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ABSTRACT

MASS SPLITTINGS OF HEAVY QUARK SPIN SYMMETRY PARTNERS
OF X(3872) IN QCD SUM RULES

Çetin, Hande

M.S., Department of Physics

Supervisor: Prof. Dr. Altuğ Özpineci

September 2021, 68 pages

The parameters of QCDSR such as the values of the condensates and the Borel mass

are not well-established and hence increase the uncertainty of predictions up to 30%.

In this study, mass splittings of the heavy quark spin symmetry partners of the exotic

particle X(3872) are studied from the tetraquark aspect. In order to accomplish the

task, randomised sets of the parameters are generated to find the squared mass val-

ues of the partners, and the results are compared with the findings in the literature.

Randomisation of the values is performed using Wolfram Mathematica 12.0.0 and the

data is analysed in Python 3.7.3.

Keywords: X(3872), tetraquark, QCD, Sum Rule
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ÖZ

KRD TOPLAM KURALLARI İLE X(3872) AĞIR KUARK SPİN SİMETRİ
EŞLERİNİN KÜTLE AYRIŞIMLARI

Çetin, Hande

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Prof. Dr. Altuğ Özpineci

Eylül 2021 , 68 sayfa

KRDTK’nin kondensat ve Borel kütlesi gibi değişkenlerinin tam değerleri üzerinde

anlaşılmamıştır ve bu da sonuçtaki hata payını %30’a kadar arttırabilmektedir. Bu

çalışmada X(3872) egzotik parçacığı ağır kuark spin simetri eşleri tetrakuark ola-

rak incelenmiştir. Bunun için bahsi geçen değişkenlerin belirli aralıkları arasından

rastgele seçilip takımlar oluşturulup söz konusu mezonların kütle kare değerleri elde

edilmiştir. Değişken değerlerinin rastgele seçimleri Wolfram Mathematica 12.0.0,

elde edilen verinin işlenmesi Python 3.7.3 ile gerçekleştirilmiştir.

Anahtar Kelimeler: X(3872), tetrakuark, KRD, Toplam Kuralları
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To my future self to find some minor grammatical errors in couple years
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of particle physics. I am also thankful for my family and friends for being there for

me when needed. I would also like to acknowledge my growth both personally and as

a prospective scientist supported by Emre Aşkan. Last, I would like to thank my pets
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SM Standard Model

LHCb Large Hadron Collider Beauty (b) Experiment

SLAC Stanford Linear Accelerator Center

CDF Collider Detector at Fermilab

D∅ DZero experiment

BESIII Beijing Spectrometer Experiment

QED Quantum Electrodynamics

xiv



CHAPTER 1

INTRODUCTION

1.1 Method

Particles called hadrons interact via strong interaction and are made up of quarks and

gluons. Properties of hadrons such as mass and quantum numbers help to establish the

basis on which the assumptions about the existence of more particles can be made the-

oretically, and then the experiments can be performed on these expectations in order

to determine the validity of the constructed theory. Thus, through the experiments,

new particles are searched for in the theoretically established ranges. A particle is

called an exotic particle if the experimental observation is not in full agreement with

the expectations of the quark model in some aspects.

Such particles have been observed in many experiments including decays, collisions,

and scatterings. These particles are referred to with their initially observed masses,

and the property of their states if axial vector, X; vector state, Y ; charged state,

Z; which are on the charmonium spectrum [1]. One of the many important exotic

particles is X(3872) which is observed in B± → K±π+π−J/ψ process initially

by Belle [2]. Also observed by BABAR, LHCb, CDF, (BESIII) D∅, and BESIII in

the given processes in Table1.1. The significance of X(3872), also referred to as

χC1(3872), among all exotic particles is that since its first discovery, X(3872) is

one of the particles whose properties are known the most. Furthermore, quark model

expects a particle with charmonium content in this range, but the expected mass value

and observed mass are off by 50 MeV [3].

Exotic particles have been studied with the methods of QCD in order to understand

their behaviour and properties such as their quantum numbers. The ones that are
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m (MeV) JPC Process (produced in or decay mode) Experiment

3872.0± 0.6± 0.5 B± → K±π+π−J/ψ Belle [2]

B+ → X(3872)K+

3871.2± 0.5 B0 → X(3872)K0
s Belle [4]

X(3872)→ J/ψπ+π−

3873.4± 1.4 B− → X(3872)K− BABAR [5]

X(3872)→ J/ψK−π+π−

3871.84± 0.27± 0.19 1++/2−+ B+ → X(3872)K+ → K+(π+π−J/ψ) Belle [6]

B0 → X(3872)K0 → K0(π+π−J/ψ)

3871.3± 0.7± 0.4 X(3872)→ J/ψπ+π− CDF II [7]

3871.61± 0.16± 0.19 X(3872)→ J/ψπ+π− CDF [8]

1++/2−+ X(3872)→ J/ψπ+π− → (µ+µ−)π+π− CDF [9]

B+ → X(3872)K+ → K+(π+π−J/ψ) BABAR [10]

B0 → X(3872)K0 → K0(π+π−J/ψ)

3871.8± 6.1 X(3872)→ J/ψπ+π− → (µ+µ−)π+π− D∅ [11]

X(3872)→ γJ/ψ Belle [12]

X(3872)→ J/ψπ+π−π0

3873.0+1.8
−1.6 ± 1.3 1+/2− B0,+ → K0,+J/ψπ+π−π0 BABAR [13]

3875.4± 0.7+1.2
−2.0 B → KD0D̄0π0 Belle [14]

1++/2++ Belle [15]

3872.9+0.6
−0.4

+0.4
−0.5 B → X(3872)D∗0D̄0 Belle [16]

3875.1+0.7
−0.5 ± 0.5 1+/1− B → D̄∗D∗K BABAR [17]

B+ → K+X(3872)→ J/ψγK+ BABAR [18]

B → K±,0,∗X(3872)→ K±,0,∗
J/ψ
ψ(2S)γ BABAR [19]

3873.4± 3.4 B+ → K+X(3872)→ K+J/ψγ LHCb [20]

3869.5± 3.4 B+ → K+X(3872)→ K+ψ(2S)γ

3871.9± 0.7± 0.2 e+e− → X(3872)γ BESIII [21]

3871.95± 0.48± 0.12 pp→ X(3872) + ... LHCb [22]

1++ B+ → X(3872)K+ → K+(π+π−J/ψ)→ K+π+π−(µ+µ−) LHCb [23]

Table 1.1: Experiments on the discovery and the confirmation on X(3872).

observed in the strong interactions are tested using the methods of QCD which is the

study of strong interactions mediated by the gluons and quarks as the constituents of

the interactions [24].

The foundation of QCD started with the categorisation of the known baryons using

the mindset of group theory into octet (SU(2)), and decuplet (SU(3)) by Gell-Mann,

Ne’eman and Heisenberg [25–27]. After that, quarks were defined in the theory as the

constituents of the strong interaction by Gellmann [28] and Zweig [29]. Following

that, Björken’s and Bander’s previous predictions on the scaling behaviour of the
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cross section [30] stating the value of cross section depended mainly on the mass of

the virtual photon and the energy transfer at low energies, but at large energies, the

value depended mostly on the ratio of the virtual photon mass and the energy transfer

were observed at SLAC on the deep-inelastic scattering of electron and atomic nuclei

experiments [31]. Next, the colour charge was introduced with SU(3) symmetry so as

to explain the behaviour of the baryons such as Ω− of not obeying Pauli’s principle,

but rather obeying a “para-statistics of rank three” as Harald Fritzch [32], one of the

pioneers of the theory, expresses. Lastly, the mediator of the interaction, gauge bosons

were identified as the gluons [33]. Representing dynamics of the strong interaction,

Lagrangian of the QCD is described as

LQCD = ψi (i γ
µ∂µ −m)ψi − gS ψiλaijψjγµAaµ −

1

4
GaµνGa

µν (1.1)

where i and j represent quark flavours which can be up (u), down (d), charm (c),

strange (s), top (t), and bottom or beauty (b) with

Ga
µν = ∂µA

a
ν − ∂νAaµ − gS fabcAbµAcν (1.2)

where ψi represents the quark field, a, b, and c are the colour index which can be red,

green, and blue of the tensors such as the field strength tensor Ga
µν or Aaµ which is the

gluon field of colour, gS =
√

4παS is the strong coupling constant, fabc is the struc-

ture constant of the SU(3) colour group, and λ are the Gell-Mann matrices that are the

generators of the SU(3) colour group. The first term is the free Dirac Lagrangian of

the quarks and leads to quark propagators while the second term represents the quark-

gluon interactions. The last term is the gluon field Lagrangian and produces the gluon

propagator similarly to the photon propagator obtained from QED Lagrangian. In ad-

dition to the gluon propagator, this term also encapsulates the triple and quadruple

gluon vertices which is the reason for asymptotic freedom, gluon self-interactions.

Since the first emergence of QCD, many methods were developed to investigate the

properties of its spectrum, i.e. the hadrons. These methods include Sum Rules

which had prior applications before the foundation of QCD explaining the strong

interactions as well. Prior sum rules such as the Drell-Hearn sum rule and the Adler-

Weisberger had been established to explain hadrons using the tools that are continued
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to be employed in QCDSR. The tools used are the dispersion relations for Compton

Scattering, the optical theorem in order to associate the total cross sections to the scat-

tering amplitudes, and a low energy theorem to regulate the scattering amplitudes at

zero energy [34]. These prior sum rules have had applications apart from QCD such

as the perturbation theory in which Drell-Hearn was tested with the theories construct-

ing the basis of QED or the phenomenological study of the deep inelastic scattering

of polarised particles of leptons onto polarised protons. Adler-Weisberger Sum Rule

was used to relate the axial coupling constant gA from β decay to the integrals of

pion-nucleon total cross sections using the same tools with additional approximation

methods. The sum rule was tested with the current up-to-date methods and tools and

the resulting one loop level calculations yield almost the same result with few minor

constants. Another prior sum rule method is the Weinberg Sum Rules which have

present applications, and further, predictions on the strong interactions. One of the

current applications can be examined on a correlation function below that is notably

responsive to the chiral symmetry breaking.

Πµν
LR = 2 i

∫
d4x eiqx 〈0|T

{
Lµ(x)Rν†(0)

}
|0〉 (1.3)

where the currents are

Lµ(x) = d(x)γµ
1

2
(1− γ5)u(x) Rµ(x) = d(x)γµ

1

2
(1 + γ5)u(x). (1.4)

The correlation function in Equation 1.3 corresponds to the difference of a vector

current correlation function and an axial vector current correlation function as

∞∫
0

dt Im {ΠLR(t)} ≡
∞∫

0

dt Im {ΠV (t)− ΠA(t)}

∞∫
0

dt t Im {ΠLR(t)} ≡
∞∫

0

dt t Im {ΠV (t)− ΠA(t)}

(1.5)

where ΠV represents the correlation function corresponding to a vector current and

ΠA represents the correlation function of an axial vector current. These sum rules

4



obey the unsubtracted dispersion relation

ΠLR(Q2) =

∞∫
0

dt

t+Q2
Im {ΠLR(t)} . (1.6)

The sum rules on Equation 1.5 correspond to the constraints

lim
Q2→∞

Q2 Π(Q2)→ 0

lim
Q2→∞

Q4 Π(Q2)→ 0.
(1.7)

Above constraints (Equations 1.7) are now accepted as the properties of quantum

chromodynamics. Of these sum rules Weinberg proposed 1.5, the first is still valid for

the finite light quark masses [34]. After QCD was established as the theory of strong

interactions, many other methods emerged. One of these methods is the SVZ Sum

Rules that is constructed by Shifman, Vainshtein, and Zakharov [35, 36] which will

also be adopted in this study. This method has been one of the most commonly used

analytical methods to explain the exotic particles as it explains essential aspects of the

many exotic particles [37–39]. The advantages of using this method can be acknowl-

edged while examining the hadronic particles in the bottomonium and charmonium

spectra as it has been fruitful to clarify many of the details. Furthermore, the exper-

imental values are observed to match the expected values obtained from the SVZSR

method theoretically. Making use of the asymptotic freedom, quark and gluon in-

teractions are separated into perturbative and nonperturbative parts whose former is

mostly divergent hence examined separately and latter is used to proceed into the sum

rule.

As with any theory, there are also shortcomings of this method such as the large mar-

gin of uncertainty. The origin of uncertainty depends mostly on duality, the values of

condensates not being established, and the choice of continuum threshold not being

agreed upon. Also, the Borel transformation introducing another unknown parameter

whose window of values and choice varies the result to a degree. Likewise, the fact

that the exclusion of higher dimension terms in the OPE as analytical and computa-

tional sums need to truncate the infinite sums at some point brings the error margins

to an extension. In addition, perturbative terms have finite accuracy due to alterations

5



in the coupling constant which affects the results of the value of the decay constant

when collected in the continuum part of the sum rule [1]. There is also the unheeded

possibility of direct instanton contributions [39, 40].

In this study, the purpose is to calculate the uncertainties in the predictions of the

masses more reliable by scanning the parameter space spanned by the variables s0

threshold, M2 Borel parameter, both condensates 〈q̄q〉 quark and
〈
Ga
µνG

aµν
〉

gluon,

and m2
0 whose margins are taken from [40].

1.2 Models

Many models were suggested after the discovery [2] of the exotic particle X(3872)

[3, 41–53] as it was the first particle in the charmonium spectrum discovered that

did not fit into the expectations of the potential quark model. These models pro-

pose X(3872) to be either tetraquark, meson molecule, hybrid charmonium or hadro-

charmonium. In the meson molecule approach, the four quarks combine in such a

manner that creates the particle as the bound state of two mesons [38, 44, 46, 48].

Next, hybrid charmonium approach suggests a charmonium structure presence along

with a glueball or a gluon field [3, 42, 44]. The hadro-charmonium model suggests

that the particle is in the form of a molecule structure where one of the mesons is

a charmonium [1, 54]. Last, in the tetraquark model, the structure consists of four

quarks in the form of two quark-antiquark couples or a diquark-antidiquark struc-

ture [53, 55–57].

In addition to the proposed structures, one needs to consider the spin-flavour symme-

try as it results in special properties for the hadrons that involve heavy quarks. In the

limit of mQ → ∞, strong interactions have conserved attributes of the heavy quark

spin and the total angular momentum j of the light degrees of freedom. Furthermore,

the dynamics are independent of the spin and mass of the heavy quark due to the

heavy quark symmetry. Therefore, the hadron at hand can be represented with the

quantum numbers such as spin, parity, and flavour of the light degrees of freedom

which results in the degeneracy of hadronic states [58]. In the case of a ground state

particle containing a heavy quark as proposed here forX(3872), the degenerate states

6



will be J = 0 for the pseudo-scalar, J = 1− for the vector, J = 1+ for the axial vec-

tor, and J = 2 for when each of the values of the heavy quark spin and the light quark

spin values sums up to 1, in total 2. Among these degenerate states, the ones that are

mostly discussed for X(3872) are 2++, 1++, 1−+, 0++, 0−+ [14, 59–61].

All the proposed structures are involved in different dynamics. First, charmonium

states have gluon exchange dominance at short-range interactions and confining long-

range non-perturbative interactions which require a linear potential like Cornell po-

tential. Second, for the hybrid charmonium, there is also the excitations of the gluon

field which is referred to as flux tubes. Among all the models proposed, meson

molecule and tetraquark structures are the primarily argued ones. Mass obtained for

X(3872) from QCDSR does not distinguish the structure configuration as tetraquark

or meson molecule as the currents are related only via the transformation below

jtqµν =
(
Q̄a ΓµQ

a
) (
q̄b Γν q

b
)

jmmµ =
1√
2

[(
q̄a γ5Q

aQ̄b γµ q
b
)
−
(
q̄a γµQ

aQ̄b γ5 q
b
)]

jdiµ =
iεabcεdec√

2

[(
qTa Cγ5Qb

) (
q̄d γµC Q̄

T
b

)
+
(
qTa CγµQb

) (
q̄d γ5C Q̄

T
b

)] (1.8)

where C is the charge conjugation matrix and Γµ are the Dirac matrices [1, 62, 63].

On one hand, in the molecule structure, the internal interaction dynamics occurs via

meson exchange. On the other hand, in the tetraquark structure, there is a possibil-

ity of an additional interaction dynamic involving a diquark-antidiquark interaction

which is not yet well-established and is used in the form jdiµ above [1, 62, 64].

In order to describe exotic particles within the SVZ QCDSR approach, the interpo-

lating currents are joined together with an additional pair of quark-antiquark pair and

these four quarks give rise to a higher number of permutations for the Feynman dia-

grams and these diagrams are referred to as ”petal” forms as shown in Figure 3 of [1]

which shows the OPE for the three-point function written in terms of exotic interpo-

lating current. Also, colour connected diagrams, which involve a gluon exchange,

suggest a tetraquark structure rather than a meson molecule as two petals cannot be

considered as two separate mesons to form the molecule configuration [1, 65–68].

Therefore, throughout this study, the exotic particle X(3872) will be examined as a

tetraquark where the structure involves charm as the heavy quarks and the JPC values

7



of the partners will be studied as 2++, 1++, 1−+, and 0++.

In this study, the aim is to study the mass splitting of the partners of X(3872) par-

ticle with the QCDSR approach described in [39] in order to find out which one of

its partners is more stable with respect to the variations in parameters that are Borel

mass, condensates, continuum threshold (s0) and more compatible with the experi-

mental results and conclude if the structure being tetraquark is favourable to meson

molecule model as the tetraquark structure masses are below threshold due to the lack

of binding energy between mesons in the meson molecule [69].

The two point Green function will be constructed using the currents given in [70].

It will then be operated on to yield the mass term as in Chapter 2 for each of the

quantum numbers of the partners of X(3872).

1.3 Thesis Structure

The thesis consists of four chapters in total in which the next one (Chapter 2), the

analytical method is used to compute the form of the squared mass of X(3872) par-

ticle in detail. Then, in Chapter 3, the computational analysis of the mass splittings

will be examined. Last, in Chapter 4, the results obtained will be discussed and the

conclusion will be given.
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CHAPTER 2

QCDSR

2.1 Introduction

In this study, strong interactions are to be examined using the SVZ sum rule meth-

ods, i.e. QCDSR. Construction of a sum rule requires examining a two-point Green

function in two different approaches and equating later to find the desired information

such as coupling constant, magnetic moment, and mass. In this work, the procedure

to be followed is adopted from [39] and the values to be extracted to be closely ex-

amined from the sum rule are of the masses.

The sum rule method to be used throughout this study is the SVZSR that employs

the use of Wilson’s OPE in order to explain the properties of the particle at hand. In

this method, the two-point Green function that is the correlation function is defined

in the currents and extracted as coefficients referred to as Wilson’s coefficients of the

operators in the sum corresponding to the time-ordered product. The time-ordered

product will then be taken in a vacuum bra-ket expression and these operators in the

sum will produce condensates which are fluctuations in the fields constituting the

vacuum of the theory. The expansion of the terms for the time-ordered product can

be represented as follows

T{jαβ(x)j†γδ(0)} =
∑
n

cn(x, µ)O(0, µ) (2.1)

for x � Λ−1
QCD. The operators are condensates that are normal ordered. The orders

of these are the identity 1, light quark mass mq(1), quark condensate 〈qq〉, gluon

condensate
〈
Ga
µνG

aµν
〉

and mixed condensates such as mq 〈qq〉 in the higher orders

of the expansion. The analytical computation here will be taken until 〈qq〉 order.
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2.2 Construction of the Sum Rule in SVZSR

The first step in the establishing of the sum rule is to construct a correlation function

using the interpolating currents as

Παβ;δγ = i

∫
d4x eikx 〈0|T{jαβ(x)j†γδ(0)} |0〉 (2.2)

and examining the correlation function in the Equation 2.2 in two ways by making

use of the quark hadron duality. Later, both sides will be equated and Borel trans-

formation will be performed on both so as to obtain the desired information, in this

study, mass.

2.2.1 Operator Product Expansion

The first part starts with the expansion of the currents in terms of the quark fields and

Dirac matrices (Γi), which are 1, γµ, σµν , γµγ5, and γ5, which are of the form 〈q̄γµq〉
for vector current, 〈q̄γµγ5q〉 for axial-vector current, GaµνGa

µν for gluon fields or

q̄Γqq̄Γq for the composite operator which also includes the vector current expression

inside the bra-ket. Here, the current is in the form of a composite operator of two

vector currents as follows.

jqαβ = Qa(x)γαQ
b(x) qb(x)γβq

a(x) (2.3)

with components Q as the heavy quark which is the charm quark in this study, and q

as the light quark that is either up (u) or down (d) quark. Here, a and b are the colour

indices. Substituting the current in Equation 2.3 into the correlation function results

in

Παβ;δγ = i

∫
d4x eikx 〈0|T{Qa(x)γαQ

b(x) qb(x)γβq
a(x)

Qd(0)γγQ
e(0) qe(0)γδq

d(0)} |0〉 .
(2.4)

At this point, the time-ordered product is converted into a normal ordered product

using Wick’s theorem.
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Possible contractions are

qb(x) qd(0)

qa(x) qe(0)

Qa(x)Qe(0)

Qb(x)Qd(0)

(2.5)

which have many number of combinations. Nonetheless, only the first few condensate

terms will be calculated here to show the details of the work in this study that are 1,

mq, and 〈q̄q〉. These terms will only have contributions from the fully contracted

term or the terms with three contraction of those two are the heavy quark fields.

Considering the fully contracted combination,

Παβ;δγ = i

∫
d4x eikx 〈0| : QaγαQ

bqbγβq
aQdγδQ

eqeγγq
d : |0〉 . (2.6)

Inside of the normal ordered product can be collected into their corresponding prop-

agators

[
Qa
]
µ

(γα)µν
[
Qb
]
ν

[
qb
]
η

(γβ)ηθ [qa]θ

[
Qd
]
κ

(γδ)κλ
[
Qe
]
λ

[qe]σ (γγ)σρ[q
d]ρ.

Qe(0)λQa(x)µ = i SQλµ(−x)δea,

Qb(x)ν Qd(0)κ = i SQνκ(x)δbd,

qa(x)θ qe(0)σ = i Sqθσ(x)δae

qd(0)ρ qb(x)η = i Sqρη(−x)δdb.
(2.7)

After this, the propagators are substituted in the following form as given in [71]; later,

the traces are constructed.

Sq(x) =

[
i/x

2π2x4
− mq

4π2x2

]

SQ(x) =

[
m2
Q

4π2

K1(mQ

√
−x2)√

−x2
− i

m2
Q/x

4π2x2
K2(mQ

√
−x2)

] (2.8)

Kn(mQ

√
−x2) =

(mQ)n

(−x2)n/2 2n+1

∞∫
0

dt t(−n−1) exp
[
−
m2
Q

4t
+ tx2

]
(2.9)
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where Kn are the modified Bessel functions of the second kind in the form of Equa-

tion 2.9. Substituting these yields the perturbative contributions of the correlation

function into

Π4
αβ;δγ = i

∫
d4x eikxδaeδbdδeaδdb

[
SQλµ(−x)(γα)µνS

Q
νκ(x)(γδ)κλ

]
[
Sqθσ(x)(γγ)σρS

q
ρη(−x)(γβ)ηθ

] (2.10)

where the superscript 4 on Π4
αβ;δγ indicates the number of contractions.

As δaeδea = Nc, and each parentheses above correspond to a trace, and using the

propagators in the form of Equation 2.8, and the identity

Tr [γµγγγνγβ] = 4 [gµγgνβ − gµνgγβ + gµβgγν ] , (2.11)

and abbreviating Kn(mQ̄

√
−x2) = Kn(mQ

√
−x2) as K−n since mQ = mQ.

Tr
[
SQ(−x) γα S

Q(x)γδ
]

= Tr
[[
m2
Q

4π2

K1(mQ

√
−x2)√

−x2
+ i

m2
Q/x

4π2x2
K2(mQ

√
−x2)

]
γα[

m2
Q

4π2

K1(mQ

√
−x2)√

−x2
− i

m2
Q/x

4π2x2
K2(mQ

√
−x2)

]
γδ

]
=
(mQ

2π

)4
[

8K2−
2

x4
xαxδ −

4

x2
(K2−

1 +K2−
2 )gαδ

]
(2.12)

Tr [Sq(x) γγ S
q(−x)γβ] = Tr

[[
i/x

2π2x4
+

mq

4π2x2

]
γγ

[
i/x

2π2x4
− mq

4π2x2

]
γβ

]
=

[−4 + x2m2
q

4x6π4
gβγ +

2

π4x8
xβxγ

]
(2.13)

both can be collected as

Π4
αβ;δγ =

∫
d4xN2

c e
ikx
(mQ

2π

)4
[−4 + x2m2

q

4x6π4
gβγ +

2

π4x8
xβxγ

]
[

8K2−
2

x4
xαxδ −

4

x2
(K2−

1 +K2−
2 )gαδ

]
.

(2.14)

The next term in the OPE will be obtained from the two terms which have triple
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contractions as below.

Π3.1
αβ;δγ = i

∫
d4x eikx 〈0| : QaγαQ

bqbγβq
aQdγδQeqeγγq

d : |0〉 (2.15)

Παβ;δγ = i

∫
d4x eikx 〈0| : QaγαQ

bqbγβq
aQdγδQ

eqeγγq
d : |0〉 . (2.16)

where the superscripts 3.1 and 3.2 represent the number of contractions and the order

of the correlation functions. When the same operations are performed on the above

terms with three contractions,

Π3.1
αβ;δγ =

∫
eikxNc δ

bd Tr
[
SQ(−x)γαS

Q(x)γδ
]

〈0| :
[
qb(x)η(γβ)ηθS

q
θδ(x)(γγ)δρq

d(0)ρ

]
: |0〉 .

(2.17)

The trace of the heavy quark propagators will be the same as in fully contracted Π4.

Π3.1
αβ;δγ =

∫
eikxNc δ

bd
(mQ

2π

)4
[

8K2−
2

x4
xαxδ −

4

x2

(
K2−

1 +K2−
2

)
gαδ

]
〈0| :

[
qb(x)γβS

q(x)γγq
d(0)

]
: |0〉

(2.18)

Taylor expanding the light quark field as

qb(x) = qb(0) + xν
(
∂ν qb(0)

)
(2.19)

the bracket term can be reorganised as

[γβS
q(x)γγ]ηρ

{
〈0| : qb(0)ηq

d(0)ρ : |0〉+ 〈0| :
(
xν ∂ν q

b(0)
)
η
qd(0)ρ : |0〉

}
(2.20)

for which one can use the following equations with δbd allowing to match the same

coloured fields and δηρ granting the yield of trace.

[
〈0| : qb(0)ηq

d(0)ρ : |0〉 = A δbdδηρ

]
δbd δ

ηρ ⇒ A =
1

4Nc

〈q̄q〉

⇒ 〈0| : qb(0)ηq
d(0)ρ : |0〉 =

1

4Nc

〈q̄q〉 δbdδηρ
(2.21)
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With the use of the free Lagrangian of QCD, the second term in Equation 2.20 will

be constructed as

xν
[
〈0| :

(
∂ν q̄

b(0)
)
η
qd(0)ρ : |0〉 = B (γν)ηρ δ

bd
]

(γν)ρη δbd. (2.22)

For the left hand side of the equation, selection of the Fock-Schwinger gauge in which

xµAµ = 0 grants xµ∂µ = xµDµ where Dµ = ∂µ − i q Aµ which is the covariant

derivative. Therefore the equation can be simplified as

l.h.s. = xν 〈0| : (q(0) ~/D)ηq(0)ρ : |0〉 = imq x
ν 〈0| : q(0)ηq(0)ρ : |0〉

r.h.s. = NcB Tr(γ2
ν) = NcB 4Tr(1) = 16NcB

(2.23)

which yields

B =
imq

16Nc

〈q̄q〉 ⇒ xν 〈0| :
(
∂νq

b(0)
)
η
qd(0)ρ : |0〉 =

imq /x

16Nc

〈q̄q〉 . (2.24)

Collecting together the terms in the Equation 2.20 will bring a trace

[γβS
q(x)γγ]ηρ

(
1

4Nc

〈q̄q〉+
imq /x

16Nc

〈q̄q〉
)
ρη

=
−mq

8π2x4Nc

[
2xβxγ + x2gβγ

]
〈q̄q〉 .

(2.25)

Gathering all the terms together, one obtains

Π3.1
αβ;δγ = Nc

∫
d4x eikx

(mQ

2π

)4
(
−mq

8π2x4

)
{

8K2−
2

x4
xαxδ −

4

x2
(K2−

1 +K2−
2 )gαδ

}[
2xβxγ + x2gβγ

]
〈q̄q〉 .

(2.26)

When the procedure followed for Π3.1 is repeated for the Equation 2.16, the resulting

integral is

Π3.2
αβ;δγ = Nc

∫
d4x eikx

(mQ

2π

)4 ( mq

4π2x4

)
{

8K2−
2

x4
xαxδ −

4

x2
(K2−

1 +K2−
2 )gαδ

}[
xβxγ − 3x2gβγ

]
〈q̄q〉 .

(2.27)
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Here, the projection operators given in the [70] will be employed that are

P0
µν;µ̄ν̄ =

1

4
gµνgµ̄ν̄

P1
µν;µ̄ν̄ =

1

2
(gµµ̄gνν̄ − gµν̄gνµ̄)

P2
µν;µ̄ν̄ =

1

2

(
gµµ̄gνν̄ + gµν̄gνµ̄ −

1

2
gµνgµ̄ν̄

) (2.28)

which are to project on the current jµν into its irreducible presentations under the

Lorentz group

j0
µν = P0

µν;µ̄ν̄j
µ̄ν̄

j1
µν = P1

µν;µ̄ν̄j
µ̄ν̄

j2
µν = P2

µν;µ̄ν̄j
µ̄ν̄

jµν = j0
µν + j1

µν + j2
µν

(2.29)

where 0, 1, 2 are the indicators at which the spin of the particle coupling to the corre-

sponding current can take its maximum value.

Using the projection operators on Equation 2.28, Π3.1
αβ;δγ , Π3.2

αβ;δγ , and Π4
αβ;δγ contribu-

15



tions can be shown as

Π(0)3.1 =

∫
d4x eikx

[
m4
QmqNc

64π6x4

]
(33K2−

1 − 8K2−
2 ) 〈q̄q〉

Π(1)3.1 =

∫
d4x eikx

[
3m4

QmqNc

32π6x4

]
(3K2−

1 + 2K2−
2 ) 〈q̄q〉

Π(2)3.1 =

∫
d4x eikx

[
3m4

QmqNc

64π6x4

]
K2−

1 〈q̄q〉

Π(0)3.2 =

∫
d4x eikx

[
m4
QmqNc

64π6x4

]
(99K2−

1 + 51K2−
2 ) 〈q̄q〉

Π(1)3.2 =

∫
d4x eikx

[
3m4

QmqNc

32π6x4

]
(11K2−

1 + 5K2−
2 ) 〈q̄q〉

Π(2)3.2 =

∫
d4x eikx

[
m4
QmqNc

64π6x4

]
(11K2−

1 + 7K2−
2 ) 〈q̄q〉

Π(0)4 =

∫
d4x eikx

[
m4
QN

2
c

4π8 x8

]
(5K2−

1 + 4K2−
2 )

Π(1)4 =

∫
d4x eikx

[
3m4

QN
2
c

4π8 x8

]
K2−

1

Π(2)4 =

∫
d4x eikx

[
m4
QN

2
c

8π8 x8

]
K2−

2 .

(2.30)

where m2
q terms are eliminated as the expansion at hand is until the order of mq and

mq = 0.

An observation can be made of the pattern the above integrals follow which are all in

the form

Π(s) =

∫
d4x eikx

α(ctr)

x2j
K2
n (2.31)

where α(ctr) is the total coefficient of the term in the correlation function where the

quark fields are contracted, (s) the spin, n = 1, 2, and j = 2, 3, 4.

Using Equation 2.9, the obtained integral is of the form

Π
(s)
jn =

∫
d4x

α(ctr)

x2j

(mQ)2n

(−x2)n 22n+2

∞∫
0

dt1

∞∫
0

dt2 (t1t2)(−n−1)

exp
[
−
m2
Q

4t1
−
m2
Q

4t2
+ t1x

2 + t2x
2 + ikx

] (2.32)
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and changing the configuration space from Minkowskian to Euclidean using Wick

rotation, where the transformation is as x0 → ix0 and k0 → ik0 hence x2 → −x2 and

k2 → −k2 with kx→ −kx, the equation becomes

Π
(s)
jn =

∫
d4x

iα(ctr)

x2j

(mQ)2n

(x2)n 22n+2

∞∫
0

dt1

∞∫
0

dt2 (t1t2)(−n−1)

exp
[
−
m2
Q

4t1
−
m2
Q

4t2
− t1x2 − t2x2 − ikx

]
.

(2.33)

Using Equation A.2 from the gamma function integral identity, the integral is

Π
(s)
jn =

∫
d4x

iα(ctr) (mQ)2n

Γ(n+ j)22n+2

∞∫
0

dt1

∞∫
0

dt2

∞∫
0

dt3 (t1t2)(−n−1)t
(n+j−1)
3

exp
[
−
m2
Q

4t1
−
m2
Q

4t2
− t1x2 − t2x2 − t3x2 − ikx

]
.

(2.34)

Gathering the integral into a Gaussian integral over x, d4x integral can be taken as

∫
d4x exp

[
−
m2
Q

4

(
1

t1
+

1

t2

)
− (t1 + t2 + t3)x2 − ikx

]
=∫

d4x exp

[
−(t1 + t2 + t3)

[
x+

ik

2(t1 + t2 + t3)

]2

− k2

4(t1 + t2 + t3)
−
m2
Q

4

(
1

t1
+

1

t2

)]

=

(
π

t1 + t2 + t3

)2

exp
[
− k2

4(t1 + t2 + t3)
−
m2
Q

4

(
1

t1
+

1

t2

)]
(2.35)

At this point, the integral will be of the form

Π
(s)
jn =

iα(ctr)π
2 (mQ)2n

Γ(n+ j)22n+2

∞∫
0

dt1

∞∫
0

dt2

∞∫
0

dt3
(t1t2)(−n−1)t

(n+j−1)
3

(t1 + t2 + t3)2

exp
[
− k2

4(t1 + t2 + t3)
−
m2
Q

4

(
1

t1
+

1

t2

)] (2.36)

for which a change of variable is required. Choosing the transformation as t1 = tx,
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t2 = ty, and t3 = t(1− x− y) so that t1 + t2 + t3 = t, and the integral is

Π
(s)
jn =

iα(ctr)π
2 (mQ)2n

Γ(n+ j)22n+2

∞∫
0

��t2 dt

1∫
0

dx

1−x∫
0

dy exp
[
−k

2

4t
−
m2
Q

4t

(
1

x
+

1

y

)]
(xy)(−n−1)t(−n+j−3)(1− x− y)n+j−1

�
��(t)2

.

(2.37)

After the values of n, j, and α(ctr) are placed in, the final integral for the Π(s) part of

the correlation function is of the form

Π(s) = c(s)

∞∫
0

dt

tn

1∫
0

dx

1−x∫
0

dy
(1− x− y)a

(xy)b
exp

[
−k

2

4t
−
m2
Q

4t

(
1

x
+

1

y

)]
(2.38)

where c(s) is the corresponding coefficient for the integral as listed in the Appendix,

n = 0, 1, 2, 3, a = 2, 3, 4, 5, and b = 2, 3. Operator product expansion is computed

and after the computation of Πphen, Borel transform will be applied on both sides.

2.2.2 Phenomenological Approach

In this approach, the correlation function is examined using the dispersion relation

that is constructed from the explicit form of the time-ordered product in Equation 2.2.

T{jαβ(x)j†γδ(0)} = θ(x) jαβ(x)j†γδ(0) + θ(−x) j†γδ(0)jαβ(x) (2.39)

where the Heaviside function is θ(x) = 1 for x > 0 and θ(x) = 0 for x < 0 and

its integral representation is given in the Appendix A Equation A.3. Substituting

the complete set of states of the hadron between the currents above, one obtains the

expression

〈0| jαβ(x) |h〉 = 〈0|U−1Ujαβ(x)U−1U |h〉 (2.40)

where U is the unitary operator with the properties

U(x0)jαβ(x)U−1(x0) = jαβ(x+ x0) U(x0) |h〉 = eiqhx0 |h〉 (2.41)

18



where qh is the four momentum of the hadron. Assigning x0 = −x yields the matrix

element

〈0| jαβ(x) |h〉 = e−iqhx 〈0| jαβ(0) |h〉 . (2.42)

All the hadrons in the |h〉 state are on-shell which means that the state obeys the

relativistic equation of motionE2 = q2
h+m2 and the four momentum qh is constrained

to be a timelike vector where one can assign q2
h ≡ t with t ≥ 0. This condition grants

the use of the identity

∑
h

∞∫
0

dt

∫
d4q θ(p)δ(q2 − t) δ(4)(q − qh) = 1 (2.43)

where the sum is over all hadrons. Using the property of Dirac delta to switch the

order of sum and integrals, the definition of a scalar function Π(q2) appears as

∑
h

〈0| jαβ(0) |h〉 〈h| j†γδ(0) |0〉 (2π)4 δ(4)(q − qh) ≡ 2πΠ(q2). (2.44)

The spectral function Π(q2) is a function of the four momentum squared q2 that is

Lorenz invariant with mass information of the hadron embedded in |h〉 only.

Employing all the construction into the correlation function, one gets

Π(k2) =

∫
d4x eikx

∞∫
0

dtΠ(t)

∫
d4q

(2π)3

[
iθ(x)e−iqxθ(q) δ(q2 − t)

+iθ(−x)eiqxθ(q) δ(q2 − t)
] (2.45)

where the result obtained combined with Equation A.3 can be expressed as the Feyn-

man propagator

∫
d4q

(2π)3

[
iθ(x)e−iqxθ(q) δ(q2 − t) + iθ(−x)eiqxθ(q) δ(q2 − t)

]
=∫

d4q

(2π)4

e−iqx

t2 − q2
= ∆F (x; t).

(2.46)
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k2

smin

Figure 2.1: Contour over the complex plane t where the branch cut is shown darker.

The correlation function can then be collected as

Π(k2) =

∫
d4x eikx

∞∫
0

dtΠ(t)

∫
d4q

(2π)4

e−iqx

t2 − q2
(2.47)

which is the Fourier transformed version of a scalar free field with an arbitrary squared

mass t with the weighting function Π(t). Taking the integrals over x and q yields

Π(k2) =

∞∫
0

dtΠ(t)
1

t2 − k2
. (2.48)

As the values of t are constrained by the limits of the integral and as k2 > 0, and

smin = 0, mapping the integral into the complex plane of the variable t and integrating

over the complex contour shown in Figure 2.1 using Cauchy integral, one can find the

above integral as

Π(k2) =
1

2πi

∮
dt

Π(t)

t− k2

=
1

2πi

∮
|t|=R

dt
Π(t)

t− k2
+

1

2πi

R∫
0

dt
Π(t+ iε)− Π(t− iε)

t− k2

(2.49)

In the limitR→∞, the first integral vanishes for when lim|q2|→0 ∼ 1/|q2|ε with ε > 0,

and using the property Π(k2) being real for k2 < tmin where tmin = min{m2
h, s0} and

Schwarz reflection principle that is

Π(k2 + iε)− Π(k2 − iε) = 2i Im
{

Π(k2)
}

at k2 > tmin (2.50)
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the dispersion relation is obtained as

Π(k2) =
1

π

∞∫
tmin

ds
Im{Π(s)}
s− k2 − iε

. (2.51)

In order to solve the ultraviolet divergence problem of the above expression which re-

sults from the unknown subtraction terms and the not well-established spectral func-

tions of the excited and continuum states, an equivalent correlation function is defined

as a Taylor expansion as

Π(k2) = Π(k2)− Π(0) (2.52)

which makes

Π(k2) =
k2

π

∞∫
tmin

ds
Im{Π(s)}
s(s− k2)

(2.53)

where

Im
{

Π(k2)
}

= πλ2
h δ(k

2 −m2
h) + πρh(k2)θ(k2 − s0) (2.54)

with λhmhε
(h)∗
µ = 〈h| jµ |0〉 where λh of the partners of X(3872) are defined in the

manner below

〈
2++

∣∣ j2
αβ |0〉 = λ2++

2 εαβ〈
1++

∣∣ j2
αβ |0〉 = λ1++

2 (εα kβ + εβ kα)〈
0++

∣∣ j2
αβ |0〉 = λ0++

2

(
kαkβ
k2
− 1

4
gαβ

)
〈
1++

∣∣ j1
αβ |0〉 = λ1++

1 (kα εβ − kβ εα)〈
1−+

∣∣ j1
αβ |0〉 = λ1−+

1 εαβδγ k
δ ε′γ〈

0++
∣∣ j0
αβ |0〉 = λ0++

0 gαβ

(2.55)

where the polarization operators ε and their identities are defined and explained in
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Section A.4 of Appendix A leading the correlation function to become

Π(k2) =
k2λ2

h

m2
h(m

2
h − k2)

+ k2

∞∫
s0

ds
ρcont(s)

s(s− k2)
+ Π(0) (2.56)

and the continuum contribution is eliminated by employing

ρcont(s) = ρOPE(s)θ(s− s0) (2.57)

and Π(0) are the subtraction terms that vanish at the Borel transformation.

To use this representation with the known currents as in Equation 2.29, the projection

operators on Equation 2.28 will be used once again and the matrix elements will be

defined as in Equation 2.55 that are also given in [72]. The correlation functions with

the applied projection operators on Equation 2.2 can then be expressed as

Π
(2)
αβ;δγ =

(
λ2++

2

)2

k2 −m2
2++

∑
s

εαβε
∗
δγ

+

(
λ1++

2

)2

k2 −m2
1++

∑
s

(εα kβ + εβ kα)(ε∗δ kγ + ε∗γ kδ)

+

(
λ0++

2

)2

k2 −m2
0++

∑
s

(
kαkβ
k2
− 1

4
gαβ

)(
kδkγ
k2
− 1

4
gδγ

)
(2.58)

and

Π
(1)
αβ;δγ =

(
λ1++

1

)2

k2 −m2
1++

∑
s

(kα εβ − kβ εα)(kδ ε
∗
γ − kγ ε∗δ)

+

(
λ1−+

1

)2

k2 −m2
1−+

∑
s

εαβᾱβ̄ k
ᾱ ε′β̄εδγδ̄γ̄ k

δ̄ ε′γ̄

(2.59)

with

Π
(0)
αβ;δγ =

(
λ0++

0

)2

k2 −m2
0++

gαβgδγ. (2.60)
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These representations can be simplified using

Π
(0)
αβ;δγ = i

∫
d4x eikx 〈0|T{j0

αβ(x)j0†
δγ(0)} |0〉

=
(λ0++

0 )2

q2 −m2
0++

gαβgδγ

(2.61)

Π
(1)
αβ;δγ = i

∫
d4x eikx 〈0|T{j1

αβ(x)j1†
δγ(0)} |0〉

=
(λ1++

1 )2

q2 −m2
1++

κ1+

αβδγ +
(λ1−+

1 )2

q2 −m2
1−+

κ1−

αβδγ

(2.62)

Π
(2)
αβ;δγ = i

∫
d4x eikx 〈0|T{j2

αβ(x)j2†
δγ(0)} |0〉

=
(λ2++

2 )2

q2 −m2
2++

κ22
αβδγ +

(λ1++

2 )2

q2 −m2
1++

κ21
αβδγ +

(λ0++

2 )2

q2 −m2
0++

κ20
αβδγ.

(2.63)

In the equations 2.62 and 2.63, the kappas represent the spin sums as the following

κ1+

αβδγ =
∑
s

(kαεβ − kβεα)(kδε
∗
γ − kγε∗δ)

= −(kαkδg
⊥
βγ − kαkγg⊥βδ − kβkδg⊥αγ + kβkγg

⊥
αδ)

(2.64)

κ1−

αβδγ =
∑
s

εαβᾱβ̄v
ᾱε
′β̄
εδγδ̄γ̄v

δ̄ε
′γ̄∗

= −(g⊥αγg
⊥
βδ − g⊥αδg⊥βγ)

(2.65)

κ22
αβδγ =

∑
s

εαβε
∗
δγ

=
1

2

(
g⊥αδg

⊥
βγ + g⊥βδg

⊥
αγ −

2

3
g⊥αβg

⊥
δγ

) (2.66)

κ21
αβδγ =

∑
s

(εαkβ + kαεβ)(ε∗δkγ + kδε
∗
γ)

= −(g⊥αδkβkγ + g⊥αγkβkδ + g⊥βδkαkγ + g⊥βγkαkδ)

(2.67)

κ20
αβδγ =

(
kαkβ
k2
− 1

4
gαβ

)(
kδkγ
k2
− 1

4
gδγ

)
. (2.68)

These structures are orthogonal to each other and g⊥µν is the abbreviated form of(
gµν −

kµkν
k2

)
.
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2.2.3 Obtaining Mass

At this point, correlation functions found by the two methods are equated as

ΠOPE(k2) = Πphen(k2) + polynomials in k2 (2.69)

and both sides will be Borel transformed in order to eliminate the subtraction terms

Π(0) as in the given form in Section A.3 in Appendix A which brings the resulting

correlation functions into the form below.

λ2 e
−m2

h/M2
=

s0∫
0

ds ρOPE(s)e
−s/M2

(2.70)

Taking the derivative of both sides with respect to 1/M2, one can obtain

m2
h =

s0∫
0

ds s ρOPE(s) e−s/M
2

s0∫
0

ds ρOPE(s) e−s/M2

. (2.71)

Moving back to the correlation functions at hand, Borel transformation of the OPE

side will be carried out to obtain the form below where the ραint represents the spectral

density corresponding to the correlation function Π(αint) where the form of each Π(αint)

is given in Appendix B.

B̂
[
Π(αint)

]
=

∞∫
0

ds ρ(αint) e
−s/M2

(2.72)

From the OPE side, Equation 2.38 with

f(x, y) =
(1− x− y)a

xbyb
(2.73)

will be Borel Transformed as

B̂
[
Π(αint)

]
= cαint

∞∫
0

dt

tn

1∫
0

dx

1−x∫
0

dy f(x, y) e
−s(x,y)/4t δ

(
1

M2
− 1

4t

)

= cαint

∞∫
0

dt

tn

1∫
0

dx

1−x∫
0

dy f(x, y) e
−s(x,y)/4tM2 t δ

(
t− M2

4

) (2.74)
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where cαint corresponds to the coefficients listed in the Appendix B and s(x, y) =
m2
Q

4

(
1

x
+

1

y

)
. Taking the integral over t using Delta function will result in

B̂
[
Π(αint)

]
= cαint

1∫
0

dx

1−x∫
0

dy f(x, y) e
−s(x,y)/M2

(
M2

4

)(−n+1)

M2

= cαint

1∫
0

dx

1−x∫
0

dy f(x, y)

(
2−2n+2

(M2)n−2

)
e
−s(x,y)/M2

= 2−2n+2 cαint

1∫
0

dx

1−x∫
0

dy f(x, y)

(
1

(M2)n−2

)
e
−s(x,y)/M2

= 2−2n+2 cαint

∞∫
0

ds

1∫
0

dx

1−x∫
0

dy f(x, y)

(
e−s/M

2

(M2)n−2

)
δ(s− s(x, y))

= 2−2n+2 cαint

∞∫
0

ds e
−s/M2 1

(M2)n−2

1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y)).

(2.75)

To determine the spectral function, the factor multiplying the exponential in the in-

tegrand of the s integral should be independent of M2. Hence OPE side will be

examined in three branches from this point on depending on the form of M2. The

differentiation will be over the variable n, the power of t in the Equation 2.38. The

first type is the group where n < 2.

For n < 2, the equation at hand is in the form

∞∫
0

ds e
−s/M2 (

M2
)k
ρ̃(s) (2.76)

with k > 0 for n < 2.

The substitute spectral density ρ̃(s) corresponds to the kth derivative of the actual

spectral density as

ρ̃(s) =

(
d

ds

)k
ρ(s). (2.77)
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Then, Equation 2.75 can be represented as

B̂
[
Π(αint)

]
=

∞∫
0

ds e
−s/M2 (

M2
)k ( d

ds

)k
ρ(s). (2.78)

Applying integration by parts, the integral transforms into

B̂
[
Π(αint)

]
= e

−s/M2 (
M2
)k ( d

ds

)k−1

ρ(s)

∣∣∣∣∣
∞

s=0

+

∞∫
0

ds e
−s/M2 (

M2
)k−1

(
d

ds

)k−1

ρ(s)

(2.79)

At the boundary s → ∞, exponential brings the term into zero and at s = 0, the

boundary condition will be assumed as

(
d

ds

)n∣∣∣∣
s=0

ρ(s) = 0 0 ≤ n ≤ k − 1. (2.80)

In the case n = 0, k = 1, Equation 2.79 becomes

B̂
[
Π(αint)

]
= 0 +

∞∫
0

ds e
−s/M2

ρ(s) (2.81)

which is the desired form. This makes

ρ̃(s) =

1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y)) =
d

ds
ρ(s)

ρ(s) =

1∫
0

dx

1−x∫
0

dy f(x, y) Θ(s− s(x, y)).

(2.82)

In the case n = 1, k = 2, Equation 2.79 becomes

B̂
[
Π(αint)

]
= e

−s/M2 (
M2
)2
(
d

ds
ρ(s)

)∣∣∣∣∞
s=0

+

∞∫
0

ds e
−s/M2

M2

(
d

ds
ρ(s)

)
.

(2.83)
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Using the same boundary conditions as in n = 0 case as

e
−s/M2

∣∣∣
s→∞

= 0
d

ds
ρ(s)

∣∣∣∣
s=0

= 0 (2.84)

Borel transform of the correlation function becomes

B̂
[
Π(αint)

]
= e

−s/M2
ρ(s)

∣∣∣∞
s=0

+

∞∫
0

ds e
−s/M2

ρ(s). (2.85)

Since

ρ(s) =
1

Γ(n− 1)

s∫
0

dα (s− α)n−1 ρ̃(s)

=
1

Γ(n− 1)

∫
dx

∫
dy f(x, y) (s− s(x, y))n−1 θ(s− s(x, y))

(2.86)

is the solution for the differential equation below with the boundary conditions in

Equation 2.80

ρ̃(s) =

(
d

ds

)n
ρ(s). (2.87)

Meaning that

n = 0; ρ(s) =

s∫
0

dα (s− α)

1∫
0

dx

1−x∫
0

dy f(x, y) δ(α− s(x, y))

n = 1; ρ(s) =

s∫
0

dα

1∫
0

dx

1−x∫
0

dy f(x, y) δ(α− s(x, y)).

(2.88)

For the second group of n, the value 2 is taken. The form of the Borel transformed

integral is in the desired form as below.

B̂
[
Π(αint)

]
= 2−2cαint

∞∫
0

ds e
−s/M2

ρ(s) (2.89)
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with

n = 2; ρ(s) =

1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y)). (2.90)

For the last group, the values remaining are n > 2 of which n = 3 is the last. For

which Equation 2.75 is

B̂
[
Π(αint)

]
= 2−4cαint

∞∫
0

ds
1

M2
e
−s/M2

1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y)) (2.91)

using the exponential, 1/M2 term can be written as the derivative of the exponential

B̂
[
Π(αint)

]
= 2−4cαint

∞∫
0

ds

(
− d

ds
e
−s/M2

) 1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y)).

(2.92)

Once again, applying integration by parts on the integral leads to

−e−s/M2
ρ(s)

∣∣∣∞
s=0

+

∞∫
0

ds e
−s/M2 d

ds

 1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y))

 (2.93)

where the first term vanishes when the previously introduced boundary conditions on

the spectral density are employed here as well. Then,

B̂
[
Π(αint)

]
= 2−4cαint

∞∫
0

ds e
−s/M2 d

ds

 1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y))

 (2.94)

which means

n = 3; ρ(s) =
d

ds

 1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y))

 . (2.95)

As the Borel transformed integrals are in the desired form, one can proceed into the

continuum subtraction. For the correlation functions with n = 0, 1, 2, only the upper
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boundaries, infinity, will be transformed into s0, but for n = 3, one has the Equation

2.94 upon which an integration by parts yields

B̂
[
Π(αint)

]
= 2−4cαint

e−s/M2

1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y))

s=s0
s=0

+ 2−4cαint

s0∫
0

ds
1

M2
e
−s/M2

1∫
0

dx

1−x∫
0

dy f(x, y) δ(s− s(x, y)).

(2.96)

Explicit forms and results of these integrals and their corresponding derivatives which

are with respect to 1/M2 are given in the Appendix C with the corresponding coeffi-

cients in Appendix B. Mass values are to be found by dividing the derivatives into the

original equation as in Equation 2.71.
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CHAPTER 3

COMPUTATIONAL ANALYSIS

The analysis starts with the construction at the last step of the previous chapter in

Equation 2.71 as repeated below where the numerical analysis includes a random

data set for the variables.

m2
h =

s0∫
0

ds s ρOPE(s) e−s/M
2

s0∫
0

ds ρOPE(s) e−s/M2

(3.1)

The computational analysis of squared mass values is carried out on Wolfram Math-

ematica 12.0.0. In the program, the operator product expansion includes higher di-

mension terms such as gluon condensate and mixed quark-gluon condensate. The

values of examined variables are randomly chosen between the ranges given in [40]

with additional restrictions in order to eliminate unphysical values of the resulting

squared mass in the Table 3.1. The first of the additional restrictions are on M2 on

the lower bound which is increased from 0 GeV 2 to 3 GeV 2. Second restriction is

on the lower bound of s0 which is increased from 14 GeV 2 to 16 GeV 2. The data is

generated for 1401 sets, one being the control with the previous study at [72]. One of

the sets resulted in an indeterminate value for the mass and hence discarded leaving a

total of 1400 sets. Histograms in Figures 3.1-3.18 are generated using Python 3.7.3.

Each histogram contains a legend consisting of mean (µ), standard deviation (σ), bin

size and the number of data around the ranges of the plot which are [0, 30] GeV 2 for

Figures 3.1, 3.3, 3.5, 3.7, 3.9, and 3.11 and [−5, 5] GeV 2 for Figures 3.13, 3.15, and

3.17. Over each squared mass histogram, the Gaussian distribution with the same

mean and standard deviation values are plotted in red. Squared mass values below 2

GeV 2 are discarded from the data sets in order to examine physical results.
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Variable Ranges Control

s0 16− 22 GeV 2 18 GeV 2

M2 3− 25 GeV 2 8 GeV 2

〈qq〉 0.0143± 0.0012 GeV 3 0.0143 GeV 3

m2
0 0.80± 0.08 GeV 2 0.80 GeV 2

〈GµνG
µν〉 0.474± 0.015 GeV 4 0.474 GeV 4

Table 3.1: Randomisation ranges for the corresponding variables with the control

values

Highest peaks of each plot are separately studied in Figures 3.2, 3.4, 3.6, 3.8, 3.10,

3.12, 3.14, 3.16, and 3.18. Each histogram has vertical axes as the density of collected

data corresponding to the squared mass values at the horizontal axes in GeV 2. All

plots are fitted and the density of each histogram is scaled to 1. On each histogram,

ranges of high peaks are drawn dashed. Over each comparison histogram, the Gaus-

sian distribution with the same mean and standard deviation values are plotted in red.

For each histogram, details of the distributions and possible reasons for the unex-

plained peaks and heavy tails are explained. A common observation from the full

range histograms is the value of the highest possible J from each correlation function

resulted in two peaks with a heavy tail towards the lower values whose heavy tails are

reduced by introducing aforementioned range restrictions as in Figures 3.1, 3.7, and

3.11.

When the histogram in Figure 3.1 is inspected, the distribution can be seen to form

two peaks with the mean value 15.6 GeV 2 with the standard deviation of 1.71 GeV 2

which one might consider high concerning the mean value. However, the reason

behind the standard deviation being higher than expected is mainly due to the few

number of data obtained. Collection of additional data may merge both peaks into a

single one and form a less deviated Gaussian.

For the histogram in the Figure 3.2, the mean value is 14.3 GeV 2 with the standard

deviation of 0.739GeV 2 which is considerably small due to the exclusion of multiple

peaks while the mean value is close to the one from the full range distribution in

Figure 3.1. The distribution is close to a beta distribution and to obtain a smoother

function for this distribution, one might have to inspect the behaviour of the sets
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resulting in this distribution and include more data.
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Examining Figure 3.3, one can observe the mean value as 15.0 GeV 2 and standard

deviation as 5.16 GeV 2 with the highest peak range including the experimentally

observed value of 14.99 GeV 2. Similar to the previous graph, the high value of

standard deviation might have the same underlying reasons as before with the choices

of arguable randomness of the software used. While the distribution is considerably

more flat compared to other squared mass values obtained from the same correlation

function and from Π(1), it should be acknowledged that m2
1++ values obtained from

Π(1) have less kurtosis and the distribution here resembles a collection of uniform

distribution, which seems to be resulting in the increase of standard deviation value

as well hence widening the Gaussian distribution, along with a Gaussian one.

In the Figure 3.4, one can observe the mean value as 13.9 GeV 2 and standard devi-

ation as 0.956 GeV 2 while the peak range includes the experimental value of 14.99

GeV 2. The distribution again has heavy tails and the behaviour of these tails might

require additional data sets, as well as a further study on the obtained sets and their

corresponding integrals of Borel transformed correlation functions and their relation

with corresponding derivatives in order to reach a more conclusive distribution.

In Figure 3.5, one can observe the mean and standard deviation values as 16.9 GeV 2

and 3.71 GeV 2, respectively. Again, the standard deviation value is similarly large

to which similar underlying factors might be contributing. Nevertheless, the fact that

Π(0) results showing a higher peak and a lower standard deviation with a similar

skewness towards the higher end might show a relation between the degeneracy of

spin and distribution of squared mass values.

For the highest peak of m2
0++ in the Figure 3.6, first observation is the mean and

standard deviation values as 15.9 GeV 2 and 1.55 GeV 2, respectively. The theoretical

value can be seen in the highest peak and therefore included in the peak ranges. How-

ever, the inclusion of ranges 16.5− 18.5 can be seen to increase the value of standard

deviation and the mean value. However, additional data may help to merge the two

peaks into one and create a true Gaussian distribution.
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Figure 3.7 represents the m2
1++ values with mean value 15.6 GeV 2 and standard de-

viation of 1.7 GeV 2. This is a more peaked Gaussian curve where the highest peak

range includes the experimental value of 14.99 GeV 2 with no dense tails and as men-

tioned before, shows a skewing towards higher values. The skewing might be due to

the distribution of sets favouring a higher result for the Borel transformed correlation

function and lower result for its derivative.

Next, Figure 3.8 shows the m2
1++ values from Π(1) with mean value 14.3 GeV 2 and

standard deviation of 0.727 GeV 2 with more than half of the data sets from the full

range and including the experimental value of 14.99GeV 2 which is closer than half σ

to the mean value. The distribution shows a similarity to a Gaussian distribution with

some noise which may reduce after a study of additional data. Again, the behaviour

of these formations indicates the need for extra data collection and further study of

the random variable sets.

Distribution of m2
1−+ values from Π(1) in Figure 3.9 shows a distinct Gaussian curve

with the mean value of 15.6 GeV 2 and standard deviation of 5.35 GeV 2 and again a

second peak towards the higher end of the graph. As there is no other current resulting

in this degeneracy to find another m2
1−+ from the correlation function, comparison to

other m2
1−+ results from the same set of values for the variables is not possible at the

moment.

Inspecting Figure 3.10 along with the full range Figure 3.9, one can observe the dis-

crete separation of each peak where the highest one shows a kurtosis behaviour. The

standard deviation of the highest peak being higher than most of the highest peak

distributions here might indicate the sets resulting in the high end and low-end tails

of the full range distribution might be disrupting the result. The issue can be solved

by examining the Borel transformed correlation function and its derivative along with

the sets resulting in the tail peaks.
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Figure 3.12: Highest peak distribution of m2
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In the distribution of m2
0++ from Π(0), one can notice the mean value as 15.7 GeV 2

and the standard deviation value as 1.9 GeV 2. The aforementioned skew towards the

higher end with a considerably higher peak compared to the results obtained from Π(2)

can be observed as well as a similar pattern with the Figures 3.7 and 3.1. This might

indicate that the degeneracy might be effective in the properties of the distribution of

squared mass values or that the maximum value the spin can take from the current

determines the distribution of the squared mass values.

For the Figure 3.12, one can see the standard deviation value as 0.754 GeV 2 and the

mean value as 14.2 GeV 2. Including more than half of the sets constructed for the

full range, the distribution shows a bell-shaped curve with deviations which might be

smoothed by generating more sets to study the squared mass further. The fact that the

highest peak and the values expected in the literature [73, 74] are in the same range

shows the effect of the error margins on the randomised variables are in decrease.
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First of the comparison histograms in Figure 3.13 shows a small mean value as 0.0375

GeV 2 and considerably small standard deviation with value 2.02 GeV 2 compared

to the individual squared mass distributions of each constituent. The distribution

shows uniform like tails towards each end which may be due to the incompatible

derivative of the Borel transformed correlation functions with themselves in the same

sets. For this reason, a further study of these sets and correlation functions may be

due. Nonetheless, the distribution is almost symmetrical which might indicate that the

masses of these partners of X(3872) can be found in the same range hence dynamics

of the X(3872) particles obtained in the same interaction with the same mass may

follow two different pathways afterwards.

In Figure 3.14, the mean value 0.235 GeV 2 being larger than the full ranged compar-

ison distribution is due to the fact that the highest peak spans more of the positive val-

ues than the negative ones. The reason for that is seemingly due to the data obtained

for the m2
2++ shows more peaking trend while m2

1++ tends to span more uniform dis-

tribution towards the higher end of the curve. In the legend, it can be seen that most

of the data of the full range distribution are present while the standard deviation is

considerably smaller although the distribution shows a smaller peak and heavy tails.
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In the second comparison graph in Figure 3.15, one can observe a skewed distribution

with mean value of 1.31GeV 2 and standard deviation of 1.95GeV 2. The reason why

the standard deviation value is higher than the mean may be due to the skewed nature

of the distribution and might be due to m2
0++ being around 1 GeV larger than m2

1++ .

Nevertheless, the distribution skewing towards the higher end may simply be due to

the distribution of m2
0++ skewing towards the higher end and m2

1++ towards the lower

end from Π(2). As the smallest number of data sets are obtained here, again a further

inspection of the sets and correlation functions might be fruitful.

Figure 3.16 shows the mean value of 1.77 GeV 2 which is higher than the mean value

of the full distribution because the highest peak shows m2
0++ values obtained are

higher compared to m2
1++ values as can be seen in the Figures 3.5 and 3.3. While

including most of the data from the full range, the standard deviation obtained is no-

ticeably smaller than the full range of the differences albeit the distribution showing

more of a uniform configuration.
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In the last comparison in Figure 3.17, the mass squared values which show a skewing

towards the lower end are obtained from the same correlation function Π(1), the mean

value is considerably small which is−0.0245GeV 2 and may indicate that the masses

of these partners are again expected in the same small range. With the standard devi-

ation 2.19 GeV 2 and sample size of 343, again more descriptive information on the

mass of 1−+ can be said whilst examining the sets and the behaviour of the Borel

transformed correlation functions and their corresponding derivatives.

The highest peak of Figure 3.17 is shown in the Figure 3.18. The distribution resem-

bles a beta function probability distribution. Again including most of the data from

the full range of the splitting, the distribution shows the mean value −0.998 GeV 2

with the standard deviation of 0.691 GeV 2. This might indicate an expectation of

lower mass value for the 1−+ partner. Nevertheless, the small number of data can be

improved in order to reach more precise results.
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CHAPTER 4

CONCLUSION

The analyses performed yielded squared mass values of the JPC partners of the

X(3872) particle as given in the figures in Chapter 3. With the obtained results,

summarised in Table 4.1.

Correlation ∆m2
JPC Total Distribution Highest Peak HQSS Expectation

Function (GeV 2) Distribution (GeV 2) [73, 74](GeV 2)

Π(2) m2
2++ −m2

1++ 0.0375± 2.02 0.235± 0.807 1.11†−0.00

Π(2) m2
0++ −m2

1++ 1.31± 1.95 1.77± 0.926 −0.55+1.05
−0.69

Π(1) m2
1−+ −m2

1++ −0.0245± 2.19 −0.998± 0.691 0.11+0.56
−0.55

Table 4.1: Summary of squared mass comparison results. †: Upper bound is not set

precisely.

As stated in Chapter 1, heavy quark spin symmetry suggests the presence of part-

ners for the particles involving heavy quarks. In the current proposed here, there is

charmonium contribution that results in the degeneracy of the states which are repre-

sented here as 2++, 1++, 1−+, and 0++. From these partners, 1++ partner is observed

in the experiments [23] which is why the squared masses of particles are examined

with comparison to the values of squared mass values of the 1++ partner. Theoretical

values are obtained from [73] and [74] in order to compare the obtained results in this

study with the previously conducted research.

In the results, one can observe the splitting between states 2++ and 1++ is almost

uniform with a low mean value with some uniform like distribution at either end of

the distribution. The mean value implies the splitting between these states at J = 2
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follows more of a Gaussian distribution, hence the partner 2++ is expected in the same

mass interval with the 1++ partner of X(3872). Nonetheless, the values at uniform

like tails might indicate the sets constructed of the variables might be incompatible

with the correlation functions hence requiring a further investigation.

For the 0++ and 1++ couple, the distribution obtained suggests a higher mass value

the 0++ partner which is expected around 1 GeV 2 higher in the degeneracy of J = 2

current. This also brings up the question of meson-meson interaction as well thus the

structure cannot be concluded as tetraquark precisely [69]. This however still needs

to be further examined with the sets of values and corresponding Borel transformed

correlation functions and their derivatives as the standard deviation is found rather

large. The results of these comparisons might be improved with the increase of the

sample size as well.

Figures 3.17 and 3.18 show again very small mean values from these, one may deduce

that the degeneracy of J = 1 states shows a more uniform distribution compared to

the previous pair of partners hence 1−+ partner of X(3872) is also expected to have

the same mass as the 1++ partner in the J = 1 current.

In all splittings, one can compare the obtained results to the previous studies [73, 74]

along with the experimental result on the partner 1++ [75] as given in the last column

on Table 4.1. In the first splitting which is 2++ and 1++, the values found in the

previous studies [73, 74] match with the findings obtained here and the mass of 2++

can be expected in the same mass range with 1++.

In the splitting of 0++ and 1++, the distribution of the highest peak follows more

of a uniform trend while including the splitting value obtained from the theoretical

result in [73, 74] and the experimental result [75] which can be considered viable. In

addition, since both results indicate a higher mass value for 0++ partner, the value

of m2
0++ can be expected about 1 GeV higher than 1m2

++ . With the highest standard

deviation in the results, the data should be examined further in order to reach a more

definitive conclusion for this splitting.

The last pair of partners yielded a similar result with the first pair hence the results

of m2
1−+ and m2

1++ can be interpreted as the masses of both partners are expected in
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a similar range with no extreme splitting. Nevertheless, the generated sets should be

examined further so as to interpret the results in a more precise manner.

In conclusion, when the results are examined and the current theories at hand are

considered, it can be observed that the SVZSR method of the QCD shows that JPC

partners of the particle X(3872) to have almost the same mass values for 2++ and

1++ from the current j2
µν , and/or 1−+ partner to have the same mass with 1++ from

the current j1
µν . However, further study of these results and comparison with other

proposed theoretical methods and further experimentation is necessary to proceed

further to narrow the ranges of the predicted masses.
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Appendix A

MATHEMATICAL EXPRESSIONS

A.1 Gamma Function Integral Identities

The identity necessary for the integral form of 1/(x2)n can be obtained from

Γ(n) =

∞∫
0

dt tn−1 e−t (A.1)

By applying a change of variable t→ tx2 where x2 is a constant defined in Euclidean

configuration space, hence x2 > 0, one can obtain

1

(x2)n
=

1

Γ(n)

∞∫
0

dt tn−1e−t x
2

. (A.2)

A.2 Heaviside Function Integral Representation

θ(x) =
1

2π i

∞∫
−∞

dz
eizx

z − iε
(A.3)
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A.3 Borel Transformation

Borel Transformation of a correlation function that is defined in the Euclidean con-

figuration space of the momentum four-vector k2 is defined as

Π(M2) = B̂
[
Π(k2)

]
= lim

n→∞
k2→∞
k2

n
≡M2

(k2)n+1

n!

(
− d

dk2

)n
Π(k2) (A.4)

Borel transforms of simple functions are given as below.

1. B̂
[
(k2)l

]
= 0

2. B̂
[

1

(k2)l

]
=

(−1)l

(l − 1)! (M2)l−1

3. B̂
[

1

(s+ k2)l

]
=

e−s/M
2

(l − 1)! (M2)l−1

A.4 Polarisation Operator Identities

Polarisation operators here are εµ and εµν that are of the vector and tensor particles

corresponding to spin-1 and spin-2, respectively. For the vector particle, one has the

identities

kµεµ = 0

εµε
µ∗ = −1

kµεµν = 0

εµν = ενµ

εµνg
µν = 0

εµνε
µν∗ = 1

(A.5)

with their spin sum

∑
polarisation

εµε
∗
ν = −

(
gµν −

kµkν
k2

)
. (A.6)
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For the tensor particles,

∑
polarisation

εµνε
∗
αβ =− 1

2

[(
gµα −

kµkα
k2

)(
gνβ −

kνkβ
k2

)
+

(
gνα −

kνkα
k2

)(
gµβ −

kµkβ
k2

)
−2

3

(
gµν −

kµkν
k2

)(
gαβ −

kαkβ
k2

)]
=− 1

2

[
g⊥µαg

⊥
νβ + g⊥ναg

⊥
µβ −

2

3
g⊥µnug

⊥
αβ

]
.

(A.7)
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Appendix B

LIST OF COEFFICIENTS

Equation (B.1)

Π(0)4.1 =
5N2

c m
4
Q

4π8
B̂ [Π1]

Π(0)4.2 =
N2
c m

4
Q

π8
B̂ [Π2]

Π(1)4.1 =
3N2

c m
4
Q

4π8
B̂ [Π1]

Π(2)4.1 =
N2
c m

4
Q

8π8
B̂ [Π2]

Π(2)3.1.1 =
3Ncm

4
Qmq 〈q̄q〉

64π6
B̂ [Π5]

Π(1)3.1.1 =
9Ncm

4
Qmq 〈q̄q〉

32π6
B̂ [Π6]

Π(1)3.1.2 =
3Ncm

4
Qmq 〈q̄q〉

16π6
B̂ [Π6]

Π(0)3.1.1 =
33Ncm

4
Qmq 〈q̄q〉

64π6
B̂ [Π6]

Π(0)3.1.2 =
−Ncm

4
Qmq 〈q̄q〉
8π6

B̂ [Π6]

Π(2)3.2.1 =
11Ncm

4
Qmq 〈q̄q〉

64π6
B̂ [Π6]

Π(2)3.2.2 =
7Ncm

4
Qmq 〈q̄q〉

64π6
B̂ [Π6]

Π(1)3.2.1 =
33Ncm

4
Qmq 〈q̄q〉

32π6
B̂ [Π6]

Π(1)3.2.2 =
15Ncm

4
Qmq 〈q̄q〉

32π6
B̂ [Π6]

Π(0)3.2.1 =
99Ncm

4
Qmq 〈q̄q〉

64π6
B̂ [Π6]

Π(0)3.2.2 =
51Ncm

4
Qmq 〈q̄q〉

64π6
B̂ [Π6]
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In the Equation block on the previous page, the numbering system is constructed from

Equation 2.30 where the last number separated by dots are to represent the order of

the integrals from left to right. Integrals with order m2
q are not included due to the

expansion at hand being until the order of mq.

ci Value

c1

im2
Q π

2

384

c2

im4
Q π

2

7680

c3

−im4
Q π

2

96

c4

−im2
Q π

2

1536

c5

im2
Q π

2

32

c6

im4
Q π

2

384

Table B.1: Coefficients of Borel transformed integrals with their corresponding coef-

ficients for their derivatives

66



Appendix C

LIST OF INTEGRAL IDENTITIES

n = 0; ρ(s) =

s∫
0

dα(s− α)

1∫
0

dx

1∫
0

dy f(x, y) δ(α− s(x, y))

n = 1; ρ(s) =

s∫
0

dα

1∫
0

dx

1∫
0

dy f(x, y) δ(α− s(x, y))

n = 2; ρ(s) =

1∫
0

dx

1∫
0

dy f(x, y) δ(s− s(x, y))

n = 3; ρ(s) =
d

ds

 1∫
0

dx

1∫
0

dy f(x, y) δ(s− s(x, y))



(C.1)

are the spectral densities corresponding to the n values of powers of t on Equation

2.38.

Borel transformed correlation functions and the form of their derivatives are given

below.

B̂ [Πi] =i ci

s0∫
0

ds

1∫
0

dx

1−x∫
0

dy s2 e
s/M2 fi(x, y)

x2
δ

(
s−

m2
Q

4x
+
m2
Q

4y

)
(C.2)

and

∂B̂ [Πi]

∂ (1/M2)
=i ci

s0∫
0

ds

1∫
0

dx

1−x∫
0

dy s3 e
s/M2

1∫
0

fi(x, y)

x2
δ

(
s−

m2
Q

4x
+
m2
Q

4y

)
(C.3)
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with

fi(x, y) =
1

y2

[
1− 4x+ 6x2 − 4x3 − x4

]
+

4

y

[
3x− 3x2 − 1 + x3

]
+
[
−12x+ 6x2 − 4y + y2 + 4xy + 6

] (C.4)

where i = 1, 2, 3, 4, 5. The integrals corresponding to the values 3 and 4 are eliminated

due to the exclusion of their order. For i = 6,

B̂ [Π6] =i c6

[
e
−s0/M2 − 1

] 1∫
0

dx

1−x∫
0

dy
f6(x, y)

x3
δ

(
s0 −

m2
Q

4x
+
m2
Q

4y

)

−i c6

s0∫
0

ds

1∫
0

dx

1−x∫
0

dy e
−s/M2 1

M2

f6(x, y)

x3
δ

(
s−

m2
Q

4x
+
m2
Q

4y

) (C.5)

and

∂B̂ [Π6]

∂ (1/M2)
=i c6 s0 e

−s0/M2

 1∫
0

dx

1−x∫
0

dy
f6(x, y)

x3
δ

(
s−

m2
Q

4x
+
m2
Q

4y

)s=s0
s=0

−i c6

s0∫
0

ds

1∫
0

dx

1−x∫
0

dy e
−s/M2 f6(x, y)

x3
δ

(
s−

m2
Q

4x
+
m2
Q

4y

) (C.6)

with

f6(x, y) =
1

y3

[
−1 + 3x− 3x2 + x3

]
+

3

y2

[
1− 2x+ x2

]
+

1

y
[−3 + 3x+ y]

(C.7)

and ci values are given in Table B.1.
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