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ABSTRACT

DETERMINATION OF ELASTIC PROPERTIES OF POLYMER
NANOCOMPOSITES USING EMBEDDED ELEMENT METHOD

Altay, Aysu Elif
Master of Science, Aerospace Engineering
Supervisor : Assoc.Prof. Dr. Ercan Giirses

February 2022, 98 pages

Composites are preferred in different industries due to their high strength and
lightness. Carbon nanotube (CNT) reinforced polymer composites are preferred
composites due to their superior mechanical properties. CNTs in the material
increase the stiffness of the structure positively, but the presence of CNTs makes
the structure heterogeneous. The objective of this study is to determine the effective
elastic properties of polymer nanocomposites using the embedded element method.
Due to their nanosize, finite element analysis of CNT reinforced polymer
nanocomposites requires high computation power. In the embedded element method,
the finite element mesh of the CNTs and the matrix do not need to be compatible,
which provides convenience in modeling. Hence, the embedded element method,
which is one of the modeling techniques of the Abaqus software, is selected in this
study. Representative Volume Elements (RVES) are generated, and computational
homogenization analyses are conducted using the embedded element method. The
results of the conventional finite element method and the embedded element method
are compared. Since a single CNT in the heterogeneous structure does not accurately
represent reality, models containing randomly-placed and randomly-oriented CNTs

are created. The effect of small aggregation on the homogenization process is studied



since CNTSs tend to agglomerate due to their inherent nature. Finally, the number of
minimum CNTs required in computational homogenization is determined by a
numerical convergence study. Commercial finite element program Abaqus is used
for all analyses in this study, and Python software is utilized to compute

homogenized properties and generate RVES.

Keywords: Finite Element Analysis, Composites, Embedded Element Method,

Representative VVolume Element, Carbon Nanotube
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GOMULU ELEMAN YONTEMIi KULLANILARAK POLIMER
NANOKOMPOSITLERIN ELASTIK OZELLIKLERININ
BELIiRLENMESI

Altay, Aysu Elif
Yuksek Lisans, Havacilik ve Uzay Miihendisligi
Tez Yoneticisi: Dog. Dr. Ercan Gurses

Subat 2022, 98 sayfa

Kompozitler yliksek dayanim ve hafif olmalar1 nedeniyle degisik endiistrilerde tercih
edilmektedir. Karbon nanotiip (KNT) ile gii¢lendirilmis polimer kompozitler de
yapiya sagladiklar1 avantajlar sebebiyle tercih edilen kompozitlerden bir tanesidir.
Malzemedeki KNTler yap1 dayanimini olumlu yonde arttirmaktadir, fakat KNTlerin
varligi yapiyr heterojen hale getirmektedir. Bu caligmanin temel amaci, gomuli
eleman yontemini kullanarak polimer nanokompozitlerin elastik 6zelliklerinin
belirlenmesidir. KNTlerin nano boyutta olmasi, KNT i¢eren kompozit analizleri igin
yiiksek bilgisayar giicii gerektirir. Gomiilii eleman yonteminde KNTlerin digiim
noktas1 ile matris digim noktasinin cakismasi gerekmemektedir, bu da
modellemede kolaylik saglamaktadir. Bu yiizden Abaqus programinin modelleme
tekniklerinden biri olan gémiilii eleman yontemi kullanilmigtir. Malzemeden alinan
Temsili Hacim Elemani (THE) kullanilarak hesaplamali homojenizasyon analizleri
yapilmistir. Geleneksel sonlu elemanlar yontemi ile gdmuli eleman ydnteminin
sonuglar karsilastirilmistir. Heterojen yapi igersinde bulunan tek bir KNT tum
modeli tam olarak temsil etmediginden, rastgele yerlestirilmis ve rastgele
yonlendirilmis KNT iceren modeller olusturulmustur. KNTler yapilari nedeniyle

kiimelenme egiliminde olduklarindan, olusabilecek klgik kimelenmenin

vii



homojenlestirme islemi tizerindeki etkisi incelenmistir. Son olarak, sayisal bir
yakinsama calismasi ile hesaplamali homojenlestirme i¢in gereken minimum KNT
sayist belirlenmistir. Bu c¢alismadaki tiim analizler igin Abaqus programi
kullanilmigtir. Homojenlestirme, model olusturma ve rastgelelik gibi islemler igin

ise Python yazilimindan yararlanilmistir.

Anahtar Kelimeler: Sonlu Eleman Analizi, Kompozit, GGmUlu Eleman Yéntemi,

Temsili Hacim Elemani, Karbon Nanotiip
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CHAPTER 1

INTRODUCTION

1.1 Overview

Composite materials are widely used in different industries such as aerospace,
automotive, marine, construction, electrical components. Effectivity of the
composite structures is promising for future technology. Composite structures are
made of two or more materials to produce new material with better quality. They
utilize desired properties of each subcomponent such as improved strength, stiffness,
lightweight, conductivity, thermal resistance, ultraviolet sustainability. Composites
are comprised of matrix and reinforcement material. Both of these subcomponents
have different advantages. For instance, the matrix material provides lightweight,
and reinforcement supplies strength. If they are used separately, the matrix material
is not enough in terms of strength, and reinforcement does not provide lightweight.
By including reinforcement in a matrix, both of the properties are utilized.

In structural components, generally, fiber-reinforced composites are used. Fiber-
reinforced composites usually have thermoplastic or thermoset matrices. Carbon,
glass, or aramid fiber is used as a reinforcement material. Reinforcement materials
can be aligned through the entire matrix. Matrix and reinforcement decide the
general characteristic of the composites. At this point, carbon nanotubes are superior
reinforcement materials used in composite structures. Carbon nanotubes (CNT) are
highly stiff materials, and they provide lightweight. Their diameter to length ratio
changes from 5 to 10°. This property provides excessive strength in the fiber length

direction. In 1991, lijima discovered this promising material [1].



CNTs are basically rolled-up graphene sheets. They are allotropes of carbon, and
their diameter dimensions are in nanometers. They exhibit unusual mechanical and
electronic properties such as extraordinary strength, high aspect ratio, lightweight,
fast electron transfer, and semiconducting characteristic. They are classified
according to the number of walls they have. These are single-walled CNTs
(SWCNT), double-walled CNTs (DWCNT) and multi-walled CNTs (MWCNT).
SWCNT, and MWCNT can be seen in Figure 1.1.

0.5t0 1.5nm >100nm
Figure 1.1 Overview of SWCNT and MWCNT [2]

In different fields of technology, CNT reinforced composites are used to utilize their
superior properties. For example, The Boeing Company has a patent related to the
use of CNT for structural health monitoring. It is stated that structural defects can be
detected by the piezoresistivity of CNT [3]. In marine technology, Zyvex
Technologies produced a boat called Piranha Unmanned Surface Vessel, built from
CNT reinforced composite. Also, they are in cooperation with Easton Sports for CNT
enhanced products in sports such as baseball bats [4][5]. Considering the features of
CNT, these examples show that CNTs will have an influence on future technology

in many fields.



1.2 Motivation

It can be seen that CNT reinforced composites will be used in different fields of
technology in the future. If we focus on the structural advantages of CNT, they
provide extraordinary stiffness and are lightweight at the same time. This is one of
the most desired design criteria for a structure. To be able to use this nanomaterial in
the industry, it is necessary to comprehend how a material reacts under different load
cases. Unknown mechanical properties do not satisfy safety requirements, and that
makes material out of favor. This means that one needs to focus on mechanical

properties.

The synthesis of CNT material can be made in different ways: arc-discharge
synthesis, laser ablation and chemical vapor deposition [6]. Unidirectional aligning
of CNT in the matrix is hard to produce since they have a high aspect ratio and
agglomeration tendency [7]. Instead, CNTs can be used to strengthen the structure
by adding them as chopped. Chopped CNT materials make composite
heterogeneous, and unlike homogeneous materials, it is more complicated to decide
its mechanical properties. The heterogeneous structure of CNT reinforced
composites is the starting point of this study. A proper approach is needed to
determine the mechanical properties of these composites. The motivation of the
study is to find a reliable, effective, and handy way for finite element analysis of

CNT reinforced composites.

1.3 Objective

Mechanical properties of the isotropic and homogeneous materials are easier to
determine, and these materials are more straightforward to analyze. However, this is
not the case for heterogeneous materials. Chopped CNTSs are dispersed in the matrix,
and dispersion makes them heterogeneous. Average mechanical properties can be

used to analyze this heterogeneous material.



In this study, the average mechanical properties of the CNT reinforced composites
are studied. To this end, various representative volume elements (RVES) are
considered. Then a computational homogenization procedure is performed using
different RVEs. The random sequential adsorption (RSA) method is used for CNT
distribution in a matrix [8]. The embedded element (EE) method is used to ease these
calculations. Simulia Abaqus/CAE software is chosen for finite element analysis
(FEA), and Python programming language is mainly preferred for RVE generation
and post-processing calculations.

In summary, the main objective of this study is the computational homogenization
of the CNT reinforced composites and to find reliable mechanical properties by using
the EE method.

1.4 Literature Review

1.4.1 Representative Volume Element

There are various studies for the analysis of heterogeneous materials in the literature.
Components of heterogeneous material should be analyzed first to understand the
material behavior. Previously, CNT composites were modeled based on molecular
dynamics by many researchers. However, MD simulations have some restrictions,
such as complex formulations, computational effort, and a huge number of atoms
[9]. As an alternative, an RVE, a small portion of the heterogeneous material, can be
considered to represent the entire composite material. RVE properties are significant
for homogenization. The RVE shape, the RVE size, the number and placement of
fibers should be chosen wisely. For this reason, different shapes of RVE should be
checked. In [10], three different possibilities, square, cylindrical and hexagonal
RVEs, were chosen to find effective mechanical properties. It was stated that
cylindrical RVEs are in a tendency to overestimate the mechanical properties. Also,
it was reported that a small amount of CNT addition (1% by weight) causes stiffness
to increase between 36% to 42% [10]. Another concern is how to construct the



components of the RVE model. Hu et al. [11] constructed fibers as beam elements.
In addition to that, 3D eight-noded brick element was suggested for modeling of

inclusion so that consistency of the results could be achieved.

Odegard et al. [12] took advantage of the RVE model for CNT reinforced
composites. They checked the effect of different orientations and concentrations.
They observed that aligned fibers gave more stiffness to the structure compared to
the random distribution. Also, increasing concentration (from 0% to 1%) provided

increasing stiffness in material properties in their study.

Liu et al. [13] proposed an RVE model to evaluate the mechanical properties of
CNTs. Three different load cases which depend on elasticity theory were suggested
for analysis. They studied different volume fractions and lengths (short and long) of
CNTs to examine the difference. They also claimed that RVE model results are

compatible with experimental results.

Chen et al. [10] studied three different RVESs to comprehend the RVE shape effect.
In addition to this, short and long fibers were considered. Short CNTs refer to the
CNTs which are embedded in the matrix, and long CNTs are placed along the whole
length of the RVE. In the article, axial and lateral uniform loads were applied as
boundary conditions to achieve effective material properties. It is stated that both
short and long CNTs showed reliable results compared with the rule of mixtures

results.

To generalize RVE properties to the whole structure, Hu et al. [14] suggested
utilizing the average results of several RVEs. Similarly, they applied three different
loads to reach effective properties. Thereafter, RVE was divided into small cubics to
place fibers inside the matrix. They used the Monte Carlo method to provide
randomness of the fibers. Results of randomly oriented fibers were compared with

experimental data, which validated the proposal.

In literature, RVE models are considered a reasonable starting point for the

characterization of heterogeneous materials.



1.4.2 Embedded Element Method

Commonly, fiber and matrix are modeled separately, and parts are run together. This
is a conventional way that is handy for analyzing a few parts. As the model gets more
complex and has many parts, this approach will be challenging to follow. Thereupon,

the embedded element method is an alternative way to ease modeling and meshing.

In classical FE analysis, all the nodes on the surface separating two parts should be
mutual to elements of both parts. In the embedded element method, parts can be
meshed separately and do not need to have mutual nodes (For detailed information
about the EE method, please check Section 2.2). It enables to model matrix and fiber

individually, which is very helpful when a large number of components exists.

If a significant number of CNTs are chopped and dispersed in the matrix. Then,
modeling of every CNT would be time-wasting and effortful work. Analysis can be
performed faster and easier by using the EE method. Due to its effectiveness and

ease of application, many researchers have studied the EE method.

Lu et al. [15] applied the EE method to fiber-reinforced silica aerogel composites.
Assuming that the interaction between matrix and fiber is zero, they simplified fibers
and modeled them as a 1D element. They implemented the EE method to provide a
connection between 1D element fibers and 3D element matrix. They found that the
previous experimental results and their studies are comparable. However, they
realized that the EE method causes extra stiffness in the model. To modify the EE
method, they proposed to extract the elastic modulus of the matrix from the elastic
modulus of fiber. Results showed that modification on elastic modulus leads to better
results [16].

EE method was also used in biomechanics. Awasthi et al. [17] analyzed the structure
of bone, thinking that bone is a kind of composite which is comprised of microfibril,
tropocollagen, and organic matrix. Microfibril and tropocollagen were modeled as
long fiber and spherical inclusion, respectively. EE method was applied to the bone

structure to find homogenized values of the mechanical properties. It was also



emphasized that the EE method reduces the total number of degrees of freedom of

the whole system, which results in reduced calculation time.

EE method has some restrictions as well. Matveeva et al. [18] explained these
limitations in their study. One has to pay attention to mesh sizes in the host and the
embedded regions since it affects the calculation mechanism of the EE method. The
mesh size of the host region should be greater than the embedded region. The reason
is that every node of embedded region should be inside the host region. Furthermore,

the extra artificial stiffness caused by the EE method was noted in [18].

Song et al. [19] conducted a study to compare three methods: the rule of mixtures,
the inclusion theory, and the FEM. The rule of mixtures is a well-known method to
predict the mechanical properties of composites. The inclusion theory is based on
strain concentration tensors. In the FEM model, the EE method is used to utilize its
advantages. According to test data, FEM results are found to be closer to the

experimental results.

EE method was also utilized to understand stress distribution on hybrid composites
by Romanov [19]. Computation time and cost are limited to analyzing CNT modified
fiber-reinforced composites. Hence, the EE method was implemented to analyze
complex 3D geometries. He also stated that 1D beam elements were not preferred
for modeling CNTs due to insufficient integration points. In addition, it was indicated
that beam elements are not sufficient to show mechanical properties in the transverse

directions.

To summarize, it can be concluded that the EE method is a commonly-used method
due to its effectiveness, simplicity in meshing, and time-saving property. The EE
method is applied, especially in complex models such as short fiber-reinforced
composites. However, it is also taken into consideration that embedded elements
cause additional stiffness, which can result an overestimated outcome. Therefore,

extraction of the elastic modulus of the embedded region should be carried out.



15 Outline

This chapter gives brief information about this study. CNTs and their importance in
the industry are emphasized. The motivation of the study is explained. The primary
approach to the problem and suggested solution ways are described. A literature

review is presented.

In the second chapter, the method of approach is presented. Firstly, the definition of
RVE and its use are explained. After that comparison of the EE method and
traditional partition method is shown. The homogenization procedure for
heterogeneous materials is explained. The random sequential adsorption (RSA)
method algorithm is explained for the random distribution of CNT. Rule of mixture

is briefly reminded.

In the third chapter, different shapes of RVEs are compared. According to the results,
the proper RVE shape is decided. A mesh convergence study is conducted to
determine the element size. Different fiber placements (CNT along the matrix and
CNT embedded in the matrix) are studied. Finally, a similar study is reperformed,

and their results are compared.

In the fourth chapter, RVEs with many CNTSs are studied. Randomly oriented fibers
with different volume fractions are analyzed. Since there is randomness, different
random samples are considered. The number of minimum CNTs required in
computational homogenization is determined by a numerical convergence study.

Finally, the effect of agglomeration on numerical homogenization is studied.

In the fifth chapter, the conclusions and future works are given.



CHAPTER 2

METHOD OF APPROACH

This chapter explains the concept of the representative volume element, the
embedded element method, the homogenization procedure followed, and the random

sequential adsorption algorithm.

2.1  Representative Volume Element (RVE)

Representative VVolume Element (RVE) is the smallest element taken from a
material, which shows the mechanical properties of the whole. It is a significant
concept for analyzing the behavior of heterogeneous materials since heterogeneity
makes it harder to obtain the mechanical properties of the material. Instead of
investigating the whole heterogeneous structure, the smallest volume helps to obtain
mechanical properties easier. In a similar way, other material quantities like thermal
and optical properties can also be presented by RVE. The main concern of RVE is
to represent a macroscopic response by using minimal structure as much as possible
[20]. In our study, nano-structures are our interest, and modeling of nano-structures
is complex since the dimensions are nanometer and computing power is not enough

to analyze nano-scale fiber models. Hence, RVE gains importance in this study.



Figure 2.1 Different shapes of RVE

An RVE can be in different shapes such as square, cylindrical, rectangular
parallelepiped, or hexagonal, as illustrated in Figure 2.1. Square, cylindrical and
rectangular parallelepiped RVEs will be studied in Section 3.1.

One of the criteria for the RVE quality is size determination. As our study is related
to CNT-reinforced structures, agglomeration will be a concern for determining RVE
size. CNT-reinforced composites are prepared with different manufacturing
techniques; however, CNTs agglomerate in the structure due to their chemistry. As
a result of agglomeration, clusters occur in the structure. Dispersion problem results
in structure properties weakening [21]. Homogeneity generally positively affects the
mechanical properties, whereas agglomeration increases the heterogeneity and
decreases the strength. Therefore, the volume size can be larger to represent a
heterogeneous structure. RVE size can be chosen larger to stay on the conservative
side [22].

If fiber materials are uniformly distributed or repeat themselves periodically in a
matrix, any RVE taken from the structure will represent the whole structure. If fibers
are randomly distributed in the structure, the decision of the RVE size becomes
prominent. If the RVE size is chosen close to the size of the whole structure, the
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calculation time will take longer. This makes RVE usage meaningless. On the other

hand, small RVE can be misleading to compute mechanical properties.

2.2 Embedded Element Method

The Embedded Element Method is a meshing technique in which chosen elements
(embedded elements) are embedded in so-called “host” elements. A model with
embedded elements can be created by determining the embedded region, the host
region, a weight factor, a roundoff tolerance, and an absolute exterior tolerance or
fractional exterior tolerance. These properties are used to define geometric tolerance
and adjust the position of the nodes. Geometric tolerances are arranged with absolute
exterior tolerance or fractional exterior tolerance. The position of the embedded node
should be inside of the distance, which is 0.05 times the average size of the non-
embedded elements in the model. This tolerance is set by default; however, tolerance
can be rearranged by fractional or absolute exterior tolerance values. Fractional
exterior tolerance decides that tolerance as a fraction of the average of non-embedded
elements. This value is 0.05 by default. On the other hand, absolute exterior tolerance
is the absolute value of that distance. If both tolerances are defined, Abaqus picks
the smallest value. If a node does not lie in that region, Abaqus gives an error. An
embedded node can be relocated in a very small distance when an embedded node is
very close to the element edge or element face of the host element. In that cases, that
small relocation is performed by weight factor roundoff tolerance [23]. Roundoff

tolerance is 10° by default. In this study, default values are used.

This meshing technique allows meshing host and embedded elements separately. It
means that the host and embedded regions do not have to share the same nodes on
the interface between them. Abaqus searches for a geometric relationship between
host and embedded region elements node [24]. If nodes of the embedded elements
lie in the host region, then these nodes are associated with the nodes of host region
elements by shape functions. The host and the embedded regions overlap in this

technique, as can be seen in Figure 2.2.
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Embedded

Host

Figure 2.2 Illustration of Embedded and Host Regions

The shape function is a function that interpolates values of a variable at the nodes to
points in an element to obtain a solution. It generates an approximation of the field
of interest between nodes. Abaqus correlates nodes of embedded elements with
shape function. The translational degree of freedom of the embedded element node
is ruled out when the node of the embedded element is in the region of host elements.
Instead, the translational degree of freedom of the embedded element node is
constrained to the interpolated value of the related host element. To present that in
Figure 2.3, a node of the embedded element inside the host region is restricted to 4
nodes of the host element, indicated as a dashed arrow mark.

12



Nodes of Embedded Elements =@
Nodes of Host Elements =®

Figure 2.3 Representation of Nodes of Embedded and Host Element

Constraining translational degree of freedom causes Abaqus to include the rigidity
of both embedded and host elements. Hence, it gives rise to the whole structure
behaving stiffer. Therefore, the elastic modulus of the embedded element should be
extracted from the elastic modulus of the host element to prevent not computing the
stiffness of both the host and embedded element at the same region. For this reason,

a modification is performed for the elastic modulus of fiber as in (2.1).

Efiber(modified) = Efiber — Enmatrix (2.1)

13



2.3  Homogenization Procedure

Heterogeneous materials are comprised of different constituents, and their
mechanical properties depend on each constituent. Any sample taken from
heterogeneous material can present different mechanical characteristics, unlike
homogeneous materials. The homogenization procedure describes the behavior of
the heterogeneous material as if it acts as a homogeneous material. Figure 2.4

demonstrates the simple idea of this procedure.

=

Figure 2.4 Homogenization Procedure

If material is homogeneous, its mechanical properties can be characterized easily on
the macroscopic scale. In a heterogeneous case, the macroscopic scale may not be
enough to determine these properties. There are several studies to achieve effective

elastic modulus of the materials.

Eshelby stated that an isotropic material shows homogeneous deformations If there
is no surrounding material around it. The presence of surrounding material causes
inclusion to react differently and causes stress inside and outside of the inclusion
[25]. Eshelby’s tensor gives the relationship between the free strain of the inclusion
and matrix strain and is homogeneous in an ellipsoidal inclusion for the classical
elasticity problem. There are several approaches to Eshelby’s problem. Some of
those approaches are the Mori-Tanaka scheme, dilute scheme, Voigt and Reuss
bounds. Mori-Tanaka method focuses on the average internal stress in the matrix that
contains eigenstrain as a solution to inhomogeneity problems [26]. Its formulation

proposes that each inclusion is accepted as single, meaning that they act like they are
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isolated in the matrix. It assumes that strain in the matrix shows far-field strain

behavior. It can be expressed as [27]:

(o) = C (e) (2.2)

Benveniste proposed a new approach to the Mori-Tanaka method and described the

effective elastic modulus C as [26]:

C = (VuCpm + Vs CrA) (Vyul + V(AN ™ (2.3)
where V,, and V;,, are volume fractions of the matrix and the fiber; C, and C,, are the
fourth-order elasticity tensor of the fiber and the matrix, respectively. I is the fourth-
order identity tensor. A is the Eshelby strain concentration tensor, and it gives the

relationship between the average fiber strain (&;) and the matrix strain (g,,).

A=[1+S(C)™" (- )] (2.5)

Eshelby tensor is denoted as S in (2.5).

The dilute scheme proposes that each inhomogeneity is independent and isolated in
the media. It assumes that inclusions do not interact with each other. Homogenized

elasticity tensor is given as below [28]:

i=N (2.6)
Caitute = Cm + Z ) Vi(C;— Cr): 4
=

Caitute » Cm » C; , V; and A; are the dilute scheme elasticity tensor, elasticity tensor
of matrix, elasticity tensor of inclusion i, volume fraction of inclusion i and

concentration tensor of inclusion i .

Other approaches are Voigt and Reuss Bounds. Voigt bound assumes that the strain
is constant all over the media. In other words, Voigt bound is an isostrain model
which is springs in parallel. On the other hand, Reuss bound states that the stress is
constant in the media, and stress summation is the same as the stress in the

macroscopic state. This approach is an isostress model, and it behaves like springs
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in series [29]. Voigt and Reuss bound can be expressed as in (2.7) and (2.8),

respectively [28]:
=N
Cvoigt — ' Vi Ci (2.7)
i=1
§reuss — i=NVi Ci_l (28)
i=1

where €799t and S$7¢“SS represents the Voigt and the Reuss elasticity tensors,
respectively. V; stands for the volume fraction of the inclusions, and C; is the

elasticity tensor of the related component.

The voigt bound corresponds to the upper bound of the effective elastic modulus of
the composite. It is the maximum stiffness limit of the structure that it can have.
Also, the Reuss bound is the lower bound of the structure. It implies that the stiffness
of the composite cannot be lower than the Reuss bound.

There are other approaches to finding a solution for the heterogeneity problem; some
are explained above to give the main idea. All of the expressed approaches have the
same objective: to observe the effective elastic modulus of the heterogeneous

medium.

2.3.1 Averaging

Homogenization is an approach to compute the effective properties of heterogeneous
materials. If properly used, the averaging method facilitates calculations in the

homogenization process.

Each element in the model has its stress and strain value at its integration point. In
order to operate on these quantities, it is necessary to understand how the software
works. In this study, Abaqus is chosen as FEM software. Abaqus utilizes the volume
of each element to integrate different quantities, and material response in each
element is calculated at the integration points. There are two integration alternatives

for the analysis, full or reduced integration. The main difference between these
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integrations is the number of integration points used for the stiffness matrix
formulation. The integration points represent Gauss points, and Gauss points
determine the accuracy of the calculations. Full integration means that the stiffness
matrix is computed in each Gauss point. On the other hand, reduced integration
removes high-order terms of the formula to simplify calculations and uses fewer

Gauss points.

Figure 2.5 demonstrates the integration points for the full integration and reduced

integration models.

(a) Linear element

4 3
x|
1 2
(c) Linear element (d) Quadratic element

Figure 2.5 Integrations points (a)(b) for fully integrated elements, (c)(d) with
reduced integration elements [23]

Figure 2.5 (a) shows two integration points in each direction for fully integrated
linear elements. On the other hand, the reduced integration model has a single

integration point at the center (Figure 2.5 (c)).

17



For quadrilateral elements, full integration has three integration points in each
direction (Figure 2.5(b)). These integration points decrease to two in each direction

with the reduced integration (Figure 2.5(d)).

Choose of full integration or reduced integration affects the accuracy of the analysis.
Full integration gives better results since all Gauss points are included in the
calculation. However, the cost of computation time should be considered.
Conversely, reduced integration provides less computational time due to decreased
number of integration points. In general, the stiffness matrix is overestimated based
on displacement-based finite element formulations. Fewer integration points can be
preferred in order to model less stiff elements in some cases, like non-linear plasticity
problems. According to the requirements, model selection depends on the user’s
action. In this study, three-dimensional full integration elements will be used as
accuracy is one of the primary considerations. Also, the interest of study does not

cover the plastic behavior of the heterogeneous structure.

Each element in the model has its stress and strain value at its integration point. The
effect of each element is different, and to consider this influence, weight function
will be used in this regard. Weight function allows the more weighted element to
affect the results more than less weighted elements. Integration point volume (IVOL)
value is taken into consideration for weight function and homogenization procedure.
Average stress and strain values will be achieved with weight function so that these
values will be used in the stiffness matrix. It means that total macroscopic stress and
strain values will be the average of the local stresses and strains in a given volume.
Total stress (&¢y+4;) and strain (o;,¢4;) Values in a described volume € can be written
asin (2.9) and (2.10) [30].

%W=dem (2.9)

%W=dem (2.10)
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Average Stress (0 gperage) and strain (€4perqge) Values can be written as:
1 2.11
Eaverage = ﬁf £ (x)dQ (2.11)
Q

1
Oaverage = ﬁf o (x)dQ (2.12)
Q

In our model, averaging is implemented by utilizing the weight function to achieve
more satisfactory results for homogenization. Hence, stress and strain tensors at each
integration point are multiplied with corresponding volumes of the integration points
(IVOL values). According to the finite element model, averaging with weight

function is shown in Equation (2.13) and Equation (2.14) :

Yo (2.13)
0=—Fr"
?:1 Vi
n . .
g = L el (2.14)
i=1 Vi
Where,
o : Homogenized stress tensor
5 : Homogenized strain tensor
o; : Stress at integration point i
& : Strain at integration point i
V; : Volume of integration point i
n : Total number of integration points

Abaqus stores IVOL values, stress, and strain values for every integration point.

Appendix A includes averaging calculations with Python code.
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2.3.2 Stiffness and Compliance Matrices

The stiffness tensor C is used to express the stress-strain relation of materials. In the

most general case of anisotropic linear elasticity, it has 81 components [31].

0157 [Cuaar Ciaaz Cinss CGuaza Cagzz Ciges Cuasn Cizse Cizsa] ey
Ty chll CJEJE c1213 Clzzl Cl:z: C1223 cl:Sl Clz32 C1233 £12
T3 Cizzn Ciziz Ciazz Cizza Ciaze Cizzz Cizan Cizaz Cizaz| [&gg
T2 C2111 Caziz Caziz Cozzn Cozzz Copzz Czizn Coizs Cziaa| |€21
922(= |Cz211 Caz12 Czz1s Cazzi Cazaz Cazas Cazsn Cazsz Cozss|-[822  (2.15)
a3 Cos11 Casiz Coziz Cazzi Caszz Casas Cassi Cassz Casss £23
931 Csi1: Caiiz Ca;zz Caszs Csizz Capaz Capsy Caizp Cagaaf |532
I3z Cazii Caziz Cazsz Cazas Cazzz Cazaz Cazay Cazas  Cazaaf %32
9337 ICss11 Cssaz Cssns Csaza Caszz Caszs Casssn Cassz Casasd ~53%

The 4™ order stiffness tensor C; ;,; shows minor symmetry If it provides the condition

below [32]:
Cijit = Gt & Cijra = Cijik (2.16)

The first and second equalities are called left and right minor symmetry, respectively.
Tensor has 36 independent components If minor symmetry exists.
For major symmetry, tensor also satisfies the following condition:

Cijlt = Craij (2.17)

With this condition, tensor has 21 independent components.

Equation (2.15) is simplified to (2.18) by using major and minor symmetry
conditions [33].

011] Ci111 Ciazz Ciizz Gz Ciaaz Cigno]f €11 7

IUzz | Ca222 G233 Caz23 Caz213  Conz| €22

O33| _ C3333 Cz323 Cz313 Cz312f| €33 (2.18)
023 | Ca3zz  Caziz Cazizf|2 €23
[013J Symmetric Ciz13 Ciznzf[2 &3

012 Cip1dL2 €151
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There are symmetric components in (2.18) (&,3 = €32, €13 = €31, €12 = &1 )-

Engineering shear strains can be written as sum of symmetric components to simplify

matrix (2 €53 = €4, 2 €13 = &g, 2 €15, = &g). The equation becomes (2.19):

1
B
|

|
!
o)

S885380

Ci1 Gz Cy3
Caz Cy3

Cs3
Symmetric

(2.19)

et |

|Lee]

The stress-strain relation in (2.19) can be written as six linear scalar equations.

0y =C11 8 +Ci6 +Ci363+Cia6q+ Ci565+ Cip &6

0y =Cy1 &+ Cyp 85+ (3 3+ Cap 84 + Co5 85+ Cp6 &6

03 = C31 &+ C33 8 + C33 63+ (34 &4 + C35 65 + (56 &

(2.20)

04 = Cy1 &1+ Cap &5+ Cy3 63+ Chq 84 + Cus 85 + Cyg &6

05 = (51 &+ Cs3 6, + Cs3 63 + Cs4 &4 + Cs5 85 + Cs6 &6

06 = Co1 &1+ Cop &3 + Co3 €3 + Cos €4 + Cos €5 + Co6 &6

The stress and strain values are necessary to obtain components of the elasticity

tensor. For this reason, a macroscopic strain is applied to the model and the

homogenized stress components are computed with the finite element software

Abaqus.

As stated before, a composite reinforced with a single straight CNT demonstrates

orthotropic behavior. For orthotropic materials, (2.19) is further simplified:

)
03

04
Os
Og

[°1]
los|

Ci1 Gz Cy3
Coy  Cy3

Cs3
Symmetric

0
0
0
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Six different macroscopic strains are separately applied to the RVE to determine the
components of the homogenized elasticity matrix. The first three columns of the
matrix (C11, C12, C13, C22, C23, C33) are obtained from three different uniaxial tensile
tests, while the rest (Cas, Css, Ces) are obtained from three different shear

deformations.

For example, in the first uniaxial deformation case €1 #0, and the other macroscopic
strainsare setto 0 (e, = &3 = €, = &5 = & = 0) to find C11 component of the matrix
(see (2.22)).

01 = Cy1. 81 + Cip. Dy Cua g+ CuaXg + Cus. D+ Cro%g
0 0 0

0 0 (2.22)

g1 = Cll' &1

The same procedure is applied to obtain other components of the matrix. C12 and Cy3
are determined using the second and the third equations in (2.20) for the same
uniaxial loading case. From the other uniaxial load cases, C22, C23 and Cs3 are
obtained similarly. Finally, Cas, Css and Ces are computed from the three shear

deformations.

After finding the components of the elasticity matrix, the compliance matrix could
also be computed. The relationship between the compliance and elasticity matrices

is as below.

cl=¢§ (2.23)

The stress-strain relation for isotropic linear elastic material reads:
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01 [1 -V v v 0 0 0 ”51]
[02] | v 1-v v 0 0 0 ||
|03|:E| v v 1-v 0 0 0 |53 (2.24)
04 0 0 0 1—-2v 0 0 €4
ICfsl I 0 0 0 0 1-2v 0 llgsl
l%J l 0 0 0 0 0 1- 2vJ L%J
where § is :
_ E
6= (1+v)(1-2v) (2.25)
Similarly, an inverse relation can be written as:
& 1 —-v —v 0 0 0 01
|[82]| |[ -v 1 —v 0 0 0 ]||[02]|
les| _ 1] —v —v 1 0 0 0 ||os] (2.26)
lea]“El 0 0 0 1+v 0 0 |[oa]
lfsJ l 0 0 0 0 1+v 0 l[USJ
€6 l 0 0 0 0 0 1+ vJ Os

These relations are true for isotropic materials. For orthotropic materials,
components will be different. Orthotropic material behavior should be
comprehended at first to convert these relations. There are two mutually orthogonal
directions for orthotropic materials. Orthotropy causes that tension load produces
only parallel and perpendicular stress according to load implementation direction,

and shear load creates shear strain only. This provides equation below [34]:

o; = Ql] Sj (227)
Where Q;;is stiffness matrix and i,j = 1,2,3,4,5,6. According to these conditions,

stiffness matrix for orthotropic materials become as (2.28):
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[011] @11 Qiz Qi3 0 0 0 7ré11
|022 | Q22 Q23 0 0 0 [5221
g33| _ Qs 0 0 0 |léess (2.28)
|0'23 | Qus 0 0 €23
"13J Symmetric Qss 0 ||¢13
012 Qgelt€12

Equation (2.28) has 9 elastic constants to express orthotropic material.

For plane stress condition, out of plane stresses will be zero (o3 = 0,3 = 03; = 0).
If plane stress condition is applied to (2.28), Equation (2.29) is achieved and the

reduced stiffness matrix can be written as (2.30).

[011] Q11 Q2 Qi3 0 0 0 7r&11
|22 | Q22 Qus 0 0 0 |||
| o] _ Qi3 0 0 0 ||ess] 2 99
|0 |= Qi 0 0 |lon] (2.29)
l 0 J Symmetric Qss O |513J
012 Qgel €12
011 Qi1 Qiz 0711
0221 =1Q1z2 Q22 0 [[&22 (2.30)
012 0 0  Qgel Lé12

As a result, Equation (2.30) leads us to describe the compliance matrix as below:

€11 S11 S12 0 7[911
[522]=[512 S22 0”"22] (2.31)

€12 0 0 Seellorz

By using relation between the compliance and the stiffness matrix, elastic modulus,
shear modulus and Poisson ratio values are as follows respectively in (2.32), (2.33),
(2.34):

Ell = EZZ = — E33 = —_— (232)
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Gyz = —— Gy = —— Gy = (2.33)
237 2804 3172 8. 1272 See
Va3 = =833 Ey; V31 = —S813 E33 Viz = =831 Eqq
(2.34)
V3y = =833 E33 Vi3 = —S831 Eqq Vo1 = —S12 By

Abagqus Scripting Interface allows Python 2.7 to interact with stored data in Abaqus.
Therefore, a Python script is used to modify results coming from Abaqus analysis.
Appendix A includes the related Python script to find elasticity and compliance

matrices.

2.3.3 Boundary Conditions

In this study, six different load cases are considered separately to solve the problem.
These are three uniaxial tensile displacements (&;,¢,,€3) and three shear
deformations (e,, €5, £¢). One of the macroscopic strain components is set to a non-
zero value in each load case. The rest of the macroscopic strain components are set
to zero (check Equation (2.22). This procedure is repeated for each load case. The
boundary conditions applied correspond to uniform displacement boundary

conditions and present the upper bound in homogenization theory.

For example, when &; # 0, the rest of the strain components are set to zero (&, =
&3 = &, = &g = & = 0). The boundary conditions of the six different load cases are

demonstrated in Figure 2.6.
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(a) (b) (©)

(d) (e) ()

Figure 2.6 Representation of boundary conditions for three tensile a)e; , b) €, ,
C) &5 , and three shear d) ¢, , €) &, f) & load cases

2.4  Random Sequential Adsorption Algorithm

Heterogeneous materials keep different materials inside them by definition, and one
of the reasons that cause the structure to be heterogeneous is randomness. In this
study, CNT reinforced composites are our interest, and CNT material exists
randomly in the matrix. There are several approaches to model random dispersion.
Those methods are basic Random Sequential Adsorption (RSA), modified Random
Sequential Adsorption (RSA), Monte Carlo, collective rearrangement, and random

walk.
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Random Sequential Adsorption (RSA) algorithm is a method to place particles in a
specified place randomly. In this method, particles do not overlap or intersect with
each other. Since it is a sequential process, when a particle is placed in a system, its
position is fixed. The method tries to find a suitable place for the next particle. It is
the basic RSA definition. In the modified RSA method, specified regions can be

divided into different pieces such as layers, cubes, or other shapes.

The Monte Carlo method is a probabilistic approach to random modeling. It creates
random numbers in the given range and uses a probability distribution function.
Firstly, it arranges the fiber placement and orientations, and then reduces the volume

of the initial space to reach the desired volume fraction.

The collective rearrangement method uses sphere particle shapes. It decides which
spheres to be picked randomly. In this method, domain size, type, and size of
particles should be defined at first. According to the volume fraction, the number of
particles is decided and placed randomly. This method can be used for nonspherical

models when modified [35].

The random walk is a stochastic process that a point follows different probable paths.
Origin is decided at the beginning, and all possible ways are determined for that
position. According to the random pick, the point moves to the next spot. Some
modifications should be made to implement this method to random fiber placement
since the history does not affect the future move. It means that the point can go back

to the previous location, and this causes overlapping or intersection.

The maximum volume fraction (V) and aspect ratio (AR) of the fibers have some
restrictions according to which method is applied. A comparison of these methods is
represented in Table 2.1 [36].
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Table 2.1 Random fiber generation methods, their related volume fractions and
aspect ratios

Vi AR
Method (max)[%] | (max) Reference
Basic RSA 15 5 [37]
MOdlf-led RSA 40 Varies [30]
(jamming limit)
Modified RSA (fixed
aspect ratio fibers) o5 10 [38]
Modified RSA
(sublayers-2D) 35 20 [39]
Monte Carlo 20 10 [40]
Collective
Rearrangement 35 10 [41]
Random walk 70 9 [42]

In this study, the RSA algorithm is used. Its volume fraction value is enough for
CNT-reinforced composites. Also, this method can be applied by dividing RVE into
small pieces, which ease the modeling. The RSA algorithm needs the parts not to
clash with each other. Once a particle is located, its location is no longer available
for the other particles. The placement of the particles can be created with different

approaches.

One of these approaches is to create a point and corresponding vector. Zhou et al.
[43] studied the RSA algorithm to place fibers into a matrix. According to this,
firstly, a point in the given region is created randomly. After that, a random unit
vector is formed. According to fiber length and unit vector, the second point is
created. These points generate the first fiber. Then the same procedure is repeated to
create the second fiber. To prevent the intersection of these fibers, the minimum
distance between points should be greater than the diameter of the fiber. The created
two vectors are shown in Figure 2.7. If this condition holds, the program continues

to check each point generated. The limit for this random generation is the volume
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fraction which is about 15%. This upper limit is more than enough for CNT-

reinforced nanocomposites. Their process diagram can be seen in Figure 2.8.

. Pis)
; ) i=P -P, . P
b b I"I""*f‘-[.q.}.__.
; shortest ~—-"""§ .
! W=P(s)-0Q(1) distance e
: <= Q
S_' QI
] v=0-0,
-1
Qi)

Figure 2.7 Main idea of the creating and placing fibers according to Modified RSA
Algorithm [43]
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Figure 2.8 Modified RSA Algorithm Flow Chart [43]

Another way to create random fibers with the RSA algorithm is to divide given
volume into small pieces. The shape of the divided parts can change according to the
requirement and the problem. It can be a sphere, layer, cube, or any customized
shape. In this study, the cube is chosen as a sub-volume. The size of smaller cubes
is decided according to the fiber dimension. The particles do not overlap as they are
placed into sub-volume.
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25 Rule of Mixtures

The rule of mixtures is an approximation method for composite material elastic
properties using the volume-weighted average of the components. However, this
method computes elastic properties suggesting that the process is linear and the
materials are homogeneous. Hence, the rule of mixture results tends to overestimate.
Even though it overestimates, the rule of mixtures provides general insight into the
new composite properties. In general form, the rule of mixtures can be described as

follows:

1
w=[e(w®)’ +a-e)wm) |’ (2.35)

where ¥ is the scalar property of two-phase composite, ¢ is the volume fraction of
the phases, superscripts i and m describe the composite components, and £ is an

exponent to be picked to get relevant results for the test data [29].

In this equation, § =1 and f = —1 stand for the upper and the lower bound,
respectively. The upper and the lower bound are also known as Voigt and Reuss
bound. Voigt bound describes the isostrain model. On the other hand, Reuss bound
corresponds to the isostress model. Figure 2.9 shows Voigt and Reuss models.

T3

Voigt

Figure 2.9 Voigt and Reuss model representation [44]
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According to these explanations, Voigt (2.36) and Reuss bound (2.37) for the

Young’s modulus can be described as follows:

Eciongitudinat = Em-Vim + Ef. Vr (2.36)
L _Wm. Y% (2.37)
Ectransverse Em  Ef
Where,
E,, :Elastic modulus of matrix
Ef : Elastic modulus of fiber
Vi : Volume fraction of matrix
Ve : Volume fraction of fiber
E¢ longitudinal : Longitudinal elastic modulus of composite
Ec transverse : Transverse elastic modulus of composite

Results from the rule of mixtures will be used to comprehend the difference between
the rule of mixtures and the homogenization solution. The upper and the lower

bounds are determiners to examine whether the results are in a suitable range or not.
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CHAPTER 3

VALIDATION STUDIES

In this chapter, validation studies are explained. Firstly, RVE is the starting point for
the study. For this reason, the effects of RVE shapes are investigated. Mesh
convergence study is presented. The results of RVEs with embedded and partitioned
CNTs are compared. CNT placement (embedded in the matrix or throughout matrix)
in RVE is checked. After those studies, one of the articles is reanalyzed. The Voigt

and the Reuss bound are also considered.

3.1 Mesh Convergence Study

Mesh quality is one of the considerations for validation. Mesh size should be decided
before comparing embedded and partitioned models. Therefore, three different mesh
sizes, i.e., coarse, normal, and fine, are considered. Table 3.1 and Figure 3.1 show
mesh quality parameters and models, respectively. Dimension and property of the
model can be found in Table 3.5 and Table 3.6, respectively. The rectangular model
is studied for the mesh quality study. The element size for coarse, normal, and fine

mesh is chosen as 10%, 5%, and 2% of the edge length, respectively.

Table 3.1 Mesh quality parameters

Coarse | Normal Fine
Approximate element size [nm] 8 4 2
Total number of nodes 3080 16848 123012
Total number of elements 2561 15075 116150
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(@)

Figure 3.1 Models for (a) coarse, (b) normal and (c) fine meshes

(b)

(©)

Table 3.2 Elastic modulus results of mesh quality study

Ei1[MPa] | E2[MPa] | Es3[MPa]

Coarse 4221.7 4224.9 12583.5
Normal 4256.4 4356.4 13315.5
Fine 4378.0 4377.6 13321.3

Table 3.3 Shear modulus results of mesh quality study

G12[MPa] | Giz[MPa] | G23[MPa]
Coarse 740.5 735.5 735.5
Normal 750.3 750.6 750.7
Fine 748.8 750.7 750.7

Table 3.4 Poisson’s Ratio results of mesh quality study

viz[-] | vis[-] | vas[-]

Coarse 0.47 0.35 0.35
Normal | 0.47 0.36 0.34
Fine 0.46 0.35 0.35

In Table 3.2, Table 3.3, and Table 3.4, homogenized elastic constants for three

different mesh sizes are presented.
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E,, E, and E; Values for Different Mesh Sizes
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Figure 3.2 E1, E», and Es values for different mesh sizes (from coarse to fine)

G, Gy3 and G,; Values for Different Mesh Sizes
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Figure 3.3 G12, G13, and Gz values for different mesh sizes (from coarse to fine)

As can be seen in Figure 3.2 and Figure 3.3, results converge with the decrease in

element size. However, the normal mesh results are very close to fine mesh results..
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Therefore, the normal mesh size is chosen considering the desired accuracy and the

computational cost.

3.2  Effects of RVE Shapes

RVE shape should be considered since the study starts with RVE. Different shapes
of RVE are considered in this section to understand whether the RVE shape affects
the results. Rectangular, cylindrical, and hexagonal shapes are chosen. Volume
fraction, which is 1%, and CNT dimension are kept the same for all samples to
understand the effect of the RVE shape. Dimensions and mechanical properties can
be found in Table 3.5 and Table 3.6, respectively. The length of the RVE is the same

as the length of the CNT in all models. Sample models can be seen in Figure 3.4.

Table 3.5 Dimension of samples [nm]

Dent Lent Dcylindrical Lrectangular Lhexagonal
10 100 100 88.62 54.98

Table 3.6 Mechanical properties of fiber and matrix

Elastic Modulus [GPa] | Poisson's Ratio [-]
CNT 1000 0.25
Matrix 3.7 0.35

Mechanical properties of CNT and matrix, i.e., PEEK, material are decided

according to previous researches and supplier data [45]-[46].
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(©) (d)

Figure 3.4 Representation of CNT and matrix a) fiber shape (same for all samples)
b) cylindrical c) hexagon d) rectangular shape of RVE

The homogenized elastic material constants of the samples are studied, and related
results are presented in Table 3.7, Table 3.8, Table 3.9. It can be seen that there is no
significant change in results according to the results.
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Table 3.7 Elastic Modulus results of different RVE shapes

Ei1[MPa] | E2[MPa] | E3[MPa]
Rectangular | 4434.8 4434.2 13309.2
Cylindrical 4359.0 4358.9 12891.5
Hexagon 4441 .4 4441.3 13310.5

Table 3.8 Shear Modulus results of different RVE shapes

G12[MPa] | Giz[MPa] | Gzs[MPa]
Rectangular 739.3 740.4 740.6
Cylindrical 736.4 725.2 725.2
Hexagon 740.6 740.4 740.4

Table 3.9 Poisson’s Ratio results of different RVE shapes

Elastic property results for different RVE shapes can be seen in Table 3.7, Table 3.8,
and Table 3.9. It can be seen that the elastic modulus values show the most
remarkable change, but the change is negligible. The percentage of the difference

between the mean value and the corresponding values is checked to show the

difference.

Table 3.10 Percentage differences of material constants of different RVE shapes

viz[-] | vis[-] | vas[]
Rectangular | 0.47 0.35 0.35
Cylindrical 0.47 0.35 0.35
Hexagon 0.47 0.35 0.35

with the average values.

E1 E2 Es G2 Gis G2

Rectangular | 0.52 0.51 1.05 0.07 0.69 0.70
Cylindrical | -1.20 -1.19 -2.12 -0.32 -1.38 -1.39
Hexagon 0.67 0.68 1.06 0.25 0.69 0.68
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According to Table 3.10, the difference between results is minimal if the volume
fraction is constant. The cylindrical RVE slightly underestimates the elastic
constants. However, it can be concluded that any RVE shape can be chosen as long

as the volume fraction is low and the same.

3.3 Effect of Fiber Placement

The effects of two different placements of fibers, i.e., CNTSs, are studied in this
section. In the first model, a CNT is placed entirely inside the matrix. In other words,
the length of the CNT is smaller than the length of the RVE, see Figure 3.5. In the
second model, the CNT and the RVE have the same length, see Figure 3.6.

The same mechanical properties shown in Table 3.6 are taken to be able to compare
all results objectively. For CNT, which is completely embedded into RVE, the model
and its dimensions can be seen in Figure 3.5 and Table 3.11, respectively. The ratio
of fiber length to matrix length is 0.75, and the CNT volume fraction is 4%. The
mesh size is chosen according to the mesh convergence study presented previously.
For CNT, which is throughout RVE, the model dimensions are taken as the same in

Table 35 fOI‘ DCNT, LCNT, and Lrectangular.

Table 3.11 Model dimensions

Wmatrix [n m] Nmatrix [n m] L matrix [n m] Dfiber [nm] L fiber [nm]
76.74 76.74 133.33 10 100
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Figure 3.5 The model where the CNT is completely embedded into RVE

l _ Lent

A
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Figure 3.6 The model where the CNT is throughout RVE

The results of the two models are presented in Table 3.12. The values in the first row
of Table 3.12, correspond to results of the rectangular RVE model presented in Table
3.7, Table 3.8, Table 3.9.
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Table 3.12 Elastic property results of CNT throughout RVE and CNT embedded

into RVE
CNT throughout RVE | CNT embedded into RVE

E1[MPa] 4434.8 3856
E2[MPa] 4434.2 3856
Es[MPa] 13309.2 4679.2
G12[MPa] 739.3 697.3
Gi3 [MPa] 740.4 700.2
Ga23 [MPa] 740.6 700.2

viz[-] 0.47 0.38

vi3 [-] 0.35 0.35

v23 [-] 0.35 0.35

As expected, the model that has a CNT shorter than the RVE has significantly
smaller Young's modulus in the direction of the CNT. Thus, the value of Es is very
sensitive to the way how the RVE model is created. On the other hand, the other

elastic parameters do not change significantly between the two models.

3.4 Embedded and Partitioned Models

In this section, homogenized material properties of RVE computed using the
classical finite element method and the embedded element method are compared. In
what follows, the model that is analyzed with the classical finite element method is
called the partitioned model, while the other one is called the embedded model.

As stated in Chapter 2.2, there is an extra stiffness in the fiber region when the EE
method is utilized since the fiber region also contains the matrix. Firstly, the stiffness
of both fiber and matrix remains as it is. There will be no correction of the elastic
modulus of the matrix (see Section 2.2 and Equation (2.1)). The model with no
matrix property correction will be compared with the conventional partitioned

model. In this way, the comparison will be objective, and both models will have the
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same property but different fiber placement. Material properties are the same as

given in Table 3.6. The embedded model can be seen Figure 3.7. Little yellow circles

represent that the region is constrained with an embedded element.

rix with no fiber

hole inside)

Figure 3.7 Modeling embedded and host regions in Abaqus

Table 3.13 Homogenized elastic properties for the partitioned model and the

embedded model

Rectangular

Rectangular

Partitioned Embedded

E1[MPa] 4434.8 4725.5

E2[MPa] 4434.2 4745.7

E3[MPa] 13309.2 13975.6
G12[MPa] 739.3 764.1
Gi3 [MPa] 740.4 764.9
G23[MPa] 740.6 760.8
vi2[-] 0.47 0.47
vis [-] 0.35 0.36
vz [-] 0.35 0.35
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Table 3.13 presents the results of both models. The Young's moduli and shear moduli
values obtained by the embedded model are larger than the partitioned model. This
result is expected since the correction of the Young's modulus value for the
embedded region, i.e., CNT, is not made. Next, the elastic modulus of the CNT is

corrected by subtracting the elastic modulus of the matrix, see Table 3.14, and the

embedded model is reanalyzed.

Table 3.14 Reduced elastic modulus properties for CNT

Elastic Modulus [GPa]

Poisson’s Ratio [-]

CNT

996.3

0.25

Matrix

3.7

0.35

Table 3.15 Homogenized elastic properties for the partitioned model and the

embedded model with reduced Young’s modulus of CNT

Rectangular Rectangular Embedded
Partitioned (Reduced E)
E1[MPa] 4434.8 4501.6
E2[MPa] 4434.2 4504.7
Es[MPa] 13309.2 13403.7
G12[MPa] 739.3 749.8
Gi3 [MPa] 740.4 746
G23[MPa] 740.6 746.3
vi2 [-] 0.47 0.47
viz [-] 0.35 0.35
vas [-] 0.35 0.35

Table 3.15 presents the results according to the reduced elastic modulus of the CNT
as shown in Table 3.14. It can be seen that difference is around 1.5% . Also, reduced
fiber modulus provides the results approximate the partitioned model. It can be seen

that the shear modulus and Poisson’s Ratio values are closer to the partitioned model;
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see Table 3.15. Therefore, reduced elastic modulus should be used for fiber in

applying the embedded element method.

A similar set of analyses are conducted for RVEs where the CNT is completely inside
of the RVE, i.e., the length of the CNT is shorter than the size of the RVE. The
embedded model for this case is shown in Figure 3.8.

Embedded region

Host region

(matrix with no fiber

hole inside)

Figure 3.8 Embedded model for CNT inside of the matrix
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Table 3.16 Homogenized elastic properties for the partitioned and the embedded
models for CNT completely placed inside matrix

Partitioned Embedded

Ei[MPa] 3856.0 3924.5
E2 [MPa] 3856.0 3925.8
Es [MPa] 4679.2 4997.9
G12[MPa] 697.3 707.0
Gi13 [MPa] 700.2 709.7
G23 [MPa] 700.2 712.5
viz [-] 0.383 0.385
vis [-] 0.348 0.349
v23 [-] 0.348 0.348

The homogenized elastic properties of the embedded model without correction of
elastic modulus of CNT are compared with the classical partitioned model in Table
3.16 . As expected, the embedded model overestimates the partitioned model. The
difference of the Young's modulus in the fiber direction, i.e., E3, is around 6% .For

E1 and E; values, difference are around 1%.
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Table 3.17 Homogenized elastic properties for the partitioned and the embedded
models with reduced Young's modulus for CNT completely placed inside matrix

Partitioned (Egzeciﬂeg)
E1[MPa] 3856.0 3896.5
E2[MPa] 3856.0 3898.8
E3[MPa] 4679.2 4754.1
G12[MPa] 697.3 704.0
Gz [MPa] 700.2 706.7
G23 [MPa] 700.2 7115
viz [-] 0.383 0.385
vz [-] 0.348 0.347
vas [-] 0.348 0.348

In Table 3.17, the results of the embedded model with elastic modulus correction are
presented. In this case, the maximum differences in the fiber direction modulus Es
and the transverse modulus Ez and E> are reduced to 1% and 0.9%, respectively. It
can be concluded that the embedded element technique overestimates the results
regardless of the CNT placement. The effect of extra stiffness around the fiber can
be eliminated by distracting the elastic modulus of the matrix from the elastic

modulus of the fiber.

In the following sections, the elastic modulus correction is always applied in analyses

conducted with the embedded element method.

35 Validation with Literature

In this section, the embedded element approach used in this work is validated by a
comparison with by Liu [47]. In Liu [47], the main consideration is the prediction of
the effective mechanical properties of discontinuous fiber-reinforced composites.
The embedded element method was used to achieve this goal. In the article, results

of the classical finite element method and the embedded element method were
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compared for various volume fractions of the fiber. The same model is created, and

the model is reanalyzed according to the given information in the article.

A cubic RVE with a two-millimeter side is taken, and the fiber diameter is changed
from 0.8 mm to 1.8 mm to change the volume fraction. The model is shown in Figure
3.9.

Figure 3.9 Dimensions of the model according to the article

Material properties are shown in Table 3.18. Note that the elastic modulus of the

fiber is taken as 73.4 GPa for the embedded model to correct the additional stiffness.

Table 3.18 Elastic constants of the materials

E [GPa] v[-]
Fiber 75 0.25
Matrix 1.6 0.35
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Table 3.19 The number of mesh seeds for fiber according to fiber diameter

Fiber
diameter 0.8 1 1.2 1.4 1.6 1.8
[nm]

Number of
mesh seeds 30 38 45 53 60 68
of fiber [-]

The same mesh seeds are applied in all models for the matrix, which is 30. The mesh
seeds for fiber are increased according to increasing fiber diameter to keep the
element size constant. The number of mesh seeds for fiber can be seen in Table 3.19.
The results in Liu [47] were presented as graphs. Note that the longitudinal elastic
modulus results were very close to each other in the graph provided by article; hence,
the longitudinal elastic modulus results for partitioned and the embedded element
method are taken as the same. These results are digitized using WebPlotDigitizer
[48] and presented in Table 3.20. Only one value is written for longitudinal elastic
modulus for the embedded, and the partitioned model due to the longitudinal values

clash on the graph.

Table 3.20 Results of Liu [47] digitized by WebPlotDigitizer [48]

Volume Elongitudinal | Etransverse [GPa] | Etransverse [GPa]
Fraction [GPa] (Partitioned) (Embedded)

0.13 10.85 2.28 2.28

0.20 16.13 2.58 2.74

0.28 22.46 3.19 3.19

0.38 29.85 4.10 4.26

0.50 38.45 5.78 5.94

0.64 48.10 9.47 9.94
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In the article, it is concluded that elastic moduli in all directions increase as volume
fraction increased. Results of the traditional FE model and EE model are reasonable

and close to each other.

Table 3.21 Reanalyze result of the longitudinal elastic modulus for the
traditional(partitioned) model and the embedded model

Volume E Longitudinal, ELongitudinal,
Fraction | Traditional Model Embedded Model
[90] [GPa] [GPa]
0.13 10.70 11.35
0.20 15.63 16.78
0.28 21.83 23.53
0.38 30.23 31.47
0.50 39.73 40.65
0.64 50.41 51.09

The homogenized longitudinal modulus values of the present study and Liu [47] are
depicted in Table 3.21. A similar comparison for the transverse modulus is given in
Table 3.22. It can be seen from these two tables that there is a good agreement
between the current work and Liu [47]. The maximum differences for the

longitudinal and the transverse moduli are 5% for each.
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Table 3.22 Reanalyze results of the transverse elastic modulus

ETransverse, ETransverse,
Volume
. Traditional Model Embedded Model
Fraction
[GPa] [GPa]
0.13 2.22 2.25
0.20 2.56 2.58
0.28 3.09 3.16
0.38 3.96 4.12
0.50 5.58 5.76
0.64 9.27 10.13

It can be seen that reanalyze results have also the same trend as the article results for
transverse elastic modulus. Transverse elastic modulus results are in the range of 2%

to 6%, which is conceivable.

In conclusion, the present results obtained by the embedded element method are in
good agreement with Liu [47]. Thus, the current modeling approach that uses the

embedded element method is validated.
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CHAPTER 4

HOMOGENIZATION OF ELASTIC PROPERTIES OF CARBON
NANOTUBE POLYMER COMPOSITES

By synthesizing the studies done so far, this chapter explains how the
homogenization method is applied to more complicated RVEs. First, RVEs with
randomly distributed unidirectional CNTSs, similar to the RVE model discussed in
the previous section, are examined. Then, RVEs with randomly distributed and
randomly aligned CNTs are studied. Different volume fractions are also considered
for these models. Furthermore, the effect of clustering of CNTs on macroscopic
elastic properties is examined. In addition, the RVE size effect is also observed on
the randomly distributed CNT model. Abaqus software has an interface with Python;

therefore, Python code is used to create models efficiently and quickly.

4.1  Randomly Distributed Unidirectional Aligned CNTSs

Previously, only a single CNT was inserted within the RVE. In this section, multiple
CNTs are placed in the RVE to generate a more realistic structure. Unidirectionally
aligned CNTs shows more similarity with the RVE model. Before examining the
randomly distributed model of CNTSs, it will be beneficial for the reliability of the
method to examine the result of the homogenization method of unidirectionally
distributed CNTs. Different volume fractions and multiple samples are considered

to validate results.

Model dimensions can be seen in Table 4.1. Material properties are shown in Table
4.2. Model is presented in Figure 4.1. CNTs are placed unidirectionally; but
randomly. This random placement of CNTs makes the structure heterogeneous.
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Nevertheless, the model is expected to show mechanical properties very close to the

orthotropic response obtained in the previous chapter.

Table 4.1 Model dimensions for randomly distributed unidirectional CNTs

Matrix dimensions[nm] | Fiber radius [nm] | Fiber length [nm]
34 x34x 34 0.34 3.4

Table 4.2 Material properties of the model

Elastic Modulus [GPa] | Poisson's Ratio [-]
CNT 996.3 0.25
Matrix 3.7 0.35
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Figure 4.1 RVE with 1% randomly distributed unidirectional CNTs a) general view
b) front view c) side view d) CNTs only view

The model was divided into 1000 parts so that the CNTs do not overlap. The CNTs
were first generated at the origin of the model, and the generated CNTs were
randomly placed in one of the dividing parts. Once a piece is filled with CNT, it can
not be selected again. This procedure is repeated for each CNT with the help of
Python code, see Appendix B. Number of elements for 1% and 3% models is
presented in Table 4.3.
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Table 4.3 Number of elements for 1% and 3% models

1% 3%
Matrix 15625 | 15625
per CNT 160 160
CNTs(all) | 50880 | 152640
Total 66505 | 168265

Two different volume fractions of CNTs (1% and 3%) are considered. Three
different models are generated for each volume fraction. There are 318 and 954
aligned CNTs in 1% and 3% models, respectively. Related results can be seen in
Table 4.4.

Table 4.4 Homogenized elastic properties of aligned CNTs for 1% and 3% volume
fractions

1% 3%

Samplel | Sample2 | Sample3 | Samplel | Sample2 | Sample3
Ei1[MPa] | 3863.9 | 3814.9 | 38384 | 65785 | 64324 | 6590.0
E2[MPa] | 3879.3 | 3810.7 | 3841.6 | 65354 | 6466.7 | 6630.9
Es[MPa] | 4787.1 | 4659.6 | 4812.3 | 10865.7 | 10709.5 | 10377.2
G12[MPa] | 672.2 665.0 668.9 | 1121.7 | 10954 | 1147.3

Gz [MPa] | 730.4 717.1 7251 | 1367.4 | 1362.2 | 1397.3
G23[MPa] | 733.8 717.4 7241 | 1402.0 | 1354.8 | 1370.1

vi2[-] 0.36 0.36 0.36 0.32 0.32 0.32
vi3z [-] 0.33 0.33 0.33 0.30 0.30 0.29
v [-] 0.33 0.33 0.33 0.30 0.30 0.29

As expected, Es values of unidirectional CNTs are greater than E: and E> values of
the model. The average of E: and E2 values of the all samples for 1% is 3.8 GPa.
This value is 6.5 GPa for 3% model. The average of Ez values of the all samples are
4.7 GPa and 10.6 GPa for 1% and 3% models, respectively. The difference between
elastic modulus in fiber direction and the elastic modulus in transverse fiber direction

is 23% and 62%, respectively. It is also expected that this difference decreases as
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randomness in orientation increases. Also, results in Table 4.4 are consistent with
the results reported in Table 3.17(the model in which CNT stays completely placed
inside the matrix).

4.2  Randomly Distributed CNTs

In this section, RVEs with randomly distributed and randomly oriented CNTs are
studied, and homogenized elastic properties of these RVEs are computed. It should
be pointed out that low volume fraction is essential for randomly dispersed CNTSs;
otherwise, randomness is lost in the matrix since CNT fibers tend to agglomerate
when the volume fraction exceeds 3% [21]. Also, a high aspect ratio causes waviness

for fiber [49]. A low aspect can avoid the waviness effect of CNT fibers.

Three different volume fractions and their effect on the whole structure will be
observed. Furthermore, five different samples are generated for each volume
fraction. In this way, variation of the results for different random models are checked,
and the reliability of the method is controlled for low volume fractions. It is expected
that mechanical properties, especially E1, E2, and Es, should not vary much among

different random models for the same volume fraction of CNT.

The model generation is the same as randomly aligned CNTSs in the previous section.

At first, the matrix cube is divided into 1000 pieces as shown in Figure 4.2.
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Figure 4.2 Division of the matrix into regular cubes

All CNTs are created at the origin at first. Each CNTSs has different Euler angles that
correspond to random orientations. At the origin, CNTs are oriented using these
Euler angles. After their final orientation is determined, CNTs are randomly inserted
into these small cubes (see Figure 4.2). This procedure is performed with Python
code (Python code is provided in Appendix B and Appendix C). Five different
random models(realizations) are created for each volume fraction. One sample for
each volume fraction is presented in Figure 4.3. Three different volume fractions
(1%, 2% and 3%) are considered. Table 4.5 shows the number of CNTs needed for
different volume fractions. The dimensions of the CNTs and the matrix are given in
Table 4.1. Dimensions are the same for all of the realizations. The only difference is

their placements. Material properties of the model is given in Table 4.2.

Table 4.5 Number of fibers according to the volume fractions

Volume fraction 1% 2% 3%
Number of CNTs 318 636 954
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(b)

(a)

Figure 4.3 RVEs with randomly oriented CNTSs for different volume fractions

(@) 1%, (b) 2%, (c) 3%

Results for the each analysis (1%, 2% and 3%) are shown in Table 4.6, Table 4.7,

Table 4.8

respectively.
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Table 4.6 Elastic properties for 1% randomly distributed CNTs

Volume Fraction 1%

Sample # 1 2 3 4 5 avg
E1[GPa] 4.96 4.96 5.00 4.90 4.89 4.98
E2[GPa] | 499 | 498 | 499 | 494 | 501 4.96
Es[GPa] 4.85 4.99 4.89 5.00 4.94 4.92
G12[GPa] 0.89 0.89 0.88 0.88 0.88 0.88
Gi3[GPa] | 0.87 0.88 0.88 0.87 0.89 0.88
Ga23 [GPa] 0.87 0.88 0.88 0.88 0.87 0.88

viz [-] 0.32 0.32 0.32 0.32 0.32 0.32

viz [-] 0.32 0.32 0.32 0.32 0.32 0.32

vas [-] 0.32 0.32 0.32 0.32 0.32 0.32

Table 4.7 Elastic properties for 2% randomly distributed CNTs

Volume Fraction 2%

Sample # 1 2 3 4 5 avg
E1[GPa] 7.07 7.17 7.18 7.22 6.98 7.15
E»[GPa] | 710 | 699 | 720 | 715 | 7.19 7.15
Es[GPa] | 719 | 712 | 7.02 | 711 | 7.22 7.10
G12[GPa] | 1.18 1.18 1.17 1.17 1.17 1.18
Gi3[GPa] | 1.14 1.12 1.15 1.14 1.13 1.14
Gz3[GPa] | 1.15 1.14 1.16 1.15 1.14 1.15

viz [-] 0.29 0.28 0.28 0.28 0.28 0.28

vz [-] 0.28 0.28 0.28 0.28 0.28 0.28

vas [-] 0.28 0.28 0.29 0.28 0.28 0.28
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Table 4.8 Elastic properties for 3% randomly distributed CNTs

Volume Fraction 3%
Sample # 1 2 3 4 5 avg
Ei1[GPa] | 10.09 | 10.37 10.03 10.28 10.29 10.59
E2[GPa] | 10.35 | 10.27 10.29 10.39 10.12 10.53
Es[GPa] | 10.25 | 10.14 10.36 10.14 10.38 10.26
G12[GPa] | 1.58 1.56 1.58 1.56 1.60 1.58
Gi3[GPa] | 149 | 149 | 149 | 151 | 1.49 1.49
G23[GPa] | 1.50 1.48 1.49 1.49 1.51 1.49
viz [-] 0.24 0.24 0.24 0.24 0.24 0.24
vis [] 023 | 024 | 024 | 024 | 024 0.24
vas [-] 0.24 0.24 0.24 0.24 0.24 0.24

It can be seen that the elastic modulus value of the RVE varies from 4.85 GPa to
5.01 GPa for 1% volume fraction. The shear modulus value is between 0.87 GPa to
0.89 GPa. The Poisson’s ratio of the samples does not show a variation and is equal
to 0.32.

For 2% volume fraction case, the elastic modulus values range from 6.98 GPa to
7.22 GPa. The results for the shear modulus vary between 1.12 GPa to 1.18 GPa.

The Poisson’s ratio is 0.28.

The results of the elastic modulus for 3% volume fraction is between 10.09 GPa and
10.39 GPa. The shear modulus changes from 1.48 GPa to 1.60 GPa. The Poisson’s

ratio is found as 0.24.

The average of the three elastic moduli (Ez, E2, and Ezs), three shear moduli (G2, Gis,
and Gz3) and three Poisson's ratios (vi2, vis, and vz3) and the maximum differences
can be seen in Table 4.9, Table 4.10, and Table 4.11.
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Table 4.9 Average elastic properties and the maximum differences for 1%
randomly distributed CNTs

Volume Fraction 1%

Sample # 1 2 3 4 5
Eavg [GPa] 493 | 498 | 496 | 494 | 495
Gavg [GPa] 0.88 0.88 0.88 0.88 0.88
Vavg [-] 032 | 032 | 032 | 032 | 032
Max(Ei-E;) 013 | 004 | 011 | 010 | 012
Max(Ei-Ej)/Eavg [%] | 272 | 071 | 228 | 201 | 241
Max(Gi-G;j) 0.02 0.01 0.01 0.01 0.01
Max(Gi-Gj)/Gavg [%] | 2.13 | 087 | 076 | 1.54 | 1.40

Table 4.10 Average elastic properties and the maximum differences for 2%
randomly distributed CNTs

Volume Fraction 2%

Sample # 1 2 3 4 5
Eavg [GPa] 7.12 7.09 7.13 7.16 7.13
Gavg [GPa] 1.16 1.15 1.16 1.15 1.15
Vavg [-] 028 | 028 | 028 | 028 | 028
Max(Ei-E;) 012 | 017 | 018 | 010 | 0.24
Max(Ei-Ej)/Eavg [%] | 173 | 244 | 255 | 144 | 333
Max(Gi-G;j) 0.04 0.05 0.02 0.03 0.03
Max(Gi-Gj)/Gavg [%] | 398 | 546 | 1.79 | 291 | 2.89
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Table 4.11 Average elastic properties and the maximum differences for 3%
randomly distributed CNTs

Volume Fraction 3%

Sample # 1 2 3 4 5
Eavg [GPa] 10.23 | 10.26 | 10.23 | 10.27 | 10.26
Gavg [GPa] 1.53 1.51 1.52 1.52 1.53
Vavg [-] 024 | 024 | 024 | 024 | 024
Max(Ei-E;j) 0.26 0.23 0.33 0.25 0.26
Max(Ei-Ej)/Eavg [%] | 251 | 228 | 324 | 241 | 257
Max(Gi-G;j) 0.06 0.05 0.06 0.05 0.06
Max(Gi-Gj)/Gavg [%] | 5.77 | 4.92 576 | 4.63 5.77

The variation of the elastic properties in different directions is very low, and hence,
the responses could be considered isotropic. Furthermore, the variations among
different realizations are also at an acceptable level. As expected, the elastic
constants increase with increasing volume fraction. In comparison to the elastic
modulus values (Ei, E2, and E3), the shear moduli (Gi12, Gi3, and G23) and the
Poisson's ratios (viz, vi3, and vz3) show much less variation both in different

directions and also among different realizations.

4.3  The Effect of Number of Randomly Oriented CNTSs

This section studies the effect of the number of randomly distributed CNTs on the
homogenized elastic properties of RVEs. Since, in reality, nanocomposites have a
very large number of inclusions, a study on the minimum number of CNTs in a
representative RVE is needed. It is obvious that an RVE including a single CNT does
not properly represent the whole heterogeneous structure. Therefore, the acceptable
number of CNTs in the RVE should be determined. In this section, several models
are created by changing the number of CNTs while keeping the volume fraction

constant. In this way, as the number of CNTSs increases, the heterogeneity of the
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structure will be more accurately represented; however, it is also not reasonable to
pick an RVE, including a great number of CNTs in terms of modeling and

computation time.

First, an RVE with a single CNT is created. The CNT has a length of 3.4 nm and a
diameter of 0.34 nm. Then, the total number of CNTs is increased while keeping the
dimensions of each CNT constant. The RVE sizes are changed to keep the volume
fraction constant. The total number of CNTs are increased from 1 to 400. Five
different random models are analyzed for each RVE size that has different number
of CNTs. Mesh sizes are also kept constant in all models so that the only variable is
the number of CNTs. Samples from the models are shown in Figure 4.4. The total
number of CNTs changes for each different matrix. The volume fraction is chosen

as 1%.

(d) (€) (f)

Figure 4.4 Sample models for different number of CNTs a) 1, b) 10, c¢) 50, d) 100,
e) 200, f) 400 CNTSs. The volume fraction is 1% in all models.
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Material properties are taken the same, see Table 4.2. and the same boundary
conditions are applied to the models to provide consistency. The same Python code

is utilized to create models, and process the analysis data.

The elastic modulus values (E1, E2, and E3) and the shear modulus values (Giz, Gis,
and G23) are averaged for each model. Averaging includes all values found from the
samples for elastic modulus and shear modulus, separately. Equations (4.1) and (4.2)

explain the averaging procedure.

1 Nr 3
e 2, 2.
n=1i=1
1
G = 3N, 2(612 + Gp3 + Gi3)" (42)
n=1

Ng, E and G stand for the number of realizations, the average elastic modulus, and

the average shear modulus, respectively.

Figure 4.5 and Figure 4.6 show the variation of the elastic and the shear moduli with

the increasing number of CNTSs.
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Figure 4.5 Average Elastic Modulus vs Number of CNTs for 1% volume fraction
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Figure 4.6 Average shear modulus vs number of CNTs for 1% volume fraction

As expected, the model including only one fiber is not enough to represent the whole
model correctly. As the number of CNTSs increases, the results seem to converge to
a value. After 100 CNTs, the elastic modulus does not change much, while this
threshold is 50 CNTs for the shear modulus.
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It should be noted that the convergence result obtained here is valid for the particular
matrix-fiber pair. In other words, for different matrix-fiber pairs where the ratio of
elastic moduli of two phases is significantly different from the present case, the
minimum number of fibers for convergence could be different. A similar limitation

is also true for fibers with different aspect ratios.

The mean percentage difference shows the average deviation of the results. The
maximum difference between elastic modulus values (E1, E2, and E3) is calculated
for each realization. Then, these values are averaged over the number of realizations.
Finally, the obtained values are normalized with mean value E. The same
computations are done for the shear modulus, too. The mean percentage difference
is calculated in Equations (4.3) and (4.4). The number of realizations is indicated by

n. Values from five different realizations are considered. Hence, n is taken 5.

N - max(EL, EL, EL) — min(EL EL, EY)
MPD ™ EZ E (4.3)

i=1

1~ max(GLy, G, GL3) — min(GLy, Gy, GLy)
AGupp :EZ =

E (4.4)

i=1

Figure 4.7 and Figure 4.8 show the percentage difference for the elastic and the shear

moduli.
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Figure 4.8 The mean percentage difference for shear modulus for different number
of CNTs

Figure 4.7 and Figure 4.8 exhibit a similar trend with Figure 4.5 and Figure 4.6. As
the number of CNTSs increases, variations among different realizations vanish.

However, the main purpose is to represent the heterogeneous material property with
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a small number of CNTs. Therefore, an optimal value can be chosen around 100

CNTs.

The worst-case for the different number of CNTs are also computed. In this case,
instead of averaging the results, the maximum difference is chosen for the worst
percentage difference. The worst percentage difference values E_WPD and G_WPD
are computed as follows.

maX(E]T_l; E;’l’ Egl) - mln(E{l, Egl' Egl)
E (4.5)

AEypp = maxp|

max(G1y, G35, G13) — min(G1y, Gs, G13)
AGypp = maxpy| o (4.6)

The Worst Percentage
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Figure 4.9 The worst percentage difference for elastic modulus for different
number of CNTs
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Figure 4.10 The worst percentage difference for shear modulus for different
number of CNTs

As expected, the worst percentage difference is greater then the mean percentage
difference. However, the change can be considered negligible. The results converge
for 100 and 50 CNTs for the elastic and the shear moduli, respectively. The
maximum difference for the elastic modulus is 4.6% with 100 CNTSs. This value is
5.59% for the shear modulus for 50 CNTSs. Since the optimal results are desired, it
can be concluded that an RVE should contain at least 100 CNTs for homogenization

procedure.

4.4  The Effect of Clustering on the Elastic Properties

It is well known that CNTSs in the matrix begin to agglomerate after a certain ratio
[21]. Clustering in the structure could deteriorate the mechanical performance of the
composite. In this section, the effect of clustering on the homogenized elastic

properties of nano-composites is studied.

3x3, 4x4, and 5x5 cluster models are created to examine this effect. To create a
cluster, first, a random cube is selected. CNTs are then placed in the first cube and
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the neighboring cubes around the first cube. After creation of a cluster of a given
size, the remaining CNTs are randomly placed into the RVE. The clusters can not be
visualized easily for large volume fractions since the matrix is nearly occupied with
CNTs. Therefore, 1% volume fraction case is studied for each cluster model.
However, 2% and 3% volume fractions are also studied for 3x3 cluster model (for
details, see Appendix D). Five different random samples are analyzed for each

cluster models.

CNT cluster models can be seen in Figure 4.11, Figure 4.12, and Figure 4.13.

(@) (b) (©)

Figure 4.11 3x3 Cluster model sample for 1% volume fraction a) side view of
CNTs, b) iso view of CNTSs, ¢) whole model

(a) (b) (©)

Figure 4.12 4x4 Cluster model sample for 1% volume fraction a) side view of
CNTs, b) iso view of CNTSs, ¢) whole model
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(@) (b) (©

Figure 4.13 5x5 Cluster model sample for 1% volume fraction a) side view of
CNTs, b) iso view of CNTSs, ¢) whole model

Material properties are chosen the same as given in Table 4.2, and the same boundary
conditions are applied to the models. In brief, the only change is the selected cluster

cubes so that cluster effects can be compared objectively.

Results are shown for three different cluster models with 1% volume fractions in

Table 4.12, Table 4.13, and Table 4.14.
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Table 4.12 Homogenized elastic properties for five different 3x3 cluster models
with volume fraction of 1%

sample # 1 2 3 4 5 avg
Ei[MPa] | 5021 | 4994 | 4976 | 5000 | 4944 | 4987
E2[MPa] | 4930 | 5041 | 4997 | 5067 | 4970 | 5001
Es[MPa] | 5015 | 5004 | 4939 | 5005 | 5004 | 4993
Gi2[MPa] | 896 | 880 | 877 | 886 | 884 885
Gis[MPa] | 875 | 887 | 880 | 873 | 885 880
Ga3 [MPa] 879 881 879 883 882 881
viz [-] 032 | 032 | 032 | 032 | 032 | 0.32
vas [-] 032 | 032 | 032 | 0.32 | 033 | 0.32
v23 [-] 032 | 032 | 032 | 0.32 | 0.32 0.32

Table 4.13 Homogenized elastic properties for five different 4x4 cluster models
with volume fraction of 1%

Sample # 1 2 3 4 5 avg
Ei[MPa] | 5108 | 5215 | 5057 | 5191 | 5179 | 5050
E2[MPa] | 5134 | 5038 | 5096 | 5053 | 5129 | 5090
Es[MPa] | 4980 | 5035 | 5048 | 5030 | 5013 | 5021
Gi2[MPa] | 910 | 902 | 889 | 896 | 908 901
Gz [MPa] | 890 885 885 888 885 887
G23[MPa] | 886 | 891 | 877 | 888 | 889 886

viz[] 032 | 031 | 032 | 031 | 032 | 0.32

vz [-] 032 | 031 | 032 | 0.31 | 0.32 0.32

va3 [-] 032 | 033 | 032 | 033 | 032 | 0.32
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Table 4.14 Homogenized elastic properties for five different 5x5 cluster models
with volume fraction of 1%

Sample # 1 2 3 4 5 avg
Ei[MPa] | 5139 | 5169 | 5157 | 5030 | 5067 | 5112
E2[MPa] 5212 | 5162 | 5223 | 5150 | 5122 | 5174
Es[MPa] | 5010 | 5118 | 5028 | 5083 | 5314 | 5111
G12[MPa] | 900 | 905 | 901 | 892 | 899 899
Giz[MPa] | 866 | 865 | 870 | 857 | 869 865
Ga3 [MPa] 863 866 866 856 865 863

viz[] 032 | 031 | 032 | 032 | 031 | 0.32

vis [] 032 | 031 | 032 | 032 | 031 | 0.32

v23 [-] 031 | 032 | 031 | 0.31 | 0.32 0.31

It can be seen that elastic properties tend to increase as cluster region increases. Also,
the small cluster in the matrix (like 3x3 cluster model) does not significantly affect

the structure.

The percentage difference between elastic property values of the cluster models and
the random model results (Table 4.6) can be seen in Table 4.15. The percentage
difference is calculated by using the average values of the five different samples of
the cluster and that of the random model.
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Table 4.15 Percentage difference between cluster models and the random model
(no cluster) results

3x3 4x4 5x5
Ex 0.93 2.22 3.46
E2 0.38 2.17 3.85
Es 1.18 1.74 3.56
G2 0.04 1.89 1.71
Gi3 0.31 1.08 -1.38
Gas 0.42 1.01 -1.62
V12 -0.35 -1.60 -1.60
Vi3 -0.07 -1.93 -1.93
v23 -0.79 0.45 -2.65

As stated before, when the level of agglomeration increases, the elastic moduli tend
to increase monotonously. The variation of the shear moduli and the Poisson's ratio
with cluster size is non-monotonous. It seems that they depend not only on the size
of the cluster but also on the location of the cluster.

Larger cluster sizes are not studied since it is not possible to model them with the

current RVE size. Larger RVEs are needed to study bigger clusters.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

The objective of the thesis is to determine the elastic properties of the polymer
nanocomposites by computational homogenization using the embedded element
method. First, the embedded element method is validated by comparing the
homogenized elastic properties obtained by the embedded element method with the
results of the conventional finite element method.

The effect of RVE shape on the results was studied. It was found that the RVE shape
does not affect the homogenized properties significantly. It was concluded that any
RVE shape could be used, as long as the volume fraction is kept the same.

Rectangular RVE shape was preferred in this study for its simplicity.

The effect of fiber placement was studied by considering two different models. CNT
was placed throughout the RVE and embedded into the RVE. The elastic modulus
along the CNT direction was found 200% greater than that of the transverse direction
in CNT throughout RVE. It is only 21% greater in the case of the embedded model.
It was concluded that CNT embedded into RVE represents heterogeneous material

better for the homogenization process.

The difference between the embedded and the traditional partitioned finite element
models were studied. It was found that the embedded model adds extra stiffness to
the system due the overlapping regions of matrix and CNT. As a result, the elastic
constants were found greater for the embedded model. The extra stiffness was
eliminated by subtracting the elastic modulus of the matrix from the elastic modulus
of the CNT.

An RVE with asingle CNT does not represent the nano-composite material properly.
Therefore, RVEs with many randomly placed and randomly oriented CNTs were

created. Since random models were examined, more samples needed to be examined
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to verify results. Therefore, five different random realizations were made for each

volume fraction.

The minimum number of CNTs required in RVEs was determined to obtain a
converged homogenized elastic properties. The number of CNTs in the RVE was
increased while keeping the volume fraction constant. It was observed that the results
converged for RVEs containing approximately 100 CNTs or more. It is important to
note that the result obtained here regarding the minimum number of CNTs is valid
for the particular matrix-fiber pair. For different matrix-fiber pairs with different
mechanical properties, the minimum number of fibers for convergence could be

different. A similar limitation is also true for CNTs with different aspect ratios.

Since CNTs have an agglomeration problem, the effect of small clusters of CNTs on
the model was examined for three different cluster sizes. The results showed that
clusters increase the Young's modulus monotonously in the range of cluster sizes

investigated. It was seen that small clusters did not affect the result significantly.

In this study, the embedded element technique was used for computational
homogenization. In the homogenization analyses, displacement boundary conditions
were considered only. Periodic boundary conditions and uniform traction boundary

conditions can also be used, and the results could be compared.

The RVEs created in this study do not allow CNTs to touch the boundaries and go

beyond them. This type of more complex RVEs could be created and studied.
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APPENDICES

A. Sample Python Code for Averaging Calculations

Sample Python code is provided for averaging calculations. X displacement
calculations are shown to represent methodology. A similar procedure is done for y

and z displacements.

import sys

from odbAccess import *

from abaqusConstants import*

from types import IntType

import numpy as np

#openMdb('spherical_model x_disp")

odb = session.openOdb(name="x_disp.odb’)

stepl = odb.steps.values()[0]

for x in odb.steps[stepl.name].frames:
odbSelectResults = x.fieldOutputs['S"]
odbSelectResults2 = x.fieldOutputs['LE']
odbSelectResults3 = x.fieldOutputs['1VOL']
field1 = odbSelectResults
field2 = odbSelectResults2
field3 = odbSelectResults3

stress1l =]

stress22 =]

stress33 =]

stress12 =]

stress13 =]

stress23 =]

strainll =]

strain22 =]
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strain33 =[]

strain12 =[]
strain13 =[]
strain23 =[]
ivol =]
result =[]

s

for s in field1.values:
stress11.append(s.data[0])
stress22.append(s.data[1])
stress33.append(s.data[2])
stress12.append(s.data[3])
stress13.append(s.data[4])
stress23.append(s.data[5])

for e in field2.values:
strain1l.append(e.data[0])
strain22.append(e.data[1])
strain33.append(e.data[2])
strain12.append(e.data[3])
strain13.append(e.data[4])
strain23.append(e.data[5])

H

for i in field3.values:
ivol.append(i.data)
sumivol =]
sumivol =0
foriinivol:
sumivol +=i

H e e e —————————————————————— e ————————————————
T

Sill = [(stress11[i] * ivol[i]) for i in range(len(stress11))]
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Si22 = [(stress22[i] * ivol[i]) for i in range(len(stress22))]
Si33 = [(stress33[i] * ivoll[i]) for i in range(len(stress33))]
Sil12 = [(stress12[i] * ivol[i]) for i in range(len(stress12))]
Si13 = [(stress13[i] * ivol[i]) for i in range(len(stress13))]
Si23 = [(stress23[i] * ivol[i]) for i in range(len(stress23))]
Eill = [(strain11[i] * ivol[i]) for i in range(len(strain1l))]
Ei22 = [(strain22[i] * ivol[i]) for i in range(len(strain22))]
Ei33 = [(strain33[i] * ivol[i]) for i in range(len(strain33))]
Eil2 = [(strain12[i] * ivol[i]) for i in range(len(strain12))]
Eil13 = [(strain13[i] * ivol[i]) for i in range(len(strain13))]
Ei23 = [(strain23[i] * ivol[i]) for i in range(len(strain23))]

S sumll =]
S suml1=0
for k in Si11:
S sumll +=k
S sum22 =]
S sum22 =0
for k in Si22:
S sum22 +=k
S sum33 =]
S sum33=0
for k in Si33:
S sum33 +=k
S suml2 =]
S suml2=0
for k in Si12:
S suml2 +=k
S suml13 =[]
S suml1l3=0
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for k in Si13:
S suml3 +=k
S_sum23 =[]
S sum23=0
for k in Si23:
S sum23 +=k

H e
+

E_sumll =]
E sumll=0
forkin Eill:

E sumll +=k
E_sum22 =]
E sum22 =0
for k in Ei22:

E sum22 +=k
E sum33 =]
E sum33=0
for k in Ei33:

E sum33 +=k
E_suml12 =]
E suml12=0
for kin Eil2:

E suml2 +=k
E_sum13 =]
E suml3=0
for k in Eil3:

E suml3 +=k
E_sum23 =]
E sum23=0
for k in Ei23:
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E sum23 +=k

S avell =S sumll/sumivol
S _ave22 =S _sumz22 / sumivol
S _ave33 =S sum33/sumivol
S avel2 =S suml2/sumivol
S avel3 =S sum13/sumivol
S ave23 =S sum23/sumivol
E avell = E _sumll/sumivol
E _ave22 = E_sum22 / sumivol
E_ave33 = E_sum33/ sumivol
E avel?2 =E_suml2 /sumivol
E avel3 = E_suml3/sumivol

E_ave23 = E_sum23/ sumivol

ifE_avell ==0:
Cl1=0
C21=0
C31=0
C41=0
C51=0
C61=0

else:
Cl1=S_avell/E_ avell
C21=S ave22/E_avell
C31=S ave33/E_avell
C41=S _avel2/E_avell
C51=S_ave23/E_avell
C61 =S avel3/E_avell
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For shear displacements, xy displacement calculations are shown. Similar procedure

is done for xz and yz displacements, too.

import sys

from odbAccess import *

from abaqusConstants import*

from types import IntType

import numpy as np

#openMdb('spherical_model_xy disp")

odb = session.openOdb(name="xy_disp.odb’)

stepl = odb.steps.values()[0]

for x in odb.steps[stepl.name].frames:
odbSelectResults = x.fieldOutputs['S']
odbSelectResults2 = x.fieldOutputs['LE']
odbSelectResults3 = x.fieldOutputs['1VOL']
fieldl = odbSelectResults
field2 = odbSelectResults2
field3 = odbSelectResults3

stress1l =]

stress22 =]

stress33 =]

stress12 =]

stress13 =]

stress23 =]

strainll =]
strain22 =[]
strain33 =[]
strainl2 =]
strainl3 =]
strain23 =]
ivol =]
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result =[]

for s in field1.values:
stress11.append(s.data[0])
stress22.append(s.data[1])
stress33.append(s.data[2])
stress12.append(s.data[3])
stress13.append(s.data[4])
stress23.append(s.data[5])

for e in field2.values:
strain11.append(e.data[0])
strain22.append(e.data[1])
strain33.append(e.data[2])
strain12.append(e.data[3])
strain13.append(e.data[4])
strain23.append(e.data[5])

for i in field3.values:
ivol.append(i.data)

sumivol =]
sumivol =0
foriinivol:

sumivol +=i

Sill = [(stress11[i] * ivol[i]) for i in range(len(stress11))]
Si22 = [(stress22[i] * ivol[i]) for i in range(len(stress22))]
Si33 = [(stress33[i] * ivol[i]) for i in range(len(stress33))]
Si12 = [(stress12[i] * ivol[i]) for i in range(len(stress12))]
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Sil13 = [(stress13[i] * ivol[i]) for i in range(len(stress13))]
Si23 = [(stress23[i] * ivol[i]) for i in range(len(stress23))]
Eill = [(strain11[i] * ivol[i]) for i in range(len(strain1l))]
Ei22 = [(strain22[i] * ivol[i]) for i in range(len(strain22))]
Ei33 = [(strain33[i] * ivol[i]) for i in range(len(strain33))]
Eil2 = [(strain12[i] * ivol[i]) for i in range(len(strain12))]
Ei13 = [(strain13[i] * ivol[i]) for i in range(len(strain13))]
Ei23 = [(strain23[i] * ivol[i]) for i in range(len(strain23))]

OV -

s

S sumll =]
S suml1=0
for k in Sil1:
S sumll +=k
S sum22 =]
S sum22=0
for k in Si22:
S sum22 +=k
S sum33 =]
S sum33=0
for k in Si33:
S sum33 +=k
S suml2 =]
S suml2=0
for k in Si12:
S suml2 +=k
S suml13 =[]
S suml13=0
for k in Sil13:
S suml3 +=k
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S sum23 =]
S sum23=0
for k in Si23:

S sum23 +=k

E_sumll =]
E suml1=0
for kin Eill:

E sumll +=k

E sum22 =]
E sum22=0
for k in Ei22:

E sum22 +=k

E sum33 =]
E sum33=0
for k in Ei33:

E sum33 +=k

E suml2 =]
E suml12=0
for k in Eil2:

E suml2 +=k

E suml3 =]
E sum13=0
for k in Eil3:

E suml3 +=k

E sum23 =]
E sum23=0
for k in Ei23:

E sum23 +=k
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S avell =S sumll/sumivol
S ave22 =S sum22 / sumivol
S ave33 =S sum33/sumivol
S avel2 =S suml2/ sumivol
S avel3 =S suml3/sumivol
S ave23 =S sum23/sumivol
E_avell = E_sumll/sumivol
E_ave22 = E_sum22 / sumivol
E _ave33 = E_sum33/ sumivol
E avel2 = E suml2 /sumivol
E avel3 = E_suml13/sumivol
E_ave23 = E_sum23/ sumivol

-

ifE_avel2==0:
Cl1=0
C21=0
C31=0
C41=0
C51=0
C61=0

else:
Cl4=S avell/E avel?
C24 =S _ave22/ E_avel?
C34 =S ave33/E_avel2
C44 =S avel2/E _avel?
C54 =S ave23/E_avel2
C64 =S _avel3/E_avel?
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B. Randomly Selected Cubes for CNT Placement

Selected cubes for CNT placement are picked by Python random algorithm.

import random

n=318 #input

m=1000
random_pick=random.sample(range(m), n)

import pandas as pd

data = pd.read_excel (r'C:\Temp\coordinates.xIsx")
df x = pd.DataFrame(data, columns= ['x")

df_y = pd.DataFrame(data, columns=['y'])

df_z= pd.DataFrame(data, columns= ['z"])
x_coord=df_x['x].tolist()
y_coord=df_y['y].tolist()
z_coord=df_z['z].tolist()

fx_csys=[]

fy_csys=[]

fz_csys=[]

for i in random_pick:
new_x = x_coord[i] #picked x coords
fx_csys.append(new_Xx)
new_y =y coord[i] #picked y coords
fy_csys.append(new_y)
new_z =z_coord[i] #picked z coords

fz_csys.append(new_z)

print("fx_csys=",fx_csys)
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print(‘fy_csys=",fy_csys)
print(‘fz_csys=",fz_csys)
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C. Python Code for Randomly Selected Angles

CNTs have Euler angles for their placement. Euler angles of CNTs are randomly

selected by using Python random algorithm.

import random

import numpy as np

n =318 #input

r=90

numbers = list(range(-r,r+1))

chosen =]

for i in range(n):
rn = random.choice(numbers)
chosen.append(rn)

print(‘fiber_angle_x=',chosen)

numbers = list(range(-r,r+1))
chosen =]
for i in range(n):
rn = random.choice(numbers)
chosen.append(rn)
print(‘fiber_angle_y='",chosen)

numbers = list(range(-r,r+1))
chosen =]
for i in range(n):

rn = random.choice(numbers)

chosen.append(rn)

print(‘fiber_angle_z=",chosen)
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D. 3x3 Cluster Model Results for 2% and 3% Volume Fraction
Results for 3x3 cluster model with 2% and 3% volume fraction are provided in Table
5.1 and Table 5.2.

Table 5.1 Homogenized elastic properties for five different 3x3 cluster models with
volume fraction of 2%

sample # 1 2 3 4 5 AVG
E1[MPa] 7068 7166 7183 7216 6982 7123
E>[MPa] 7102 | 6993 | 7199 | 7149 | 7189 | 7126
Es[MPa] 7191 7120 7017 7113 7220 7132
G12[MPa] 1185 1184 1169 1170 1168 1175
Gi3 [MPa] 1139 1122 1148 1136 1135 1136
G23[MPa] 1151 1141 1162 1154 1142 1150

viz [] 029 | 028 | 028 | 028 | 028 | 028
viz [-] 028 | 028 | 028 | 028 | 028 | 028
v23 [] 028 | 028 | 029 | 028 | 028 | 028
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Table 5.2 Homogenized elastic properties for five different 3x3 cluster models with
volume fraction of 3%

sample # 1 2 3 4 5 AVG
Ei[MPa] 10090 10370 10028 10283 10293 10213
E2[MPa] 10346 10266 10294 10388 10118 10283
Es[MPa] 10249 10136 10359 10140 10381 10253
G12[MPa] 1581 1559 1578 1558 1600 1575
Gis [MPa] 1493 1489 1494 1506 1487 1494
G23[MPa] 1501 1485 1490 1488 1505 1494

viz [] 0.24 0.24 0.24 0.24 0.24 0.24
viz [-] 0.23 0.24 0.24 0.24 0.24 0.24
v3 [] 0.24 0.24 0.24 0.24 0.24 0.24

Table 5.3 Comparison of elastic and shear modulus with changing volume fraction
for random and 3x3 cluster model

Difference in Difference in
Volume )
Eraction [%6] elastic modulus shear
[%6] modulus [%]
1 0.83 0.26
2 0.27 -0.03
3 1.59 0.04

Mean values of the elastic and the shear moduli are compared between the 3x3
cluster model and the random model (Table 4.6, Table 4.7, Table 4.8) which has
been studied before. According to the results, the difference between models can be
ignored. It shows that small clusters in the model does not changing the mechanical

properties of the model.
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