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Abstract Recently, LHCb Collaboration announced the
discovery of radial excitations of Ds and Bs mesons. In
present work, we calculate the most promising strong and
electromagnetic decay widths of radially excited Ds(2S) and
Bs(2S) mesons within the light cone QCD sum rules method.

1 Introduction

The constituent quark model has successfully described the
spectroscopy of hadrons [1–3]. Even though most of the
hadrons have already been observed, which are predicted by
the quark model, many states are still waiting to be discov-
ered. Hence, hadron-spectroscopy experiments are crucial
for testing the theoretical models as well as understanding
the inner structure of the hadrons.

The anomalies observed in the experiments of charm
and beauty mesons spectroscopy have received significant
attention recently. After the discoveries of D∗

s0(2317) and
Ds1(2460)+ resonances [4,5] with the mass values smaller
than the prediction of the potential model for cs mesons [6],
interest in this subject increased considerably. For instance,
the tetraquark [7,8] and D∗K molecular pictures [9] have
been proposed. Future experimental results on the spec-
troscopy of cs mesons are expected to shed light on the inner
structure.

Significant achievements were also obtained on the experi-
mental side for the mesons with b-quark. The Bs1(5830)0 and
B∗
s2(5840)0 with masses higher than the ground states B0

s and
B∗0
s mesons have been discovered [10–14]. Recently, LHCb

collaboration announced the observation of a new excited
Ds meson with mass m = 2591 ± 6 ± 7 MeV with quan-
tum numbers J P = 0− in B0 → D+D−K+π− decay [15].
Moreover, in the analysis of the B+K− spectrum, excited
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Bs states with masses m1 = 6063.5 ± 1.2 ± 0.8 MeV and
m2 = 6114 ± 3 ± 5 MeV [12] were observed.

From the theoretical point of view, these systems have
huge potential in obtaining information about the non-
perturbative and perturbative aspects of QCD. To deter-
mine the possible quantum numbers of these newly observed
states, the measurement of the mass is not enough. Strong
and electromagnetic decays of these mesons play a cru-
cial role in understanding the structure of these mesons and
establishing the possible quantum numbers. Hence, to iden-
tify the structure of these mesons, the strong coupling con-
stants of Ds(2S) → D∗K , Bs(2S) → B∗K decays as
well as the decay constants of radiative Ds(2S) → D∗

s γ

and Bs(2S) → B∗
s γ decays within light cone sum rules

(LCSR) are calculated by assuming that Ds(2S) and Bs(2S)

are the first radial excitation of Ds and Bs mesons. Using the
obtained results for these coupling constants, we estimated
the decay widths of the corresponding transitions.

The paper is organized as follows. In Sect. 2, the light
cone sum rules for the relevant decay constants of the corre-
sponding transitions are derived. The numerical analysis of
the obtained results for the coupling constants is presented
in Sect. 3. Moreover, we also presented the values of the
corresponding decay widths in this section. The final section
contains our conclusion.

2 The light cone sum rules for the electromagnetic and
strong decays of Ds(2S) and Bs(2S) mesons

First, let us focus on the calculation of the strong cou-
pling constant for Ds(nS)(Bs(nS)) → D∗(B∗)K transi-
tions where n = 1(2) corresponds to the ground (first radial
excited) state. The Ds(nS)D∗K coupling is defined by the
matrix element

〈D∗(p)K (q)|Ds(nS)(p + q)〉 = gn(qε), (1)
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where ε is the polarization vector of the D∗ meson and
momentum of the corresponding particles is presented in
brackets. The corresponding coupling for Bs(nS) is obtained
by replacing c → b, D∗ → B∗ and Ds(nS) → Bs(nS).
Note that, even though Ds(1S) → D∗K is kinematically
forbidden, this interaction still contributes to the sum rule,
hence, needs to be taken into account for the calculation of
the amplitude.

The coupling constant in the framework of QCD sum rules
is obtained by matching the representations of the corre-
sponding correlation function in terms of the hadrons and
quark-gluons. For this purpose, we consider the following
correlation function

Πμ(p, q) = i
∫

d4xeipx 〈K (q)|T {d̄γμc(x)c̄(0)iγ5s(0)}|0〉. (2)

The representation of the correlation function in terms
of the hadrons is obtained by inserting the complete set of
hadrons carrying the same quantum numbers as the interpo-
lating current and isolating the contributions of Ds(nS) and
D∗ states. Hence, we get the following expression for the
correlation function from hadronic side

Πμ(p, q) =
2∑

n=1

〈0|q̄γμc(x)|D∗(p)〉〈D∗(p)K (q)|Ds(nS)(p + q)〉〈Ds(nS)|c̄(0)iγ5s(0)|0〉
(m2

D∗ − p2)
(
m2

Ds (nS) − (p + q)2
) . (3)

The matrix elements entering to Eq. (3) are defined as

〈0|d̄(x)γμc(x)|D∗(p)〉 = fD∗mD∗εμ,

〈Ds(nS)|c̄(0)iγ5s(0)|0〉 = m2
Ds (nS) fDs (nS)

mc + ms
. (4)

Inserting Eqs. (1) and (4) into Eq. (3) and performing summa-
tion of D∗ meson polarizations, we get the following expres-
sion from the hadronic part

Πμ(p, q) =
2∑

n=1

fD∗mD∗ fDs (nS)m2
Ds (nS)

mc + ms

× gn(
m2

D∗ − p2
) (

m2
Ds (nS) − (p + q)2

)

×
{
qμ − pμ

2m2
D∗

(m2
Ds (nS) − m2

D∗ − m2
K )

}
.

(5)

Note that, to determine the strong coupling constants, gn , for
Ds(nS) → D∗K transition, we choose the structure qμ. The
calculation of the correlation function in terms of the quark-
gluon degrees of freedom is calculated in deep Euclidean
region where both virtualities p2 and (p + q)2 are negative
and large, hence c-quark is far off-shell.

After applying Wick theorem for the theoretical part of
the correlation function, we get

Πμ(p, q) = i
∫

d4x〈K (q)|d̄a(x)Sab(x)iγ5s
b(0)|0〉 . (6)

In the presence of external background field, the heavy
quark propagator in x-representation is given as

Saa
′

αβ (x) = m2
Q

4π2

{
K1(mQ

√−x2)

(
√−x2)2

+ i /xK2(mQ
√−x2)

(
√−x2)2

}

αβ

δaa
′

− gsmQ

16π2

∫ 1

0
du

[
i K1(mQ

√−x2)√−x2
(u/xσαβ + ūσαβ /x)

+K0(mQ

√
−x2)σλτ

]
αβ

G(l)λτ
(

λl

2

)aa′

(7)

where G(l)
λτ is the gluon field strength tensor, the λl are the

Gell-Mann matrices and Ki (mQ
√−x2) are the modified

Bessel functions of the second kind.
From Eq. (6), it follows that the calculation of the

theoretical part of the correlation function reduces to the
determination of the matrix elements 〈K (q)|d̄Γi s|0〉 and
〈K (q)|d̄Γi G

(l)
λτ s|0〉 after using the following Fierz identities

qaα q̄
a′
β = − 1

12
(Γi )αβδaa

′
q̄Γi q,

qbα q̄
b′
β G(l)

λτ = − 1

16

(
λ(l)

2

)bb′

(Γi )αβ q̄(Γi )qG
(l)
λτ , (8)

in which Γi is the full set of Dirac matrices, Γi =
{I, γ5, γμ, iγμγ5,

σμν√
2
}. These matrix elements are the main

non-perturbative ingredients of the light cone sum rules.
The matrix elements 〈K (q)|q̄Γi s|0〉 and 〈K (q)|q̄Γi G

(l)
λτ s|0〉

are parameterized in terms of K-meson distribution ampli-
tudes(DA) of different twists. These expressions are given
in [16–20] and we present these DA’s in Appendix A for
completeness.

Inserting Eqs. (7) and (8) into Eq.(6), and performing
Fourier transformation first, and double Borel transforma-
tion over −p2 and −(p + q)2 after in both representations
of the correlating function and matching the coefficients of
the structure qμ for Ds(nS) → D∗K coupling constant, we
get the following sum rule

Π theor. = g1
fD∗mD∗ fDs (1S)m2

Ds (1S)

mc + ms
e−(m2

Ds (1S)
/M2

1 +m2
D∗ /M2

2 )

+g2
fD∗mD∗ fDs (2S)m2

Ds (2S)

mc + ms
e−(m2

Ds (2S)
/M2

1 +m2
D∗ /M2

2 )
,

(9)
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where Π theor. is presented in Appendix B and M2
1 , M2

2 rep-
resent the Borel mass parameters for the initial and final state
channels, respectively.

Since the masses of the initial and final state mesons are
nearly the same, we can use M2

1 = M2
2 = 2M2. In result, we

have one equation but two unknowns, g1 and g2. To obtain
the second equation, we get the derivative of both sides of the
Eq. (9) with respect to −1/M2. In the following discussions,
since we focus on the strong decay of the radially excited
meson to the Ds(2S) → D∗K , we just deal with the coupling
constant g2. By solving the two equations, we obtain g2 as

g2 = −
(mc + ms)e

m2
Ds (2S)

+m2
D∗

2M2
((

mD2
s1

+ m2
D∗
)

Π − 2Π ′
)

fDs (2S) fD∗m2
Ds (2S)mD∗

(
m2

Ds (2S) − m2
Ds (1S)

) ,

(10)

where Π ′ denotes the derivation with respect to − 1
M2 of Π .

The results obtained here can be improved by takingO(αs)

corrections. Moreover, once we use m2
K → 0 and by setting

g2 = 0 and ms → 0 from our results, we can obtain the
results for gD∗Dπ coupling which are calculated with and
without O(αs) contributions in [16,17], respectively.

Now, let us turn our attention to the calculation of the cou-
pling constant fn for the Ds(nS) → D∗

s γ (Bs(nS) → B∗
s γ )

transition. The transition matrix element between Ds(nS)

and D∗
s states due to the electromagnetic current is defined

as

〈D∗
s (p)| jμel |Ds(nS)(p + q)〉 = εμναβ pνεαqβ fn(q

2), (11)

where fn is the transition amplitude and ε is the four-vector
polarization of the D∗

s meson. Since the emitted photon is
real in this decay, then we need the value of fn(q2) only at
q2 = 0 point. The Ds(nS)(Bs(nS)) → D∗

s (B
∗
s )γ decay is

described by the following correlation function

Πμν(p, q) = i2
∫

d4xd4yeipx+iqy

×〈0|T { jμD∗
s (B∗

s )(x) j
ν
el(y) jDs (nS)(Bs (nS))(0)}|0〉,

(12)

where jνel = eq q̄γ νq + eQ Q̄γ νQ and q(Q) is the light
(heavy) quarks and eq(eQ) denotes its charge. The interpo-
lating currents of D∗

s (B
∗
s ) and Ds(nS)(Bs(nS)) mesons are

jμD∗
s (B∗

s ) = s̄a(x)γ μQa(x)

jDs (nS)(Bs (nS)) = s̄b(x)iγ 5Qb(x) (13)

where Qa = c(b) for Ds(Bs) case and a and b are the color
indices. Hence, we obtain the phenomenological part of the
correlation function as

Πμν =
2∑

n=1

fn
fD∗

s
fDs (nS)mD∗

s

mc + ms

× m2
Ds (nS)(

p2 − m2
D∗
s

) (
(p + q)2 − m2

Ds (nS)

) εμνρβ pρqβ + · · · .

(14)

Here dots describe the contributions of excited states and
continuum. To derive the Eq. (14), we used the standard def-
initions given by Eq. (4).

By introducing the electromagnetic background, the cor-
relation function can be rewritten in the following form

Πμνην = i
∫

d4xeipx 〈0|T { jμD∗
s
(x) jDs (nS)(0)}|0〉F , (15)

where subscript F denotes that the vacuum expectation val-
ues are evaluated in the presence of the background field

Fμν = i(ημqν − ηνqμ)eiqx , (16)

in which ημ is the photon polarization four vector.
On the other hand, at hadronic level, the expression for

the correlation function can be obtained from Eq. (14) by
multiplying it with ην

Πμνην =
2∑

n=1

fn
fD∗

s
fDs (nS)mD∗

s
m2

Ds (nS)

mc + ms

× 1(
p2 − m2

D∗
s

) (
(p + q)2 − m2

D∗
s

)εμνρβην pρqβ.

(17)

As we noted earlier, to construct the sum rules for the rel-
evant quantity, calculation of the correlation function in the
deep Euclidean domain is needed. This can be performed by
inserting the explicit expressions of the interpolating currents
into the Eq. (15)

Πμν(p, q)ην

= i
∫

d4xeipx 〈0|T {s̄a(x)γ μQa(x)Q̄(0)iγ 5sb(0)
}|0〉F

(18)

Moreover, the expressions of the heavy and light quark prop-
agators in the presence of the background (gluonic and elec-
tromagnetic) fields are needed to calculate the perturbative
part of the correlation function. While the heavy quark prop-
agator is given by Eq. (7) the light quark propagator is

Sq(x) = i /x

2π2x4 − igs
16π2x2

×
∫ 1

0
du

{
ū/xσαβ + uσαβ /x

}
Gαβ(ux) + · · · . (19)

There are perturbative and non-perturbative contributions in
this calculation. While the perturbative one is obtained when
photon is radiated from light or heavy quark propagators, the

123
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non-perturbative contribution is due to the photon radiated
from long distance. These contributions are obtained in the
following way.

After applying the Fierz identities given in Eq. (8), the
following matrix elements describing the non-perturbative
interaction of photon with quarks appear.

〈γ (q, η)|q̄Γi q|0〉
〈γ (q, η)|q̄Γi G

(l)
λτq|0〉 (20)

Here Γi = {I, γ5, γα, iγαγ5, σαβ/
√

2}. These matrix ele-
ments are parameterized in terms of the photon distribution
amplitudes (DA’s) with definite twists and are obtained in
[21]. The theoretical part of the correlation function within
the light cone sum rules is also calculated in [22–25] and for
completeness presented in “Appendix C”.

Similar to the sum rules for the strong coupling constant
g2, the sum rules for the coupling constants f2 are obtained
by matching the two representations of the correlation func-
tion and performing double Borel transformation over the
variables −p2 and −(p + q)2 which suppress the excited
states and continuum subtraction. This is achieved by using
the quark-hadron duality.

Finally, we get the following sum rule for the coupling
constant f2

Π = − 3

4π2

∫ s0

(mc+ms )2
ds e−s/M2

×
[

− (ec − es)(mc − ms)λ(1, a, b)

+ ecmc ln

(
1 + a − b + λ

1 + a − b − λ

)
+esms ln

(
1 − a + b + λ

1 − a + b − λ

)]

+ (
e−m2

c/M
2 − e−s0/M2)[

es
f3γmcψ

a(u)

2

+ esM
2χ〈s̄s〉ϕγ (u) − es

A(u)

4
〈s̄s〉(1 + m2

c

M2

)]

+ I1 + I2 .

(21)

To derive this equation, we used M2
1 = M2

2 = 2M2. Here, χ
is the magnetic susceptibility, s0 is the continuum threshold,
a = m2

c/s, b = m2
s/s, λ(1, a, b) = (1 + a2 + b2 − 2ab −

2a − 2b)1/2 and the explicit form of the functions I1 and
I2 can be found in [22]. Note that the results for Bs(2S) →
B∗
s γ transition is obtained with the help of the replacements

Ds(nS) → Bs(nS), D∗
s → B∗

s , mc → mb, and ec → eb.
We also would like to state the difference between our

work with the ones in the literature [22,23,25].

– In [23,25] the three particle distribution amplitudes for
a photon which are presented in [22] are not taken into
account.

– In [22,25] the strange quark is neglected.

Table 1 The values of the input parameters used in our calculations

Parameters Value

ms(2GeV) 0.095 ± 0.010 GeV [26]

mc(mc) 1.275 ± 0.025 GeV [26]

mb(mb) 4.18 ± 0.03 [26]

mK 0.497 GeV [26]

〈q̄q〉 −(0.245)3 GeV3 [26]

〈s̄s〉 (0.8 ± 0.2) 〈q̄q〉 GeV3 [24]

fDs2
0.143+0.019

−0.031 GeV [24]

fDs1
0.279+0.021

−0.012 GeV [24]

fD∗
s

0.293+0.019
−0.014 GeV [24]

fD∗ 0.235+0.025
−0.012 GeV [24]

fBs2 0.174+0.019
−0.019 GeV [24]

fBs1 0.244+0.013
−0.026 GeV [24]

fB∗
s

0.251+0.014
−0.016 GeV [24]

fB∗ 0.208+0.012
−0.021 GeV [24]

f3γ −(4 ± 2) × 10−3 GeV2 [22]

χ(μ = 1 GeV) 3.15 ± 0.3 GeV−2 [22]

3 Numerical analysis

Here, we present the numerical analysis to determine the
strong coupling g2 and electromagnetic coupling f2 obtained
in the previous section. LCSR method contains numerous
input parameters such as the light and heavy quark masses,
the masses of the corresponding mesons, decay constants of
Ds(nS) (Bs(nS)) and D∗(B∗) , D∗

s (B
∗
s ) mesons, and the

value of quark condensates. These values are collected in
Table 1. We used the MS values of the heavy quarks in our
numerical analysis. Another sets of the input parameters are
the DA’s of K-meson and photon. These DA’s are presented
in [18,20].

In addition to these input parameters, the sum rules contain
two auxiliary parameters, namely the Borel mass parameter,
M2, and continuum threshold s0. Hence, we need to find
the regions, so-called working regions, of these parameters
where the couplings demonstrate weak dependency on the
variation of these parameters. The lowest value of M2 is
obtained by requiring the condition that the higher twists
contributions should considerably be smaller than the lowest
twists terms and constitute maximum 15% of the contribu-
tion. The upper bound on M2 is determined by demanding
that the continuum contribution be less than 30% of the pole
contribution. Considering these requirements, we find the
following working regions of M2

6 GeV2 ≤ M2 ≤ 10 GeV2

for Ds(2S) → D∗K and Ds(2S) → D∗
s γ,

20 GeV2 ≤ M2 ≤ 30 GeV2

123
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s0 = 10.5 GeV 2
s0 = 10.0 GeV 2
s0 = 9.50 GeV 2

g 2

M 2 (GeV2)

10.09.08.07.06.0

10.0

7.5

5.0

2.5

0.0

Fig. 1 The dependency of g on M2 at the fixed values of s0 for
Ds(2S) → D∗K decay

s0 = 44.0 GeV 2
s0 = 43.0 GeV 2
s0 = 42.0 GeV 2

g 2

M 2 (GeV2)

30.028.026.024.022.020.0

10.0

8.0

6.0

4.0

2.0

0.0

Fig. 2 Same as in Fig. 1 but for Bs(2S) → B∗K transition

for Bs(2S) → B∗K and Bs(2S) → B∗
s γ . (22)

The working region of the continuum threshold s0 is deter-
mined by requiring that the two-point sum rules reproduce a
10% accuracy of the mass of the radially excited states. With
this restriction, we obtain the following optimum values:

9.5 GeV2 ≤ s0 ≤ 10.5 GeV2

for Ds(2S) → D∗K and Ds(2S) → D∗
s γ,

42 GeV2 ≤ s0 ≤ 44 GeV2

for Bs(2S) → B∗K and Bs(2S) → B∗
s γ . (23)

In Figs. 1 and 2, we present the dependencies of g2 on
M2 at the fixed values of s0 for Ds(2S) → D∗K and
Bs(2S) → B∗K , respectively. From these figures it follows
that the coupling constant shows good stability for the regions
6 GeV2 ≤ M2 ≤ 10 GeV2 and 22 GeV2 ≤ M2 ≤ 30 GeV2,
respectively. Taking into account all the uncertainties in the
values of the input parameters we get:

g2 = (7.5 ± 1.6) for Ds(2S) → D∗K ,

g2 = (4.6 ± 1.3) for Bs(2S) → B∗K .
(24)

s0 = 10.5 GeV 2
s0 = 10.0 GeV 2
s0 = 9.50 GeV 2

f 2

M 2 (GeV2)

10.09.08.07.06.0

0.15

0.10

0.05

0.00

Fig. 3 The dependency of f2(GeV−1) on M2 at fixed values of s0 for
Ds(2S) → D∗

s γ

s0 = 44.0 GeV 2
s0 = 43.0 GeV 2
s0 = 42.0 GeV 2

f 2

M 2 (GeV2)

30.028.026.024.022.020.0

1.00

0.75

0.50

0.25

0.00

Fig. 4 Same as in Fig.3 but for Bs(2S) → B∗
s γ transition

In Figs. 3 and 4 we depict the dependency of the coupling
constant f2 on M2 at fixed values of s0 for Ds(2S) → D∗

s γ

and Bs(2S) → B∗
s γ , respectively. Once we take into account

the uncertainties in the input parameters, we obtain the fol-
lowing values for f2:

f2 = (0.08 ± 0.02) GeV−1 for Ds(2S) → D∗
s γ

f2 = (0.58 ± 0.22) GeV−1 for Bs(2S) → B∗
s γ

(25)

The obtained values of g2 and f2 allowed us to predict the
corresponding decay widths via following formulas

Γ (Ds(2S) → D∗
s K )

= g2
2

64π

(
(mDs (2S) − mD∗ )2 − m2

K

)3/2(
(mDs (2S) + mD∗ )2 − m2

K

)3/2

m5
Ds (2S)

,

Γ (Ds(2S) → D∗
s γ )

= f 2
2

32π

(m2
Ds (2S) − m2

D∗
s
)3

m3
Ds (2S)

,

(26)
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Using the values of g2 and f2, we obtain the following values
for the corresponding decay widths

Γ (Ds(2S) → D∗K ) = (6.14 ± 2.62) MeV

Γ (Bs(2S) → B∗K ) = (3.11 ± 1.77) MeV

Γ (Ds(2S) → D∗
s γ ) = (42 ± 21) keV

Γ (Bs(2S) → B∗
s γ ) = (6.23 ± 4.62) MeV

(27)

All the errors from different sources are taken into account
quadratically in this study.

We see from these results that the strong decay widths of
the radially excited Ds and Bs mesons are quite large and can
be potentially observed at LHCb. In addition, the radiative
decay widths are also larger than D∗

s (1S) → Ds(1S)γ and
B∗
s (1S) → Bs(1S)γ can be observed in future experiments.
At the end of this section, we would like to make the fol-

lowing remarks. The gD∗Dπ and gB∗Bπ couplings without
and with NLO corrections are calculated in [16,17], respec-
tively. It is obtained that the NLO corrections increase the
results by around 12% and 4% in D and B mesons sectors,
respectively. We expect that the NLO corrections would alter
the results in the same order.

4 Conclusion

The discovery of new radially excited Ds(2S) and Bs(2S)

mesons at LHCb stimulated theoretical and experimental
studies for a deeper understanding of the properties of these
mesons and the radial excitation mesons in general. We esti-
mated these mesons’ most promising decay channels within
the light cone QCD sum rules method in the present work.
From the obtained results, one can conclude that these decays
would have a chance to be observed in future experiments.
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Appendix A

The matrix elements of the nonlocal operators between
vacuum and one-particle light pseudoscalar meson states
are needed. The matrix elements

〈
P(q)

∣∣q̄(x)Γi q ′(0)
∣∣ 0
〉

are
parametrized in terms of the DA’s [18–20] and they are deter-
mined as,

〈
P(p)

∣∣q̄1(x)γμγ5q1(0)
∣∣ 0
〉

= −i fPqμ

∫ 1

0
dueiūqx

(
ϕP (u) + 1

16
m2
P x2

A(u)

)

− i

2
fPm2

P
xμ

qx

∫ 1

0
dueiūqxB(u),

〈P(p) |q̄1(x)iγ5q2(0)| 0〉
= μP

∫ 1

0
dueiūqxφP (u),

〈
P(p)

∣∣q̄1(x)σαβγ5q2(0)
∣∣ 0
〉

= i

6
μP

(
1 − μ̃2

P
) (

qαxβ − qβxα

) ∫ 1

0
dueiūqxφσ (u),

〈
P(p)

∣∣q̄1(x)σμνγ5gsGαβ(vx)q2(0)
∣∣ 0
〉

= iμP
[
qαqμ

(
gνβ − 1

qx
(qνxβ + qβxν)

)

−qαqν

(
gμβ − 1

qx
(qμxβ + qβxμ)

)

−qβqμ

(
gνα − 1

qx
(qνxα + qαxν)

)

+qβqν

(
gμα − 1

qx
(qμxα + qαxμ)

)]

×
∫

Dαei(αq̄+vαg)qxT (αi ),

〈
P(p)

∣∣q̄1(x)γμγ5gsGαβ(vx)q2(0)
∣∣ 0
〉

= qμ(qαxβ − qβxα)
1

qx
fPm2

P
∫

Dαei(αq̄+vαg)qxA‖(αi )

+
[
qβ

(
gμα − 1

qx
(qμxα + qαxμ)

)

−qα

(
gμβ − 1

qx
(qμxβ + qβxμ)

)]
fPm2

P

×
∫

Dαei(αq̄+vαg)qxA⊥(αi ),

〈
P(p)

∣∣q̄1(x)γμigsGαβ(vx)q2(0)
∣∣ 0
〉

= qμ(qαxβ − qβxα)
1

qx
fPm2

P
∫

Dαei(αq̄+vαg)qxV‖(αi )

+
[
qβ

(
gμα − 1

qx
(qμxα + qαxμ)

)

−qα

(
gμβ − 1

qx
(qμxβ + qβxμ)

)]
fPm2

P

×
∫

Dαei(αq̄+vαg)qxV⊥(αi ), (1)

123
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where

μP = fP
m2
P

mq1 + mq2

, μ̃P = mq1 + mq2

mP
,

and q1 and q2 are the quarks in the meson P , Dα =
dαq̄ dαqdαgδ(1 − αq̄ − αq − αg). Here ϕP (u) is the leading
twist-two, φP(u), φσ (u),T (αi ) are the twist-three, andA(u),
B(u), A⊥(αi ),A‖(αi ), V⊥(αi ) and V‖(αi ) are the twist-four
DAs, respectively.

The main input parameters of the light cone QCD sum
rules are the distribution amplitudes, whose expressions are
given below [18–20],

ϕP (u) = 6uū
[
1 + aP1 C1(2u − 1) + aP2 C3/2

2 (2u − 1)
]
,

T (αi ) = 360η3αq̄αqα
2
g

[
1 + w3

1

2
(7αg − 3)

]
,

φP (u) = 1 +
[

30η3 − 5

2

1

μ2
P

]
C1/2

2 (2u − 1),

+
(

−3η3w3 − 27

20

1

μ2
P

− 81

10

1

μ2
P
aP2

)

×C1/2
4 (2u − 1),

φσ (u) = 6uū

[
1 +

(
5η3 − 1

2
η3w3

− 7

20
μ2
P − 3

5
μ2
PaP2

)
C3/2

2 (2u − 1)

]
,

V‖(αi ) = 120αqαq̄αg
(
v00 + v10(3αg − 1)

)
,

A‖(αi ) = 120αqαq̄αg
(
0 + a10(αq − αq̄)

)
,

V⊥(αi ) = −30α2
g

[
h00(1 − αg)

+h01(αg(1 − αg) − 6αqαq̄)

+h10

(
αg(1 − αg) − 3

2

(
α2
q̄ + α2

q

))]
,

A⊥(αi ) = 30α2
g(αq̄ − αq)

[
h00 + h01αg + 1

2
h10(5αg − 3)

]
,

B(u) = gP (u) − ϕP (u),

gP (u) = g0C
1/2
0 (2u − 1) + g2C

1/2
2 (2u − 1)

+g4C
1/2
4 (2u − 1),

A(u) = 6uū

[
16

15
+ 24

35
aP2 + 20η3 + 20

9
η4

+
(

− 1

15
+ 1

16
− 7

27
η3w3 − 10

27
η4

)

×C3/2
2 (2u − 1)

+
(

− 11

210
aP2 − 4

135
η3w3

)
C3/2

4 (2u − 1)

]
,

+
(

−18

5
aP2 + 21η4w4

)

× [
2u3(10 − 15u + 6u2) ln u

+ 2ū3(10 − 15ū + 6ū2) ln ū + uū(2 + 13uū)
]
, (2)

Table 2 Parameters of the wave
function calculated at the
renormalization scale
μ = 1 GeV

π K

aP1 0 0.050

aP2 (set-1) 0.11 0.15

aP2 (set-2) 0.25 0.27

η3 0.015 0.015

η4 10 0.6

w3 −3 −3

w4 0.2 0.2

where Ck
n (x) are the Gegenbauer polynomials, and

h00 = v00 = −1

3
η4,

a10 = 21

8
η4w4 − 9

20
aP2 ,

v10 = 21

8
η4w4,

h01 = 7

4
η4w4 − 3

20
aP2 ,

h10 = 7

4
η4w4 + 3

20
aP2 ,

g0 = 1,

g2 = 1 + 18

7
aP2 + 60η3 + 20

3
η4,

g4 = − 9

28
aP2 − 6η3w3 . (3)

The values of the parameters aP1 , aP2 , η3, η4, w3, and w4

entering Eq. (3) are listed in Table 2 for the pseudoscalar π ,
K and η mesons.

Appendix B

Coefficient of the qμ structure for Ds(2S) → D∗K decay

Π = 1

12
M2

{
24μP i3(T , v) + 12 fPmQϕP (ū0) + 6μPφP (ū0)

+μP (1 − μ̃2
P )
[
4φσ (ū0) − φ′

σ (ū0)
]}

+ 1

24M2

{
fPmQ(−6m2

Pm2
QA(ū0)

−24m4
P
[
i1(A‖, 1) + i1(A⊥, 1) − i1(V‖, 1) − i1(V⊥, 1)

]

+〈g2
s GG〉ϕP (ū0))

}

− 1

864M4

{
mQ〈g2

s GG〉
[

− 18 fPm2
PA(ū0) + 18 fPm2

P j̃1(B)

+mQ

(
12 fPmQϕP (ū0) + 6μPφP (ū0)

−μP (1 − μ̃2
P ){8φσ (ū0) + φ′

σ (ū0)}]
)]}

− 1

432M6

{
m2

Q〈g2
s GG〉

[
3 fPm2

PmQ

(
3A(ū0) − j̃1(B)

)

123
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−(m2
P − 2m2

Q)μP (1 − μ̃2
P )φσ (ū0)

]}

+ 1

288M8

[
fPm2

Pm5
Q〈g2

s GG〉A(ū0)
]

−1

2

[
fPm2

PmQ j̃1(B)
]

−1

6

{
3m2

P
[
3μP i2(T , 1) + 2 fPmQ

(
i2(A‖, 1) − 2i2(A⊥, 1)

−i2(V‖, 1) + 2i2(V⊥, 1)
)

−10μP i2(T , v)
]

+ (m2
P − 2m2

Q)μP (1 − μ̃2
P )φσ (ū0)

}
.

(1)

where

μP = fPm2
P

mq1 + mq2

, μ̃P = mq1 + mq2

mP
, (2)

The functions in (n = 1, 2), and j̃1( f (u)) are defined as:

i1(φ, f (v)) =
∫

Dαi

∫ 1

0
dvφ(αq̄ , αq , αg) f (v)δ(k − u0),

i2(φ, f (v)) =
∫

Dαi

∫ 1

0
dvφ(αq̄ , αq , αg) f (v)δ′(k − u0),

j̃1( f (u)) =
∫ 1

u0

du f (u),

In =
∫ ∞

m2
Q

ds
e−s/M2

sn
,

I�n
n =

∫ ∞

m2
Q

ds
e−s/M2

sn
ln

M2(s − m2
Q)

Λ2s
, (3)

where

k = αq + αg(1 − v), k̃ = αq̄ + αgv,

u0 = M2
1

M2
1 + M2

2

, ū0 = 1 − u0, M2 = M2
1 M

2
2

M2
1 + M2

2

.

Appendix C

For completeness, in this Appendix we present the matrix
elements 〈γ (q)|q̄Γi q|0〉 and 〈γ (q)|q̄Γi Gμνq|0〉 which are
calculated in terms of the photon DA’s [21].

〈γ (q)|q̄(x)σμνq(0)|0〉
= −ieq q̄q(εμqν − ενqμ)

×
∫ 1

0
dueiūqx

(
χϕγ (u) + x2

16
A(u)

)
− i

2(qx)
eq 〈q̄q〉

×
[
xν

(
εμ − qμ

εx

qx

)
− xμ

(
εν − qν

εx

qx

)]

×
∫ 1

0
dueiūqx hγ (u)

〈γ (q)|q̄(x)γμq(0)|0〉

= eq f3γ

(
εμ − qμ

εx

qx

)∫ 1

0
dueiūqxψv(u)

〈γ (q)|q̄(x)γμγ5q(0)|0〉
= −1

4
eq f3γ εμναβενqαxβ

∫ 1

0
dueiūqxψa(u)

〈γ (q)|q̄(x)gsGμν(vx)q(0)|0〉
= −ieq 〈q̄q〉 (εμqν − ενqμ

) ∫
Dαi e

i(αq̄+vαg)qxS(αi )

〈γ (q)|q̄(x)gs G̃μν iγ5(vx)q(0)|0〉
= −ieq 〈q̄q〉 (εμqν − ενqμ

) ∫
Dαi e

i(αq̄+vαg)qx S̃(αi )

〈γ (q)|q̄(x)gs G̃μν(vx)γαγ5q(0)|0〉
= eq f3γ qα(εμqν − ενqμ)

∫
Dαi e

i(αq̄+vαg)qxA(αi )

〈γ (q)|q̄(x)gsGμν(vx)iγαq(0)|0〉
= eq f3γ qα(εμqν − ενqμ)

∫
Dαi e

i(αq̄+vαg)qxV(αi )

〈γ (q)|q̄(x)σαβgsGμν(vx)q(0)|0〉
= eq 〈q̄q〉

{[(
εμ − qμ

εx

qx

)(
gαν − 1

qx
(qαxν + qνxα)

)
qβ

−
(

εμ − qμ

εx

qx

)(
gβν − 1

qx
(qβ xν + qνxβ)

)
qα

−
(

εν − qν

εx

qx

)(
gαμ − 1

qx
(qαxμ + qμxα)

)
qβ

+
(

εν − qν

εx

q.x

)(
gβμ − 1

qx
(qβ xμ + qμxβ)

)
qα

]

×
∫

Dαi e
i(αq̄+vαg)qxT1(αi )

+
[(

εα − qα

εx

qx

)(
gμβ − 1

qx
(qμxβ + qβ xμ)

)
qν

−
(

εα − qα

εx

qx

)(
gνβ − 1

qx
(qνxβ + qβ xν)

)
qμ

−
(

εβ − qβ

εx

qx

)(
gμα − 1

qx
(qμxα + qαxμ)

)
qν

+
(

εβ − qβ

εx

qx

)(
gνα − 1

qx
(qνxα + qαxν)

)
qμ

]

×
∫

Dαi e
i(αq̄+vαg)qxT2(αi )

+ 1

qx
(qμxν − qνxμ)(εαqβ − εβqα)

×
∫

Dαi e
i(αq̄+vαg)qxT3(αi )

+ 1

qx
(qαxβ − qβ xα)(εμqν − ενqμ)

×
∫

Dαi e
i(αq̄+vαg)qxT4(αi )

}
,

where ϕγ (u) is the leading twist 2, ψv(u), ψa(u), A and
V are the twist 3 and hγ (u), A, Ti (i = 1, 2, 3, 4) are
the twist 4 photon DAs, respectively and χ is the magnetic
susceptibility of the quarks. The measure Dαi is defined as

123
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∫
Dαi =

∫ 1

0
dαq̄

∫ 1

0
dαq

∫ 1

0
dαgδ(1 − αq̄ − αq − αg).

Explicit form of the photon DAs entering into above
matrix elements.

ϕγ (u) = 6uū

(
1 + ϕ2(μ)C

3
2
2 (u − ū)

)
,

ψv(u) = 3
(

3(2u − 1)2 − 1
)

+ 3

64

(
15wV

γ − 5wA
γ

)

×
(

3 − 30(2u − 1)2 + 35(2u − 1)4
)

,

ψa(u) =
(

1 − (2u − 1)2
) (

5(2u − 1)2 − 1
)

×5

2

(
1 + 9

16
wV

γ − 3

16
wA

γ

)
,

A(αi ) = 360αqαq̄α
2
g

(
1 + wA

γ

1

2
(7αg − 3)

)
,

V(αi ) = 540wV
γ (αq − αq̄)αqαq̄α

2
g,

hγ (u) = −10
(
1 + 2κ+)C 1

2
2 (u − ū),

A(u) = 40u2ū2 (3κ − κ+ + 1
)

+8(ζ+
2 − 3ζ2) [uū(2 + 13uū)

+2u3(10 − 15u + 6u2) ln(u)

+2ū3(10 − 15ū + 6ū2) ln(ū)],
T1(αi ) = −120(3ζ2 + ζ+

2 )(αq̄ − αq)αq̄αqαg,

T2(αi ) = 30α2
g(αq̄ − αq)

(
(κ − κ+)

+(ζ1 − ζ+
1 )(1 − 2αg) + ζ2(3 − 4αg)

)
,

T3(αi ) = −120(3ζ2 − ζ+
2 )(αq̄ − αq)αq̄αqαg,

T4(αi ) = 30α2
g(αq̄ − αq)

(
(κ + κ+)

+(ζ1 + ζ+
1 )(1 − 2αg) + ζ2(3 − 4αg)

)
,

S(αi ) = 30α2
g{(κ + κ+)(1 − αg)

+(ζ1 + ζ+
1 )(1 − αg)(1 − 2αg)

+ζ2[3(αq̄ − αq)
2 − αg(1 − αg)]},

S̃(αi ) = −30α2
g{(κ − κ+)(1 − αg)

+(ζ1 − ζ+
1 )(1 − αg)(1 − 2αg)

+ζ2[3(αq̄ − αq)
2 − αg(1 − αg)]}.

The constants entering the above DAs are obtained as [21]
ϕ2(1GeV ) = 0, wV

γ = 3.8±1.8, wA
γ = −2.1±1.0, κ = 0.2,

κ+ = 0, ζ1 = 0.4, ζ2 = 0.3, ζ+
1 = 0 and ζ+

2 = 0.
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