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ABSTRACT

MODELLING OF INTERACTION OF SHOCK WAVES WITH
ANALYTICAL METHODS

Koç, Mesut
Master of Science, Mechanical Engineering
Supervisor : Prof. Dr. Mehmet Halûk Aksel

February 2022, 121 pages

In supersonic air vehicles, specially shaped air ducts are used to supply the air with
required properties to the combustion chambers. Two-dimensional supersonic flow
solvers used to design such geometrical shapes have become less accurate as the
geometrical shape of the air duct becomes asymmetric or flow becomes threedimensional. This problem can be overcome by solving the interaction between
shock planes using analytical methods. In this study, an analytical solution model
based on principles of gas dynamics is to be conducted and validation of this solution
model is to be done via existing experimental data and computational fluid dynamics
tools. Solution time is to be reduced and prototyping-testing expenses are to be
decreased with the solution of the problem using analytical methods.

Keywords: 3D Shock-shock interaction, Supersonic corner flow, Flow field,
Analytical methods, Mach reflection
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ÖZ

ŞOK DÜZLEMLERİNİN ETKİLEŞİMLERİNİN ANALİTİK
YÖNTEMLERLE MODELLENMESİ

Koç, Mesut
Yüksek Lisans, Makina Mühendisliği
Tez Yöneticisi: Prof. Dr. Mehmet Halûk Aksel

Şubat 2022, 121 sayfa

Sesüstü hızlarda seyreden hava araçlarının hava alıklarından giren havanın yanma
odasına istenen özelliklerde ulaşabilmesi hava alıklarının özel geometrik yapılara
sahip olmasıyla sağlanır. Bu geometrik yapıların tasarımında kullanılan iki boyutlu
ses üstü akış çözücüler, hava alıklarının duvarlarının asimetrik veya akışın üç
boyutlu özellikte olduğu koşullarda doğruluktan uzaklaşmaktadır. Bu sorunun
giderilmesi,

şok

düzlemlerinin

birbirleriyle

olan

etkileşimlerinin

analitik

yöntemlerle çözümlenmesi yoluyla sağlanabilir. Bu çalışmada, problemin analitik
yöntemlerle çözümü için gaz dinamiği ilkelerinden yola çıkılarak bir çözüm modeli
oluşturulacak ve oluşturulan çözüm modelinin doğrulaması mevcut deneysel veriyle
ve hesaplamalı akışkanlar dinamiği araçlarıyla yapılacaktır. Bu sayede; çözümleme
süresi kısaltılacak ve prototipleme-test maliyetleri azaltılacaktır.

Anahtar Kelimeler: Üç boyutlu şok-şok etkileşimleri, Sesüstü köşe akışı, Akış alanı,
Analitik yöntemler, Mach yansımaları
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CHAPTER 1

1

INTRODUCTION

Propulsion systems can be categorized into two groups according to their fuelburning mechanisms. Rocket motors generally have their fuel and its oxidizer in their
fuel tanks, so they do not need any input from the outside atmosphere. Such systems
are members of the first group. In the second group, only fuel is carried in the system
and the oxidizer (i.e., air) is taken from the outer environment. The second group
may also be called air-breathing systems. Turbofans and ramjets are examples of
such propulsion systems. The former group has the advantage of integrity when the
combustion process is considered. The latter group, on the other hand, generally has
less mass since it can supply one of two combustion inputs from its outer space.
Some air-breathing systems have tunnels to provide air to combustion systems which
are called air ducts. Air ducts are specially designed to decrease pressure losses since
the efficiency and completeness of the combustion in the chamber are mainly
determined by the properties of the incoming air.
The seek for higher cruise speeds for air systems forces them to travel at supersonic
speeds. As the speed of systems approaches the speed of sound, shock waves begin
to form. A shock wave causes abrupt changes in flow properties such as total
pressure loss and temperature increase.
The formation of shock waves is inevitable during a supersonic cruise and becomes
critically important when they occur around and inside air ducts. Different than their
occurrence in external flow conditions, shock waves reflect from surfaces and
interact with each other. Therefore, the reflection and interaction phenomena of
shock waves should be well understood as it is not only important for having better
control of the combustion process of propulsion systems, but also for keeping the
system away from being mechanically damaged by overheating or excessive
pressure loads.
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Reflection and interaction of shock waves may be examined by several techniques.
These techniques are divided into three following methods; analytical, numerical,
and experimental.

1.1

Analytical Methods

Analytical methods are based on gas dynamics equations. Despite having easier
solutions, they are, in general, only applicable to two-dimensional problems with
their usual forms. Their solutions demand little or no computing sources, therefore,
the cost of application of analytical methods is low.

1.2

Numerical Methods

Numerical methods imply finite difference, finite volume, or finite element analysis
and are performed by numerically solving Euler or Navier-Stokes equations. Since
the flow field is divided into solution volumes, no geometrical limits are defined,
thus they are applicable for different boundary conditions. In numerical methods, the
effects of different flow physics may be investigated. For instance, viscous effects
and time dependency of the flow field can be studied by comparing the solutions. On
the other hand, shock waves are assumed to have an infinitesimally small thickness
since they are very thin in structure. To capture the flow properties across a shock
wave adequately, special techniques, such as mesh adaptation based on flow
gradients, should be applied. The cost of application of numerical solutions is
considerable since numerical methods require medium or high computing sources
depending on the type of solution carried out and the required accuracy.

1.3

Experimental Methods

Experimental methods give the most comprehensive results for the problem when
compared with other solution methods. Hence, they offer a complete result for the
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problem investigated. Nevertheless, they require carefully selected (or designed)
measurement equipment, a detailed testing plan, a suitable testing facility, and highly
skilled labor. Experiments including shock waves are generally carried out in shock
tubes or wind tunnels which have high running costs. Therefore, the cost of
application for experimental methods is enormous. In addition, not every possible
configuration may be experimentally investigated due to the limitations of testing
facilities i.e., testing time or airflow speed. Thus, the applicability of the related
solution method for different boundary conditions is intermediate.
Solution methods are compared concerning their applicability for different boundary
conditions, cost of application, and completeness of solution in Table 1.1.
Table 1.1 Comparison of solution methods for SSI
Solution methods
Criteria
Analytical

Numerical

Experimental

Low

High

Medium

Low

Medium

High

Low

Medium

High

Applicability for
different boundary
conditions
Cost of application
Completeness of
solution

It can be predicted that increasing the complexity of the solution by introducing all
possible flow physics would result in numerical methods that may produce closer
outcomes to experimental methods. Yet, the same comment cannot be made for
analytical methods since their main deficiency is the lack of a three-dimensional (3D)
approach to Shock-shock Interaction (SSI) problems.

3

1.4

Outline and Objective

In this work, an analytical approach is sought to study the 3D SSI problem for steady
corner flows. Related literature findings are presented and commented on. The
solution procedure is based on shock polar diagrams and the “spatial-dimension
reduction” technique. This technique has been developed and used in the solution of
similar problems by several researchers which are mentioned in related sections. The
solution procedure is presented in four major steps and every step is explained in
detail. Assumptions and solution theory for analytical solutions are also provided.
Schemes and approaches used in numerical solutions are expressed with available
computing sources. Flow fields for both symmetrically and asymmetrically
intersecting wedges with different geometrical parameters are calculated using the
presented analytical approach. Results are compared with existing experimental data
available in the literature, numerical results that have been realized for this work,
and analytical results obtained by different researchers by using the same analytical
solution technique. The comparison is made in both qualitative and quantitative
manners. Flow fields are compared qualitatively by positions for incident shock
waves, Mach stems, and slip lines. Quantitative comparisons are made for shock
strength around Mach stems by pressure ratio. Deviations from numerical,
experimental, and analytical data are evaluated and discussed. The study is
concluded and future work is listed following the findings of the presented study.
More details for the analytical solution are presented in Appendices such as the
introduction of software coding, screenshots of analytical solutions from software
Graphical User Interface (GUI), shock polar diagrams, pressure ratios along the
calculation lines, and velocity / pressure contours from numerical results of cases
studied.
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CHAPTER 2

2

2.1

LITERATURE REVIEW

Types of and General Properties for Reflections

When a shock wave encounters a medium that has a different acoustic impedance
than the one it travels, it reflects from the boundary of the medium. This reflection
is known as shock wave reflection. In general, shock wave reflections can be
categorized as regular and irregular reflections. Irregular reflections are also named
Mach reflections [1, p. 3].
A schematic illustration for a regular reflection (RR) is given in Figure 2.1. RR is
characterized by two shock waves (i for incident and r for reflected) intersecting with
the surface at point R. Flow field can be investigated in three zones (0, 1, and 2).
Undisturbed flow M0 experiences two oblique shock waves (i and r). Flow at zone 0

is parallel to flow at zone 2.

Figure 2.1. Schematic illustration for a RR
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RR can be solved by using conservation (continuity, momentum, and energy)
equations written for two shock waves and using the parallelism of flow directions
in regions 0 and 2 [1, p. 15]. Alternatively, oblique shock relations can be used with
parallelism of flow for the solution of RR.
A schematic illustration for an MR (Mach reflection) is given in Figure 2.2. There
are three shock waves (i for incident, r for reflected, and m for Mach stem)
intersecting at point T. Different from RR, a slip line (shown with s) exists in MR,
and the flow field is divided into four regions (0, 1, 2 and 3). Instead of point R which
is located on the surface, discontinuities intersect at point T. Point T is also known
as triple point. The flow above point T experiences two oblique shock waves (i and
r), whereas below point T encounters one normal shock wave (m). Across the slip
line; s, the flow has the same pressure and direction. Flow does not change its
direction along the wedge surface. However, the direction of flow along the slip line
may or may not be parallel to the undisturbed direction.

Figure 2.2. Schematic illustration for an MR

Like RR, MR can be formulated by using conservation equations written across three
shock waves, equality of pressures, and parallelism of flow direction around slip line
(regions 2 and 3) [1, p. 16]. However, it is stated that solving this equation set does
not yield a unique solution and is not sufficient to determine the complete flow field
[1, p. 18].
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The Mach reflections can be divided into several subgroups concerning the trajectory
of the triple point of T. A complete table for types of shock wave reflections was
given in [1, p. 9]. It should also be emphasized that some reflection types can only
be detected in certain time dependency conditions. According to time dependency,
reflections are categorized into three; steady, pseudo-steady, and unsteady.
As already discussed, different types of reflections have distinguishable features
which determine the flow field structures. However, the solution methods provided
for reflection types do not indicate up to which point the reflection would be a regular
type. This point, the lack of information on when a reflection changes its type, opens
a gate through a very challenging research area of gas dynamics which is the
specification of transition criteria.

2.2

The Transition of Reflection Types

From the early 1940s to the present, plenty of research has been done on the
determination of transition criteria between RR and MR. For two-dimensional flows,
a very comprehensive summary of this phenomenon was given in [1, pp. 25-36].
Four major criteria were suggested for transition phenomena. The first one is named
“the detachment criteria”. According to this, the transition should occur from RR to
MR if the reflected shock wave’s maximum deflection angle is less than the flow
turning angle. A similar criterion for transition was defined as “the sonic criterion”.
This criterion assumes that flow can turn up to its sonic point (i.e., flow after reflected
shock wave is sonic). It should be noted that the difference between the detachment
and the sonic criteria is only a small fraction of a degree [1, p. 31], therefore they can
be considered as practically the same criterion. Thirdly, “the mechanical equilibrium
condition” necessitates that the pressure behind the reflected shock wave is equal to
the pressure behind the normal incident shock wave. In other words, no sudden
pressure change should be expected during the transition (which was the case with
detachment criterion for some cases) since no compression or expansion waves were
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ever observed in experiments [1, p. 30]. This criterion is more likely named “the von
Neumann criterion”. This is one of the most widely used conditions together with
the detachment criteria. Finally, the length-scale criterion was introduced by
Hornung et al [2].
Solutions that were made for von Neumann and detachment criterion indicate that
there is a region at which RR and MR are theoretically possible. This region is called
the dual-solution domain. Studies showed that different criterion for transition holds
for different conditions such as the transition direction (from RR to MR, or the
opposite way), time dependency (steady, pseudo-steady, and unsteady), and
disturbance level in the test environment [2, 3, 4, 5, 6, 7, 8].
Kawamura and Saito [9] examined the reflection problem by using shock-polar
diagrams in the hodograph plane. They stated that as the incoming flow is deflected
by an incident shock, the pressure of the flow is increased as a function of the wedge
angle that creates the incident shock. Instead of defining the shock polar diagram as
a function of wedge and shock angles, they proposed to define it by using the
pressure ratio and the wedge angles. Expressing the problem in terms of pressure
ratio and wedge angles directly connected the flow parameters to geometrical
variations. It should also be noted that pressure ratio and parallelism of flow
directions were boundary conditions for the solution of RR and MR. As a result,
boundary conditions could directly be found from shock-polar diagrams and a better
understanding of shock wave reflection could be obtained by visualization of the
problem.
Procedure for defining the shock polar curves and their explanations are as follows:
1- Formation of polar diagram for an incident shock: This curve is prepared
by finding all pressure ratio solutions for possible wedge (i.e., deflection)
angles by using oblique shock relations. Mach number and ratio of specific
heats of upstream flow are two independent variables of these relations. So,
different mediums and/or Mach numbers indicate different curves. Oblique
shock equations are valid until shock wave separates from wedge (i.e., bow
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shock occurs). Therefore, the wedge deflection limit is determined by this
“maximum turning point” criteria. It should be noted that for a selected
deflection angle, two possible solutions exist, which are called weak and
strong shock solutions.
If wedge angle is known, pressure ratio can be found by reading the
corresponding pressure ratio value from the shock polar curve. Mach number
of flow after incident shock wave can be found by using the above-mentioned
oblique shock relations, also.
2- Formation of polar diagram for a reflected shock: Reflected shock polar
curve can be prepared by using the information and remarks given for
incident shock. Two main differences must be emphasized. Firstly, the
starting point of the reflected shock polar should be placed on the
corresponding deflection angle defined for the incident shock polar curve. As
it is more possible to occur, the weak shock (i.e., lower pressure ratio)
solution should be taken as the origin. This pressure ratio value is also a
multiplier when the shock polar curve for reflected shock is being formed.
Secondly, the Mach number found for the flow after the incident shock wave
should be used when solutions for oblique shock relations are obtained.
3- Determination of reflection type by using shock polar curves: Polar curves
for the incident and reflected shocks for known Mach numbers are plotted
together (on the same graph). If the reflected shock polar crosses the ordinate
(pressure ratio) axis, the reflection type is RR. The intersection of the
reflected shock polar curve with the pressure ratio axis indicates that flow
can be deflected up to its initial direction. If the reflected shock polar does
not cross the pressure ratio axis, the reflection type is MR. This situation
demonstrates that the flow after the reflected shock cannot be turned up to its
upstream direction. As a result, a new region (zone 3 in Figure 2.2) occurs,
whose borders are the wedge surface, a slip line, and a normal shock wave.
This normal shock wave is also called Mach stem.
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Two shock polar diagrams prepared for RR and MR can be seen in Figure 2.3. For
the RR case, pressure ratios are around 3 and 6.5 for zones 1 and 2. For the MR case,
pressure ratios are approximately 4.5 for zone 1 and 10.5 for zones 2 and 3. For RR,
the flow direction in zone 2 is parallel to zone 0. For MR, however, flow in zone 3
is only parallel to the upstream flow on the wedge surface. Incident and reflected
shock polar diagrams intersect at a point with a positive deflection angle. This
intersection point determines the angle of the slip line to the upstream flow and its
value can be read from the shock polar diagrams. Hence, an approximately 10⁰
deviation from the upstream flow should be expected along the slip line.

a)

b)

Figure 2.3. Demonstration of RR (a) and MR (b) with shock polar curves
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2.3

Importance of Reflection Types

As already underlined, for supersonic flights, the correct estimations of flow
properties have critical importance. Reflection of shock waves is one of the main
investigation areas on this topic as different types of shock wave reflections alter the
pressure and temperature in the flow field abruptly. These sudden changes can result
in unexpected situations. For instance, the formation of normal shock (i.e., Mach
stem) creates higher total pressure losses and can create unchoked (subsonic) flow
in ramjet air ducts. This situation can result in an “unstart” problem which was
investigated in [10]. Another extreme condition happens when a detached shock
wave intersects with an oblique shock. This interaction creates an MR and causes
abnormally high heat transfer rates on surfaces. This subject was studied in [11, 12].
Although these examples might be considered as different, both of the situations can
only be controlled by having a better understanding of the reflection phenomena of
the shock waves. It should also be emphasized that internal flow conditions are more
susceptible to both of the adverse outcomes of the above-mentioned abnormalities
as a series of shock wave reflection and / or interaction incidents will inevitably occur
which may amplify the unfavorable results.

2.4

Flow Field Determination for Three-Dimensional SSI

Reflection of shock waves can successfully be studied by using both of the available
solution methods if the flow field can be treated in two dimensions. For example,
oblique shocks are one of the most encountered wave structures in aeronautics. They
may be investigated as three-dimensional structures due to the selection of
coordinate systems based on other properties. However, the oblique shock waves are
planar and could be handled as two-dimensional if a proper selection of coordinate
systems is made. Nevertheless, such an approach applies only to a few limited cases
such as two intersecting shock waves whose plane normals are orthogonal or the
existence of only a single oblique shock wave. Such conditions may be observed
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very rarely. On the contrary, almost always three-dimensional interaction of shock
waves is expected in real flights when the maneuvers of an aircraft during its cruise
are considered.
Three-dimensional reflection and interaction problems can be separated as external
and internal problems. In addition to works given in [11] and [12], an example of an
external flow problem is the investigation of flow properties around a rudder of a
hypersonic air vehicle given in [13]. Internal problems, on the other hand, define the
flow travels in a close conduit whose properties are predominantly determined by
interactions of oblique shock waves. These kinds of flow structures are generally
observed in rectangular-shaped tunnels such as air ducts. It is also common to study
this problem as a corner flow problem since the flow structures on a corner repeat
themselves for other corners, too. In other words, the overall properties of a
supersonic flow in a close conduit can be estimated by using the flow properties
calculated around a corner. Therefore, they are also defined as corner flow problems.
As already mentioned and discussed in previous sections, the solution of the internal
supersonic corner flow problem with analytical methods is the objective of this
study. Therefore, the scope of the literature survey is limited to the solutions to this
problem. The remarkable studies done for corner flow problems are summarized in
the following sections.

2.4.1

Experimental Work

Four experimental studies are selected to be presented and explained in detail
considering their importance and association with this study. The results of two of
the experiments are also used in this study for comparison purposes.
Charwat and Redekeopp [14] performed a set of experiments to investigate the
supersonic flow field in the vicinity of a corner formed by two intersecting wedges.
Pressure measurement and oil flow photographs were used by researchers for this
study. Static pressure data was measured on wedge surfaces and total pressure data
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was determined by a fine impact probe which traversed on a plane at a 1-inch
distance from the leading edge. By using the pressure data obtained from the
traversing pressure probe, the flow field was reconstructed, and wave pattern was
demonstrated. Oil flow visualizations were presented to determine compression,
expansion, and separation regions on wedge surfaces. Mach number, the
asymmetrical intersection of wedges, and dihedral angle effects were investigated. It
should be underlined that the boundary layer was always laminar in all experiments.
The most detailed explanation was given for the case of Mach number 3.17 and the
symmetrical intersection of wedges at 12.2⁰ and given in Figure 2.4.

Figure 2.4. Flow structures for Mach 3.17 and symmetrical wedge angles at 12.2⁰
for laminar flow / adapted from [14]
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By following the outcome of their work, Charwat and Redekeopp stated that the flow
field could be defined under several principal regions, and despite being distorted,
these principal regions could be identified in all experiments. Therefore, it was said
that “the characteristic skeleton wave structure” [14, p. 488] of the flow field was
captured and this structure was found to be qualitatively similar in all experiments.
Another significant conclusion of the work was the indication of a vorticity gradient
caused by entropy waves (i.e., slip surfaces). Researchers emphasized that for a
realistic analysis of the corner flow problem, this phenomenon should not be
disregarded.
Cresci et al [15] conducted experimental and numerical work to study the flow field
in the region of interaction of corner flow. Wedge angles were kept at 0⁰ (i.e., flat
plate) for a freestream Mach number of 11.2. This configuration of wedges created
a flow condition with no deflection in the flow field and shock waves with an angle
equal to the Mach angle of the flow. Flow structures were defined as pressure
contours by using the data gathered from Pitot pressure readings. It can be concluded
that flow structures in the corner regions resembled the data obtained from other
experimental work [14, 16, 17] despite not having detailed information and
comments as others. Numerical investigations were also done and explained in
upcoming sections.
Watson and Weinstein [16] investigated the characteristics of the flow fields over
two symmetrical wedges with different angles (0⁰, 5⁰, and 10⁰) forming corner flow
conditions. The medium was chosen as Helium and Mach number was selected as
20. The flow field was visualized by following Pitot pressure traces, oil flow
photographs from wedge surfaces, and surface pressure distributions were presented.
They compared their results with the findings of [14] and concluded that the same
flow features were observed in both. Despite its similarity, they emphasized that the
flow field was found to be distorted because of two reasons. The first reason was
pointed out to be the higher Mach number which was 3.17 in [14]. As Mach number
of flow increases, shock angles become smaller for a known wedge angle. As a
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result, the interaction of shock waves occurs closer to wedge surfaces. In such a case,
boundary layer thicknesses become comparable with shock wave distances from
surfaces. Therefore, the displacement of boundary layers affects the shock wave
structure. The second reason was underlined as the formation of large vortices.
Indeed, Watson and Weinstein successfully proved this hypothesis with oil-flow and
electron-beam photographs. Vortex formations were observed at regions where
reflected shock waves intersect with the wedge surfaces and the strength of vortices
was found to be increased as wedge angle and Mach number increased.
West and Korkegi [17] studied the problem of supersonic interaction in the corner
regions. Like previous works, to visualize and reconstruct the flow field, oil flow
studies and pressure measurements (both Pitot and surface) were conducted.
Distinctly, the effects of Re (Reynolds) number on flow structures were studied. For
flow conditions of different Re numbers, laminar, transitional, and turbulent regions
were investigated with surface pressure and oil flow patterns. In turbulent flow
conditions, boundary layer effects were expected to be minimized. Therefore, the
inviscid structure of flow was supposed to be captured in fully developed turbulent
flow conditions. Indeed, it was stated that for Re numbers in the range of 3 −

60𝑥106 , flow structures only changed at regions close to wedge surfaces and were

found almost identical for the incident, reflected, and corner (i.e., Mach stem) shocks

and shear layers (i.e., slip surfaces). This finding was also supported by the surface
pressure data obtained for the same Re number range. The surface pressure readings
also showed a very similar pressure distribution for all turbulent cases.
The flow structure was constructed by following the Pitot pressure data. At the
construction of the flow field, approximate mid-points of regions with rapid pressure
change were used. An adaptation of this flow field is given in Figure 2.5.
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Figure 2.5. Flow structures for Mach 3 and symmetrical wedge angles at 9.5⁰ for
turbulent flow / adapted from [17]

By following the surface pressure measurements and flow field constructions, the
authors concluded that for Re number higher than 3𝑥106 flow structure was said to

be “conically invariant and therefore represents the inviscid structure [17, p. 656]”.
For Re number lower than 3𝑥106 , on the other hand, researchers showed that surface

pressure distribution changed significantly. This change was explained with laminar
and/or transitional boundary layer formations. It was concluded that for Re number

much below than 3𝑥106 , viscous effects dominated the flow field. The authors also
compared their results with the findings of [14] where the flow was completely
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laminar. It was shown that flow fields were found similar for close Re numbers.
However, as the Re number increased, incident and corner shock waves were found
to be closer to wedge surfaces. This difference was emphasized to be clear proof of
the existence of “significant viscous influences in the form of boundary-layer
displacement effects and strong laminar viscous-inviscid interactions [17, p. 655]”.
Figure 2.6 shows the comparison of flow structures of a particular laminar case with
the turbulent structure.

Figure 2.6. Flow structures for Mach 3 and symmetrical wedge angles at 9.5⁰ for
both laminar and turbulent flows / adapted from [17]
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2.4.2

Numerical Work

As computer technology and computational fluid dynamics methods develop after
the 1960s, numerical methods for the solution of corner flow were being used with
increasing popularity.
As stated in the previous section, Cresci et al [15] executed a numerical study and
showed its conformity with their experimental data. Their numerical solution method
was based on [18] and solutions were obtained by an explicit finite difference
calculation. Convergence criteria and mesh sizes were defined. Numerical solutions
could not be continued for the distance at which experimental data exists because of
long solution times. Pressure and temperature distributions, that were obtained
numerically, were in close agreement with the experimental data. Thus, it was
concluded that despite having “a relatively long time, this analysis is at present the
only technique that can be satisfactorily used [15, p. 2246]” for such problems.
Kutler [19] conducted a numerical work by using a second-order accurate shockcapturing technique by using inviscid and steady flow assumptions which were
explained in detail in [20]. Cartesian coordinates of space were transformed into
“nonorthogonal, conical” coordinates by selecting the axial direction as the basis.
This transformation made the conservation laws, which were expressed as partial
differential equations, dimensionless and “totally hyperbolic”. Results of numerical
solutions which were obtained for the case given in [17] were presented and
compared with experimental data. He stated that numerical solutions represent the
flow structures qualitatively although results for the slip line and embedded
(reflected) shock deviated from experimental results. This deviation was said to be
expected due to viscous effects which were not included in his numerical solution.
Marconi [21] developed a computational procedure for inviscid flow fields around
internal corners. It was stated that a “computational procedure developed to predict
conical, inviscid, supersonic corner flow field” and second-order, finite-difference
marching technique was used in solutions. Details of the computational procedure
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were given in [22]. As in similar works, experimental data obtained in [14] and [17]
were used for comparison. The outcome of this work also showed that flow structures
were found closer to high Re number experiments. Variations of geometrical
parameters and inflow velocity were investigated.
Meguro et al [23] investigated the corner flow structure by both experimental and
numerical methods. For numerical solutions, the Weighted Average Flux (WAF)
method was stated to be applied to three-dimensional unsteady compressible Euler
equations. Experiments were done for different wedge angles and numerical results
were checked with experimental data. The flow was conditioned as unsteady (or
pseudo-steady) with a moving shock wave and flow structures were captured with
double-exposure diffuse holographic interferometry in experiments. Shapes of Mach
stems occurred due to shock wave interactions were compared with visual results of
experiments and a good agreement was observed.
Goonko et al [24] approached the corner flow problem with a focus on spatial
interaction and studied the flow by solving three-dimensional steady Euler equations
with the marching method. They discussed the effects of changing wedge, sweep,
and dihedral angles. Different types of reflections (both RR and subtypes of MR)
were shown in terms of velocity contours. They showed that the flow field becomes
complicated and rare subtypes of MR were observed as Mach number and angles
were increased.

2.4.3

Analytical Work

There is very limited analytical work done on the three-dimensional reflection and
interaction field.
Azevedo and Liu [25, 26] proposed an analytical method to estimate the height of
Mach stem for MR type reflections and compare their results with observations in
the experimental work of Henderson and Lozzi [4]. They also performed a sensitivity
analysis to show the possible reasons for the deviation of their results from
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experimental outcomes. Although not being in the three-dimensional domain, their
method was found remarkable to be mentioned
Yang et al developed an analytical approach [27, 28, 29, 30, 31] which is called
“spatial-dimension reduction”. The idea behind this technique is to convert the threedimensional steady SSI problem into a two-dimensional unsteady one. In other
words, “one spatial dimension is handled as a temporal dimension [30, p. 312]”. For
the implementation of their solution method, the characteristic direction should be
determined based on the geometrical parameters and inflow velocity is to be
projected onto characteristic planes. Solutions on characteristic planes which are
normal to the characteristic direction can be carried out by using shock dynamics
principles [32]. They compared their analytical results with the findings of [17]. In
addition, they performed numerical solutions by solving 3D unsteady Euler
equations and tested their analytical results with numerical ones. It was concluded
that good agreement was observed with not only experimental data but also
numerical results.
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CHAPTER 3

3

SOLUTION

This chapter is devoted to the solution steps of the problem and presented under five
main titles. The assumptions which are used at solutions (both numerical and
analytical) are identified and discussed shortly. The geometrical properties that
define the corner flow problem are demonstrated. Then, the analytical solutions are
classified under four captions based on the successive solution steps. After, the
numerical solution methodology followed in this work is explained. Finally,
available computing sources together with approximate solution durations are
described.

3.1

Assumptions

Based on findings from the literature review, assumptions below are made in this
work:
1- Viscous effects are neglected. This assumption is coherent for two main
reasons. Firstly, it was shown that above a certain Re number, characteristic
flow features were the same. These non-changing structures were identified
as a representation of the inviscid nature of the reflection in [17]. Secondly,
in corner flow problems, flow is only laminar up to a certain Re number and
this laminar or transitional region is becomes smaller and less important as
the speed of flight increases. So, the viscosity can be neglected for high-speed
flows.
2- Ideal and perfect gas assumptions are made. This assumption should be made
to find the state variables and to use the gas dynamics equations in the
analytical solutions.
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3- Unsteady effects are temporary and the performance of a system is
understood better under steady-state conditions. Thus, no time dependency is
modeled in analytical solutions. In other words, the corner flow problem is
assumed to be steady.

3.2

Description of Solution Domain

A corner flow problem inherently necessitates two planes whose intersection can be
defined with a line. The objective of the problem is to find the flow structures around
the corner and geometrical definitions of the planes (i.e., wedges) directly determine
the flow structure by changing the oblique shock waves which rise from the initial
line (i.e., leading edge) of the wedge.
The geometry of the two intersecting wedges can be defined by using five angles if
the angular position of one of the leading edges is selected as the basis. These angles
have been named the wedge, sweep, and dihedral angles and are shown in Figure 3.1
with other characteristic parameters and vectors. It should also be mentioned that
similar geometrical definitions are also common in literature. Resembling
geometrical definitions may be seen in numerical and analytical studies mentioned
in Section 2.4.2 as [21, 24] and in Section 2.4.3 as [27, 28, 29, 30, 31].
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Figure 3.1. Solution domain with geometrical and characteristic parameters

3.3

Description of Analytical Solution Technique

In this work, an analytical solution technique based on the “spatial-dimension
reduction” method developed by Yang et al [27, 28, 29, 30, 31] has been adopted.
The solution steps are as follows.

3.3.1

Finding the Wedge and Characteristic Directions

Directions of wedge lines are to be found in unit vector form as follows. In equations,
vectors are demonstrated in bold and italic characters.
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0
𝑭𝒍𝒐𝒘 = [1]
0

sin(𝜈) cos(𝜆2 )
𝑿 = [ 𝑠𝑖𝑛(𝜆2 ) ]
cos(𝜈) cos(𝜆2 )
0
𝑠𝑖𝑛(𝜆
𝒁=[
1 )]
cos(𝜆1 )

𝑿𝒘𝒆𝒅𝒈𝒆
𝒁𝒘𝒆𝒅𝒈𝒆

0
𝑐𝑜𝑠(𝜃
=[
2 )]
𝑠𝑖𝑛(𝜃2 )

𝑠𝑖𝑛(𝜃1 )
= [𝑐𝑜𝑠(𝜃1 )]
0

𝑫𝒊𝒓𝒘𝒆𝒅𝒈𝒆 = (𝒁 × 𝒁𝒘𝒆𝒅𝒈𝒆 ) × (𝑿 × 𝑿𝒘𝒆𝒅𝒈𝒆 )

(1)

(2)

(3)

(4)

(5)

(6)

Flow is defined in +y direction as defined in Equation (1). 𝑿 and 𝒁 are unit vectors

that define the leading edges of wedges by Equations (2) and (3). In Equations
Equations (2) and (3), 𝜈, 𝜆2 and 𝜆1 define the dihedral and sweep angles,

respectively. 𝑿𝒘𝒆𝒅𝒈𝒆 and 𝒁𝒘𝒆𝒅𝒈𝒆 identify the directions of wedges in flow direction

and determined by the wedge angles 𝜃2 and 𝜃1 , respectively. 𝑿𝒘𝒆𝒅𝒈𝒆 and 𝒁𝒘𝒆𝒅𝒈𝒆 can

be found by using Equations (4) and (5). Cross section line of wedges are defined as
𝑫𝒊𝒓𝒘𝒆𝒅𝒈𝒆 and can be found by Equation (6).

Characteristic direction is defined as the intersection line of two oblique shock waves
emanated from wedges. To find the characteristic direction, shock angles (𝛽) for
wedge angles (𝜃) should be found. Oblique shock wave equations given in [33, p.

360] can be used for this purpose.
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𝛾+1
𝑀0 2
cot(𝜃1 ) = tan(𝛽1 ) (
− 1)
2 (𝑀 sin(𝛽 ))2 − 1
0
1
cot(𝜃2 ) = tan(𝛽2 ) (

𝑀0 2
𝛾+1
− 1)
2 (𝑀 sin(𝛽 ))2 − 1
0
2

𝒁𝒄𝒉𝒂𝒓
𝑿𝒄𝒉𝒂𝒓

𝑠𝑖𝑛(𝛽1 )
= [𝑐𝑜𝑠(𝛽1 )]
0

0
= [cos(𝛽2 )]
sin(𝛽2 )

𝑫𝒊𝒓 = (𝒁 × 𝒁𝒄𝒉𝒂𝒓 ) × (𝑿 × 𝑿𝒄𝒉𝒂𝒓 )

(7)

(8)

(9)

(10)

(11)

Equations (7) and (8) can be used to find the shock angles 𝛽1 and 𝛽2. It should be
noted there are two roots for solutions of Equations (7) and (8). Small roots indicate
the weak shock solutions which are more possible to occur. Thus, they should be
used for the next steps.
𝒁𝒄𝒉𝒂𝒓 and 𝑿𝒄𝒉𝒂𝒓 identify the direction of shock angles in the flow direction and are

functions of shock angles 𝛽1 and 𝛽2, respectively. These directions can be calculated

by using Equations (9) and (10). Finally, the characteristic direction 𝑫𝒊𝒓 is defined
in Equation (11).

In corner flow problems, shock waves are formed due to change of flow directions
and shock waves are the sources of change of flow parameters. Owing to being
planar, their intersection can be defined with a line. This line was chosen as the
characteristic direction. Along the characteristic direction, flow parameters do not
change since interaction with any discontinuity is impossible. The characteristic
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plane is perpendicular to the characteristic direction. On successive characteristic
planes, change of flow parameters starts at point O (see Figure 3.1) and grows as the
characteristic plane moves in the flow direction. In other words, for a steady corner
flow problem, flow parameters change only in successive characteristic planes.
Therefore, calculations and determination of reflection type are done on this plane.

𝑴𝒄,𝒅 =

𝑫𝒊𝒓 ∙ (𝑀0 𝑭𝒍𝒐𝒘)
𝑫𝒊𝒓
|𝑫𝒊𝒓|

𝑴𝒄,𝒑 = 𝑀0 𝑭𝒍𝒐𝒘 − 𝑴𝒄,𝒅

(12)

(13)

To find the velocity component on the characteristic direction in terms of Mach
number (𝑴𝒄,𝒅 ), upstream velocity vector should be projected in the characteristic

direction as in Equation (12). The upstream velocity vector can be defined as the
vectorial sum of two vectors which are defined on the characteristic direction and
the characteristic plane. Thus, the velocity component on the characteristic plane
𝑴𝒄,𝒑 can be found by using Equation (13).

In the characteristic plane, shock wave directions and the angle between shock wave
directions and velocity in the characteristic plane should be found (see Figure 3.2).
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Figure 3.2. Demonstration of velocity components on characteristic plane

𝒁𝒄,𝒑 = 𝒁 − 𝒁𝒄,𝒅
𝑤ℎ𝑒𝑟𝑒

𝒁𝒄,𝒅 =

𝑫𝒊𝒓 ∙ 𝒁
𝑫𝒊𝒓
|𝑫𝒊𝒓|

cos(𝛼1 ) =

𝒁𝒄,𝒑 ∙ 𝑴𝒄,𝒑

|𝒁𝒄,𝒑 ||𝑴𝒄,𝒑 |

𝑀𝑠1 = |𝑴𝒄,𝒑 | sin(𝛼1 )
𝑿𝒄,𝒑 = 𝑿 − 𝑿𝒄,𝒅
𝑤ℎ𝑒𝑟𝑒

𝑿𝒄,𝒅 =

(14)

(15)

(16)

(17)

𝑫𝒊𝒓 ⋅ 𝑿
𝑫𝒊𝒓
|𝑫𝒊𝒓|

cos(𝛼2 ) =

𝑿𝒄,𝒑 ⋅ 𝑴𝒄,𝒑

|𝑿𝒄,𝒑 ||𝑴𝒄,𝒑 |
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(18)

𝑀𝑠2 = |𝑴𝒄,𝒑 | sin(𝛼2 )

(19)

cos(𝜂) =

(20)

𝑿𝒄,𝒑 ⋅ 𝒁𝒄,𝒑

|𝑿𝒄,𝒑 ||𝒁𝒄,𝒑 |

Shock wave directions 𝒁𝒄,𝒑 and 𝑿𝒄,𝒑 on a characteristic plane can be found by the
projection of directions of the wedge leading edges 𝒁 and 𝑿 on the characteristic
plane as given in Equations (14) and (17). It should be noted that shock waves are

originated from the leading edges of wedges and follow the characteristic direction
𝑫𝒊𝒓. Angles in between 𝑴𝒄,𝒑 and shock wave directions 𝒁𝒄,𝒑 and 𝑿𝒄,𝒑 are defined as

𝛼1 and 𝛼2 , respectively. They can be found by using cosine law as given in Equations

(15) and (18). By using 𝛼1 and 𝛼2 , 𝑀𝑠1 and 𝑀𝑠2 which are normal components of
𝑴𝒄,𝒑 to 𝒁𝒄,𝒑 and 𝑿𝒄,𝒑 can be found as given in Equations (16) and (19). The angle

between shock waves in the characteristic plane (i.e., angle in between 𝒁𝒄,𝒑 and 𝑿𝒄,𝒑 )

is identified as 𝜂 and can be found by using cosine law as given in Equation (20).

It should be underlined that the velocity components 𝑀𝑠1 and 𝑀𝑠2 can also be

considered as shock wave velocities for a pseudo-steady problem.

3.3.2

Determination of Interaction Type via Shock Polars

Shock polar diagrams indicate how the reflection (i.e., interaction) will occur based
on wedge deflection angles and inflow Mach number. Therefore, shock polar
analysis is to be performed on the characteristic plane. The problem can be shown as
shown in Figure 3.3.
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Figure 3.3. Demonstration of flow deflection angles on characteristic plane

When it is assumed that MR occurs; two triple points T’s, incident shock wave i's
and reflected shock wave r’s should occur. Two triple points T’s are connected with
Mach stem m. Shock wave angles (𝛼1 , 𝛼2 ) of incident shock wave i's were already

found by Equations (15) and (18).

𝛾+1
cot(𝛿1 ) = tan(𝛼1 ) (
2
𝛾+1
cot(𝛿2 ) = tan(𝛼2 ) (
2

|𝑴𝒄,𝒑 |

2

2

− 1)

(21)

2

− 1)

(22)

(|𝑴𝒄,𝒑 |sin(𝛼1 )) − 1
|𝑴𝒄,𝒑 |

2

(|𝑴𝒄,𝒑 |sin(𝛼2 )) − 1
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To obtain shock polar diagrams, corresponding wedge angles (𝛿1 , 𝛿2 ) should be

found first. They can be found by using Equations (21) and (22). These equations
are oblique shock wave equations ( [33, p. 360] ).

𝜁𝑛 = 1 +

2𝛾
((|𝑴𝒄,𝒑 | sin(𝛽𝑛 ))2 − 1)
𝛾+1

tan(𝜃𝑛 ) = 2 cot(𝜃𝑛 )

(|𝑴𝒄,𝒑 | sin(𝛽𝑛 ))2 − 1
2

2 + |𝑴𝒄,𝒑 | (𝛾 + cos(2𝛽𝑛 ))

𝜇0 ≤ 𝛽𝑛 ≤ 90° 𝑤ℎ𝑒𝑟𝑒 sin(𝜇0 ) =

1

|𝑴𝒄,𝒑 |

(23)

(24)

(25)

Shock polar curve for upstream Mach number (for the characteristic plane, |𝑴𝒄,𝒑 |)

can be found by solving the pressure ratio (𝜁) equation (given in Equation (23)) after

an oblique shock ( [33, p. 359] ) for every specified shock angle. Wedge angles (𝜃)
should also be found for every specified shock angle (𝛽) ( [33, p. 360] ) via Equation

(24), and the curve is prepared for pressure ratio values for wedge angles. Shock

angle is limited with Mach angle (𝜇0 ) ( [34, p. 1010] ) and normal angle (see
Equation (25)).

(𝑀1 sin(𝛼1 − 𝛿1 ))2 =
(𝑀2 sin(𝛼2 − 𝛿2 ))2 =

(𝛾 − 1)(|𝑴𝒄,𝒑 |sin (𝛼1 ))2 + 2

(26)

(𝛾 − 1)(|𝑴𝒄,𝒑 |sin (𝛼2 ))2 + 2

(27)

2

2𝛾(|𝑴𝒄,𝒑 | sin(𝛼1 )) − (𝛾 − 1)
2

2𝛾(|𝑴𝒄,𝒑 | sin(𝛼2 )) − (𝛾 − 1)

30

Shock polar curves for flow after incident shock wave i's can be prepared by
following the procedure described above. It should be emphasized that Mach number
after incident shock wave i's (𝑀1 , 𝑀2 ) on the characteristic plane should be used

instead of |𝑴𝒄,𝒑 | when required. This value can be found by using Equations (26)
and (27). These equations define the Mach number after oblique shock wave and
taken from [33, p. 360].

𝜁1 = 1 +
𝜁2 = 1 +

2𝛾
((|𝑴𝒄,𝒑 | sin(𝛽1 ))2 − 1)
𝛾+1

2𝛾
((|𝑴𝒄,𝒑 | sin(𝛽2 ))2 − 1)
𝛾+1

(28)

(29)

The pressure ratios 𝜁1 and 𝜁2 for deflection (i.e., wedge) angle can be found as given

in Equations (28) and (29). Together with the deflection angle, the pressure ratio (
[33, p. 359] ) will be used in determining the initial point of shock polar curve for
flow after incident shock wave i's.
After the flow properties after incident shock wave i's are obtained, three shock polar
curves can be united in one graph. It should be noted that pressure ratio values for

shock polar curves of flow region behind incident shock wave i’s are to be multiplied
with initial pressure ratio values found in Equations (28) and (29).
Determination of interaction type is done by inspection of two shock polar curves
obtained for flow region behind incident shock wave i's. If the reflected shock polars
intersect with each other, RR will occur. Otherwise, MR will form.
Sample graphs that demonstrate the shock polar curves and numerical results for
selected flow parameters are prepared and given in Figure 3.4 and Figure 3.5 for MR
and in Figure 3.6 and Figure 3.7 for RR respectively.
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𝑀0 = 3.17

𝜃1 = 12.2°

𝜃2 = 12.2°
𝜆1 = 0°

𝜆2 = 0°

𝜈 = 90°

a)

b)

Figure 3.4. Shock polar curves (a) for flow parameters (b)

Figure 3.5. Numerical results based on flow parameters in Figure 3.4 b)
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𝑀0 = 3

𝜃1 = 5°

𝜃2 = 3°
𝜆1 = 0°

𝜆2 = 0°

𝜈 = 90°

a)

b)

Figure 3.6. Shock polar curves (a) for flow parameters (b)

Figure 3.7. Numerical results based on flow parameters in Figure 3.6 b)
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It should be noted that numerical results are obtained by following the procedure
explained in Section 3.4. Figure 3.5 and Figure 3.7 indicate the Mach number
contours on outer boundaries. Shock wave structures are indicated on the outlet
plane. As expected, slip lines and Mach stem are not observed in the RR case.

3.3.3

Calculation of Mach Number of Stem and Related Angles

Interaction type is determined by the investigation of shock polar curves. If it is
determined that MR will form, Mach number of stem and angles define its shape
should be found.
As a general rule, the solution strategy should be based on simplifying the problem
and assimilating it to another one whose solution is known as much as possible. The
viscosity is already assumed to be insignificant and its effects are neglected. Under
this assumption, two different types of boundary conditions become identical. These
conditions are “wall” and “symmetry” as used in CFD terminology. In fluid
mechanics, a wall-type boundary condition defines no flux across the boundary,
whereas a symmetry-type one dictates that the derivative of flow properties on the
boundary should be zero. Hence, by following the above-mentioned explanations
and assumptions, it can be stated that in the absence of viscosity, the interaction of
shock waves can be analytically transformed into a reflection problem. In other
words, the problem of two interacting shock waves can be treated by using the
solution of a shock wave reflected by a solid wall.
Flow parameters on the characteristic plane were found. However, it is impossible
to find the position of Mach stem and slip lines since no relation can be defined
between 𝑴𝒄,𝒑 and the Mach stem (see Figure 3.3). This is the major difficulty to be

overcome. Luckily, there are principles for the transformation of shock wave
problems and solutions available for transformed problems.
Galilean transformation is defined to convert the problem with a moving shock wave
to one possessing a stationary shock wave by selecting the coordinate frame which
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travels with the shock wave. Although it is not common, the transformation can also
be used for the opposite. Therefore, a problem of two intersecting steady shock
waves can be transformed into a problem with two intersecting and moving shock
waves. It should be kept in mind that in Galilean transformation, static properties of
flow are preserved, whereas total (and dynamic) properties are changed [35, p. 7].
Hence, to find the correct dynamic properties, Galilean transformation should be
done twice and the problem should be defined in its initial coordinate frame.
Nevertheless, it is not required for static properties. A moving shock wave problem
can be transformed into a steady shock wave one as shown in Figure 3.8.

Figure 3.8. Demonstration of the Galilean transformation

It is shown that the case can be transformed into a problem with two moving and
interacting shock waves via the Galilean method. It is also emphasized that the
reflection of a shock wave from a surface and the interaction of two shock waves are
also identical for inviscid flow. Then, the next solution step including the moving
shock wave solutions based on shock dynamics principles can be introduced.
When a shock wave travels in a closed conduit with varying cross-sectional areas,
its strength will change with changing area. Chester (1954), Chisnell (1957), and
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Whitham (1958) developed the same relation by using different methods. This
relation is known as the C.C.W. (C. for Chester, C. for Chisnell, and W. for
Whitham) relation and defines the relationship between the shock wave Mach
number and cross-sectional area of the conduit for uniform quiescent gas ahead of
the shock wave [36, p. 486].

2𝑀𝑑𝑀
𝑑𝐴
+
=0
(𝑀2 − 1)𝐾(𝑀) 𝐴
𝑤ℎ𝑒𝑟𝑒

𝐾(𝑀) = 2(2𝜇 + 1 + 𝑀

−2 )−1

−1

2 1 − 𝜇2
)
(1 +
𝛾+1 𝜇

(30)

(𝛾 − 1)𝑀2 + 2
𝜇=
2𝛾𝑀2 − (𝛾 − 1)

C.C.W. equation is given in Equation (30). 𝐾(𝑀) is a slowly varying function and

its value is limited in between 0.5 and 0.3941 [32, p. 27] for diatomic gases (i.e., 𝛾 =
1.4). 𝐴 defines the cross-sectional area of flow.

If a planar shock wave is diffracted around a wedge, a linear boundary forms in
between undisturbed and disturbed shock waves. This linear boundary is called
“shock-shock” and properties of flow can be found by following the abovementioned C.C.W. relations and by using shock-ray solutions [32, p. 65]. The
definition of this problem can be seen in Figure 3.9.
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Figure 3.9. Demonstration of diffraction of a shock by a wedge

𝑓(𝑀1 )
tan(𝜒) =
𝑓(𝑀0 )

1
2

2

(

𝑀
1 − ( 0)
𝑀1
2
𝑓(𝑀1 )
)
1−(
𝑓(𝑀0 )
1

)

(31)

1

2 2
𝑓(𝑀1 )
𝑀 2 2
) )
(1 − ( 0 ) ) (1 − (
𝑀1
𝑓(𝑀0 )
𝑀1
tan(𝜃𝑤 ) =
𝑓(𝑀1 ) 𝑀1
𝑀0
1+
𝑓(𝑀0 ) 𝑀0

𝑓(𝑀) = exp (− ∫

(𝑀2

2𝑀𝑑𝑀
)
− 1)𝐾(𝑀)

(32)

(33)

The angle 𝜒 defines the trajectory of shock-shock and can be found by using

Equation (31) if Mach numbers of undisturbed and diffracted flow are known.
Similarly, wedge angle 𝜃𝑤 can be calculated by using Mach numbers of flow before

and after the shock-shock region (see Equation (32)). Finally, Equation (33)
identifies the solution of Equation (30) for 𝐴. It should be noted that Equations (31)
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and (32) depend on solution Equation (33) whereas Equation (33) only depends on
Mach number if 𝛾 is assumed to be constant. Equations (31), (32) and (33) are
defined by following [32, p. 67].

Finally, if the Galilean transformation is done to the problem defined in Figure 3.3
and if the definitions for the angles and shock interface boundaries are used for the
definition of the transformed problem, it can be defined as given in Figure 3.10. It
should be underscored that the shock-shocks correspond to the slip lines and the flow
field that is not affected by the shock waves has no velocity components on the
characteristic plane. The flow field in the characteristic plane can be approximated
as shock-shock evolution for a moving shock wave hits a wedge whose solution was
already described.

Figure 3.10. Demonstration of moving shock wave problem
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1
2 2

1

𝑀𝑠,1 2 2
𝑓(𝑀𝑚 )
) ) (1 − (
(
(1 −
) )
𝑀
𝑓(𝑀𝑠,1 )
𝑚
𝑀𝑚
tan(𝜃𝑤1 ) =
𝑓(𝑀𝑚 ) 𝑀𝑚
𝑀𝑠,1
1+
𝑓(𝑀𝑠,1 ) 𝑀𝑠,1

tan(𝜃𝑤2 ) =

𝑀𝑚
𝑀𝑠,2

(1 − (

1
2 2

1
2 2

𝑀𝑠,2
𝑓(𝑀𝑚 )
) ) (1 − (
) )
𝑀𝑚
𝑓(𝑀𝑠,2 )

(34)

(35)

𝑓(𝑀𝑚 ) 𝑀𝑚
1+
𝑓(𝑀𝑠,2 ) 𝑀𝑠,2

𝜃𝑤2 + 𝜃𝑤1 + 𝜂 = 180°

(36)

By following the equations given for the solution of diffraction of a moving shock
from a wedge, Equations (34), (35), and (36) are defined. These equations are to be
solved simultaneously. The wedge angles for moving shock waves in characteristic
plane 𝜃𝑤1 and 𝜃𝑤2 are functions of Mach number of stem 𝑀𝑚 , 𝑀𝑠,1 and 𝑀𝑠,2 . Set of
equations is completed with Equation (36).

tan(𝜒1 ) =

tan(𝜒2 ) =

𝑓(𝑀𝑚 )

𝑓(𝑀𝑠,1 )

𝑓(𝑀𝑚 )

𝑓(𝑀𝑠,2 )

1
2

2

𝑀
1 − ( 𝑠,1 )
𝑀𝑚

2

𝑓(𝑀𝑚 )
)
1−(
𝑓(𝑀𝑠,1 ) )
(
2

(

𝑀
1 − ( 𝑠,2 )
𝑀𝑚

1−(
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2

𝑓(𝑀𝑚 )
)
𝑓(𝑀𝑠,2 ) )

1
2

(37)

(38)

It should be noted that shock-shock lines define the trajectory of triple point T’s.
Thus, they can be considered as slip lines. The angles between shock-shock (i.e., slip
line) and Mach stem direction are defined as 𝜒1 and 𝜒2 can be found as defined in
Equations (37) and (38). It should be noted that Equations (37) and (38) are formed
by following the principles of diffraction of a moving shock wave from a wedge (see
Equation (31)).
After Mach number of stem 𝑀𝑚 is found, the second Galilean transformation (see

Figure 3.8) should be done in the reversed way to find the flow properties. The
transformed problem included two interacting moving shock waves on a quiescent
medium. Thus, undisturbed velocity 𝑉𝑏 in Figure 3.8 equals to zero. However, after

the second transformation, the flow which experiences a normal shock is found to
have the Mach number equal to the Mach number of stem. Therefore, the pressure
ratio across Mach stem can be found as follows.

2𝛾𝑀𝑚 2 − (𝛾 − 1)
𝜁𝑚 =
𝛾+1

(39)

Equation (39) defines the pressure ratio across Mach stem 𝜁𝑚 and uses the normal

shock waves relations ( [33, p. 349] ). Pressure ratio 𝜁𝑚 is selected as the quantity to

be compared with other results, numerical or experimental.

Angles define the slip lines 𝜒1 and 𝜒2 are found by Equations (37) and (38) and their

definitions can be seen in Figure 3.10. Thus, the solution on the characteristic plane
could be completed if the directions of slip lines were identified.
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𝜋
𝑫𝒊𝒓𝑺𝟏 = 𝑪𝟏 + 𝑪𝟐 cos ( − (𝜋 − 𝜂 − 𝜃𝑤1 ) + 𝜒1 )
2
𝜋
+ 𝑪𝟑 sin ( − (𝜋 − 𝜂 − 𝜃𝑤1 ) + 𝜒1 )
2

𝜋
𝑫𝒊𝒓𝑺𝟐 = 𝑪𝟏 + 𝑪𝟐 cos ( − (𝜋 − 𝜂 − 𝜃𝑤1 ) − 𝜒2 )
2
𝜋
+ 𝑪𝟑 sin ( − (𝜋 − 𝜂 − 𝜃𝑤1 ) − 𝜒2 )
2

(40)

(41)

𝑤ℎ𝑒𝑟𝑒;

𝑪𝟏 = ((−𝑫𝒊𝒓) ∙ (−𝑫𝒊𝒓𝑻 ))𝑿𝒄,𝒑
𝑪𝟐 = 𝑿𝒄,𝒑 − 𝑪𝟏

𝑪𝟑 = −𝑫𝒊𝒓 × 𝑿𝒄,𝒑
Equations (40) and (41) can be used to find the directions of the slip lines. 𝑫𝒊𝒓𝑺𝟏 and

𝑫𝒊𝒓𝑺𝟐 define the slip lines on the characteristic plane and are found by rotation of

direction vector of 𝑿𝒄,𝒑 around the characteristic direction 𝑫𝒊𝒓 by wedge (𝜃𝑤1 ) and

slip line angles 𝜒1 and 𝜒2 . The rotation equations are known as Rodriques’ formula

[37].

3.3.4

Calculations for Plane of Investigation

The final step of the analytical solutions is to present the findings properly. Although
the characteristic plane is useful for solving the problem, it would be inappropriate
to demonstrate the results on it for two main reasons. Firstly, because of the way it
is defined, the characteristic plane changes for any change either in the flow or in the
geometrical parameters. It is even affected by the change of flow medium, from air
to Helium, for instance. Therefore, it would be impossible to evaluate the impact of
a variable that changes if the results are demonstrated on the characteristic plane.
Secondly, it is aimed to compare the analytical results with experimental data,
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therefore both results could be displayed similarly. The experimental data explained
and discussed in Section 2.4.1 was expressed in conical coordinates as the upstream
flow direction is selected as the basis. This selection implies that comparison can be
made at any plane whose normal is parallel to the direction of undisturbed flow.
Therefore, the investigation plane is selected as normal to the upstream flow.
The schematic demonstration of results on the plane of investigation is given as in
Figure 3.11. The lines on the scheme can be categorized into four groups which show
the wedges, the incident shock waves, the slip lines, and the Mach stem.

Figure 3.11. Demonstration of results on the plane of investigation
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𝐴
𝐴
𝑺𝟐 = [ 0 ] ; 𝑚𝑆2 =
𝐵
B
𝑤ℎ𝑒𝑟𝑒;

(42)

(𝑫𝒊𝒓𝟏 𝐴 + 𝑫𝒊𝒓𝟑 𝐵) ⋅ 𝑫𝒊𝒓𝟏 + 𝑫𝒊𝒓𝑺𝟐 𝟏 − 𝐴 = 0

(𝑫𝒊𝒓𝟏 𝐴 + 𝑫𝒊𝒓𝟑 𝐵) ⋅ 𝑫𝒊𝒓𝟑 + 𝑫𝒊𝒓𝑺𝟐 𝟑 − 𝐵 = 0
𝐶
𝐷
𝑺𝟏 = [ 0 ] ; 𝑚𝑆1 =
𝐶
𝐷
𝑤ℎ𝑒𝑟𝑒;

(43)

(𝑫𝒊𝒓𝟏 𝐶 + 𝑫𝒊𝒓𝟑 𝐷) ⋅ 𝑫𝒊𝒓𝟏 + 𝑫𝒊𝒓𝑺𝟏 𝟏 − 𝐶 = 0

(𝑫𝒊𝒓𝟏 𝐶 + 𝑫𝒊𝒓𝟑 𝐷) ⋅ 𝑫𝒊𝒓𝟑 + 𝑫𝒊𝒓𝑺𝟏 𝟑 − 𝐷 = 0
Directions of slip lines on the plane on investigation (𝑺𝟏 , 𝑺𝟐 ) and their slopes

(𝑚𝑆1 , 𝑚𝑆2 ) can be found by solving Equations (42) and (43). Those equations define

the projection of the direction of slip lines on the characteristic plane to the plane of
investigation. Projection direction is the characteristic direction 𝑫𝒊𝒓.

Positions of shock waves and wedges at the plane of investigation can be found by
using relations for 𝑿𝒄𝒉𝒂𝒓 , 𝒁𝒄𝒉𝒂𝒓 , 𝑫𝒊𝒓 and 𝑫𝒊𝒓𝒘𝒆𝒅𝒈𝒆 which were already found.

Points 𝑃1 and 𝑃2 are intersection points of slip lines and shock waves. 𝑃1 and 𝑃2 are

found by the intersection of shock wave and slip line equations. Mach stem is

constructed by connecting the points 𝑃1 and 𝑃2 by a line. Thus, Mach stem is treated
as linear.

The presentation of results on the plane on investigation completes the analytical
solution part.
Screenshots of a sample analytical solution are given in the Appendix A section.
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3.4

Numerical Solutions

The numerical studies are performed to show the conformity of the analytical results.
The main intention of comparison with the numerical results is to show the
consistency of analytical results under the same or similar assumptions. Hence, the
numerical solutions are designated accordingly.
A conventional numerical or computational study contains three steps. The first one
defines the preparation of geometry. The geometrical model is also called the flow
domain. The flow domain determines the outer limits of the problem. The second
step is mesh preparation. The mesh or the grid divides the flow domain into finite
volumes. These volumes are called cells and they are the basis of the computational
domain. After the mesh is prepared, it is introduced to the solver. The solver
discretizes the governing equations and does the computations by doing iterations
until the defined convergence criteria are achieved. The flow properties are preserved
in the cells either in the center or in its nodes. By using this information, flow
properties can be visualized as contours or streamlines.
In this study, numerical solutions are performed done by using ANSYS Workbench
2020 R2 tools. The steps followed for the preparation and execution of the numerical
study are given as follows.

3.4.1

Geometry Preparation

Geometry preparation for the numerical solution is done using ANSYS Design
Modeler 2020 R2. It is determined to have a flow field whose dimensions at inlet
5𝑥5 mm and depth in flow direction is 5 mm. A parametric model is prepared
following the geometrical definitions in Section 3.2. A sample geometry can be seen
in Figure 3.12 a).

44

3.4.2

Meshing

Meshing is done by using ANSYS Meshing 2020 R2. Structured mesh based on
hexahedron-shaped elements is formed and provided to the solver as the base
solution domain. Element size is approximately 1 mm and around 200 elements and
nodes are present in the initial computational domain. Initial element size, together
with the geometrical limits, is determined after several trials. After the adaptation
steps (see Section 3.4.3.4), it is aimed to have elements with a minimum size in
between 0,01-0,02 mm and a total number less than 3 𝑥 106 . The minimum size of

elements indicates the resolution of results, whereas the total number determines the
solution time. Therefore, their accordance is critical for an accurate and economical
numerical analysis especially if it includes shock waves.
A sample mesh can be seen in Figure 3.12 b).

a)

b)

Figure 3.12. Demonstration of geometry a) and mesh b)
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3.4.3

Solver

Numerical solutions are performed by using ANSYS Fluent 2020 R2. A proper
computational study necessitates the selection of the correct material model, suitable
boundary conditions, and appropriate solver settings. These steps are defined in the
following sections, including the mesh adaptation and post-processing processes.

3.4.3.1

Material Model

The flow is assumed to obey the ideal and perfect gas assumption. Molecular weight
and specific heat capacity values used are given in Table 3.1.
Table 3.1 Material properties
Property

Abbreviation

Value

Unit

The ratio of specific heats

𝛾

1.4

-

Molecular weight

Specific heat

3.4.3.2

𝑀𝑎
𝐶𝑝

28.966
1006.43

𝑔
⁄𝑚𝑜𝑙

𝐽
⁄𝑘𝑔 ∗ 𝐾

Boundary Conditions

Locations of boundary conditions are given in Figure 3.13. At the inlet, the pressure
far-field boundary condition is used to specify the Mach number. In addition, the
static pressure and temperature are defined as 80 𝑘𝑃𝑎 and 300 𝐾, respectively. At
outlet region, pressure outlet is defined. It should be noted that the selected solver

checks the flow Mach number for the outlet region and overrides the pressure value
specified if the flow is supersonic. Thus, it does not reflect any information to the
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calculation domain for the supersonic outlet case. Wedges are selected to be wall
boundary conditions while remaining boundaries are chosen as symmetry.

Figure 3.13. Demonstration of boundary condition on geometry

3.4.3.3

Solver Settings

As stated and justified in Section 3.1, flow is assumed to be inviscid.
A density-based implicit solver with flux type of AUSM is chosen for the numerical
solution. Second-order upwind for spatial discretization of flow and least-squares
cell-based gradient evaluation methods are chosen.
A density-based solver is a coupled solver and solves conservation equations
(continuity, momentum, and energy equations for such problems) simultaneously. In
density-based solution methods, governing equations that are non-linear are
linearized for every cell to get a system of equations for the dependent variables. A
linearized system is solved to find the updated solution for the flow field. Being
implicit refers to the selection of linearization of governing equations. In the implicit

47

method, the unknown value in each cell is calculated using a set of equations that
contains both existing and unknown values from neighboring cells. Thus, each
unknown appears in more than one equation and all the equations must be solved
simultaneously for unknown values. [38, pp. 644-645]

𝜕
∫ 𝑊𝑑∀ + ∮(𝐹 − 𝐺)𝑑𝐴 = ∫ 𝐻 𝑑∀
𝜕𝑡

𝜌𝑉
𝜌
0
𝜌𝑉𝑢 + 𝑝𝑖̂
𝜌𝑢
𝜏𝑥𝑖
𝜏𝑦𝑖
𝑊 = 𝜌𝑣 , 𝐹 = 𝜌𝑉𝑣 + 𝑝𝑗̂ , 𝐺 =
𝜌𝑤
𝜏𝑧𝑖
̂
𝜌𝑉𝑤 + 𝑝𝑘
[ 𝜌𝐸]
[𝜏𝑖𝑗 𝑉𝑗 + 𝑞 ]
[𝜌𝑉𝐸 + 𝑝𝑉]
𝐸=𝐻−

𝑝
𝜌

|𝑉|2
𝐻=ℎ+
2

(44)

(45)

(46)

(47)

Governing equations in vector forms for density-based solvers are given in Equations
(44), (45), (46), and (47). Equation (44) defines the system of governing equations
for a single-component fluid for an arbitrary control volume ∀ with a surface area

𝑑𝐴. Equations (45), (46) and (47) shows the vectors which are included in system of
governing equation. In those equations, 𝜌, 𝑉, 𝐸 and 𝑝 are the density, velocity, total

energy for unit mass and pressure of the fluid, respectively. 𝜏 and 𝑞 are viscous stress

tensor and heat flux. It should be noted that total energy 𝐸 and total enthalpy 𝐻 are
related with Equation (46) [38, p. 677].

AUSM (Advection Upstream Splitting Method) is proposed as an alternative way to
compute flux vectors. This scheme is used since it is successful in “providing exact
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resolution of contact and shock discontinuities [38, p. 681]” and “free of oscillations
at stationary shock [38, p. 682]”.
Convergence is followed with control of residual terms of flow equations and mesh
adaptation is done after residual terms for every term dropped around 1𝑥10−3 and

no more change in residual terms observed. For every solution between adaptations,
approximately 1𝑥103 iterations are done. The total solution takes 1𝑥104 iterations

roughly.

3.4.3.4

Mesh Adaptation

Mesh adaptation can be defined as coarsening or refining the mesh by using the
solution data obtained. Because shock waves are treated as being infinitesimally
small [39], a mesh adaptation technique is to be used to lessen the demand on
computing sources (including time) while having a good resolution of
discontinuities.
Gradient-based mesh adaptation is chosen. Since Mach number changes across every
discontinuity in the flow field including slip lines, gradient calculations are preferred
to be on this quantity to capture the flow field with a higher resolution [40].
Adaptation criterion for refinement and coarsening, cells with Mach number gradient
higher than 0.01 and less than 0.005 are selected, respectively.
Adaptation is based on Mach number gradient with a maximum refining level of 6.
Thus, at the shock zone, the element size is around 0.016 mm which is 64 times
smaller than the initial mesh size. Final element and node numbers are about
2.5𝑥106 .

Adaptation is done manually after solutions are converged.
The final mesh of a selected case is given in Figure 3.14 and Figure 3.15.
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Figure 3.14. Demonstration of final mesh / inlet and symmetry regions hidden

Figure 3.15. Demonstration of final mesh for outlet region
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3.4.3.5

Demonstration of Results of Numerical Solutions

Results of numerical solutions are presented as pressure and Mach number (i.e.,
velocity) contours in iso-value demonstrations. Field contours for pressure and Mach
number are prepared on the outlet (See Figure 3.13) region which is an example of
the plane of investigation defined in Section 3.3.4. A total number of 100 iso-lines
in between local maximum and minimum values of flow property are used to show
the regions where flow properties change. Since flow fields are to be compared with
analytical and experimental results to show their conformity, iso-lines are created in
grayscale without legends. The pressure ratio across the Mach stem is calculated by
using pressure values on the line created on the outlet. This manually formed line is
selected to be originated at the wedge intersection point, crosses the Mach stem on
its approximate mid-point, and extends towards the region where flow is not affected
by shock waves. A sample line for pressure ratio calculation on adapted outlet mesh
can be seen in Figure 3.16.

Figure 3.16. Demonstration of calculation line for pressure ratio
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3.5

Computer Source and Solution Durations

All solutions are done with a computer. Computer hardware is as given in Table 3.2.
Table 3.2 Computer source
Type /

:

Laptop / Lenovo ideapad Z580

RAM

:

8 GB DDR3

Processor

:

4 core (2 virtual), i5-3210M with 2.50 GHz max. speed

Disk

:

Solid-state drive

:

Windows 8.1

model

Operating
system

Average computing times are 90 seconds for analytical, 24 hours for numerical
solutions. It should be emphasized that numerical solutions are done by using MPI
algorithms which shorten the solution times by dividing the solution domain into
parts. By using MPI algorithms with two cores, numerical solutions are estimated to
last approximately two times shorter than serial (i.e., one core) solutions.
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CHAPTER 4

4

RESULTS AND DISCUSSIONS

This chapter is devoted to the comparison of analytical solutions with experimental
and numerical results and discussion of deviations in results.
Thirteen analytical and numerical studies are performed. Flow and geometrical
parameters of studies are summarized in Table 4.1.
Table 4.1 Flow and geometrical parameters
Mach

Ref. [17]

3

𝜃1 (°)
9.5

𝜃2 (°)
9.5

𝜆1 (°)
0

𝜆2 (°)
0

𝜈 (°)

Ref. [14]

3.17

12.2

12.2

0

0

90

A

4

10

10

3

10

90

B

5

10

5

0

0

90

C

3.17

12.2

3.5

0

0

90

D

3

5

5

30

25

90

E

3.5

10

15

10

5

80

F

4.5

15

15

15

15

70

G

2.5

5

7.5

10

0

90

H

3.25

4

15

5

10

90

I

2.25

8

6

0

0

90

J

2

7.5

7.5

0

0

90

K

1.5

3

5

5

5

90

Case #

number

90

To have an overall understanding of the validity of the proposed analytical method,
flow and geometrical parameters are altered in separate cases. Effects of the
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asymmetrical intersection of wedges, Mach number, and compression level of flow
are investigated. Asymmetrical intersection not only implies the difference in wedge
angles but only includes the change of sweep angles. Mach numbers of cases are
kept between 1.5 and 5. The degree of compression that the flow experiences is set
by changing the dihedral, sweep, and wedge angles and Mach numbers.
Results are presented under two main titles as flow field and pressure ratio across
Mach stem comparisons. For pressure ratio comparisons, values obtained from
analytical and numerical data are tabulated and percent difference based on
numerical data is calculated. Shock polar diagrams, pressure ratio curves along the
calculation line, and velocity and pressure contours from numerical results are given
in Appendices B, C, and D sections, respectively.

4.1

Comparison of Flow Fields

Flow field comparisons are done by demonstrating the results on a plane of
investigation (perpendicular to upstream velocity direction) by using velocity fields
for numerical solutions, by using the test data for experimental studies, and by using
the positions of Mach stem drawn on figures for analytical results. Flow field
presentations are made by using conical variables on the base of flow direction (+y).
Experimental, numerical, and analytical data are digitized manually over plots
presented in references and velocity contours prepared for each case.

4.1.1

Comparison of Flow Field with Experimental Data

Experimental results presented in Figure 2.4 for [14] and Figure 2.5 for [17] are used
for comparison purposes as Case Ref. [14] and Case Ref. [17].
In experiments, viscous effects are inevitably effective on flow structures as no
special measures were taken to suppress the formation of the boundary layer in
neither [14] nor [17] (see Section 2.4.1). Viscous effects were linked with boundary
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layer displacements and investigated as a function of Re number in [17]. According
to the outcomes of this study, flow field structures are expected to show little
dependency on Re number when Re number is beyond the threshold of the turbulent
flow for external flow. However, the opposite was shown to be true for smaller Re
numbers in both [14] and [17]. In other words, flow fields at which viscous effects
are more important (i.e., having smaller Re numbers), solutions with inviscid flow
assumption would deviate from experimental results.

Figure 4.1. Comparison of analytical and experimental result for Case Ref. [17]
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Figure 4.2. Comparison of analytical and experimental results for Case Ref. [14]

Indeed, a bigger difference is observed when the analytical results are compared with
experimental data at which the flow field is laminar as in Case Ref. [14] as
demonstrated in Figure 4.2. Analytical results are found to be closer to experimental
data where the flow field is turbulent and less prevailed by viscosity as in Case Ref.
[17] as shown in Figure 4.1.
It should be underlined that this outcome is expected for two additional reasons.
Firstly the variation of shock structures of laminar and turbulent flows was already
studied in [17] and stated that Mach stems were found at bigger distances to the
corner in laminar flow as given in Figure 2.6. Secondly, the analytical solutions
assume that the flow is inviscid. The flow approaches inviscid conditions as the Re
number increases. The Re number is also a direct indicator of the type of flow regime
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and turbulent flow is characterized by high Re numbers. Therefore, rather than a
laminar flow, a turbulent flow can be studied better with inviscid methods.

4.1.2

Comparison of Flow Field with Numerical Results

The analytical results are compared with numerical results obtained for all cases
defined in Table 4.1.
In Cases Ref. [17] and Ref. [14], the wedges are intersected symmetrically with zero
sweep and orthogonal dihedral angles. Mach numbers are moderate in both cases.

Figure 4.3. Comparison of analytical and numerical results for Case Ref. [17]
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A very good agreement is observed in the comparison of analytical results with
numerical ones for Case Ref. [17] although the position of Mach stem is found
slightly different, distant to the corner in numerical results. The comparison for Case
Ref [17] is given in Figure 4.3.

Figure 4.4. Comparison of analytical and numerical results for Case Ref. [14]

For Case Ref. [14], however, results show significant variations in both positions of
Mach stem and angles of slip lines as given in Figure 4.4. The numerical results
indicate that slip lines do not intersect at the corner. This is an unpredicted and
distinctive feature of the flow field as no similar structure is observed in numerical
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results of Case Ref. [17] and slip and wedges surfaces are assumed to intersect on
the same line in analytical solutions.
When two symmetrical cases are compared in terms of flow and geometrical
properties, higher wedge angles and Mach number are distinguished in Case Ref.
[14]. This means that the flow experiences higher compression in Case Ref. [14].
Thus, it can be concluded that analytical methods give less accurate results when the
compression becomes higher.

Figure 4.5. Comparison of analytical and numerical results for Case A

Case A has symmetrical wedge, orthogonal dihedral, small sweep angles, and
relatively high Mach number. Comparison of results given in Figure 4.5 indicates
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that good agreement is obtained. The distance of Mach stem to the corner is found
extended in numerical solutions. Nevertheless, the results are more coherent when
the conformity is checked with Case Ref. [14]. Thus, it can be concluded that the
increase in wedge angles rather than sweep is more effective on compression.

Figure 4.6. Comparison of analytical and numerical results for Case B

Case B has zero sweep, orthogonal dihedral, and asymmetrical wedge angles. Flow
has the highest Mach number selected for this study. Flow field structures are found
quite similar as given in Figure 4.6. Differently from other cases investigated, the
triangular region whose limits are slip lines and Mach stem is estimated bigger by
analytical methods. The directions of Mach stems seem to be parallel in both
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solutions. Therefore, it can be concluded that analytical methods are prospering in
terms of modeling the asymmetrical intersection of wedges for similar cases as in
Case B.

Figure 4.7. Comparison of analytical and numerical results for Case C

Case C has one of the most asymmetrical intersections of wedges when it is
compared with other cases. The flow and geometrical properties of Case C are
identical with Case Ref. [14] except for one wedge angle. Analytical methods give
comparable results with numerical solutions as given in Figure 4.7. Like Case B,
analytical solutions guess a bigger triangular zone for Case C. Nonetheless, Mach
stems are not parallel to each other. Therefore, it can be concluded that the
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asymmetry in the intersection of wedges affects the conformation of analytical and
numerical results adversely.

Figure 4.8. Comparison of analytical and numerical results for Case D

Case D has the highest sweep angles among other cases. Other properties of flow
and geometry are selected as moderate values. The positions of Mach stem and
incident shock waves are found a bit away from the corner in numerical solutions.
Though, the agreement between analytical and numerical results is evaluated as very
good since the similarity of the shape of flow structures is notable. The comparison
of analytical and numerical results can be seen in Figure 4.8.
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Figure 4.9. Comparison of analytical and numerical results for Case E

Case E is characterized by non-orthogonal dihedral, high wedge, and moderate
sweep angles. Together with Case F, Case E is one the cases where the flow is
compressed mostly. Mach number of the flow is selected for representation of
moderate flow speed. As given in Figure 4.9, the numerical solution indicates a
distant Mach stem from the corner and the intersection of slip lines not on the corner.
These findings are analogous with the ones of Case Ref [14]. The deviations between
analytical and numerical results can be evaluated in the same way with Case Ref [14]
as smaller dihedral angles increase the compression and the high compression is
pointed out to be a cause of deviation in between analytical and numerical results.
Yet, the results are similar in terms of wave structures and analytical results resemble
the flow structure adequately.
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Figure 4.10. Comparison of analytical and numerical results for Case F

In Case F, flow and geometrical parameters are selected to create the highest
compression among other cases. This is done by increasing the wedge and decreasing
the dihedral angles. It should also be underlined that the Mach number of the flow is
also high when compared with other cases. The effects of high compression are
already defined and discussed in Cases Ref [14] and E. However, further deviations
between analytical and numerical results are obtained for Case F as given in Figure
4.10. Besides a distant Mach stem from the corner, slip lines are found curved in
numerical solutions. Curved slip lines are distinctive outcomes of vortices. Indeed,
vortices can be identified clearly on velocity contours of numerical solutions given
in Figure 5.46. It should also be emphasized that the numerical solutions demonstrate
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dense pressure contours in the Mach stem region. Together with apparent vortices,
this indicator shows that the flow regions are found remarkably different in
numerical solutions and zone descriptions given in Section 2.1 may not be valid or
sufficient to describe the flow structure in Case F. As a result, despite other highly
compressed cases, analytical results deviate from numerical results significantly in
this case. Still, the positions of incident shock waves are found with great accuracy
by analytical methods. Thus, it should be underscored that deviations of flow
structures in the Mach stem region affect the close region of the corner and have no
direct influence on outer zones of flow.

Figure 4.11. Comparison of analytical and numerical results for Case G
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Case G has a relatively low Mach number when compared with other cases. Wedge
angles are kept small and mildly asymmetrical whereas the dihedral angle is kept
orthogonal. Sweep angles are also asymmetrical. The comparison of analytical and
numerical results is given in Figure 4.11. This comparison shows that both methods
indicate very similar results. Therefore, for similar flow parameters, flow structures
can be found with very good accuracy with analytical methods.

Figure 4.12. Comparison of analytical and numerical results for Case H

Flow and geometrical properties of Case H are selected to create another
asymmetrical intersection case. To have such a condition, wedge and sweep angles
are adjusted accordingly. The dihedral angle is chosen as orthogonal. The most
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distinguishing property of Case H is that only one reflected shock polar curve can be
prepared because the subsonic flow is expected after one incident shock wave on the
characteristic plane. The shock polar curve for Case H is given in Figure 5.22 It
should be noted that shock polar curves can only be prepared for initially-supersonic
flow. The comparison of results shows that good agreement is obtained between
analytical and numerical solutions. The differences are already discussed as in Cases
B and C and comments on asymmetrical intersection are also valid for Case H.
Furthermore, it should be emphasized that the analytical solution gives coherent
results even in the case for which the preparation of shock polar curves is not
possible.

Figure 4.13. Comparison of analytical and numerical results for Case I
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Case I is an example of an asymmetrical intersection of wedges with zero sweep and
orthogonal dihedral angles with a relatively low Mach number, like Case G. The
comparison for Case I shows the perfect agreement of analytical results with
numerical ones as shown in Figure 4.13.

Figure 4.14. Comparison of analytical and numerical results for Case J

Case J represents a low Mach number and symmetrical intersection case with zero
sweep and orthogonal dihedral angles. The comparison of results is given in Figure
4.14. Like Case Ref. [17], the analytical results give accurate estimations on
positions of wave structures for Case J. A slightly broader triangular region is
predicted by numerical solutions indicating mildly curved slip lines and distant Mach
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stem from the corner. As the quality of numerical and analytical results are
comparable, overall accuracy is evaluated as acceptable.

Figure 4.15. Comparison of analytical and numerical results for Case K

Case K has the minimum Mach number among the studied cases. As a result of it,
Mach stem is formed at a greater distance from the corner when it is compared with
other cases even though very small wedge angles are selected for Case K. Positions
of the Mach stem and the incident shock waves are found in good agreement,
however, a bigger triangular zone is calculated by numerical solutions as given
Figure 4.15. In addition to the reasons mentioned above, several other reasons may
explain the deviation. Firstly, the computational domain is kept almost two times
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bigger in volume (7.5𝑥7.5 𝑚𝑚 at the inlet instead of 5𝑥5 𝑚𝑚, see Section 3.4.1) as
incident shock waves have higher shock wave angles and their intersection is

calculated to be at around 1 in terms of conical coordinates 𝑍⁄𝑌 and 𝑋⁄𝑌. Due to
this reason, mesh adaptation could be made five times instead of six as in other cases.

Hence, the necessary resolution of mesh might not be acquired. Secondly, the slip
lines (the one on the right especially, see Figure 5.51) are barely detected and not
distinct as in other cases. Thus, its exact position may be determined wrongly.

4.1.3

Comparison of Flow Field with Analytical Results

The problem defined in Case Ref. [17] was used as a validation case by Xiang et al
also and the conformity of their analytical results was compared with both numerical
and experimental results in Fig. 8 of [31]. Their analytical results are taken from
[31], digitized, and compared with the analytical results obtained for this study. The
comparison of analytical results is given in Figure 4.16.
The positions of Mach stems are found different. The Mach stem is located further
afield from the corner in [31]. It is surprising to obtain dissimilar results since both
solutions are based on the principles of the spatial-dimension reduction technique.
Moreover, it is also unexpected to see that the same Mach numbers for Mach stems
are found in both solutions (1.84 for both, see [31, p. 1477] and Figure 5.9). As the
solution steps and intermediate results are neither given in [31] nor in any references
containing the same information such as [29], it is not possible to figure out the
discrepancy. Still, it is reasonable to expect that an analytical solution should be in
better agreement with an inviscid numerical solution rather than the experimental
data. This hypothesis also explains the deviation of analytical results from
experimental data and almost perfect fit of them with the numerical solutions for
Case Ref. [17]. However, the opposite was shown to be true in Fig. 8 of [31]. In other
words, analytical results were in better conformity with experimental data. Thus,
there is a contradiction that can not be enlightened with the information available.
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Figure 4.16. Comparison of analytical results for Case Ref. [17]

4.2

Pressure Ratios Across Mach Stem

Mach stem calculations are compared by pressure ratios across Mach stem via
numerical and analytical solutions.

𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 (%) = 100
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𝜁𝑚 − 𝜁𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙
𝜁𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙

(48)

Difference percents are calculated as given in Equation (48). 𝜁𝑚 is already defined
in Equation (39) and demonstrates the pressure ratio across Mach stem found by

analytical methods. 𝜁𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 defines the pressure ratio across Mach stem found by
numerical methods (see Section 3.4.3.5 for details).

No pressure data which was used during the preparation of Figure 2.4 is presented
in [17]. Although pressure measurements were presented in [14], they are
demonstrated in the form of static to total pressure ratios. As total and static pressure
both change after a shock wave, this pressure ratio information cannot be used for
comparison of shock strength across Mach stem. Nevertheless, no information of
static and/or total pressures on the plane of investigation is provided. Therefore,
pressure ratio comparisons for Cases Ref. [17] and [14] are done by using numerical
and analytical solutions.
Pressure ratio differences are given in Table 4.2. Flow field determination should
include physical properties of Mach stem region (triangular zone whose limits are
slip lines and Mach stem) besides its shape and displacement which are already given
in discussed in previous sections. Table 4.2 indicates that pressure ratio across Mach
stem can be found with approximately 2 ± 10 % difference by analytical methods

when compared to numerical solutions. The difference is increased as the
intersection of wedges becomes asymmetrical which is the condition for Cases C and
H. It is also shown that for cases whose flow fields can be approximated poorly with
analytical methods such as Case F, pressure ratio findings are still satisfactorily
close. Such an agreement proves the applicability of the method used.
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Table 4.2 Comparison of pressure ratios across Mach stem
Case #

Numerical

Analytical

Difference (%)

Ref. [17]

3.695

3.786

2.463

Ref. [14]

4.778

4.709

-1.444

A

4.773

4.783

0.210

B

4.889

5.210

6.566

C

3.353

3.783

12.824

D

2.077

2.042

-1.685

E

5.593

5.508

-1.520

F

9.407

8.794

-6.516

G

2.445

2.570

5.112

H

3.671

4.058

10.542

I

2.543

2.636

3.657

J

2.465

2.479

0.568

K

1.632

1.629

-0.184

In several studies [29, 31], the analytical results are compared with numerical
solutions in terms of Mach stem velocity. However, pressure ratios across Mach stem
are preferred in this work. Instead of performing unsteady numerical solutions as in
[29, 31], steady numerical solutions are done. As a result, the velocity of the Mach
stem cannot be obtained directly from numerical solutions. Therefore, the accuracy
of analytical results should be tested in terms of other flow properties than velocity.
On the other hand, the analytical method approximates the steady-state problem as
if it is pseudo-steady by doing the Galilean transformation characteristic plane. Thus,
a virtual velocity component is calculated which represents the Mach stem velocity
in the characteristic plane. Mach stem velocity can be used to find the pressure ratios
across Mach stem itself since static properties of flow do not change with Galilean
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transformation. Thus, pressure ratio comparison is chosen to be convenient with both
numerical and analytical solution procedures.

4.3

Discussion of Results

Types of reflections (i.e., interaction) are found by using shock polar analysis in the
characteristic plane. Estimated types are found to be consistent with both
experimental and numerical findings. Thus, shock polar analysis for the
determination of interaction type can be used for corner flow problems. Shock polar
curves for cases are given in Appendix B.
Triple point trajectories are assumed to form slip lines when MR occurs. This
assumption is validated by numerical solutions by comparing the velocity and
pressure field on the plane of investigation. Slip lines are also called entropy waves
and in the 3D domain, they create surfaces originating at the point of the crosssection of two wedges. Across slip surfaces, continuous pressure and discrete
velocity fields are expected. Since numerical solutions are obtained by using mesh
adaptation based on velocity gradient, iso-pressure lines should cross the iso-velocity
lines if a slip surface exists. In addition, changes in basic characteristics of isolines
can also be associated with such formation. Indeed, in the region where slip lines are
expected to be seen, both situations are observed. Except for the region whose
boundaries are reflected shock waves, Mach stems, and wedge surfaces, pressure and
velocity field are found quite similar. Inside this region, however, an abrupt change
in velocity field is captured which resembles a planar surface in most cases. But, the
pressure field does not indicate a sharp change. Therefore, it can be concluded that
slip lines (i.e., surfaces in the 3D domain) are generated in the flow field and findings
from analytical and numerical solutions are similar in most cases.
In studies on corner flow problems, it is common to classify the flow structures
according to their conical invariance. Being conically invariant (or simply conical)
for corner flow problems defines that the flow properties would not vary if space
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variables were non-dimensionalized by the undisturbed flow direction. In other
words, flow structures are observed at the same dimensionless positions on any plane
perpendicular to the upstream flow direction if the problem is conically invariant.
Several researchers [14, 16, 17] have been used this classification to identify the
characteristics of interaction as dominated by inviscid or viscous effects. As flow
structure is found conically invariant in a corner flow problem, this means that the
inviscid structure of interaction is dominant and viscous effects can be neglected. In
this work, flow is assumed to be inviscid in both analytical and numerical solutions
(see Section 3.1). This assumption indicates that analytical and numerical solutions
are also conically invariant. By using this condition, the numerical solution domain
can be kept small. Likewise, one analytical solution to determine the flow structure
on a plane of investigation is sufficient to determine the properties of the whole flow
field. On the other hand, inviscid numerical and analytical solutions should be
expected to deviate from real conditions as the flow becomes less conical.
Numerical solutions are made with geometrical and flow parameters which are found
to create a Mach type reflection for all cases. This selection was done on purpose
due to two main reasons. Firstly, the Mach reflections are more common in real flight
conditions because they begin to form when the deflection of flow is above a certain
angle. Approximate wedge angle limits for different Mach numbers are given in
Table 4.3. A similar discussion was also made in [21] and the limit angles of wedges
for symmetrical intersection are given as a function of upstream Mach number on a
graph. An adaptation of this graphic demonstration can be seen in Figure 4.17. It is
less than 4⁰ for most of the cases. It should also be emphasized that an increase in
sweep angle also increases the possibility of MR formation. Secondly, in the case of
RR formation, the solution procedure becomes simpler because no Mach stem
calculations are needed for flow field determination and all the flow parameters can
be obtained from shock polar curves prepared for the characteristic plane.
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Figure 4.17. Maximum symmetrical wedge angle for RR / adapted from [21]

Table 4.3 Limits of wedge angles for RR formation
Mach

1.5

𝜃1 = 𝜃2 (°)

2

3.75

3

4.25

4

3.80

5

3.40

number

2.40

𝜆1 = 𝜆2 (°)

𝜈 (°)

0

90

The outcome of analytical results demonstrates that calculated flow fields are
qualitatively similar in terms of Mach stem, slip line, and incident shock wave
locations with both numerical and experimental data. Thus, the “characteristic
skeleton of wave structures [14, p. 488]” can successfully be obtained by analytical
methods.
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It is shown that analytical results give very close solutions with most of the numerical
solutions. However, in some cases, the location of the Mach stem was found closer
to wedge surfaces and narrower in analytical solutions than numerical solutions. In
addition, in those cases, slip lines show curved structures rather than linear and
intersect at a point above the wedge intersection line. This situation can be explained
by vorticity which can be produced by a strong compression region between reflected
shock wave and slip lines. A vortex generation in the region between reflected shock
and slip lines would result in a stretched region (See Figure 2.2, region 2 for the
mentioned zone). Thus, a wider and distant Mach stem and curved slip lines (i.e.,
triple point trajectories) would be expected. Indeed, the presence of vortices was
reported by Watson and Weinstein in [16] and vortex structures were visualized by
several experimental techniques (by using pressure data and electron beam
photographs of [16, p. 1282]). In addition, it should be emphasized that vortex
generation in the close region of the corner was observed for Re number (3.7 𝑥 106 )

above limit defined in [17] which was 3 𝑥 106 . Therefore, it is reasonable to explain
the above-mentioned deviation by vortex generation even though it was reported that
in turbulent cases, only weak vortex structures were observed ( [17, p. 656] ). A

similar consideration was also expressed in [14]. Charwat and Redekeopp stated that
slip surfaces create an apparent cross-stream vorticity gradient, and such an effect
should be regarded for an accurate analysis of the corner flow problem.
The basics of the spatial-dimension reduction technique are used in this study. It is
expected to see very similar or the same results for analytical solutions executed by
different sources. However, a surprising difference was shown and discussed in
Section 4.1.3. When solution methodology and equations which are available in the
literature are investigated, it is realized that the slip line angles are found by using
different equations. Equations (49) and (50) are taken from [28, 31] and adapted for
their consistency with the present study. The equations which are used for the present
study were given in Equations (37) and (38) in Section 3.3.3.
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tan(𝜒1 ) =

𝑀𝑚 + sec (𝜂 + 𝜃𝑤2 )𝑀𝑠2
−tan (𝜂 + 𝜃𝑤2 )𝑀𝑚

tan(𝜒2 ) =

(49)

𝑀𝑚 − sec (𝜃𝑤2 )𝑀𝑠2
tan (𝜃𝑤2 )𝑀𝑚

(50)

The equations seem distinctive. However, a moving shock wave diffracted by a
wedge problem can be solved by using ray-shock solution methods which are based
on the geometric relations between upstream and diffracted shock waves. Therefore,
the discrepancy can be understood better by comparison of individual results. The
slip line angles calculated by Equations (37), (38) and Equations (49), (50) are
compared for selected cases and given in Table 4.4.
Table 4.4 Comparison of slip line angles found by different equations
Equations (37), (38)
Case #

Equations (49), (50)

Ref. [17]

𝜒1 (°)
3.453

𝜒2 (°)
3.453

𝜒1 (°)
3.453

𝜒2 (°)

B

6.591

0.946

22.785

0.949

C

7.496

0.322

29.130

0.326

D

3.226

3.681

2.410

3.674

H

0.378

11.101

-17.827

11.127

3.453

When Table 4.4 is investigated, it is apparent that when the interaction becomes
asymmetrical, the dissimilarity in findings for the first slip lines increases. However,
the angles of the second slip lines are found very close by Equations (37) and (50)
for all the cases. Such a condition may be explained by a typo made when Equation
(49) was being defined. Indeed, the difference found for the first slip line angle
disappears when the term 𝑀𝑠2 in Equation (49) is changed with 𝑀𝑠1 . Therefore, it
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can be concluded that both equations are valid, however, the second slip line angle
is not defined correctly in [28, 31].
By following the outcomes of the cases studied, it can be stated that the analytical
methods are applicable up to the separation point of incident shock waves as
equations used for analytical methods diverge beyond this point. The separation
point defines the maximum angle of deflection (i.e., wedge) before the shock wave
detaches from the edge and a bow shock occurs. This point can be found by reading
the highest possible deflection angle on the shock polar curves. It should be noted
that it is a function of the Mach number and increases as the Mach number rises. In
other words, analytical methods have a broader application range for higher Mach
numbers. However, it should be kept in mind that as the compression of flow
increases, analytical solutions become less accurate as discussed in previous
sections. Moreover, to identify the limits of the applicability of the analytical
methods, a more comprehensive study must be performed. This could be done by
changing only one variable at once and by defining the acceptable deviations of
analytical results from numerical ones. These are left as further work and kept out of
the scope of this study.
It is realized that in some cases, incident shock waves show curved structures in
numerical solutions. Due to this curvature, a discrepancy between analytical and
numerical solutions is observed. In addition to curved shock waves, velocity and
pressure gradients are also distinguished in contour plots. It is uncommon to see such
a shock wave shape since all the geometrical properties are defined as lines and
planes. Similarly, no gradient in flow properties is expected in those regions. This
condition is observed because of the symmetry boundary condition defined for the
outer surfaces of the computation domain. Since symmetry condition forces the
derivative of flow properties to be diminished at boundaries, shock waves must be
normal to outer surfaces. When sweep and dihedral angles are other than 0 and 90⁰,
incident shock waves cross the outer boundary with angles other than normal, and
that difference is observed in such cases. Thus, this curvature is fictitious and not
correct in physical means. This problem can be overcome by using non-reflecting

79

type boundary conditions instead of symmetry or moving the outer boundaries far
away. Outcomes of numerical solutions presented are still useful since no direct
effect of forced boundary condition is observed in the Mach stem region. This is
determined by checking the conformity of incident shock waves in close regions of
Mach stem for analytical and numerical solutions in flow field demonstrations.
Therefore, this inconvenience is neglected.
Solution duration for analytical methods is longer than expected. When analyzed, it
is recognized that two main solution steps significantly prolong the solution interval.
These solution steps are the preparation of shock polar diagrams and the solution of
Mach stem (i.e., C.C.W. solution) equations. Shock polar diagrams are based on
pressure ratio values for deflection angles. Since polar diagrams can be formed as a
function of shock angles for both pressure ratios and deflection angles, shock polar
diagrams are generated by using point values found for every increment of possible
shock wave angles. Thus, smaller increments result in longer times. During the
solutions, 100 increments are used for shock angle intervals. During the solution of
equations for Mach stem, a numerical trial-and-error method whose acceptance
criteria was determined as 0.01⁰ for Equations (34), (35), and (36) is used. This
method is found easier than the analytical definition of equations since exponential
and integral definitions are done for equations to be solved. During the trial-anderror procedure, increment of change of input parameter (i.e., the velocity of Mach
stem) is decreased as a smaller difference for acceptance is found. Thus, an adaptive
approach is used to lessen the solution time. However, it is still time-consuming and
spends approximately two-thirds of the total solution time. Total iterations needed
for the solution of C.C.W. equations are between 30 to 40 for the required accuracy
level.
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CHAPTER 5

5

CONCLUSION AND FURTHER WORK

In this study, a series of analytical solutions based on the “spatial-dimension
reduction” method defined by Yang et al are done for three-dimensional SSI
problems. Analytical solution procedure with assumptions and simplifications is
defined in detail. Numerical solutions are also obtained for comparison purposes
with both analytical and existing experimental data. The accuracy of the analytical
model is determined by comparing the results with experimental, numerical, and
analytical data. Comparison is done qualitatively for flow field shape and
quantitatively for pressure ratio across Mach stems. Analytically-calculated flow
fields and gathered experimental, numerical, and analytical data are visualized and
presented in dimensionless coordinates and the pressure ratio across Mach stem
results are tabulated. Differences and deviations of results are explained with
possible reasons and commented on. It is concluded that the analytical solution
method presented in this work can be used successfully for flow field determination
(i.e., the position of Mach stem, slip lines, and incident shock waves) the cases where
compression effects are small to moderate. For cases with strong compression,
vortex structures may be formed and due to this reason, the flow field estimations
may become less accurate. Nevertheless, pressure ratio calculations across the Mach
stem of analytical methods give results with differences of 2 ± 10 % when compared

with numerical methods and no increase in deviation is apparent for cases with strong
compression effects being dominant.
Future work that can be done are listed as follows:
1- The solution time for the analytical solution is approximately 90 seconds.
Although it is already short when compared with other solution methods, it
is not optimized for pace. When optimized, solution time is estimated to be
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between 5 to 15 seconds. Thus, it can be shortened by improving the solution
techniques used.
2- Inviscid solutions can be improved by the addition of vorticity and boundary
layer displacement equations which can increase the accuracy of detection of
slip lines and Mach stem structures.
3- Solutions on the characteristic plane can be extended for reflected shock
waves and their demonstration of the plane of investigation.
4- A detailed investigation can be performed to study the effects of change of
geometrical or flow parameters. To do such work, a parametric input should
be done to code. By using the results of such a work, a flow regime may be
proposed to an aircraft for required flow properties in its air duct. Similarly,
the preliminary design of an air duct whose requirements are already defined
can be done by using the results of this work.
5- The applicability limits of the analytical methods can be determined by doing
comparisons with numerical results. For this purpose, the effects of change
of every variable which are defined as the wedge, sweep, dihedral angles, and
Mach number should be investigated independently.
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APPENDICES

A. Sample Calculations for Analytical Solutions
Analytical solutions are done by using SMath Studio Desktop 0.99.7822. SMath
Studio is free software that can be downloaded directly from its website. Its design
and language resemble commercial software MathCAD. In addition to the built-in
solver library, other solvers developed or found can be used as plug-ins. Owing to
its paper-like GUI, the presentation and debugging of coding is easy.
Screenshots from sample calculations for analytical solutions of [17] are given from
Figure 5.1 to Figure 5.12.
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Figure 5.1. Screenshot of analytical solution procedure / 1
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Figure 5.2. Screenshot of analytical solution procedure / 2
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Figure 5.3. Screenshot of analytical solution procedure / 3
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Figure 5.4. Screenshot of analytical solution procedure / 4
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Figure 5.5. Screenshot of analytical solution procedure / 5
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Figure 5.6. Screenshot of analytical solution procedure / 6
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Figure 5.7. Screenshot of analytical solution procedure / 7
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Figure 5.8. Screenshot of analytical solution procedure / 8
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Figure 5.9. Screenshot of analytical solution procedure / 9
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Figure 5.10. Screenshot of analytical solution procedure / 10
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Figure 5.11. Screenshot of analytical solution procedure / 11
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Figure 5.12. Screenshot of analytical solution procedure / 12
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B. Shock Polar Diagrams for Solutions
Shock polar curves are given from Figure 5.14 to Figure 5.25 for studied cases.

Figure 5.13. Shock polar curves for Case Ref. [17]
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Figure 5.14. Shock polar curves for Case Ref. [14]

Figure 5.15. Shock polar curves for Case A
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Figure 5.16. Shock polar curves for Case B

Figure 5.17. Shock polar curves for Case C
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Figure 5.18. Shock polar curves for Case D

Figure 5.19. Shock polar curves for Case E
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Figure 5.20. Shock polar curves for Case F

Figure 5.21. Shock polar curves for Case G
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Figure 5.22. Shock polar curves for Case H

Figure 5.23. Shock polar curves for Case I
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Figure 5.24. Shock polar curves for Case J

Figure 5.25. Shock polar curves for Case K
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C. Pressure Ratios Along Calculation Lines
Pressure ratios along calculation lines are given from Figure 5.26 to Figure 5.38 for
studied cases. Absolute pressure values are normalized with ambient pressure which
is defined in Section 3.4.3.2 as 80 𝑘𝑃𝑎. The abrupt change in pressure ratio indicates
shock wave existence which is Mach stem in such cases. The selection of calculation
lines can be seen in Figure 3.16. Pressure ratio across Mach stem is found by using
the highest value in the proximity of abrupt decrease in pressure.

Figure 5.26. Pressure ratios for Case Ref. [17]
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Figure 5.27. Pressure ratios for Case Ref. [14]

Figure 5.28. Pressure ratios for Case A
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Figure 5.29. Pressure ratios for Case B

Figure 5.30. Pressure ratios for Case C
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Figure 5.31. Pressure ratios for Case D

Figure 5.32. Pressure ratios for Case E
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Figure 5.33. Pressure ratios for Case F

Figure 5.34. Pressure ratios for Case G
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Figure 5.35. Pressure ratios for Case H

Figure 5.36. Pressure ratios for Case I
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Figure 5.37. Pressure ratios for Case J

Figure 5.38. Pressure ratios for Case K
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D. Velocity and Pressure Contours from Numerical Solutions
Velocity and pressure contours are prepared by using the numerical solutions and
given from Figure 5.39 to Figure 5.51 for studied cases.

a)

b)

Figure 5.39. Contours of Case Ref. [17] for Mach number (a) and pressure (b)

115

a)

b)

Figure 5.40. Contours of Case Ref. [14] for Mach number (a) and pressure (b)

a)

b)

Figure 5.41. Contours of Case A for Mach number (a) and pressure (b)
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a)

b)

Figure 5.42. Contours of Case B for Mach number (a) and pressure (b)

a)

b)

Figure 5.43. Contours of Case C for Mach number (a) and pressure (b)
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a)

b)

Figure 5.44. Contours of Case D for Mach number (a) and pressure (b)

a)

b)

Figure 5.45. Contours of Case E for Mach number (a) and pressure (b)
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a)

b)

Figure 5.46. Contours of Case F for Mach number (a) and pressure (b)

a)

b)

Figure 5.47. Contours of Case G for Mach number (a) and pressure (b)
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a)

b)

Figure 5.48. Contours of Case H for Mach number (a) and pressure (b)

a)

b)

Figure 5.49. Contours of Case I for Mach number (a) and pressure (b)

120

a)

b)

Figure 5.50. Contours of Case J for Mach number (a) and pressure (b)

a)

b)

Figure 5.51. Contours of Case K for Mach number (a) and pressure (b)
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