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Field localization boosts nonlinear optical processes at the hot spots of metal nanostructures. Fano
resonances can further enhance these “local” processes taking place at the hot spots. However, in
the conventional nonlinear materials, the frequency conversion takes place along the entire crystal
body. That is, the conversion process is “unlocalized”. The path interference (Fano resonance)
schemes developed for localized processes become useless in such materials. Here, we develop Fano
enhancement schemes for unlocalized nonlinear optical processes. We show that a 3 orders of
magnitude Fano enhancement multiplies the enhancements achieved via field trapping techniques,
e.g., in epsilon-near-zero (ENZ) materials. We demonstrate the phenomenon both analytically and
by numerical solutions of Maxwell’s equations. The match between the two solutions is impressive.
We observe that the interference scheme for unlocalized processes is richer than the one for the local
processes. The method can be employed to any kind of nonlinear optical conversion. Moreover, the
Fano enhancement can be continuously controlled by an applied voltage.

I. INTRODUCTION

Past two decades witnessed fascinating progresses in
two research areas, classical and quantum plasmonics [1].
A phenomenon is highlighted commonly in both research
areas: strong field localization at the metal nanoparti-
cle (MNP) hot spots. The localized field intensity can be
5-7 orders of magnitude stronger than the intensity of the
incident light in the nm-size hot spots [2, 3]. The (classi-
cal) plasmonics employs the field enhancement for ultra-
high sensing [4], hot spot-size optical resolution [5, 6],
high-frequency communication technologies [7], and for
achieving extreme nonlinearity enhancements [8]. Non-
linear optical processes taking place at the hot spots can
be enhanced with the second power of the local intensity,
because both the input and the converted fields are lo-
calized [9–11]. This makes plasmonics an attractive field
for nonlinear optics.

Quantum plasmonics utilizes the strong field local-
ization for enhanced light-matter interaction. When
a quantum emitter (QE) —e.g., a molecule, a quan-
tum dot (QD) or a color-center— is placed at the hot
spot, it creates path interference effects called Fano reso-
nances [12–16]. Fano resonances can provide control both
over linear [17] and nonlinear [18–23] response of metal
nanostructures. The nonlinearity enhancement provided
by the local field enhancement (in classical plasmonics)
can further be multiplied by a Fano-enhancement factor
which can be 3 orders of magnitude depending on the
choice of the QE level spacing.

Fano resonances, studied so far, control the “local”
nonlinear processes that take place at the hot spots.
However, conventional frequency converters are nonlin-
ear crystals where conversion takes place along the entire
crystal body. The path interference (Fano) enhancement
schemes for localized nonlinear processes become useless

for such nonlinear crystals. In this work, we theoretically
and computationally demonstrate how a Fano-control of
such “unlocalized” nonlinear processes can be made pos-
sible.

Nonlinear processes taking place in conventional fre-
quency converters can also be enhanced by concentrat-
ing the field into the crystals. Embedding plasmonic
nanoparticles (NPs) into nonlinear crystals can enhance
the conversion [24, 25] by localizing the field near the
NPs. A better method employs epsilon-near-zero (ENZ)
materials. An ENZ medium not only greatly enhances
the field inside the frequency converter [26–29], but also
relieves the phase-matching condition [30] in longer non-
linear crystals. Moreover, recently explored longitudi-
nal ENZ (LENZ) materials can provide stronger second
harmonic (SH) and third harmonic (TH) conversion en-
hancements via circumventing material losses [31]. In
these (more convenient) materials, enhanced field is con-
fined in the body of the material rather than being lo-
calized at nm-size hot spots. One can also combine the
two field trapping methods [32] for stronger enhancement
rates. These methods rely on the enhancement of the
field inside the nonlinear crystal. Presence of an unlocal-
ized Fano-enhancement method, compatible with such
materials and multiplying all other enhancement factors,
would be very beneficial in achieving high conversion fac-
tors in nonlinear crystals.

In this paper, we develop such a Fano-control mecha-
nism for the further enhancement of “unlocalized” non-
linear optical processes taking place in conventional fre-
quency converters [33]. We show that MNP-QE dimers
can introduce path interference (Fano) effects in unlo-
calized nonlinear processes. With appropriate choice
of the QE’s level spacing ωQE, nonlinear process can
be enhanced, e.g., by 3 orders of magnitude. This en-
hancement takes place without increasing the fundamen-
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tal (first harmonic) field intensity in the crystal. In other
words, our method further enhances (∼1000×) the non-
linear field which is already enhanced via field trapping
techniques, e.g., in MNP-doped [24, 25] and ENZ/LENZ
materials [26, 27, 29, 31]. More explicitly, for instance,
104 times conversion enhancement in an ENZ mate-
rial [26, 27, 29, 31] can be further multiplied by a factor
of ∼1000, yielding a total enhancement ratio of 107. The
method can be applied to both photonic and nanopho-
tonic (smaller) devices.

We consider a system where MNP-QE dimers are em-
bedded in a crystal body, see Fig. 1a. We utilize the
MNPs as strong interaction centers for the “converted”
(e.g., SH) field. MNPs collect the unlocalized converted
field into the hot spots and make it interact with the
QE. Intriguingly, we find that MNP-QE dimers can con-
trol the produced nonlinear field throughout the entire
crystal body.

Our numerical (COMSOL [34]) simulations clearly
demonstrate that the SH (2ω) field intensity can be en-
hanced by a factor of ∼1000 without increasing the fun-
damental frequency (FF, ω) field inside the crystal. We
not only demonstrate the phenomenon via numerical so-
lutions of the Maxwell’s equations, but also explain the
physics behind the Fano enhancement mechanism which
multiplies the enhancements created by the field trapping
techniques [24–29, 31, 32]. We present a simple analyt-
ical expression for the converted (SH) field amplitude.
We demonstrate that further enhancement occurs due to
the cancellations in the denominator of this expression
without changing the FF field intensity. The results for
the numerical solutions of the Maxwell’s equations and
the analytical model match successfully. The analytical
model also shows that the interference scheme for the
control of the “unlocalized” nonlinear processes is differ-
ent than the scheme for the control of localized processes.
It provides a richer cancellation scheme.

It is worth noting that we refer to the “Fano enhance-
ment” as the further enhancement which multiplies other
enhancement factors appearing due to the field trapping
techniques. As explicitly demonstrated in the text, Fano
enhancement appears due to the cancellations in the de-
nominator of the nonlinear response and is independent
from the FF field enhancements. The total enhancement
includes both effects.

The exceptional features of our method can be sum-
marized as follows. (i) The path interference (Fano) can
further enhance an unlocalized nonlinear process which
is already enhanced via field trapping techniques [24–
29, 31, 32]. (ii) Fano enhancement scheme does not in-
crease the FF (ω) field intensity. This allows a ∼1000
times further enhancement for the crystals already op-
erating in the upper temperature limits. (iii) Since a√

1000 '33 times smaller pump intensity would suf-
fice for efficient frequency conversion, battery lifetimes
of portable lasers would be extended significantly. (iv)
Moreover, the Fano enhancement factor can be continu-
ously tuned around its peak value via an applied voltage.

The applied voltage could tune the QE resonance ωQE

which in turn could be used to switch the Fano enhance-
ment. (v) Above all, the Fano-enhancement scheme we
demonstrate for the SHG process can be employed also
for higher order nonlinear optical processes. For instance,
we demonstrate the path interference schemes also for
third harmonic generation and four-wave mixing in the
Supplementary Materials.

Here, we work out the path interference effects in the
nonlinear response of materials. A linear version of the
effect would be associated with the Fano lasers [35, 36] if
one removes the MNP from the interference scheme. A
photonic crystal Fano laser made of a line defect waveg-
uide (active medium) coupled to a narrow linewidth
nanocavity is studied in literature. The nanocavity intro-
duces the Fano effect which enables an interesting self-
pulsing phenomenon [36] and a high frequency modula-
tion [35]. In such a photonic crystal system, one can also
study the nonlinear Fano effect by choosing the nanocav-
ity resonance near the converted frequency. In such a sys-
tem, however, the nanocavity resonance is not voltage-
tunable. Thus, the nanocavity resonance has to be man-
ufactured carefully and it is hard to arrange the Fano
resonance peak.

II. RESULTS

II.1. Dynamics of the system

In particular, we consider the SHG process from a non-
linear crystal, see Fig. 1a, in which MNP-QE dimers are
embedded for the Fano enhancement. The dynamics of
the system and the interactions can be described as fol-
lows.

A laser of frequency ω (fundamental, λ = 1064 nm)
pumps the α1-mode of the nonlinear crystal. The pump
excites the ω frequency photons in the α1-mode, see
Fig. 1b. The resonance of the α1 crystal mode is Ω1.
Here, α1 refers to the amplitude of the fundamental fre-
quency (FF) field inside the crystal. The crystal performs
SHG: two ω photons in the crystal (α1-mode) combine
to generate a 2ω photon (λ/2 = 532 nm) in the α2-mode
of the crystal. The resonance of the α2 crystal mode is
Ω2. α2 refers to the amplitude of the SH field inside the
crystal. There can exist other modes in the crystal, but
we refer merely to the relevant ones: the pumped mode
α1 and the mode α2 into which SHG takes place.

The resonance frequency of the MNP plasmon mode
Ωp is chosen about the SH frequency 2ω, so Ωp is also
about the resonance frequency of the α2 crystal mode Ω2,
see Fig. 1b. The SH generated field interacts strongly (of
strength g) with the MNP. The MNP localizes the gener-
ated SH field into its hot spot as a plasmonic near-field.
αp refers to the amplitude of the plasmon excitation on
the MNP. The plasmon mode displays a localized near-
field at the MNP hot spot. The QE is placed at this
hot spot. Thus, the QE interacts strongly (of strength
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FIG. 1. Fano enhancement scheme for a second har-
monic converting crystal. (a) MNP-QE dimers are em-
bedded in a nonlinear crystal with a second order suscepti-
bility d2. The dimers interact with the converted (2ω) field
and introduce path interference (Fano) effects. The crystal
is pumped with a y-polarized laser of frequency ω. The non-
linear process can be enhanced without exploiting field trap-
ping techniques. (b) The diagram for the crystal (α1,2) and
the plasmon (αp) modes of resonances Ω1,2 and Ωp, and the
QE resonance ωQE. The converted field interacts with the
MNP (αp) and the MNP couples with the QE.

f) with the plasmon mode in the near-field of the MNP.
This way, the MNP-QE dimer creates a Fano resonance
effect on the SHG process which takes place along the
entire crystal body.

II.2. Analytical Model

We first study the coupled system of the nonlinear crys-
tal and the MNP-QE dimer with a basic analytical model.
We obtain a simple analytical expression for the second
harmonic (SH) field amplitude α2.

The equations of motion (Eqs. (8a)-(8e) in the Ap-
pendix) governing the dynamics of the system can be
obtained from the hamiltonian [Eq. (7)] describing the
system. One also includes the decay rates for the fields
and the QE into the equations of motion. Derivations
can be found in the Appendix.

In the steady state, the SH field amplitude α2 can be
obtained as

α2 =
−iχ2

[i(Ω2 − 2ω) + γ2] + |g|2

[i(Ωp−2ω)+γp]− |f|2y
i(ωQE−2ω)+γ

QE

α2
1.

(1)

Here, |α2|2 gives the number of SH generated 2ω photons
in the crystal. Similarly, |α1|2 is the number of funda-
mental frequency (FF, ω) photons in the crystal. χ2 is
a constant (an overlap integral [37]) proportional to the
second-order susceptibility of the nonlinear crystal, i.e.,
χ2 ∝ d2. y = ρee − ρgg is the population inversion of the
QE, where ρee and ρgg are the probabilities for the QE
to be in the excited and the ground state, respectively,
with the constraint ρee + ρgg = 1. γ1,2, γp and γQE are
the decay rates for of the two crystal modes, the plasmon
mode and the QE, respectively. Ω1,2, Ωp and ωQE are the
resonances in the same order.

Fano enhancement Eq. (1) reveals a striking mech-
anism for the Fano enhancement. Namely, one can in-
crease the number of SH generated photons |α2|2 “with-
out” increasing the number of photons in the FF ω, |α1|2.
This can simply be performed by introducing cancella-
tions in the denominator of Eq. (1).

On the one hand, |α2|2 can be enhanced via enhancing
the first harmonic field |α1|2 using field trapping tech-
niques [24–29, 31]. One increases |α1|2, for instance,
by using an ENZ material. On the other hand, the en-
hancement due to the cancellations in the denominator
of Eq. (1) “multiplies” the enhancement of the |α1|2. The
latter enhancement (owing to the denominator) is called
as the Fano enhancement. In advance, we state that
in our numerical simulations using the analytical model,
|α1|2 does not change, thus, the enhancement in |α2|2
originates solely from the denominator of Eq. (1). The
number of photons in the α2-mode is always (substan-
tially) smaller than the number of photons of the FF
α1-mode.

The cancellation scheme works as follows. The first
term in the denominator, i(Ω2− 2ω) + γ2, belongs to the
bare crystal. That is, only this term exists if the non-
linear crystal is not embedded with a MNP-QE dimer.
The second term in the denominator, |g|2/(. . .), appears
due to the MNP-QE dimer. If one arranges g, f , ωQE

appropriately, the |g|2/(. . .) term is able to cancel the
first term partially. This can reduce the denominator in
Eq. (1), thus enhance the production of the SH 2ω pho-
tons |α2|2 without relying to an enhancement in |α1|2.

In Fig. 2, we present the enhancement which takes
place merely due to the Fano resonance. We keep the
laser (pump) strength constant and record the enhance-
ment in |α2|2. We observe that the SH intensity |α2|2 can
enhance ∼1000 times while the FF intensity |α1|2 does
not change. We calculate the amplitudes α1,2 via time
evolution of the equations of motion for the system, see
Eqs. (8a)-(8e) in the Appendix.

Throughout the paper, we scale frequencies by the
constant Ω, the frequency of the 1064 nm light, i.e.,
Ω = 2πc/Λ with Λ=1064 nm. In Fig. 2a, we set the laser
(pump) frequency to ω = Ω (1064 nm) and vary the level
spacing of the QE, ωQE. We observe that for the choice
of ωQE=ω?QE '1.98Ω, the number of SH photons |α2|2
is Fano enhanced ∼2000 times via cancellations in the
denominator of Eq. (1). (We use the star symbol ? for
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FIG. 2. Fano enhancement factors predicted by the an-
alytical model. (a) We scan different values of the QE level
spacing ωQE in order to find the particular value ω?

QE '1.98Ω
which performs cancellations in the denominator of α2 in
Eq. (1). Fano enhancement factor reaches ∼2500. (b) We
also fix the QE at ωQE=2Ω and scan the pump frequency ω in
order to find the particular value ω?=1.01Ω which performs
cancellations in the denominator of α2 in Eq. (1). MNP-QE
dimer (red dashed line) can achieve a Fano enhancement fac-
tor of∼1500. Using only MNPs (black line) can also introduce
a Fano enhancement factor of ∼200. The FF field |α1|2 do
not change (not depicted). The frequencies are scaled with
the frequency of the Λ=1064 nm light, i.e., Ω = 2πc/1064 nm.

indicating a value where maximum/optimum enhance-
ment is achieved.) |α1|2 does not change (not depicted).
In Fig. 2b, we fix the QE level spacing to ωQE=2Ω and
this time vary the frequency of the pump laser ω. We
observe that for the pump frequency ω=ω? '1.01Ω, the
SHG |α2|2 is Fano enhanced ∼1500 times without in-
creasing the FF field intensity |α1|2.

In Fig. 2, we use the parameter set Ωp = 1.77Ω,
γp = 0.1Ω, g = f = 0.1Ω, Ω1 = 1.007Ω, Ω2 = 2.013Ω,
γ1,2 = 0.005Ω and χ2 = 10−4Ω (e.g., a small converter).
The particular value of χ2 does not change the enhance-
ment factors in our simulations. In Fig. 2a we set ω = Ω.
In Fig. 2b we set ωQE = 2Ω. These parameters are chosen
according to the numerical simulations we conduct in the
following section. For instance, the resonance frequency
of the MNP Ωp is set to λp= 600 nm (Ωp = 2πc/λp). This
is the resonance frequency of the gold NP plasmon cal-
culated in an nKDP=1.51 index medium using the experi-

mental dielectric function of gold, see the Supplementary
Materials. The decay rates are chosen close to the ones
for the crystal, plasmon and QE linewidths. We keep
the parameters close to the ones for the numerical simu-
lations, because we aim a basic comparison between the
analytical and numerical (Maxwell) solutions. That is,
we aim to check if the Fano enhancement appears using
similar parameters in the analytical and the numerical
simulations. In the next section, we show that an excel-
lent match occurs between the two results.

We can state the usefulness of the analytical model as
follows. In a numerical (Maxwell) simulation alone, it
is not possible to differentiate between a Fano enhance-
ment and an enhancement due to local field improvement.
Our analytical treatment sheds light onto the numerical
results. This is because, analytical model does not take
the localization effects (e.g., the change in the density of
states near a MNP) into account. Thus, the enhance-
ment factors presented by the analytical model are the
ones only due to the Fano enhancement. This provides a
useful tool in understanding the origins of the SHG en-
hancement. One can appreciate this better in the treat-
ment below, where a MNP is shown to give rise to Fano
enhancement without a QE. We also demonstrate this
phenomenon using numerical simulations.

The presented analytical model is also valid (even to
a higher extent) when the MNP-QE dimers are placed
on the surface of the nonlinear crystal. In this case,
MNP couples with the evanescent waves of the α2 mode.
Strong coupling between the evanescent waves and the
metal nanostuctures decorated on the crystals is a well
reported phenomenon [38–41].

We further observe that the interference scheme (i.e.,
the cancellations in the denominator) for the Fano con-
trol of an unlocalized system is different than the one
for the localized nonlinear processes. In the Fano con-
trol of a local process (when the nonlinear process takes
place at the hot spot), the denominator contains only the

[i(Ω2 − 2ω) + γ2]− |f |2y
i(ωQE−2ω)+γQE

term [21]. In Eq. (1),

we observe that the cancellation scheme is richer.
Fano enhancement using only MNPs A MNP is a

strongly absorbing material with a broad linewidth.
However, the analytical model below shows that a MNP
alone can also introduce Fano enhancement effects. In
order to study this phenomenon, we simply set the MNP-
QE coupling to zero in Eq. (1), i.e., f=0, and obtain the
SH amplitude

α2 =
−iχ2

[i(Ω2 − 2ω) + γ2] + |g|2
[i(Ωp−2ω)+γp]

α2
1. (2)

Here, |g|2/(. . .) term can perform cancellations in the
(first) term belonging to the bare crystal. The cancella-
tion can be performed for the proper choices of the Ωp,
|g|2 and ω. In Fig. 2b, we demonstrate the phenomenon
by varying the pump frequency ω for a fixed Ωp = 1.773Ω
(600 nm) and g = 0.1Ω. The black line shows a 200
Fano enhancement factor. In Fig. 3, the pump frequency
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FIG. 3. Fano enhancement can also be achieved using
only MNPs. We scan the plasmon resonance Ωp of the
MNP in order to find the particular value Ω?

p '1.77Ω where
cancellations in the denominator of α2 takes place, see Eq. (2).

is fixed at ω = Ω and the MNP resonance exhibits a
∼200 times Fano enhancement at Ωp = Ω?p=1.77Ω, with
g=0.1Ω. In Figs. 2 and 3, the strength of the laser
pump and the FF intensity |α1|2 do not change. We
confirm this phenomenon with the numerical solutions of
the Maxwell’s equations in the next section.

II.3. Numerical solutions of Maxwell’s equations

In the previous section, we anticipated the presence of
a 3 orders of magnitude Fano enhancement from our ana-
lytical model. In this section, we check the phenomenon
with the numerical simulations of the Maxwell’s equa-
tions, and we compare the two results.

We solve the Maxwell’s equations for the system pre-
sented in Fig. 4a using finite element method (FEM). We
perform the calculations in COMSOL Multiphysics [34].
We consider a KDP nonlinear crystal for the SHG pro-
cess. It has a refractive index of nKDP=1.51 and a second-
order nonlinear coefficient of d2= 10−18 C/V2. The
length of the KDP crystal is chosen as 27×1064 nm. We
consider a width h =200 nm for the KDP in our simu-
lations. The horizontal (the y-direction) boundaries are
paired by Bloch-Floquet boundary conditions.

The MNP-QE dimers embedded into the crystal have
diameters of 20 nm and 5 nm, respectively. The distance
between the MNP and QE is d=2 nm. The separation
between the adjacent dimers is a=200 nm along the x-
direction. We use the experimental dielectric functions
for the KDP and the gold NP, and a Lorentzian dielectric
function for the QE [15]. The linewidth of the QE is set
as γQE=5×1011 Hz. The QE has an oscillator strength of
fosc = 0.1 and the permittivity constant is set to ε∞=1.

We pump the system with a laser of intensity I0=
100 MW/m2. The wavelength of the pump is fixed at
λ=1064 nm (ω = 2πc/λ) in Fig. 5a, but varied in Fig. 5b.

As in the analytical treatment, we scale frequencies by
the frequency corresponding to the 1064 nm laser, i.e.,
Ω = 2πc/Λ with Λ= 1064 nm. Hence, in Fig. 5a the
laser frequency is set to ω = 1 × Ω. Details about the
computations can be found in the Supplementary Mate-
rials.

Fano Enhancement We calculate the SH field at (i)
the output, (ii) along the crystal body and (iii) at the
hot spots between the MNP and the QE, see Fig. 4a.
Simulations produce interesting results.

In Fig. 5, we plot the total SH enhancement at the
“output” of the KDP crystal, i.e., at the air region on the
right in Fig. 4a. We compare the SH intensities with and
without the presence of the MNP-QE dimers. In Fig. 5a,
we fix the pump frequency to ω = Ω and seek for the op-
timum value of the QE level spacing ω?QE at which we ob-
tain an appreciable enhancement. At ωQE = ω?QE '1.98Ω,
a ∼1000 times SHG enhancement at the KDP output can
be observed. In contrary to such a total enhancement,
the average SH field inside the crystal is suppressed to the
70% of the one for the bare crystal (without the MNP-
QE dimers). The SH intensity in the crystal is enhanced
only at the hot spot between the MNP and the QE. But
this is only a 2 times enhancement and takes place only
in a small region. Moreover, the FF ω intensity inside
the crystal is 95% of the one for the bare crystal.

Therefore, the ∼1000 times total enhancement at the
crystal output cannot originate from the localization
(field trapping) type enhancement employed in other
studies [24–29, 31]. Then, the observed SHG enhance-
ment is the Fano enhancement that our analytical model
predicts in Fig. 2a. Furthermore, the Fano enhancement
in the analytical model and the numerical simulations ap-
pears at the same QE level spacing ωQE = ω?QE '1.98Ω.
We make an effort to use similar parameters in the ana-
lytical and numerical treatments. For instance, the res-
onances Ω1 '1.007Ω (FF mode) and Ω2 '2.013Ω (SH
mode), which we use in the analytical model, are chosen
by rough calculations for the KDP crystal depicted in
Fig. 4a. Our purpose in conducting the numerical simu-
lations is only to demonstrate the presence of the Fano
enhancement in the SHG process, in the absence of field
trapping.

We also compare the analytical and numerical results
for a varying laser (pump) frequency ω, at the fixed
QE level spacing ωQE=2Ω. Fig. 5b shows that a ∼1500
times total SHG enhancement appears at the “output”
of the nonlinear crystal. This enhancement is attained
at the pump frequency ω = ω?=1.015Ω (λ?=1048 nm).
Please note that the enhancement peak at ω = ω?=1.01Ω
(Fig. 2b), in the analytical treatment, shows an excellent
agreement with the numerical results. Additionally, both
Fig. 5b and Fig. 2b display a shouldered curve as a com-
mon aspect.

The average SH intensity in the crystal body drops to
the 90% of the one for the bare crystal. The SH intensity
increases only 2 times at the small region, i.e., at the
hot spot between the MNP and the QE. Moreover, the
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FIG. 4. A sketch of the computational domain employed in FEM simulations. (a) A 27×1064 nm long nonlinear
(KDP) crystal is embedded with MNP-QE dimers of diameters 20 nm and 5 nm, respectively. The MNP and QE has a
surface-to-surface distance of d =2 nm and the dimers are separated by a=200 nm in the x-direction. The E-field of the pump
laser is chosen along the y-direction, thus the hot spot of the MNP is located at the position where the QE is placed. We use
the experimental dielectric functions of the materials and a Lorentzian for the QE. (b) Close-up views of the FF and the SH
field distributions. See the Supplementary Materials for further details.

FF ω field is suppressed to the 56% of the bare crystal.
The localized field enhancement is not sufficient to be
accounted for the SHG enhancement alone. Thus, the
∼1500 times total enhancement at the output can only
be explained by the unlocalized Fano enhancement factor
as we suggest.

In our FEM simulations, the dimers are placed pe-
riodically (a=200 nm) along the x-direction. We also
checked if any effect due to periodicity intervenes with
the Fano enhancement profile in Fig. 5. We performed
control simulations also for different distances between
the dimers other than a=200 nm. The enhancement fac-
tors remained almost unaltered.

Fano enhancement using only MNPs We also carry
out FEM simulations for a KDP crystal embedded only
with MNPs. We confirm the Fano enhancement effect
predicted by the analytical model in Eq. (2). In Fig. 5b,
black line, we observe that the total SH intensity at the
crystal output is enhanced about 300 times using only
MNPs. This enhancement takes place in spite of the
fact that both FF and SH fields inside the crystal do
not intensify. That is, the 300 times total enhancement
cannot be explained with the localization effects, thus it
is chiefly due to the Fano enhancement effect. Comparing
the black lines in Fig. 5b and Fig. 2b, one can observe
that the Fano enhancement appears at similar locations.
A comparison with Fig. 3 cannot be performed since the
actual (experimental) dielectric function for the gold NP
is used.

As a final remark, the resonance of the MNPs —we
use in all of the analytical and numerical simulations—
are set around the SH 2ω field. That is, one already
should not expect a localization effect in the fundamen-
tal (ω) field. The localization in the SH field —only at
the hot spots— is at most 2 times in all of the FEM sim-
ulations, thus cannot explain the 3 order enhancements
at the crystal output. We remind that the average SH
intensity inside the crystal even reduces compared to a
bare crystal.

III. DISCUSSION

We demonstrate the Fano control of unlocalized non-
linear processes which take place throughout an entire
crystal body. MNP-QE dimers interact with the con-
verted crystal field and introduce Fano resonances. The
dimers can either be embedded into the crystal or they
can be placed on the crystal surface. A 3 orders of mag-
nitude Fano enhancement takes place for the appropriate
choice of the QE’s level spacing, ωQE. We demonstrate
the phenomenon both on a basic analytical model and via
FEM-based numerical solutions of the Maxwell’s equa-
tions.

The analytical model predicts the presence of such a
Fano enhancement and the FEM simulations confirm the
existence of the Fano enhancement. The analytical model
yields a simple expression for the SH field amplitude, see
Eq. (1). The mechanism of the enhancement can be ex-
plained on this simple expression: the cancellations in the
denominator originates the Fano enhancement. The ex-
pression also shows why the Fano enhancement multiplies
the enhancements due to field trapping techniques [24–
29, 31].

The FEM simulations demonstrate the Fano enhance-
ment predicted by the analytical model. The crystal
output field (in total) is enhanced by 3 orders, while
the linear and nonlinear fields inside the crystal are not
enhanced. Thus, the 3 orders of magnitude total en-
hancement is proven to originate from the Fano enhance-
ment. Moreover, the frequency dependence of the Fano
enhancement factors display a good match between the
analytical and the FEM results.

The Fano enhancement scheme we develop is outstand-
ing, because (i) it multiplies (∼ 103) the enhancements
achieved via field trapping techniques, (ii) an applied
voltage can continuously tune the Fano resonances, and
(iii) of its implementations with portable devices. More-
over, (iv) the extra (Fano) enhancement scheme works
equally for other nonlinear processes, see the Supplemen-
tary Materials.
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FIG. 5. Numerical solutions of the Maxwell’s equa-
tions. Total enhancement factors (EFs) for the SH intensity,
calculated at the crystal output, when MNP-QE dimers are
placed into the crystal, see Fig. 4. As the FF (ω) intensity
is not enhanced in the crystal, the plotted total EFs corre-
spond to the Fano enhancement, see the text. (a) Like in
the analytical model, Fig. 2a, we scan the QE level spac-
ing ωQE. A ∼1000 SH intensity enhancement takes place at
ωQE=ω?

QE '1.98Ω which is similar with the analytical result
in Fig. 2a. (b) We fix the ωQE=2Ω, as in Fig. 2b, and scan
the pump frequency ω. A ∼1400 enhancement factor appears
(red dashed line) at ω = ω?=1.015Ω which is close to the one
predicted by the analytical model in Fig. 2b. Fano enhance-
ment also takes place using only MNPs (black line) as the
analytical model predicts in Fig. 2b (black line). The local
fields are not enhanced.

The Fano enhancement scheme can be used together
with any of the field trapping techniques. It multiplies
the enhancements achieved by ENZ materials [26–29, 31]
or nanoparticle doping [24, 25] by a factor of ∼ 103.
ENZ compatibility of the method has particular impor-
tance for longer photonic devices. This is because, ENZ
materials relieve the phase matching conditions substan-
tially [30], thus they are unrivaled for the efficient oper-
ation of nonlinear devices longer than ∼10 µm [30].

The level spacing of a QE can be tuned via an ap-
plied voltage [42], thus one can continuously switch be-
tween different Fano enhancement factors in Figs. 2a
and 5a. Fano enhancements appear at sharp resonances.
Roughly, an 8-10 meV voltage tuning [43] corresponds to
an arrangement of the Fano enhancement factor between

100-1000.
The demonstrated unlocalized Fano enhancement

scheme is quite important also for portable device imple-
mentations. Considering that Fano enhancement multi-
plies the SH signal by a factor of ∼1000, the same SH
intensity can be obtained using a I0/

√
1000 ' I0/33 in-

tensity laser, instead of an I0 laser. Thus, battery life of
such a portable laser can be extended significantly.

In the paper, we only work on the Fano enhancement of
the SHG process. The Fano enhancement scheme that we
demonstrate, however, can also be used in other nonlin-
ear processes. In the Supplementary Materials, we show
that Fano enhancement schemes, similar to Eq. (1), ap-
pear also for the third harmonic generation and the four-
wave mixing processes. Similarly, Fano enhancement fur-
ther multiplies the enhancements achieved by field trap-
ping techniques in higher order nonlinearities.

APPENDIX

In this section, we obtain the equations of mo-
tion (EOM) for the dynamics of a nonlinear crystal cou-
pled to a MNP-QE dimer.

The components of the hamiltonian for the coupled
system can be expressed as follows. The occupation ener-
gies of the crystal modes (α1, α2), the plasmon mode (αp)
and the excitation of the QE can be written as

Ĥ0 = h̄Ω1â
†
1â1 + h̄Ω2â

†
2â2 + h̄Ωpâ

†
pâp + h̄ωeg|e〉〈e|,

where â†1,2 (â1,2) creates (annihilates) a photon in the

α1,2-modes of the nonlinear crystal. Similarly, â†p (âp)
creates (annihilates) a plasmon in the αp-mode of the
MNP. The field profile of the MNP’s plasmon mode
displays a localization at its hot spot. |e〉 stands for
the excited state and the operator |e〉〈e| determines the

probability of the QE to be in the excited state. â†i âi,
i = 1, 2, p, determines the number of photons (plasmons)
in the modes.

The α1-mode of the crystal is pumped

ĤL = ih̄(εLâ
†
1e
−iωt − h.c.) (3)

by a laser of frequency ω. Thus, ω frequency photons are

created (â†1) in the α1-mode. εL is proportional to the
laser field amplitude. The h.c. stands for the hermition
conjugate. The crystal performs SHG: two ω photons in
the α1-mode annihilates (â2

1) and a 2ω photon is created

in the (â†2) α2-mode

ĤSH = h̄χ2(â†2â1â1 + h.c.). (4)

The converted (2ω) field couples with the plasmon mode
of the MNP

Ĥg = h̄g(â†pâ2 + h.c.), (5)
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where a photon in the α2-mode annihilates (â2) and cre-
ates a plasmon (â†p) on the MNP (αp-mode). The plas-
mon mode profile dispays a hot spot. The QE placed in
at the hot spot interacts strongly with the plasmon field.
A plasmon can annihilate (âp) and excite the QE to the
upper level (|e〉〈g|)

Ĥint = h̄f(|e〉〈g|âp + h.c.). (6)

Thus, the total hamiltonian can be written as

Ĥ = Ĥ0 + ĤL + ĤSH + Ĥg + Ĥint. (7)

The set of EOMs for this system can be obtained using

the Heisenberg EOM, e.g., ih̄ȧ = [âi, Ĥ] where i = 1, 2, p.
For investigating only the field amplitudes, the second-
quantized operators can be replaced by their expecta-
tions, e.g., αi = 〈âi〉. We also replace ρ̂ij = |i〉〈j| →
ρij [44]. Including also the decay rates for the fields and
the QE, the EOM can be obtained as

α̇1 = −(iΩ1 + γ1)α1 − i2χ2α
∗
1α2 + εLe

−iωt, (8a)

α̇2 = −(iΩ2 + γ2)α2 − iχ2α
2
1 − igαp, (8b)

α̇p = −(iΩp + γp)αp − igα2 − ifρge, (8c)

ρ̇ge = −(iωeg + γeg)ρge + ifαp(ρee − ρgg), (8d)

ρ̇ee = −γeeρee + i(fρgeα
∗
p − c.c), (8e)

where γi stands for the decay rates and γeg = γee/2. In
the text, we use γQE ≡ γeg for simplicity.

The system is driven by a source oscillating as ∼ e−iωt.
Investigating Eqs. (8a)-(8e), one can see that the solu-
tions at the steady state oscillate as α1(t) = α̃1e

−iωt,

α2,p(t) = α̃2,pe
−i2ωt and ρge(t) = ρ̃gee

−i2ωt, where the
terms with the tilde (̃ ) are constants which determine
the steady state field amplitudes. We put these solutions
into the EOM (8a)-(8e) and obtain the equations

0 = −[i(Ω1 − ω) + γ1]α̃1 − i2χ2α̃
∗
1α̃2 + εL, (9a)

0 = −[i(Ω2 − 2ω) + γ2]α̃2 − iχ2α̃
2
1 − igα̃p, (9b)

0 = −[i(Ωp − 2ω) + γp]α̃p − igα̃2 − if ρ̃ge, (9c)

0 = −[i(ωeg − 2ω) + γeg]ρ̃ge + ifα̃p(ρee − ρgg), (9d)

0 = −γeeρee + i(fρ̃geα
∗
p − f∗ρ̃∗geαp) (9e)

for the steady state values. The equations for the steady
state amplitudes are not exactly solvable. However, one
can still express the SH field amplitude α̃2 as in Eq. (1),
using Eqs. (9b)-(9d). This solution, i.e., Eq. (1), provides
us an invaluable insight for the Fano enhancement and its
relation to the enhancements obtained via field trapping
techniques. In the text, in Eqs. (1) and (2), we drop the
tilde symbols (̃ ) for a simple presentation.
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Martin, “Augmenting second harmonic generation using
Fano resonances in plasmonic systems,” Nano Letters 13,
1847–1851 (2013).

[20] J Butet, G Bachelier, I Russier-Antoine, F Bertorelle,
A Mosset, N Lascoux, C Jonin, E Benichou, and P-F
Brevet, “Nonlinear Fano profiles in the optical second-
harmonic generation from silver nanoparticles,” Physical
Review B 86, 075430 (2012).

[21] Deniz Turkpence, Gursoy B Akguc, Alpan Bek, and
Mehmet Emre Tasgin, “Engineering nonlinear response
of nanomaterials using Fano resonances,” Journal of Op-
tics 16, 105009 (2014).

[22] Emmanuel Paspalakis, Sofia Evangelou, Spyridon G Ko-
sionis, and Andreas F Terzis, “Strongly modified four-
wave mixing in a coupled semiconductor quantum dot-
metal nanoparticle system,” Journal of Applied Physics
115, 083106 (2014).

[23] Shailendra K Singh, M Kurtulus Abak, and
Mehmet Emre Tasgin, “Enhancement of four-wave mix-
ing via interference of multiple plasmonic conversion
paths,” Physical Review B 93, 035410 (2016).

[24] Weijie Nie, Yuxia Zhang, Haohai Yu, Rang Li, Ruiyun
He, Ningning Dong, Jun Wang, René Hübner, Roman
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