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Prof. Dr. İlkay Ulusoy
Head of Department, Electrical and Electronics Engineering

Assist. Prof. Dr. Mustafa Mert Ankaralı
Supervisor, Electrical and Electronics Engineering, METU

Prof. Dr. Uluç Saranlı
Co-supervisor, Computer Engineering, METU

Examining Committee Members:

Prof. Dr. Kemal Leblebicioğlu
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ABSTRACT

ANALYSIS AND CONTROL OF BODY ATTACHED UNDERACTUATED
SPRING MASS RUNNER MORPHOLOGIES

Sever Gökmen, İzel
M.S., Department of Electrical and Electronics Engineering

Supervisor: Assist. Prof. Dr. Mustafa Mert Ankaralı

Co-Supervisor: Prof. Dr. Uluç Saranlı

February 2022, 80 pages

One of the benchmark models for analyzing legged systems in biology and robotics is

the Spring-Loaded Inverted Pendulum (SLIP) template and its extensions. The basic

SLIP model consists of a single point mass with an ideal spring connecting it to the

ground during the stance phase. After its introduction, this model has received nu-

merous extensions to handle physical constraints that exist in practical configurations,

such as the upper body’s effect on the system dynamics. Although the SLIP template

can describe COM behavior in its primary form, it fails to provide a framework for

describing full-body stabilization and control.

In the first part of the thesis, we present a new control policy called the Central Pivot

Point (CPP) for the body-attached spring-mass runners. In the stance phase, CPP

directs ground reaction forces through the center of mass and cancels the torque cre-

ated by these forces on the body. In this way, the CPP model makes it possible to

develop different controllers for both the body’s rotational and euclidean dynamics.

Moreover, we analyze the characteristics and stability of the periodic solutions of the

CPP model. Then, we develop a Proportional-Derivative (PD) controller for pitch
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dynamics and a Linear Quadratic Regulator (LQR) for gait-level apex-to-apex dis-

crete dynamics to stabilize the system’s periodic solutions. We compute the basin of

attraction of the proposed control scheme and show how the model behaves under

disturbances.

Although our model has a compact mathematical form for its dynamics, there is no

qualifying analytical expression due to its nonlinear nature. In the second part, we

present a precise analytical approximation to the stance dynamics of the model in

the case of no damping and non-symmetric trajectories. Our approach is based on

radial actuation and the partial feedback linearization that embeds a simple template

to linearize the radial dynamics and approximate the angular dynamics for handling

the nontrivial body dynamics of TSLIP. The next step is simulating the model under

different gravity correction methods to study their prediction performance for a com-

prehensive set of trajectories, including non-symmetric ones. Finally, we analyze the

extended model in terms of the characteristics and stability of the periodic solutions.

Results obtained throughout the analysis of the TSLIP model and the proposed control

scheme substantiate the model’s prospect to ease the design and control of humanoid

systems.

Keywords: legged locomotion, spring-mass hopper, periodic solution analysis, tem-

plate model embedding, analytic approximate solutions
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ÖZ

EKSİK TAHRİKLİ GÖVDELİ YAYLI KÜTLE KOŞUCU
MORFOLOJİLERİNİN ANALİZİ VE KONTROLÜ

Sever Gökmen, İzel
Yüksek Lisans, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi: Dr. Öğr. Üyesi. Mustafa Mert Ankaralı

Ortak Tez Yöneticisi: Prof. Dr. Uluç Saranlı

Şubat 2022 , 80 sayfa

Yaylı Ters Sarkaç (SLIP) şablonu ve uzantıları, biyoloji ve robotikte bacaklı sistemle-

rin hareketini analiz etmek için uzun süredir kullanılmakta olan referans modellerdir.

Temelde SLIP modeli kayıpsız, ideal bir yay aracılığıyla duruş aşamasında zemine

bağlı olarak düşünülen noktasal bir kütleden oluşur. Literatürde birçok araştırmacı,

gerçekçi sistemlerde kaçınılmaz olan kritik fiziksel olayları ele almak için bu modele,

sönümleme ve tork ile harekete geçirme gibi eklemeler yapmıştır. SLIP şablonunda

eksik olan bir diğer önemli kavram, üst gövdenin kapalı döngü sistem dinamikleri

üzerindeki etkisidir. SLIP şablonu kütle merkezi davranışını etkin bir şekilde yaka-

layabilmesine rağmen, tam vücut stabilizasyonunu ve kontrolünü açıklamak için bir

yapı sağlayamaz.

Bu tezin ilk bölümünde, vücuda bağlı yaylı kütle koşucuları için Merkezi Pivot Nok-

tası (CPP) adı verilen yeni bir kontrol politikası sunuyoruz. Duruş aşamasında, CPP

zemin reaksiyon kuvvetlerini kütle merkezinden geçecek şekilde yönlendirir ve bu

kuvvetlerin vücutta yarattığı torku iptal eder. Böylelikle, CPP modeli hem vücu-
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dun dönüş hem de öklid dinamiği için farklı kontrolcüler geliştirmeyi mümkün kılar.

Bunlara ek olarak, CPP modelinin periyodik çözümlerinin özelliklerini ve kararlılı-

ğını analiz ediyoruz. Ardından, sistemin periyodik çözümlerini stabilize etmek adına,

adım dinamiği için bir PD denetleyicisi ve yürüyüş seviyesinde apeksten apekse olan

ayrık dinamikler için de bir LQR (Linear Quadratic Regulator) geliştiriyoruz. Daha

sonra önerilen kontrol şemasının çekim yöresini hesaplıyoruz ve modelin bozulmalar

altında nasıl davrandığını gösteriyoruz.

Model dinamiklerinin matematiksel formunun kompakt olmasına rağmen, dinamik-

lerin doğrusal olmayan doğası nedeniyle dinamiklere niteleyici bir analitik ifade bu-

lunamamaktadır. Tezin ikinci bölümünde, modelin duruş dinamiklerine sönümsüz ve

simetrik olmayan yörüngeleri de kapsayacak şekilde bir analitik yaklaşım sunuyoruz.

Yaklaşımımız radyal dinamikleri doğrusallaştırmak için basit bir şablon yerleştiren

ve TSLIP’in analitik çözümü zor olan vücut dinamiklerinin üstesinden gelmek için

açısal dinamikleri yaklaşıklayan radyal aktivasyona ve kısmi geri besleme ile doğru-

sallaştırma methoduna dayanır. Bir sonraki adımda, analitik yaklaşımımızın tahmin

performansını farklı yerçekimi düzeltme yöntemlerini kullanarak simetrik olmayan

yörüngeleri de kapsayan geniş bir yörünge kümesi için elde ediyoruz. Son olarak,

genişletilmiş modeli periyodik çözümlerin özellikleri ve kararlılığı açısından analiz

ediyoruz.

Elde ettiğimiz sonuçlar, önerilen modellerin ve ilgili kontrol politikasının, analitik

yaklaşım çözümüyle birlikte insansı robotik sistemlerin tasarlanması ve kontrol edil-

mesinde faydalı olabileceğini göstermektedir.

Anahtar Kelimeler: bacaklı hareket, yay-kütle zıplayanı, periyodik çözüm, şablon

model gömme, analitik yaklaşık çözümler
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listen, motivate and elate.

I appreciate the Scientific and Technological Research Council of Turkey (TÜBİTAK)
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem De�nition

Gait patterns such as trotting, pronking, and galloping, which enable cursorial an-

imals to navigate land, are omnipresent among dynamic legged locomotion behav-

iors. The superiorities of these animals, such as agility, ef�cient energy use, and

robustness against disturbances, motivate robotics scientists to develop single or mul-

tilegged platforms that operate similarly [1–7]. Also, the superior mobility of legged

animals compared to other terrestrial platforms is accompanied by dynamics that in-

clude nonlinear, complex, and hybrid elements [8–10]. To overcome these dif�culties

while designing a legged robotic system or explaining animal locomotion, Full and

Koditschek proposed a hierarchical structure [11]. In this framework, while simple

yet effective models called "templates" explain targeted behavior such as running

and walking, parsimonious models called "anchors" account for real systems or more

complex systems. Creating or �nding policies on anchor models, such that the anchor

behaves like a template establishes the connection between a template and an anchor.

This structure enables the use of simpler models to explain animal behavior and to

analyze and control legged robots [12–16].

The SLIP model was �rst introduced in [17], and since then, it has gained status as one

of the most well-known, versatile templates to describe biomechanical phenomena

[18] and to function as a control target for running behavior of legged robots [19–

22]. Although its mathematical simplicity and its ability to de�ne the behavior of

COM dynamics for various legged platforms, it does not provide a framework on

how to stabilize upper body dynamics, which is highly critical to be neglected in
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humans and humanoid systems. Several studies introduced methods such as reactive

PD controller [15], passive geometric stability [23], and gyro-stabilizer [24] in order

to keep the upper body in balance during stable legged locomotion. However, when

such methods are in action, it becomes dif�cult to track the center of mass trajectories

de�ned by the SLIP model [25]. For this reason, instead of SLIP, more inclusive

templates that include upper body dynamics may be a better choice for descriptive

accuracy, robustness and locomotion ef�ciency.

Poulakakis and Grizzle [26] introduced the �rst template model that integrates the

upper body dynamics into a SLIP-like model, the Asymmetric SLIP1(ASLIP). Then,

they proposed a hierarchical control structure that can potentially stabilize the body

dynamics and the locomotion. At the �rst level, they apply a continuous control

policy at the stance phase to maintain the body around the desired posture and create

an invariant manifold on which SLIP-like dynamics can be applied. They used a gait

level SLIP-based controller at the second level to regulate the locomotion.

A study by Bayir [29] showed that conditioning a model similar to T-SLIP with a PD

controller to stabilize upper body dynamics yields unstable periodic solutions. They

have concluded on the requirement of time-varying controller con�gurations in order

to stabilize these periodic solutions.

Later, Maus et al. [30] introduced the Virtual Pivot Point concept using the same

template model in [26], inspired by the experimental locomotion data of humans,

dogs, and chickens. This model expresses running behavior, aiming to stabilize the

body like a virtual stable pendulum employing a spring between the hip and the foot

and a virtual pivot point created above the center of mass.

There are several methods in the literature to simplify processes such as locomotion

stability analysis, controller design, and motion planning in legged robots with com-

plex dynamics like the model we propose. For example, methods proposed in [31–36]

rely on empirical data/intuitive research or numerical methods such as the fourth-

order Runge–Kutta method and the NewMark-� method.

Although SLIP dynamics have a straightforward mathematical derivation, they have
1This template is called Asymmetric SLIP (ASLIP) in [27], Trunk-SLIP (TSLIP) in [28]. We refer this tem-

plate as TSLIP throughout this dissertation.
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no exact analytical solution due to the non-integrable stance dynamics. Consider-

ing this situation, parameter analysis and control implementation become problem-

atic [37] when using numerical integration-based methods. For instance, due to the

absence of an exact analytical representation of a legged model, a parametric con-

nection cannot be established between the system parameters and the model's per-

formance. Also, when the numerical integration-based controllers [38–40] are im-

plemented for complex legged platforms, their performance is hindered by execution

time and the high computational cost of numerical methods.

Because of these limitations, approximate analytical solutions can be considered more

suitable for mitigating the nonlinearities of complex model dynamics than numerical

methods. Compared to numerical methods, such as interpolation-based methods de-

scribed in [41], analytical approximation methods can also provide necessary input

for designing high-performance controllers and analyzing gait stability. The analytic

approximation method was �rst implemented by Schwind and Koditschek, where a

closed-form approximation was derived using the mean-value theorem augmented

with a Picard-type iteration [42]. Ghigliazza et al. [43] neglected the effects of grav-

ity to obtain a simple analytic approximation for the stance dynamics of the SLIP;

also, they applied a simple �xed-leg reset policy to demonstrate the existence of sta-

ble gaits. Geyer et al. [44] developed a straightforward analytic approximation to the

stance dynamics of the SLIP model to predict symmetric COM trajectories using the

assumption of conservative angular momentum.

On the other hand, Arslan et al. [45] and Saranl� et al. [39] designed gravity cor-

rection algorithms to model the nonconservative effects of angular momentum on

the cases of nonsymmetric trajectories. Shahbazi et al. [46] proposed an analytical

approximate solution to the otherwise nonintegrable double-stance dynamics of the

bipedal-SLIP model. They also implemented their method in human-like gaits and

gait transitions to investigate its practicality. Considering the gravitational effects, Yu

et al. presented a perturbation-based technique to obtain an analytic approximation to

the stance dynamics in symmetric and nonsymmetric trajectories of the SLIP [47]. In

order to reduce the computation duration and increase the practicality of performing

online control actions, Piovan and Byl introduced a partial feedback linearization-

based method for actuator displacement to �nd an analytic approximation of SLIP
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Figure 1.1: The Trunk-Spring Loaded Inverted Pendulum (TSLIP) model.a) Mor-

phological parameters,b) Central Pivot Point model, including forces and torques

acting on the model,c) model extension for deriving the analytical approximation.

dynamics [48].

1.2 Contributions and Novelties

In this study, we present a new control policy we have developed, which we call the

Central Pivot Point (CPP), and examine its stability for the body attached spring-

mass runner. CPP, in the stance phase, directs ground reaction forces through COM

and cancels the torque created by these forces on the body of the template model

represented in 1.1(a). Thus, it is possible to develop different controllers for both the

body's rotational and euclidean dynamics by using the CPP model.

In addition, the existence of the periodic solutions of such systems are vital as it

allows them to be controlled with the least possible effort (such as energy, torque)

without opposing the conditions dictated by the natural dynamics of the system. At

the same time, it makes it possible to develop controllers on these trajectories since

the presence of periodic solutions allows for closed-form expressions of the system's

trajectories. Therefore, we systematically investigated the existence and characteris-

tics of the periodic solutions of the CPP-controlled model in this paper. Then, we

stabilize the periodic solutions of the CPP by developing a PD controller for the pitch

dynamics and LQR (Linear Quadratic Regulator) for euclidean dynamics. Later, in
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order to show the model's behavior under disturbances, we compute the domain of

attraction of the proposed control scheme. This part of the thesis is also available

in [49] as a previously published work.

In general, the SLIP model is an accurate option to use as a control target when

analyzing complex-morphological models like ours since there already exists many

analytical approximations for SLIP in the literature [39, 42, 44, 45]. However, it is

possible to use even simpler models in terms of dynamics and morphology. Rather

than embedding the SLIP template and using its approximation, we used CPP as a

control target, and in order to simplify the model dynamics, we consider the exis-

tence of a virtual leg between the toe and the COM as seen in Figure 1.1 part (c). In

line with this assumption, we embedded an undamped spring-mass model with or-

dinary and linear stance dynamics to handle the strong nonlinearities in our model's

virtual radial dynamics. Then, initially, we obtain an approximation using the as-

sumption of conservation of angular momentum for angular dynamics. Later, we

applied the gravity correction methods available in the literature to our model since

the constant angular momentum assumption is not applicable for non-symmetric mo-

tions. Overall, the �nal contribution in this thesis is obtaining a precise closed-form

analytic approximation for the stance phase of the proposed underactuated spring-

mass runner via radial actuation and partial feedback linearization. Keeping in mind

that utilizing an analytic approximation is a tradeoff between the estimation accu-

racy and the complexity in formulation, we revealed whether it makes sense to exert

effort on embedding the SLIP model rather than embedding a more straightforward

template via the prediction accuracy results of our analytic approximation approach.

These results have con�rmed not only the validity of this policy in various parameter

combinations and operating conditions but also the analytic approximation method

being a computationally ef�cient tool for locomotion control of the complex legged

models. Once again, we conducted a comprehensive and systematic study on the ex-

istence and stability of the periodic solutions of the undamped spring-mass embedded

TSLIP.
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1.3 The Outline of the Thesis

The thesis' organization is divided into two main parts. The �rst part is as follows:

Chapter 2 represents the TSLIP model, its dynamical formulation in cartesian coor-

dinates, and transition between gait phases.

Chapter 3 focuses on the CPP concept, necessary tools to analyze such systems, and

the gait controller to stabilize the model. Also, in this chapter, we report the periodic

solutions of the CPP concept, these solutions' dependence on control parameters, the

stability analysis of periodic solutions, and how the model performs under the gait

controller.

The second part of the thesis starts with Chapter 4 which gives an explanation of the

extended TSLIP model and its dynamics in a new polar coordinate system which we

called virtual polar coordinates. Later in this chapter, we report the template embed-

ding as a control policy on the model's radial dynamics. Afterwards, we describe

embedding an analytically linear model to the radial component of the TSLIP.

In Chapter 5, an analytic approximation for the stance dynamics is given by com-

pensating the nonlinear effects of gravity on angular momentum, for handling non-

symmetric TSLIP trajectories. Also, we provide a comparison between the gravity

correction methods of [39,45] on our approximation scheme. Towards the end of this

chapter, the overall apex return map of the extended model is provided.

Chapter 6 accounts for the single stride prediction performance analysis of TSLIP's

apex return map. This chapter begins by clarifying the simulation environment and

performance criteria requirements. Subsequently, we continue with the simulation

results, including predictive performance analysis and the stability analysis of the

�xed points. We demonstrate the performance improvement by using a large set of

initial conditions and control parameters, including the natural frequency.

Finally, in Chapter 7, we �nalize the thesis with a review of our study by summarizing

the main takeaways and possible future work.
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CHAPTER 2

TRUNK-SLIP MODEL AND DYNAMICS

2.1 Trunk-SLIP Model

Trunk-SLIP (TSLIP) model, presented in Fig. 1.1(a), is an extended version of the

SLIP model to account for robotic platforms where upper dynamics are not negligible.

The model is composed of a body with massm and inertiaJ , a compliant mass-less

leg with spring constantk and a torque action at the hip joint. This hip joint does

not coincide with the body's center of mass (COM). Table 2.1 presents the de�nitions

of the variables used throughout the dissertation and Table 2.2 gives the physical

parameters' values which are adopted from [28].

During the gait for each step, the TSLIP model alternates between two distinct dy-

namical phases, �ight and stance. The �ight phase is divided into two sub-phases,

descent and ascent, while the stance phase has three critical events, touchdown, bot-

tom, and liftoff. Figure 2.1 represents the transitions between these phases and events.

The moment,t td , when the leg comes into contact with the ground corresponds to the

"touchdown event." That means the touchdown event function is de�ned as the toe

position coinciding with the ground,zhip � r0sin(� ) = 0 . When the leg reaches its

maximum compression and the spring's potential energy reaches its peak value, the

"bottom event" occurs. _r v = 0 at t = tb.

The instantt lo, when the toe takes off from the ground, and the leg hits its maximum

extension at the end of the stance phase, is called the "lif tof f event ". Zero vertical

ground reaction force in the stance phase,FGRF z = 0 is an indication of the liftoff

event.
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Figure 2.1: Locomotion phases for the Trunk-SLIP model (shaded areas) and transi-

tion events (at the boundaries).

There is also one more important event of the �ight phase called the "apex event"

where the trunk reaches its maximum height,za. Apex event occurs when the vertical

velocity of the trunk crosses zero in �ight phase,_za = 0.

2.2 Cartesian Dynamics

For both of the �ight and stance phases, a typical representation of TSLIP's gener-

alized coordinates is de�ned by the COM position in cartesian coordinates and the

body's pitch angle. The generalized coordinates in cartesian coordinate frame can be

formed as

qc = [ x; z; � ]T � R2 � S:
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Table 2.1: Notation used for cartesian dynamics throughout the dissertation.

States and Control Inputs

qc Generalized state variables in cartesian coordinates

X c Body state vector in cartesian coordinates

x; z Horizontal and vertical body COM position

_x; _z Horizontal and vertical body COM velocity

xhip ; zhip Horizontal and vertical body hip position

r; �; � Leg length, body angle and leg angle with respect to the ground

_r; _� Leg compression and body swing rate

p� Angular momentum

za; _xa; � a; _� a Apex height, velocity, body angle and body swing rate

r td ; � td ; � td ; t td Touchdown leg length, body angle, leg angle and time

_r td ; _� td Touchdown velocities in polar coordinates

K p; K d Proportional and derivative gain

Kinematic and Dynamic System Parameters

m; J; g Body mass, moment of inertia and gravitational acceleration

dhip Distance between hip and the COM

r0; k; d Physical leg rest length, leg stiffness, active damping

During the �ight phase, the motion of the COM, which is managed only by the gravi-

tational forces, follows a ballistic trajectory. This trajectory is de�ned by the dynam-

ics

•qc =

2

6
6
4

0

� g

0

3

7
7
5 ; (2.1)

during the stance phase the toe remains stationary on the ground and the dynamics of

the stance phase take the form

•qc =

2

6
6
4

1=m 0 0

0 1=m 0

0 0 1=J

3

7
7
5

0

B
B
@Dq � + Dqr F r �

2

6
6
4

0

mg

0

3

7
7
5

1

C
C
A ; (2.2)
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Table 2.2: TSLIP Parameters and their values

Physical Parameter Value (unit)

m 80 (kg)

J 5 (kgm2)

g 9.8 (m=s2)

dhip 0.1m

r0 1 m

k 20kN=m

whereFr is the leg force governing by

Fr = � k(r � r0) � d_r: (2.3)

Fr and the hip torque,� contribute to the accelerations through the JacobiansDq 

andDqr . Dq andDqr are calculated by taking the derivative of body-leg angle,

 and leg length,r with respect to state variables,qc, respectively (see Appendix

A.1 for details). Equation 2.2 yields non-integrable stance dynamics as in the SLIP

model [50].

Before the stance phase, the controller �xes the value of the damping coef�cient,d.

When the system is on the desired periodic solution, the nominal value of the damping

is 0; also we tuned to stabilize and control the �xed points.
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CHAPTER 3

CENTRAL PIVOT POINT CONCEPT AND ANALYSIS

3.1 Central Pivot Point Concept

The main idea behind the CPP concept is torque application from the hip to prevent

the formation of any torque on the body. The hip torque makes the CPP available

by directing the ground reaction forces to the COM throughout the whole movement

during the stance phase, as illustrated in Figure 1.1(b). It is calculated as a function

of Fr as

� m = Fr r tan (
 ) : (3.1)

where
 B.6, denotes the angle between the physical and the virtual leg as indicated

in Figure 4.2 (derivation details of
 are provided in Appendix B). Under the effect

of � m , the pitch dynamics of the TSLIP model are separated from the other dynamics.

In this way, we can apply separate controllers to stabilize the system. We use a PD

controller to control the pitch dynamics, while we use an LQR controller for other

dynamics.

3.2 Model Analysis

In the analysis of dynamics and the evaluation of a dynamical system, the Poincaré

Map Method demonstrated in Figure 3.1 is a convenient principle due to the periodic

nature of the behavior. This method is based on a hyper-plane crossing the periodic

trajectories of the system whose state-space model is de�ned byn generalized co-
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ordinates. Thus the �ow of the periodic system is expressed independently in time

with a reduction in the generalized coordinates by one dimension. This hyper-plane

that intersects the orbits is called the Poincaré Section. We de�ne thekth intersec-

tion of the system state vector with this hyper-plane asX k . Then the Poincaré Map

can be represented asF (X k) = X k+1 using the connection between two successive

intersections.

Figure 3.1: A scheme of Poincaré map with a third dimensional Poincaré hyper-plane,

F (X ). X k stands for the status vector of the system.

The solutions that consistently cross the Poincaré Section from the exact point are

called the periodic orbits, and they are formulated asF (X � ) = X � . In this expression,

the point indicated byX � is called a �xed point. The �xed points provide insight

into the local stability of the system, which is determined by the eigenvalues of the

Jacobian matrix constructed by using these �xed points.

In the CPP Model, the hyper-plane speci�ed by_z = 0 and•x < 0 conditions can be

selected as the Poincaré Section. These conditions de�ne the highest position of the

system on the vertical axis in the �ight phase. Since the dynamics of the system is

invariant along the horizontal axis, on this hyper-plane, the system status vector is

de�nedX k = [ z; _x; �; _� ]T with four coordinates. However,_� = 0 is required for the

existence of any �xed point. Therefore, the �xed point subspace is in3 dimensional

space,X s
k = [ z; _x; �; 0]T .
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As stated earlier, the local stability of the �xed points can be analyzed by computing

eigenvalues of the Jacobian matrix,A = @P
@X (X � ). If the maximum eigenvalue ofA

is less than unity, the model is stable.

3.3 Gait Controller

Since� m separates the pitch dynamics and euclidean dynamics, we can develop a

separate controller architecture for both dynamics. For pitch dynamics we form a PD

law with high gain in the form of

� pd =
�

K p(� � � � ) � K d
_�
�

:

Then the resulting hip torque becomes

� = � m + � pd : (3.2)

If the pitch angle is at a desired orientation, all ground reaction forces pass through

the COM. Otherwise, PD law tries to rotate the body to the desired orientation.

To stabilize other degrees of freedom (z and _x), we developed an event-based con-

troller using LQR [51] and we chose the leg angle at touchdown,� td , and damping

ratio, d, as controller parameters.� td is well known and widely used control input

for the SLIP model [43,52,53] and damping controller is effectively used in a hopper

to inject energy into the system or remove energy from the system [54]. In the �ight

phase, LQR calculates the necessary� td andd to stabilize the model.

With these control inputs, the Poincaré Map becomesF (X k ; uk) = X k+1 where

uk = [ � td ; d]T . The linearization ofF aroundX k yields

� X k+1 = A� X k + B� uk : (3.3)

where� X k = X k � X � , � uk = uk � u � andB = @P
@X (u � ). We assume that high gain

PD law �xes the error in� and _� . We do not consider the effects of pitch dynamics

on z and _x, and we do not try to stabilize pitch dynamics using LQR. Hence, we use
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the sub-matrices ofA andB, which correspond to� z and � _x while constructing

the LQR problem. Let us de�neA[1; 2; 1; 2] is a[2x2] matrix obtained from the �rst

two columns and the �rst two rows ofA, let B [1; 2; 1; 2] is a [2x2] matrix obtained

from the �rst two columns and the �rst two rows ofB , thenAS = A[1; 2; 1; 2] and

BS = B[1; 2; 1; 2] are the matrices under investigation.

The cost function of in�nite-horizon LQR controller as follows

J =
1X

k=1

X T
k QX k ; (3.4)

whereQ is a positive de�nite matrix. Since CPP is a conceptual model, we only

consider the state weights; we do not include inputs to theJ . We construct the optimal

state feedbackK , as

K = ( B T
S PBS)� 1B T

S PAS ; (3.5)

whereP is the solution of the following discrete Riccati Algebraic Equation

P = Q + AT
S (P � PBS(B T

S PBS)� 1B T
S P)AS : (3.6)

Finally, uk in Eq. (3.3) is calculated as follows

uk = �

0

@K

0

1

A � X k : (3.7)

3.4 Analysis of the CPP Concept

3.4.1 The Fixed Points of CPP Concept

As stated earlier, an exact analytic solution of (2.2) can not be found. Therefore, we

use numerical integration methods to obtain the CPP's �xed point subspace. Partic-

ularly, to compute Poincaré Map,F , we integrate the dynamics of the model from
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apex to apex using MATLAB "ode45," a variable time-step solver based on4th order

Runge-Kutta integrator formula, the Dormand-Prince pair [55]. Due to the round-off

errors introduced by the numerical integration, identifying the �xed points transforms

into a search problem. This search problem can be expressed as the set

SX � := f X s
k j M > kX s

k � X s
k+1 kg: (3.8)

SX � stands for the subspace of the �xed points, whileM is a prede�ned threshold

that speci�es which apex state is a �xed point. Also, we should compatibly de�ne

the tolerance values for numerical integration and optimization algorithm and the

threshold valueM .

We use a built-in optimization algorithm called "fminunc" of MATLAB to specify

SX � . In order to cover 3D state-space,X s
k = [ z; _x; �; 0]T , this algorithm is started

from various initial states. The main objective of the optimization is to minimize

arg min
X s

k

kX s
k � X s

k+1 k for every point in this 3D state-space. When the output points

X s
k of the optimization algorithm satis�es the constraintM > kX s

k � X s
k+1 k, they are

considered as �xed points de�ned in the setSX � .

Figure 3.2: The �xed point distribution of the CPP model when� td = 109:8� . The

red "x" represents the �xed pointX � = [1:2; 3:7096; 0; 0]T .
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Since we look for the �xed points of the CPP model, all the control parameters should

be at their nominal value,d = 0, K p = 0 and K d = 0, and we selected� td =

109:8� for this example. For a givenM , the resultingSX � is a curve on the plane

that is de�ned by� = 0 � , see 3.2. This shows that the �xed point subspace is one-

dimensional and lies on the plane de�ned by� = 0 � for � td = 109:8� .

Figure 3.3: Evaluation ofkX s
k � X s

k+1 k onz = 1:2m

To corroborate our claim, we computed a set of simulations. For instance, we chose

the plane de�ned byz = 1:2m which intersects the curve in 3.2 at the red cross point

"x". Then, we evaluatederror = kX s
k � X s

k+1 k for the whole plane and provide the

correspondingerror results on 3.3. The intersection of the �xed point subspace and

the plane de�ned byz = 1:2m is the only minimum on this plane. The existence

of a single minimum is the validation of our claim when� td = 109:8� . Moreover,

we simulate the system in a more extensive range to validate the claim holds for

91� < � td < 120� .

We give an example of how the states of a �xed point evolve from apex to apex on

3.4. We started the simulation fromX � = [1:2; 3:7096; 0; 0]T which is shown by
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the red "x" in 3.2 and plotted its states in 3.4. As expected, all the states returned to

their default values. Since all ground reaction forces pass through the center of mass,
•� is 0, consequently_� and� are conserved.

Also, we investigated the apex states that are not on� = 0 � plane in 3.4. When the

body leans forward, the system gains energy by increasing its speed at the apex state

while conserving its height. On the other hand, it loses its energy when the body leans

backward. These results also show why the �xed point subspace is located on� = 0 � .

In addition investigating the �xed points for different� td , we extended the �xed point

search space to the interval de�ned by

0:8 < z < 2

0 < _x < 7:5

� = 0 �

_� = 0 �

91� < � td < 120�

3.5 represents the distribution of �xed points depending on� td . For a given� td

at almost all heights,z, the �xed points exist. Along with the change in� td , it is

observed that the curve of �xed point space shifts in the direction of_x. This shows

that we can cover a large portion of(z; _x) space by changing� .

We evaluated the stability of the �xed points on 3.5. The results are on 3.6. As seen,

there exists a small stable region of �xed points on the upper left corner. However,

most of them are unstable; hence a controller action is needed to stabilize the system

and to create a basin of attraction for a desired �xed point.

17



Figure 3.4: Change of apex state in one step for� = 0 � , � = 5 � and� = � 5�

Figure 3.5: Variation of the �xed point subspace by the leg angle at touchdown,� td .
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Figure 3.6: Maximum eigenvalues,� max of the Jacobi matrix calculated by using the

�xed points given in 3.5.

3.4.2 Stability Analysis and Basins of Attraction of the Gait Controller

After investigating the �xed point existence of the system, we implemented the high

gain PD controller to control the pitch dynamics and the LQR controller to regulate

the height and the forward velocity by actively stabilizing the running behavior. As

stated earlier, the stability characteristics of the system with no controller is given

in 3.6, and only a small portion of the eigenvalues are less than unity, meaning that

the most of the �xed points are unstable. As shown in 3.7, all the eigenvalues can

be made less than one by using the PD controller and LQR to achieve a stable gait.

Moreover, as seen in the example run in 3.8, the control structure leads to a stable

periodic solution. In this running experiment, initial condition is given asX 0 =

[1:4m; 2:91m=s;20� ; 100� =s]T . 3.8 indicates that the gait of the model converges to

a periodic solution with minimal steady-state error (less than 1%), indicating that the
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