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ABSTRACT

BEAMFORMING DESIGN FOR NETWORK MULTIPLE-INPUT
MULTIPLE-OUTPUT (MIMO) SYSTEMS WITH MULTIPLE

COOPERATING BASE STATIONS

Kadan, Fehmi Emre
Ph.D., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Ali Özgür Yılmaz

September 2021, 149 pages

New generation cellular systems are required to support high data rates. The per-

formance of conventional systems with a single central base station is limited by

inter-cell interference. Furthermore, the network densities grow exponentially and it

is not cost-effective for operators to use a large number of fully equipped base sta-

tions in small areas. Using multiple cooperating base stations, each equipped with

multiple antennas, inter-cell interference can be eliminated by a proper beamform-

ing design. In this thesis, beamforming strategies for cloud radio access networks

and integrated access and backhaul systems are studied. In these systems, the base-

band processing is centralized, and hence by an optimized resource allocation, the

coverage can be significantly increased. Furthermore, the usage of simpler base sta-

tions decreases the cost of deployment, resulting in efficient and cost-effective system

designs. Wireless fronthaul/backhaul solutions further decrease the capital and oper-

ational expenditures of operators. The beamforming design problem has a combina-

torial nature due to fronthaul/backhaul transmissions. Applying some relaxations and

transformations, the beamforming vectors are designed and cooperation schemes of

base stations are optimized to minimize total power consumption and maximize the
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total users served under fronthaul capacity and transmit power constraints. Heuristic

search, smooth approximation, bound-based link selection, and convex optimization-

based algorithms are proposed to find suitable beamformers under realistic channel

conditions. Some novel theoretical performance bounds are also derived to observe

the limits of the algorithms and make the optimality analysis. The detailed simu-

lations show the performance benefits of the proposed techniques compared to the

existing baseline methods.

Keywords: Cloud Radio Access Network, Beamforming, Integrated Access and Back-

haul, Fronthaul, Convex Optimization
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ÖZ

BİRDEN ÇOK ORTAK ÇALIŞAN BAZ İSTASYONU İÇEREN ÇOK
GİRDİLİ ÇOK ÇIKTILI VERİ AĞLARI İÇİN HÜZME BİÇİMLENDİRME

TASARIMI

Kadan, Fehmi Emre
Doktora, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi: Prof. Dr. Ali Özgür Yılmaz

Eylül 2021 , 149 sayfa

Yeni nesil hücresel haberleşme sistemlerinin yüksek veri hızlarını desteklemesi is-

tenmektedir. Standart tek merkezi baz istasyonu içeren sistemlerin performansı farklı

hücreler arası girişim yüzünden sınırlıdır. Ayrıca ağ yoğunlukları büyük bir hızla art-

makta ve küçük bir alanda çok sayıda tam donanımlı baz istasyonu kullanımı mali

açıdan verimli olmamaktadır. Birden çok, her biri çok sayıda anten içeren, birbiriyle

koordinasyon halinde çalışan baz istasyonu kullanımı ve uygun bir hüzme biçimlen-

dirme tasarımı ile hücreler arası girişim yok edilebilir. Bu çalışmada bulut tabanlı

radio ağları ve entegre erişim ve arka ağ sistemleri için hüzme biçimlendirme tasa-

rımı incelenmiştir. Bu sistemlerde taban bant işlemler merkezi biçimde yapılmakta

ve kaynak kullanımının optimizasyonu ile kapsama alanları genişletilebilmektedir.

Ayrıca basit baz istasyonlarının kullanımı ile dağıtım maliyetleri düşürülerek etkin

ve verimli sistemler elde edilmektedir. Kablosuz ön ve arka bağlantı kullanımı ile

operatörlerin kısa ve uzun vadeli harcamaları daha da düşürülebilmektedir. Hüzme

biçimlendirme problemi doğası gereği ön ve arka ağ iletimleri yüzünden birleşimsel-
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dir. Bazı gevşetme ve dönüşümler kullanılarak toplam güç tüketimini en aza indirip

toplam hizmet verilen kullanıcı sayısı en çok olacak şekilde arka ağ kapasite ve güç

iletim koşulları altında hüzme biçimlendirme vektörleri tasarlanmakta ve baz istas-

yonları arasındaki koordinasyon optimize edilmektedir. Gerçekçi kanal koşulları al-

tında uygun hüzme biçimlendirme vektörlerinin tasarımı için sezgisel tarama, sonsuz

türevli yaklaşım, sınır tabanlı link seçimi ve konveks optimizasyon tabanlı yöntemler

önerilmiştir. Algoritmaların performans sınırlarını görmek ve eniyilik analizi yapmak

için bazı özgün teorik performans sınırları bulunmuştur. Önerilen yöntemlerin mevcut

metotlara kıyasla performans açısından faydaları detaylı benzetimlerle gösterilmiştir.

Anahtar Kelimeler: Bulut Tabanlı Radyo Ağları, Hüzme Biçimlendirme, Entegre Eri-

şim ve Arka Bağlantı, Ön Bağlantı, Konveks Optimizasyon
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CHAPTER 1

INTRODUCTION

In new generation communication systems, the number of devices participating in

the network grows exponentially. Cisco has predicted that the number of devices

connected to IP networks will be more than three times the global population, and

mobile speeds will more than triple by 2023 [1]. Fifth Generation Infrastructure Pub-

lic Private Partnership (5GPPP) states that 1 Gbps data rate should be supported to

nearly 104 devices per square kilometer with a very low transmission delay (1-10 ms)

[2]. As a result of the densification of the communication networks, data rate require-

ments become challenging. The communication systems should be well-optimized in

terms of spectral efficiency, resource allocation, energy efficiency, latency to satisfy

the end-user requirements of a huge number of communication devices.

The older cellular communication systems (2G, 3G, 4G) fail to satisfy the demands

of dense networks. In 4G LTE-A, for heterogeneous networks with a large number of

devices, small cells have been used together with existing macrocells. This approach

has increased the inter-cell interference, and Capital Expenditure (CAPEX) and Op-

erational Expenditure (OPEX) of the operators [3]. Furthermore, energy-spectral ef-

ficiency, and data rate requirements cannot be satisfied with existing network struc-

tures. Therefore, in new generation 5G cellular communication systems, a dramatic

change in radio access networks is required.

Cloud Radio Access Network (C-RAN) technology has the potential of meeting all

demands and it is a strong candidate for 5G and beyond. This technology was first

outlined by IBM in 2010 as a completely new network structure compared to current

systems [4]. In C-RAN, some complex functions of standard base stations (BSs) are

moved to baseband unit (BBU) pools including central processors (CPs). Centraliza-
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tion allows to optimize the network more efficiently and decreases the CAPEX/OPEX

of operators. Cloud-assisted base stations cooperatively serve mobile devices in an

optimized way. The cooperative transmission/reception is also used in 4G LTE-A

systems and named as Coordinated Multi-Point (CoMP) [5]. In this approach, base

stations jointly serve user equipment (UE) to increase spectral and energy efficiency.

In C-RAN, a centralized CoMP can be performed to increase the benefits of coor-

dination. As in network MIMO [6], where different base stations jointly perform

beamforming to increase the signal-to-interference-and-noise-ratios (SINRs) and data

rates, CP can design proper beamformers for each simple BS using the channel vec-

tors. Furthermore, software-defined networking (SDN) and network function virtual-

ization (NFV) provides relaxed and efficient network designs [7]. With all promising

properties, C-RAN technology allows relaxed radio resource allocation, interference

management, adaptation to non-uniform traffic, and reconfigurable BBU pools. [8].

In the C-RAN hierarchy, base stations are simple radio units called remote radio heads

(RRHs) which only implement radio functionality such as RF conversions, filtering,

and amplifying. All baseband processing is done over a pool of CPs, which are con-

nected to RRHs with finite capacity fronthaul links [9]. This approach decreases the

cost of deployment as compared to the traditional systems where each BS has its own

on-site baseband processor. Fronthaul links can be implemented using fiber optical

cables, standard wireless channels, or millimeter wave communications [10]. Wired

fronthaul can carry high-speed data at the expense of high cost and inflexible deploy-

ment. On the other hand, wireless fronthaul is more flexible and can significantly

decrease the cost of deployment at the expense of a lower capacity. The main archi-

tecture of a typical C-RAN system is described in [11].

Integrated Access and Backhaul (IAB) is a similar technology to C-RAN with wire-

less fronthaul, which is planned to be used in 5G and beyond. It was first standardized

in 3GPP Rel. 16, and some enhancements will be done in 3GPP Rel. 17. The moti-

vation behind making the backhaul transmissions wireless is to decrease the cost of

deployment of fiber optical cables. [12] states that one-meter optical fiber deployment

is estimated to cost approximately 100-200 USD in the downtown area. Therefore,

using wireless backhaul can significantly decrease the costs of operators. In IAB,

base stations share the backhaul data of users among each other and hence the cov-
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erage can be significantly increased. IAB involves macro base stations (MBSs) (or

IAB donors) that are connected to the core network, and small base stations (SBSs)

(or IAB nodes) that are used as relays for backhaul data forwarding [13]. In down-

link transmission, MBSs can directly send user data to UEs as well as they can send

necessary backhaul data to some SBSs. SBSs have not access to the core network

and they are used as relays. An SBS decodes the user backhaul data received from an

MBS, and then forward the related user data to UEs. Alternatively, an SBS can also

broadcast the user backhaul data to other SBSs to further increase the coverage.

There are different IAB transmission strategies used in the literature. As a one way,

the backhaul and access link transmissions can be performed in orthogonal resources

(different time slots or different frequency bands) to avoid interference. To increase

the spectral efficiency, full-duplex transmission can be adopted where backhaul and

access link transmissions are performed in the same time/frequency resources [14]. In

such a case, SBS should perform a self-interference cancellation operation to increase

SINRs in backhaul data decoding.

In C-RAN with wired fronthaul, all RRHs are connected to a CP by fiber cables.

In this type of network, there is a natural combinatorial user selection problem. CP

should optimize the cooperation of RRHs by determining which user data is sent to

which RRHs. Because of the limited capacity of fronthaul links, full cooperation

where each user is served by all RRHs may not be performed. In such a case, the

cooperation of RRHs should be optimized under fronthaul capacity constraints. In

general, the optimal strategy is to try all possible combinations but this approach

becomes impractical due to high computational complexity as the network size in-

creases. One needs to apply efficient algorithms to determine the RRH sets serving

each UE. In [15], we optimize cooperation of RRHs and beamforming vectors under

per-RRH data transfer and power transmit constraints for downlink transmissions. We

propose some heuristic methods using semi-definite programming (SDP).

Power consumption is one of the major costs of an operator. In C-RAN, CP can opti-

mize power allocation to minimize total power consumption in the network, resulting

in less inter-cell interference and lower cooling costs. Both fronthaul and access link

(link between RRHs and UEs) transmissions are needed to be considered to minimize
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the total power. Even for wired fronthaul networks, the fronthaul power consumption

may not be negligible. In [16], we propose a novel beamformer design method to

minimize total power consumption in downlink C-RAN with wired fronthaul. Our

method is based on a smooth approximation of discontinuous functions.

In dense networks, one of the major problems is to serve all users with finite resources.

As the bandwidth is limited, some UEs should be served in the same time/frequency

slots. To support high data rates, multi-user interference should be eliminated. This

requires well-optimized beamforming. In a cluster consisting of CP, RRHs, and UEs,

it may not be possible to serve all UEs when RRH-to-UE channel conditions are

not good enough. In such a case, we aim to serve as many UEs as possible. On

the other hand, to decrease the latency and not exceed the capacity of the fronthaul

links, the total fronthaul data rate should be minimized. To obtain an energy-efficient

network, all tasks should be performed with minimum possible power consumption.

In [17], we propose a novel method to jointly maximize the number of users served,

and minimize the fronthaul data rate and total power consumption. The proposed

method finds a proper link configuration of RRHs and UEs based on a theoretical

upper bound.

To decrease the cost of deployment, one can use a large base station located close to

CP to send the user data from CP to RRHs through wireless links. By this method, the

rate of data transmission in fronthaul links can be adaptively adjusted using proper

power allocations and beamforming schemes. In wireless fronthaul networks, RRHs

are used as relays. In such networks, both fronthaul and access link beamformer de-

signs are needed, making the problem highly complex. As another study, we consider

a beamforming design problem for downlink C-RAN with wireless fronthaul [18].

We find a tight theoretical performance bound, and propose some novel beamformer

design methods.

As in the C-RAN systems, beamformer and SBS cooperation optimization can sig-

nificantly enhance the performance of IAB systems. As the user backhaul data is

shared by SBSs, amplify-and-forward (AF) type relaying cannot be performed as the

backhaul data cannot be decoded by UEs. SBSs should perform decoding and back-

haul data should be transformed into user access link data before being transmitted to
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UEs. Hence, a user selection problem should also be addressed in IAB systems. In

the thesis work, we propose a beamformer design method for a downlink full-duplex

IAB system.

The organization of the thesis is as follows:

In Chapter 2, the design parameters, system models for C-RAN and IAB systems,

and contributions of the thesis are explained.

Chapter 3 presents a study on C-RAN with capacity-limited wired fronthaul. We op-

timize the cooperation scheme of RRHs using some heuristic search and SDP meth-

ods. We have published a conference paper in International Conference on Commu-

nications (ICC) 2017 related to this study.

In Chapter 4, we describe a power minimization problem for C-RAN with wireless

fronthaul. We propose a smooth constraint-free approximation method where dis-

continuous functions in objective and constraints are approximated as the limits of

some smooth function sequences. The related study was published in IEEE Access

in March 2021.

Chapter 5 addresses a user admission problem where the number of users served,

total fronthaul data rate, and total normalized power consumption is jointly optimized.

We again focus on downlink C-RAN with wired fronthaul. We have published a paper

on this work in IEEE Communications Letters in August 2021.

In Chapter 6, we consider a beamformer design problem for C-RAN with wireless

fronthaul. We derive a novel theoretical performance bound that shows a performance

limit for any design method. We also propose some algorithms based on convex

optimization as well as hybrid beamformer design methods to show the tightness

of the bound. In August 2021, a paper related to this study was accepted by IEEE

Transactions on Wireless Communications.

Chapter 7 describes a beamformer design study on downlink full-duplex IAB sys-

tem. We propose a solution technique based on a link removal and SDP method.

Chapter 8 is the conclusion chapter.

5



6



CHAPTER 2

DESIGN PARAMETERS, SYSTEM MODELS, AND CONTRIBUTIONS

In this chapter, we describe the design parameters, system models, and contributions

of the thesis. We focus on the beamforming design problem where we optimize some

network parameters under available resources. Throughout the thesis, we consider a

downlink transmission for C-RAN with wired and wireless fronthaul and IAB. For

both three cases, we define channel and beamformer parameters and then derive the

received signal equations. We propose novel beamformer design methods for the

cooperative multi-point transmission problem. We also derive some state-of-art theo-

retical performance bounds showing the limit of optimization.

2.1 Design Parameters

In the beamforming design, we use some channel models and optimization criteria.

The resource allocation in the network can be performed according to the available

sources and target optimization parameters.

2.1.1 Channel Error Models

To optimize a C-RAN network by designing beamformers, channel coefficients should

be known with some accuracy. In general, perfect channel state information (CSI) is

not available as the channel estimation is done via pilot signals with finite power.

There are different models for channel estimation error. It can be shown that linear

channel estimation methods with orthogonal pilot signals yield an additive channel

estimation error. The error is a random vector whose statistics may be known or not
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known. Some works assume that first or second-order statistics are known [19]-[23],

and some other works use the model where the error is norm-bounded [24]-[26]. The

first approach is used when quantization error in channel estimation is negligible and

the second one is used when quantization error is dominant [27]. Using the knowl-

edge about the channel error vectors, the beamforming design problem can be well

optimized and robustness against errors can be achieved.

To design beamformers, channel coefficients should be known with some accuracy.

In the beamformer design problems, three types of channel error models are mostly

used.

2.1.1.1 Perfect CSI Model

In this model, channel coefficients are assumed to be perfectly known. Although it is

unrealistic, the methods proposed for this case may provide some insights. Further-

more, in most cases, it is possible to modify the corresponding algorithms accordingly

when the channel is partially known. The papers [28]-[42] all assume perfect CSI.

2.1.1.2 Norm Bounded Error Model

In this assumption, it is assumed that the error vectors are in some sphere with a

known radius. This approach is used when the quantization error is dominant in

channel estimation [27]. The works with this assumption perform beamforming de-

sign using worst-case SINRs which can be defined as the minimum value of SINRs

for given error norm bounds. [24]-[27] are some of the reference papers using this

model.

2.1.1.3 Statistical Error Model

This model assumes that second-order statistics of the channel estimation error vec-

tors are known. This approach is used when the quantization error in the channel

estimation is negligible and the main source of error is the thermal noise in the re-

ceivers performing the channel estimation [27]. In this model, the mean powers of
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signal, interference, and noise terms are used in the design process. [19]-[23] use this

model.

2.1.2 Optimization Criteria

In the literature, there are different approaches to optimize the beamformers in a net-

work. User data rates, user SINRs, power consumption, and the number of users

served are widely used optimization parameters.

2.1.2.1 User Data Rate Maximization

In this method, the user data rates are maximized under transmit power and back-

haul/fronthaul capacity constraints [32]-[34]. In general, minimum or a weighted

sum of user data rates is maximized. In this approach, we optimize the beamformers

to provide high data rates to users by using all available resources in the system.

2.1.2.2 SINR Maximization

By the Shannon capacity theorem, it can be shown that the achievable rate is an in-

creasing function of the SINR [43]. Hence, to maximize the user data rates, a straight-

forward approach is to maximize user SINRs. A widely used approach includes the

maximization of the minimum SINR of users under transmit power constraints [44]-

[45]. This method is also called max-min fairness in the literature and can be viewed

as a similar version of the problem of maximization of the minimum data rate of

users.

2.1.2.3 Power Minimization

The transmit power is one of the major costs of an operator. By minimizing the power

consumption, we also decrease the cost of cooling the equipment. Furthermore, the

inter-cell interference will also be minimized when the transmit power is optimized.

The power consumption should be considered in both backhaul/fronthaul links and
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access links. In general, access link power consumption has a higher portion in total

consumption as the access link is wireless. On the other hand, the backhaul/fronthaul

power consumption may not be negligible especially when a wireless transmission in

backhaul/fronthaul links is performed.

The power minimization problem is also called Quality-of-Service (QoS) problem in

the literature. In this approach, the total power spent in the system is minimized under

user SINR constraints [24], [45]. In this method, it is guaranteed to satisfy a certain

quality of service to each user by minimizing the total power consumption in both

backhaul/fronthaul and access links.

2.1.2.4 User Admission

The number of devices participating in the network grows exponentially in new-

generation communication systems. When the channel conditions are not good enough,

it may not be possible to serve all UEs in a cluster. In such cases, a useful approach

is to maximize the number of users served. This problem is studied under the user

admission problem in the literature [38]. In the related method, a predefined SINR

threshold value is used to determine whether a user is served. It is assumed to have

as many users as possible with SINRs larger than the threshold value.

2.1.2.5 Hybrid Criteria

An operator may prefer to jointly optimize some set of data rate, SINR, power, and

user admission criteria. In such a case, an objective function including the selected

optimization parameters is defined. A widely used objective function consists of

a weighted sum of the target parameters. In [37], the cost function consists of a

weighted sum of the total transmit power and the total fronthaul data in a downlink

C-RAN system. In [17], we use a linear combination of the number of users served,

total fronthaul data, and the normalized power consumption as the objective function.
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2.2 Notations

Throughout the thesis, the vectors are denoted by bold lowercase letters and matri-

ces are denoted by bold uppercase letters. (·)T , (·)H , tr(·),E(·), ‖·‖, sgn(·), and ⊗
indicate the transpose, conjugate transpose, trace, expectation, `2 norm, sign, and

kronecker product operators, respectively. 0 describes the all-zero matrix, 0m×n and

1m×n are all-zero and all-one matrices with dimensions m × n, respectively. In is

n × n identity matrix, and A � 0 implies that the matrix A is Hermitian and pos-

itive semi-definite. diag(x1, x2, . . . , xn) denotes the diagonal matrix with diagonal

elements x1, x2, . . . , xn and diag(A) is the diagonal matrix with diagonal entries of

the matrix A. vec(A) denotes the column vector formed by the columns of the matrix

A in their natural order. C is the set of complex numbers. δ[·] corresponds to the

function satisfying δ[0] = 1, δ[x] = 0 for all x 6= 0. λmin (·) , λmax(·), λi(·), ei(·) de-

note the minimum eigenvalue, maximum eigenvalue, i-th largest eigenvalue and the

corresponding unit-norm eigenvector of the corresponding Hermitian positive semi-

definite (PSD) matrix, respectively. x ∼ CN (m,C) means that x is a circularly sym-

metric complex Gaussian random vector with mean vector m and covariance matrix

C.

2.3 General System Models

2.3.1 MIMO Communications

Using multiple antennas at transmitter and receiver sides in a communication system

can increase the signal SINRs and provides higher data rates. For AWGN channels,

the SINR can be increased by a factor of the number of transmit/receive antennas by

maximal ratio combining. When there is some fading in the channel, MIMO com-

munications can further increase the performance using spatial diversity. In this case,

beamforming can decrease the fluctuation of the received signal strength. When the

fading in different transmit-receive antenna pairs are independent, the gain provided

by beamforming becomes much better.

When there are multiple users to be served, one can use the spatial domain to mul-
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tiplex different user signals. For a flat fading channel between a transmitter and re-

ceiver, the augmented user signal vector x = [x1x2 . . . xK ]T is sent by the transmitter.

The received noise-free signal r can be written as

r = HWx (2.1)

where W is the beamforming matrix and H is the channel matrix. The matrix HW is

referred to as the effective channel matrix of the receiver. The number of columns of

the effective channel matrix is equal to the number of users.

Theoretically, the number of users to be served in the same time/frequency resource

can be as high as the rank of the corresponding channel matrix. The dimension of the

range space of HW is at most the rank of H. For a receiver to obtain x1, x2, . . . , xK

separately, the equation (2.1) should have a unique solution. This is true when the

dimension of the range space of the matrix HW is equal to the number of users.

As the rank of a matrix is limited by the number of columns, we conclude that in

a multi-user MIMO system, the number of users simultaneously served in the same

time/frequency resource can be at most the number of transmit antennas.

Throughout the thesis, we assume that multiple-antenna base stations serve multiple

users each with a single antenna. This system can be considered as a distributed

multi-user multiple-input-single-output (MISO) system.

2.3.2 Propagation Models

To design beamformers for MIMO systems, the corresponding channel coefficients

should be estimated. In this study, we assume that all channels are flat fading, constant

over a transmission period, and known by CP by some additive error. The channel

estimation can be performed using pilot signals in the uplink transmission stage for

time-division-duplex systems.

We assume that beamforming coefficients are designed for narrowband signals where

the channel is assumed to be flat fading. For OFDMA systems, this corresponds to

design beamformers for each resource block. We model channel coefficients consid-

ering large and small-scale fading effects. The large-scale effects are composed of
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distance-dependent path-loss and log-normal shadowing. We adopt some path-loss

models according to the network type, base station type, and distance between trans-

mitter and receiver. The shadowing variance also depends on the network and base

station type. The small-scale fading is formed by Rayleigh distribution. We assume

that the small-scale fading component is a complex random variable with independent

Gaussian real and imaginary parts. The channel coefficient between a transmitter and

receiver antenna pair is given by

h = hlargehsmall (2.2)

where hlarge = 10(a+b log(d))/20 and hsmall ∼ CN (0, 1). Here a and b are parameters

of the path-loss model, and d denotes the distance between the transmitter and the

receiver. In general, the parameters a and b depend on the frequency, and the network

and base station types.

2.3.3 User and Base Station Locations

In all thesis work, we consider a cluster of UEs and BSs. All users and BSs in this

cluster are distributed in a circular area. We focus on a specific time/frequency re-

source block to serve multiple users in a cluster. We ignore inter-cluster interference

due to other nearby clusters. This can be achieved by using different frequency re-

source blocks for adjacent clusters.

The base station antennas cover some interval of elevation angles and hence the signal

levels are low when the receiver is very close to the base station. Due to this fact, we

need different path-loss models for small distances. Furthermore, because of security

reasons, it will not be possible to be present very close to a base station. Therefore,

we define forbidden regions around base stations and distribute all users randomly in

the permitted region following a uniform distribution.

2.3.4 Coordinated Transmission

When BSs are managed by a central unit, it becomes possible to serve a user by jointly

coordinated transmissions. We assume that the time synchronization of coordinated
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BSs is perfect. Multiple BSs transmit the same information from different locations

simultaneously to the same UE. In this scenario, the received noise-free signal rk of

the k-th UE can be written as

rk =
N∑
n=1

hHk,nwk,nsk (2.3)

where hk,n’s are channel vectors between BSs and the k-th UE, and wk,n’s are beam-

former vectors for the k-th user signal. (We define hk,n as a column vector and hence

we use the term hHk,n in the received signal equation.) sk denotes the k-th user infor-

mation signal. According to this model, as we assume perfect time synchronization,

the received signals coming from all BSs are coherently added at the user receiver.

When the beamformer vectors are jointly optimized by the central unit, the received

signal power can be increased and the performance of the system can be enhanced.

2.4 Radio Access Network Types and Signal Models

In multi-base-station networks, base stations share the user data among each other to

increase the coverage. In C-RAN, the user fronthaul data is transmitted from CP to

RRHs. In IAB, the user backhaul data is sent from MBSs to SBSs. In this thesis,

we consider C-RAN with wired and wireless fronthaul, and IAB networks having

wireless backhaul. For each network type, we derive the system model and define

the necessary parameters. The received signals by the RRHs, SBSs, and UEs will be

written in terms of channel and beamformer vectors. These models will be used in

SINR derivations and beamformer design methods that we propose.

2.4.1 C-RAN with Wired Fronthaul

The standard C-RAN includes a wired fronthaul where user data is sent by CP to

RRHs over fiber optical cables. Throughout this thesis, in these types of networks,

we consider a downlink C-RAN scenario where there are N RRHs, which are all

connected to a CP via wired fronthaul links, and K users. Each RRH has L antennas

and each UE has a single antenna. All RRH-to-UE channels include both small and

large scale fading and they are assumed to be constant over a transmission period.
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Figure 2.1: A block diagram of a downlink C-RAN with wired fronthaul.

In Fig. 2.1, we see a typical block diagram of a downlink C-RAN with wired fron-

thaul. In this example, there are 3 RRHs and 5 UEs. Each RRH serves 3 UEs. There

are 9 data streams in total transmitted through fronthaul links.

In Table 2.1, we list all variables used in the equations derived for C-RAN with wired

fronthaul. We use the complex baseband model. We denote the channel and the

corresponding beamformer vectors between the n-th RRH and the k-th UE as hk,n ∈
CL and wk,n ∈ CL, respectively.
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Table 2.1: Description of Variables for C-RAN with Wired Fronthaul

Variable Description

K the number of UEs

N the number of RRHs

L the number of RRH antennas

sk : scalar user data of the k-th UE

hk,n : L× 1 true channel vector between the n-th RRH and the k-th UE

ĥk,n : L× 1 estimated channel vector between the n-th RRH and the k-th UE

∆hk,n : L× 1 channel error vector between the n-th RRH and the k-th UE

hk = [hT
k,1 hT

k,2 · · · hT
k,N ]T augmented true channel vector between the RRHs and the k-th UE

ĥk = [ĥ
T

k,1 ĥ
T

k,2 · · · ĥ
T

k,N ]T augmented estimated channel vector between the RRHs and the k-th UE

∆hk = [∆hT
k,1 ∆hT

k,2 · · · ∆hT
k,N ]T augmented channel error vector between the RRHs and the k-th UE

wk,n : L× 1 beamforming vector of the n-th RRH for the k-th UE

wk = [wT
k,1 wT

k,2 · · · wT
k,N ]T augmented beamforming vector of the k-th UE

zUE,k : scalar receiver noise term of the k-th UE

σ2
UE,k average receiver noise power of the k-th UE

σ2
k,n average channel estimation error power of ∆hk,n

We use the statistical channel error model where the second order statistics of the

additive channel error vectors are known. We use the channel model

hk,n = ĥk,n + ∆hk,n (2.4)

where ĥk,n is the estimated channel vector for the channel between the n-th RRH and

k-th UE, and ∆hk,n is the corresponding error with ∆hk,n ∼ CN (0, σ2
k,nIL). ∆hk,n’s

are assumed to be independent for all k, n. We assume that σk,n for all k, n is known

by CP. In this study, we assume that CP uses instantaneous channel estimates ĥk,n and

error standard deviations σk,n to design transmit beamformers.

If the n-th RRH does not send the data of the k-th UE, then we assume that wk,n =

0. We define augmented channel and beamformer vectors as hk = ĥk + ∆hk =

[hTk,1 hTk,2 · · · hTk,N ]T and wk = [wT
k,1 wT

k,2 · · · wT
k,N ]T . We denote the information

data of the k-th user by sk whose power is assumed to be unity. We assume that
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zUE,k ∼ CN (0, σ2
UE,k) where zUE,k is the noise term in the k-th UE receiver. In this

case, the signal received by the k-th UE can be expressed by

rwired,k =
N∑
n=1

hHk,n
K∑
`=1

wn`s` + zUE,k = hHk
K∑
`=1

w`s` + zUE,k

= ĥ
H

k wksk︸ ︷︷ ︸
desired

+ ∆hHk wksk︸ ︷︷ ︸
mismatch

+ hHk
∑
`6=k

w`s`︸ ︷︷ ︸
interference

+ zUE,k︸︷︷︸
noise

, ∀k. (2.5)

In (2.5), the desired part includes the desired signal for the k-th UE. Notice that it

contains only the channel estimate for the k-th user which is the only useful part for

the receiver of the corresponding UE. We assume that the effective channel coefficient

ĥ
H

k wk is known by the k-th user. The mismatch part is stemming from the channel

error for the k-th user signal. Although it includes sk term, the corresponding signal

is not useful as its coefficient is not known by the receiver due to uncertainty in the

channel estimates. The interference part contains the interference signal including the

signals for other users. The noise term is related to UE receiver noise.

Notice that when we have a perfect channel knowledge, we can obtain the related

equations by setting σk,n = 0 for all k, n. In this case, the mismatch part becomes

zero as there is no channel estimation error.

2.4.1.1 Literature Overview

There are a lot of studies related to C-RAN with wired fronthaul. The beamforming

design and user selection methods involve different techniques. `0/`1 norm approx-

imation [46]-[51], group sparse beamforming with `0/`2 norm approximation [39],

[52], [53], successive convex approximation [54]-[55], uplink-downlink duality [56],

smooth approximation with subspace projection [37], [57], zero-forcing beamform-

ing [58], heuristic search with convex optimization [41], [42] are some of the tech-

niques used in the C-RAN system optimization. As another approach, it can be aimed

to find the largest set of users which can be served by the RRHs where each user data

is sent only by a single RRH [38]. The power consumption of RRHs under active and

sleeping modes can also be included in the power minimization problem as done in

[39], [57]. In [37], the cost function consists of a weighted sum of the total transmit
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power and the total fronthaul data. Cluster formation [59], effect of user traffic delay

[60], and codebook-based designs [55] are also analyzed in the literature.

2.4.2 C-RAN with Wireless Fronthaul

The C-RAN with wireless fronthaul concept is similar to two-hop multi-destination

multi-antenna relaying networks. Usage of wireless fronthaul decreases the cost of

deployment of fiber cables at the expense of higher interference and worse channel

conditions in fronthaul transmissions.

In C-RAN with wireless fronthaul, RRHs forward user data, and they are used as re-

lays. In relay systems, there are different types of multi-hop mechanisms such as AF,

decode-and-forward (DF), and decompress-and-forward (DCF), etc. The correspond-

ing method is determined by the operation applied by RRHs to the signal received

from fronthaul links before transmitting to users. AF-type systems are the simplest

ones where RRHs only apply some scaling to the received data [24]-[25]. In DF-

based systems, RRHs apply decoding to the UE data requiring baseband processing

ability for RRHs [28]-[29]. In DCF-based systems, both decoding and decompressing

capabilities are necessary [30]-[31]. In DF and DCF based systems, some cooperation

should be performed between CP and RRHs to decide which RRHs to decode which

user data. In general, this requires a combinatorial search that makes the design com-

plex. On the other hand, as the user data is decoded, assuming perfect decoding for

sufficiently high SINR, the interference between user signals can be eliminated at

RRHs allowing to satisfy a higher performance for users. In general, AF systems are

simpler but when we use AF relaying, the interference cannot be perfectly eliminated

at RRHs. In C-RAN systems, it is intended to make RRHs as simple as possible to

decrease the deployment cost, and hence AF systems are more attractive.

In the wireless fronthaul case, frequency bands of the fronthaul and the access links

(links between RRHs and UEs) may be the same or different. In the in-band sce-

nario where the two frequency bands are the same, the RRHs should be capable of

performing self-interference cancellation which increases the equipment complexity.

To make the RRHs simpler, either the two frequency bands may be separated or a

time-division-based transmission can be used.
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We consider the downlink of a C-RAN cluster including a CP with M antennas, N

RRHs each with L transmit/receive antennas, and K UEs each with a single antenna.

All CP-to-RRH and RRH-to-UE channels are assumed to be flat, constant over a

transmission period. We assume a two-stage transmission scheme where fronthaul

and access link transmissions are performed in different time slots. In the first stage,

the user data is sent from CP to RRHs over wireless channels. RRHs apply some lin-

ear transformation to the received data as in AF relaying using beamforming matrices

and forward the transformed signal to the UEs in the second stage. We assume that

RRHs are simple radio units without the capability of baseband processing and hence

they cannot decode the user data. Therefore, AF relaying mechanism is considered in

this model. In Fig. 2.2, we see the general block diagram of the model used.

Figure 2.2: Block Diagram of Downlink C-RAN with Wireless Fronthaul.

Table 2.2 shows all variables used in the equations derived for wireless fronthaul case.

We consider the complex baseband model and denote the channel between CP and

n-th RRH as Gn ∈ CM×L, the channel between n-th RRH and k-th UE as hk,n ∈ CL,

the beamformer vector of CP for k-th UE as vk ∈ CM , and beamforming matrix for n-

th RRH as Wn ∈ CL×L. The received signal of the n-th RRH in the first transmission
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Table 2.2: Description of Variables for C-RAN with Wireless Fronthaul

Variable Description

K the number of UEs

N the number of RRHs

L the number of RRH antennas

M the number of CP antennas

sk : scalar user data of the k-th UE

hk,n : L× 1 true channel vector between the n-th RRH and the k-th UE

ĥk,n : L× 1 estimated channel vector between the n-th RRH and the k-th UE

∆hk,n : L× 1 channel error vector between the n-th RRH and the k-th UE

hk = [hT
k,1 hT

k,2 · · · hT
k,N ]T augmented true channel vector between the RRHs and the k-th UE

ĥk = [ĥ
T

k,1 ĥ
T

k,2 · · · ĥ
T

k,N ]T augmented estimated channel vector between the RRHs and the k-th UE

∆hk = [∆hT
k,1 ∆hT

k,2 · · · ∆hT
k,N ]T augmented channel error vector between the RRHs and the k-th UE

Gn : M × L true channel matrix between the CP and the n-th RRH

Ĝn : M × L estimated channel matrix between the CP and the n-th RRH

∆Gn : M × L channel error matrix between the CP and the n-th RRH

G = [G1 G2 · · · GN ] augmented channel matrix between CP and RRHs

Wn : L× L beamforming matrix of the n-th RRH

W = diag (W1, W2, . . . , WN ) augmented beamforming matrix of the n-th RRH

vk : M × L beamforming vector of the CP for the k-th UE

zUE,k : scalar receiver noise term of the k-th UE

zRRH,n : L× 1 receiver noise term of the n-th RRH

zRRH = [zTRRH,1 zTRRH,2 · · · zTRRH,N ]T augmented noise vector of RRHs

σ2
UE,k average receiver noise power of the k-th UE

σ2
RRH,n average receiver noise power of each receive channel of the n-th RRH

σ2
1,n variance of each entry of ∆Gn

σ2
2,k,n variance of each entry of ∆hk,n
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stage can be written as

xn = GH
n

K∑
k=1

vksk + zRRH,n, n = 1, 2, . . . , N (2.6)

where sk denotes the k-th UE data which satisfies E[|sk|2] = 1, ∀k = 1, 2, . . . , K

and zRRH,n ∼ CN (0, σ2
RRH,nIL) is the noise term in the corresponding RRH. After the

first stage, the transformed signal by n-th RRH is given by

yn = Wnxn, n = 1, 2, . . . , N. (2.7)

In this case, the received signal by the k-th UE can be expressed by

rwireless,k =
N∑
n=1

hHk,nyn + zUE,k =
N∑
n=1

hHk,nWn

(
GH
n

K∑
`=1

v`s` + zRRH,n

)
+ zUE,k

=
N∑
n=1

hHk,nWnGH
n vksk +

N∑
n=1

K∑
`6=k

hHk,nWnGH
n v`s` +

N∑
n=1

hHk,nWnzRRH,n

+ zUE,k.

(2.8)

Here zUE,k ∼ CN (0, σ2
UE,k) denotes the noise term in the k-th UE. In order to simplify

expressions, we define augmented channel, beamformer and noise vectors/matrices as

given below:

hk = [hTk,1 hTk,2 · · · hTk,N ]T , W = diag (W1, W2, . . . , WN) ,

G = [G1 G2 · · · GN ] , zRRH = [zTRRH,1 zTRRH,2 · · · zTRRH,N ]T .
(2.9)

Using the augmented variables, we can write rwireless,k as

rwireless,k = hHk WGHvksk +
∑
`6=k

hHk WGHv`s` + hHk WzRRH + zUE,k. (2.10)

We model the channel estimates as Gn = Ĝn + ∆Gn, hk,n = ĥk,n + ∆hk,n where

Ĝn and ĥk,n are channel estimates, ∆Gn is a zero-mean complex Gaussian matrix

with independent entries each with variance σ2
1,n and ∆hk,n ∼ CN

(
0, σ2

2,k,nIL
)

is

a circularly symmetric Gaussian vector. We also assume that ∆Gn and ∆hk,n are

independent for all k and n. Using the error vectors and matrices, we can form the

corresponding augmented variables as shown in (2.11).

ĥk = [ĥ
T

k,1 ĥ
T

k,2 · · · ĥ
T

k,N ]T , Ĝ =
[
Ĝ1 Ĝ2 · · · ĜN

]
,

∆hk = [∆hTk1 ∆hTk2 · · · ∆hTkN ]T , ∆G = [∆G1 ∆G2 · · · ∆GN ] .
(2.11)
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Using the new variables and (2.10), we can write rwireless,k as

rwireless,k = ĥ
H

k WĜ
H

vksk︸ ︷︷ ︸
desired

+
(

hHk WGHvk − ĥ
H

k WĜ
H

vk
)
sk︸ ︷︷ ︸

interference part 1

+
∑
`6=k

hHk WGHv`s`︸ ︷︷ ︸
interference part 2

+ hHk WzRRH + zUE,k︸ ︷︷ ︸
noise

.

(2.12)

In (2.12), the desired part includes the desired signal for the k-th UE. Notice that

it contains only the channel estimates for the k-th UE which is the only useful part

for the receiver of the corresponding UE. Interference part 1 is related to the channel

mismatch for the k-th UE signal. Although it includes the sk term, the corresponding

signal is not useful as its coefficient is not known by the receiver due to uncertainty in

the channel estimates. Interference part 2 is the actual interference signal including

the signals for other users. The noise term is the combination of the amplified and

forwarded RRH receiver noise and UE receiver noise.

2.4.2.1 Literature Overview

Works related to wireless fronthaul cases are limited in number compared to the stan-

dard wired case. The problem for wireless fronthaul case is similar to two-hop relay-

ing. Most studied relaying mechanisms for C-RAN with wireless fronthaul concept

are AF, DF, and DCF. In [28] DF relaying is assumed where each RRH can decode

only a single user’s data at once. If more than one user’s data is to be decoded, decod-

ing is done by time division. The combinatorial problem of choosing the set of user

data to be decoded by each RRH is solved in [28] while an semi-definite relaxation

(SDR) based beamformer optimization is done under the perfect CSI assumption.

[29] also analyzes DF relaying where a weighted sum of user data rates is maximized

under power transmit limit. There is a constraint that each RRH can serve a single

user. Beamformer optimization is performed using SDR and perfect CSI is assumed.

In [30] both DF and DCF approaches are considered where the set of user data to be

decoded by each RRH is assumed to be known and beamforming optimization is done

using the difference of convex method. Data rate maximization under power limit is

analyzed for the perfect CSI case. [31] is the generalized version of [30] where there

22



is more than one RRH cluster each controlled by a different CP. [24] uses AF type re-

laying with a norm-bounded channel estimation error model. Using worst-case SINR

formulas total power is minimized under SINR constraints. In that work, fronthaul

beamformers are assumed to be known and access link beamformers are designed

using SDR methods along with a zero-forcing based approach implemented for com-

parison. In [25], a two-hop AF relaying problem is studied under the norm-bounded

channel error model. As all independent sources have a single antenna, fronthaul

beamforming is not applicable, only access link beamforming design is studied. SDR

method is used to minimize the total transmit power under SINR constraints.

2.4.3 Integrated Access and Backhaul (IAB)

In IAB, there are macro and small base stations denoted by MBS and SBS, respec-

tively. They are also referred to as IAB donors and IAB nodes [12]. The main prop-

erties of MBS and SBS are listed below [13]:

MBS:

1) MBS is connected to the core network by cables.

2) MBS can directly serve a user.

3) MBS can send the backhaul data of some users to SBSs to increase the coverage.

SBS:

1) Core network access is not available.

2) They can be used as decode-and-forward type relays. They can decode the user

backhaul data coming from MBSs.

3) They can serve a set of users.

4) They can broadcast the user backhaul data to other SBSs. (Multi-hop relaying)

5) SBSs can use the same antennas for backhaul transmissions between MBSs and

access link transmissions between UEs. (Virtual IAB mobile termination antenna)

6) SBSs can use full-duplex radio where backhaul and access link transmissions are

performed in the same time/frequency resources.

In Fig. 2.3, we see a typical IAB system diagram.
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Figure 2.3: A typical full-duplex IAB system diagram [14].

C-RAN has a lot of similarities to IAB. C-RAN with wireless fronthaul can be viewed

as a special case of IAB. We list the similarities and differences of IAB and C-RAN

in Table 2.3:

Table 2.3: IAB vs C-RAN

IAB C-RAN

MBS sends the backhaul data to SBSs CP sends the fronthaul data to RRHs

SBSs are used as relays RRHs are used as relays

Half/Full-duplex radio in SBS is possible Half/Full-duplex radio in RRH is possible

SBSs decodes the backhaul data RRHs can use AF, DF, or DCF type relaying

MBS can directly serve users In standard C-RAN, only RRHs send access link data to users

We design beamformers for a downlink full-duplex IAB system. To obtain the system

model, we follow the assumptions given below:

1) There is a single MBS sharing user backhaul data with N SBSs. There are K UEs.

2) Single hop relaying is used. SBSs do not share the backhaul data.

3) MBS-to-SBS and SBS-to-UE transmissions are performed in the same time slot

and frequency band. MBS-to-UE transmissions (direct access) are performed in the

orthogonal resource blocks and do not interfere with MBS-to-SBS and SBS-to-UE
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transmissions.

4) MBS hasM antennas, UEs have a single antenna. SBSs have L+1 antennas. They

use 1 antenna to receive the backhaul signals from MBS and L antennas to transmit

user data in access links.

5) A user k is served by a set Nk of SBSs. Different Nk sets may overlap. An SBS n

serves a set Kn of users. Different Kn sets may overlap.

6) SBSs can perform self-interference cancellation to eliminate the interference signal

due to access links.

In this study, we do not consider direct access by MBS to UEs as it is a well-known

multi-user beamforming problem. We focus on relaying scheme consisting of MBS-

to-SBS and SBS-to-UE transmissions. We consider backhaul and access links sepa-

rately. In Table 2.4, we list the description of variables used in the equations.

Table 2.4: Description of Variables for IAB

Variable Description

Kn index set of users served by the n-th SBS

Nk index set of SBSs serving the k-th UE

sAk : scalar access link data of k-th UE

sBk : scalar backhaul link data of k-th UE

hk,n : L× 1 channel vector between the n-th SBS and the k-th UE

hk,0 : M × 1 channel vector between the MBS and the k-th UE

gm,n : L× 1 channel vector between the n-th SBS and the m-th SBS

gn,0 : M × 1 channel vector between the MBS and the n-th SBS

vk : M × 1 backhaul link beamforming vector of the MBS for the k-th UE

wk,n : L× 1 access link beamforming vector of the n-th SBS for the k-th UE

βSI reduction factor of self-interference in SBSs

zSBS,n : scalar receiver noise term of n-th SBS

zUE,k : scalar receiver noise term of k-th UE

σ2
SBS,n average receiver noise power of n-th SBS

σ2
UE,k average receiver noise power of k-th UE

To interpret the sets Kn and Nk, we define a network link matrix C with dimensions
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K × N and entries ck,n such that ck,n = 0 if and only if k ∈ Kn and n ∈ Nk, and

ck,n = 1 otherwise. We assume that if ck,n = 1 then wk,n = 0. In other words, if a

user is not served by an SBS, then the corresponding access link beamformer is set to

zero. We also assume that the signal terms sAk and sBk have unity power for all k.

2.4.3.1 Backhaul Link

To serve all users in a cluster of MBS, SBSs, and UEs, all user backhaul data is sent

from MBS to SBSs. The received signal of n-th SBS can be written as

xbackhaul,n =
K∑
k=1

gHn,0vksBk +
K∑
k=1

N∑
m=1

gHm,nwk,ms
A
k + zSBS,n. (2.13)

The second term in the equation (2.13) includes both self-interference of n-th SBS

and interference due to access link transmissions of other SBSs. We assume that the

self-interference term can be reduced by a factor βSI.

2.4.3.2 Access Link

In the access link, user access link data is sent from SBSs to UEs. It is assumed

that each SBS can decode the related user data perfectly in the backhaul transmission

stage and form the user access link data without any error. The received signal by the

k-th user can be written as

xaccess,k =
N∑
n=1

hHk,nwk,ns
A
k +

K∑
` 6=k

N∑
n=1

hHk,nw`,ns
A
` +

K∑
`=1

hHk,0v`sB` + zUE,k. (2.14)

In (2.14), the first term is the desired signal term, the second term corresponds to the

multi-user interference in the access link and the third term is related to the interfer-

ence due to backhaul transmissions.
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2.4.3.3 Literature Overview

For IAB systems, the related literature work is generally studied under self-backhauling.

Interference mitigation [61]-[63], power minimization [64]-[66], throughput maxi-

mization [67]-[69], utility optimization [70]-[72], energy [73] and spectral efficiency

maximization [74]-[75] are investigated in the literature.

2.5 Contributions of the Thesis

The thesis studies focus on beamformer design in downlink transmissions of C-RAN

with wired and wireless fronthaul and IAB. We propose novel beamforming algo-

rithms and state-of-the-art theoretical performance bounds. We list all contributions

in the following subsections.

2.5.1 Cooperation Optimization in C-RAN with Capacity Limited Wired Fron-

thaul

In this study, we aim to find a cooperation scheme under per-RRH data transfer con-

straint where each RRH can send a limited number of user data streams, which can be

used to ensure not to exceed the capacity of any of the fronthaul links [15]. The orig-

inal problem is NP-hard and requires an extensive number of combinatorial searches.

We solve the design problem using novel heuristic search methods. We propose two

sub-optimal approaches to find a low complexity solution. In the first method, we

start with an initial user set and iteratively increase the number of users served by the

BSs. In the second method, we start with a case where each user data is sent to a

single BS, and iteratively adds a user to a BS while satisfying the SINR constraints of

all users. Finally, we consider several scenarios to present the performance results of

the proposed algorithms by detailed simulations.
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2.5.2 Power Optimization for C-RAN with Wired Fronthaul

In this study, we minimize total fronthaul and access link power consumption by

optimizing beamformers under per-RRH power transmit constraints and imperfect

channel knowledge [16]. We first define an equivalent combinatorial search problem

that can be optimally solved by a finite number of convex optimizations. The origi-

nal problem includes discontinuous terms in both cost and constraints. We transform

the original problem into a smooth constraint-free function optimization problem and

propose a novel method to find a solution using gradient descent. To make a compar-

ison, we consider a heuristic search method and three sparse techniques with `0/`1,

`0/`2 norm approximations, and convex approximation, respectively. We find a the-

oretical lower bound for the power spent in terms of channel vectors. The resulting

bound can be used for optimality analysis of an algorithm as no algorithm can per-

form better than the bound. We perform detailed simulations with realistic channel

conditions and compare the performances of all algorithms analyzed. We also make

an optimality analysis by comparing the power values of the algorithms with the the-

oretical lower bound.

2.5.3 User Admission for C-RAN with Wired Fronthaul

In this work, we optimize a mixed expression including the number of UEs served,

total fronthaul data, and total transmit power [17]. All these target parameters are sep-

arately optimized in the literature with different techniques. The main contribution

of the related paper is to find a new beamformer design method that jointly optimizes

all the target parameters under imperfect channel state information and power con-

straints. We show that the original problem is equivalent to solving a finite number

of convex problems, each corresponding to a different cooperation topology. The

number of such trials grows exponentially with the number of RRHs and UEs. To

find a practical solution we find a theoretical upper bound to the expression defined

and propose a novel method that uses a link selection algorithm based on the bound

derivation. To make a comparison, we consider four different methods, all of which

are modified versions of existing techniques. We compare the performances of all

methods by various simulations.

28



2.5.4 A Theoretical Performance Bound for C-RAN with Wireless Fronthaul

This work finds a novel theoretical lower bound for total power spent in the C-RAN

system with wireless fronthaul [18]. The bound expression includes network and

channel parameters. By detailed simulations, we show the tightness of the bound. In

general, the papers related to C-RAN propose different design methods whose op-

timality is not known due to the lack of a theoretical bound or a globally optimum

solution. To the best of our knowledge, there is no other work deriving a bound.

We also propose four novel design methods. Two of them are based on convex op-

timization with the SDR approach and the other two are based on a combination of

well-known methods. Because of the mixed structure of CP and RRH beamformers in

SINR expressions, convex optimization cannot be directly applied. We organize the

related expressions for which the SDR approach is applicable. For similar reasons,

the direct application of well-known methods is also not possible. We solve a system

of equations to apply these algorithms. We perform detailed simulations to observe

the performances of the proposed methods. We make a comparison to the theoretical

bound for different network parameters.

2.5.5 Power Optimization for Integrated Access and Backhaul

We perform a beamformer design study on a downlink full-duplex IAB system. Using

semi-definite programming and iterative link removal methods, we propose a novel

solution technique minimizing total power consumption under user SINR and power

transmit constraints. The simulations show the effectiveness of the proposed tech-

nique.
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CHAPTER 3

COOPERATION OPTIMIZATION FOR C-RAN WITH CAPACITY

LIMITED WIRED FRONTHAUL

3.1 Problem Definition

In this chapter, we describe a beamformer design problem for downlink C-RAN with

capacity-limited wired fronthaul [15]. In this study, we assume that fronthaul ca-

pacities are limited, and hence full cooperation may not be possible. We optimize

the cooperation strategy of the RRHs to minimize total power consumption under

per-RRH data transfer constraints, which is related to fronthaul capacities.

We use the system model described in Section 2.4.1. Throughout this work, we as-

sume that all channel vectors are perfectly known by the CP.

To eliminate the interference between the users, a cooperative transmission idea is

used by sharing the UE signals among the RRHs via the CP. To reduce the interfer-

ence, all the UE data may be sent to each RRH, which is referred to as full cooper-

ation. However, this may result in exceeding the capacity of the fronthaul links. To

mitigate this problem, we put a cooperation constraint on each RRH. We assume that

an RRH can serve at most Kmax users. Since each UE data should be sent by at least

one RRH, we have the constraint K/N ≤ Kmax ≤ K.

Using the received signal equation given in (2.5), the received SINR for the k-th UE

is given by

SINRk =
|hHk wk|2∑

`6=k

|hHk w`|2 + σ2
UE,k

, ∀k. (3.1)

Notice that we assume perfect channel knowledge and hence we can write the SINR
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expressions as given in (3.1). In order the ensure high quality reception for UEs, an

SINR constraint is used for each user, i.e.

SINRk ≥ γk, ∀k (3.2)

where γk’s are predefined SINR thresholds. In order to express per-RRH data transfer

constraints, we define a network link matrix C with dimensions K ×N , where each

entry ck,n is either 0 or 1. If the n-th RRH sends the information signal of the k-th

UE, then ck,n = 0, otherwise ck,n = 1. There is a link between the n-th RRH and the

k-th UE if and only if ck,n = 0. Then we have

N∑
n=1

ck,nBnwk = 0, ∀k (3.3)

where Bn is an NL×NL diagonal matrix defined as

Bn = diag(

(n−1)L︷ ︸︸ ︷
0, 0, . . . , 0,

L︷ ︸︸ ︷
1, 1, . . . , 1,

(N−n)L︷ ︸︸ ︷
0, 0, . . . , 0), n = 1, 2, . . . , N. (3.4)

Hence, per-RRH data transfer constraints can be written as

K∑
k=1

ck,n ≥ K −Kmax, ∀n = 1, 2, . . . , N. (3.5)

(Notice that ck,n = 1 when the corresponding link is not used.)

Let Wk = wkwH
k , Hk = hkhHk . Then the SINR expressions can also be written as

SINRk =
tr (HkWk)∑

6̀=k

tr (HkW`) + σ2
UE,k

, k = 1, 2, . . . , K. (3.6)

The matrices of the form
N∑
n=1

ck,nBn are diagonal with diagonal entries 0 and 1, and

hence they are all positive semi-definite. Therefore, we obtain that

N∑
n=1

ck,nBnwk = 0 ⇐⇒
N∑
n=1

ck,n tr (BnWk) = 0, ∀k. (3.7)

In the asymmetric cooperation problem, our aim is to minimize the total transmitted

power by the RRHs under the SINR and per-RRH data transfer constraints. Using
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(3.5), (3.6) and (3.7), the problem can be formulated as

(P1) min
{Wk}Kk=1,C

K∑
k=1

tr(Wk)

s.t.
tr (HkWk)∑

`6=k

tr (HkW`) + σ2
UE,k

≥ γk ∀k,

N∑
n=1

ck,n tr (BnWk) = 0 ∀k,

K∑
k=1

ck,n ≥ K −Kmax ∀n,

rank(Wk) = 1,Wk � 0 ∀k.

(3.8)

(P1) is a separable homogeneous quadratically constrained quadratic programming

(QCQP) type problem which is known to be NP-hard [76]. Given the network link

matrix C, the problem (P1) can be optimally solved using the SDR approach by omit-

ting the rank 1 constraints. Consider the relaxed problem (P1-r) for a given C defined

in (3.9).

(P1-r) min
{Wk}Kk=1

K∑
k=1

tr(Wk)

s.t.
tr (HkWk)∑

`6=k

tr (HkW`) + σ2
UE,k

≥ γk ∀k,

N∑
n=1

ck,n tr (BnWk) = 0 ∀k,

Wk � 0 ∀k.

(3.9)

For full-cooperation case where C = 0, (P1) can be solved using generalized uplink-

downlink duality [41], [77], however, this solution cannot be directly generalized to

all C matrices. Since the cost and all constraints are convex, standard interior point

algorithms using convex optimization can be applied to find the solution of (P1).

Using the ideas in [54], [78], in Appendix A, it is proved that the relaxed problem

(P1-r) yields an optimal solution satisfying rank(Wk) = 1, ∀k. Hence, to find the

optimal solution of (P1), we need to solve (P1-r) for all possible C matrices with an

exhaustive search (ES) and determine the one with the minimum total power. This
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is a combinatorial search problem that requires a lot of convex optimizations. Sub-

optimal approaches will be discussed in the following section.

3.2 Sub-Optimal Techniques for Asymmetric Cooperation under per-RRH Data

Transfer Constraint

Combinatorial search can be effectively reduced by the iterative selection of C ma-

trices based on the full cooperation scenario where C is all-zero. In this study, we

discuss 4 algorithms originating from the full cooperation case. Each algorithm iter-

atively finds a proper C matrix which satisfies the constraints in (P1), i.e.,

K∑
k=1

ck,n ≥ K −Kmax, ∀n = 1, 2, . . . , N

N∑
n=1

ck,n < N, ∀k = 1, 2, . . . , K.

(3.10)

In (3.10), the first constraint is the per-RRH data transfer constraint, and the second

one is to ensure that each UE data is sent by at least one RRH, which is needed for

the corresponding SINRs to be non-zero. Adding an extra link to the system does

not increase the optimal transmitted power, hence in the optimal case, each RRH has

exactly Kmax links. Using this fact, the number of convex optimizations required for

ES can be calculated as given in Theorem 3.1.

Theorem 3.1: The number NCOES of convex optimizations required for ES is given

by

NCOES =
K∑
i=0

(−1)i
(
K

i

)(
K − i
Kmax

)N
. (3.11)

Proof. The main idea is to count the number of bipartite graphs with one set havingN

elements where each element has degree Kmax and the other set having K elements

where each element has degree at least 1. The counting is based on the inclusion-

exclusion principle [79].
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3.2.1 Iterative Link Removal (ILR)

This algorithm is discussed in [41], where the total power is limited and the main

concern is to minimize the total cooperation among the RRHs. According to the

beamformers found in the full cooperation case, corresponding entries of C are pri-

oritized. Then the entries with less priority are iteratively equalized to 1 until the

problem becomes infeasible.

In our problem, the cooperation is limited by per-RRH data transfer constraints and

hence the solution can be found using only 2 convex optimizations. The algorithm

steps are summarized in Algorithm 3.1.

Algorithm 3.1: (Iterative Link Removal, ILR)

Initialization

Solve (P1-r) for full cooperation case. Let wk,n be the corresponding beamformer

vectors. Sort wk,n’s with respect to their `2 norms in ascending order and the corre-

sponding pairs of indices (k, n), k = 1, 2, . . . , K, n = 1, 2, . . . , N .

Repeat

Take the next pair of indices (k, n) in the list and make ck,n = 1. If (3.10) is violated,

then make ck,n = 0 again and skip this pair.

Until

All RRHs serve exactly Kmax users, i.e.,

K∑
k=1

ck,n = K −Kmax, ∀n.

Final Step

Solve (P1-r) with the obtained final C matrix.

Notice that this algorithm requires only 2 convex optimizations and hence its com-

plexity is very low. On the other hand, as we will see, its performance is not satisfac-

tory.
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3.2.2 Modified Iterative Link Removal (MILR)

The ILR algorithm can be modified by revising the priority list at each step. The

algorithm steps are explained in Algorithm 3.2.

Algorithm 3.2: (Modified Iterative Link Removal, MILR)

Initialization

Solve (P1-r) for full cooperation case. Let wk,n be the corresponding beamformer

vectors.

Repeat

• Sort wk,n’s with respect to their `2 norms in ascending order and the corre-

sponding pairs of indices (k, n),

k = 1, 2, . . . , K, n = 1, 2, . . . , N .

• Find the first pair (k, n) in the list which satisfies (3.10) when ck,n = 1. Update

C by making ck,n = 1 for the pair (k, n) found.

• Solve (P1-r) and find the new beamformer vectors wk,n.

Until
K∑
k=1

ck,n = K −Kmax, ∀n.

This algorithm applies a convex optimization for each link removal and there are at

most NK − NKmax + 1 steps. Because of the per-RRH data transfer constraints, in

some cases, the number of steps may be less than this value.

3.2.3 Iterative User Addition (IUA)

The IUA algorithm is based on iteratively selecting UEs served by RRHs. Starting

from an initial UE set with Kmax elements, we consecutively add a new UE to the

previous user set by exchanging some links. The initial UE set and the addition order

of UEs are determined according to the full cooperation scenario. The steps of the

algorithm are given in Algorithm 3.3.
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Algorithm 3.3: (Iterative User Addition, IUA)

Initialization

• Solve (P1-r) for full cooperation case. Let wk,n be the corresponding beam-

former vectors. Sort wk,n’s with respect to their `2 norms in descending or-

der and the corresponding pairs of indices (k, n), k = 1, 2, . . . , K, n =

1, 2, . . . , N .

• Form a list L of UE indices k corresponding to the list of pairs (k, n). (If the

i-th element of the list of pairs is (ki, ni) then the i-th element of L is ki.) We

will form a priority list for users by considering L. For each UE with index

k find the first place jk that it occurs in L. Sort jk’s in ascending order and

sort the UE indices correspondingly. The last sequence is the priority list of the

users.

• Choose the first Kmax users in the priority list as the initial set U . Solve (P1-r)

for full cooperation case with the chosen set with Kmax users. Find the corre-

sponding beamformer vectors wk,n.

Repeat

• Sort the corresponding beamformer vectors wk,n with respect to their `2 norms

in ascending order and the corresponding pairs of indices (k, n). Let L` be the

list of pairs (links) (k, n).

• Let k0 be the next UE index in the priority list of users that is not included in

the current set U . Initially set ck0,n = 1, ∀n.

• Iteratively remove a link from the current set and add it to the UE k0 by fol-

lowing L`. (Here when a link (k, n) is removed and added to user k0, we mean

letting ck,n = 1 and ck0,n = 0.) If all links of a UE in U are removed, or if more

than one link is removed from an RRH1, then skip this pair. Solve (P1-r) at

each step and find the optimal total power. Continue in this manner until there

is no possible removals, and choose the one with the minimum total power.
1 Since we can add at most one link from an RRH to the UE k0, we do not allow removal of more than one

links from an RRH.
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• Update C according to the optimal exchange of links, and the UE set U by

adding the UE k0 to the set. Find the new beamformer vectors wk,n by solving

(P1-r) for the new UE set.

Until

All UEs are added to the set U .

In the IUA algorithm, at each step, a new UE is added to the set U initially consisting

of Kmax elements. Since we remove at most 1 link from an RRH at each UE addition

step, this algorithm requires at most N(K −Kmax) + 1 convex optimizations.

3.2.4 Iterative Link Addition (ILA)

The ILA algorithm is based on iteratively adding links to the system until all RRHs

have Kmax links. Initially, we determine a priority list for all possible links between

RRHs and UEs and choose K links (one for each UE) based on the full cooperation

scheme. At each step, we solve a series of (P1-r) to determine which link to add.

If none of the trials results in a feasible solution, then we select a link based on the

priority list. The detailed steps are explained in Algorithm 3.4.

Algorithm 4 (Iterative Link Addition, ILA)

Initialization

• Solve (P1-r) for full cooperation case. Let wk,n be the corresponding beam-

former vectors. Sort wk,n with respect to their `2 norms in descending order and

the corresponding pairs of indices (k, n), k = 1, 2, . . . , K, n = 1, 2, . . . , N .

Let the list of pairs be L`.

• Following the elements of L`, select a link for each UE. If the total number of

links of an RRH exceeds the limit Kmax, then skip the corresponding element.

Continue until each UE has one link.

Repeat

• Try all possible links one by one by adding the corresponding link to the system.

If the per-RRH data transfer constraint is violated once a link is added, then skip
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this trial. Solve (P1-r) at each trial and find the one yielding the minimum total

power. If none of the trials results in a feasible solution2, then choose the link

with the highest priority considering the elements of L`.

• Update the matrix C according to the optimal link found.

Until

Each RRH has exactly Kmax links, i.e.,

K∑
k=1

ck,n = K −Kmax, ∀n.

The ILA algorithm iteratively adds a link to the system. Initially, there are K links

and finally, there will be KmaxN links. After each step, the number of possible links

decreases by 1 and if the total number of links of an RRH reaches Kmax, then this

corresponds to an extra K − Kmax reduction. The upper bound for the number of

convex optimizations for ILA is stated in Theorem 3.2.

Theorem 3.2: For the ILA algorithm, the number of convex optimizations NCOILA

satisfies

NCOILA ≤
1

2
(2KN −KmaxN −K + 1)(KmaxN −K)

−
[(
N − `

2

)
+ (KmaxN −K)`

]
(K −Kmax)

(3.12)

where ` = max{0, N +K −KmaxN}.

Proof. The main idea is to consider the case where each RRH reaches the total num-

ber Kmax in one of the last N steps. The variable ` given in the bound expression is

the minimum number of RRHs initially having Kmax links.

2 At the beginning of the algorithm, there is a possibility to have infeasible solutions for all trials since there
are a small number of links.
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3.3 Simulation Results

In this section, we compare the performances of the four algorithms under various

cases. Throughout the simulations, we assume that γk = γ, σUE,k = σ, ∀k. Each

entry of the channel vectors hk are assumed to be i.i.d. complex Gaussian with inde-

pendent real and imaginary parts, zero-mean, and unity variance. As the performance

criterion, we define a normalized power P which is given by

P =
1

σ2

K∑
k=1

tr(Wk). (3.13)

We run 100 Monte-Carlo trials in each case.
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Figure 3.1: P vs γ. K = 3, N = 4, L = 2, Kmax = 2.

In Fig. 3.1, we set K = 3, N = 4, L = 2, Kmax = 2 and consider the various values

of γ. We observe that at the high SINR region, ILA outperforms other methods and

at γ = 15 dB, it is only 0.25 dB worse than ES. The performance of IUA is again

satisfactory for all γ values, and it is about 0.5 dB worse than ES at γ = 15 dB. The

mean values of the number of convex optimizations required for each algorithm are

listed in Table 3.1. Notice that the number of convex optimizations required for ILA

is roughly 5 times more than that of IUA.

In Fig. 3.2, we set K = 4, N = 4, L = 2, Kmax = 2 and repeat the same analysis.

In this case, we do not run ES since it requires a large number of convex optimiza-
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tions. The results show that ILA again outperforms the other three methods and the

difference is more significant in this case. We also see that the addition of a single

UE may significantly increase the power required to serve all UEs. The mean values

of the number of convex optimizations required for each algorithm are listed in Table

3.1. In this case, ILA requires roughly 3 times more convex optimizations than IUA.
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In Fig. 3.3, we set N = 5, L = 3, Kmax = 3 and observe the effect of number of
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UEs K. It is seen that as K increases, the required power also increases for both

methods. We know that none of these algorithms guarantees to obtain a feasible

solution even if the original problem (P1) is feasible. In Fig. 4, we present the ratio

of reaching a feasible solution for each algorithm with various K values. We observe

that when the number of UEs increases, finding a feasible solution becomes less likely

for all algorithms. This is expected since it becomes harder to satisfy all user’s SINR

constraints as the number of UEs increases. As seen in Fig. 3.4, the ILR method

produces some infeasible results for K > 6. (Since some of the trials result in an

infeasible solution for K > 6, we do not plot the performance of ILR after K = 6

in Fig 3.3.) Other methods result in infeasible solutions after K = 7. Although the

feasibility is not guaranteed by any algorithm that we discuss, simulation results show

that each one can be safely used for a certain range of K values. The corresponding

number of convex optimizations required for each algorithm are again listed in Table

3.1.

We observe that ILR is a very simple technique that can be used if the computational

capability of the CP is limited. More complex algorithms such as MILR, IUA, and

ILA can be used to enhance the performance. IUA seems a better fit for optimizations

in loaded networks where K is large. In less loaded scenarios, ILA can minimize the

transmit power better at the expense of higher computational complexity.
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Table 3.1: Mean number of convex optimizations required for each algorithm

K N LKmax γ (dB) NCOILR NCOMILR NCOIUA NCOILA NCOES

3 4 2 2 15 2 5 5 26.4 78

4 4 2 2 15 2 9 9 26.8 978

3 5 3 3 15 2 1 1 79 1

4 5 3 3 15 2 6 6 104.5 1020

5 5 3 3 15 2 11 11 119.6 94890

6 5 3 3 15 2 16 16 127.3 2615340

7 5 3 3 15 2 21 21 128.1 32186070

8 5 3 3 15 2 24.9 26 118.1 214628400

3.4 Conclusions

In this study, we analyze the asymmetric cooperation problem for downlink C-RAN

under per-RRH data transfer constraint. We propose two methods IUA and ILA and

compare them with the ILR and its modified version MILR. We observe that by the

use of IUA, the performance increases compared to MILR in most cases. ILA can be

used to further increase the performance, however, its complexity is generally higher

than those of the others. We also note that none of the algorithms guarantees a feasible

solution, however, simulation results show that all algorithms can be safely used when

the number of UEs is less than a certain value.
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CHAPTER 4

POWER OPTIMIZATION FOR C-RAN WITH WIRED FRONTHAUL

4.1 Problem Definition

In this chapter, we propose a beamformer design method to minimize total power con-

sumption in downlink C-RAN with wired fronthaul [16]. We optimize cooperation

and beamforming coefficients for QoS problems under imperfect channel knowledge.

We assume that channel estimation is already performed and channel estimates are

available. The corresponding channel vectors can be estimated from uplink transmis-

sions in time division duplex systems, however, there is always some estimation error.

Hence, in general, CSI in CP is imperfect, and the beamforming design algorithms

should be robust to channel errors. We assume that channel estimation includes ad-

ditive errors with known second-order statistics. We aim to serve all users in the

cluster of interest by minimizing the total power spent in the system. In this study,

it is assumed that power has two main components. Firstly, each user data should be

first sent by CP to related RRHs. This operation requires some power which can be

considered as fronthaul power. Each user data is also sent from RRHs to target users

which is the second component of the power in the system. Because both fronthaul

and RRH power consumptions are significant [57], we aim to minimize total power

spent under per-RRH power transmit constraints by designing beamforming vectors.

We use the system model described in Section 2.4.1. Using the received signal equa-

tion given in (2.5), the received SINR for the k-th UE is given by

SINRk =
Pd

Pm + Pint + Pnoise
(4.1)
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where

Pd = E[| ĥ
H

k wksk|2], Pm = E[|∆hHk wksk|2]

Pint = E[|hHk
∑
6̀=k

w`s`|2], Pnoise = E[|zUE,k|2].
(4.2)

Using the fact that E [s∗ks`] = δ[k − `] and statistics of the channel error and noise

terms, we find that1

Pd = tr(Ĥk Wk), Pm = tr(DkWk)

Pint =
∑
6̀=k

tr(H̃k W`), Pnoise = σ2
UE,k.

(4.3)

where

Ĥk = ĥk ĥ
H

k ,

Dk = E[∆hk∆hHk ] = diag
(
σ2
k,1IL, σ2

k,2IL, . . . , σ2
k,NIL

)
,

H̃k = E[hkhHk ] = Ĥk +Dk, (4.4)

Wk = wkwH
k , ∀k.

Using (4.1) and (4.3), we can write

SINRk =
tr(Ĥk Wk)∑

6̀=k

tr(H̃k W`) + tr(DkWk) + σ2
UE,k

, ∀k. (4.5)

In Appendix B, we show that the rate log2(1 + SINRk) is achievable for the k-th user.

Hence, the SINR that we defined can be used as a design criterion.

A certain SINR is needed to decode the received signals in the UEs. Hence, we

compare the SINRs with a pre-determined threshold γk to decide whether the corre-

sponding user is served. In other words, we assume that k-th user is served if and

only if SINRk ≥ γk. If the SINR condition is satisfied, the rate rk = log2(1 + γk)

is achievable for k-th user. Notice that due to channel estimation errors, the denom-

inator of the SINR expression includes extra positive terms related to Dk’s making

the SINR smaller compared to the perfect CSI case. Therefore, it is harder to satisfy

SINR constraints under imperfect CSI.

1 To calculate the expectations, all channel estimates are assumed to be given and known at the CP which also
reveals beamforming vectors to RRHs.
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Another design term that can be optimized is the total power spent in the system. The

total power P has two components PCP and PRRH which correspond to the power con-

sumed by CP and RRHs, respectively. We know that PCP is an increasing function of

the total fronthaul data rate. This is because the user data should be first sent by CP to

RRHs over fronthaul links before being transmitted by RRHs to users. Furthermore,

if the cooperation of the RRHs increases, i.e. if the number of RRHs serving a certain

user increases, the total fronthaul rate increases resulting in a larger PCP. We use the

linear power model as also used in [57], where PCP linearly increases with the total

fronthaul rate. In this model PCP can be written as

PCP = ε1rtot = ε1

K∑
k=1

∑
n∈Sk

rk (4.6)

where ε1 is a constant multiplier whose unit is W · Hz/bps, the total fronthaul rate is

denoted by rtot and Sk is the index set of RRHs serving the UE k. Using the fact that

n ∈ Sk ⇐⇒ wk,n 6= 0 ⇐⇒ δ [‖wk,n‖] = 0 (4.7)

we get

PCP = ε1

K∑
k=1

N∑
n=1

rk (1− δ [‖wk,n‖]) . (4.8)

The term PRRH is related to total power transmitted by RRHs which can be written as

Ptot =
K∑
k=1

N∑
n=1

‖wk,n‖2 . (4.9)

In general, the power spent by RRHs is larger than that of its transmit power due to

the inefficiency of power amplifiers. We assume that power spent by RRHs is equal

to PRRH = ε2Ptot where ε2 is a unitless constant multiplier.

We know that there is a natural power transmit constraint for each RRH, which can

be formulated as

Pn =
K∑
k=1

‖wk,n‖2 ≤ Pt, ∀n (4.10)

where Pn is the transmit power of n-th RRH and Pt is the power transmit threshold

value which is assumed to be the same for all RRHs.

In this study, we aim to serve all K UEs by minimizing P = PCP + PRRH under per-

RRH power transmit constraints. Considering all constraints, the design problem can
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be given by

(P2) min
wk,n

K∑
k=1

N∑
n=1

ε1rk (1− δ [‖wk,n‖]) + ε2 ‖wk,n‖2

s.t.
K∑
k=1

‖wk,n‖2 ≤ Pt, ∀n = 1, 2, . . . , N, (4.11)

SINRk ≥ γk, ∀k = 1, 2, . . . , K.

4.2 Algorithms

In this section, we present the algorithms that we use while solving (P2). Firstly, we

define an equivalent combinatorial search problem. We propose a novel method that

transforms the problem into a smooth constraint-free form and solves it using gradient

descent. The initial point of this method is found from the equivalent problem. As

a comparison, we also consider a heuristic search method that solves the equivalent

problem using successive convex optimizations, and three sparse algorithms using

`0/`1 norm approximation, `0/`2 norm approximation, and convex approximation,

respectively.

4.2.1 Equivalent Combinatorial Search Problem

(P2) can be transformed into a combinatorial search problem which can be optimally

solved with a finite number of convex optimizations. Firstly, to analyze the cooper-

ation between the RRHs, as in Chapter 3, we define a network link matrix C with

dimensions K ×N , where each entry ck,n is either 0 or 1. If the n-th RRH sends the

k-th user data, then we say that there is a link between the n-th RRH and the k-th user

and set ck,n = 0. Otherwise ck,n = 1. Similarly, we can relate the entries of C with

the index sets Sk as

n ∈ Sk ⇐⇒ ck,n = 0. (4.12)

Using this definition, we can write a relation between beamformers and entries of C

as
N∑
n=1

ck,nBnwk = 0, ∀k (4.13)
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where Bn is an NL×NL diagonal matrix defined as

Bn = diag
(
0(n−1)L, 1L, 0(N−n)L

)
, n = 1, 2, . . . , N. (4.14)

The matrices
N∑
n=1

ck,nBn are diagonal with diagonal entries 0 and 1, and hence they

are all positive semi-definite. Therefore, it follows that

N∑
n=1

ck,nBnwk = 0 ⇐⇒
N∑
n=1

ck,n tr (BnWk) = 0, ∀k. (4.15)

Using the Bn matrices defined, the total transmit power of the n-th RRH can be writ-

ten as

Pn =
K∑
k=1

‖wk,n‖2 =
K∑
k=1

tr(BnWk). (4.16)

(P2) is a problem involving terms related to the number of zero beamformers which

are discontinuous functions of wk,n’s. To find a solution, we can consider the problem

for a fixed C which is denoted by (P2-r). If we solve (P2-r) for all possible C matrices,

then we can find the optimal solution of (P2) by finding the optimal C that minimizes

P . When we fix C, the term PCP becomes also fixed, and the problem reduces to

finding optimal beamformers minimizing the total transmit power from RRHs-to-

UEs. Using (4.13)-(4.16), (P2-r) can be expressed by

(P2-r) min
{Wk}Kk=1

K∑
k=1

tr(Wk) (4.17)

s.t.
tr(Ĥk Wk)∑

6̀=k

tr(H̃k W`) + tr(DkWk) + σ2
k

≥ γk ∀k, (4.18)

N∑
n=1

ck,n tr (BnWk) = 0 ∀k, (4.19)

K∑
k=1

tr(BnWk) ≤ Pt ∀n, (4.20)

rank(Wk) = 1,Wk � 0 ∀k. (4.21)

In (4.18) the SINR constraints are given. (4.19) is the relation between C matrix and

beamformers. (4.20) is the per-RRH power constraint. Finally, (4.21) includes a rank

constraint which makes the problem non-convex. Using a similar method as discussed

in [37], it can be shown that (P2) is NP-hard. As done in [37], [39], we can make a

49



semi-definite relaxation by omitting the rank constraint. In the relaxed problem, cost

and constraints are convex, and hence standard convex optimization methods can be

applied to find a solution. As a result, to find a solution of (P2), we need to solve (P2-

r) for all possible C matrices and determine the one with the minimum P value. This

is a combinatorial search problem that requires a lot of convex optimizations. To find

a practical solution, one way is to apply a heuristic search over C matrices. In general,

the performance of this approach enhances as the number of trials increases. Another

way is to apply a direct approximation on the variables in cost and constraints of the

problem which is discussed in subsection 4.1.3.

4.2.2 Rank-1 Approximation

In (P2-r), we find a solution by omitting the rank constraint. If the result is rank-1,

the solution becomes optimal. In Appendix C, using the idea in [54], we prove that

the optimal solution of the relaxed problem is always rank-1. Hence by applying

eigenvalue decomposition and taking the principal eigenvalue and eigenvector, we

find the optimal solution of (P2-r). If (P2-r) is solved for all possible C matrices, then

we can find the optimal solution of (P2).

4.2.3 Smooth Constraint-Free Approximation (SCFA)

The combinatorial method involving a series of convex optimizations for (P2-r) can

be used to find the optimal solution of (P2); however, the computational complexity

is very high when the numbers K,N,L are large. To find a practical solution, we

propose a new method that is based on approximating discontinuous functions with a

sequence of smooth function sequences. [37], [57] also use a similar idea, but there

is an additional constraint that requires a subspace projection at each iteration step.

In the related papers, authors only approximate the cost function to be optimized

while the constraints are kept the same. Their solution requires an extra subspace

projection step. They first optimize an approximated cost function where constraints

are not considered. After this step, the solution is projected onto the space defined

by the constraints. In our method, we shift all constraints to the main cost function
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to be optimized using a similar approximation idea. Hence, standard gradient search

methods can be applied to the final constraint-free smooth function of beamformer

vectors. In this way, we can directly optimize the approximated cost function without

any extra subspace projection operations.

Firstly, we prove a theorem about the SINR terms for the optimal solution:

Theorem 4.1: For the optimal solution of (P2), we have

SINRk = γk, ∀k.

Proof: The proof is given in Appendix D.

Using Theorem 4.1, we prefer to express SINR constraints as SINRk = γk, i.e.,

ρk = 0, ∀k where ρk is defined as

ρk = tr
(

(Ĥk−γkDk)Wk

)
− γk

∑
`6=k

tr(H̃k W`)− γkσ2
UE,k. (4.22)

As we see in (4.8), the term related to PCP is discontinuous with respect to wk,n’s, but

can be expressed as the limit of some smooth function sequences. For this purpose,

we use the fact

Fact 1: e−
x2

a → δ[x] as a→ 0+. (4.23)

Using Fact 1, we can approximate PCP as

PCP ≈ ε1

K∑
k=1

N∑
n=1

rk

(
1− exp

(
−‖wkn‖2

a

))
(4.24)

where a is a small positive number. Using (4.24), the approximate expression for P

becomes smooth with respect to beamforming vectors. We use a similar way to shift

the constraints to the main expression. Notice that

Fact 2: e
x
a →

0, if x < 0

∞, if x > 0
as a→ 0+. (4.25)

Fact 3: e
x2

a − 1→

0, if x = 0

∞, if x 6= 0
as a→ 0+. (4.26)
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Consider the expressions

c1 =
N∑
n=1

exp

(
1

a

(
K∑
k=1

‖wk,n‖2 − Pt

))
,

c2 =
K∑
k=1

[
exp

(
ρ2
k

a

)
− 1

]
.

(4.27)

Using Fact 2, c1 tends to 0 if the per-RRH power transmit constraints are satisfied and

tends to infinity otherwise. Similarly, by Fact 3, c3 tends to 0 if SINR constraints are

satisfied, and tends to infinity otherwise. Therefore, we can delete the constraints and

express the problem as

P = ε1rtot + ε2Ptot ≈ Q

=
K∑
k=1

N∑
n=1

ε1rk

(
1− exp

(
−‖wk,n‖2

a

))
+ ε2 ‖wk,n‖2

+ η1

N∑
n=1

exp

(
1

a

(
K∑
k=1

‖wk,n‖2 − Pt

))
(4.28)

+ η2

K∑
k=1

[
exp

(
ρ2
k

a

)
− 1

]

where a > 0 is a small number2, and η1, η2 are two positive weights. Notice that

using (4.28), we shift the constraints to the main expression. When the constraints

in (4.11) is satisfied, corresponding terms in (4.28) becomes 0 and does not affect

the value of Q. If they are not satisfied, we get Q → ∞. So, once Q is minimized,

the constraints should be automatically satisfied. Note that using this approach, Q

becomes a smooth function in terms of wk,n’s and hence standard gradient search

algorithms can be applied. We can directly minimize Q without any constraint using

the SCFA algorithm.

In SCFA, we start from an initial point and update the beamformers iteratively by

evaluating the gradient. In the update equation, we use the augmented beamformer

w = [wT
1 wT

2 · · ·wT
K ]T . The equation in (4.28) can be written in terms of w as given in

2 In fact, we can use different a’s for approximating PCP and for constraint shifting. However, to make the
expression simpler, we use the same a for all three approximations.
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(4.29).

Q = ε1

K∑
k=1

N∑
n=1

rk

[
1− exp

(
−wHBk,nw

a

)]
+ ε2wHw

+ η1

N∑
n=1

exp

(
wHCnw− Pt

a

)
(4.29)

+ η2

K∑
k=1

[
exp

((
wHAkw− dk

)2

a

)
− 1

]
where

Ak = diag
(
− γkH̃k, . . . , −γkH̃k,

k-th︷ ︸︸ ︷
Ĥk−γkDk, −γkH̃k,

. . . ,−γkH̃k

)
Bk,n = diag

(
0((k−1)N+n−1)L, 1L, 0((K−k+1)N−n)L

)
(4.30)

Cn =
K∑
k=1

Bkn = diag(

K︷ ︸︸ ︷
Bn,Bn, . . . ,Bn), dk = σ2

kγk

for all n = 1, 2, . . . , N and k = 1, 2, . . . , K. In this case, the update equation can be

given as

w(t+1) = w(t) − µ(t)∇(w(t)). (4.31)

Here t denotes the iteration index, µ(t) is the step-size, ∇(w(t)) is the gradient vector

which can be calculated through (4.29).

We know that a small step-size causes slow convergence and large step-size implies

divergence. To obtain a suitable step-size, we use a well-known variable step-size

Barzilai-Borwein (BB) method [80], which calculates the step-size as

µ(t) =

(
δ∇(t)

)H
δw(t)

(δ∇(t))
H
δ∇(t)

(4.32)

where
δ∇(t) = ∇(w(t))−∇(w(t−1)),

δw(t) = w(t) − w(t−1).
(4.33)

In SCFA, the choice of initial point w(0) is crucial to obtain a good convergence. We

know that for a given link configuration, the problem can be optimally solved using

convex optimization. Using this idea, we choose the initial point as the solution of

the full cooperation case. We operate the algorithm until the rate of change of Q is
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small enough. To obtain a faster convergence, we change the value of a throughout

the iterations. If the rate of change of Q is small enough, we decrease a by some

factor.

After convergence, we obtain a solution that satisfies a local minimum for Q. On the

other hand, because of the approximation done, the value of Q may not be exactly

equal to P . Therefore, we first find the link configuration and the corresponding C

matrix according to the `2 norms of the beamformers obtained at the last step of the

iteration, then solve the problem using convex optimization for the matrix C found.

After the convergence, some beamformers become very close to zero which means

that the corresponding links should not be used. The steps are listed in Algorithm 4.1.

Algorithm 4.1: (Smooth Constraint-Free Approximation, SCFA)

Step 1, Initialization:

Solve (P2-r) for full cooperation case. Set the initial value w(0). Define µ(1) =

10−4, tmax = 105, τ = 10−6, ξ = 0.1, Qt = 10−6, κ = 10−2,∆ = 5, η1 = η2 =

(ε1 + ε2)/2.

Step 2, Gradient Descent:

For t = 1, 2, . . . , tmax repeat the following steps:

1) Find the gradient ∇(w(t)) and step-size µ(t).

2) Update the beamformers:

w(t+1) = w(t) − µ(t)∇(w(t)).

3) Check the condition for a:

a(t+1) =

ξa
(t), if |Q(t+1) −Q(t)| < τa(t)

a(t), otherwise

4) Check the condition for termination:

If max
t−∆≤ts≤t

|Q(t+1) −Q(ts)| < Qt, then terminate.
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After the termination, evaluate the `2 norms of the final beamformer vectors. Make

a priority list of pairs (k, n) so that (k1, n1) is more prior than (k2, n2) if and only

if ‖wk1,n1‖ > ‖wk2,n2‖.

Step 3, Find the link configuration:

Form a network link matrix C such that

ck,n =

1, if ‖wk,n‖ < κPt

0, otherwise

Repeat the following steps until the problem becomes feasible:

1) Solve (P2-r) using C with convex optimization. If the problem is feasible, then

stop.

2) If it is not feasible, find the most prior pair (k, n) with ckn = 1. Update C by

making ckn = 0. 3

In Step 1, we find the initial point to start the algorithm. In Step 2, the iterative

gradient descent process is operated. In the final step, the network link matrix is

determined and the final solution is found by a small number of convex optimizations.

4.2.4 Heuristic Search Algorithms

We know that the optimal solution of (P2) can be found by solving (P2-r) for all

possible C matrices. In Theorem 4.2, we give the total number of such C matrices.

Theorem 4.2: The number of all possible C matrices is given by

NC = (2N − 1)K . (4.34)

Proof: Notice that there are 2NK possible C matrices, however, in order to serve

all users, each column of C should include at least one 0, making the total number

smaller. For each column of C, there are 2N − 1 possible arrangements (all possible
3 There may be some cases where direct removal of links with small norm results in an infeasible problem.

Hence, we iteratively add a new link until the problem becomes feasible.
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arrangements except all 1 case) and hence there are (2N − 1)K many possible C

matrices.

As we see in Theorem 4.2, the number of convex optimizations required grows expo-

nentially with N and K. Therefore, we can apply a heuristic search over C matrices

to find a practical solution. In this study, we consider a heuristic search method based

on successive link removal. To make a comparison, we can also apply the exhaustive

search method which tries all possible C matrices. In all these methods, we try some

subset of all possible C matrices and find the solution among them corresponding to

the minimum P value.

Method 4.1: Iterative Link Removal (ILR)

This algorithm is discussed in [41] for a problem where the total power is limited and

the main concern is to minimize the cooperation among the RRHs. According to the

beamformers found in the full cooperation case, corresponding entries of C are pri-

oritized. The entries with less priority are iteratively equalized to 1 until the problem

becomes infeasible. Since there are NK links in total and each user should have at

least one link, this algorithm requires at most NK −K convex optimizations.

Method 4.2: Exhaustive Search (ES)

This method optimally solves (P2) by trying all (2N − 1)K possible C matrices. As

there are a lot of convex optimizations required, this method is not practical and we

use it as a comparison only for some small values of K and N .

4.2.5 Sparse Algorithms

The objective function of (P2) includes terms related to the number of zero beam-

formers. The corresponding terms can be written as `0 norms of some vectors. `0

norm can be approximated by `1 norm [46]-[51], `2 norm [39], [52], [53] or some

convex function [54]-[55].

Method 4.3: Majorization-Minimization (MM)

This method uses the idea of `0/`1 norm approximation. In [46]-[51], this approxi-
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mation is applied for similar problems. For a non-negative real number x, we have

lim
θ→0

ln(1 + θ−1x)

ln(1 + θ−1)
=

1, if x > 0

0, if x = 0.
(4.35)

Using the observation given in (4.35), we can approximate `0 norm by

||x||0 ≈ cθ · ln(1 + θ−1x) (4.36)

where θ > 0 is a small number and cθ =
1

ln(1 + θ−1)
is a constant. The function

ln(1 + θ−1x) is concave with respect to x and hence it is upper bounded by its first

order Taylor series expansion, i. e.,

ln(1 + θ−1x) ≤ x

x+ θ
. (4.37)

Therefore, ||x||0 can be approximated by cθ ·
x

x+ θ
for any non-negative real number

x. For a vector [x1 x2 · · · xn] with non-negative real elements, we obtain that

‖[x1 x2 · · · xn]‖0≈ cθ ·
n∑

m=1

xm
xm + θ

. (4.38)

This method is called majorization-minimization (MM) method as the upper bound

of the `0 norm will be minimized. To use this method in our problem, we first write

the discontinuous term in the objective function in terms `0 norms.

N∑
n=1

(1− δ[||wk,n||]) = ‖[‖wk,1‖2 ‖wk,2‖2 · · · ‖wk,N‖2]‖0. (4.39)

We approximate the `0 norm as

N∑
n=1

(1− δ[||wk,n||]) ≈ cθ

N∑
n=1

wH
k,nwk,n

wH
k,nwk,n + θ

= cθ

N∑
n=1

tr(BnWk)

tr(BnWk) + θ
. (4.40)

In this case, the total power can be written as

P ≈ ε1cθ

K∑
k=1

rk

N∑
n=1

tr(BnWk)

tr(BnWk) + θ
+ ε2

K∑
k=1

tr(Wk). (4.41)

To obtain a convex objective function, as done in [46]-[51], we optimize P iteratively.

We approximate the term
tr(BnWk)

tr(BnWk) + θ
as

tr(BnWk)

tr(BnW(t)
k ) + θ

where W(t)
k is the solu-

tion found at the previous iteration. After the final approach, the expression of P

becomes linear (and hence convex) with respect to Wk’s and the optimization can be
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performed by omitting the rank-1 constraint of Wk’s. In the first part of Appendix

E, we show that the optimal solution of the relaxed problem is always rank-1. The

corresponding problem can be expressed as

(P3) min
Wk

K∑
k=1

(
rk

N∑
n=1

ε1cθ tr(BnWk)

tr(BnW(t)
k ) + θ

+ ε2 tr(Wk)

)
,

s.t.
K∑
k=1

tr(BnWk) ≤ Pt, ∀n = 1, 2, . . . , N, (4.42)

SINRk ≥ γk, Wk � 0 ∀k = 1, 2, . . . , K.

In (4.42), the terms W(t)
k ’s are the solutions found at the previous iteration. The steps

of the MM algorithm are given in Algorithm 4.2.

Algorithm 4.2: (Majorization-Minimization, MM)

Step 1, Initialization:

Solve (P2-r) for full cooperation case. Set the initial values of W(0)
k for k =

1, 2, . . . , K. Define θ = 10−5, tmax, 1 = 103, ∆1 = 10−5, κ1 = 10−3.

Step 2, Successive Convex Optimizations:

For t = 1, 2, . . . , tmax, 1 repeat the following steps:

1) Solve (P3) using W(t−1)
k ’s found in the previous iteration.

2) Check the condition for termination:

If |P (t) − P (t−1)|/P (t) < ∆1, then terminate.

After the termination, evaluate the `2 norms of the final beamformer vectors.

Step 3, Find the link configuration:

1) Form a network link matrix C by removing the links with small norms, i.e.,

‖wkn‖ < κ1Pt.

2) Solve (P2-r) using C with convex optimization.
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Method 4.4: Group Sparse Beamforming (GSB)

In this algorithm, we use `0/`2 norm approximation which corresponds to a homoge-

neous convex lower bound [39], [52], [53]. Firstly, we define

fGSB(k, n) = ε1rk(1− δ[‖wk,n‖]) + ε2‖wk,n‖2, ∀k, n. (4.43)

We can write the total power spent P as

P =
K∑
k=1

N∑
n=1

fGSB(k, n). (4.44)

Using the fact that

fGSB(k, n) =

0, if wk,n = 0

ε1rk + ε2‖wk,n‖2, if wk,n 6= 0,
(4.45)

and by the well-known Arithmetic-Geometric Mean Inequality, we obtain that

fGSB(k, n) ≥ 2
√
ε1ε2rk‖wk,n‖, ∀k, n. (4.46)

It follows that

P ≥
K∑
k=1

N∑
n=1

2
√
ε1ε2rk‖Bnwk‖. (4.47)

The right-hand side of (4.47) is homogeneous and convex with respect to beamformer

vectors. In this method, we optimize the convex lower bound for total power spent

given in (4.47) under the SINR and per-RRH transmit power constraints. We can

write both two constraints as second-order cone constraints. Firstly, we can express

SINR constraints as

(1 + γk)wH
k Ĥk wk ≥ γk

K∑
`=1

wH
` H̃k w` + γkσ

2
UE,k, ∀k. (4.48)

As the matrices H̃k’s are positive semi-definite for all k, using the Cholesky factor-

ization, we can find matrices Tk such that H̃k = TH
k Tk for all k. Using this fact, we

can rewrite (4.48) as

(1 + γk)| ĥ
H

k wk|2 ≥ γk

K∑
`=1

‖Tkw`‖2+γkσ
2
k, ∀k. (4.49)

It is clear that the phases of beamformer vectors wk do not affect the objective and

constraints expressions. Hence, we can express the SINR constraints as√
1 + γ−1

k Re{ĥ
H

k wk} ≥

√√√√ K∑
`=1

‖Tkw`‖2+σ2
UE,k, ∀k. (4.50)
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Per-RRH transmit power constraints can be written as√√√√ K∑
k=1

‖Bnwk‖2 ≤
√
Pt ∀n. (4.51)

Both (4.50) and (4.51) are second order cone constraints. Therefore, we can optimize

the beamformers using a second order cone problem (P4).

(P4) min
wk

K∑
k=1

N∑
n=1

2
√
ε1ε2rk‖Bnwk‖, (4.52)

s.t.
√

1 + γ−1
k Re{ĥ

H

k wk} ≥

√√√√ K∑
`=1

‖Tkw`‖2+σ2
k, ∀k,√√√√ K∑

k=1

‖Bnwk‖2 ≤
√
Pt, ∀n.

We can use CVX [81] software to solve the second-order cone programming (SOCP)

problem (P4). In [39], [52], [53], this method is referred as group sparse beamforming

(GSB). In the related reference papers, it is stated that this problem produces sparse

solutions.

To enhance the performance of the GSB method, the links are prioritized according

to the solution of (P4). After this step, as in the ILR method, links are removed

according to the priority of the links until obtaining a feasible solution. As in [39],

[52], [53], we use a priority function considering both beamformer and channel `2

norms.

pGSB(k, n) = ‖ĥk,n‖·‖wk,n‖, ∀k, n (4.53)

where pGSB(k, n) is the priority of link (k, n). The steps of the algorithm are given

below.

Algorithm 4.3: (Group Sparse Beamforming, GSB)

1) Solve (P4) and evaluate the priority of each link.

2) Starting from the full cooperation case, remove links according to the priorities

and solve (P2-r) at each step until obtaining a feasible solution.
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Method 4.5: Successive Convex Approximation (SCA)

In this method, we approximate the `0 norm using an upper bound found from the

first order Taylor series [54]-[55]. To apply the approximation, we use the fact that

‖x‖0≈ f(x) =
x

x+ θ
≤ f(x0) + f

′
(x0)(x− x0) (4.54)

where θ > 0 is a small number, x ≥ 0 is a real number, x0 is a real number close to

x, f(x) =
x

x+ θ
is a concave function and f ′ denotes its first order derivative. Using

the idea in (4.54), we can approximate the term in P related to `0 norm as

N∑
n=1

(1− δ[‖wk,n‖] ≈
N∑
n=1

θ‖wk,n‖2+‖w(t)
k,n‖4

(‖w(t)
k,n‖2+θ)2

(4.55)

where the beamformers w(t)
k,n are found from the previous iteration. The right-hand

side of (4.55) is convex with respect to beamformers and hence the optimization can

be performed with successive convex approximations by omitting the rank-1 con-

straints. In the second part of Appendix E, we show that the optimal solution of the

relaxed problem is always rank-1. The corresponding problem can be expressed as

(P5) min
Wk

K∑
k=1

N∑
n=1

(ε1rkθ tr(BnWk) + [tr(BnW(t)
k )]2

(tr(BnW(t)
k ) + θ)2

+ ε2 tr(BnWk)
)
, (4.56)

K∑
k=1

tr(BnWk) ≤ Pt ∀n = 1, 2, . . . , N,

SINRk ≥ γk, Wk � 0 ∀k = 1, 2, . . . , K,

where W(t)
k ’s are found from the previous iteration. The steps of the algorithm are

given below.

Algorithm 4.4: (Successive Convex Approximation, SCA)

Step 1, Initialization:

Solve (P2-r) for full cooperation case. Set the initial values of W(0)
k for k =

1, 2, . . . , K. Define θ = 10−5, tmax, 2 = 103, ∆2 = 10−5, κ2 = 10−3.

Step 2, Successive Convex Optimizations:

For t = 1, 2, . . . , tmax, 2 repeat the following steps:
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1) Solve (P5) using W(t−1)
k ’s found in the previous iteration.

2) Check the condition for termination:

If |P (t) − P (t−1)|/P (t) < ∆2, then terminate.

After the termination, evaluate the `2 norms of the final beamformer vectors.

Step 3, Find the link configuration:

1) Form a network link matrix C by removing the links with small norms, i.e.,

‖wk,n‖ < κ2Pt.

2) Solve (P2-r) using C with convex optimization.

4.3 Complexity Comparison

In general, we can measure the computational complexity of an iterative method as

the product of number of iterations and the complexity at each iteration. At each

iteration of ILR, ES, MM, GSB, SCA, the main component of complexity is related to

the convex optimization and all other operations can be neglected. For GSB method,

the complexity of initial SOCP solution should also be evaluated. We use Self Dual

Minimization (SeDuMi) [82] software (included in CVX [81] package) as the convex

optimization and SOCP solver. For the convex optimization based problems (P2-

r), (P3), (P5), at each iteration, we minimize cHx subject to Ax = b where x ∈
Cn is the vector of all unknowns and A ∈ Cm×n, b ∈ Cm, c ∈ Cn are known

vectors/matrices. We know by [82] that the corresponding computational complexity

is O(n2m2.5 + m3.5) for SeDuMi. The corresponding m and n values are calculated

as
(P2-r) : m = 2K +N, n = KN2L2 +K +N,

(P3), (P5) : m = K +N, n = KN2L2 +K +N.
(4.57)

Considering the number of convex optimizations required for ILR and ES, we obtain

that
CILR = O ((NK −K)C0) ,

CES = O
(
(2N − 1)KC0

)
.

(4.58)
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where CILR, CES are complexities of ILR and ES, respectively, and

C0 = (2K +N)2.5([KN2L2 +K +N ]2 + 2K +N). (4.59)

The complexities of MM and SCA can be expressed as

CMM = O (NMMC1) ,

CSCA = O (NSCAC1) ,
(4.60)

where CMM, CSCA, NMM, NSCA are complexities and number of iterations of MM and

SCA, respectively, and

C1 = (K +N)2.5([KN2L2 +K +N ]2 +K +N). (4.61)

According to [83], the worst-case complexity of a SOCP problem can be calculated

as O(
√
n1n

2
2n3) where n1 is the total number of constraints, n2 is the total number of

real optimization variables, and n3 is the total dimension of constraints. In (P4), the

number of constraints is equal to K + N , the number of real optimization variables

is equal to 2KNL. Each SINR constraint has dimension KNL + 1 and each per-

RRH transmit power constraint has dimension KL. Hence, the total dimension of

constraints is equal to K(KNL+ 1) +KNL. As a result, we obtain the complexity

of (P4) as O(C2) where

C2 =
√
K +N4(KNL)2[K(KNL+ 1) +KNL]. (4.62)

After the prioritization of links by solving (P4), GSB method also solves (P2) itera-

tively by link removals. Therefore, the complexity of GSB can be calculated as

CGSB = O(C2 + (NK −K)C0). (4.63)

For SCFA, we can show that the main component of the complexity is related to calcu-

lation of gradient. The gradient calculation consists of four parts related to PCP, PRRH,

per-RRH power transmit constraints and SINR constraints. It can be shown that the

complexities for the first three parts are O(KNL) and the complexity of the part

related to SINR constraints is O(K2N2L2). Hence, we have

CSCFA = O
(
NSCFA,1K

2N2L2 +NSCFA,2C0

)
(4.64)

where CSCFA is the complexity of SCFA, NSCFA,1 is the number of iterations for gra-

dient descent, and NSCFA,2 is the number of convex optimizations in the Step 3 of the
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algorithm. Using (4.59), (4.64) and the fact that (x + y)2.5 ≥ 22.5(xy)1.25 for any

x, y > 0, 4 it can be shown that

CSCFA ≈ O(NSCFA,1K
2N2L2 +NSCFA,2K

3.25N5.25L4),

CILR ≈ O(K4.25N6.25L4), (4.65)

CES ≈ O(2KNK3.25N5.25L4).

Similarly, the complexities of MM, SCA and GSB can be approximately written as

CMM ≈ O(NMMK
3.25N5.25L4),

CSCA ≈ O(NSCAK
3.25N5.25L4), (4.66)

CGSB ≈ O(K4.25N3.25L3 +K4.25N6.25L4).

In Table 4.1, we see the problems solved by each algorithm and the approximate

complexities.

Table 4.1: Problems solved and average complexity for each algorithm

Method Problems Solved Approximate Complexity

SCFA Gradient Descent, (P2-r)O(NSCFA,1K
2N2L2 +NSCFA,2K

3.25N5.25L4)

ILR (P2-r) O(K4.25N6.25L4)

ES (P2-r) O
(
(2KNK3.25N5.25L4

)
MM (P3) O(NMMK

3.25N5.25L4)

GSB (P2-r), (P4) O(K4.25N3.25L3 +K4.25N6.25L4)

SCA (P5) O(NSCAK
3.25N5.25L4)

The simulation results show that NSCFA,1 < 100, NSCFA,2 < 10, NMM < 100, NSCA <

100 holds for most of the cases. Considering this result, we conclude that for small

K,N,L values, the complexity of SCFA is higher compared to ILR, MM, SCA, and

GSB. On the other hand, when K,N,L are large, the complexity of SCFA becomes

much smaller than those of ILR, MM, SCA, and GSB. In any case, the optimal algo-

rithm ES is the most complex one.
4 Here we use well-known Arithmetic-Geometric Mean Inequality to show that x+ y ≥ 2

√
xy.
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4.4 Theoretical Bounds on P

In this section, we find lower and upper bounds for the optimum value Popt of the total

power spent. The main result is stated in Theorem 4.3.

Theorem 4.3: P` ≤ Popt ≤ Pu where

Pu = ε1N
K∑
k=1

log2(1 + γk) + ε2NPt (4.67)

P` =
K∑
k=1

Pk (4.68)

Pk = min
Sk

ε1 log2(1 + γk)|Sk|+ ε2
γkσ

2
UE,k

λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

)
Sk = {n1, n2, . . . , nr} is the index set of RRHs serving the user k,

ĥ
′
k = [ĥ

T

n1
ĥ
T

n2
· · · ĥ

T

nr
]T ,

D′k = diag
(
σ2
k,n1

IL, σ2
k,n2

IL, . . . , σ2
k,nr

IL
)
.

(4.69)

To obtain a feasible solution, λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

)
> 0 should satisfy for all k.

We evaluate Pk by applying the minimization over all possible Sk sets.

Proof: The proof is given in Appendix F.

Notice that if P` > Pu for some channel vectors, we can directly say that the problem

is infeasible without doing any optimization. In such a case, as it is not possible to

serve all users, we may try to find which users can be served. This is referred to as

the user admission problem [38] in the literature and out of the scope of this study.

4.5 Simulation Results

In this section, we compare the performances of the algorithms. Throughout the

simulations, we assume that γk = γ, σUE,k = σ and rk = log2 (1 + γ) for all k. We

use a realistic channel model including path-loss, shadowing and small-scale fading

defined in a 3GPP standard [84]. We consider a circular region in which RRHs and

UEs are distributed uniformly.5 In Table 4.2, the model parameters are presented.
5 To avoid channel model inconsistencies, configurations where RRH-to-UE distances are all at least 50 meters

are considered.
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Table 4.2: Model parameters used in simulations

Cell radius 0.5 km

Path-loss (PL) PL = 128.1 + 37.6 log10 d where d is in km

RRH/UE antenna gain 0 dBi

Shadowing model/variance Log-normal, 10 dB

UE Noise Figure (NF) 9 dB

Bandwidth (BW) 10 MHz

σ2 −174 + 10 log10 BW + NF = −95 dBm

Small-scale fading model Rayleigh

ε1 5W · Hz/bps

ε2 2

In this study, we fix the parameters ε1, ε2 which are related to the infrastructure and

hardware quality of the network. We also assume that all user equipments are iden-

tical (σUE,k = σ, ∀k) and priority of users are equal (γk = γ, ∀k). All algorithms

analyzed can be operated with any combinations of these parameters. One can use a

different parameter set to see the corresponding algorithm performances.

To generate channel estimates and channel estimation errors, we assume that pilot

signal powers are adjusted according to the channel amplitudes so that the power

ratios of E(|∆hk,n|2)/|hk,n|2, ∀k, n are all equal to some known constant γch. Here

γch is a measure of channel estimation quality. Using the channel estimates and γch,

one can evaluate σ2
k,n, ∀k, n accordingly.

In simulations, we observe the effect of parameters γ,K,N, L, γch, Pt. We generate

channel vectors so that the problem is feasible (it is possible to satisfy all constraints

of the problem).6 We run 1000 Monte-Carlo trials in each case. To make a compari-

son, we run the ES method when K,N,L are small. When these parameters are large

ES will not be depicted due to impractical run-times.

6 The feasibility of the problem (P2) is equivalent to the feasibility of (P2-r) for a full cooperation case.
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4.5.1 Effect of SINR threshold

We know that the total power spent is an increasing function of the SINR thresh-

old γ. This fact can also be verified considering the lower bound expression given

in Theorem 3. In Fig. 2-3, we see the performances of the algorithms as γ varies.

We take Pt = 10W, γch = 0.01 in both cases and consider the results for triples

(K,N,L) = (3, 3, 2), (8, 4, 8). The results show that SCFA outperforms other algo-

rithms (except for ES which is the optimal one) for all γ values.
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Figure 4.1: P vs γ. K = 3, N = 3, L = 2, Pt = 10W, γch = 0.01.

In Fig. 4.1, we observe that ES requires slightly less power than SCFA. The power

difference between SCFA and ES is about 1 W for γ = 5 dB. We also note that the

performance of SCFA is very close to the theoretical lower bound for small γ values.

The power difference between SCFA and the bound is roughly 10 percent for γ = 5

dB. As γ increases, the lower bound becomes too optimistic. This is because the

lower bound can be achieved when the inter-user interference is perfectly eliminated

which becomes harder for large SINR thresholds.

In Fig. 4.2, we also see that SCFA outperforms other methods and its performance

is close to the lower bound at small SINR thresholds. Considering the results, we

can say that the performance of SCFA is satisfactory even when there is imperfect

channel knowledge.
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Figure 4.2: P vs γ. K = 8, N = 4, L = 8, Pt = 10W, γch = 0.01.

4.5.2 Effect of Number of Users

As the number of users increases, we expect higher power consumption to satisfy all

SINR constraints.
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Figure 4.3: P vs K. N = 3, L = 4, γ = 5 dB, Pt = 10W, γch = 0.01.

In Fig. 4.3, we observe the effect of the number of users. We see that SCFA out-

performs other methods for all K values. The results show that the power difference

between SCFA and the bound is very low for smallK values. The difference becomes
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large as K increases. The reason is similar to that of the large γ case. To achieve the

bound, the interference due to other users should be eliminated. As K increases it be-

comes harder to eliminate this interference and hence the power differences between

the methods and the bound become larger.

4.5.3 Effect of Number of RRHs and Number of RRH Antennas

When the number of RRHs and/or the number of RRH antennas increases, the dimen-

sion of the augmented beamformer vector w becomes higher which enables a better

resource allocation and provides a lower power consumption.
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Figure 4.4: P vs N . K = 4, L = 4, γ = 5 dB, Pt = 10W, γch = 0.01.

Fig. 4.4-4.5 show the effect of the number of RRHs and the number of RRH antennas.

As in the previous cases, SCFA performance is better compared to other methods for

all N and L values. We observe that the power values of all methods are lower

bounded as N or L increases. This is because for a fixed K, the optimal strategy

uses some set of links between RRHs and UEs, and if there are sufficient links in the

system, adding more links does not improve the performance much. We also observe

that for large N or L, the performance of SCFA becomes very close to the bound.

This shows that the bound is very tight and SCFA performance is near-optimal at

these values.
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Figure 4.5: P vs L. K = 4, N = 3, γ = 5 dB, Pt = 10W, γch = 0.01.

4.5.4 Effect of Channel Estimation Quality

We know by (4.5) that a larger channel estimation error corresponds to a lower SINR

which results in higher power consumption.
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Figure 4.6: P vs γch. K = 4, N = 3, L = 4, γ = 5 dB, Pt = 10W.

Fig. 4.6-4.7 present the effect of channel estimation quality. We see that when the

channel estimation quality is poor, the power required to satisfy the constraints of

the problem becomes large. In (K,N,L) = (4, 3, 4) case, for all methods, there is a
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Figure 4.7: P vs γch. K = 8, N = 4, L = 8, γ = 5 dB, Pt = 10W.

roughly 50 percent increase in the power between γch = 0 (perfect CSI) and γch = 0.1.

The increase in the power becomes larger than 100 percent for (K,N,L) = (8, 4, 8)

case for all methods. This shows that channel estimation quality has a significant

effect on power consumption. On the other hand, employing the robustness of the

algorithm designs, increasing the channel estimation error variance by a factor of 10

yields only 2 times higher power consumption. We also observe that the performances

of all methods are far away from the bound when the channel estimation quality is

not good enough. This shows that inter-user interference cannot be eliminated when

the channel estimation quality is poor.

4.5.5 Effect of per-RRH Power Transmit Constraint

RRH power transmit constraint is one of the limiting factors of performance. The

lower bound derivation does not include the effect of power transmit constraints and

hence we expect a constant lower bound as Pt varies. On the other hand, when Pt

is small, it becomes a limiting factor and hence it affects the performance of the

algorithms.

Fig. 4.8-4.9 show the effect of per-RRH transmit power constraint. There exists a

value for Pt after which the performances of all methods remain constant. After that
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value, the power spent by each RRH becomes low enough to satisfy transmit power

constraints, hence further increasing Pt does not affect the performance.
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Figure 4.8: P vs Pt. K = 3, N = 3, L = 2, γ = 5 dB, γch = 0.01.
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Figure 4.9: P vs Pt. K = 8, N = 4, L = 8, γ = 5 dB, γch = 0.01.

4.5.6 Average Run-Time Comparison

In this part, we aim to verify the average complexity values by measuring the average

run times of the algorithms.
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Figure 4.10: Average Complexity Comparison (K,N,L) = (3, 3, 2).
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Figure 4.11: Average Complexity Comparison (K,N,L) = (8, 4, 8).

Fig. 4.10-4.11 present the average normalized7 run-times of each method for (K,N,L) =

(3, 3, 2) and (K,N,L) = (8, 4, 8) where we calculate the run-times by averaging the

results over all previously described simulations with given (K,N,L) triples.8 We

see that although the performance of SCFA is the best, its computational complex-

7 We normalize the run-times so that the maximum run-time is equal to 1.
8 We use Matlab 2020b to run all algorithms.
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ity is higher compared to all methods other than ES for (K,N,L) = (3, 3, 2) case.

Nevertheless, its complexity is much lower than that of the optimal algorithm ES.

On the other hand, the complexity of SCFA becomes much less than those of ILR,

MM, SCA, and GSB for (K,N,L) = (8, 4, 8) case.9 This fact is also verified in the

Complexity Comparison section.

4.6 Conclusions

In this study, we analyze the robust beamforming design problem for downlink C-

RAN with imperfect channel state information. We consider both the fronthaul power

which is related to fronthaul data transfer from CP to RRHs, and total power spent in

RRHs to transmit user data to UEs. The total power spent in the C-RAN cluster is

minimized under user SINR and per-RRH power transmit constraints. The original

problem includes discontinuous terms and hence the optimization is challenging. To

do a proper beamforming design, we transform the problem into a smooth constraint-

free function minimization problem, and optimization is performed using gradient

descent iteratively. The initial point of the algorithm is found by the solution of the

full cooperation case which can be optimally solved by convex optimization. As a

comparison, we also consider a heuristic search method applying successive convex

optimizations to the equivalent combinatorial convex version of the original prob-

lem, and sparse beamforming techniques applying `0 norm approximations. To make

optimality analysis, we find a novel theoretical performance bound.

The detailed simulations show that the proposed method SCFA provides an efficient

solution. Its performance is better than those of other non-optimal algorithms ana-

lyzed, and the power values found for SCFA are close to the lower bound and to the

optimal but impractical algorithm ES. For some cases (small K or large N or large

L), the power values of SCFA and the bound becomes very close. This proves that the

bound that we derived is very tight and SCFA performance is near-optimal at those

values of network parameters.

9 We cannot run ES for large K,N,L due to its high computational complexity.
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CHAPTER 5

USER ADMISSION FOR C-RAN WITH WIRED FRONTHAUL

5.1 Problem Definition

In this chapter, we jointly optimize the number of UEs served, total fronthaul data,

and total transmit power in downlink C-RAN with wired fronthaul [17]. In this study,

we assume imperfect channel knowledge in beamformer design. We first find a theo-

retical performance bound for the design problem. Then we propose a method based

on the bound derivation that jointly optimizes all target parameters.

Throughout this chapter, we use the system model described in Section 2.4.1. We

also assume that σUE,k = σ, ∀k, i.e., the average noise powers in all UEs are equal to

each other. Using the received signal equation given in (2.5), the received SINR for

the k-th UE can be expressed as

SINRk =
Pd

Pm + Pint + Pnoise
(5.1)

where

Pd = E[| ĥ
H

k wksk|2], Pm = E[|∆hHk wksk|2]

Pint = E[|hHk
∑
` 6=k

w`s`|2], Pnoise = E[|zUE,k|2].
(5.2)

Using the fact that E [s∗ks`] = δ[k − `] and statistics of the channel error and noise

terms, we find that

Pd = tr(Ĥk Wk), Pm = tr(DkWk),

Pint =
∑
`6=k

tr(H̃k W`), Pnoise = σ2 (5.3)
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where for all k, we have

Ĥk = ĥk ĥ
H

k , H̃k = E[hkhHk ] = Ĥk +Dk, Wk = wkwH
k

Dk = E[∆hk∆hHk ] = diag
(
σ2
k,1IL, σ2

k,2IL, . . . , σ2
k,NIL

)
. (5.4)

Using (5.1) and (5.3), we can write

SINRk =
tr(Ĥk Wk)∑

6̀=k

tr(H̃k W`) + tr(DkWk) + σ2
, ∀k. (5.5)

Using the idea given in [43], we can show that the rate log2(1 + SINRk) is achievable

for the k-th UE. (See Appendix B for a similar proof.) Hence, the SINR that we

defined can be used as a design criterion. A certain SINR is needed to decode the

received signals in the UEs. We assume that a UE k is successfully served if and only

if SINRk ≥ γk where γk’s are pre-determined SINR thresholds.

In a C-RAN cluster, UE data is first sent by CP to RRHs via fronthaul links. As a

measure of fronthaul data transfer, we count the total number of UE data streams to be

transmitted. Let Sk be the set of RRHs serving the UE k. As an example, for a system

with 4 RRHs and 4 UEs, if S1 = {1, 2}, S2 = {1, 2, 4}, S3 = {3}, S4 = {3, 4} each

RRH sends 2 UE data streams, which makes the total number of fronthaul streams 8.

We know that the power required to carry the UE data through fronthaul links is an

increasing function of the total fronthaul data rate. In general, we aim to minimize the

total power spent in the system that is one of the major costs of an operator. Hence

a natural optimization criterion might be minimizing the total number of fronthaul

streams.

In general, it is desired to serve a large number of UEs while keeping the fronthaul

data transfer and total transmit power as small as possible. Furthermore, there exists

a natural transmit power limit in the RRHs. Considering all three variables and per-

RRH power constraint, we form a mixed expression f and define the problem by

(P6) max
wk,n

f = Ks − ε1Lu − ε2
Ptot

σ2

Ks = |{k : SINRk ≥ γk}|, Lu = |{(k, n) : wk,n 6= 0}|

s.t. Pn =
K∑
k=1

‖wk,n‖2 ≤ Pt, ∀n, Ptot =
N∑
n=1

Pn

(5.6)
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where Ks is the number of UEs served, Lu is the number of fronthaul links used,

Ptot is the total transmit power, and Pn is the total transmit power for n-th RRH. Pt

denotes the maximal power that can be transmitted by each RRH. ε1 and ε2 are two

positive weights that determine the relative significance of the number of fronthaul

links used and the total transmit power. The designer can adjust ε1 and ε2 for specific

cases.

Some works are analyzing a subset of terms considered in (P6). In [34], [37], [41],

[15] cooperation strategy and total transmit power are optimized by fixing the number

of UEs served. [38] analyzes the UE selection problem under very limited cooper-

ation strategy options. In a realistic scenario, all these variables are important and

should be jointly optimized. A natural way for joint optimization is to define a suit-

able linear combination of these variables. To make all terms unitless we divide the

total transmit power by average noise power. In some works [15], [38], fronthaul

capacity is assumed to be limited and the corresponding term is used as a constraint.

As a second approach, it is assumed that full cooperation is possible but fronthaul

data transfer is minimized to decrease the total power spent in the system [15], [37],

[52]. In this study, we follow the second approach by adding the term Lu to our cost

function to be maximized.

5.2 Equivalent Combinatorial Search Problem

(P6) can be transformed into a combinatorial search problem that can be optimally

solved with a finite number of convex sub-problems. Firstly, to analyze the cooper-

ation between the RRHs, we define a binary network link matrix C with dimensions

K × N . This matrix is also defined in Chapter 3 and 4. If the n-th RRH sends k-th

UE data, then we say that there is a link between the n-th RRH and the k-th UE and

set ck,n = 0, wk,n 6= 0. Otherwise ck,n = 1, wk,n = 0. Therefore either ck,n = 0 or

wk,n = 0, and hence ck,n‖wk,n‖2 = 0, ∀k, n. Hence, we can write

N∑
n=1

ck,n‖wk,n‖2 =
N∑
n=1

ck,n tr (BnWk) = 0, ∀k (5.7)
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where Bn is an NL×NL diagonal matrix defined as

Bn = diag(

(n−1)L︷ ︸︸ ︷
0, 0, . . . , 0,

L︷ ︸︸ ︷
1, 1, . . . , 1,

(N−n)L︷ ︸︸ ︷
0, 0, . . . , 0), ∀n. (5.8)

The terms Pn and Ptot can be written as

Pn =
K∑
k=1

tr(BnWk), Ptot =
K∑
k=1

tr(Wk). (5.9)

(P6) is a problem involving Ks and Lu that are discontinuous functions of wk,n’s.

When we take ε1 and ε2 positive but very small, we obtain the problem in [37], proved

to be NP-hard. To find a solution, we can consider the problem for a fixed C denoted

by (P7). If we solve (P7) for all possible C matrices, then we can find the optimal

solution of (P6) by finding the optimal C that maximizes f . When we fix C, termsKs

and Lu become also fixed, and the problem reduces to finding optimal beamformers

minimizing the total transmit power. (P7) can be expressed by

(P7) min
{Wk}Kk=1

K∑
k=1

tr(Wk), (5.10)

s.t. SINRk ≥ γk

(
1−

N∏
m=1

ck,m

)
, ∀k, (5.11)

N∑
m=1

ck,m tr (BmWk) = 0, ∀k, (5.12)

K∑
`=1

tr(BnW`) ≤ Pt, ∀n, (5.13)

rank(Wk) = 1, Wk � 0, ∀k. (5.14)

As it is not possible to serve a UE with no link, we adjust the SINR threshold in

(5.11) so that if a UE k has no link, then the corresponding threshold is equal to 0.

(5.12) includes the relation between the C matrix and beamformers, and (5.13) shows

per-RRH power constraints. Finally, (5.14) includes a rank constraint, which makes

the problem non-convex.

(P7) can be solved using convex optimization with semi-definite relaxation by omit-

ting the rank constraint. Using the idea in [54], by a similar proof given in Ap-

pendix A and C, it can be shown that the solution of the relaxed problem satisfies

rank(Wk) = 1, ∀k and hence it optimally solves (P7). As a result, to find the optimal
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solution of (P6), we need to solve (P7) for all possible C matrices and determine the

one with the maximum f value. This is a combinatorial search problem that requires a

lot of convex optimizations. To find a practical solution, one way is to apply a heuris-

tic search over C matrices. In general, the performance of this approach enhances as

the number of trials increases.

5.3 Bound Based Link Selection (BBLS) Method

To find a practical and effective solution for (P6), we propose a novel bound based

link selection (BBLS) method inspired by the derivation of a theoretical upper bound.

Firstly, we find a theoretical upper bound for f under the constraints defined in (P6).

Using the fact that

tr(H̃k W`) ≥ 0, ∀k, ` (5.15)

we get

wH
k

(
ĥk ĥ

H

k −γkDk

)
wk ≥ γkσ

2. (5.16)

Since Sk = {n1, n2, . . . , nr} is the index set of RRHs serving the UE k, we have

wkn = 0 for all n 6∈ Sk. Therefore, we can write

wH
k

(
ĥk ĥ

H

k −γkDk

)
wk = (w′k)

H
(

ĥ
′
k(ĥ
′
k)
H − γkD′k

)
w′k (5.17)

where w′k = [wT
k,n1

wT
k,n2
· · · wT

k,nr
]T and ĥ

′
k, D′k are defined accordingly. Using

Cauchy-Schwarz Inequality [85], we get

(w′k)H
(

ĥ
′
k(ĥ
′
k)
H − γkD′k

)
w′k

(w′k)Hw′k
≤ λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

)
(5.18)

where λmax(·) denotes the maximum eigenvalue of the matrix argument. To satisfy

(5.18) we need λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

)
> 0. If this condition holds, then we obtain

that
Ptot

σ2
≥ 1

σ2

K∑
k=1

(w′k)
Hw′k ≥

K∑
k=1

γk

λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

) . (5.19)

Using (5.19), we obtain that

f ≤
K∑
k=1

max
Sk

fk = max
S1,S2,...,SK

K∑
k=1

fk (5.20)
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where

fk = sgn(|Sk|)− ε1|Sk| − ε2
γk

λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

) . (5.21)

In (5.21), sgn(·) denotes the sign function. Motivated by this bound expression we

propose a novel BBLS method where the details are given in Algorithm 5.1.

Algorithm 5.1: (Bound Based Link Selection, BBLS)

1) For each k and possible Sk sets, evaluate fk’s and find the corresponding C

matrix.

2) Sort f1 + f2 + · · · + fK values in descending order. Sort the corresponding C

matrices accordingly.

3) Solve (P7) for each C in the list until obtaining a feasible solution or reaching

the maximum number of trials Ntrial.

We know that the maximum value of the sum f1 + f2 + · · ·+ fK is equal to the upper

bound given in (5.20). On the other hand, the corresponding cooperation matrix may

not yield a feasible solution as the bound may not be perfectly tight. Therefore, we try

other C matrices yielding the largest sum of fk’s. Notice that there are K · 2N many

possible trials; however, the simulation results show that Ntrial = NK is enough to

obtain a feasible solution in general.

5.4 Other Methods

In this section, we discuss heuristic search and norm approximation methods for com-

parison. We know that the optimal solution of (P6) can be obtained by solving (P7)

for all 2NK possible C matrices. This approach is impractical due to a large number

of trials. As a practical solution, we can iteratively find a proper C matrix with a

heuristic sequence of trials. Starting from a feasible case, we can add or remove links

iteratively to optimize f . Link selection can be done according to the beamformer

norms. We consider ILR [41] and ILA [15] algorithms.
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The term Lu can be written as the `0 norm of a vector including beamformer norms.

In norm approximation techniques, we approximate `0 norm by `1 or `2 norm. After

the approximation, the resulting expression can be optimized by successive convex

approximations or SOCP. We consider MM [49]-[51] using `0/`1 norm approxima-

tion and GSB [52], [53] applying `0/`2 norm approximation. In MM method, we use

the approximation

Lu ≈
K∑
k=1

N∑
n=1

‖wk,n‖2

‖w(t)
k,n‖2 + τ

· 1

ln(1 + τ−1)
(5.22)

where τ > 0 is a small number and w(t)
k,n is the beamformer found at the previous

iteration. In GSB method, we first write

ε1Lu + ε2
Ptot

σ2
=

K∑
k=1

N∑
n=1

gGSB(k, n) (5.23)

where gGSB(k, n) =


0, if wk,n = 0

ε1 + ε2
‖wk,n‖2

σ2
, if wk,n 6= 0.

(5.24)

Then, we find a homogeneous convex lower bound as

gGSB(k, n) ≥ 2

√
ε1ε2
σ2
‖wk,n‖. (5.25)

Using (5.25), we obtain the approximation

ε1Lu + ε2
Ptot

σ2
≈

K∑
k=1

N∑
n=1

2

√
ε1ε2
σ2
‖wk,n‖. (5.26)

Notice that MM and GSB are also considered in Chapter 4. In MM, we optimize

the approximated expression by successive convex approximations with semi-definite

relaxation. In GSB, the optimization is performed using SOCP and iterative link re-

movals by solving (P7). The links are prioritized according to the product of beam-

former norms found from the SOCP solution and channel amplitudes. Link removal

is performed according to the priority of links.

In all four methods, we first find the maximal set of UEs, which can be served by

solving a series of (P7). We use channel amplitudes for the prioritization of UEs.
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5.5 Numerical Results

In this section, we compare the performances of all algorithms under various cases.

Throughout the simulations, we assume that γk = γ, ∀k. We use a realistic channel

model including path-loss (PL = 128.1 + 37.6 log10 d where d is in km), log-normal

shadowing (10 dB variance) and Rayleigh small-scale fading defined in a 3GPP stan-

dard [84]. We consider a circular region with a diameter of 1 km in which RRHs and

UEs are distributed uniformly. To avoid channel model inconsistencies, configura-

tions, where RRH-to-UE distances are all at least 50 meters, are considered. RRH

and UE antenna gains are chosen as 0 dBi, the UE noise figure is taken as 9 dB,

and the system bandwidth is 10 MHz. These parameters are similar to those taken in

Chapter 4.

To generate channel estimates and channel estimation errors, we assume that pilot

signal powers are adjusted according to the channel amplitudes so that the power

ratios of E(|∆hk,n|2)/|hk,n|2, ∀k, n are all equal to some known constant γch. Here

γch is a measure of channel estimation quality. Using the channel estimates and γch,

one can evaluate σ2
k,n, ∀n, k accordingly.

Table 5.1: Network parameters used in simulations

K N L γ (dB) γch Pt (W) ε1 ε′2 = ε2η

Interval [2, 8] [2, 8] [2, 8] [0, 10] [0.01, 0.1] [10, 100] [0.1, 0.5] [0.1, 0.5]

Step-Size 1 1 1 1 0.01 10 0.1 0.1

In simulations, we consider various values of the parametersK,N,L, γ, γch, Pt, ε1, ε2.

We choose 7, 7, 7, 11, 10, 10, 5, 5 equally spaced numbers from intervals with given

step-size values in Table 5.1, respectively. We run 1000 Monte Carlo trials for each

selection. We only take (K,N,L) triples with NL ≥ K for proper transmission.

ε′2 = ε2 · η where η = 1010.86 is the average RRH-to-UE linear path-loss.

In Fig. 5.1, we see the average f values of the algorithms as γ varies. The averaging

is performed over all possible 83750000 combinations of parameters given in Table

5.1. The bound values are obtained through (5.20)-(5.21) by evaluating all K · 2N
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possible sum of fk’s. We observe that the proposed method BBLS outperforms all

other methods. The performance of BBLS is close to the upper bound for small and

large γ values. For small γ values, it is easier to satisfy UE SINR constraints and

hence BBLS can find a feasible solution after a few iterations. For large γ values, the

problem becomes infeasible in most cases. (The optimal value of f is zero as γ →
∞.) In both cases, BBLS can find a link configuration close to the one corresponding

to the upper bound derivation.

0 1 2 3 4 5 6 7 8 9 10

 (dB)

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

f

f vs 

ILR

ILA

MM

GSB

BBLS

Upper Bound

Figure 5.1: Average f vs γ.

In Fig. 5.2-5.3, we observe the performance comparison in terms of the average

number of UEs served, the average number of links used, average transmit power,

and average normalized run-times, respectively. We see that performance of BBLS is

significantly better than those of the other four algorithms in terms of the number of

UEs served. The performance gain of BBLS compared to other algorithms is positive

but smaller for the average number of links used and average transmit power. The

results show that BBLS can serve a 17.6 percent larger number of UEs with 8 percent

fewer links and 6.4 percent less transmit power. We also see that BBLS is at least 2

times faster than the other four algorithms. We use SeDuMi [82] convex optimization

tool to solve (P7) and to find a solution for MM method, CVX [81] software to solve

the SOCP problem in GSB, and MATLAB 2020b to measure run-times.
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Figure 5.2: Average Number of UEs Served (Left) and Average Number of Links

Used (Right).
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Figure 5.3: Average Transmit Power (Left) and Average Normalized Run-Times

(Right).

5.6 Conclusions

In this study, we analyze the beamforming design problem for downlink C-RAN with

wired fronthaul. We use a mixed expression to be maximized including the number

of UEs served, the number of fronthaul links used, and total transmit power. We pro-

pose a novel method BBLS, which is based on the derivation of a theoretical upper

bound, and compare it with two heuristic search methods ILR, ILA, and two norm

approximation methods MM and GSB. The numerical results show that the proposed

method performs better than the other four algorithms in terms of all target parame-

ters. Furthermore, its run-time is also lower than those of other methods, and hence it

can effectively solve the problem.

84



CHAPTER 6

A THEORETICAL PERFORMANCE BOUND FOR C-RAN WITH

WIRELESS FRONTHAUL

6.1 Problem Definition

In this chapter, we consider a downlink C-RAN system with wireless fronthaul where

the transmissions of fronthaul and access links are in the same frequency band but in

different time-slots [18]. We assume that there is a partial channel knowledge where

the second-order statistics of the channel error are perfectly known. We optimize

fronthaul and access link beamformers with AF type relaying in RRHs. Optimization

is performed to minimize total power spent under user SINR constraints.

In this work, our main aim is to find a theoretical lower bound for total power spent

in the system. In showing the tightness of a lower bound, existence of an algorithm

that comes close to the bound is sufficient since no algorithm can perform better than

a lower bound. To show that the given bound is tight enough, we consider four dif-

ferent design methods with different complexities. The first method is Alternating

Optimization (AO), which consecutively solves a series of beamforming design prob-

lems using convex optimization with an SDR approach. Both fronthaul and access

link beamformers are designed using convex optimizations. The performance of this

method is close to the bound but its complexity is high in general. The second method

is a modified version of AO which is called Total SNR Maximization (TSM), where

fronthaul beamformer design is based on the maximization of total SNR at RRHs.

The access link beamformers are found as in AO. The third and fourth methods are

proposed as a mixture of standard beamforming design methods which are maximal

ratio combining (MRC), zero-forcing (ZF), and singular value decomposition (SVD).
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The third method is a combination of MRC and ZF so it is named MRC-ZF. In this

method, CP beamformers (related to fronthaul link) are found using MRC whereas

RRH beamformers (related to access link) are found using ZF. The fourth method

is called SVD-ZF and the corresponding CP and RRH beamformers are designed

accordingly. MRC-ZF and SVD-ZF can directly find beamformers without using

convex optimization and hence they are simpler compared to AO and TSM. They

are considered to make a comparison between the well-known beamforming methods

and the high-complexity convex optimization-based methods.

We use the system model given in Section 2.4.2. We assume that σRRH,n = σRRH, ∀n
and σUE,k = σUE, ∀k. Using the equation in (2.12), we define

SINRk =
Pd

PI,1 + PI,2 + Pn
(6.1)

where

Pd = E
{∣∣∣ĥHk WĜ

H
vksk

∣∣∣2} , PI,1 = E
{∣∣∣(hHk WGHvk − ĥ

H

k WĜ
H

vk
)
sk

∣∣∣2}

PI,2 = E


∣∣∣∣∣∑
` 6=k

hHk WGHv`s`

∣∣∣∣∣
2
 , Pn = E

{∣∣hHk WzRRH + zUE,k
∣∣2} .

(6.2)

In Appendix G, using the fact that E [s∗ks`] = δ[k − `] and statistics of the channel

error matrices/vectors and noise terms, we find that

SINRk =

∣∣∣ĥHk WĜ
H

vk
∣∣∣2

K∑
`=1

tr
(
DkWC`WH

)
−
∣∣∣ĥHk WĜ

H
vk
∣∣∣2 + σ2

RRH tr
(
DkWWH

)
+ σ2

UE

(6.3)

where
Dk = ĥkĥ

H

k + Σ2,k,

Ck = Ĝ
H

vkvHk Ĝ + (vHk vk)Σ1,

Σ1 = diag
(
σ2

1,1IL, σ2
1,2IL, . . . , σ2

1,NIL
)
,

Σ2,k = diag
(
σ2

2,k,1IL, σ2
2,k,2IL, . . . , σ2

2,k,NIL
)
.

(6.4)

By a similar proof as given in Appendix B, we can show that the rate log2(1+SINRk)

is achievable for the k-th UE. Hence, the SINR that we defined can be used as a design

criterion. Another design term that can be optimized is the total power spent in the
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system. The total power P has two components PCP and PRRH which correspond to

the power transmitted by CP and RRHs, respectively. Considering that CP transmits
K∑
k=1

vksk and n-th RRH transmits yn for all n, we can write

PCP = E

∣∣∣∣∣
K∑
k=1

vksk

∣∣∣∣∣
2
 =

K∑
k=1

vHk vk,

PRRH =
N∑
n=1

E

∣∣∣∣∣Wn

(
GH
n

K∑
k=1

vksk + zn

)∣∣∣∣∣
2


=
K∑
k=1

vHk E
[
GWHWGH

]
vk + σ2

RRH tr
(
WHW

)
=

K∑
k=1

vHk
[
ĜWHWĜ

H
+ tr

(
WHWΣ1

)
IM
]

vk + σ2
RRH tr

(
WHW

)
.

(6.5)

We optimize the total power P = PCP + PRRH which can be evaluated as

P =
K∑
k=1

tr
(
τ0vkvHk

)
+ σ2

RRH tr
(
WHW

)
(6.6)

where τ0 = IM + ĜWHWĜ
H

+ tr
(
WHWΣ1

)
IM .

In this study, we aim to minimize total power P under SINR constraints SINRk ≥ γk

where {γk}Kk=1 are given SINR thresholds. By a similar proof done in Appendix B, it

can be shown that the SINR constraints provide that the rate log2(1+γk) is achievable

for the k-th user. This type of problem is studied under QoS in the literature where

we minimize the power spent in the system by satisfying a certain rate (or SINR) for

each user. User rates can be adjusted according to the priority of users by chang-

ing the corresponding threshold values. The main optimization problem (P8) can be

formulated as

(P8) min
W,{vk}Kk=1

P such that SINRk ≥ γk, ∀k = 1, 2, . . . , K. (6.7)

6.2 A Theoretical Performance Bound

In this section, we find a novel performance bound for (P8). We find a lower bound

for the total mean power P under SINR constraints. To obtain the result, we prove
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several lemmas.

Lemma 6.1: For all k, we have∣∣∣ĥHk WĜ
H

vk
∣∣∣2 ≥ γk

(
tr
(
DkWCkWH

)
−
∣∣∣ĥHk WĜ

H
vk
∣∣∣2

+ σ2
RRH tr

(
DkWWH

)
+ σ2

UE

)
.

(6.8)

Proof. Using SINR constraints and the fact tr
(
DkWC`WH

)
≥ 0 ∀k 6= `, we reach

the result.

Lemma 6.2: For all k, we get

tr
(
DkWCkWH

)
−
∣∣∣ĥHk WĜ

H
vk
∣∣∣2 = tr

(
Σ2,k(W Ĝ

H
vk)(W Ĝ

H
vk)H

)
+ vHk vk

[
tr
(

(ĥ
H

k W)H(ĥ
H

k W)Σ1

)
+ tr

(
WHWΣ2,kΣ1

)]
.

(6.9)

Proof. By numerical manipulations and using the facts WΣ1 = Σ1W and WΣ2,k =

Σ2,kW we can complete the proof.

Lemma 6.3: For all k, we obtain that

tr
(
DkWCkWH

)
−
∣∣∣ĥHk WĜ

H
vk
∣∣∣2 ≥ λmin (Σ2,k)

∥∥∥W Ĝ
H

vk
∥∥∥2

+ vHk vk
[
λmin (Σ1)

∥∥∥ĥ
H

k W
∥∥∥2

+ λmin (Σ2,kΣ1) ‖W‖2

]
.

(6.10)

Proof. Using Von-Neumann’s Inequality [86], for any two c × c Hermitian pos-

itive semi-definite matrices A and B we have tr (AB) ≥
c∑
i=1

λi(A)λc−i+1(B) ≥

λc(A)λ1(B) = λmin (A) ‖B‖. Using this fact and (6.9), we get the desired result.

Lemma 6.4: For each k, we have

tr
(
DkWWH

)
= tr

(
(ĥk ĥ

H

k +Σ2,k)WWH
)
≥
∥∥∥ĥk W

∥∥∥2

+ λmin (Σ2,k) ‖W‖2 .

(6.11)

Proof. As in the proof of Lemma 6.3, we can prove Lemma 6.4 using Von-Neumann’s

Inequality.

Lemma 6.5: For all k, we get∣∣∣ĥHk WĜ
H

vk
∣∣∣2 ≥ γk

[
λmin (Σ2,k)

∥∥∥W Ĝ
H

vk
∥∥∥2

+ λmin
(
vHk vkΣ1 + σ2

RRHINL
) ∥∥∥ĥ

H

k W
∥∥∥2

+ λmin
(
vHk vkΣ2,kΣ1 + σ2

RRHΣ2,k

)
‖W‖2 + σ2

UE

]
(6.12)

= γk

[
σ2

2,k

∥∥∥W Ĝ
H

vk
∥∥∥2

+ (vHk vkσ2
1 + σ2

RRH)

(∥∥∥ĥ
H

k W
∥∥∥2

+ σ2
2,k ‖W‖

2

)
+ σ2

UE

]
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where σ2
1 = min

n
σ2

1,n and σ2
2,k = min

n
σ2

2,k,n.

Proof. Lemma 6.5 is a direct result of Lemma 6.1, 6.3, 6.4.

Lemma 6.6:

P ≥
K∑
k=1

(
vHk vk +

∥∥∥W Ĝ
H

vk
∥∥∥2

+ vHk vkλmin (Σ1) ‖W‖2

)
+ σ2

RRH tr
(
WHW

)
≥

K∑
k=1

(
vHk vk +

∥∥∥W Ĝ
H

vk
∥∥∥2

+ vHk vkσ2
1 ‖W‖

2 +
σ2

RRH

K
‖W‖2︸ ︷︷ ︸

Pk

)
. (6.13)

Proof. It can be proved using Von-Neumann’s Inequality and some algebraic manip-

ulations.

We will find a lower bound for Pk for all k using (6.12). To simplify the notations,

we define

x1 =
∣∣∣ĥHk WĜ

H
vk
∣∣∣2 , x2 =

∥∥∥W Ĝ
H

vk
∥∥∥2

, x3 =
∥∥∥ĥ

H

k W
∥∥∥2

,

x4 = ‖W‖2 , x5 = vHk vk, y = Pk,

c1 = γk, c2 = σ2
2,k, c3 = σ2

1, c4 = σ2
RRH, c5 = σ2

UE, c6 =
σ2

RRH

K
,

d1 =
∥∥∥ĥk
∥∥∥2

, d2 =
∥∥∥Ĝ
∥∥∥2

.

(6.12) and (6.13) can be written in terms of new variables as

x1 ≥ c1 [c2x2 + (c3x5 + c4)(x3 + c2x4) + c5] , y = x2 +x5 + c3x4x5 + c6x4. (6.14)

Lemma 6.7: For all k, we obtain that∥∥∥ĥk
∥∥∥2 ∥∥∥W Ĝ

H
vk
∥∥∥2

≥
∣∣∣ĥHk WĜ

H
vk
∣∣∣2 =⇒ x2d1 ≥ x1. (6.15)

‖W‖2
∥∥∥ĥk
∥∥∥2

≥
∥∥∥ĥ

H

k W
∥∥∥2

=⇒ x4d1 ≥ x3. (6.16)∥∥∥ĥ
H

k W
∥∥∥2

‖vk‖2
∥∥∥Ĝ
∥∥∥2

≥
∥∥∥ĥ

H

k W
∥∥∥2 ∥∥∥vHk Ĝ

∥∥∥2

≥
∣∣∣ĥHk WĜ

H
vk
∣∣∣2 =⇒ x3x5d2 ≥ x1.

(6.17)

Proof. By Cauchy-Schwarz Inequality [85] and submultiplicativity of `2-norm, we

get the result.

Lemma 6.8: y ≥ 1

a

(
b+ c3c5 + 2

√
c3c5b+ c5(d2 + c6)a

)
, (6.18)

where a =
d1d2

c1

− c2d2 − c3d1 − c2c3, b = c4(d1 + c2).

Proof. The proof is given in Appendix H.
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Theorem 6.1: (Performance Bound for (P8))

P ≥
K∑
k=1

H̃k σ
2
RRH + G̃σ2

UE + 2σRRHσUE

√
H̃k G̃ +

∆k

K
∆k

, ∆k > 0, ∀k (6.19)

where H̃k =
∥∥∥ĥk
∥∥∥2

+σ2
2,k, G̃ =

∥∥∥Ĝ
∥∥∥2

+σ2
1, ∆k =

(
1 +

1

γk

)∥∥∥ĥk
∥∥∥2 ∥∥∥Ĝ

∥∥∥2

− H̃k G̃ .

(6.20)

Proof. The bound expression can be obtained using Lemma 6.8 and calculating the

parameters a, b, c3, c5, c6, d2 in terms of channel estimates, channel error, and noise

parameters.

It is easy to show that a = ∆k. In Appendix H, we also show that a > 0 (equivalently

∆k > 0, ∀k) is a necessary (but not sufficient) feasibility condition which has to be

satisfied to obtain a proper solution for (P8). It it easy to show that the lower bound

is an increasing function of σRRH, σUE, σ1, σ2,k, γk and a decreasing function of
∥∥∥ĥk
∥∥∥

and
∥∥∥Ĝ
∥∥∥, as expected.

6.3 Convex Optimization Methods

In the previous section, we have found a performance bound for the problem (P8). To

observe the tightness of the proposed lower bound, we consider different methods to

solve the joint beamformer design problem. The access and fronthaul link beamform-

ers are in multiplicative form in the original problem and hence direct optimization

is difficult. In this section, we present two convex optimization-based methods to

solve (P8). Both methods apply successive convex optimizations with the SDR idea.

Firstly, we will show that each one of the fronthaul and access link beamformers can

be optimized using convex optimization with SDR when the other one is fixed. Using

this observation, we will propose two methods with different complexities.
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6.3.1 Access Link Beamformer Design

Let vk’s be given. In this case, the matrices Dk and C` become constant. For any

matrices X,Y,Z with suitable dimensions, we have [87]

tr
(
XHYXZ

)
= (vec (X))H

(
ZT ⊗ Y

)
vec (X) . (6.21)

Using this property, we get∣∣∣ĥHk WĜ
H

vk
∣∣∣2 = (vec (W))HTkvec (W) ,

tr
(
DkWC`WH

)
= (vec (W))HF`,kvec (W) ,

tr
(
DkWWH

)
= (vec (W))HEkvec (W) ,

tr
(
WHW

)
= (vec (W))Hvec (W) ,

tr
(
τ0vkvHk

)
= vHk vk + tr

(
WHW Ĝ

H
vkvHk Ĝ

)
+ tr

(
WHWΣ1

)
vHk vk

= vHk vk + (vec (W))H
(

(Ĝ
H

vkvHk Ĝ)T ⊗ INL

+ (vHk vk)(Σ1 ⊗ INL)

)
vec (W)

= vHk vk + (vec (W))HJkvec (W) .

(6.22)

where Tk = (Ĝ
H

vkvHk Ĝ)T ⊗ (ĥk ĥ
H

k ), F`,k = CT
` ⊗ Dk, Ek = INL ⊗ Dk, Jk =

CT
k ⊗ INL.

The matrix W is block diagonal and it includes NL2 many unknowns. Other (N2 −
N)L2 entries are zero. There exists a matrix U : N2L2 × NL2 and a vector of

unknown variables w0 : NL2 × 1 such that vec (W) = Uw0. Here, each column of

U includes a single 1 and other entries are equal to 0. We put the 1’s at the entries

corresponding to the unknown variables in vec (W). After this observation, we can

write P and SINR constraints in terms of w0 as

P = a1 + wH
0 B1w0, wH

0 Ak,1w0 ≥ γkσ
2
UE, ∀k (6.23)

where

a1 =
K∑
k=1

vHk vk, B1 = UH

(
σ2

RRHIN2L2 +
K∑
k=1

Jk

)
U

Ak,1 = UH

[
(1 + γk)Tk − γk

K∑
`=1

F`,k − γkσ2
RRHEk

]
U, ∀k.

(6.24)
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Finally we define W = w0wH
0 satisfying W � 0 and rank(W) = 1. Using the

variable W , we can formulate the problem as

(P9) min
W

tr [B1W ]

such that tr [Ak,1W ] ≥ γkσ
2
UE, ∀k, W � 0, rank(W) = 1.

(6.25)

In (P9), cost and all constraints except the rank constraint are convex. By omitting the

rank constraint, it can be solved with SDR using standard convex optimization tools

such as CVX [81], SeDuMi [82], Mosek [88].

6.3.2 Fronthaul Link Beamformer Design

In this part, we consider the case where W is fixed. In this case, we can write∣∣∣ĥHk WĜ
H

vk
∣∣∣2 = vHk Ak,2vk,

tr
(
DkWC`WH

)
= tr

(
WHDkW

(
Ĝ
H

v`vH` Ĝ +(vH` v`)Σ1

))
= vH` Bk,2v`

(6.26)

where Ak,2 = Ĝ WH ĥk ĥ
H

k W Ĝ
H
, Bk,2 = Ĝ WHDkW Ĝ

H
+ tr(WHDkWΣ1)IM .

Let Vk = vkvHk and ak,2 = σ2
RRH tr

(
DkWWH

)
+ σ2

UE. Using (6.6) and (6.26), we

formulate the problem as

(P10) min
{Vk}Kk=1

K∑
k=1

tr (τ0Vk)

such that
tr (Ak,2Vk)

K∑
`=1

tr (Bk,2V`)− tr (Ak,2Vk) + ak,2

≥ γk, ∀k,

Vk � 0, rank(Vk) = 1, ∀k.

(6.27)

(P10) can also be solved using convex optimization tools by omitting the rank con-

straints.

6.3.3 Rank-1 Approximation for SDR

In both fronthaul and access link beamformer designs, we find a solution by omitting

the rank constraint. If the result is rank-1, the solution becomes optimal. In Ap-

pendix I, we prove that the optimal solution of the relaxed version of (P9) satisfies
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rank(W) ≤ K and the optimal solution of the relaxed version of (P10) is always

rank-1, i.e., rank(Vk) = 1,∀k. When the solution found after SDR is not rank-1,

we apply a widely used randomization method [19], [20], [29]. Let X be the matrix

found after convex optimization. We want to find a vector x satisfying X = xxH

which is not possible if rank(X) > 1. In such a case, we select x = EΛ1/2y where

X = EΛEH is the eigenvalue decomposition of X and y is a zero-mean real Gaussian

random vector with unity covariance matrix.

6.3.4 Alternating Optimization (AO) Method

We know that each one of the fronthaul and access link beamformers can be found us-

ing convex optimization with the SDR approach by fixing the other. Using this idea,

we can find a solution for (P8) by alternating optimization of fronthaul and access

link beamformers. In general, alternating optimization methods converge to local op-

timum points. The choice of initial point affects the performance. We consider the

CP-to-RRH transmissions and use the total SNR at RRHs to find a suitable initial

point. Let SNRk,n be the SNR of k-th user at n-th RRH, i.e., SNRk,n =
‖Ĝ

H

n vk‖2

σ2
RRH

.

The total SNR is given by SNRtot =
N∑
n=1

K∑
k=1

SNRk,n = tr
(
VHG0V

)
where G0 =

1

σ2
RRH

N∑
n=1

Ĝn Ĝ
H

n and V = [v1 v2 · · · vK ]. We know that PCP = tr
(
VHV

)
. Further-

more, in order to send the user data from CP to RRHs properly, we need M ≥ K and

rank(V) = K. To satisfy these constraints, we choose V such that VHV =

√
PCP

K
IK .

We aim to find V maximizing SNRtot. By Von-Neumann’s Inequality, we have

tr
(
VVHG0

)
≤

M∑
i=1

λi
(
VVH

)
λi (G0)

=
K∑
i=1

λi
(
VVH

)
λi (G0) =

PCP

K

K∑
i=1

λi (G0) .

(6.28)

Notice that the K largest eigenvalues of VVH are equal to
PCP

K
and other M −K are

equal to zero. The equality holds when we have

vk =

√
PCP

K
ek (G0) , ∀k. (6.29)
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To find a suitable initial point we select the CP beamformers as in (6.29). On the

other hand, the selection of initial PCP is also required. To perform this task, we use

Algorithm 8.

Algorithm 6.1: (Initialization for Alternating Optimization)

Set P (0)
CP = 1, µ0 = 1.05, tmax,0 = 100. For t = 0, 1, 2, . . . , tmax,0 repeat the following

steps:

• Form v(t)
k =

√
P

(t)
CP

K
ek (G0) , ∀k. Solve (P1) to find W(t).

• If the problem is feasible, then set the initial value of W as W(t) and terminate.

• Set P (t+1)
CP = µ0P

(t)
CP .

Algorithm 6.1 is used to find the initial value of W. Starting from this value, we apply

alternating optimization by solving (P9) and (P10) iteratively. At each iteration, P

decreases since both (P9) and (P10) minimizes P when one of fronthaul and access

link beamformers is fixed. As the power is limited below (P ≥ 0) we conclude by

Monotone Convergence Theorem [89] that this method is convergent. When the rate

of change of P is small enough we stop the iteration and find the final solution. The

method is summarized in Algorithm 6.2.

Algorithm 6.2: (Alternating Optimization)

Using Algorithm 6.1, find the initial value W(0). Define tmax,1 = 100, η = 10−3. For

t = 0, 1, . . . , tmax,1, repeat the following steps:

• Solve (P10) to find v(t)
k , ∀k. Solve (P9) to find W(t).

• If |P (t) − P (t−1)| < ηP (t), then terminate.
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6.3.5 Total SNR Max (TSM) Method

Algorithm 6.1 is used to find an initial point for the AO method. By extending Al-

gorithm 6.1, we propose another iterative method, called the Total SNR Max (TSM)

Method, which is computationally less complex compared to AO. Firstly, we make an

observation for values of P as PCP increases. Assume that we use (6.29) to form CP

beamformers. Starting from a small value, we increase PCP continuously and at each

time we find the corresponding RRH beamforming matrix by solving (P9) as in Al-

gorithm 6.1. We observe that in general there exist two iteration indices 0 < t1 < t2

such that the problem is infeasible for t < t1, P (t) is decreasing for t1 < t < t2, and

increasing for t > t2. This shows that optimal value of P is achieved when t = t2.

By the motivation of this observation, we propose Algorithm 6.3.

Algorithm 6.3: (Total SNR Max Method)

Set P (0)
CP = 1, P (0) = 0, µ2 = 1.05. For t = 0, 1, . . . , tmax,2 = 100, repeat the

following steps:

• Form v(t)
k =

√
P

(t)
CP

K
ek (G0) , ∀k.

• Solve (P9) to find W(t). If the problem is feasible then evaluate P (t) using CP

and RRH beamformers. Otherwise, set P (t) = 0.

• If P (t) > P (t−1) > 0, then terminate, otherwise set P (t+1)
CP = µ2P

(t)
CP .

This algorithm finds CP beamformers using the approach given in (6.29) by iteratively

changing the PCP value. RRH beamforming selection is done as in the AO method.

6.3.6 Complexity of Convex Optimization Methods

In general, we can measure the computational complexity of AO and TSM as the

product of the number of iterations and the complexity at each iteration. At each

iteration, the main component of complexity is related to the convex optimization

and all other operations can be neglected. We use SeDuMi as the convex optimization
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tool to implement AO and TSM. In both methods, at each iteration, we minimize cHx

subject to Ax = b where x ∈ Cn is the vector of all unknowns and A ∈ Cm×n, b ∈
Cm, c ∈ Cn are known vectors/matrices. We know by [82] that the corresponding

computational complexity is O(n2m2.5 +m3.5) for SeDuMi. We have

Fronthaul Link : m = K, n = K +KM2,

Access Link : m = K, n = K +N2L4.
(6.30)

In AO, both fronthaul and access link beamformer designs are done by convex opti-

mization, meanwhile, TSM uses convex optimization only for the access link. Hence,

the corresponding computational complexities are given by

Complexity of AO : O
(
NAOK

2.5
[
(K +KM2)2 + (K +N2L4)2 + 2K

])
,

Complexity of TSM : O
(
NTSMK

2.5
[
(K +N2L4)2 +K

])
(6.31)

where NAO and NTSM are number of iterations for AO and TSM, respectively. In

simulation results, we show that the number of iterations for both methods are similar

and the average complexity of AO is larger than that of TSM, as expected.

6.4 Standard Beamforming Methods

In this section, we present two algorithms adapted from well-known beamforming

methods. These methods are based on MRC, ZF, and SVD. The purpose of consider-

ing these methods is to observe the performance of well-known methods in our joint

beamforming design problem. We also make a comparison with the performance

bound and relatively complex convex optimization methods described in the previ-

ous section. In the first method, called MRC-ZF, we design fronthaul beamformers

using the MRC idea. Access link beamformers are chosen as in ZF to cancel the

interference due to other user signals. The second method is called SVD-ZF where

the fronthaul beamformers are designed by an SVD algorithm. The access link beam-

formers are chosen to cancel the interference as in MRC-ZF. Because of the nature

of the problem, a direct implementation is not possible. We need some adaptations to

use MRC, ZF, and SVD.
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6.4.1 MRC-ZF

We know that MRC optimizes the signal power by a coherent reception. ZF elimi-

nates the interference and hence enhances the SINR. By the motivation of these beam-

forming methods, we choose the fronthaul and access link beamformers as

vk =
(

ĥ
H

k W Ĝ
H
)H

, ∀k, ĥ
H

k W Ĝ
H

v` = δ[k − `], ∀k, `. (6.32)

In this method, vk’s are chosen as the conjugate-transpose of the corresponding ef-

fective channel ĥ
H

k W Ĝ
H

. The matrix W is chosen to cancel the interference due to

undesired user signals. Notice that both beamformers are chosen in terms of channel

estimates only. This approach is used to make the algorithm simpler. Using (6.32),

we get

ĥ
H

k W Ĝ
H

Ĝ WH ĥ` = tr
(

WH ĥ` ĥ
H

k W Ĝ
H

Ĝ
)

= δ[k − `], ∀k, `. (6.33)

Using the fact that vec (W) = Uw0, we obtain that

wH
0 UH

[
(Ĝ

H
Ĝ)T ⊗ (ĥ` ĥ

H

k )
]

Uw0 = δ[k − `], ∀k, `. (6.34)

(6.34) is a QCQP type problem including a set of second order matrix equations with

NL2 unknowns and K2 equations. If NL2 ≥ K2, then we can find a solution using

a standard QCQP solver. Let W0 and {vk,0}Kk=1 be some solutions of (6.32). We use

vk =
√
avk,0, ∀k and W =

√
bW0 where a and b are two non-negative real numbers.

We use a and b to optimize the power allocation and minimize the total power spent.

Using the beamformer expressions, we can write SINR constraints and total mean

power as

ab · ck,1
ab · ck,2 − ab · ck,1 + b · ck,3 + ck,4

≥ γk, ∀k, P = a · d5 + ab · d6 + b · d7 (6.35)
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where

ck,1 =
∣∣∣ĥHk W0Ĝ

H
vk,0
∣∣∣2 ,

ck,2 =
K∑
`=1

tr
(

DkW0

(
Ĝ
H

v`,0vH`,0 Ĝ +(vH`,0v`,0)Σ1

)
WH

0

)
,

ck,3 = σ2
RRH tr

(
DkW0WH

0

)
, ck,4 = σ2

RRH, d5 =
K∑
k=1

vHk,0vk,0,

d6 =
K∑
k=1

vHk,0 Ĝ WH
0 W0 Ĝ

H
vk,0 + tr

(
WH

0 W0Σ1

) K∑
k=1

vHk,0vk,0,

d7 = σ2
RRH tr

(
WH

0 W0

)
.

(6.36)

Using the SINR constraints in (6.35), we get a ≥ dk,1+
dk,2
b
, (1+γk)ck,1 > γkck,2, ∀k

where dk,1 =
γkck,3

(1 + γk)ck,1 − γkck,2
, dk,2 =

γkck,4
(1 + γk)ck,1 − γkck,2

, ∀k. The first con-

dition provides K inequalities for a, b. The second condition should be satisfied for

feasibility. The problem of minimizing P in (6.35) under SINR constraints is a two-

variable QCQP problem which can be solved directly. The solution steps are ex-

plained in Algorithm 6.4.

Algorithm 6.4: (MRC-ZF)

• Find W0 and {vk,0}Kk=1 by solving (6.34) using a QCQP solver.

• Check the feasibility condition. If it is not satisfied, then terminate.

• For all k evaluate dk,1, dk,2, d5, d6, d7 using W0 and {vk,0}Kk=1.

For each k = 1, 2, . . . , K repeat the following steps:

• Find the solution interval [b1, b2] ⊆ [0,∞) of b satisfying dk,1 +
dk,2
b
≥ d`,1 +

d`,2
b
, ∀` 6= k.

• Evaluate the minimum value Pk,0 of P = a·d5+ab·d6+b·d7 for a = dk,1+
dk,2
b

which is given by Pk,0 = dk,1d5 + dk,2d6 + d7 + 2
√
dk,1dk,2d5d6.

• Evaluate the values of P = a · d5 + ab · d6 + b · d7 for a = dk,1 +
dk,2
b1

, b = b1

and a = dk,1 +
dk,2
b2

, b = b2 as Pk,1 and Pk,2.
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• Evaluate the global minimum candidate for k as Pmin,k = min(Pk,0, Pk,1, Pk,2).

Find the solution as Pmin = min
k
Pmin,k.

Algorithm 6.4 optimally solves the beamforming design problem defined by the MRC-

ZF method. Notice that there is a feasibility condition to find a suitable beamformer.

By the design method, the algorithm cancels the interference due to undesired user

signals. As it uses the channel estimates only, the interference due to the channel mis-

match part cannot be canceled. The channel estimation error should be small enough

to satisfy the feasibility condition. There is also another condition NL2 ≥ K2 to find

a solution for the matrix equation in (6.34). These conditions imply that MRC-ZF

can be used if the channel estimation quality is good enough and the number of users

is small enough.

6.4.2 SVD-ZF

In the TSM method, fronthaul beamformers are designed by maximizing the total

SNR at RRHs. We have shown that the corresponding beamformer is found using

SVD of a sum of channel components related to CP-to-RRH channels. We use this

approach to design fronthaul beamformers and access link beamformers are found

as in MRC-ZF. By the motivation of the SVD and ZF type operations, we name this

method SVD-ZF. We first consider the system of equations

vk = ek (G0) , ∀k, ĥ
H

k W Ĝ
H

v` = δ[k − `], ∀k, `. (6.37)

The first condition in (6.37) maximizes the total SNR at RRHs and the second con-

dition eliminates the interference. As in MRC-ZF, we only use channel estimates to

design beamformers for simplicity. Using the transformation vec (W) = Uw0, we

obtain that

ĥ
H

k W Ĝ
H
e` (G0) =

(
vec
(

[Ĝ
H
e` (G0) ĥ

H

k ]T
))T

Uw0 = δ[k − `], ∀k, `. (6.38)

(6.38) includes a system of linear equations with NL2 unknowns and K2 equations.

For NL2 ≥ K2, we can find a solution using generalized matrix inversion. As in

MRC-ZF we optimize the power allocation to minimize the total power spent. Let W0
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and {vk,0}Kk=1 be some solutions of (6.37). We use vk =
√
avk,0, ∀k and W =

√
bW0

where a and b are two non-negative real numbers. After this point, we can formulate

the problem in terms of a and b as in MRC-ZF and find the optimal values following

the same procedure. SVD-ZF is summarized in Algorithm 6.5.

Algorithm 6.5: (SVD-ZF)

• Find W0 and {vk,0}Kk=1 by solving (6.38) using generalized matrix inversion.

• Apply the same procedure done in MRC-ZF to find the solution.

As in MRC-ZF, this method includes a feasibility condition including W0 and {vk,0}Kk=1.

We also need NL2 ≥ K2 to find a solution for (6.38). Hence SVD-ZF also requires a

good channel estimation quality and a relatively small number of users. One can say

that SVD-ZF is computationally less complex compared to MRC-ZF as it does not

require a QCQP solver.

6.5 Numerical Results

In this section, we compare the performances of the proposed methods with the per-

formance bound by Monte Carlo simulations. Throughout the simulations, we assume

that γk = γ, ∀k. We use a realistic channel model including path-loss, shadowing and

small-scale fading defined in a 3GPP standard [90]. We consider a circular region in

which CP is at the center, RRHs and UEs are distributed uniformly.1 In Table 6.1, the

model parameters are presented.2

1 We choose the configurations where CP-to-RRH, CP-to-UE, and RRH-to-UE distances are all at least 50
meters.

2 In the path-loss formulas in the table, d’s are in meters.
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Table 6.1: Model parameters used in simulations

Cell radius 1 km
Path-loss for Fronthaul Link (PL,1) PL,1 = 24.6 + 39.1 log10 d

Path-loss for Access Link (PL,2) PL,2 = 36.8 + 36.7 log10 d
Antenna gains (CP, RRH, UE) (9, 0, 0) dBi

Noise figures (RRH, UE) (2, 10) dB
Bandwidth 10 MHz

Noise power spectral density −174 dBm/Hz
Small-scale fading model Rayleigh, CN (0, I)

Log-normal shadowing variance (CP, RRH) (6, 4) dB

As in the wired fronthaul case, we assume that we assume that pilot signal pow-

ers are adjusted according to the channel amplitudes so that the power ratios of

E(|∆Gn|2)/|Gn|2 and E(|∆hk,n|2)/|hk,n|2, ∀k, n are all equal to some known con-

stant γch. Here γch is a measure of channel estimation quality. Using the channel

estimates and γch, one can evaluate σ2
1,n, ∀n and σ2

2,k,n, ∀n, k accordingly. In simula-

tions, we observe the effect of parameters γ,K,N, L,M, γch. We know that there is

always a non-zero probability of having an infeasible solution. To measure the ratio

of infeasibility, we define Poutage showing the percentage of infeasible designs. We

run 100 Monte Carlo trials in each case. To evaluate the P values for a method, we

average the results over Monte Carlo trials with feasible solutions.
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Figure 6.1: Convergence characteristics of AO and TSM.

In Fig. 6.1, we see a typical convergence graph of AO and TSM for (K,N,L,M) =

(4, 4, 4, 8), γ = 5 dB and γch = 0.01. We observe that P values decrease smoothly

101



and both algorithms obtain a solution after a few iterations.
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Figure 6.2: P and Poutage vs γ. (K,N,L,M) = (4, 4, 4, 8), γch = 0.01.

In Fig. 6.2, we observe the effect of the SINR threshold γ. For all γ values, the

performance loss compared to the bound is roughly 3 and 6 dB for AO and TSM,

respectively. MRC-ZF and SVD-ZF have significantly worse performance than those

of convex optimization methods. We observe that Poutage values of both methods

increase with γ. Even when γ = 0 dB, the infeasibility ratio is about 30 percent for

both methods. The results imply that even for a relatively low channel estimation

error, the methods MRC-ZF and SVD-ZF may fail to solve the joint beamforming

design problem with a large probability. We observe that AO can solve the problem

with almost 100 percent whereas the TSM feasibility ratio is slightly smaller than that

of AO.
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Figure 6.3: P and Poutage vs K. (N,L,M) = (4, 4, 8), γ = 5 dB, γch = 0.01.
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Fig. 6.3 shows the performances as the number of UEs K varies. We observe that the

performance loss of all methods compared to the bound increase with K. This is due

to the fact that bound can only be achieved when the interference due to undesired

users is eliminated which becomes harder as K increases. We see that for large K

values, the feasibility ratios of MRC-ZF and SVD-ZF become very small meaning

that these methods cannot be used when the number of users is not small enough.

Although it outperforms MRC-ZF and SVD-ZF, TSM performance also degrades for

a large number of users. On the other hand, AO can successfully design beamformers

with 100 percent feasibility and it requires less power for all K values compared to

the other three methods.
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Figure 6.4: P and Poutage vs N . (K,L,M) = (4, 4, 8), γ = 5 dB, γch = 0.01.
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Figure 6.5: P and Poutage vs L. (K,N,M) = (4, 4, 8), γ = 5 dB, γch = 0.01.

In Fig. 6.4-6.5, we observe the effects of the number of RRHs N and the number of

RRH antennas L. The results show that AO has the best performance for all cases. Its
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outage ratio is always 0 percent and the power difference with the bound is generally

less than 5 dB. The difference becomes smaller as N or L increases. As in the pre-

vious cases, MRC-ZF performs better than SVD-ZF and worse than TSM. We also

observe that there is a significant difference in the bound values between N = 2 and

N = 8 and the same fact is true for L = 2 and L = 8.
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Figure 6.6: P and Poutage vs M . (K,N,L) = (4, 4, 4), γ = 5 dB, γch = 0.01.

In Fig. 6.6, we see the effect of the number of CP antennas M . The main observa-

tion is that the performance enhancement obtained by increasing M is very limited.

Adding an extra antenna to CP mainly affects the power spent in fronthaul transmis-

sions. In our channel model, CP-to-RRH channels are better than RRH-to-UE chan-

nels as RRHs are stationary and one can place them by optimizing the corresponding

fronthaul channel conditions. Therefore, the portion of PCP in the total power P is

small in general and hence the effect of M on the performance is small compared to

the effects of N and L.

Table 6.2: P values in dBW for various quadruples of (K,N,L,M) for γ = 5 dB

and γch = 0.01

K N LM AO TSM MRC-ZF SVD-ZF Bound AO − Bound
2 2 4 4 27.52 28.15 33.3 33.61 24.43 3.11
3 2 4 6 27.15 29.42 30.26 31.23 23.82 3.33
4 2 4 8 27.5 29.47 32.41 36.49 24.03 3.47
3 3 4 4 24.07 27.02 30.67 31.32 20.54 3.53
4 4 4 4 25.69 26.23 35.31 36.62 20.48 5.21
3 4 3 4 23.73 25.54 30.44 32.83 19.7 4.03
2 4 2 4 23.59 25.11 31.4 33.33 21.28 2.31
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In Table 6.2, we compare the performances when the ratios
K

M
,
K

N
,
K

L
are fixed.

The first three rows show the cases where
K

M
,N,L are fixed; the first, fourth, and

fifth rows are related to the case where
K

N
,M,L are fixed, and finally, the last three

rows correspond to the case where
K

L
,M,N are fixed. We observe that for every

three cases, the performance loss of the best method AO compared to the bound is an

increasing function of the number of users K. This is due to the fact that achieving

bound requires perfect elimination of the interference due to undesired users which

becomes harder as the number of users increases.

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

ch

0

20

40

60

80

100

P
o
u
ta

g
e
 (

%
)

P
outage

 vs 
ch

AO

TSM

MRC-ZF

SVD-ZF

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ch

0

20

40

60

80

100

P
o
u
ta

g
e
 (

%
)

P
outage

 vs 
ch

AO

TSM

MRC-ZF

SVD-ZF

Figure 6.7: Poutage vs γch. (K,N,L,M) = (4, 4, 4, 8), γ = 5 dB.

Fig. 6.7 presents the feasibility ratios versus the channel estimation error quality. We

observe that if the channel estimation error is large enough, all methods completely

fail in the design process. We conclude that convex optimization-based methods are

more robust to channel errors compared to methods adapted from known beamform-

ing algorithms.

Fig. 6.8 shows the normalized average run-times for all methods and rank-1 percent-

ages of (P9) and (P10). We observe that complexity is high for convex optimization-

based methods. The average run-time of AO is slightly larger than that of TSM.

Among all methods we consider, SVD-ZF is the less complex one since it directly

finds the solution (if feasible) by solving a linear matrix equation without any solver.

On the other hand, its performance is generally not satisfactory in most cases. We ob-

serve that the SDR approach optimally solves (P9) and (P10) as the results are always

rank-1.
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Figure 6.8: Average Complexity Comparison (left) and Rank-1 Percentages of (P9)

and (P10) (right).

In the second part of simulations, we observe the power allocation of users, power-

sharing between fronthaul and access links, and the effect of different user SINR

thresholds. We consider two scenarios where RRH and UE locations are fixed. In

both cases, there is a CP with 4 antennas, 2 RRHs each with 4 antennas, and 4 UEs.

We only consider the AO method to present the results. The first scenario includes

various RRH-to-UE distances and the second one considers a symmetric placement.

In Fig. 6.9, we present the RRH and UE placements of the two scenarios.
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Figure 6.9: Scenario 1 (left) and Scenario 2 (right) RRH and UE placements.

To present the power allocation of users for both fronthaul and access links, we define

PCP,k = vHk vk, PRRH,k = vHk
(

ĜWHWĜ
H

+ tr
(
WHWΣ1

)
IM
)

vk,

PRRH,amp-noise,k =
1

K
σ2

RRH tr(WHW), ∀k (6.39)
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where PCP,k, PRRH,k, PRRH,amp-noise,k are the fronthaul link power, access link power

and RRH amplified noise power for k-th user. Notice that we have

PCP =
K∑
k=1

PCP,k, PRRH =
K∑
k=1

(PRRH,k + PRRH,amp-noise,k) . (6.40)

We know that RRH receiver noise is amplified and forwarded to users in AF-type

relaying. The related term is given in (2.12) as the first part of the noise term. We

equally divide RRH amplified noise power between users as shown in (6.39).
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Figure 6.10: Power Allocations for Scenario 1 (left) and Scenario 2 (right).

In the left part of Fig. 6.10, we observe the power allocation of users for Scenario 1.

We take equal SINR thresholds γk = γ = 5 dB for all users. Notice that fronthaul

powers are smaller compared to access link powers. This is due to the path-loss and

antenna gain model that we use. As CP and RRHs are stationary, we assume that

one can optimize the locations of CP and RRHs so that the corresponding channel

conditions are good. We also assume that CP antenna array design is more flexible

compared to RRH and user equipment, and hence we use higher gain antennas for

CP. We also observe that PRRH,4 > PRRH,1 > PRRH,2 ≈ PRRH,3. This is expected

considering the locations of users. The distance between UE 4 and both two RRHs

is large and hence it requires the largest power. On the other hand, since UE 2 and

3 are close to some RRH, they require the smallest power. UE 1 distance to both

RRHs is at an intermediate level and hence the corresponding power is in between

the other three UEs. As a final remark, we observe that RRH amplified noise powers

are significantly large and this shows that a well-optimized network design is needed

to obtain sufficiently large user SINRs for AF type relaying.
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We present the power allocation of users for Scenario 2 in the right part of Fig. 6.10.

In this case, we use a symmetric placement of RRHs and UEs and consider the effect

of different user SINR thresholds by taking γ1 = 4, γ2 = 6, γ3 = 8, γ4 = 10 dB.

We observe that as the SINR threshold increases, the corresponding user power of

both fronthaul and access links also increases. The operator can adjust the user SINR

thresholds according to the priority of users. The power required to serve a more prior

user will be larger as presented in this example scenario.

6.6 Conclusions

In this study, we analyzed the joint beamformer design problem in downlink C-RAN

with wireless fronthaul. We considered the case where AF type relaying is used in

RRHs without the capability of baseband processing. We assumed that channel co-

efficients are available with some additive error with known second-order statistics.

We derived a novel theoretical lower bound for the total power spent under SINR con-

straints. We proposed two convex optimization-based methods and two other methods

adapted from known beamforming strategies to observe the tightness of the bound.

We have shown that the first two methods have better performances but their com-

plexities are also higher. In general, the performance of the best method is close to

the bound and the difference is less than 1 dB for some cases. The results show the

effectiveness of the bound as well as the performances of various solution techniques.

For C-RAN systems, there are other beamforming design techniques that are not an-

alyzed in this study but studied in the literature. We have found at least one method

performing close to the bound and this is enough to show the tightness of the bound

proposed.

As future work, the approach used in this study to derive a performance bound can

be adapted to DF and DCF based relaying and also to full-duplex RRH case. One

can also search the necessary conditions required for the equality case of the bound

to gain insight into the optimal algorithm.
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CHAPTER 7

POWER OPTIMIZATION FOR INTEGRATED ACCESS AND BACKHAUL

7.1 Problem Definition

In this chapter, we describe a study on beamformer design for a downlink full-duplex

IAB system.

Throughout the analysis, we use the system model described in Section 2.4.3. The

backhaul and access link signals can be written as

xbackhaul,n =
K∑
k=1

gHn,0vksBk +
K∑
k=1

N∑
m=1

gHm,nwk,ms
A
k + zSBS,n,

xaccess,k =
N∑
n=1

hHk,nwk,ns
A
k +

K∑
`6=k

N∑
n=1

hHk,nw`,ns
A
` +

K∑
`=1

hHk,0v`sB` + zUE,k.

(7.1)

We follow three main assumptions to define and solve the design problem, proposed

in [14].

Assumption 1: SBS n can perfectly eliminate the interference signal due to SBSm 6=
n in decoding the k-th user backhaul data if k ∈ Kn∩Km. This can be achieved since

SBS-to-SBS channels are slowly changing and can be estimated with negligible error.

As the signal sAk is known by the n-th SBS, using the effective channel knowledge

betweenm-th SBS and n-th SBS, the interference signal gHm,nwk,ms
A
k can be perfectly

eliminated.

Assumption 2: SBSs decode user backhaul data using the successive interference

cancellation (SIC) method.

Assumption 3: All MBS-to-SBS, SBS-to-SBS, SBS-to-UE, MBS-to-UE channels
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are perfectly known.

n-th SBS decodes the k-th UE data if k ∈ Kn. We assume that SBSs apply SIC

method and decoding order of user backhaul data is chosen such that if i < j then sBi
is decoded before sBj .

Considering the assumptions on interference cancellation and SIC, the corresponding

backhaul SINR term can be written as

SINRB
k,n =

|gHn,0vk|2

K∑
`=1

|gHn,0v`|2fk,n(`) +
∑
` 6∈Kn

∣∣∣∣∣
N∑

m 6=n

gHn,mw`,m

∣∣∣∣∣
2

+
1

βSI

K∑
`=1

‖w`,n‖2 + σ2
SBS,n

.

(7.2)

Here the function fk,n(`) is used to determine interference signals left in each stage

of SIC process and defined as

fk,n(`) =

1, if ` ∈ Kn or ` > k

0, else
. (7.3)

To simplify the notations, we define augmented channel and beamformer vectors/ma-

trices as given in (7.4).

hk = [hTk,1 hTk,2 · · · hTk,N ]T , ∀k,

gn = [gTn,1 · · · gTn,n−101×L gTn,n+1 · · · gTn,N ]T , ∀n,

wk = [wT
k,1 wT

k,2 · · · wT
k,N ]T , ∀k.

(7.4)

Using the augmented variables and network link matrix C including the knowledge

of Kn’s for all n, and Nk’s for all k, we can rewrite (7.2) as

SINRB
k,n =

|gHn,0vk|2
K∑
`=1

|gHn,0v`|2fk,n(`) +
K∑
`=1

|gHn w`|2c`,n +
1

βSI

K∑
`=1

wH
` Bnw` + σ2

SBS,n

.

(7.5)

In (7.5), the matrix Bn = diag
(
0(n−1)L, 1L, 0(N−n)L

)
satisfies Bnw` = w`,n.

For the access link, we can write the corresponding user SINR terms as
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SINRA
k =

∣∣∣∣∣
N∑
n=1

kHk,nwk,n

∣∣∣∣∣
2

K∑
6̀=k

∣∣∣∣∣
N∑
n=1

hHk,nw`,n

∣∣∣∣∣
2

+
K∑
`=1

∣∣hHk,0v`
∣∣2 + σ2

UE,k

. (7.6)

Using the augmented variables, we can rewrite (7.6) as

SINRA
k =

|hHk wk|2
K∑
`6=k

|hkw`|2 +
K∑
`=1

|hk,0v`|2 + σ2
UE,k

. (7.7)

We consider a QoS problem where total transmit power is minimized under user

data rate (equivalently SINR) constraints. The transmit power is one of the major

costs of an operator. By minimizing the power consumption, we also decrease the

cost of cooling the equipment. Furthermore, the inter-cell interference will also be

minimized when the transmit power is optimized.

To satisfy a certain data rate for a user, we need to guarantee that both backhaul and

access link SINRs of that user should be large enough. In other words, if SINRA
k ≥ γk

and SINRB
k,n ≥ γk, ∀n ∈ Kn then the data rate Rk = log2(1 + γk) for the k-th user is

achievable.

Using the definition of the network link matrix C, we can write a relation between

access link beamformers and entries of C. After some mathematical calculations, we

obtain

ck,nwk,n = 0 ⇐⇒ ck,nBnwk = 0 ⇐⇒
N∑
n=1

ck,nwH
k Bnwk = 0. (7.8)

To obtain (7.8), we use the fact that the matrices {Bn}Nn=1 are Hermitian and PSD.

We also use a transmit power constraint for MBS and SBSs, which is a natural con-

straint due to hardware limitations. The power transmitted by MBS and SBSs is

limited above as given in (7.9).

PMBS =
K∑
k=1

vHk vk ≤ Pt,1,

PSBS,n =
K∑
k=1

wH
k,nwk,n =

K∑
k=1

wH
k Bnwk ≤ Pt,2.

(7.9)
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The total power P can be expressed as

P = PMBS +
N∑
n=1

PSBS,n =
K∑
k=1

(
vHk vk + wH

k wk

)
. (7.10)

To minimize P under SINR and power constraints, we also optimize the cooperation

strategy by optimizing the network link matrix C. The design problem (PIAB) can be

expressed as

(PIAB) : min
vk,wk,C

K∑
k=1

(
vHk vk + wH

k wk

)
s.t.

|hHk wk|2
K∑
6̀=k

|hkw`|2 +
K∑
`=1

|hk,0v`|2 + σ2
UE,k

≥ γk, ∀k (7.11)

|gHn,0vk|2
K∑
`=1

|gHn,0v`|2fk,n(`) +
K∑
`=1

|gHn w`|2c`,n +
1

βSI

K∑
`=1

wH
` Bnw` + σ2

SBS,n

≥ γk,

∀k, n (7.12)
N∑
n=1

ck,nwH
k Bnwk = 0, ∀k (7.13)

K∑
k=1

vHk vk ≤ Pt,1 (7.14)

K∑
k=1

wH
k Bnwk ≤ Pt,2, ∀n. (7.15)

In (PIAB), (7.11) is the access link SINR constraint, (7.12) is the backhaul link SINR

constraint, (7.13) denotes the relation between access link beamformers and network

link matrix, (7.14)-(7.15) denote the transmit power constraints for MBS and SBSs.

For a fixed C, we can solve (PIAB) with SDP using standard SDP-solvers. To perform

SDP, we first define new variables Vk = vkvHk and Wk = wkwH
k . The new variables

Vk and Wk are Hermitian, PSD, and rank-1 for all k. The objective and constraints

(except the rank-1 constraint) become linear (and hence convex) in (PIAB) in terms

of Vk’s and Wk’s. In the SDP approach, we omit the rank constraint and solve the

relaxed problem using an SDP solver tool. As in the solutions of beamformer design

problems in C-RAN with wired and wireless fronthaul, it can be shown that the so-

lution of the relaxed problem is always rank-1. This means that the SDP method can
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optimally solve the original problem (PIAB) for a fixed C without any performance

loss due to the relaxation of the rank constraint.

Although we can optimally solve (PIAB) for a fixed C, it is not practical to try all pos-

sible C matrices as their number grows exponentially with the network size. Starting

from the full cooperation case, we use the ILR algorithm to find a suitable C matrix.

We use SeDuMi [82] tool at each stage of ILR as the SDP solver. The details are

given in the Algorithm below.

Algorithm 7.1: (SDP-ILR):

Step 1: Solve (PIAB) for full cooperation case (C = 0). Find the access link beam-

former norms ‖wk,n‖ for all n, k. If the problem is not feasible, then find the channel

norms ‖hk,n‖ for all n, k.

Step 2: Delete the link with the smallest beamformer (or channel) norm that is not

deleted before. This is done by changing the corresponding entry of C from 0 to 1.

Step 3: Solve (PIAB) for the current C and continue until all links are deleted.

Step 4: Find the configuration (the network link matrix and the corresponding beam-

formers) with the minimum total power.

ILR algorithm iteratively removes links and solves an SDP problem at each stage.

The complexity of the algorithm can be expressed as O(K5.5N7.5L4 +K5.5N3.5M4)

using the complexity of SeDuMi solver [82].

7.2 Numerical Results

In this section, we observe the performance of the proposed method. In all simula-

tions, unless otherwise stated, we take γk = γ, ∀k, σSBS,n = σSBS, ∀n, σUE,k =

σUE, ∀k. We consider a circular area with 1 km diameter where MBS is at the center,

4 SBSs are placed on the vertices of a square with 750 m diagonal, and the UEs are

uniformly distributed in the area shown in Fig. 7.1. The UEs are placed outside the

inner circle with radius 250 m and outside the circles around SBSs with 50 m radius.

(We assume that UEs in the inner circle are directly served by MBS.)
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Figure 7.1: Placements of MBS, SBSs and UEs.

The large and small scale path-loss parameters, the noise powers, antenna gains, and

other related parameters are listed in Table 7.1. (The table is taken from [14].)

Table 7.1: Simulation Parameters

Parameter Value

Bandwidth 10 MHz

Macro (small) BS antenna gain 15 dBi (5) dBi

MBS-to-UE path-loss 128.1 + 37.6 log10(dkm)

SBS-to-UE path-loss 140.7 + 36.7 log10(dkm)

MBS-to-SBS path-loss 103.4 + 24.2 log10(dkm)

SBS-to-SBS path-loss 103.8 + 20.9 log10(dkm)

Macro (small) cell shadowing std. dev. 8 dB (10 dB)

Small-scale fading CN (0, I)

SBS (UE) noise figure 10 dB (10 dB)

In the simulations, we observe the effect of γ,K, L,M on the total power P . We also

analyze the MBS and SBS powers, separately. We run 1000 Monte-Carlo trials for

each parameter set analyzed, and present the average power values.
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Figure 7.2: P vs γ, (K,N,L,M) = (4, 4, 4, 8), (Pt,1, Pt,2) = (100, 50) W,

βSI = 110 dB.

In Fig. 7.2, we see the effect of the SINR threshold γ. We observe that P is an increas-

ing function of γ. It can be claimed that when we further increase γ, the problem be-

comes infeasible. Even if we use infinite transmit power thresholds (Pt,1, Pt,2 →∞)

there will be a value of γ after which we obtain infeasible results. This is because

increasing the transmit power also increases the interference in the system.
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Figure 7.3: P vs K, (N,L,M) = (4, 4, 8), (Pt,1, Pt,2) = (200, 100) W,

(γ, βSI) = (5, 110) dB.

Fig. 7.3 shows the effect of the number of users. When the number of users is large,

the power required to serve all users becomes also large. This is expected as it will be

more challenging to satisfy user SINR constraints when K is larger.
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The effect of the number of SBS antennas is given in Fig. 7.4. We conclude that the

total power consumption can be dramatically decreased using more antennas.
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Figure 7.5: P vs M, (K,N,L) = (4, 4, 4), (Pt,1, Pt,2) = (100, 50) W,

(γ, βSI) = (5, 110) dB.

We observe in Fig. 7.5 that the impact of M on performances is limited. MBS-to-

SBS channels are better than those of SBS-to-UE channels. Therefore, the portion of

MBS power is small in total power consumption, making the effect of the number of

MBS antennas low. Notice that M ≥ K is required to send the user backhaul data

properly.
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In Fig. 7.6, we see the comparison of MBS and total SBS power. The results are

obtained by averaging all simulations. We observe that in the simulation setting that

we use, total SBS power is roughly ten times higher than those of MBS power.

7.3 Conclusions

In this work, we described an IAB system and compared it with C-RAN. We con-

sidered a beamformer design problem in downlink IAB with full-duplex transmis-

sion/reception in SBSs. We minimized the total transmit power of MBS and SBSs

under user SINR and power transmit constraints. In the design process, we used ILR

and SDP methods to jointly optimize the cooperation between SBSs and MBS and

SBS beamformer vectors. The results show that the power consumption of IAB can

be well optimized by iterative convex optimization algorithms. In this study, we as-

sumed perfect CSI, which may be over-optimistic in a practical scenario. As future

work, one can modify the algorithms adopted in this work so that the beamformer

designs process is robust to channel errors. We think that the same problem with a

statistical channel error model, where second-order statistics of the additive channel

errors are known, can be solved after applying a proper modification to algorithms

used in this study.
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CHAPTER 8

CONCLUSIONS

In this thesis, we have investigated the beamformer design problem for downlink C-

RAN and IAB. To minimize the fronthaul data transfer in C-RAN, and optimize the

backhaul data sharing in IAB, we have solved combinatorial beamforming design

problems where some beamformers of RRHs, CPs, SBSs, and MBSs are set to zero.

We aimed to minimize total power consumption by satisfying sufficient SINR for

each UE. We have also considered the user selection problem to find the largest UE

set to be served. We have derived theoretical performance bounds under imperfect

channel knowledge to observe the limits of the algorithms.

We have proposed two heuristic search methods to find proper beamformers for C-

RAN with capacity-limited wired fronthaul. Both methods solve a sequence of con-

vex sub-problems to find the cooperation scheme for RRHs. The results show that

these methods can be effectively used when full cooperation is not possible due to the

limited capacity of fronthaul links.

We have analyzed the power minimization problem under per-RRH power transmit

constraints. To minimize the fronthaul and access link powers, we have proposed

a smooth approximation method where all discontinuous terms in the objective and

constraints are expressed as the limits of some smooth function sequences. To make

optimality analysis, we have also derived a novel theoretical performance bound. The

detailed simulations show that the proposed method outperforms all baseline meth-

ods, and its performance is close to the bound.

We have considered a user admission problem where the SINR constraints are sat-

isfied for the largest possible UE set by minimizing the fronthaul data transfer and
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total power consumption. All target parameters can be jointly optimized by a novel

bound-based link selection method. This method finds a suitable link configuration

of RRHs and UEs according to the derivation of a performance bound. The numerical

results show the effectiveness of the method proposed.

For C-RAN with wireless fronthaul, we have analyzed a power minimization problem

involving multiplicative terms of CP and RRH beamformers. Assuming imperfect

channel knowledge, we have derived a novel theoretical performance bound. We

have shown the tightness of the bound by considering some convex optimization and

hybrid beamforming methods. The comprehensive study on this topic has shown

that convex optimization-based methods can perform close to the bound whereas the

performance of standard beamforming methods is limited.

We have conducted a study on beamformer design for a downlink full-duplex IAB

system. We have proposed a method based on SDP and ILR for perfect channel

knowledge. The results show that the proposed method can effectively solve the

problem. We aim to generalize the results of this work for imperfect channel cases.

We also plan to recommend new techniques and find theoretical performance bounds

for IAB systems.

The beamforming design problems in downlink C-RAN and IAB have combinato-

rial nature and are originally not solvable in polynomial times. Applying relaxations

and transformations, we can use various techniques to design proper beamformers.

In most cases, it is not practical to run the optimal algorithms. On the other hand,

it is possible to derive theoretical performance bounds showing the limits of meth-

ods. Considering the performance gaps compared to the theoretical bounds together

with the complexities of algorithms, one can select the technique that best fits the

application at hand.

There are some possible extensions of this thesis work. One can conduct different

studies to enhance the performances of future communication networks further.

• User-centric beamforming: In both C-RAN and IAB networks, to obtain the

highest coordination gain we have performed beamformer design under a fully

centralized approach. The results show that although the performances of the
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algorithms are satisfactory, some methods may be impractical due to high com-

plexity. As an alternative approach, we can perform user-centric beamform-

ing where coordination of base stations and corresponding beamformers are

designed for each user separately. This approach is sub-optimal in terms of

performance; however, the algorithm complexities will be low, making this ap-

proach attractive.

• Machine learning and artificial intelligence: As the network densities in-

creases, it becomes harder to decide cooperation strategies and design beam-

formers in networks. When multi-hop backhauling is allowed in IAB systems,

the problem becomes even harder. Machine learning (ML) and artificial intelli-

gence (AI) can be useful to satisfy quality-of-service requirements for complex

scenarios. Through ML/AI, we can enhance the performance of the network

when mixed traffic flows coexist. ML/AI-assisted methods can be designed to

exploit and forecast changes in the environment and user behavior.

• Fully digital beamforming with low-resolution ADCs for mmWave band:

Throughout the thesis work, we considered fully digital beamforming. When

the number of antennas is high, hybrid beamforming is preferred to decrease the

complexity and costs of the design. In general, a small number of RF chains

are used for the mmWave band to decrease the complexity due to a massive

number of antennas. Furthermore, a fully digital solution will also increase

the power consumption due to a large number of analog-to-digital converters

(ADCs). To make the design practical and to obtain faster beam tracking and

management, one can consider a fully digital massive MIMO solution including

low-resolution ADCs in C-RAN and IAB networks.

• Edge Cloud with C-RAN: By the evolution of communication systems new

use cases become possible to implement. Use cases requiring very low trans-

mission delays can be supported by 5G and beyond. High-frequency trading,

electric grid control, autonomous driving are some of the applications requiring

latencies less than 10 ms. In C-RAN, due to a large amount of data transmission

in fronthaul links, some enhancements might be required to decrease the la-

tency. Multi-access edge computing (MEC) is a potential approach to decrease

the latencies in new-generation communication systems. In C-RAN, a cloud-
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based MEC can be implemented by combining edge and far edge data centers.

Baseband processing and edge computing operations of the core network can

be performed in the same centralized data centers to obtain low latency and

high throughput communications. As future work, the coordination strategies

for a C-RAN system with MEC can be analyzed.

• Functional Splits in C-RAN: In radio access networks, the centralization of

protocols can be implemented in different ways. There are several possible

functional splits in new-generation communication systems. One way is to cen-

tralize all baseband processing to obtain the maximum coordination gain. This

approach will yield strict latency requirements in fronthaul links. To relax the

latency requirements, some baseband functions can be performed in RRHs. In

this case, the level of coordination becomes limited. Next-generation commu-

nication systems should support different function splits where each one can be

optimal for a specific scenario. As a different study area, limited coordination

cases can be analyzed for C-RAN systems.

• Reconfigurable Intelligent Surfaces and IAB: In 6G and beyond, it is ex-

pected to use reconfigurable intelligent surfaces (RISs) to change the behav-

ior of the propagation environment. RIS can significantly increase the signal

strength without complex signal processing operations. In future IAB networks,

RISs can be used together with IAB nodes to increase the coverage of the net-

work. As no backhaul data decoding would be required in relaying, a simple,

low-cost, and efficient solution might be obtained by the usage of RISs.

• Enhancements in Wired Backhaul and Fronthaul Links: Passive optical

networks (PON) and wavelength division multiplexing (WDM) are used to de-

crease the cost of deployment of wired backhaul/fronthaul links by supporting

low latencies and high data rates. The power consumption model of CP in

C-RAN with wired fronthaul can be modified considering PON and WDM as

future work.
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APPENDIX A

PROOF OF RANK-1 SOLUTION OF (P1-R)

We use the idea in [54] to prove that (P1-r) has always rank-1 solution. Firstly, we

define the Lagrangian function of the problem L as

L =
K∑
k=1

tr(Wk)−
K∑
k=1

λk

(
tr (HkWk)− γk

∑
`6=k

tr (HkW`)− γkσ2
UE,k

)

+
K∑
k=1

µk

N∑
n=1

ck,n tr(BnWk)−
K∑
k=1

tr(WkZk)

(A.1)

where {λk}Kk=1, {µk}Kk=1 are non-negative Lagrange multipliers, Zk is the dual pos-

itive semi-definite matrix associated with the positive semi-definite optimization vari-

able Wk. For the optimal solution of the convex problem (P1-r), the condition WkZk =

0 should satisfy for all k. Furthermore, by the first order optimality condition, we also

have

∂L
∂Wk

= I− λkHk +
∑
`6=k

λ`γ`H` +
N∑
n=1

µkck,nBn − Zk

= 0.

(A.2)

It follows that

Zk = I + Xk − λkhkhHk (A.3)

where

Xk =
∑
`6=k

λ`γ`H` +
N∑
n=1

µkck,nBn (A.4)

is a positive semi-definite matrix. Therefore, the matrix I + Xk is full-rank. The rank

of λkhkhHk is at most 1 and hence the rank of Zk is at least NL− 1 as its dimension is

NL. Using the equation WkZk = 0 and the rank inequality for matrix multiplication,

131



we get
rank(Wk) ≤ NL+ rank(WkZk)− rank(Zk)

= NL− rank(Zk)

≤ 1.

(A.5)

Assuming positive SINR threshold values, the zero beamformer cannot be a solution

and hence we conclude that rank(Wk) = 1, ∀k.
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APPENDIX B

ACHIEVABILITY OF RATE

We use the idea given in [43] to show that the rate log2(1 + SINRk) is achievable for

k-th user where SINRk is defined by (4.5). We find a lower bound to the mutual in-

formation I(rwired,k; sk) between the received signal rwired,k and the information signal

sk. Assuming that sk is zero-mean and Gaussian distributed, for any given complex

constant α we can show that

I(rwired,k; sk) = h(sk)− h(sk|rwired,k)

= h(sk)− h(sk − α · rwired,k|rwired,k) (B.1)

≥ h(sk)− h(sk − α · rwired,k) (B.2)

≥ log
(
πeE

[
|sk|2

])
− log

(
πeE

[
|sk − α · rwired,k|2

])
(B.3)

= log

(
E [|sk|2]

E [|sk − α · rwired,k|2]

)
. (B.4)

(B.1) is obtained using the fact that the entropy h(·) is invariant under translation.

(B.2) can be shown using the fact that conditioning decreases entropy. As sk is zero-

mean and Gaussian, we get h(sk) = log (πeE [|sk|2]). Using the facts that the entropy

is maximized for Gaussian distribution when the variance is fixed and rwired,k is also

zero-mean, we have h(sk − α · rwired,k) ≤ log (πeE [|sk − α · rwired,k|2]). Therefore,

we obtain the result in (B.3). Finally, using some simple calculations for log terms,

we get the final result in (B.4).

(B.1)-(B.4) are true for any α and specifically we choose

α = E
[
r∗wired,ksk

]
/E
[
|rwired,k|2

]
(B.5)

to get

I(rwired,k; sk) ≥ log

(
1 +

|E
[
r∗wired,ksk

]
|2

E [|rwired,k|2] · E [|sk|2]− |E
[
r∗wired,ksk

]
|2

)
. (B.6)

133



Using the equation of rwired,k in (2.5) and the fact E [|sk|2] = 1, we obtain that

|E
[
r∗wired,ksk

]
|2 = Pd and E [|rwired,k|2] = Pd +Pm +Pint +Pn where Pd, Pm, Pint, Pn

are defined in (4.2). Therefore, we conclude that the mutual information between

rwired,k and sk is at least log2(1 + SINRk) bits where SINRk =
Pd

Pm + Pint + Pn
.
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APPENDIX C

PROOF OF RANK-1 SOLUTION OF (P2-R)

Using the idea in [54], we can prove that (P2-r) has always rank-1 solution. Firstly,

we define the Lagrangian function of the problem L as

L =
K∑
k=1

tr(Wk)−
K∑
k=1

λkρk +
K∑
k=1

µk

N∑
n=1

ck,n tr(BnWk)

+
N∑
n=1

vn

(
K∑
k=1

tr(BnWk)− Pt

)
−

K∑
k=1

tr(WkZk) (C.1)

where {λk}Kk=1, {µk}Kk=1, {vn}Nn=1 are non-negative Lagrange multipliers, ρk is de-

fined in (4.22), Zk is the dual positive semi-definite matrix associated with the posi-

tive semi-definite optimization variable Wk. For the optimal solution of the convex

problem (P2), the condition WkZk = 0 should satisfy for all k. Furthermore, by the

first order optimality condition, we also have

∂L
∂Wk

= I− λk(1 + γk) Ĥk +
K∑
`=1

λ`γ` H̃`

+
N∑
n=1

(µkck,n + vn)Bn − Zk (C.2)

= 0.

It follows that

Zk = I + Fk − λk(1 + γk) ĥk ĥ
H

k (C.3)

where

Fk =
K∑
`=1

λ`γ` H̃` +
N∑
n=1

(µkck,n + vn)Bn (C.4)

is a positive semi-definite matrix. Therefore, the matrix I + Fk is full-rank. The rank

of λk(1 + γk) ĥk ĥ
H

k is at most 1 and hence the rank of Zk is at least NL − 1 as its

135



dimension is NL. Using the equation WkZk = 0 and the rank inequality for matrix

multiplication, we get

rank(Wk) ≤ NL+ rank(WkZk)− rank(Zk)

= NL− rank(Zk) (C.5)

≤ 1.

Assuming positive SINR threshold values, the zero beamformer cannot be a solution

and hence we conclude that rank(Wk) = 1, ∀k.
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APPENDIX D

PROOF OF THEOREM 4.1

Assume on the contrary that there exists a user k with SINRk > γk. Choose a constant

0 < λ < 1 and replace wk by λwk. In that case SINR` becomes larger for all ` 6= k. If

SINRk becomes also larger then all SINR constraints are satisfied. If SINRk becomes

smaller, we can choose λ small enough to ensure that in the new case SINRk ≥ γk

holds. This is due to the fact that the expression of SINRk is continuous with respect

to λ. The original SINR value of the k-th user SINRk,0 (corresponding to λ0 = 1) is

larger than γk and if a new value SINRk,1 < SINRk,0 is obtained for some 0 < λ1 < 1,

then by Intermediate Value Theorem, there exists a λ2 with 0 < λ1 < λ2 < 1 such that

the corresponding SINR value SINRk,2 satisfies γk ≤ SINRk,2 < SINRk,0. In both

cases, the term PCP remains the same but Ptot becomes smaller making P smaller,

which is a contradiction. Therefore, in the optimal case, SINRk = γk must hold for

all k.
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APPENDIX E

PROOF OF RANK-1 SOLUTION OF (P3) AND (P5))

We use the idea presented in Appendix A and C to show that the solutions of (P3) and

(P5) are always rank-1. For (P3), we consider the Lagrangian function

L1 =
K∑
k=1

(
rk

N∑
n=1

ε1cθ tr(BnWk)

tr(BnW(t)
k ) + θ

+ ε2 tr(Wk)

)
−

K∑
k=1

αk,1ρk

+
N∑
n=1

βn,1

(
K∑
k=1

tr(BnWk)− Pt

)
−

K∑
k=1

tr(WkZk,1)

(E.1)

where {αk,1}Kk=1, {βn,1}Nn=1 are non-negative Lagrange multipliers, ρk is defined in

(4.22), Zk,1 is the dual positive semi-definite matrix associated with the positive semi-

definite optimization variable Wk. For the optimal solution of the convex problem

(P3), the condition WkZk,1 = 0 should be satisfied for all k. By the first order

optimality condition, we get

∂L1

∂Wk

= rk

N∑
n=1

(
ε1cθ

tr(BnW(t)
k ) + θ

+ βn,1

)
Bn + ε2I

+
K∑
`=1

α`,1γ` H̃`−αk,1(1 + γk) Ĥk−Zk,1

= 0.

(E.2)

It follows that

Zk,1 = ε2I + Fk,1 − αk,1(1 + γk) ĥk ĥ
H

k (E.3)

where

Fk,1 =
N∑
n=1

(
rkε1cθ

tr(BnW(t)
k ) + θ

+ βn,1

)
Bn +

K∑
`=1

α`,1γ` H̃` . (E.4)

Fk,1 is a positive semi-definite matrix, and given that ε2 > 0, we have rank(ε2I) = NL

and rank(αk,1(1 + γk) ĥk ĥ
H

k ) ≤ 1. Therefore, we get rank(Zk,1) ≥ NL − 1. Using
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the equation WkZk,1 = 0 and the rank inequality for matrix multiplication, we obtain

the final result as

rank(Wk) ≤ NL+ rank(WkZk,1)− rank(Zk,1)

= NL− rank(Zk,1) (E.5)

≤ 1.

The zero beamformer is not a solution for γk > 0, and hence we obtain that rank(Wk) =

1, ∀k.

For (P5), we again consider the Lagrangian L2, which can be written as

L2 =
K∑
k=1

N∑
n=1

(
ε1rk tr(BnWk) + [tr(BnW(t)

k )]2

(tr(BnW(t)
k ) + θ)2

)
+

K∑
k=1

ε2 tr(Wk)

−
K∑
k=1

αk,2ρk +
N∑
n=1

βn,2

(
K∑
k=1

tr(BnWk)− Pt

)
−

K∑
k=1

tr(WkZk,2)

(E.6)

where {αk,2}Kk=1, {βn,2}Nn=1 are non-negative Lagrange multipliers, Zk,2 is the dual

positive semi-definite matrix associated with the positive semi-definite optimization

variable Wk. For the optimal solution of the convex problem (P5), the condition

WkZk,2 = 0 should be satisfied for all k. By the first order optimality condition, we

get

∂L2

∂Wk

=
N∑
n=1

(
ε1rk

(tr(BnW(t)
k ) + θ)2

+ βn,2

)
Bn + ε2I

+
K∑
`=1

α`,2γ` H̃`−αk,2(1 + γk) Ĥk−Zk,2 (E.7)

= 0.

Hence, we get

Zk,2 = ε2I + Fk,2 − αk,2(1 + γk) ĥk ĥ
H

k (E.8)

where

Fk,2 =
N∑
n=1

(
ε1rk

(tr(BnW(t)
k ) + θ)2

+ βn,2

)
Bn +

K∑
`=1

α`,2γ` H̃` (E.9)

which is a positive semi-definite matrix. For ε2 > 0, the matrix ε2I is full-rank and

since the rank of αk,2(1 + γk) ĥk ĥ
H

k is at most 1, we conclude that rank(Zk,2) ≥
NL− 1. As in the previous part, we obtain that rank(Wk) = 1, ∀k.
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APPENDIX F

PROOF OF THEOREM 4.3

For the upper bound, we use the fact that maximum fronthaul power is reached for

full cooperation case and each RRH can transmit at most Pt power. Hence, we obtain

the result in (4.67). For the lower bound, using the UE SINR expressions given in

(4.5) and the fact

tr(H̃k W`) ≥ 0, ∀k, ` (F.1)

we get

tr(Ĥk Wk) ≥ γk tr(DkWk) + γkσ
2
UE,k. (F.2)

Hence, we have

wH
k

(
ĥk ĥ

H

k −γkDk

)
wk ≥ γkσ

2
UE,k. (F.3)

Since Sk = {n1, n2, . . . , nr} is the index set of RRHs serving the UE k, we have

wk,n = 0 for all n 6∈ Sk. Therefore, we can write

wH
k

(
ĥk ĥ

H

k −γkDk

)
wk = (w′k)

H
(

ĥ
′
k(ĥ
′
k)
H − γkD′k

)
w′k (F.4)

where w′k = [wT
k,n1

wT
k,n2
· · · wT

k,nr
]T and ĥ

′
k, D′k are defined as in (4.69). Using

Cauchy-Schwarz Inequality [85], we can show that

(w′k)H
(

ĥ
′
k(ĥ
′
k)
H − γkD′k

)
w′k

(w′k)Hw′k
≤ λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

)
(F.5)

To satisfy (F.3) we need λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

)
> 0. If this condition holds, then

we obtain that

wH
k wk = (w′k)

Hw′k ≥
γkσ

2
k

λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

) . (F.6)

Given the index set Sk for UE k, the power spent by CP for k-th UE fronthaul data

is equal to ε1 log2(1 + γk)|Sk|. The power spent by RRHs for k-th UE is equal to
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ε2wH
k wk which is lower bounded as shown in (F.6). Therefore, the minimum value of

total power spent for k-th UE Pk can be found as

Pk = min
Sk

ε1 log2(1 + γk)|Sk|+ ε2
γkσ

2
k

λmax

(
ĥ
′
k(ĥ
′
k)
H − γkD′k

) (F.7)

We find the value of Pk by minimizing the right-hand side of (F.7) over all Sk ⊆
{1, 2, . . . , N}.
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APPENDIX G

PROOF OF (6.3)

Using the fact that E[s∗ks`] = δ[k − `], we obtain that Pd =
∣∣∣ĥHk WĜ

H
vk
∣∣∣2. Us-

ing the channel error distributions of ∆hk and ∆G we get E[∆hk∆hHk ] = Σ2,k and

E[∆GHvkvHk ∆G] = vHk vkΣ1. Therefore, we conclude that

PI,1 = E[|hHk WGHvk|2]− | ĥ
H

k W Ĝ
H

vk|2

= tr
(
WHE[hkhHk ]WE[GHvkvHk G]

)
−
∣∣∣ĥHk W Ĝ

H
vk
∣∣∣2

= tr
(

WH(ĥk ĥ
H

k +Σ2,k)W(Ĝ
H

vkvHk Ĝ +vHk vkΣ1)
)
−
∣∣∣ĥHk W Ĝ

H
vk
∣∣∣2

= tr(WHDkWCk)−
∣∣∣ĥHk W Ĝ

H
vk
∣∣∣2 .

(G.1)

Similarly, we get

E[|hHk WGHv`|2] = tr(WHDkWC`) (G.2)

and hence

PI,2 =
∑
` 6=k

tr
(
DkWC`WH

)
. (G.3)

Finally, we use (G.4) to obtain the result in (6.3).

Pn = E
[∣∣hHk WzRRH + zUE,k

∣∣2]
= tr

(
E[WHhkhHk W]E[zRRHzHRRH]

)
+ σ2

UE

= σ2
RRH tr(DkWWH) + σ2

UE.

(G.4)
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APPENDIX H

PROOF OF LEMMA 6.8

Using (6.14) and (6.16), we get

x1 ≥ c1

[
c2x2 + (c3x5 + c4)

(
x3 +

c2

d1

x3

)
+ c5

]
,

y ≥ x2 + x5 + (c3x5 + c6)
x3

d1

.

(H.1)

(6.15) and (H.1) yields

(d1 − c1c2)x2 ≥ c1

[
(c3x5 + c4)

(
x3 +

c2

d1

x3

)
+ c5

]
(H.2)

and (6.17) and (H.1) yields[
x5d2

c1

− (c3x5 + c4)

(
1 +

c2

d1

)]
x3 ≥ c2x2 + c5. (H.3)

(H.2) implies that d1 > c1c2. By (H.2), (H.3) and some simplifications, we obtain

that

x3 ≥
d1c5(

d1d2

c1

− c2d2 − c3d1 − c2c3

)
x5 − c4(d1 + c2)

(H.4)

and the denominator in (H.4) should be positive. Using (H.2) and (H.4) we get

x2 ≥
d2c5(

d1d2

c1

− c2d2 − c3d1 − c2c3

)
x5 − c4(d1 + c2)

. (H.5)

Using (H.1), (H.4) and (H.5) we find that

y ≥ x5 +
d2c5 + c5(c3x5 + c6)(

d1d2

c1

− c2d2 − c3d1 − c2c3

)
x5 − c4(d1 + c2)

. (H.6)

Define x = ax5 − b where a =
d1d2

c1

− c2d2 − c3d1 − c2c3, b = c4(d1 + c2). Since x

is the denominator of (H.4), it is positive. As x5 and b are positive, we conclude that
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a is also positive. We can write (H.6) in terms of x as

y ≥ 1

a

(
b+ c3c5 + x+

c3c5b+ c5(d2 + c6)a

x

)
. (H.7)

Finally, using (H.7) and Arithmetic-Geometric Mean Inequality [91], we get the result

in (6.18).
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APPENDIX I

RANK PROPERTIES OF RELAXED VERSIONS OF (P9) AND (P10)

In proofs, we use some rank properties. For any two square matrices A,B with dimen-

sion n, we have rank(A⊗B) = rank(A)rank(B), rank(A+B) ≤ rank(A)+rank(B) ≤
rank(AB) + n.

For (P9) we will show that rank(W) ≤ K. Firstly, we define the Lagrangian function

L1 = tr(B1W)−
K∑
k=1

λk,1[tr(Ak,1W)− γkσ2
UE]− tr(ZW) (I.1)

where {λk,1}Kk=1 are non-negative Lagrange multipliers and Z is the dual PSD matrix

associated with the PSD optimization variable W . For the optimal solution of (P9),

the condition ZW = 0 should be satisfied. By the first order optimality condition,

we have

0 =
∂L1

∂W = B1 −
K∑
k=1

λk,1Ak,1 − Z and hence Z = B1 −
K∑
k=1

λk,1Ak,1. (I.2)

Using Kronecker product rank properties, we obtain that rank(UHTkU) ≤ 1. It

is easy to show that B1 is positive definite (PD) (assuming σRRH > 0) and (1 +

γk)UHTkU− Ak,1 is PSD. Hence, we can write Z = Z1 − Z2 where Z1 is PSD with

full-rank and Z2 =
K∑
k=1

(1 + γk)UHTkU is PSD with rank at most K. By the rank

properties of sum and product of matrices, we obtain that

rank(W) ≤ dim(W) + rank(ZW)− rank(Z) = dim(W)− rank(Z)

≤ dim(W)− (rank(Z1)− rank(Z2)) = rank(Z2) ≤ K
(I.3)

where dim(W) denotes the dimension of W .
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For (P10) we will show that rank(Vk) = 1, ∀k. We again define the Lagrangian

function

L2 =
K∑
k=1

tr(τ0Vk)−
K∑
k=1

λk,2

[
(1 + γk) tr(Ak,2Vk)− γk

K∑
`=1

tr(Bk,2V`)− γkak,2

]

−
K∑
k=1

tr(ZkVk)

(I.4)

where {λk,2}Kk=1 are non-negative Lagrange multipliers and Zk is the dual PSD matrix

associated with the PSD optimization variable Vk for all k. For the optimal solution

of (P10), the condition ZkVk = 0 should be satisfied for all k. By the first order

optimality condition, we have

0 =
∂L2

∂Vk

= τ0 − λk,2(1 + γk)Ak,2 +
K∑
`=1

λ`,2γ`B`,2 − Zk. (I.5)

It is easy to show that τ0 is PD, Ak,2 is PSD with rank at most 1, and Bk,2 is PSD for

all k. Therefore, we can write Zk = Zk,1−Zk,2 where Zk,1 is PSD with full-rank and

Zk,2 is PSD with rank at most 1. Applying similar rank inequalities as in the previous

part, we get

rank(Vk) ≤ dim(Vk)− (rank(Zk,1)− rank(Zk,2)) = rank(Zk,2) ≤ 1. (I.6)

Assuming γk > 0 for all k, the zero beamformer cannot be the solution and hence we

get rank(Vk) = 1, ∀k.
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