3 = ∫ �̅�(𝜙𝑖
(4)𝜙𝑗 + 2𝜙𝑖

(3)𝜙𝑗
′ + 𝜙𝑖

′′𝜙𝑗
′′)𝑑𝑥

𝐿

0

 (4.61) 

 𝐾𝑖,𝑗 = 𝑐31
𝐷 𝐽3𝑝∫ �̅�𝜙𝑖

′′𝜙𝑗
′′𝑑𝑥

𝐿

0

+ 𝑌𝑠𝑡𝐽3𝑠𝑡∫ 𝜙𝑖
(4)𝜙𝑗𝑑𝑥

𝐿

0

 (4.62) 

 ∫ (�̅�′′)𝜙𝑖𝑑𝑥
𝐿

0

= �̅�′𝜙𝑖|
0

𝐿

−∫ �̅�′𝜙𝑖
′𝑑𝑥

𝐿

0

 (4.63) 

 ∫ (�̅�′′)𝜙𝑖𝑑𝑥
𝐿

0

= −(�̅�𝜙𝑖
′′ −∫ �̅�𝜙𝑖

′′𝑑𝑥
𝐿

0

) (4.64) 

 𝐶𝑖 =
𝐽2𝑝ℎ31𝑄

2𝑏𝑝𝐿𝑝
(𝜙𝑖

′(𝐿1) − 𝜙𝑖
′(𝐿1 + 𝐿𝑝)) (4.65) 

 𝑞𝑖 = 𝑞𝑖𝑠 sin(𝜔𝑡) + 𝑞𝑖𝑐 cos(𝜔𝑡) (4.66) 

 𝑄 = 𝑄𝑠 sin(𝜔𝑡) + 𝑄𝑐 cos(𝜔𝑡) (4.67) 
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Parsing equations in (4.68) for sines and cosines results in 2n number equations and 

equation pairs are given below for 1 ≤ 𝑖 < 𝑛. 𝑛 is the number of eigen functions 

used. 

Equations (4.69) and (4.70) are for mechanical domain. If piezoelectric patch 

terminals are connected in parallel electrical equations can be derived as below; 

Voltage on the terminals of both piezoelectric elements is; 

(4.71) is independent of the x coordinate, and hence below equation can be written; 

Evaluating (4.72) for (4.71) yields; 

 

([
𝐾11 𝐾12 ⋯
⋮ ⋱ ⋮
𝐾𝑛1 ⋯ 𝐾𝑛𝑛

]

− 𝜔2 [
𝑀11 𝑀12 ⋯
⋮ ⋱ ⋮

𝑀𝑛1 ⋯ 𝑀𝑛𝑛

]) {
𝑞1𝑠 sin(𝜔𝑡) + 𝑞1𝑐 cos(𝜔𝑡)

⋮
𝑞𝑛𝑠 sin(𝜔𝑡) + 𝑞𝑛𝑐 cos(𝜔𝑡)

}

+ {
𝐶1
⋮
𝐶𝑛

} 𝑄𝑠 sin(𝜔𝑡) + 𝑄𝑐 cos(𝜔𝑡) = {
𝐹1
⋮
𝐹𝑛

} sin(𝜔𝑡) 

(4.68) 

 
(𝐾𝑖1 − 𝜔

2𝑀𝑖1)𝑞1𝑠 + (𝐾𝑖2 − 𝜔
2𝑀𝑖2)𝑞2𝑠 +⋯+ (𝐾𝑖𝑛 −𝜔

2𝑀𝑖𝑛)𝑞𝑛𝑠

+ 𝐶𝑖𝑄𝑠 − 𝐹𝑖 = 0 
(4.69) 

 
(𝐾𝑖1 − 𝜔

2𝑀𝑖1)𝑞1𝑐 + (𝐾𝑖2 − 𝜔
2𝑀𝑖2)𝑞2𝑐 +⋯+ (𝐾𝑖𝑛 − 𝜔

2𝑀𝑖𝑛)𝑞𝑛𝑐

+ 𝐶𝑖𝑄𝑐 = 0 
(4.70) 

 

𝑉 = ∫ 𝐸𝑑𝑧

ℎ𝑠𝑡
2
+ℎ𝑝

ℎ𝑠𝑡
2

= ∫ ℎ31𝑤
′′𝑧 + 𝛽𝑠𝐷𝑑𝑧

ℎ𝑠𝑡
2
+ℎ𝑝

ℎ𝑠𝑡
2

=
ℎ31𝐽2𝑝𝑤

′′

2𝑏𝑝
+ 𝛽𝑠𝐷ℎ𝑝 

(4.71) 

 ∫
𝑉

((𝐿1 + 𝐿𝑝) − 𝐿1)
𝑑𝑥

𝐿1+𝐿𝑝

𝐿1

= ∫
𝑉

((𝐿1 + 𝐿𝑝) − 𝐿1)
�̅�𝑑𝑥

𝐿

0

 (4.72) 
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By substituting (4.49) into (4.73) and considering Figure 4-3 for shunt circuit, the 

equation below can be written; 

 For the case of piezoelectric terminals connected in series thickness in the electrical 

equations can be considered as doubled; 

Using (4.74) for parallel electrical connection in cantilever system and substituting 

(4.67) yields; 

Considering only first harmonics and parsing the equations regarding sine and cosine 

terms gives; 

 𝑉 =
ℎ31𝐽2𝑝𝑤

′

2𝑏𝑝𝐿𝑝
|
0

𝐿

+ 𝛽𝑠𝐷ℎ𝑝 (4.73) 

 

𝑉 =
ℎ31𝐽2𝑝

2𝑏𝑝𝐿𝑝
∑(𝜙𝑖

′(𝐿1 + 𝐿𝑝) − 𝜙𝑖
′(𝐿1)) 𝑞𝑖

𝑛

+
𝛽𝑠𝑄ℎ𝑝

2𝑏𝑝𝐿𝑝

= −(𝐿𝑖𝑛𝑑�̈� + 𝑅�̇� + 𝑎𝑄
3 + 𝑏𝑄) 

(4.74) 

 

𝑉 = 2∫ 𝐸𝑑𝑧

ℎ𝑠𝑡
2
+ℎ𝑝

ℎ𝑠𝑡
2

=
ℎ31𝐽2𝑝

𝑏𝑝𝐿𝑝
∑(𝜙𝑖

′(𝐿1 + 𝐿𝑝) − 𝜙𝑖
′(𝐿1)) 𝑞𝑖

𝑛

+
2𝛽𝑠𝑄ℎ𝑝

𝑏𝑝𝐿𝑝

= −(𝐿𝑖𝑛𝑑�̈� + 𝑅�̇� + 𝑎𝑄
3 + 𝑏𝑄) 

(4.75) 

 

−𝐿𝑖𝑛𝑑𝜔
2(𝑄𝑠 sin(𝜔𝑡) + 𝑄𝑐 cos(𝜔𝑡))

+ 𝑅𝜔(𝑄𝑠 sin(𝜔𝑡) − 𝑄𝑐 cos(𝜔𝑡))

+ 𝑏(𝑄𝑠 sin(𝜔𝑡) + 𝑄𝑐 cos(𝜔𝑡))

+ 𝑎(𝑄𝑠 sin(𝜔𝑡) + 𝑄𝑐 cos(𝜔𝑡))
3

+
ℎ31𝐽2𝑝

2𝑏𝑝𝐿𝑝
∑(𝜙𝑖

′(𝐿1 + 𝐿𝑝) − 𝜙𝑖
′(𝐿1)) (𝑞𝑖𝑠 sin(𝜔𝑡)

𝑛

+ 𝑞𝑖𝑐 cos(𝜔𝑡)) = 0 

(4.76) 
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Equations derived up to now are in agreement with [66] and [45] 

Equations giving the response of the system derived above do not consider damping. 

This results in infinite amplitude at resonance. Therefore, introducing proportional 

structural damping into the system can be useful in preventing the response from 

going to infinity. Calculation of elements of structural damping is given below. 

Including structural damping (4.51) can be modified to give; 

Equation sets (4.69) and (4.70) also can be modified as; 

 

𝑏𝑄𝑠 − 𝑅𝜔𝑄𝑐 − 𝐿𝑖𝑛𝑑𝜔
2𝑄𝑠 +

3

4
𝑎(𝑄𝑠

2 + 𝑄𝑐
2)𝑄𝑠

+
ℎ31𝐽2𝑝

2𝑏𝑝𝐿𝑝
∑(𝜙𝑖

′(𝐿1 + 𝐿𝑝) − 𝜙𝑖
′(𝐿1)) 𝑞𝑖𝑠

𝑛

+
𝛽𝑠ℎ𝑝

2ℎ𝑝𝐿𝑝
𝑄𝑠 = 0 

(4.77) 

 

𝑏𝑄𝑐 + 𝑅𝜔𝑄𝑠 − 𝐿𝑖𝑛𝑑𝜔
2𝑄𝑐 +

3

4
𝑎(𝑄𝑠

2 + 𝑄𝑐
2)𝑄𝑐

+
ℎ31𝐽2𝑝

2𝑏𝑝𝐿𝑝
∑(𝜙𝑖

′(𝐿1 + 𝐿𝑝) − 𝜙𝑖
′(𝐿1)) 𝑞𝑖𝑐

𝑛

+
𝛽𝑠ℎ𝑝

2ℎ𝑝𝐿𝑝
𝑄𝑐 = 0 

(4.78) 

 

𝐻𝑖,𝑗 = 𝛾𝑝𝑐31
𝐷 𝐽3𝑝∫ (𝜙𝑖

(4)�̅� + 2𝜙𝑖
(3)�̅�′ + 𝜙𝑖

′′�̅�′′)𝜙𝑗𝑑𝑥
𝐿

0

+ 𝛾𝑠𝑡𝑌𝑠𝑡𝐽3𝑠𝑡∫ 𝜙𝑖
(4)𝜙𝑗𝑑𝑥

𝐿

0

 

(4.79) 

 [𝑀]�̈� + [𝐾]𝑞 + [𝐻]𝑖𝑞 + {𝐶}𝑄 = 𝐹 (4.80) 

 
(𝐾𝑖1 − 𝜔

2𝑀𝑖1)𝑞1𝑠 + 𝐻𝑖1𝑞1𝑐 + (𝐾𝑖2 − 𝜔
2𝑀𝑖2)𝑞2𝑠 + 𝐻𝑖2𝑞2𝑐 +⋯

+ (𝐾𝑖𝑛 − 𝜔
2𝑀𝑖𝑛)𝑞𝑛𝑠 + 𝐻𝑖𝑛𝑞𝑛𝑐 + 𝐶𝑖𝑄𝑠 − 𝐹𝑖 = 0 

(4.81) 

  
(𝐾𝑖1 − 𝜔

2𝑀𝑖1)𝑞1𝑐 − 𝐻𝑖1𝑞1𝑠 + (𝐾𝑖2 − 𝜔
2𝑀𝑖2)𝑞2𝑐 − 𝐻𝑖2𝑞2𝑠 +⋯

+ (𝐾𝑖𝑛 − 𝜔
2𝑀𝑖𝑛)𝑞𝑛𝑐 − 𝐻𝑖𝑛𝑞𝑛𝑠 + 𝐶𝑖𝑄𝑐 = 0 

(4.82) 
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4.3 Deriving Equations for Response of Bimorph Composite Piezoelectric 

Integrated Cantilever Beam in 3-3 Mode with Linear Piezoelectric 

Material Assumption 

In the previous heading, the cantilever beam system was considered to be polarized 

vertically to operate 3-1 mode. Even though 3-3 mode piezoelectric patch with two 

electrodes attached to cantilever beam structure is not practical, it can be analyzed 

theoretically. Nevertheless, 3-3 mode patches are commercially available with 

interdigitated electrodes. Piezoelectric patches with interdigitated electrodes will not 

be studied in this section but the next one. 

In Figure 4-5, piezoelectric patches poled in different directions are depicted. In the 

z-direction, poled piezoelectric patch voltage on electrodes is independent of the x 

coordinate since electrodes are in contact with piezoelectric patch along the x 

direction. For the case of x direction poled piezoelectric patch voltage difference 

between electrodes is a function of x since in vertical displacement 𝑤 at each x 

coordinate is a function of the coordinate. Moreover, the strain also varies along the 

z-direction at each x coordinate for the x direction poled piezoelectric material. By 

looking at Figure 4-6, it can be observed that even if strain changes along the z 

direction, it changes linearly, and strain can be taken into account as nominal strain 

when considering electrical displacement. The main idea behind the assumption is 

that excessive strain over the nominal strain generates electrical displacement, which 

compensates for deficient electrical displacement due to less strain. 
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Figure 4-5 Piezoelectric Patch Poled in the z-direction (a) and in the x-direction (b) 

 

Figure 4-6 Piezoelectric Element on Bimorph Cantilever Beam. ℎ𝑠𝑡/2 is Distance 

from Neutral Axis and ℎ𝑝 is Height of the Piezoelectric Patch 

Under this assumption, (4.71) can be modified for 3-3 mode to give the equation 

below; 
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Where 𝑧𝑒𝑞 is the z location where average strain occurs and can be expressed as; 

𝑧𝑒𝑞 =
ℎ𝑠𝑡 + ℎ𝑝

2
 

For parallel connected piezoelectric patches (4.83) voltage difference between two 

electrodes can be expressed as below; 

In addition to the voltage equation, mechanical equations also should be modified 

for 3-3 operating piezoelectric patch. In this case, 𝐶𝑖 coefficient appearing in the 

mechanical domain is the only element related to electrical domain. For parallel 

connected terminals case, it can be written as;  

𝐾𝑖,𝑗 and 𝐻𝑖,𝑗 are modified by replacing 𝑐31
𝐷  with 𝑐33

𝐷  for 3-3 mode case. After the 

modifications (4.80) and its expanded versions (4.81) and (4.82) can be used for 

calculations. 

 

𝑉 = ∫ 𝐸𝑑𝑥
𝐿

0

= ∫ (ℎ33𝑤
′′𝑧 + 𝛽𝑠𝐷)�̅�𝑑𝑥

𝐿

0

= ℎ33𝑧𝑒𝑞(𝑤
′�̅�)|

0

𝐿

+ 𝛽𝑠𝐷𝐿𝑝 

(4.83) 

 𝑉 = ℎ33𝑧𝑒𝑞(𝑤
′�̅�)|

0

𝐿

+
𝛽𝑠𝑄𝐿𝑝

2ℎ𝑝𝑏𝑝
 (4.84) 

 

𝐶𝑖 = ℎ33𝑧𝑒𝑞ℎ𝑝2𝑏𝑝𝐷∫ (�̅�′′)𝜙𝑖𝑑𝑥
𝐿

0

= ℎ33𝑧𝑒𝑞𝑄 (𝜙𝑖
′(𝐿1 + 𝐿𝑝) − 𝜙𝑖

′(𝐿1)) 

(4.85) 
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4.4 Deriving Equations for Response of Bimorph Composite Piezoelectric 

Integrated Cantilever Beam in 3-3 Mode with Interdigitated Electrodes 

Including Softening Effect 

As mentioned in the previous section, 3-3 mode operating patches shown in Figure 

4-5 (b) are available with interdigitated electrodes. In the literature, it is possible to 

find their modelling [67][68][69]. Moreover, 3-3 mode operating piezoelectric 

patches are found to have better performance in energy harvesting applications when 

compared to 3-1 mode operating piezoelectric patches [70][71][72][73][74]. 

 

Figure 4-7 Piezoelectric Patch with Interdigitated Electrodes Integrated to 

Unimorph Cantilever Beam [73] 

 As can be seen in Figure 4-7, interdigitated electrodes are comb-like structures 

dividing the piezoelectric element into several pieces. Each piece is serially 

connected with opposite polarity, which is determined by the polarity of the 

electrodes themselves. Oppositely, in the electrical domain, each positive or negative 

electrode is connected to a single common node which is the case for parallel 

connection. In other words, combination of serial connection in mechanical domain 
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and parallel connection in electrical domain results in 3-3 mode operating 

piezoelectric patch mentioned in 4.3 with increased capacitance. Moreover, it can be 

intuitively sensed that the interdigitated electrode structure may cause a loss of 

electromechanical conversion efficiency due to unpolarized regions in the 

piezoelectric elements. 

3-3 mode operating piezoelectric patches are commercially available as macrofiber 

composites (MFC) produced by Smart-Material company [75]. MFC’s are made of 

piezoelectric fibers with dimensions of 0.35mm in width x 0.18mm in height, 

embedded in an epoxy layer. On the top and bottom of the piezoelectric structure, 

embedded copper electrodes are placed. In [76], MFC structure and dimensions for 

a specific product type are given.  

Because of the interdigitated electrodes, capacitance calculation of the MFCs is not 

straightforward. Although equivalent electrode area is not given in the datasheets, it 

can be approximated as follows. 

Assuming interdigitated electrodes divide piezoelectric patch into N many cells, each 

cell’s capacitance can be approximated by considering (2.2) as follows; 

The total capacitance of MFC is parallel connected N many cell capacitors as shown 

in Figure 4-8, and it can be expressed as; 

Parallel connection of cell capacitors can be interpreted as area increase of capacitor 

electrodes. The total area can be utilized to calculate electrical charge from electrical 

displacement. 

 𝐶𝑐𝑒𝑙𝑙 =
휀𝑆33𝑏𝑝ℎ𝑝

(𝐿𝑝/𝑁)
 (4.86) 

 𝐶𝑀𝐹𝐶 = 𝑁𝐶𝑐𝑒𝑙𝑙 =
휀𝑆33𝑏𝑝ℎ𝑝

𝐿𝑝
𝑁2 (4.87) 
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Figure 4-8 Cell Approximation of MFC 

Value of 𝐶𝑀𝐹𝐶  is measured to be 3.4nF for two parallel connected MFC4010 P1; 

thus, total electrode area can be approximated as 𝑁(𝑏𝑝ℎ𝑝). Piezoelectric fiber width 

is given as 0.35mm on the invoice of its purchase order. Twenty-five fibers can be 

counted on MFC4010 P1. As a result, the width of the active area of the piezoelectric 

patch can be determined as 8.75mm, which is 87.5% of the active width 𝑏𝑝. The 

remaining with is filled with epoxy, and its effect on stiffness is neglected since its 

elastic modulus and thickness are much less than piezoelectric material or aluminum. 

Therefore, N can be calculated as; 

Using N for total electrode area, electrical charge can be obtained using electrical 

displacement as; 

(4.80) can be rewritten for MFC as; 

Also, (4.85) can be rewritten as; 

 𝑁 = √
0.875휀𝑆33𝑏𝑝ℎ𝑝

𝐿𝑝𝐶𝑀𝐹𝐶
 (4.88) 

 𝑄 = 𝐷(𝑁𝑏𝑝ℎ𝑝) (4.89) 

 𝑉 = ℎ33𝑧𝑒𝑞(𝑤
′�̅�)|

0

𝐿

+
𝛽𝑠𝑄𝐿𝑝

2ℎ𝑝𝑏𝑝𝑁2
 (4.90) 
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Replacing the terms given in this section with the ones given in 4.3 can be used to 

calculate frequency response for linear piezoelectric material. Since calculation 

results obtained for the MFC case will be compared with tests instead of FEM 

software, softening effects should be included in the model. To do this, 𝑐33
𝐷  should 

be replaced by (𝑐33
𝐷 − 𝑘𝑞|𝑆|) where 𝑘𝑞 is quadratic softening constant referring to 

[59] as mentioned in Section 2.3. Hence, the strain energy of piezoelectric material 

𝑈𝑝 will include additional softening term as follows; 

Replacing strain value 𝑆 with 𝑧𝑤′′ and noting that the equation can be rewritten as; 

Where ℎ𝑘𝑎𝑝𝑡𝑜𝑛 is the kapton layer thickness of one side embodying piezoelectric 

fibers. It is also important to note that moment due to kapton layer is negligible since 

its elastic modulus and thickness are much less than ceramic or aluminum. 

Evaluating the above integral for the y axis results in double integral of x and z axes 

multiplied by 𝑏𝑝. Evaluating remaining integral on z yields; 

 𝐶𝑖 =
ℎ33𝑧𝑒𝑞𝑄

𝑁
(𝜙𝑖

′(𝐿1 + 𝐿𝑝) − 𝜙𝑖
′(𝐿1)) (4.91) 

 𝑈𝑁𝐿 =∭∫𝑘𝑞|𝑆|𝑆𝑑𝑆�̅� 𝑑𝑥𝑑𝑦𝑑𝑧 =∭
𝑘𝑞|𝑆|𝑆

2�̅�

3
𝑑𝑥𝑑𝑦𝑑𝑧 (4.92) 

 

𝑈𝑁𝐿

= ∫ ∫ ∫
𝑘𝑞|𝑧𝑤

′′|(𝑧𝑤′′)2

3

ℎ𝑝+
ℎ𝑠𝑡
2
+ℎ𝑘𝑎𝑝𝑡𝑜𝑛 

ℎ𝑠𝑡
2
+ℎ𝑘𝑎𝑝𝑡𝑜𝑛

𝑏𝑝

0

𝐿

0

�̅�𝑑𝑧𝑑𝑦𝑑𝑥

+ ∫ ∫ ∫
𝑘𝑞|𝑧𝑤

′′|(𝑧𝑤′′)2

3

−
ℎ𝑠𝑡
2
−ℎ𝑘𝑎𝑝𝑡𝑜𝑛

−(ℎ𝑝+
ℎ𝑠𝑡
2
+ℎ𝑘𝑎𝑝𝑡𝑜𝑛)

𝑏𝑝

0

𝐿

0

�̅�𝑑𝑧𝑑𝑦𝑑𝑥 

(4.93) 
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Taking variance of 𝑈𝑁𝐿 gives; 

Applying IBP and substituting 𝐽4𝑝 instead of 3𝐽4𝑝̅̅ ̅̅  gives; 

The first term in (4.96) is zero since �̅� is zero at the boundaries. Substituting zero 

and applying one more IBP gives; 

Again since �̅� is zero at the boundaries, the first term is zero, and the integral 

becomes; 

Therefore, nonlinear mechanical term in the equation of motion, which is given in 

(4.48), will be as follows; 

 

𝑈𝑁𝐿 =
1

6
𝑏𝑝𝑘𝑞 ((

ℎ𝑠𝑡
2
+ ℎ𝑝 + ℎ𝑘𝑎𝑝𝑡𝑜𝑛)

4

− (
ℎ𝑠𝑡
2
+ ℎ𝑘𝑎𝑝𝑡𝑜𝑛)

4

)∫ (𝑤′′)3�̅�𝑑𝑥
𝐿

0

= 𝐽4𝑝̅̅ ̅̅ ∫ (𝑤′′)3�̅�𝑑𝑥
𝐿

0

 

(4.94) 

 ∫ 𝛿𝑈𝑁𝐿𝑑𝑡
𝑡2

𝑡1

= ∫ 3𝐽4𝑝̅̅ ̅̅ 𝑘𝑞∫ (𝑤′′)2�̅�𝛿𝑤′′𝑑𝑥
𝐿

0

𝑡2

𝑡1

𝑑𝑡  (4.95) 

 

∫ 𝛿𝑈𝑁𝐿𝑑𝑡
𝑡2

𝑡1

= 𝐽4𝑝𝑘𝑞∫ ((𝑤′′)2�̅�𝛿𝑤′|
0

𝐿
𝑡2

𝑡1

−∫ ((𝑤′′)2�̅�)′𝛿𝑤′𝑑𝑥
𝐿

0

)𝑑𝑡 

(4.96) 

 

∫ 𝛿𝑈𝑁𝐿𝑑𝑡
𝑡2

𝑡1

= 𝐽4𝑝𝑘𝑞∫ ((𝑤′′)2�̅�𝛿𝑤|
0

𝐿
𝑡2

𝑡1

−∫ ((𝑤′′)2�̅�)′′𝛿𝑤𝑑𝑥
𝐿

0

)𝑑𝑡 

(4.97) 

 ∫ 𝛿𝑈𝑁𝐿𝑑𝑡
𝑡2

𝑡1

= 𝐽4𝑝𝑘𝑞∫ ∫ ((𝑤′′)2�̅�)′′𝛿𝑤𝑑𝑥
𝐿

0

𝑑𝑡
𝑡2

𝑡1

 (4.98) 
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Applying transformation done in (4.50) to the nonlinear mechanical term gives 𝐾𝑛𝑙𝑖,𝑗 

terms as; 

As a result, the matrix equation set becomes; 

Matrix terms in the equation above calculated as described in 4.3 but for elements of 

[𝐾] polymer layer thickness should be accounted for in 𝐽3𝑝 as below; 

Assuming steady state response and considering only first order contribution, the 

equation can be rewritten as; 

Describing function for the nonlinearity in the equation is given in [77] as; 

 𝐽4𝑝𝑘𝑞((𝑤
′′)2�̅�)′′ (4.99) 

 𝐾𝑛𝑙𝑖,𝑗 = 𝐽4𝑝𝑘𝑞∫ 𝜙𝑖
′′2�̅�𝜙𝑗

′′𝑑𝑥
𝐿

0

 (4.100) 

 [𝑀]�̈� + [𝐾]𝑞 + [𝐻]𝑖𝑞 + {𝐶}𝑄 − [𝐾𝑛𝑙]𝑞
2 = 𝐹 (4.101) 

 
𝐽3𝑝 =

((
ℎ𝑠𝑡
2 + ℎ𝑝 + ℎ𝑘𝑎𝑝𝑡𝑜𝑛)

3

− (
ℎ𝑠𝑡
2 + ℎ𝑘𝑎𝑝𝑡𝑜𝑛)

3

)

3
 

(4.102) 

 

([
𝐾11 𝐾12 ⋯
⋮ ⋱ ⋮
𝐾𝑛1 ⋯ 𝐾𝑛𝑛

]

− 𝜔2 [
𝑀11 𝑀12 ⋯
⋮ ⋱ ⋮

𝑀𝑛1 ⋯ 𝑀𝑛𝑛

]) {
𝑞1𝑠 sin(𝜔𝑡) + 𝑞1𝑐 cos(𝜔𝑡)

⋮
𝑞𝑛𝑠 sin(𝜔𝑡) + 𝑞𝑛𝑐 cos(𝜔𝑡)

}

− [

𝐾𝑛𝑙11 𝐾𝑛𝑙12 ⋯

⋮ ⋱ ⋮
𝐾𝑛𝑙𝑛1 ⋯ 𝐾𝑛𝑙𝑛𝑛

]

{
 
 

 
 (𝑞1𝑠 sin(𝜔𝑡) + 𝑞1𝑐 cos(𝜔𝑡))√𝑞1𝑠

2 + 𝑞1𝑐
2

⋮

(𝑞𝑛𝑠 sin(𝜔𝑡) + 𝑞𝑛𝑐 cos(𝜔𝑡))√𝑞1𝑠
2 + 𝑞1𝑐

2

}
 
 

 
 

+ {
𝐶1
⋮
𝐶𝑛

} 𝑄𝑠 sin(𝜔𝑡) + 𝑄𝑐 cos(𝜔𝑡) = {
𝐹1
⋮
𝐹𝑛

} sin(𝜔𝑡) 

(4.103) 
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Therefore, mechanical equation set can be written by inserting nonlinear terms into 

(4.69) (4.70) as below; 

 

The mechanical nonlinear equation set derived above can be used with the electrical 

equations described in Section 4.3 

4.5 Matlab and Comsol Simulation Results 

Using equations derived in sections from 4.2 to 4.4 response of a bimorph cantilever 

beam can be obtained. In this section, results obtained from analytically derived 

equations and FEM analyses are presented. At first, a plain cantilever beam is 

considered, and frequency responses are given. After, frequency response of a 

 
8

3𝜋
√𝑞1𝑠

2 + 𝑞1𝑐
2  (4.104) 

 

(𝐾𝑖1 −𝜔
2𝑀𝑖1 −

8

3𝜋
𝐾𝑛𝑙𝑖1√𝑞1𝑠

2 + 𝑞1𝑐
2 )𝑞1𝑠 + 𝐻𝑖1𝑞1𝑐

+ (𝐾𝑖2 − 𝜔
2𝑀𝑖2 −

8

3𝜋
𝐾𝑛𝑙𝑖2√𝑞2𝑠

2 + 𝑞2𝑐
2 )𝑞2𝑠

+ 𝐻𝑖2𝑞2𝑐 +⋯

+ (𝐾𝑖𝑛 − 𝜔
2𝑀𝑖𝑛 −

8

3𝜋
𝐾𝑛𝑙𝑖𝑛√𝑞𝑛𝑠

2 + 𝑞𝑛𝑐2 ) 𝑞𝑛𝑠

+ 𝐻𝑖𝑛𝑞𝑛𝑐 + 𝐶𝑖𝑄𝑠 − 𝐹𝑖 = 0 

(4.105) 

 

(𝐾𝑖1 −𝜔
2𝑀𝑖1 −

8

3𝜋
𝐾𝑛𝑙𝑖1√𝑞1𝑠

2 + 𝑞1𝑐
2 )𝑞1𝑐 − 𝐻𝑖1𝑞1𝑠

+ (𝐾𝑖2 − 𝜔
2𝑀𝑖2 −

8

3𝜋
𝐾𝑛𝑙𝑖2√𝑞2𝑠

2 + 𝑞2𝑐
2 )𝑞2𝑐

− 𝐻𝑖2𝑞2𝑠 +⋯

+ (𝐾𝑖𝑛 − 𝜔
2𝑀𝑖𝑛 −

8

3𝜋
𝐾𝑛𝑙𝑖𝑛√𝑞𝑛𝑠

2 + 𝑞𝑛𝑐2 ) 𝑞𝑛𝑐

− 𝐻𝑖𝑛𝑞𝑛𝑠 + 𝐶𝑖𝑄𝑐 = 0 

(4.106) 
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cantilever beam with discontinuity in which piezoelectric material has no 

electromechanical coupling taken into account. This is followed by results of 

responses of bimorph cantilevers with 3-1 and 3-3 operation modes for open and 

short circuit conditions. Lastly, the calculated frequency responses of the system 

with nonlinear circuit and simulated time response of the system are given for the 

aforementioned operation modes. 

4.5.1 Matlab and Comsol Simulation Results for Plain Cantilever Beam 

By employing the equations derived in sections from 4.2 to 4.4 with zero 

piezoelectric material thickness, the response of a plain cantilever for the first mode 

of the beam can be obtained by using only one mode contribution. The parameters 

used are given in Table 4.1. Eigen function for undamped fixed-free transverse 

vibration is which is given below, is utilized. 

𝜙𝑖 =

(cosh (
𝜆𝑖
𝐿𝑥) − cos (

𝜆𝑖
𝐿𝑥) − 𝜎𝑖 (sinh (

𝜆𝑖
𝐿𝑥) − sin (

𝜆𝑖
𝐿𝑥)))

√𝑚𝑠𝑡𝐿
 

Where, 

𝜎𝑖 =
(−sin(𝜆𝑖) + sinh(𝜆𝑖))

cos(𝜆𝑖) + cosh(𝜆𝑖)
 

and, 

𝜔𝑖 = 𝜆𝑖
2√
𝑌𝑠𝑡𝐽3𝑠𝑡
𝑚𝐿4

 

Table 4.1 Parameters Used for Frequency Response of Plain Cantilever Beam 

Parameter Value 

Length (𝐿) (mm) 118.8 

Height (ℎ𝑠𝑡) (mm) 1 
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Table 4.1 cont’d 

Width (𝑏𝑠𝑡) (mm) 30 

Elastic modulus (𝑌𝑠𝑡) (GPa) 70 

Mass per unit length (𝑚𝑠𝑡) (kg/m) 0.081 

Damping constant (𝛾𝑠𝑡) 0 

 

 

Figure 4-9 Matlab Result for Tip Response of Plain Cantilever Beam 

 

Figure 4-10 FEM Result for Tip Response of Plain Cantilever Beam 
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Resonant frequency results for both results were found to be not varying more than 

1%, and amplitude values are close within 6% range.  

4.5.2 Matlab and Comsol Simulation Results for Cantilever Beam with 

Plain Discontinuity 

In order to observe the difference between FEM results and calculations for 

discontinuity and the effect of number of modes used, setting electromechanical 

coupling coefficient can be set to zero. For the calculations, eigen functions given in 

4.5.1 are used. The parameters used are given in Table 4.2. 

Table 4.2 Parameters Used for Frequency Response of Cantilever Beam with Plain 

Discontinuity 

Parameter Value 

Length of the host structure (𝐿) (mm) 118.8 

Height of the host structure (ℎ𝑠𝑡) (mm) 1 

Width of the host structure (𝑏𝑠𝑡) (mm) 30 

Elastic modulus of the host structure (𝑌𝑠𝑡) (GPa) 70 

Mass per unit length of the host structure (𝑚𝑠𝑡) (kg/m) 0.081 

Length of the piezoelectric material (𝐿𝑝) (mm) 39.3 

Piezoelectric material starting coordinate (𝐿1) (mm) 0.1 

Height of the piezoelectric material (ℎ𝑝) (mm) 0.24 

Width of the piezoelectric material (𝑏𝑝) (mm) 30 

Elastic modulus of the piezoelectric material (𝑌𝑝) (GPa) 70 

Mass per unit length of the host structure (𝑚𝑠𝑡) (kg/m) 0.081 

Damping constant (𝛾𝑠𝑡) 2x10-3 

Damping constant (𝛾𝑝) 2x10-3 

Excitation amplitude (g) 0.1 
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In Figure 4-11, it can be noticed that the change in resonant frequency gets smaller 

as the number of eigen functions used in calculations increases. This is an indication 

of convergence which is mentioned in the expansion theorem. In addition to this, the 

comparison of calculation with ten eigen functions and FEM results shows less than 

1% resonant frequency error. However, the difference in amplitude values gets 

higher and higher as frequency reaches to resonance value.  

Damping effect on the structure is demonstrated in Figure 4-13 and Figure 4-14. By 

looking at the figures, it can be said that a small amount of structural trims the 

amplitude at the resonance frequency, and it does not change the frequency itself 

considerably. 

 

Figure 4-11 Matlab Response Tip Response of Cantilever Beam with Plain 

Discontinuity with Damping Constant of 𝛾=2e-3 
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Figure 4-12 FEM Result for Tip Response of Cantilever Beam with Plain 

Discontinuity with Damping Constant of 𝛾=2e-3 

 

Figure 4-13 Damped and Undamped Response Comparison of Calculated Tip 

Response of Cantilever Beam with Plain Discontinuity 
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Figure 4-14 Damped and Undamped FEM Response Comparison of Tip Response 

of Cantilever Beam with Plain Discontinuity 

4.5.3 Matlab and Comsol Simulation Results for Cantilever Beam with 3-

1 Mode Piezoelectric Effect with Open and Short Circuit Conditions 

with Linear Piezoelectric Material Assumption   

Taking piezoelectric effects into account results below can be obtained. Parameters 

used are given in Table 4.3, whose piezoelectric material parameters are taken from 

Comsol for PZT-5H material. By comparing Figure 4-15 and Figure 4-16, it can be 

observed that resonant frequencies of calculations and FEM analysis are close for 

piezoelectric material integrated cantilever beam for open and short circuit 

conditions. In the previous section, it was showed that increasing eigenfunctions 

used in calculations decrease the difference between FEM and calculation results. 

Relying on this, using more eigenfunctions in calculations decreases the error to a 

value of 1.7%. 
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Table 4.3 Parameters Used for Frequency Response of Cantilever Beam with Plain 

Discontinuity 

Parameter Value 

Number of eigenfunctions used 7 

Length of the host structure (𝐿) (mm) 118.8 

Height of the host structure (ℎ𝑠𝑡) (mm) 1 

Width of the host structure (𝑏𝑠𝑡) (mm) 30 

Elastic modulus of the host structure (𝑌𝑠𝑡) (GPa) 70 

Mass per unit length of the host structure (𝑚𝑠𝑡) (kg/m) 0.081 

Length of the piezoelectric material (𝐿𝑝) (mm) 39.3 

Piezoelectric material starting coordinate (𝐿1) (mm) 0.1 

Height of the piezoelectric material (ℎ𝑝) (mm) 0.24 

Width of the piezoelectric material (𝑏𝑝) (mm) 30 

Constant electric field mechanical compliance (𝑠𝐸31) (1/Pa) 1.65x10-11 

Mass per unit length of the host structure (𝑚𝑝) (kg/m) 0.03888 

Damping constant (𝛾𝑠𝑡) 2x10-3 

Damping constant (𝛾𝑝) 2x10-3 

Constant stress dielectric permittivity (휀𝑇33) (F/m) 3.01036x10-8 

Piezoelectric Strain Coefficient (𝑑31) (C/N) 2.74x10-10 
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Figure 4-15 Matlab Result for Tip Response of 3-1 Mode Piezoelectric Material 

Integrated Cantilever Beam with Open and Short Circuit Conditions 

 

Figure 4-16 FEM Result for Tip Response of 3-1 Mode Piezoelectric Material 

Integrated Cantilever Beam with Open and Short Circuit Conditions 
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4.5.4 Matlab and Comsol Simulation Results for Cantilever Beam with 3-

3 Mode Piezoelectric Effect with Open and Short Circuit Conditions 

Disregarding Softening Nonlinear Effect   

Although it is difficult to find piezoelectric patches poled in lengthwise as depicted 

in Figure 4-5, they can be modelled and simulated. Calculation and FEM results are 

given below. Parameters used in this section different from Table 4.3 are listed in 

Table 4.5. 

Table 4.4 Parameters Used for Frequency Response of Cantilever Beam with Plain 

Discontinuity 

Parameter Value 

Constant electric field mechanical compliance (𝑠𝐸33) (1/Pa) 2.07x10-11 

Constant stress dielectric permittivity (휀𝑇33) (F/m) 3.01036x10-8 

Piezoelectric Strain Coefficient (𝑑33) (C/N) 5.9310-10 

 

 

Figure 4-17 Matlab Results for Tip Response of 3-3 Mode Piezoelectric Material 

Integrated Cantilever Beam with Open and Short Circuit Conditions 
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Figure 4-18 FEM Result for Tip Response of 3-3 Mode Piezoelectric Patch 

Integrated Cantilever Beam with Open and Short Circuit Conditions 

Similar to the previous section, the resonant frequency difference between Figure 

4-17 and Figure 4-18 is small, which is not more than 2.8%, and amplitude difference 

increase as resonant frequency is approached because of frequency shift. 

4.5.5 Matlab and Comsol Simulation Results for Cantilever Beam with 3-

1 Mode Piezoelectric Effect with Nonlinear Varactor Circuit 

Disregarding Softening Effect 

In this section piezoelectric cantilever system having nonlinear shunt circuit is 

investigated using analytical modelling and FEM. GeneSic GB2X100MPS12-227 

can be considered as the nonlinear capacitor, and as done in [2][8] and [5] Q-V 

relation of the product can be approximated as combination of linear and cubic 

capacitors. In order to demonstrate the nonlinearity, using fictitious piezoelectric 

material and diode, which are obtained by multiplying certain parameters of the 

components with constants, seems beneficial. Therefore, the piezoelectric parameter 

𝑑31 of PZT5-H is considered to be doubled, and the linear portion of the nonlinear 

capacitor is disregarded.  
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The original Q-V curve of GeneSic GB2X100MPS12-227 is given in Figure 4-19. 

A cubic and linear curve can be fit for 22 parallel connected diodes using the data 

from the figure. Read data and fit curve are given in Figure 4-20. From the figure, it 

can be observed that curve fit contains small errors similar to curves obtained in 

[2][8] and [5]. 

 

Figure 4-19 Q-V Curve of GeneSic GB2X100MPS12-227 [78] 

  

Figure 4-20 Read Data and Fit Curve for 22 Parallel Connected GeneSic 

GB2X100MPS12-227 
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By using cubic capacitance only, tip displacement of the cantilever beam can be 

simulated with Comsol and Matlab. Calculations of Matlab are straightforward, but 

Comsol simulations in time domain can be conducted by employing continuous sine 

sweep or employing discrete sine sweep. 

Discrete sine sweep can be done by exciting cantilever beam at a certain frequency 

and amplitude. When steady state is reached, peak amplitude can be read from the 

results. In the case of continuous sine sweep, sine frequency incremented with time. 

Taking FFT of the tip displacement data can indicate the frequency where the jump 

occurs. For Comsol simulations, both methods are used; six constant frequency 

simulations are run to observe low frequency jump, and one continuous sine sweep 

is run to observe high frequency jump. Nevertheless, parameters used in Matlab and 

Comsol simulations are given in Table 4.5. 

In Figure 4-21, Matlab results for open, short, and nonlinear circuit results are 

depicted with six constant frequency excitation response amplitudes. It can be seen 

from the figure that the pattern drawn by response amplitude of Comsol simulations 

is similar to Matlab simulations. Moreover, frequencies where jumps occur are 

similar; namely, the frequency difference is about 2.6%. 

Table 4.5 Simulation Parameters Used for Cantilever Beam with 3-1 Mode 

Piezoelectric Effect with Nonlinear Varactor Circuit Disregarding Softening Effect 

Parameter Value 

Number of eigenfunctions used 7 

Length of the host structure (𝐿) (mm) 120 

Height of the host structure (ℎ𝑠𝑡) (mm) 1 

Width of the host structure (𝑏𝑠𝑡) (mm) 30 

Elastic modulus of the host structure (𝑌𝑠𝑡) (GPa) 70 

Mass per unit length of the host structure (𝑚𝑠𝑡) (kg/m) 0.081 

Length of the piezoelectric material (𝐿𝑝) (mm) 39.3 

Piezoelectric material starting coordinate (𝐿1) (mm) 0.1 
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Table 4.5 (cont’d) 

Height of the piezoelectric material (ℎ𝑝) (mm) 0.24 

Width of the piezoelectric material (𝑏𝑝) (mm) 30 

Constant electric field mechanical compliance (𝑠𝐸33) 

(1/Pa) 
1.65x10-11 

Mass per unit length of the host structure (𝑚𝑝) (kg/m) 0.03888 

Damping constant (𝛾𝑠𝑡) 2x10-3 

Damping constant (𝛾𝑝) 2x10-3 

Constant stress dielectric permittivity (휀𝑇33) (F/m) 3.01036x10-8 

Piezoelectric Strain Coefficient (𝑑31) (C/N) 2x(2.74x10-10) 

Cubic Coefficient of Nonlinear Capacitance (a) 5.4774x1017 

Linear Coefficient of Nonlinear Capacitance (b) 0 
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Figure 4-21 Matlab Results for Tip Response of 3-1 Mode Fictitious Piezoelectric 

Patch Integrated Cantilever Beam and Comsol Steady State Simulation Results for 

Low Frequency Jump 

Time domain continuous forward sweep is given in Figure 4-22. From the figure, it 

is hard to interpret if there is any jump or not, but taking FFT of the data, which is 

given in Figure 4-23, tells that there is a jump at 94 Hz. Further, the curve before the 

jump resembles the Matlab simulation curve. Thus, it can be said that the jump 

frequency error for forward sweep between time domain simulations and the Matlab 

simulations is about 2.2%. Moreover, nonlinear effect on the mechanical response 

due to the third harmonic of the fictitious cubic capacitor can be observed in Figure 

4-23. 
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Figure 4-22 Time Domain Simulation of Forward Sweep of 3-1 Mode Fictitious 

Piezoelectric Patch Integrated Cantilever Beam with Nonlinear Shunt Circuit 

 

Figure 4-23 FFT of the Time Domain Response of Cantilever Beam with 3-1 Mode 

Fictitious Piezoelectric Patch with Nonlinear Shunt Circuit 
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4.5.6 Matlab Simulations for Cantilever Beam with Piezoelectric Patch 

Having Interdigitated Electrodes with Open and Short Circuits 

Shunted and Commercially Available Nonlinear Capacitor Shunted 

Including Softening Effect 

In this section mathematical model of piezoelectric cantilever bimorph with 

interdigitated electrodes is simulated. In the simulations, GB2X100MPS12-227 

diode shown in Figure 5-5 is modelled as nonlinear capacitor, and MFC4010 P1 

shown in Figure 5-1 is modelled as piezoelectric patch with interdigitated electrodes. 

Since in the previous sections, it is shown that mathematical model results are in 

agreement with the FEM results, results in this section will be compared with tests 

instead of FEM software.  

In the modelling of GB2X100MPS12-227, a curve fitting procedure is done for 

different voltage ranges considering operating voltage ranges for different 

amplitudes. For the case of MFC4010 P1, PZT-5A piezoceramic fibers are used. 

Properties of the fibers are taken from [79]. The parameters used for simulations are 

given in Table 4.6. 

Table 4.6 Simulation Parameters Used for Cantilever Beam with Interdigitated 

Electrodes Piezoelectric Patch Including Softening Effect 

Parameter Value 

Number of eigenfunctions used 7 

Length of the host structure (𝐿) (mm) 118 

Height of the host structure (ℎ𝑠𝑡) (mm) 1 

Width of the host structure (𝑏𝑠𝑡) (mm) 10 

Elastic modulus of the host structure (𝑌𝑠𝑡) (GPa) 69 

Mass per unit length of the host structure (𝑚𝑠𝑡) (kg/m) 0.081 

Length of the piezoelectric material (𝐿𝑝) (mm) 40 

Piezoelectric material starting coordinate (𝐿1) (mm) 0.4 
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Table 4.6 (cont’d) 

Width of the piezoelectric material (𝑏𝑝) (mm) 8.75 

Height of the piezoelectric material (ℎ𝑝) (mm) 0.18 

Constant charge elastic stiffness mechanical 

compliance (𝑐𝐷33) (1/Pa) 
14.7x1010 

Mass per unit length of the host structure (𝑚𝑝) (kg/m) 0.02441 

Damping constant (𝛾𝑠𝑡) at 0.05g, 0.2g, 1g and 4g 

respectively 

1.5x10-2, 2x10-2, 3x10-2, 

5.5x10-2 

Damping constant (𝛾𝑝) 5x10-3 

Constant strain dielectric impermittivity (𝛽𝑆
33

) (m/F) 15.751x107 

Piezoelectric Constant (ℎ33) (C/N) 21.5x108 

𝐶𝑀𝐹𝐶  (F) 1.73x10-9 

Cubic Coefficient of Nonlinear Capacitance (a) at 

0.05g, 0.2g, 1g and 4g respectively 

1.657x1022, 1.657x1022, 

1.063x1022, 7.413x1021 

Linear Coefficient of Nonlinear Capacitance (b) at 

0.05g, 0.2g, 1g and 4g respectively 

2.192e8, 2.192e8, 

2.726e8, 3.261e8 

Kapton layer thickness (ℎ𝑘𝑎𝑝𝑡𝑜𝑛) (mm) 60x10-3 

Distance of displacement measuring point from the 

base (mm) 
105 

 

Unlike previous ones, results of different shunt circuits are given separately in this 

section; since softening effect is included in the model, the results interfere with each 

other when plotted together.  

Results for open circuit condition are given in Figure 4-24. By looking at the figure, 

it can be perceived that softening effect is not so potent between 0.05g and 0.2g 

amplitudes since frequency response curve seems linear and frequency shift is not 

much. However, increasing amplitude introduces significant softening nonlinearity. 
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Figure 4-24 Matlab Result for Piezoelectric Patch with Interdigitated Electrodes 

Integrated Cantilever Beam under Open Circuit Condition 

For the nonlinear shunt case, results are given in Figure 4-25. The figure illustrates 

that hardening nonlinearity exists in the system since resonance frequency is shifted 

to the right on the frequency axis. Moreover, softening nonlinear response curves did 

not shift to the left as much as the ones in Figure 4-24. In other words, even though 

the softening effects are dominant for higher amplitudes, hardening effect is present. 
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Figure 4-25 Matlab Result for Piezoelectric Patch with Interdigitated Electrodes 

Integrated Cantilever Beam under Nonlinear Capacitor Shunt Circuit Condition 

Matlab results for the short circuit case are presented in Figure 4-26. As expected, 

the curves are very similar to open circuit condition, but they have a certain offset. 

The offset is about 3.36 Hz. 
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Figure 4-26 Matlab Result for Piezoelectric Patch with Interdigitated Electrodes 

Integrated Cantilever Beam under Short Circuit Condition 

4.5.7 Matlab Simulations for Cantilever Beam with Piezoelectric Patch 

Having Interdigitated Electrodes with Open and Short Circuits 

Shunted and Fictitious Aggressive Hardening Nonlinear Capacitor 

Shunted Including Softening Effect  

In the previous section, a realizable system was studied. Simulation results showed 

that hardening stiffness could be achievable even for diode, which is designed for 

electrical power transmission. In this section, 1000 parallel connected SD199E6327 

varactor diode is used as nonlinear capacitor with the assumption that it can 

withstand high voltages and low leakage currents. Particularly, the diode is 

commercially available, but it has high leakage currents, and it cannot operate at high 

voltage, but due to its aggressive hardening capacitance, it can provide a greater 

nonlinear response for the cantilever system. 
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In order to demonstrate what happens with more aggressive hardening capacitance 

it is sufficient to fit a single curve to Q-V characteristics. The parameters for 

nonlinear capacitor are given in Table 4.7. The remaining parameter set is given in 

Table 4.6. 

Table 4.7 Simulation Parameters Used for Cantilever Beam with Interdigitated 

Electrodes Piezoelectric Patch Including Softening Effect 

Parameter Value 

Cubic Coefficient of Nonlinear Capacitance (a) 5.335x1022 

Linear Coefficient of Nonlinear Capacitance (b) 7.619x107 

Damping constant (𝛾𝑠𝑡) at 0.05g, 0.1g, 0.2g, 0.5g and 

1g respectively 

1.5x10-2, 1.75x10-2 

2ex10-2, 2.5x10-2, 3x10-2 

 

Simulation results are given in Figure 4-27. It can be observed that the hardening 

effect dominates frequency shift; however, as the excitation amplitude increases, 

frequency response curves start to indicate softening effect existence.  

 

Figure 4-27 Matlab Result for Piezoelectric Patch with Interdigitated Electrodes 

Integrated Cantilever Beam under Fictitious Nonlinear Capacitor Shunt Circuit 

Condition 
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 4.6 Summary of the Chapter 

This chapter is devoted to modelling of piezoelectric patch integrated fixed-free 

cantilever beam with shunt circuits.  

The chapter starts with derivation of equation of motion with two different methods; 

Hamiltonian Principle and Newton’s second law. Two methods are utilized in order 

to prevent any miscalculation. Same mechanical equations are obtained with both 

methods, and therefore they validate each other. 

In the following subsections 4.2, 4.3, and 4.4 equations for piezoelectric patches 

operating in 3-1 mode, 3-3 mode, and 3-3 mode with interdigitated electrodes are 

derived. Then the equations are used in Matlab simulations which are reported in 

Section 4.5. 

Being the last subsection of this Chapter, 4.5 includes Matlab and Comsol simulation 

results. Initially, mechanical system is simulated in Matlab and Comsol for plain 

cantilever beam and for Cantilever beam with discontinuity. It was shown that the 

results of the simulations are similar for the linear continuous body case. For the 

discontinuous body case, as eigenfunction number is increased, the resonance 

frequencies come closer, but Matlab results give higher resonance frequency than 

Comsol results. Including piezoelectric effects, as expected, in 4.5.3 and 4.5.4, it is 

presented that open and short circuit case both simulation methods gave closer 

resonance frequencies. Moreover, including nonlinear circuits, in 4.5.5 frequencies 

where jumps occurred are found to be close. In 4.5.6, piezoelectric patch with 

interdigitated electrodes is simulated, and its results can be compared with the 

experimental results presented in 5.1.3. The subsection is finished with a simulation 

of piezoelectric patch with interdigitated electrodes and fictitious aggressive 

hardening nonlinear capacitance in order to demonstrate what could happen with a 

P-N junction designed for vibration isolation purposes.
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CHAPTER 5  

5 EXPERIMENTAL WORK 

In this chapter, the experimental setup and results are presented. The chapter starts 

with a detailed description of the setup and a discussion of the reasons for the 

decision of the components used in experiments. The chapter continues with the 

experimental results and ends with the comparison of experimental and simulation 

results. 

5.1 Experimental Setup 

5.1.1 Piezoelectric Cantilever Beam Assembly and Nonlinear Capacitor  

The main structural element of the experiments is the piezoelectric patch, which is 

chosen to be MFC because of two reasons. One reason is that MFC’s can operate in 

3-3 mode with use of interdigitated electrodes. Due to this, electromechanical 

coupling of the system is higher when compared to 3-1 mode operation. Another 

reason is that use of interdigitated electrodes in the MFC’s inherently results in much 

less capacitance when compared to well-known 3-1 mode operating piezoelectric 

patches. This gives a wider band for finding commercial nonlinear capacitors. 

MFC’s with 3-3 mode operation can be found in several sizes. Among the sizes, 

MFC4010 P1 is a good candidate since it is not too small to work with, and its 

capacitance is only about a nano farad.  

Since MFC’s can operate voltages up to 1500V, they are connected in parallel in 

order to avoid very high voltages that might damage the capacitor or cause 

unexpected sparks. MFC4010 P1 used in the experiments is given in Figure 5-1.  
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Figure 5-1 MFC4010 P1 

The piezoelectric patches used are composite structures that consist of piezoelectric 

fibers in rectangular cross-section (180μm in height and 350μm in width) with a 

length of 40mm for MFC4010, epoxy, and kapton films. To increase piezoelectric 

patches’ effectiveness, MFC’s are attached to a cantilever beam so that their distance 

from the neutral axis is raised. Moreover, a longer cantilever beam results in a higher 

stiffness contribution of the piezoelectric materials to the system so that every 

piezoelectric material section contributing to unwanted inherent capacitance can 

convert mechanical energy to electrical energy. The resulting bimorph is then 

clamped with two clamps; Kapton clamp and cantilever clamp. The clamps had 

0.4x45 chamfer, which is included in simulations, in order to avoid sharp edges 

contacting to piezoelectric patches. Constructed assembly is given in Figure 5-2 and 

Figure 5-3 with total length and clamp length, respectively. The reason behind using 

kapton clamp in addition to the cantilever clamp is that fixed end boundary condition 
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is moved closer to the piezoelectric fibers. Consequently, piezoelectric patches’ 

effectiveness is enhanced since the fibers experience higher mechanical stresses and, 

therefore, strains. 

 

Figure 5-2 Cantilever Beam Assembly with Total Length 

 

Figure 5-3 Cantilever Beam Assembly with Clamp Length 
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Figure 5-4 Side View of the Cantilever Assembly 

The mechanical assembly is shunted to a nonlinear capacitor, which is depicted in 

Figure 5-5. The capacitor is nothing but a Schottky diode (GB2X100MPS12-227) 

containing two diodes. As shown in the figure, diode cathodes are shunted to obtain 

nonlinear capacitor. The capacitance of the component is given in Figure 5-6 for 

various reverse voltage values. As can be observed from the figure capacitance of 

each diode is about 8nF. When compared to the inherent capacitance of the parallel 

connected piezoelectric patches, which is measured to be 3.4nF, nonlinear 

capacitor’s capacitance is higher, and as reverse voltage increases, its capacitance 

drops below the inherent capacitance.  

 

Figure 5-5 Nonlinear Capacitor 
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The diode is advantageous due to the fact that it accommodates two diodes in a single 

casing. On top of that, since the component is made of SiC material, it has very low 

leakage currents. Since the MFC used in experiments generates very low amount of 

electrical charge, leakage currents become an issue. 

 

Figure 5-6 V-C Curve for Nonlinear Capacitor [78] 

 

Figure 5-7 Leakage Current vs. Reverse Voltage Graph of the Nonlinear Capacitor 

[78] 
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In Figure 5-7, leakage currents at various reverse voltages are given for the nonlinear 

electrical component. Unlike Si Schottky diodes, from the figure, it can be observed 

that even for about 800V reverse voltage, it has leakage currents of about several 

hundreds of nano Amperes.  

5.1.2 Experimental Equipment and Software  

In the experiments, the following instruments are used 

- Siemens SCADAS mobile data acquisition  

- Dynalabs DYN-MS-250 modal shaker 

- Dynalabs DYN-SA-350 amplifier 

- PCB 288D01 force sensor/accelerometer 

- Polytec Vibrogo VGO-200 laser vibrometer. 

- Siemens LMS Test Lab 19.1 software 

The modal shaker is driven using the amplifier without feedback. Frequency sweep 

is done in one minute on 70-90Hz frequency range, which contains the first mode of 

the cantilever beam tested. The sweep is repeated four times, and average is taken 

for FRF data which is given by the software. At each sweep, quasi-steady state 

behavior is observed. Sampling rate was designated to be 2048Hz. Time domain 

displacement data of the point about 15mm away from the tip of the beam are 

recorded. Setup is depicted in Figure 5-8 
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Figure 5-8 Test Setup 

5.1.3 Experimental Results 

Experiments are conducted for open, short, and nonlinear capacitance shunt circuits. 

In this section, frequency response plots of the conducted experiments are presented. 

The plots are constructed by frequency response data obtained from Siemens LMS 

Test Lab 19.1 software. In order to create reliable data, it is required to satisfy quasi-

steady state condition in time domain, and looking at Figure 5-9, it can be stated that 

the condition is satisfied. 
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Figure 5-9 Sample Time Domain Data of Nonlinear Shunt Circuit condition 

Excited at 0.2g 

Frequency response results for open circuit conditions are given in Figure 5-10. The 

figure shows that as the amplitude increases, structural damping and softening 

nonlinearity also increases. It can also be observed that a slight resonance frequency 

difference occurred for quadruple amplitude rise. Therefore, it can be said that linear 

resonance frequency is close to 85Hz. 

In Figure 5-11, experiment frequency response results with nonlinear capacitor 

circuit are given. Looking at the results hardening effect can be observed as 

frequency shift for small amplitudes; however, for high amplitudes softening 

nonlinearity seems to be dominant. Despite the softening dominance, the overall 

hardening effect can be monitored for every frequency as frequency shifts. 

In Figure 5-12, results for short circuit condition are presented. The results are 

similar to the ones with open circuit condition in terms of frequency and amplitude 

when 4g amplitude is disregarded. At 4g amplitude, the resonant response of the 

short circuit condition seems to be heavily damped.  
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By comparing open and short circuit responses, it can be detected that each resonant 

frequency has about 1.85Hz offset. Being an important parameter, this indicates the 

effectiveness of the piezoelectric material in the system. When open circuit and short 

circuit responses are compared, for 0.2g amplitude excitation nonlinear circuit 

resonant frequency remarkably passes beyond resonant frequency 0.05g excitation 

of open circuit condition. This implies that even for 0.05g amplitude, slight softening 

nonlinearity occurs. 

 

Figure 5-10 Open Circuit Condition Experiment Frequency Response Results 
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Figure 5-11 Nonlinear Capacitor Circuit Condition Experiment Frequency 

Response Results 

 

Figure 5-12 Short Circuit Condition Experiment Frequency Response Results 
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5.1.4 Comparison of Experimental Results and Matlab Simulations 

Matlab simulation results for MFC4010 P1 piezoelectric patch and 

GB2X100MPS12-227 diode are presented in 4.5.6, whose equations are derived in 

4.4. Comparing simulation results with the experiment results, patterns for open and 

short circuit conditions resemble each other. Nevertheless, there are differences in 

peak responses. This may be mainly because of the damping coefficient. Fine tuning 

of structural damping and softening coefficient can give closer results, but the scope 

of this work is to illustrate hardening stiffness could be achieved with a P-N junction. 

 

Figure 5-13 Comparison of Matlab Simulation Results and Experiment Results for 

Nonlinear Capacitance Condition 

Matlab simulation resonance frequency differs 5.2% from test resonance frequency 

for open circuit condition. For short circuit condition the difference is 3.5%. 

Considering that Comsol simulation results differ about 2.5% from the Matlab ones, 

variations between test results and simulation results are a little higher than expected. 

This may be primarily because of unideal test set setup. That is to say, bonding of 

piezoelectric patches may not be ideal, and fixed free boundary condition could not 

be achieved accurately. Since two clamps are used, and the kapton layer clamp may 

not be tightened sufficiently in order not to harm piezoelectric patches’ electrodes, 
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fixed boundary condition may not be provided. Regarding that most of the stiffness 

is contributed by the cantilever beam’s portion closer to the fixed boundary, lack of 

stiffness in the tests can be explained by unideal clamping and bonding. 

The hardening and softening patterns of the tests and Matlab results are in agreement, 

but again fine tuning of softening and damping parameters can be performed to attain 

closer results.  
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CHAPTER 6  

6 SUMMARY, DISCUSSION, CONCLUSION, AND FUTURE WORK 

6.1 Summary, Discussion, and Conclusion 

The main purpose of this thesis is to show that passive nonlinear capacitors can be 

utilized for nonlinear mechanical behavior through use of piezoelectric materials. In 

the literature, P-N junctions are utilized as nonlinear capacitors for electromagnetic 

vibrations, which is discussed in 2.1. Since frequencies of electromechanical 

vibrations are very high, hard capacitors having low capacitances are commercially 

available as varactor diodes.  

Varactor diodes could be employed as nonlinear stiffness providing elements in 

electromechanical vibrations. This idea is investigated in Chapter 3. The chapter 

started with conceptual proof that use of hardening capacitance results in hardening 

stiffness in mechanical domain. Then quasi static loading of a simple single DOF 

piezoelectric patch with 10000 parallel manufactured varactors is demonstrated. 

Finally, time domain and frequency domain response of the piezoelectric patches 

under harmonic excitation is investigated. Frequency responses of the piezoelectric 

actuators have illustrated that nonlinearity can be achieved with varactors. Even 

though varactor diode modelling is not elaborative and accurate, it was pointed out 

that nonlinearity could be obtained. 

After showing that nonlinearity can be attained by varactors, in Chapter 4 nonlinear 

piezoelectric model is extended for the cantilever beam case. In the chapter, different 

modes of operations and shunt circuit conditions of piezoelectric materials attached 

to cantilever beam is studied. Nevertheless, in 4.5.6 realistic case in which 

commercially available components are used is simulated. Commercially available 

piezoelectric patch is chosen to be MFC4010 P1 MFC and GB2X100MPS12-227 

diode. MFC piezoelectric patch is chosen since it operates in 3-3 mode, and it has 
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much lower capacitance when compared to piezoelectric materials having 

conventional electrodes. This low capacitance allows the use of the piezoelectric 

actuator in conjunction with commercially available diodes, which results in 

hardening stiffness. GB2X100MPS12-227 diode is chosen for its high capacitance, 

high reverse voltages, and low leakage currents. Even though the diode is designed 

for power electrics applications and is not named as varactor, it has a P-N junction 

and capacitance associated with the junction. As a result, tests and simulations have 

proved that P-N junctions can serve as a nonlinear capacitor and provide a hardening 

effect even if it is not designed for hardening capacitance. Results of piezoelectric 

material with fictitious harder capacitance are given in 4.5.7 to illustrate how 

response could be when a diode is designed for aggressive hardening capacitance. 

Making use of hardening capacitors to obtain hardening stiffness is shown but if it is 

possible to manufacture of appropriate diode that would result in aggressive 

nonlinear mechanical behavior is a question mark. To touch briefly on the possibility 

of manufacturing textbooks related to semiconductors can be consulted. In [80], 

junction capacitance is defined by a function including doping density, reverse 

voltage, built in potential, doping profile, depletion region area, and dielectric 

permittivity of substrate. Proper design can be achieved by manipulating the 

available ones among those parameters. In order to design a highly nonlinear 

capacitor, hyper abrupt junction profile should be adopted. An intricate surface 

profile could be created to dope in order to have greater capacitance. Moreover, 

considering typical doping depths mentioned in the textbook is about a micron, a 

diode can be produced by layers, each having its own junctions. Therefore, a 

hardening capacitor that takes up a small volume can be designed. GaAs or SiC 

substrate material can be chosen to provide low leakage current and high voltage 

resistance. 

The method introduced in this thesis can be used for vibration isolation or energy 

harvesting applications due to the fact that the nonlinearity could broaden useful 

frequency range.  
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6.2 Future Work 

In this thesis, it is demonstrated that hardening stiffness can be introduced in 

electrical domain via piezoelectric material as an electromechanical transducer. 

However, limits and effectiveness of the nonlinearity are yet to be explored. For 

future work, a study on capacitance limits, volume occupation, cost, and 

effectiveness of the nonlinear P-N junction capacitor can be investigated for 

vibration isolation and energy harvesting applications. Besides the possible studies, 

suitability of the suggested method on the real engineering cases where additional 

constraints are introduced can be investigated for piezoelectric patches and amplified 

piezoelectric stacks. Regarding that piezoelectric patches are commonly used for 

continuous systems, and amplified piezoelectric stacks are commonly used for 

lumped systems, the suggested method could be utilized for wing or gimbal vibration 

suppression or energy harvesting.
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