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ABSTRACT

VARIATIONAL SMOOTHING FOR EXTENDED TARGET TRACKING
WITH RANDOM MATRICES

Kartal, Savas Erdem
M.S., Department of Electrical and Electronics Engineering
Supervisor: Prof. Dr. Umut Orguner

April 2022, 83| pages

In this thesis, two Bayesian smoothers are proposed for random matrix based ex-
tended target tracking (ETT). The proposed smoothers are based on the variational
Bayes techniques and they are derived for an extended target model without and with
orientation. The random matrix models of Feldman et al. and Tuncer and Ozkan are
used as the extended target models without and with orientation, respectively. The
performance of both smoothers is evaluated using simulation results on two different
scenarios. It is seen that the variational smoothers derived for both models outper-
form the previous smoother recently given in the literature on the scenario with a
non-maneuvering target. On the other hand, it is seen that the performance of the
smoother for the model without orientation is reduced significantly below expecta-
tions on the scenario with maneuvers. Nevertheless, the smoother for the model with
orientation is shown to have little performance degradation in the maneuvering sce-

nario. Overall the results obtained in this thesis show that:

e the variational approach results in better smoothers than the existing smoother

in the literature,



e the explicit modeling of orientation is beneficial in smoothing as well as filter-

ing for tracking maneuvering extended targets.

Keywords: Extended target tracking, smoother, variational Bayes, random matrices,

target extension, target orientation
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0z

RASTLANTISAL MATRISLER ILE BUYUK HEDEF TAKIBI ICIN
VARYASYONEL DUZGUNLESTIRME

Kartal, Savas Erdem
Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii
Tez Yoneticisi: Prof. Dr. Umut Orguner

Nisan 2022 , [83|sayfa

Bu tezde, rastlantisal matris tabanl biiyiik hedef takibi (BHT) i¢in iki Bayesyen diiz-
giinlestirici sunulmustur. Sunulan diizgiinlestiriciler varyasyonel Bayes teknigi taban-
Iidir ve oryantasyonlu ve oryantasyonsuz biiyiik hedef takip modelleri i¢in tiiretilmis-
tir. Feldmann vd. nin ve Tuncer ve Ozkan’n rastlantisal matris modelleri sirastyla or-
yantasyonsuz ve oryantasyonlu biiyiik hedef modelleri olarak kullanilmistir. Her diiz-
giinlestiricinin performansi iki ayr1 senaryo tizerinde yapilan simiilasyonlar ile deger-
lendirilmistir. Her iki model i¢in tiiretilen varyasyonel diizgiinlestiricilerin, manevra
yapmayan hedef senaryosunda literatiirde yakin zamanda verilen onceki diizgiinles-
tiriciden daha iyi performans gosterdigi goriilmektedir. Ote yandan oryantasyonsuz
modeli kullanan diizgiinlestiricinin performansinin manevrali senaryoda beklentilerin
oldukca altinda kaldig1 gdzlemlenmistir. Bununla birlikte, oryantasyonlu modeli kul-
lanan diizgiinlestiricinin performans: manevrali senaryoda ¢ok az diisiis gostermistir.

Genel olarak tezde elde edilen sonuglar gostermektedir ki:

e varyasyonel yaklasim kullanilarak tiiretilen diizgiinlestirici literatiirdeki diiz-

giinlestiriciden daha iyi sonu¢ vermektedir,

vii



e belirgin oryantasyon modellemesi manevra yapan biiyiik hedefleri izlemek icin

filtreleme kadar diizgiinlestirmede de faydalidir.

Anahtar Kelimeler: Biiyiik hedef takibi, diizgiinlestirici, varyasyonel Bayes, rastlan-

tisal matris, hedef uzantisi, hedef oryantasyonu
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CHAPTER 1

INTRODUCTION

The conventional target tracking applications usually consider the objects to be ob-
served as point sources. However, due to the recent increase in sensor resolutions, the
objects might give rise to multiple distinct detections in varying numbers. For exam-
ple, short-range applications such as surveillance, autonomous weapons, autonomous
driving, or robotics often consider the object of interest as extended and such applica-
tions require extended target tracking (ETT). With the integration of high-resolution
sensors into an increasing number of application areas, the ETT has become an im-

portant and emerging research field recently.

In extended target tracking applications, in addition to the kinematic state, the object
extension should also be considered as an “internal degree of freedom” characterizing
an extended object. Therefore, the object extension needs to be included in the object
state and has to be estimated jointly with the kinematic state. The combined state
leads to a nonlinear estimation problem whose solution requires some approximations
and nonlinear estimation techniques. Studies in the literature can be classified by
different models used to represent the shape of the object extension, measurements,

and object dynamics.

The object extension can be modeled in different shapes. A rectangular shape rep-
resenting the object extension is used in [4] and [5]. Modeling the extension by an
ellipsoidal shape is another approach that is widely used because ellipse shape is usu-
ally sufficient for the measurement modeling, see, e.g., [6-8]. There are also more
complex arbitrary shape models for the scenarios where the object extension can not
be modeled by a geometric shape, see, e.g., [9]], [10]. However, in the scope of this

thesis, the ellipsoidal object extension model will be adopted.



The measurement models differ in their assumptions about the number of detections
and the position on the object on which these detections are generated. Early exam-
ples assume a measurement model which describes the detections as reflections from
fixed sources on the object [11], [12]]. This approach is also used in [13H15] for the
modeling of the reflection points on cars. The accuracy of this approach decreases as
the uncertainty of the number and location of the detections increases. Gilholm et al.
proposed another approach in [16] and [17], that models the measurements spatially
distributed over the target. In this model, the number of measurements is Poisson

distributed.

The nonlinear nature of the extended target tracking requires nonlinear estimation
techniques. The Extended Kalman Filter [18] can be used where nonlinearities are
weak but the performance of this algorithm is reduced significantly as the nonlinear-
ities get higher. An alternative method based on particle filtering, also known as the
Monte Carlo method, is proposed in [19] where posterior distribution of the target
state is represented by a set of particles; each of which has an importance weight
assigned to it. Instead of propagating densities with prediction and update equations,
these particles and weights are propagated to obtain an approximation to the target’s
posterior distribution. Other examples utilizing this approach can be found in [20]

and [21]].

One of the popular approaches of extended target tracking is the random hypersurface
model developed by Baum and Hanebeck in [9] and [22], that models the object
extensions in star-convex shapes. The algorithm they developed is capable of tracking
arbitrary shaped extended targets by using a parametric representation of the shape

contour.

A more recent model is proposed by Wahlstrom and Ozkan in [23]], where they use
Gaussian processes to learn the shape of the object. Their model is capable of esti-

mating a variety of object shapes. This model is also used later in [24] and [25].

Another well-known approach to extent modeling and estimation is the random ma-
trix (RM) model. This model, first proposed by Koch in [[6], is an example of spatially
distributed measurement models. It uses symmetric positive definite random matri-

ces to model the object extension and thus assumes that the object has an ellipsoidal



shape. The measurements are assumed to be spatially distributed over the object with
a Gaussian distribution whose covariance is the object extension. Koch’s model is
then improved by Feldmann ez al. in [1,26,27], where the sensor error is also con-
sidered as a parameter affecting measurement distribution. In [2], Granstrom and
Bramstang present Bayesian smoothing algorithms for both Koch’s and Feldmann et
al.’s models. The approximations of Feldmann et al.’s measurement update generate
the questions of optimality. In [28], Orguner derives an analytical measurement up-
date using variational inference to solve this. The variational Bayes technique is later

used in [3]] to track the target’s heading angle explicitly.

In the context of this thesis, the random matrix model will be used. Therefore, the
rest of the document will be limited to the scope of this model. For a more detailed
overview of current research in extended target tracking, including different aspects
of modeling approaches, [29]] can be studied. Moreover, an elaborate comparison
of random matrix and random hypersurface models is given in [30] by showing the

different assumptions and properties of the two methods.

The previous studies show that the smoothing algorithms show better performance
than the filtering algorithms. Moreover, the variational Bayes technique also im-
proves the estimation performance. None of the studies in the literature combines the
power of smoothers with the variational Bayes technique and this lead us to study on
such an algorithm. In substance, this thesis study proposes two variational smoothing
algorithms for the random matrix based extended target tracking applications under
measurement noise. Using the analytical techniques of variational Bayes inference,
this work presents approximate smoothing algorithms for the extended target tracking
models with and without considering the orientation angle of the target. The perfor-

mance of the proposed algorithms is validated with two different simulation studies.

1.1 Organization of the Thesis

This thesis is organized as follows. In we first provide an overview of
the previous research on RM based ETT by focusing on the filtering and smooth-

ing algorithms in the literature and elaborating on some studies which form the basis



of this study. Then, the variational inference technique is explained and the brief
information about the studies using this technique in the literature is given. In
ter 3| we propose our first smoothing algorithm which is based on an ETT model
without orientation. The derivation steps are provided in detail and the pseudo-code
for the implementation of the algorithm is given. At the end of this chapter, we ex-
plain why we need another algorithm that treats the orientation as a separate random
variable by providing some reasoning on the initial simulation results. In
we propose another algorithm that is based on an ETT model with orientation. The
derivation steps and pseudo-code of this algorithm are given in this chapter. In
the performance of the proposed algorithms is compared with the other filtering
and smoothing algorithms in the literature on two different ETT simulation scenarios.
The comments on the results and a comparison table for the computation time of the
algorithms is provided at the end of the chapter. Finally, in the thesis is

concluded with a summary of our study and potential future work.



CHAPTER 2

BACKGROUND

The objective of this chapter is to provide a review of the studies in the literature
on random matrix based extended target tracking. First, filtering and smoothing al-
gorithms based on the random matrix model will be investigated. Then, necessary
information about the variational inference will be given and some of the studies

which use this method for extended target tracking will be reviewed.

2.1 Extended Target Tracking using Random Matrices

The random matrix model, which is realized within the Bayesian Framework, is a
well-known approach in extended target tracking. The approach is based on aug-
menting the kinematic state vector xj at each time t;, which represents the target’s
position, velocity, and in some cases acceleration, by the additional state matrix X,

representing target’s extension.

The rest of this section is organised to introduce different filtering and smoothing
algorithms based on the random matrix model. The studies in [1H3]], [6], [28]], which

form the basis of our study, will be explained in detail.

2.1.1 Filtering Algorithms

The random matrix model, which is proposed originally by Koch in [6]] and later de-
veloped by Feldmann ez al. in [1]], is highly promising and thus has been a pioneer for
many other filtering algorithms. In this subsection, we will provide information about

the filtering algorithms that have been leveraged for the derivation of the smoothers

5



proposed in our study.

2.1.1.1 Koch’s Model

The method proposed by Koch in [6]] estimates both the kinematic and the extent
states of the target recursively. The target extent is modeled as an ellipsoidal object
which is described by a symmetric positive definite (SPD) random matrix X}, to be
estimated from the sensor measurements. The target extent matrix is distributed with

an inverse Wishart density (see [31]]).

Within the Bayesian Framework, the extended object tracking algorithm is a recursive
estimation scheme for the conditional probability density p(xzx, X|Vo.x) of the object
state (zy, Xj) at each time t; using the accumulated measurements )., up to and
including time ¢;, dynamic model describing the temporal evolution of the objects,

and sensor model parameters.

The dimension of the kinematic state vector xy, is rd, where d is the object dimension
and r — 1 defines up to which derivative the kinematic state is modeled. For example,

the kinematic state xj;, containing position and velocity can be shown as
= i 2.1
Tk [$$7gjyyvx’7vy] ) ( . )

in two spatial dimensions.
We assume that there are m; conditionally independent position measurements at

scan k belonging to the target given as
yi :Ha:k—i—wi for 7 =0,...,my. (2.2)

In (2.2), H represents the measurement matrix which extracts the position informa-

tion from the kinematic vector xj. It can be expressed as
H =110 =H®I,, (2.3)

where H = [1,0], d is the object dimension; i.e., d = 2 for 2D position tracking, and
® 1is the Kronecker product. The measurement noise wi is normally distributed with
mean of zero and covariance of X,,. These individual measurements form the set of
measurements )V, = {yi }i= at each scan k, where my, is the number of measure-

ments. The accumulated measurement sequence up to time £ are denoted as )..

6



Since this approach assumes the statistical sensor error to be negligible, extension
becomes the only factor affecting the spread of the measurements. Thus, the mea-
surement noise can be written as a zero mean normally distributed random vector
with covariance Xj. The likelihood of the measurement set ), given the number of

measurements, kinematic state and extension becomes

pVlmp, i, Xi) = [[N (v Hay, Xi), (24)

j=1
where NV (z; 11, ) denotes a normal density with mean  and variance X. The mean

and spread of the measurements can be written as

LR — Youioand Ye=) (vl -7 — v 2.5)
Jj=1 j=1
respectively. The joint density in (2-4)) can be factorized as
X _
PVl wi, Xi) o< N (?k; Huxy, m—k) WY, my — 1, Xy), (2.6)
k

where W(X; v, V') denotes the Wishart density of a d x d SPD random matrix X,
with a scalar degrees of freedom v, a d x d SPD scale matrix V, and a normalizing

constant Z, which is defined as follows [31]].
W(X;0, V) = %|V|_(1/2)”|X\(”_d_l)/zetr Bv-lx} , ov=d (27
where etr(.) is used for exp(tr(-)). The expected value of X is given as
E[X] = vV. (2.8)

The Bayes update equation for the joint density (xy, X} ) is given as

p(Ve|mu, v, Xi)D(2k—1, Xp—1|Vok—1)
oy Xi| Vo) = . 2.9
Pk Xl o) T el 2, Xi)p(@e—1, Xp1|Vosk—1)dyd X 29)

By exploiting the Bayes formula in (2.9), we can obtain that the posterior density

(g, Xk|Vo:x) is proportional to the product of the likelihood p(YVy|my, zx, Xi) and
the prior density p(zx_1, Xx_1|Yo.x—1) - The prior density can be factored as

P(Tr—1, Xp—1|Vok—1) = P(@r—1| Xi—1, York—1)P(Xp—1|Vo:k-1) (2.10)

where
P(@r-1|Xp—1, Yok—1) = N (@p, Thjp—1, Prjp—1 @ Xi), (2.11)
P(Xp—1|Vor—1) = IW(Xi; Vklk—1, Vk\kq)- (2.12)



Here Zy;—1 and Py,—; are the kinematic state mean vector and covariance matrix,
respectively. ZW(X; v, V') denotes the inverse Wishart density of a d x d SPD random
matrix X, with a scalar degrees of freedom v, a d x d SPD scale matrix V, and a

normalizing constant Z, which is defined as [31]]
1 1
IW(X;v,V) = E|V|(l/2)(”_d_l)]X|_(1/2)”etr [—va—l] : (2.13)

The expected value of X ~ ZW(X;v, V) is given as

We can write the product of the measurement likelihood and the prior density as

X
PV, 2, Xi)p(wp, X, Yorw—1) x N (?k;ka, m-Z)
X N (2k; Thpp—1, Pepp—1 @ X)

X IW(Xy; VEk—1, Vk\kq)- (2.15)

The kinematical part N (zy, Ty, Isk‘k ® Xj) can be extracted from the product of

Gaussians on the RHS of (2.15)) as

X R ~ . -
N (@k; Hzy, m—k> N (@; Zpp—1, Prejp—1 © Xi) =N (2k, Tejk, Pepp @ Xi)
k

X N (G; Hiygpe1, gk\k_le).

(2.16)
The parameters Zy; and ]5k| % are given as
Tpp = Tppp—1 + (f(kucq ® 1) ([Yp — HIpp-1), (2.17a)
P = Prje1 — Kijeo1Sur-1K4 1 (2.17b)
where §k|k_1 is the scalar innovation variance
N s -1
Skk—1 = HPyp1 H' + —, (2.13)
my
and f(k|k_1 is the gain
Kk\k*l - ﬁk|k,1ﬁ—r§k_|]1€71. (219)
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In order to obtain the update equation for the extent, we need to calculate the product
of factors depending on the extent X, on the RHS of (2.15). First, using the form of

the Gaussian distribution, the second term on the RHS in (2.16) can be written as
o 5 _ 1 _
N (@ HZ 1, Skk—1Xk) o< | X 2etr [_éNkk—lX 1} ) (2.20)
where Ny ;_1 is being an innovation matrix defined as

Nijg—1 = (U — Higp-1) (@, — Higp-1) " (2.2

Then, combining (2.20) with the product of the Wishart and inverse Wishart distribu-

tion in (2.15) we get
IW(X; Vit Vi) V(Y s mye — 1, Xi) IW( X V-1 Vigr—1)

1
X | X5, 7Y 2etr {—éN,ﬂk_lX—l] : (2.22)
with the parameters vy, and V. that can be written as

Vi = Vi1 + Sgh_y Nep—1 + Y, (2.23a)

Vi|k = Vklk—1 + M. (2.23b)

As a result of the measurement update, we get the posterior density of the joint state

(zk, Xi) as
P(l'k, Xk’yO:k) = P(iﬂk\Xka yO:k)p(XklyO:k>- (2.24)

The next step of the recursive Bayesian estimation, called prediction, requires the
joint probability density p(zx, Xx|)o.x) to be updated in time using the underlying

model of the system.

evolution

P(r—1, Xi—1|Vok—1) — Pk, Xi| Vok—1)- (2.25)

By using Markov-type assumptions, the underlying evolution model of the system,
represented by the joint transition density p(zx, Xg|rr—_1, Xx—1, Vo—1) can be written

as

(ks Xi| k-1, Xi—1, Yok—1) = p(zk, Xi|Tp—1, Xi—1)
= p(-Tk‘Xk,mkfl)p(Xﬂkal)- (2.26)



In (2.26)), it is also assumed that the kinematic state has no effect on the time update
of the object extension. The temporal evolution of the kinematic state can be modeled

as
T — A{L’k_l + Uk, (227)

where v is the process noise with p(vy,) = N (vj; 0, Q) ® X,), and A = A ® I, is the

state transition matrix.

When we integrate the product of this joint transition density and the posterior distri-
bution of the previous measurement update step, we get the Chapman-Kolmogorov

equation
P(h, Xi|Vo—1) = /p(wk,Xk|$k—17Xk—1,yo;k—1)
X (-1, Xp-1|Vor—1)drr_1d X1,
= /p<xk‘Xk7xkl)p(Xk‘Xkl)
X p(@p—1]| Xp—1, Vor—1)P(Xp—1|Vor—1)drp1d Xy 1. (2.28)

Assuming that the kinematical part of the filtered distribution at time ?;_; is a Gaus-
sian and the temporal evolution of the object extension has no effect on the prediction

of this part, we get

P(l’kfl \qu, Vok—1) & p($k71|Xk, Yok—1), (2.29a)
P(rp—1| Xk, Yo—1) = N(xkfﬁ Tr1jk—1, lf)k—1|k—1 ® Xg). (2.29b)

Substituting (2.29b) into (2.28)), the predicted density of the kinematical part becomes

(k]| Xk, Vor—1) = //\/’(!Em Az 1, Q ® X)

X N(Tp—1; To—1jk-1, Pk—1|k—1 ® Xj)dxy_1, (2.30a)
= N (z1; Ep1, Pepo1 @ X3, (2.30b)

where the parameters 7,1 and Py,_; are given as

ik|k71 = Af%kfl\kfla (2.31a)

pk|k—1 = Apk—uk—lle—r + Q (2.31b)
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For the object extension part, let us assume that the filtered distribution at time ;4

is inverse Wishart and it is given by

p(kal |y0:k71) = IW(kal; Vk—1|k—1, Vk;—1|k—1)a (2.32a)
1
o | Xp_q |~/ 2e-1i-regr [—évk_lk_lx,;_ll] : (2.32b)

Assuming that the expectation of the previous filtered density is equal to the expecta-

tion of the filtered density, the following equality holds.

Vk\k—l B Vk—l\k—l
Vlc|k71 —2d — 2 l/kfl‘kfl —2d—2

(2.33)

The degrees of freedom v determines the covariance of the inverse Wishart distribu-
tion, so we can expect it to decrease with increasing sampling periods Aty = tx—tx_1.
The following prediction update equations consider this effect and also keep the ex-

pectation the same.

At
Vg|k—1 = €Xp <—Tk> Vk—1|k—1, (2.34a)
Vgl—1 — 2d — 2
Vipot = — Viotfiet. (2.34b)

Vg—1lk—1 — 2d — 2
2.1.1.2 Feldmann ef al.’s Model

The Bayesian algorithm derived in [[6] and described in the previous subsection is
capable of estimating both the kinematic and extension states of an object. However, it
assumes that the object extension dominates the spread of the measurements and thus
ignores the effect of measurement noise. In presence of sensor error, this approach
would estimate extension and measurement noise together and thus the estimated
target extent becomes biased by the measurement noise covariance. In cases where
the sensor error is comparable with the object extension, the estimation performance

of this approach will be degraded.

In order to compensate for this effect, the measurement likelihood function is adjusted
in [1]]. The updated likelihood function taking the possible sensor errors into account

can be written as

mg

p(Vilmi, wx, Xi) = [ [N (ul; Hew, sXi + R), (2.35)

j=1
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where R is the sensor error covariance matrix and s is the scaling factor of the object
extension. Including the effect of the scale factor enables us to model the spread of

the measurements in a better way.

For the likelihood in (2.35)), no analytical solution can be found for the Bayes update

equation because of the additional R. Therefore, approximations are needed.

In [1]], the predicted object extension Zy;—; 1S assumed to be significantly close to
true extent X;. Also, the kinematic state density is approximated such that it is no
longer conditioned on the object extension. Thus, we can write the joint state density

as

p(xrk, Xe|Vox) = (k| Vo) p( Xk | Vo) - (2.36)

Assuming that the prior distribution of the kinematic state is normal, i.e.,

(k| Vo-1) = N (zr; Tup—1, Prjp—1), (2.37)

we can use standard Kalman filter update equations to obtain the posterior density
(k]| Vow) = N (@1 Taj, Prji)- (2.38)

The update equations for the parameters Iy, and P, of the posterior are given as

Tk = Trpp—1 + Kipp1 (T — HExpe-1), (2.39a)
Pyp = Prjp—1 — Kk|k—15k\k—1KkT\k,1, (2.39b)

where Sjx—1 is an approximation of the innovation covariance

sXpp_1+ R
Skt = HPg o HT 4+ == (2.40)

and Ky ,_ is the gain
K1 = Pup—1H' Sy (2.41)

The sensor error becomes an effective parameter of the kinematic state measurement

update equations due to the modified version of the innovation covariance in (2.40).

In the measurement update of the object extension part in [1f], the extent X}, which
is the expected value of the inverse Wishart posterior distribution, is estimated instead

of the scale matrix V.. Also, agx = vgx — 2d — 2 is updated instead of the degrees
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of freedom vy, for easier calculation. The resulting measurement update equations

of the object extension are given as
Xk = %lk(akk—lxkk—l + Nk|k—1 + Yk|k—1)7 (2.42a)
gk = Qgl—1 + Mg, (2.42b)
where the parameters N, klk—1 and ffk‘ k1 are given by
Bk =X Sl N (ST OO )T a3
Yikor =Xl (sXieot + R) ™Y e ((5Xugums + B) VT2 )T, (2.43b)
The resulting posterior density is in the form of an inverse Wishart distribution, i.e.,

P( Xkl Vo) = IW(Xi; Vijies 0 Xifie)- (2.44)

Similar to [[6], Kalman filter prediction equations are used to update the kinematic
state in time.

Tpjh—1 = Ai’kfl\kfh (2.45a)

Pyt = APy_15m1 AT + Q. (2.45b)

Notice that the dimensions of the matrices used in (2.31b) and (2.45b) are different.

In (2.31b), r x r state covariance Pj;_1, process noise variance Qyx—1 and the state

transition model A matrices are used. However, in these matrices are used in

full dimension n, X n,.

The expected value of the object extension is assumed to remain constant during the
time update.

KXijp—1 = Xp—1jk—1- (2.46)

Similar to (2.34a), the time update equation of the degrees of freedom parameter is

exponentially decreasing over time, i.e.,

At
g1 = 2+ exp (_Tk) (e 1jp1 — 2). (2.47)

2.1.1.3 Variational Bayes Approach

Feldmann et al.’s approach requires some assumptions to derive a Bayesian solution.

In [28], Orguner proposed a variational Bayes approach for the measurement update
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of the random matrix model. This technique is also used in [3] to derive the varia-
tional measurement update for extended target model with the orientation angle as an

additional target state. A more detailed description of this approach is going to be

given in[Section 2.

2.1.1.4 Other Approaches

Other studies on the random matrix model are available in literature. For example,
a prediction update for extended targets has been proposed in [32], where the ob-
ject extension transformation is considered to be dependent on the kinematic state
of the object. As shown in (2.26)), previous work assumes that the time update of
the object extension is independent of the kinematic state. However, this assumption
would lose its validity during a constant or variable turn-rate maneuver. As a solu-
tion, a generalized prediction update for the extension based on the minimization of

the Kullback-Leibler divergence has been derived.

Another research on the random matrix filtering is given in [33]], where the time vari-
ation and distortion of the object extension is also considered. This study accounts
for the changes in the object shape and orientation in addition to the size. Also, it
proposes a solution for the distortion of the object extension problem that is caused

by the sensor-to-target geometry.

Unlike the previous approaches where measurement data is considered to be received
from a single sensor, a network of multiple sensors is considered in [34]. The study
deals with the difficulty of varying object extension due to different sensor perspec-
tives and compares four different measurement updates for the extended target track-

ing random matrix model.

2.1.2 Smoothing Algorithms

Koch’s and Feldmann et al.’s approaches provides similar but different filtering (for-
ward) algorithms for the recursive Bayesian estimation of the extended target random

matrix model. Although Koch discusses the backward recursion briefly in [|6], the de-
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tailed information is not given. In [2]], the smoothing (backward) expressions for both
algorithms are derived to refine filtering estimates. In the view of this thesis, we will
only use the model in [[1] and therefore will only mention the smoothing expressions

related to this model.

2.1.2.1 Granstrom and Bramstang’s Approach

The Bayesian smoothing for an extended object starts with the filtered density at
the final time step K. The well-known RTS-smoother is used in [35] to derive the

backward recursion equations.

(e, Xe|Vox) = p(zr, Xi| Vo)

X/p(xk+17Xk+1|xkaXk)p(karlanJrl‘yO:K)
p(ﬂfkﬂ, Xit1 D)o:k)

The backward recursion starts with the final posterior density. Suppose that an inter-

mediate smoothed density is Gaussian inverse Wishart distribution, i.e.,

P(Ths1s Xer1| Vo) = P(@ht1| Vo )P (X1 | ok )
= N (@k11; Trrrc, Por ) IV (X Vi i, Vi) (2.49)

Assuming that the transition density of the kinematic state does not depend on the

extent state, we get

P, Xi|rp-1, Xi—1) = p(zg|Tr—1)p(Xk| Xk-1)

MX,_ MT
= N (xy; Axg—1, Q)W <Xk§ ng, L) , (2.50)

Ny,

where M is a d x d invertible matrix describing the change of the object extension over
time, the smoothed density p(zx_1, Xx_1|)o.x) 18 also in the same Gaussian inverse

Wishart form, i.e.,

P, Xi| Vo) = N (2w Tyies P ) IW (X Vi Vi i) - (2.51)
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The parameters of the smoothed density can be calculated by using the following

smoothing expressions.

Trix = Tufk + G(Trr1x — Thpajr), (2.52a)
Py = Pup + G(Piy1pr — Perx)G', (2.52b)
_ 2(d+1)?

VK = Vklk T 1 ! (Vk+1|K — Vkt1k — %) , (2.52¢)
Vi = Vape + 17 "M (Vg = Vi) (M, (2.52d)
G = PurATP (2.52¢)

Vet1|Kk — Veie — 3(d + 1)
- .

n=1+

(2.521)

2.2 Variational Bayes Inference

The measurement update equations proposed in [1] make the assumption that the
predicted object extension is almost the same as the true extent. Considering the
cases where this assumption is not applicable, we need to think of a more structured
Bayesian approximation scheme. For this purpose, the well-known variational in-
ference method (see [36, Ch. 10] and [37]]) can be used. The implementations of
the variational method to derive the measurement update equations of different target

tracking scenarios can be found in [3]], [28], and [38]] .

Before explaining the previous work that uses variational method in extended target
tracking applications, we need to understand the details of the variational inference.
Consider a system where Y denotes the set of observed variables and X denotes
the set of all latent variables and parameters. The log-likelihood function can be

decomposed as

Inp(Y) = L(q) + KL(q||p), (2.53)

where

c@y:/qugm{%%g?}&a (2.54)

KL(q||p) = —/q(X) In {pfj((—)?)/)} dz. (2.55)
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KL(¢||p) is the Kullback-Leibler divergence [39] (also known as relative entropy)
between p(X|Y') and ¢(X). Noting that KL(qg||p) is always non-negative, we can
write that Inp(Y") > L(q). This result shows that £(g) is a lower bound of the log-
likelihood. It is equal to In p(Y") only if KL(g||p) is equal to zero, which occurs when
q(X) is equal to p(X|Y). The optimization problem can be solved by maximizing
the lower bound £(¢) with respect to the distribution ¢(.X), which consequently max-
imizes the log-likelihood.

Consider the restricted family of distributions where ¢(.X') can be partitioned into
number of disjoint groups. In this restricted family, ¢ distributions approximated as

the factorization of these groups, such that

M
= [Ja(x). (2.56)
i=1

In order to maximize the lower bound, we need to optimize £(q) with respect to each

factor of ¢(X). By substituting into (2.54), we can write £(q) as

L(q) /Hq, Inp(Y, X) — Zlnq, dX. (2.57)

We can modify (2.57) to investigate the dependence on one of the factors g;(X;),
which is denoted simply by ¢;, as follows.

L(q) :/Qj /lnp(Y, X)HqidXi dX; —/qj Ing;dX; + const.  (2.58)
1#]

Here introducing the expectation with respect to distributions ¢; for i # j

iy llap(Y. X)) = [ 1np(¥. 30 [TadXe (2.59)
i#]
we can modify £(q) as
L(q) = /qj Inp(Y, X;)dX; — /qj IndX; + const, (2.60)
where
In (Y, X;) = Eo;[Inp(Y, X)] + const. 2.61)

The form of the (2.60) is a negative Kullback-Leibler divergence between ¢; and
p(Y, X;). Therefore, in order to maximize £(q), we need to have ¢; = p(Y, X;). The
optimal solution ¢} (X;) is given by

In g5 (X;) = Eiz;[Inp(X, X)] + const. (2.62)
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The optimal solution given in (2.62) forms the basis of the variational method. It
shows that the logarithm of optimal solution for the factor g; can be obtained by
taking the expectation of the joint distribution’s logartihm with respect to all the other

factors q;+;.

2.2.1 Orguner’s Approach

Based on the result (2.62), Orguner proposed a variational measurement update for
extended target tracking random matrix model in [28]]. In order to be able to generate
an analytical solution, the noise-free measurements are defined as additional latent

variables. The measurement likelihood can be written as
N(yi; Hzxy,sX, + R) = /./\/'(yi, zé, R)./\f(zi; Huxy,, st)dzi, (2.63)

where zi represents the noise-free measurements of the noisy measurements yi In-
cluding Z; into the list of quantities to be estimated, the joint posterior density
p(zk, Xk, 2| Vo) needs to be computed. This joint smoothing posterior density can

be approximated by using the following variational approximation:

(e, Xk, 26| Vox) = q(@k, Xk, Zi) = ¢(2x)qx (Xk)qz(Z5), (2.64)

where ¢,(.),qx(.),qz(.) are the approximate posterior densities of xy, Xj, and Zj,
respectively. The analytical solutions of the estimates . (.), ¢x(.), and §z(.), can be

obtained using (2.62) as follows.

IOg Q$ (xk> - Eéxﬁz [lng(J}k, Xk7 Zk7 yk|y0:k—1)] + cg, (2653)
log 4x(X%) = Eg, 4. [log p(xk, Xk, 2k, V| Vor-1)] + cx., (2.65b)
log ¢z(2k) = Eq, 45 [log p(xk, Xk, Zk, V| Vok-1)] + ¢z, (2.65¢)

where c¢,, c,, and cz are constant with respect to xy, X, and Zy, respectively.

The equations for the (i 4+ 1)th iterates of the posteriors are obtained using (2.65).

These equations form the convergent recursive algorithm to obtain approximate pos-
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teriors. The posterior densities are given as

¢V () = Nz 2 PGTY), (2.662)
gk (Xk) = IW(X v, V), (2.66b)
1+1) HN i Ai(z+1 z(erl))‘ (2660)

The update equations for the parameters of the kinematic state are given as follows.

o (@ i+1 — i4+1
xz(cﬁ?l) b, k(ll:_ )(Pk\k 1z ;(qZ )+ m H T (sX3) 7 1%), (2.67)
Py = (Pl +m H (sXy,) TH) ™! (2.68)

where
z, & 1 %E . [zj]
k mk — q(Z'L) k1
(st) LA ()[(st) 1.
The update equations for the extent state are given as follows.

Vi|k = Vklk—1 + M, (2.69)

VY = Vi + = Z — Hay)(2] — Hay)T, (2.70)

where

(2] — Hay) (2] — Hay,)T & qu(f),q? [(zi — Hay)(z) — Hay)"
Finally, the update equations for the noise-free measurements are given as follows.

2i7(i+1) _ EZ7(i+1)((3Xk) Hzr + R~ ) (2.71)
%7 (i+1) ((st) + RN (2.72)

where 7}, = E (xk).

2.2.2 Tuncer and Ozkan’s Approach

The variational Bayes technique proposed by Orguner in [28]] is used to estimate ap-

proximate posteriors but it relies only on the forgetting factor for the changes in the

19



object orientation. Such an approach would not be sufficient in cases where the object
orientation changes significantly over time. In [3], Tuncer and Ozkan proposed an-
other solution that provides the ability to track the orientation of the target separately

from its extent.

In this study, the extent state is composed of the orientation angle 6, € R, and diag-
onal positive definite axis length matrix A, € R4, A, =diag(\}, A2, ..., \). The

measurement likelihood becomes
Pyl T, Ax, O) ~ N (yl; Hay, sTy Ay T, + R), (2.73)
where Tj, € R is the rotation matrix.

cos(fr) —sin(0
T, = (0) G} (2.74)

sin(fx)  cos(0y)
In order to derive the variational smoother algorithm required in the context of this
thesis study, we have benefited from the results of [28]] and [3]]. Therefore, the detailed
derivations of both studies are given in to derive the related smoothing

expressions.
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CHAPTER 3

VARIATIONAL SMOOTHER FOR THE MODEL WITHOUT
ORIENTATION

The extended target tracking algorithm proposed by Koch was very promising be-
cause it was capable of estimating both kinematic and extension states of a target.
This algorithm was later improved by Feldmann ef al. by including the effect of
measurement error in the problem. However, due to the additional measurement error
parameter, the problem had no analytical solution and thus required heuristic assump-
tions and approximations. Later, Orguner proposed an iterative analytical measure-
ment update based on well-known variational inference. Moreover, Granstrom and
Bramstang derived the Bayesian smoothing algorithm for both Koch’s and Feldmann
et al.’s model to observe the benefits of smoothing [35] on extended target tracking

applications.

In this chapter, the variational smoothing algorithm, which can be considered as a
combination of Orguner’s algorithm with Granstrom and Bramstang’s, will be ex-
plained. We will first describe the solution of variational smoothing for the extended
target tracking. Then, the derivation of the variational smoother for the extended
target random matrix model will be provided. Later, the psuedo-code for the algo-
rithm will be given. Lastly, brief comments about the algorithm performance will be

provided.

3.1 System Description and Problem Formulation

For an extended target of interest, one can assume that the target state consists of

the kinematic state x;, € R"* and the symmetric and positive definite extent ma-
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trix X, € R"™*" where n, and n, are the dimensions of the kinematic state and
the measurements respectively. The measurements at time £ can be represented by
Ve & {yi € R }7™ , where my is the number of measurements at time k. The
individual measurements yi at time k£ are assumed to be independent and normally
distributed given the kinematic and extension states. Each measurement is indepen-

dent and identically distributed as

where H € R™*"= is the measurement matrix, s is the scaling factor, and R is the

covariance of the measurement noise.

Bayesian filtering of extended objects is a recursive estimation cycle formed by the
Chapman-Kolmogorov prediction (2.28)) and Bayes update (2.9) steps. The extended
smoother is the backward recursion of the filtered estimates. The recursion starts at
the final time step K and given all the measurements, it aims to refine the filtered

estimates. The smoothing equation of an extended target is given in (2.48).

The aim of our variational smoothing algorithm is to obtain an analytical approxi-
mation for the posterior density of the kinematic state x.x and the object extension
Xo.x. Since the exact analytical solution is not available due to covariance addition
in the measurement distribution (3.1)), a new variable zi representing the noise-free
measurements is introduced as in [28]] (see (2.63) for the resulting measurement like-

lihood).

The joint density of the noisy measurements y; and noise-free measurements z; can

be written as
Dy 2, Xi) = Nyl 2 RN (2]; Hag, sX),). (3:2)

Including Z, £ {zi ;”:’“1 into the list of quantities to be estimated, the posterior den-
sity to be calculated becomes p(zo.x, Xo.x, Z0:x|Vo:x)- In order to generate an ap-
proximate analytical solution for this posterior, following variational approximation

1s used.

P(Z‘O:K, Xo:K ZO:K|yO:K) ~ Q(fEO:Ka Xo:K, ZO:K) = Qx($O:K)QX (XO:K)QZ(ZO:K)a
3.3)
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where ¢,(.),gx(.), and gz(.) are the approximate posterior densities of z¢.x, Xo.x,
and 2.k, respectively. The well-known variational inference technique [36, Ch. 10]
can be used to calculate the estimates ¢,, ¢x, and ¢z of the approximate posterior
densities as

(jxa an (jz = arg min KL(Q($O:K7 XO:K: ZO:K) ’ ’p(l'o;K, XO:Ka ZO:K‘yO:K))a (34)

qz,9X 92

where KL(g(7)||p(z)) £ [ qlog(%)dz is the Kullback-Lieber divergence [39]. As
explained previously in[Section 2.2] the optimal solution of this problem satisfies the

following equations:

lOg dcp (350:}{) = E(ix,qAZ [10g p(-rO:K? XO:K> ZO:K> yO:K)] + Cz, (353)
log QX(XO:K) =Eg, .42 [log p(ﬁco:K, Xo:x5 20:K 5 yo:K)] + cx, (3.5b)
log §z(Z0.k) = Eq, 45 log p(20:k, Xo:x, Zo:ic, Yo:x )| + ¢z, (3.5¢)

where c,, cx, and cz are constants with respect to variables zg.x, Xo.x, and Zy.,
respectively. In order to obtain a solution for (3.5), fixed-point iteration can be used
where only one factor is updated and the expected values on the right-hand sides are
calculated using the last estimated values of other factors. The iteration is guaranteed

to converge to a local optima of (3.4).
The joint smoothing posterior density to be approximated can be written as

p(%:K,Xo:K, ZO:K|yO:K) X p(%:K, Xo:x, 20K, yO:K)

= p(Vo|20)p( 20|70, Xo)p(70, Xo)
K
x [ [Pkl Z0)p(Zxl e, Xe)p(arlre)p(Xel Xi-1), (3.6)

k=1
In order to obtain the state transition densities we need to examine the dynamical
model of the system. The kinematical dynamics of the object can be expressed by the

following state space model.
Ty, = Axp_1 + wy, wy ~ N(0,Q), (3.7)

where A is the state (temporal evolution) matrix and wj, is the Gaussian distributed
process noise with zero mean and covariance (). This dynamic model results in the

following state transition density for the kinematic state.
p(@g|zr1) = N(vx; Arp, Q). (3.8)
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The dynamical model for the object extension is adopted from [40] where the Beta-
Bartlett stochastic evolution model was proposed. In this model, for an inverse

Wishart distributed matrix X, € R4 parametrized as
p(qu) = IW(kal; Vi—1k—1, Vk:—1|1c—1)7 (3.9)

the transition density p(X|X;_1) is given such that the predicted density also be-

comes inverse Wishart distributed with
P(Xk) = IW(Xk; Vijr—1, Vije-1)- (3.10)
The parameters of the predicted density are updated as follows.

Vk|k—1 = wl/k:—l\k—l + (1 — 77D>(2d + 2), (3113)
Vi1 = YVi-1jk—1, (3.11b)

where 0 < ¢ < 1 is the forgetting (covariance discount) factor.

The backwards smoothing recursion equations are given as follows.

Vg = (1 = V)i + Yk, (3.12a)

-1
Vi = (L= o)Vl + Vi) (3.12b)

3.2 Derivation of the Variational Smoothing Equations

In this section, starting from the ith iterates of ¢,(.), gx(.), and gz(.), the equations

for the (7 + 1)th iterates, denoted as qa(fﬂ)(.), qgﬂ)(.), and qgﬂ)(.) are derived. For

simplicity all the constant terms are denoted as c throughout the derivation.

The joint smoothing posterior density in (3.6) can be expressed as
p(@o.r, Xo:xs Zo.xc, Vo)

mo
= H./\/(yg; 2 RN (2); Hxo, sXo) | N(wo; Zo, Po)IW(Xo; vo, Vo)
=1

K mp
< [T TINV W 24 RIN (25 Hag, sX0) | plaglan-)p(Xel Xi-1),
k=1 |j=1
(3.13)
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where 7, Py and 1, V|, are the initial values for the kinematic and extent states, re-

spectively.

In order to obtain the optimal solution, the expected value of the posterior density in
(3.13) with respect to the last estimates of the fixed variables needs to be calculated.

Some expected values are shown with the lines over the variables for simplicity.

3.2.1 Derivation for the approximate posterior q;(fﬂ) (\)

Using (3.54), we can write

K
log ¢\ (z0.x) = log N (o; £0, Po) + Y _ log N (wy; Ay, Q)

k=1
K my _ _ o
+ Z Z —0.5tr [((zi — Hay) (2 — Hag) (s Xg) 7| +c,
k=0 j=1
(3.14a)
K
= log N (wo; o, Po) + Y _log N (w; Azg_1, Q)
k=1
K Q
+ Z —0.5tr [mk(Ek — ka)(zk — ka)T<SXk)_1 +c,
k=0
(3.14b)
K
= log N (x0; 2o, Po) + ZlOgN(xk; Azp_1,Q)
k=1
K ———1
X, )1
+ Y log N |z Hay, BX)™ L, (3.14¢)
k=0 Mk
where
Z & E,o EAl (3.152)
1 & —
= A~ J
W sz (3.15b)
7j=1
(sXk) T 2 E o [(sX5) 7). (3.15¢)

Observing that has the form as the logarithm of the joint posterior distribu-

tion of the kinematic state in a linear Gaussian state-space model with the process
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noise covariance () and the measurement noise covariance <Eq(i) [(sX k)_1]> , the
X

well-known RTS smoother can be used to compute the approximate posterior density

o (o.xc).

3.2.1.1 Forward Recursion

It is necessary for the smoother to preserve the functional form of the state density.

Thus, initializing the kinematic state with a Gaussian distributed prior qiigli)l(xo) =

N (xo; Zo, Py), the filtered posterior can be written as
aiin () = N a0, P, (3.16)

whose parameters are updated with the following measurement update equations.

i+1 i+1) i+1 i+1)
air =PSRRI T, + mHT(sX5) ) (3.172)
P =P + i HT (sX3) TH) ™! (3.17b)

Different than Feldmann’s measurement update equation in (2.39al), the above mea-
surement update uses the average of noise-free measurements instead of noisy mea-

surements.

The prediction step requires the solution to the following Chapman-Kolmogorov

equation:

p(xk, Xk, |[Yor-1) = /p(IEk,XH%—l,Xk—O
X p(@p—1, Xp—1|Vo—1)dar_1dXp_1. (3.18)

Assuming that the dynamical models of the kinematic and extent states are indepen-
dent, the time update of these states can be separated. Using Kalman filter prediction
equations, the predicted density qg',i)ll .(Zr4+1) can be obtained in the form of a Gaus-
sian as

i+1 i+1 i+1
q:(z:,k+)l|k(xk+1) = N(xk-‘rla x]g.:_1|)]€7 Pk(—&-l\l)c) (3.19)

whose parameters are updated with the following time update equations.

~ (i+1) A (i+1)
1k — A Kk (3.20a)
(i+1) (i+1) 4T

P = ARSIV AT 4 @ (3.20b)
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3.2.1.2 Backward Recursion

Using the RTS Smoother equations, the smoothed density qg(f;ll)(

form of a Gaussian as
i+1 (i1 i+1
agi (o) = Naws i POEY),
with the following backward recursion equations

Gk kr]:rl AT<P l+1)) 1,

ke+1]k
~(+1) A (i+1) (i+1) ~(i+1)
Trik = k\k = Gr(2 Tht1|K Axk;lk; ),
(i+1) _ p(i+1) z+1) (i4+1)\ ~T
Pk = Pk|k + Ge(Pyiyx — Peinyi) G-

3.2.2 Derivation for the approximate posterior q(”l) ()

Using (3.5b)), we can write

log g% (Xox) = log TW(Xo; 10, Vo) + Y _ log p(X;| Xjp1)
k=1

K
+ Z ]Eq@’qg) log p(Z|zk, Xi)] + ¢
k=0

K
= log IW(Xo; 10, Vo) + > _ log p(Xx| Xx1)
k=1

my

(xy) is also in the

(3.21)

(3.22a)
(3.22b)
(3.22¢)

(3.23a)

+ Z —0.5tr Z — Huyp) (2 — Hay)T(sX;) ™!

7j=1
K
+ Z —0.5my, log | X%| + ¢,
k=0

where

Tz 4z

Taking the exponential of both sides we can write

K
Hl (XOK) OCIW XOal/O;‘/O Hp Xk|Xk 1 I_ILZJrl Xk);
k=1
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where

, L 1 : :
LX) 2 | X5 72™ exp -5 > tr(z] — Hay) (2] — Hu)T(sXi) ™' | (3.26)

j=1
for k =0, ..., K. The posterior density in (3.25]) corresponds to a standard smoothing

problem for the following Markov model.

Xo ~ IW(Xo, 0, Vo), (3.27a)
Xk|Xk,1 ~ p(Xlekfl), k= 1 couy K, (327b)
Y ~pvii VX 2 LGP (X, k=0, K, (3.27¢)

with some pseudo-measurements Y)((ijgl) and their likelihood Lgﬂl) (.). The solution

to this problem can be obtained using a forward and backward recursion.

3.2.2.1 Forward Recursion

Suppose that the prior density is inverse Wishart distribution, i.e.,
D TW(X v 2
4X k|k—1 ( Xk Vik—1, Vajr—1)- (3.28)

In the Bayesian update equations, the posterior density is proportional to the prod-
uct of the prior with the measurement likelihood. Using the pseudo-likelihood, the

posterior can be obtained as

i+1) i+1 i+1
A\ () oc LR (Xe)al kb, () (3.29)

Notice that the form of the pseudo-likelihood function given in (3.26) have resem-
blance to the form of an inverse Wishart distribution. Therefore, the multiplication in

(3.29) results in an inverse Wishart posterior as
quﬁzi(Xk) = IW( Xk, Vg, Vk(ﬁjl)), (3.30)
whose parameters are updated as follows.

Vi|k = Vklk—1 + M, (3.31a)

AR Vkﬂflﬁ Z — Hay)(z] — Hay)T. (3.31b)
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Note that the update equation of the degrees of freedom parameter vy, does not
depend on any expected value calculated at the estimates of the previous iteration.

Hence, it does not change after the first iteration.
The prediction update formula can be expressed as
dﬁ@gxmn—x/mxmnXm&ﬁaxm¢n. (3.32)

When the posterior (3.30) is substituted into the prediction update formula (3.32]) and

using the Beta-Bartlett transition density prediction update formulae given in (3.11),

an inverse Wishart predicted density qgﬁclﬁl' ..(Xj41) is obtained.
qgﬂlﬁnk(){kﬂ) = IW(Xps1, Vit %(jj,g), (3.33)
where its parameters can be updated as
Vi1l = Q/Jl/k‘k + (1 - ¢)(2ny + 2), (3343)
Vi =V (3.34b)

Note that the forward recursion preserves the inverse Wishart form of the predicted

and posterior densities.

3.2.2.2 Backward Recursion

The backward recursion starts with the filtered density at final time step /. Suppose

that an intermediate smoothed density is inverse Wishart as given below.
05 e Kiar) = IV (X, Vi, VG 0)- (3.35)

The backward update formula can be expressed as

i+1

(i+1) p<Xk+1|Xk)qg(7k|1)g(Xk> (i+1)

qX,k|K(Xk) = (i+1) X k| K
Ox i (Xrs1)

(Xk+1)ka+1. (3.36)

When the smoothed density (3.33) is substituted into the backward update formula

(3.36) and using the Beta-Bartlet transition density backward smoothing update for-

mulae given in (3.12), an inverse Wishart smoothed density q%ﬁf){(X k) 1s obtained.

qﬁéﬁ}(Xk) = IW( Xy, vk, Vk(f;l)% (3.37)
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where
vk = (1= )i + YVpa ik, (3.382)
, A -1 _i\ 1L
VD - ((1 — 1) (Vk(fk“)) + 1 (V,jﬂf}) ) . (3.38b)

Note here again that the backward recursion also preserves the inverse Wishart form

of the filtered density.

3.2.3 Derivation for the approximate posterior qgf )(.)

Using (3.5c]), we can write

K my

log g™ (Zox) = =3 logN(y; 2, R)
k=0 7=0
K myg

3N 05t [(] — BRG]~ HR) X e

k=0 j=0
(3.39a)

K myg
:ZZ OgN yknzlw )
0 7=0

K myg

+) 0 logN(af; Haw, (sXi) ') +c, (3.39b)

k=0 j=0
where T, £ Eq@) (x). Observing Gaussian multiplication and using Kalman Filter

measurement update formulas the approximate posterior can be expressed as
z+1 HN z+1 % (H—l)) (3.40)

whose update formulas are given as follows.
2?(1'—‘,-1) — 2;7(14‘1) ((SXk) 1Hl‘k + R > ’ (3.41a)

-1

Zi’(Hl):((st) YR ) . (3.41b)

3.2.4 Calculation of the Expected Values

The equations derived in subsections can be used to set up a variational

smoothing algorithm to obtain approximate smoothed estimates sequentially. Thanks
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to the factorization, the noise-free measurement set 2.5 can easily be marginalized
out from the joint density to obtain approximate smoothed density p(zo.x, Xo.x|Vo:x)

~ qx,k|K($k)C]X,k\K(Xk)-

The expected values given in the smoother equations can be calculated as

T = @y (3.42a)
2 =500, (3.42b)
(sX3) T = vy (sVi0) ™ (3.42¢)
(5 — Hap) (5 — Ho)T = (5" — Hag ) (50 = High)"
+HPHT + 57 (3.42d)

Note that for the inverse Wishart distributed random matrix X ~ ZW(X;v, V), its
inverse is Wishart distributed with X1 ~ W(X~1; v, V1) [31]. We can obtain
(3.42c) by using this fact and the expected value equation of the Wishart distribution

given in (2.8).
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3.3 Variational Smoothing Algorithm for the model without Orientation

The psuedo-code for the proposed variational smoothing algorithm is given in Algo-

rithm 11
Algorithm 1: Variational Smoother for the Model without Orientation

1 InplItS: A7 H7 ;%07 P07 Vo, ‘/E]a ¢ and yO:K

2 Initialization:

B 0. P P Ve < Voo v
VRS e ki, S et for k=0 K

3 for i = 0toi,,,, — 1 do
4  Calculate the expectations in (3.42)
5 Initialize the predicted estimates
To—1 < Lo, FPo-1 < Ry, vo-1 < o, Voo1 < Vo
6 fork=0toK do

7 Measurement Update

8 Update il(fl:l) and Pk(‘llj 2 using

9 Update v, and Vk(f:l) using (3.31)

10 Update 2i’a+1) and Ei’(iﬂ) using forj =1,....my
11 Prediction

12 Update i,(jjll |)k and P,Eflbl using (3.20)

13 Update vy, and Vk(fﬁk) using (3.34)
14 end for

15 for k = K — 1downtoOdo

16 Smoothing
17 Update iéﬁ}l) and Pkg‘i;gl) using (3.22))
18 Update vy x and Vk(f;l) using (3.38)

19 end for
20 end for

21 Set final smoothed estimates:

A o (inm,w) (inuz:c) (imam)
Z’k|K<—ZEk‘K , Pk|K<_Pk|K , V}iu((—vk'K y Vk|K < VK, and

Xk|K:Vk|K/(Vk|K_2ny_2) fOI’]{Z:O,...,K.

Leaving a proper margin in the selection of the iteration number 7,,,,. so that the recur-
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sion converges, we can use the resulting expected values of the smoothed posteriors

for x;, and X as the estimates for the object’s kinematic and extent states.

3.3.1 Comments on the Algorithm Performance

The variational smoother proposed in this chapter is an iterative analytical algorithm
that can be used to estimate the kinematic and extent states of an extended target.
In order to see the effect of variational method on the smoothing algorithm, we can
compare its performance with the Bayesian Smoother proposed by Granstrom and

Bramstang in [2].

In the context of this thesis study, we studied two different extended target tracking
scenarios. The first scenario simulates a target that moves along an almost straight
path with constant velocity (see [Figure 3.T). The second scenario, which is a popular
simulation trajectory in extended target tracking studies and used in several papers
such as [1], [3], [33], simulates a maneuvering target on a trajectory composed of one
45°and two 90°turns (see [Figure 3.2). The simulation results and estimation errors of
both scenarios are investigated in detail. It was observed that the derived variational
smoother shows satisfactory performance in the first scenario where target does not
have sharp turns. However, when we run this algorithm in the second scenario, its

estimation accuracy degrades due to poor performance during the turns.

These results have led us to search for a more developed algorithm that can improve
the estimation performance in maneuvering tracking scenarios. In order to overcome
this problem, we propose a modified version of the variational smoother that also esti-
mates the orientation of the target. The modified algorithm is elaborated in
with the derivation steps. The detailed simulation results and estimation performance

metrics of all the algorithms mentioned are given in
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Figure 3.1: Scenario 1 - Target moving along an almost straight path with nearly
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Figure 3.2: Scenario 2 - Maneuvering target with constant velocity
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CHAPTER 4

VARIATIONAL SMOOTHER FOR THE MODEL WITH ORIENTATION

The variational smoothing algorithm proposed in is capable of estimating
the extent matrix but it relies only on the forgetting factor ¢ for all of the changes in
the object orientation. Such an approach would not be sufficient in cases where object

orientation changes significantly over time. This expectation is also supported by the

simulation results given in

In [3]], another solution that provides the ability to track both the orientation and the
extent of a target is proposed. The purpose of this chapter is to provide necessary
information about this model and the derivation steps of the smoothing algorithm
based on such a model. After the derivation details, the psuedo-code of the algorithm

will be provided at the end of the chapter.

4.1 System Description and Problem Formulation

When the orientation of the object is considered as another variable to be estimated,
the extent state is composed of the orientation angle 6, € R, and diagonal positive
definite axis length matrix Ay, € R™>", A, = diag(\}, A2, ..., \.Y). The measure-
ment likelihood can be written as

p(yﬁfbk,/\k,ek) N./\/’(yi;H$k,ST9kAkT9-|}; +R), (41)

where Tj, € R"™*" is the rotation matrix. In two spatial dimensions it is defined as

T, & cos(0) —sin(6) | 42)
sin(f)  cos(6y)

and satisfies the following properties: T@’k1 =T, , and det(Tp,) = 1.
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Separating the orientation from the extent matrix adds another variable to be esti-
mated to the Bayesian framework. Therefore, the variables to be estimated become
the kinematic state vector xy, axis length matrix A, and orientation angle ;. Note
that different than the extent matrix specified in the previous chapter, the axis length
matrix represents only the size of the ellipsoidal shape of the target. Therefore, it is a

diagonal matrix whose diagonal elements specify the axis lengths of the ellipse.

Assume that the joint prior distribution of the kinematic state, axis length matrix, and

orientation angle has the following form:

p(x0, Mo, b0) = N (x0; 20, ) HIQ(Aé; ab, B5) | N(6o; 6o, ), (4.3)
=1
where ZG(\; o, 5) denotes the inverse Gamma distribution of the scalar variable A
with the scalar shape parameter o and scalar scale parameter (3, defined as
ﬁa
[(c)

where I'(.) denotes the gamma function. The mean of the distribution is given as

E[\ = 51 for o> 1. 4.5)

o —

IG(\a, f) =

(A lexp (_§> , 4.4)

The parameters 2o, Py, {ab}*,, {8}, and 6o, Oy are the initial values for the kine-

matic, axis length, and orientation states, respectively.

Applying the modification described above, additional to the densities of the kine-
matic state vector xg.x and the axis length matrix Ag.x, we also need to calculate the
posterior density of the orientation angle 6.x. Therefore, the joint posterior density

can be written as

p(on:K;Ao:K, 00: K » ZO:K|yO:K) X p(%:m AO:Ka Oo.r, Zo:Kc» yO:K)

= p(Yo| 20)p(Z0]x0, Ao, 6o)p(o, Ao, bo)
K
< [ [PVl Z0)p(Zile, Ai, O)p(@rlr—1)p(Ak] Ap—1)p(Bkls1). (4.6)

k=1
Assuming that the dynamical models of the kinematic, axis length, and orientation
states are independent, the time update of these states can be separated. Since the

prior distributions of the kinematic and orientation states are both Gaussian, their
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dynamical models can be expressed in a similar way such as
Ty = ApTh—1 + Wiy Wi ~ N(0,Q), (4.7a)
O = Apbk—1 + wip w0 ~ N(0,Qp). (4.7b)
Hence, their state transition densities can be written as
pap|rr—1) = N(2p; Aptpo1, Qa), (4.8a)

P(0k|0k—1) = N (6k; Agbr_1, Qo), (4.8b)

where A is the state (temporal evolution) parameter and () is the covariance of the
process noise. The subscripts x and 6 represent that these parameters are related to

the kinematic or orientation state part of the system dynamics, respectively.

For the dynamical model of the axis length matrix, we need to modify the Beta-

Bartlett stochastic evolution model given in (3.11)) and (3.12)) for an inverse Gamma

distributed variable. Using |Appendix A, we canseta = § — 1, 3 = %, and d = 1.

Hence, the prediction update equations become
k-1 = V_1p—1 + (1 = 1), (4.9a)
Brjk—1 = VBr—1jk—1, (4.9b)

where 0 < ) < 1 is the forgetting (covariance discount) factor.
This parameter change does not affect the backwards smoothing equations. However,
in order to show the Beta-Bartlett updates with the same notation, we can re-write

them as

apr = (1 —)agk + Yarik, (4.10a)

Prix = ((1 — ) By + W;jlm) - (4.10b)

4.2 Derivation of the Variational Smoothing Equations

The joint posterior density in (4.3]) can be written explicitly as

p(QUO:K, Aok, O0: 5 Zo:kc yO:K)

mo
= HN(yé; 20, R)N (2}; Hxo, sTgoAOTGTO)

j=1
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X N (xo; Zo, Py) HIQ(%;&%,%) N(eo;éo,(ao)

=1
X H HN(yi; 21, R)N (z]; Hay, sTgkAkTéZ)
k=1 |j=1

X N (s Axp_1, Q)p(Ak|Ap—1)p(0k|0r—1)- 4.11)

We will use the same method of variational approximation to obtain an analytical

solution for this posterior.

(o, Mok Ooxe, Zo:xc, Vo) = q(wo.xcs Mo, Oo:xes Zo:xc)
= @z (0. )qa (No:x )30 (001 )42 (Z0.x¢), (4.12)
where ¢.(.),qa(.), ga(.), and gz(.) are the approximate posterior densities of zg.x,

Mo.x, 005, and 2.k, respectively. The optimal solution of this problem satisfies the

following equations:

log G (20:xc) = Egy 49,02 108 P(T0:c, Mok, G0k, 2ok, Yo )] + €y (4.13a)
log 4a(Ao:x) = Eq, go.42 [log p(wo.x, Aok, Ooures 2ok, Your)] + eas (4.13b)
log Go(0o:rc) = Eq, 4.4z 108 P(To.1, Mok, Ooce, Zocic, Vo )] + co, (4.13¢)
log Gz(20.x) = Eq, 4a.40[108 D(T0:.1, N1, Oo:c, Zo:1c, Vo)) + ez, (4.13d)

where ¢, cy, ¢y, and cz are constants with respect to variables x.x, Aok, 0.5, and

2.k, respectively.

4.2.1 Derivation for the approximate posterior ¢\ ™ (.)

Substituting (4.9) into (4.13a)), we can write the approximate posterior of the kine-

matic state as

K
log ¢\ (z0.x) = log N (wo; £0, Po) + Y _ log N (wy; Ay, Q)

k=1
K my _ _ R
+3°% 05t [((z; — Hag)(z] — Hay) T (5To, AT ) 1|+, (4.14a)
k=0 j=1

K
= log N (wo; o, Po) + Y _log N (w; A1, Q)
k=1
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K
+3 050 [mk(z_k — Hay) (7 — ka)T(sTgkAkTaTk)—l] Ve, (4.14b)

k=0

K
= logN(xo, Iio, Po) + Zlog/\/(wk, Ai’kfl, Q)

k=1

sTy A TF )1
+) logN z_k;ka,( o AeTy,) +c, (4.14c)

mg

where z_i is given in (3.154), Z is given in (3.15b), and
(sTo AT5) " 2 By o[ (sTo, AkT5,) ™). (4.15)

Taking the exponential of both sides in (d.14c]), we can observe that it has the form of
the joint posterior distribution for the kinematic state in a linear Gaussian state-space
model with the process noise covariance () and the measurement noise covariance
<Eq/(\i>’qéi> [(sTgkAkTgc)*l)> 71. Hence, we can use RTS smoother to compute the ap-

proximate posterior density gty (To.x)-

4.2.1.1 Forward Recursion

Initializing the forward recursion with a Gaussian prior qi 0 )1(930) = N (xg; %o, Po)

and using the Kalman Filter measurement update equations, the Gaussian posterior

qg(f}:‘ k) (xy) can be obtained as a

g () = N Y PGTY), (4.16)

where its parameters are updated by using the following equations.

~ (7241 i+1 +1 i+1 _
iyt = PO (PG a0 4 mi H T (STy AT )~ %), (4.17a)
Péfﬁ Y= ((P,ff,;“_li)*l +my H (sTy Ay T, )~ 1H) ™ (4.17b)

Using the Kalman filter time update equations, the predicted density g., +1)\k (Tgs1) 18

also Gaussian

4 ~ (141 i+1
a0t (@ren) = Nz 21700 P, (4.18)

where we can write the update equations for its parameters as

B = et (4.19a)
Pt = A, PTYAT + Q. (4.19b)
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4.2.1.2 Backward Recursion

Using the RTS smoother equations, the smoothed density qéﬁ? (x)) can be written in

the Gaussian form as

0D () = N (s 2 P, (4.20)
with the backward update equations are given as
Gy = PV AT(PED T, (4.21a)
~(i4+1) A (i41) (i+1) ~(i41)
xkz\K - k;|k; + Gk( k-i—l\K - Aa: k|k )7 (421b)
(i+1) _ p(i+1) H—l) (+1)\ AT
P = P + Gu(P e — PEGRGE (4.21c)
4.2.2 Derivation for the approximate posterior qu‘+1) (\)

Substituting (4.9)) into (4.13b) we get

log ¢y " (Agx) = Zlogzg (A6; a6, 56) +Zlogp AxlAx)

+ Z E o 0 0108 D(Zklr, Ak, )] + ¢, (4.22a)
k=0

Ny

K
log ZG(XG; g, Bg) + Y log p(Ax|Ag 1)

=1 k=1
K mg
+) =05ty (2] — Hay)(2] — Hay) T (sTy, ATy )
k=0 j=1
K
+Y " —0.5my log |Ax| +c, (4.22b)
k=0

where

(zi — ka)(zi — ka)T(sTgkAkTT)—l
2E o o0 [(z — Hay) (5 — Hag) T (sTy AT )—1} . (4.23)
@ gz

Taking the exponential of both sides, we get the posterior density
Y (Apx) o Hzg (AG; o, B5) Hp Al Ar—y H Ly (AR, @29
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where

LTV (AR) 2 A7

1 .
X exp ——tr (sAg)~ ZTT — Huy)(2], — Hay,)TTy,) (4.25)

for k = 0, ..., K. The over-lined part on the right hand side of (4.25)) represents the

following intermediate expected value

TeTk( — Hay) (2] — Hoy)TTy, 2 E NORONE T9k< — Hap)(z] — Hay)"Ty,) | -
(4.26)
The posterior density in (4.24)) corresponds to a standard smoothing problem for the

following Markov model

Ao ~ [ [ZG(NG: 6, ), (4.27a)
AlAjor ~ p(Ap|Ai), k=1,.. K, (4.27b)
YA(f,jl) ~ p(YA<f]j1>| Ay) & LAy, k=0, K, (4.27¢)

with some pseudo-measurements YA & Y and their likelihood L(“rl (.). Thus, we can
solve it using forward and backward recursion.

Define

Z TF (2 — Hap) (2] — Hay) Ty, (4.28)
so that we can write the hkehhood as
1
LTV (M) 2 [Ay| 2™ exp (—5 tr ((sAk)_le)) . (4.29)

Since Ay = diag()\}, ..., \;?) is a diagonal matrix, we can write its determinant and

inverse as
A ¢ —1 . 1 1
’Ak’ :H)\k, Ak‘ :dlag )\—]%:’...,)\—Zy .
(=1

Hence, the exponential term on the right hand side of (#.29)) can be written as

tr ((sAg) T My) = é > [Af’;]”, (4.30a)
j=1 "k
exp (—%tr ((sAk)_le)) = Hexp (—2% []\fz]”) . (4.30b)
=1 k
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Substituting (4.30b) into (4.29), the likelihood of each diagonal element of Ay, is given

as

7,+1 ¢ y—1m 1 [MiJu
") = () exp (—2—8 ) (431)
resulting in a likelihood of
L0 =T 25 on]. (4.32)
=1

Assume that the transition density of the axis length matrix is given as
p(AklNer) = T pOIN ), (4.33)
=1

where p(A\{|\s ;) is the Beta-Bartlett transition density for the scalar Af.
By combining these results, the approximate posterior of each diagonal element of

the axis length matrix can be expressed as

K
a3 Y (k) < ZG (N b, 86) T (MM H LY (4.34)
k=1

and the approximate posterior of the axis length matrix is given as

¢ (M) ocH ZG(\:ab, BY) Hp (XN, HL’“ D], (435

x Hq G ). (4.35b)

4.2.2.1 Forward Recursion

Suppose that the prior density is inverse Gamma

(i+1) z+1 ,(141) (i4+1)
At HIQ ot B, (4.36)
Using the following measurement update formula

g (M) oc LY (Mg 1)y (M), 4.37)

we get an inverse Gamma posterior q/(\H,;|1 k) (Ay) thanks to the form of the diagonal axis

length matrix and pseudo-likelihood function given in (4.32).

z+1 Z (H—l Z J(G+1) 0, (i+1)
dhpp (A HIG o B, (4.38)
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whose parameters can be updated with the following equations

i i 1
o = oy g, (4.39a)
mg
(i+1) 041) 1 = -
Bk\ Bk|k 1 25 ; [Tek( — Hay) (2, — Hay) Ty, . (4.39b)

When the posterior in (4.38)) is substituted into the prediction update formula given in
(3:32) and using the Beta-Bartlett transition density prediction update formulae given

in (4.9), an inverse Gamma predicted density q/(\i;i)” . (Ak41) is obtained.

(i4+1) z+1 £,(i+1) (i+1)
A k+11k (Aks1) H ZG(A k:+1 k+1|k ; 5k+1|k ), (4.40)
where we can write the update equations for its parameters as

g = Yoy, + (L — 1), (4.41a)
Bt = w8, (4.41b)
for ¢ = 1,...,n,. This results show that all filtered densities are in the form of an

inverse Gamma distribution.

4.2.2.2 Backward Recursion

Suppose that an intermediate smoothed density is inverse Gamma as given below.

(i+1) J(i+1) (i4+1) (i4+1)
9 k+1|K (A1) = HIQ k+1 k+1\K’ﬂk+1|K) (4.42)

When the smoothed density (4.42) is substituted into the backward update formula
(3.36) and using the backwards smoothing update formulae for Beta-Bartlett transi-
tion density given in (4.10), an inverse Gamma smoothed density qk:\l}( (Ag) is ob-

tained.
(i+1) 7,+1 £,(i4+1) o(i+1)
qA k|K H Ig k\K 6k|K ) (4-43)

whose parameters are updated as follows.

ap = (1 — ¥)agy + Vg ik, (4.442)
) N\ 1
Bise ) = (( — ) (ﬁfﬁfﬂ ) + o (ﬁkjl*,[?) ) , (4.44b)

for ¢ =1, ...,n,. Notice that the backward update equations also preserve the inverse

Gamma form of the posterior.
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4.2.3 Derivation for the approximate posterior qéiﬂ) (\)

Substituting (4.9)) into we get
4 K
log g5 " (Buxc) = log N'(8o; 60, ©o) + > _ log p(0|i—1)
k=1

+E o o0 [log p(Zk|zk, Ak, 0k)] + c, (4.452)
EARL NS

K
= logN(@o; ég, @0) + Z 10gp(9k|9k_1)

k=1

K my ' 4

+ 303 ~05t [(of = Ha) (e = Ha) T (Ty, T+
k=0 j=1
(4.45b)
where
(2] — Hay) (2] — Hay)T(sTy, ATy )~

=Eo o0 [(4’ — Hay) (2] — Hay) " (sTp, ATy, )*1] : (4.46)

Since the rotation matrix 7y, is a non-linear function of the orientation angle ¢;, the
exact solution for qa (60 i) does not exist. Therefore, a first order approximation
will be used for the non-linear function f(6)) = T; (2] — Hay) using its Taylor series

expansion around g

|k
f(O) = f(0k|k) + V(¢ k|k)( 91(f|k) +H.0.T, (4.47)
af
where V(0 k‘k) ETA s

k|k
When the first order approximation of f(6y) is substituted into (4.45]), we can write

the expectation term as

E 0 0,0 [(a —b0,)T(sA) " Ha — bek)] , (4.48)

where
{f(@(f\k) V(o k|k) k\k] (4.49a)
b2 —VF((61))- (4.49b)

Observing that this expectation term is the Gaussian likelihood of 6y, the posterior

qGZJrl (Ao.x ) density can be computed by using RTS smoother.
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4.2.3.1 Forward Recursion

Forward recursion start with the Gaussian prior density qgﬂj”l(eo) The approxi-

mate posterior density can be expressed as Gaussian with mean 8k| % ) and covariance

(i+1)
@k|k )

a5 (0) = N (6 6050 0Y), (4.50)

where the mean and covariance of the posterior density can be computed by using

Kalman filter measurement update equations as follows.

0" = o (051850 + o). (4.51a)
o = (@4 +a) (4.51b)

;= mZt ATy TG~ B O (1 6]
- [<sAk> (L)~ Ho) (O (T'y)|. @510)
A= Ztr { (sAy)~ M) (z;_ka)(.)T(Tf% )}, (4.51d)

where

(sAy) T2 E (,)[(sAk) 1, (4.52a)
(o — Hon) )T 2 E o o [(zk — Hay) (2] — Hay)T] (4.52b)
Tell(c.‘k %70% o (4.52c)

|k

Kalman filter prediction equations can be used in the time update step of the orien-
tation state. The dynamics of the orientation state can be expressed by the following

state space model.

Qk = A@Qk_l + Wi, Wy ~ N(O, Q@) (453)

Using the system dynamics above, the predicted density qé («9k+1) can be obtained

in the form of a Gaussian as
(i+1 (i+1) A (i+1)
as ) (Bn) = N (O 050 O50), (4.54)
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where

A(i+1) (i+1)
9k+1\k A99k|k )

O = A0 VAT + Qo.

k+1\k

4.2.3.2 Backward Recursion

Using the well known RTS smoother formulas, the smoothed density g ZT;

comes also in the form of a Gaussian as
i+1 ’L+1 i+1
ah (0k) = N (0i: 0y OL1),
where

Gk @Z+1 AT(@(Z+1 ) ’

k|k E+1]k
A(i+1) A(i+1) (i4+1) (i+1)
ek\K - 9k|k + Gk(‘ng\K - A9‘9k\k ),

(i+1) _ ~G+1) (i+1) (i+1) T
@k|K _@k|k +Gk(@k+1\K @k+1\k>Gk'

4.2.4 Derivation for the approximate posterior q(”l) (.)

Substituting (4.9) into (4.13c) we get

log q5 ™ (Z0.x) = Zlogp V| Zk) + ZE (B o g6 ) [log p(Z|x, Ak, Ok)] +

(4.55a)
(4.55b)

)(0;) be-

(4.56)

(4.57a)
(4.57b)
(4.57¢)

(4.58a)

+ Z > 05 {(Zg — Hap) (2 — Haw) T (sTo AT, )—l] +e

K my
ZZ log NV ( yk,zk, R)

k=0 5=0
K myg

. 1
+ Z Z log NV (zi; Hy, (sTy ATy )~ ) +c,
k=0 j=0
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where T = Eqm (xr). Observing Gaussian multiplication and using Kalman Filter
measurement update formulas, the approximate posterior of the noise-free measure-

ments can be written as follows.

mg
a5 (20 = [[ V(s 20 sy, (4.59)
j=1
where its parameters are updated as follows

0D = 5 (6T, M) T + R4 (4.602)

, - -1
S = (T NI+ R (4.60b)

4.2.5 Calculation of the Expected Values

7% = 80, (4.612)
1 &k
T 50 (4.61b)
j=1
1,(4) 2,(4) ny, (i)
a a
- _ kK QKK k| K
(sAg)~! = diag 351 @ 52’@ ) @ | (4.61c)
kK SPrlK k| K
(2, — Hzxy) ()T = HPYD HT 4 EZ’(i)

TeTk (zi — ka)(zi — Hay)TTy, = ]Eqéi)

+HP H + 2;’(”) Tgk} : (4.61¢)

The expectation in can be calculated using the property T, = T_, of the

rotation matrix and Lemma /[Tl

4.2.5.1 Calculation of Eq(Ai>7q(gi> [(sTh, AkTQ’Z E

The derivation steps given in Lemma I] are taken from [28]] and repeated here only for

the sake of completeness.

47



Lemma 1. (Taken from [28]]) Given

m m
M= | TR (4.62)

mo1 M2

and qéi)(eku{) = N (Ok; 9;‘;1 ’@](jl}l)), the entries of the matrix qu) (To, MT, )]

can be computed as

E,o[(Ty MT3) i = [my man = (ma + man)] K (043 0 )
Eo[(To MTy) o = [miz - —mar (mun —ma)] K (91(:\)!0 @;(f\);<> !
Eo[(ToMTE) o = [mar —miz (mu— ma)] K (0 040 )
E o[(To,MTy) oo = [maz may (mag +ma)| K (61(;|K Gkﬁx) (4.63)

. 1+ 008(2«%[() exp(— 2@k\K)
(9,3[(,@,6?[{) £ 2 11— cos(20x) exp(— 2@%) . (4.64)
sin (20 ) exp(— 2@k\K)

Since Ay, is diagonal by definition, we can write

- (@) \y ir((sAg)™1)
qu)gy)[(sTe,@AkT(L) N=(@1- exp(—?@km))T]I2
+6XP(_2@§;|)K)< FIo) (sAg)~ 1TT ) (4.65)
Let’s define
d_He)()Tan= | "2 (4.66)
k
N21 MNa2,

We need to calculate E[TJC NTyp,]. In order to be able to do this, we are going to put

this expected value in the form of Lemmal[]

Ty NTy, = (Ty N~'Ty,) ' = (T_gN'T7, )", (4.67)

E[T) NTy,] = E [(T—ekN ‘lT_Tek)‘l] : (4.68)
E o [TJCNTGIC]H = [nll nge 4 (ni2 + ngl)] K (éli?K, @,(qf')K> ,
B TGNy )i = [z —nar (no2 — )| K (‘9;(;);(, @1(;\)K> ;
B [TINTE = [mn —ma (= )] K (5,03 ).

E [Ty NTylo2 = [n2s niy = (naa +na1)] K <9,(j‘}(, @}&) . (4.69)
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with the K (0}, () defined in @69

4.2.5.2 Calculation of E ([(s\)]
A

This expectation will be used to initialize the covariance of the noise-free measure-
ments X7 and to calculate the resulting expected value of the axis length matrix. It

can be calculated by using the mean of an inverse Gamma distribution given in (4.3).

17(1) 27(1) ny,(z)
— ) Bk Bk SByir
E o [(sA0)] = (sAy) = diag |~ — —5i— - =y ., (470)
Oplx — 1 Qplx — 1 Oplx — 1

4.3 Variational Smoothing Algorithm for the Model with Orientation

The psuedo-code for the proposed variational smoothing algorithm is given in Algo-

rithm
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Algorithm 2: Variational Smoother for the Model with Orientation

1 Inputs: A, H, &0, Py, {af), B2 6o, O0, v and Yok
2> Initialization:
x,(;l)}(  Zo, PIEII){ +— P, 91&?;( « 0o, @ﬁc‘}( + Oy,
{o ¥z, {abizy, {8 Yizy < {86y, {zk Oy {yl},
k7(0) — ]Eq/(\o) [(sAg)] using @.70), fork=0,.. K
3 fori =010 i, — 1 do
4 Calculate the expectations in (@.61)
5 Initialize the predicted estimates
Zo—1 ¢ Zo, Po—1 < Fo,
{ao| ety gy {55\_1}2Ly {66}
90\—1 A 90’ Og|-1 < O,

6 for k =0to K do

7 Measurement Update
~(i+1) (i+1) .

8 Update &, ;" and Pk|k using @17)
9 Update akl(zﬂ nd ﬁkl (+1) using @39) for £ = 1,...,n,,
10 Update Gl(jlzl) and @l(frkr ) using @31)
u Update zi ) and Ek,’(H_l) using @38) for j = 1,...,my
12 Prediction
13 Update x,(;rlll)k and Pkflll ; using @19)
1 Und £,(i41) £,(i+1) . for £ —

pdate o))" and B, using @A) for £ =1, ..., n,,
15 Update 9,(C++11| , and © ki'”)k using @33)

16 end for

17 for k = K — 1 downto O do

18 Smoothing
19 Update (""" (+1)
pdate & ;- and P |K using @21)
2 Update akl(lﬂ nd ﬂkl O+ using @44) for 6 = 1,...,n
2 Update Hl(jl;l) and @l(;'} ) using @37)

2 end for
23 end for

24 Set final smoothed estimates:

~(imaz) (tmaz) H H(imaz) (tmaz)
xk|K<;xk\K y PMK(*PMK s 0k‘K(70k\K s @MK(;@MK s

2 Z’(.maz) Ty, Ny imaz) ) Ty
{O‘k\K}z:1 A {ak‘;( =1 {51@”(} '+ {ﬂk| . Yolis
A dia I G ﬁ:‘yK

k|K = g (a MK,D (a i\Kﬁl))“., (@7 —1) )

r(A
Xk = (1 _ exp(—?@k‘K)) tr( k\K)]I + exp(— 2@k|K)(T‘9k\K
fork=0,...,. K

Ak\KT(;TMK),
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CHAPTER 5

SIMULATION RESULTS

In this chapter, we will present the simulation results of the algorithms proposed in

I(Chapter 3|and [Chapter 4] For simpler representation, we will denote these algorithms

as VS and VSO, which stands for variational smoother and variational smoother with
orientation, respectively. In order to evaluate the performances of the proposed al-
gorithms, their results will be compared with Feldmann et al.’s filter, denoted as
FFK, proposed in [1], Granstrom and Bramstang’s smoother, denoted as GB, pro-
posed in [2], and Tuncer and Ozkan’s variational filter for the model with orientation,

denoted as TO, proposed in [28].

Throughout the simulation study, two different extended target tracking scenarios
were utilized. In the first scenario, a target moving on a straight trajectory with nearly
constant velocity is simulated. In the second scenario, a maneuvering target with
constant velocity is used. The simulations were performed 100 times and the error
metrics are given as the average of these 100 MC runs. The details of these scenarios,
the model and initial parameters, and the error metrics used to evaluate the algorithm

performances will be provided in the following sections.

5.1 Scenario 1: Non-maneuvering Target Case

In this simulation scenario, an object which moves with nearly constant velocity on an
almost straight path is used. In the following subsections, we provide the parameters
and equations used to generate measurements for this scenario. Then, the algorithm

results are given with the related error metrics.
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5.1.1 Measurement Generation

At each MC run, the scenario is generated randomly by using the constant velocity

state space model for the kinematic state given as
Tpp1 = App + Bwg g,  Wrp ~ N(wiy; 0, Qy), (5.1)

where 2, = [p?, p¥,v¥, v¥]T and n, = 4, in two spatial dimensions. wy, , is the zero
mean and ), = o], covariance process noise of the kinematic state with 0 = 1 m/s?
and /5 is the 2 x 2 identity matrix. The true parameters of the state space model are

given as

I, Tl 21,
A, = , B= , (5.2)
0y Iy TI,
where 0, is 2 X 2 zero matrix and 7' = 10s is the sampling period. Initializing a

Gaussian prior for the kinematic state 2o ~ N (z; Zo, Fy) with mean and covariance
T

To = [Om Om 10m/s 10m/s] : (5.3a)

P, = diag ([1 m? 1m? 1m?/s? 1m2/82]) ; (5.3b)

we generate the true kinematic state for £ = 0, ..., 70. We consider the orientation
angle as the inverse tangent of the ratio of the velocities in the x and y direction to

calculate the rotation matrix.

0r) —sin(0
O, = tan~'(vi /v}), Tp, = cos() —sin(B) : (5.4)
sin(fy)  cos(6y)

The lengths of the major and minor axes are set to \f = 170?m? and \? = 40? m?,
respectively. The axis length matrix is A;, = diag(\}, \?). The true extent can be
obtained as follows.

Xi, = Ty ATy (5.5)

The measurement set Y;, = {y] }i2 is generated as follows.
my = max (2, m ~ Poisson(10)) (5.6a)
vl ~ N(y; Hey, sXy + R), (5.6b)

where s = 0.25 is the scaling factor, R = 52I,m? is the sensor noise, H = [15 O9x2]
is the measurement matrix, and Poisson(M) represents the Poisson density with ex-

pected value M.
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5.1.2 Model and Initial Density Parameters

The predicted kinematic state estimates and covariance are initialized with the initial

kinematic state mean and covariance such that

To—1 = Zo, (5.7a)

Po‘,l — Po. (57b)

For the models with orientation, the shape and scale estimates of the axis length
matrix are initialized as a(l)f_l = [2 2]7 and /33[31 = [100% 100?]T. The predicted
mean of the orientation is initialized as 6 —; = ) using the true orientation angle and
the predicted covariance is set to ©g_; = 0.01 rad®. The state transition parameter of
the orientation is given as Ay = 1, and the process noise covariance of the orientation
is given as @y = 0.001rad®. In order to initialize the algorithms with equivalent
extent estimates, the expected value of their extents are equalized. The initial extent

estimate can be obtained by using Lemma [I|and §.70).

XO\—l = Efmﬂe [THOAOTGTO] = qu [T90 Eq/\ [AO]TQTO]
=By, [(To, (Bg, [Ao)) T 7]
tr(Ao)

= (1 — exp(—26g|-1))

+ exp(—20_1) (TQO(A_O)TJO) . (5.8)

I

For the models without orientation, the initial degrees of freedom is set to vp—; = 7

and the scale matrix is calculated as
%‘_1 = X0|_1<l/0|_1 - Qny - 2) (59)

The forgetting factor is set to ¢ = 0.85 for VS, VSO, and TO algorithms. The
equivalent time constant parameter 7 of FFK, and the degrees of freedom parameter
ny, of GB can be obtained using the forgetting factor as described in[Appendix B|] The

resulting equivalences are given as

T
=—— 1
T o’ (5.10a)
I/k‘k—Qn -2
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5.1.3 Error Metrics

The estimation performance of the algorithms are compared using the error metrics

of Gaussian Wasserstein (GW) distance [4 1] and root-mean-square-error(RMSE).

5.1.3.1 Gaussian Wasserstein Distance

The error metrics of the estimated kinematic state vector and axis length matrix are
calculated using their Gaussian Wasserstein distances with respect to the ground truth

of the target. The GW distance can be obtained as follows.

GW 1 (pk,gt, Mgt Prjres Mijre)”
2 ||peg — ol + tr [Akvgt + Mg — 2002 A Ai{;t)l/z] 51D

where py, o+ and Ay, 5 represent the ground truth of the target center and axes lengths,
while py|x and Ay x represent the smoothed estimates of the center and axes lengths.
The GW1 distance in (5.11) is divided into two parts representing the position and

axis length error separately. These terms are given as follows.

GW,, = |Ipg: — piixc 3, (5.12a)
GWiy = tr [ Age + Agac — 208, Ayrchg/) /2] (5.12b)

In order to include the effect of the orientation error in GW distance, we also calculate

the GW distance using the extent matrix.

GW2(pregts Xigts Prjics X )
é ||pk,gt —_ pk|K||§ + tI‘ Xk,gt + Xk|K — 2<X]1,/g2th‘KXl/2)1/2 , (513)

k,gt

where X, ;, represents the ground truth of the target extent and X}, i represents the
smoothed estimates of the extent. The individual extent error can be written as fol-

lows.

GWix = tr | Xgo + Xigie — 20X, X X172 (5.14)
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5.1.3.2 Root-mean-square-error

In order to obtain the error of the orientation, we use the RMSE metric which can be

calculated as follows.

K
RMSE (0,1, Ox(x) = Z Ot — Onic)?, (5.15)
k:

where K is the final time step, 0,; and 0y, i are the orientation of the ground truth and

smoothed estimate, respectively.

5.1.4 Simulation Results

In order to be able to compare the performance of the algorithms, the average error

metrics are given for each time step in |[Figure 5.2HFigure 5.7 Moreover, an example

trajectory of the target with the algorithm estimates is given in[Figure 5.1] In all plots,
filtering algorithms are shown in dashed lines, while smoothing algorithms are given

in solid lines.

As it can be seen on the trajectory in the positional error of the filtering
algorithms increase when the number of measurements is low at a particular scan. On
the other hand, smoothing algorithms are able to overcome this issue thanks to the
refining nature of the backward recursion. Since the target orientation does not tend
to change over time, there is no significant difference in the extent and orientation

estimates of the algorithms.

The average GW distance of the kinematic state is given in We can ob-
serve that the average GW,, of the smoothing algorithms VS, VSO, and GB are lower
throughout the trajectory. Since the update equations of the kinematic state are sim-
ilar to each other, the average GW,, distance of the filtering algorithms are close to
each other at each time. Likewise, no significant difference is observed on the average

GW,, distance of the smoothing algorithms.

When we look at the average GW distances of the axis length matrices, which are
given in we can observe that the proposed algorithms VS and VSO show
the best performance throughout the trajectory. The other smoothing algorithm GB
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Figure 5.1: An example target trajectory of scenario 1. The results of the filtering
algorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.
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Figure 5.2: Average GW, distance for scenario 1. The results of the filtering al-
gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.
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also shows better performance than the filtering algorithms but its performance is
lower than the proposed variational smoothers. This result is expected because of the
iterative structure of the variational algorithms. The same difference can be observed
in the average GW, distances of TO and FFK algorithms. The variational nature of

the TO algorithm provides better estimation results.
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Figure 5.3: Average GW, distance for scenario 1. The results of the filtering al-

gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.

In the average GW1 distance, which is a combination of GW,, and GW »
distances, is given. Since kinematic state error dominates the overall error, the shape
of the GW1 is similar to GW,.. However, it can be clearly seen that the performance of

the variational algorithms are better within their respective group (smoother or filter).

The GW1 distance provides us the information about the algorithm’s performance
on estimating the kinematic state and axis length matrix but it doesn’t contain in-
formation about the estimation performance of the orientation. In order to evaluate
this, the average RMSE of the orientation is given in When we examine
the average RMSE(#), it shows that the orientation error of the VSO is lower than
other smoothing algorithms and the orientation error of TO is lower than FFK. As
expected, these results show that estimating the orientation separate from the extent

provides lower orientation error.
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Figure 5.4: Average GW1 distance for scenario 1. The results of the filtering al-
gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.
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Figure 5.5: Average RMSE(#) for scenario 1. The results of the filtering algorithms
are shown with dashed lines while those of the smoothing algorithms are shown with

solid lines.

Combining the RMSE of the orientation with the GW distance of the axis length ma-
trix, we can obtain the GW distance of the extent matrix in Compared
to the the performance differences between the algorithms for the model

with and without orientation becomes more evident. The effect of the orientation esti-
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mation can also been seen by looking at the TO and GB. Although GB is a smoothing
algorithm, its GWx is so close to the filtering algorithm TO and even exceeds TO’s

error in some regions.
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Figure 5.6: Average GW y distance for scenario 1. The results of the filtering al-
gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.

The average GW2 distance, which shows the overall error of the kinematic state and
extent matrix errors, is given in[Figure 5.7 Similar to GW 1, the smoothing algorithms
show better performance compared to the filtering algorithms. Also, the variational

algorithms have less error within their respective group.

The overall performance of the algorithms is reported as the average GW distance and
orientation RMSE in The proposed smoothers VS and VSO achieves the
best results followed by the 3™ smoother GB. This result demonstrate the superiority
of the smoothing algorithms over filtering algorithms. In addition, the advantage of
the variational technique can be observed by looking at the results of TO and FFK
or VS and GB. TO outperforms FFK while VS and VSO outperform GB thanks to
their iterative structure. Estimating the orientation separately does not provide an
exceptional performance differentiation due to the target’s nearly constant velocity

behavior in this scenario.

59



w
S

w
o

N
[oe]

N
)]

N
=

GW?2 Distance (m)

n
n

20

0 100 200 300 400 500 600 700
Time (s)

Figure 5.7: Average GW2 distance for scenario 1. The results of the filtering al-

gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.

Table 5.1: Average GW distance and RMSE results of Scenario 1.

GW, [m?] | GW, [m?] | GWI1 [m] | RMSE(®) [°] | GWx [m?] | GW2 [m]
VS 338.12 38.78 15.81 0.67 123.52 18.50
VSO | 334.14 36.63 15.66 0.60 116.28 18.23
TO 639.27 68.84 21.42 0.85 152.61 23.48
FFK 639.49 86.57 21.77 0.98 182.35 24.16
GB 331.81 55.54 16.21 0.68 147.68 19.03

5.1.5 Effects of Low Number of Measurements

In order to see the effect of number of measurements on algorithm performance, the

simulations are repeated using an average of 3 measurements at each scan. The typical
estimates of the algorithms are illustrated in and the overall error metric
results are given in[Table 5.2]
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Scenario 1: Non-maneuvering target case
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Figure 5.8: An example target trajectory of scenario 1 with an average of 3 measure-

ments at each scan. The results of the filtering algorithms are shown with dashed lines

while those of the smoothing algorithms are shown with solid lines.

The same conclusions as the previous subsection can be made based on the results

except that the performance of all algorithms degrades due to the low number of mea-

surements. It is clear that the performance, especially the position estimation perfor-

mance, of the filtering algorithms is reduced more than the smoothing algorithms.

Table 5.2: Average GW distance and RMSE results of Scenario 1 with an average of

3 measurements at each scan.

GW, [m?] | GW, [m?] | GWI1 [m] | RMSE(®) [°] | GWx [m?] | GW2 [m]
VS 964.30 257.22 28.97 2.13 296.77 29.69
VSO | 920.27 195.03 27.51 1.88 226.19 28.12
TO 2110.16 258.11 39.14 1.88 292.72 39.65
FFK | 2123.29 447.95 41.37 2.34 494.32 41.98
GB 915.55 282.46 28.87 2.09 320.32 29.56

61




5.2 Scenario 2: Maneuvering Target Case

The maneuvering target scenario, which is a widely used target trajectory in extended
target tracking simulations, contains two 90° and one 45° turns. The target moves
on straight paths in between these turns and it has a constant velocity of 13.88 m/s
throughout the trajectory. The major and minor axis lengths of the target are equal to

A1 = 170 m and Ay = 40 m, respectively.

The true target position starts at the origin with an orientation angle of 6, = /4. It
moves on a straight path for 20 samples and then starts a 45° turn in counter clockwise
direction. This turn takes 11 samples. After moving straight on 4z direction for 10
samples again, the target starts its second turn. The target completes this 90° turn in
11 samples. Then, it moves in +y direction for 20 samples and starts its last turn of
90° which also lasts 11 samples. The target moves on —z direction for 20 samples

and completes the trajectory of 103 samples in total. The sampling time is 7' = 10s

throughout the trajectory (see [Figure 3.2).

5.2.1 Measurement Generation

At each MC run, the measurements ), = {yi };n:kl are generated with a Gaussian

distribution around the true target. Setting the measurement parameters as

my, = max(2, m ~ Poisson(20)), (5.16a)
R = 50?I,m?, (5.16b)
s = 0.25, (5.16¢)
H = [Ty 093], (5.16d)

each measurement can be generated as

yl ~ N(yl; Hry, s Xy, + R). (5.17)
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5.2.2 Model and Initial Density Parameters

The kinematic state mean and covariance are initialized as

-
To|-1 = [Om Om 10m/s —10m/s| , (5.18a)
Fy-1 = diag ([900 m? 900m? 16m?/s*> 16m? /S2D : (5.18b)
The state transition matrix and gain matrix of the process noise can be written as
I, TI TI.
A, =7 7%, B= 1, (5.19)
Oy I TI,

where ), = 01, is the process noise covariance with 0 = /10 m/s?.

For the models with orientation, the system model parameters are set to A9 = 1 and
Qo = 0.01rad?. The scale and shape estimates are initialized as
ap, =227, (5.20a)
By, = [100* 100%] T (5.20b)
The mean and covariance of the orientation are initialized as
60‘_1 = —7T/6 rad, (5213)
Op—1 = lrad®. (5.21b)
In order to initialize all of the algorithms with equivalent extent estimates, the ex-
pected value of the initial extent X is calculated using (5.8)). The degrees of freedom
and scale matrix parameters of the extent state for the model without orientation are
initialized as
Vo|—1 = 7, (5223)
Vb|_1 = X()(I/U — Zny — 2) (522b)
The forgetting factor is set to ¢ = 0.75 for the VS, VSO, TO algorithms. The equiv-

alent time constant parameter 7 of FFK, and the degrees of freedom parameter n;, of

GB can be obtained by using (5.10).

5.2.3 Error Metrics

The same error metrics given in|Subsection 5.1.3|are also used in scenario 2.
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5.2.4 Simulation Results

Similar to[Subsection 5.1.4] the average error metrics are provided for each time step

in [Figure 5.10HF1gure 5.15| Furthermore, an example trajectory of the target with the
algorithm estimates is given in In all plots, filtering algorithms are given

in dashed lines, while smoothing algorithms are shown in solid lines.

When we analyze the estimation results of the algorithms in[Figure 5.9] we can clearly
observe that the estimation performance of the algorithms without orientation de-
grades during the turns. However, because TO and VSO algorithms treat the orienta-
tion as a separate variable to be estimated, these algorithms can maintain their good

estimation performance during the turns as well.
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Figure 5.9: An example trajectory of scenario 2. The results of the filtering algorithms
are shown with dashed lines while those of the smoothing algorithms are shown with

solid lines.

The average positional error of the algorithms can be seen in As ex-
pected, the form of the average GW,, is similar to the one in scenario 1 because the
performance of the positional estimation is not affected substantially from the ma-

neuvering behavior of the target. As before, the smoothing algorithms VS, VSO, and
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GB performs better than the filtering algorithms TO and FFK.
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Figure 5.10: Average GW, distance for scenario 2. The results of the filtering al-
gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.

In the average error of the axis length matrices are given. The average
GW, of the VS, GB, and FFK algorithms rises dramatically during the turns since

these algorithms do not treat the orientation as a separate random variable. The pro-
posed VS algorithm shows the poorest performance among all algorithms. When we
investigate the reason for this behavior, we found out that the Beta-Bartlett backward
recursion is not the best selection for the scenarios where target shows rapid orien-
tation changes. Since the Beta-Bartlett smoother makes a backward update which is
similar to the covariance update of the covariance intersection algorithm [42]], it is
not capable of reacting fast enough to the orientation variations. Nevertheless, the
proposed VSO algorithm achieves the best performance among all algorithms thanks

to its model with orientation.

The average GW1 distance of the algorithms is given in Since the VS,
FFK, and GB show significant performance degradation in axis length estimation, this
behavior dominates the overall GW1 distance as well. Different than the axis length
estimation errors, the errors of VS and GB are closer to the error of FFK because of
their lower kinematic estimation error. The performance of the proposed algorithm

VSO is better than other algorithms throughout the trajectory.
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Figure 5.11: Average GW, distance for scenario 2. The results of the filtering al-
gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.
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Figure 5.12: Average GW1 distance for scenario 2. The results of the filtering al-

gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.

As it can be seen in the average RMSE of the orientation angle exhibit

considerable increase during the turns. The orientation error does not change much
during the turns for VSO and TO as expected. FFK shows the worst orientation angle

estimation performance among all algorithms for the model without orientation. This
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behavior can be explained by the improvement of the smoothing algorithms.
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Figure 5.13: Average RMSE(6) for scenario 2. The results of the filtering algorithms

are shown with dashed lines while those of the smoothing algorithms are shown with

solid lines.

The angle estimation errors also affect the average extent estimation performance
of the algorithms. Looking into we can see that the GWy distance
of FFK is the most among all algorithms which is different than the result of GW,.
Although axis length errors of the VS and GB are higher than FFK, their performance
are better in estimating the extent because the extent matrix also holds orientation

angle information.

Integrating the effect of angle errors into the extent and consequently into the GW2
distance, we can see the resulting performance of the algorithms in The
GW?2 distance results show that VSO performs best in scenario 2 without being af-
fected by the turns of the target. Conversely, FFK shows the worst performance as
expected because it does not estimate the orientation separately and does not conduct

a backward recursion.

The overall GW distance and RMSE error metric results of scenario 2 is given in
The proposed algorithm VSO outperforms the alternative algorithms in the
literature for all of the error parameters. This result demonstrates the advantage of

estimating the orientation angle as another random variable for maneuvering target
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Figure 5.14: Average GW x distance for scenario 2. The results of the filtering al-
gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.
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Figure 5.15: Average GW2 distance for scenario 2. The results of the filtering al-
gorithms are shown with dashed lines while those of the smoothing algorithms are

shown with solid lines.

scenarios. If we group the algorithms for the model with or without orientation, it
is also obvious that the smoothing algorithms are superior to the filtering algorithms

within their respective groups.
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Table 5.3: Average GW distance and RMSE results of scenario 2.

GW, [m?] | GW, [m?] | GWI1 [m] | RMSE(®) [°] | GWx [m?] | GW2 [m]
VS 333.74 757.33 29.19 4.81 822.56 30.31
VSO | 327.67 46.85 16.90 2.44 92.02 18.43
TO 420.61 86.35 19.89 3.51 181.09 22.38
FFK | 421.76 407.75 25.68 11.56 1136.04 34.12
GB 330.46 588.35 26.83 3.77 670.53 28.27

5.3 Computational Load

The average run times of the algorithms (per time step) when number of iterations is 1,
5, and 20, are given in The superior performance of VSO comes at a cost
of computation time due to its iterative nature and additional smoothing algorithm
computations. It is worth noting that the proposed algorithms VS and VSO converge
in an average of 5 iterations but the simulations were performed in 20 iterations to
make sure of the convergence. Therefore, the run time can be decreased by optimizing

the number of iterations depending on the application.

Table 5.4: Average algorithm run times (per time step) with different number of iter-

ations.

VS | VSO | TO | FFK | GB

Run time with a single iteration (ms) | 1.32 | 2.37 | 2.13 | 0.69 | 1.13
Run time with 5 iterations (ms) 4.61 774 | 593 | 0.69 | 1.13
Run time with 20 iterations (ms) 17.07 | 29.14 | 19.37 | 0.69 | 1.13
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CHAPTER 6

CONCLUSION AND FUTURE WORK

In this thesis study, we proposed two Bayesian smoothers for extended targets whose
extents are modeled with random matrices. By leveraging the previous work in the
literature and using the variational approximation technique, we derived the smooth-
ing algorithms for the extended target models without and with the orientation. The
performances of both algorithms were presented using the simulation results on two
different ETT scenarios. In order to make a proper evaluation, we included the al-
gorithms of Feldmann et al. (FFK), Tuncer and Ozkan (TO), and Granstrém and
Bramstang (GB), into both simulation scenarios and compared their results with the

proposed algorithms.

The results of the first scenario with a non-maneuvering extended target show that
under no model mismatch between the target motion and the filter model, the pro-
posed variational smoothers outperform the previous algorithms in the literature. The
results obtained in this scenario also provide information about the estimation ac-
curacy of the algorithms with different methodologies. In general, the smoothing
algorithms perform better than the filtering algorithms. When we consider the algo-
rithms separately according to their subgroups of smoother or filter, it can be declared
that the overall results of the algorithms for the model with orientation are slightly
better than the results of the algorithms for the model without orientation. This dif-
ference becomes more evident for the results of orientation and consequently extent
estimation. Moreover, the algorithms which utilize the variational method outper-
form the other algorithms. Although all algorithms show satisfactory results due to
the non-maneuvering extended target scenario, the results validate the capability of

the proposed algorithms and their methodologies.
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In the second scenario with maneuvering extended target, the algorithms which do not
treat the orientation as a separate random variable show performance degradation dur-
ing the turns. However, the proposed VSO algorithm is able to retain its performance
throughout the trajectory and achieves the best performance among all algorithms.
In a more general sense, the results of this simulation scenario show that the explicit
modelling of the orientation becomes much more effective for tracking maneuvering
targets. The remaining comparison results of the second scenario are in analogy with

the results of the first scenario.

Overall, VSO algorithm proposed in this thesis study shows superior performance in
both non-maneuvering and maneuvering target scenarios and it can be used in target
tracking applications with batch data processing where estimation accuracy is more
important than the computational resources. On the other hand, if the application
is not accuracy driven or the target is expected to have a relatively constant orienta-
tion, the proposed VS algorithm can be used in order to allocate less computational

resources to smoothing.

In closing, the future work may perform experiments using real data collected from
aerial vehicles with image sensors, radars or lidars. Moreover, the performance of the
VS algorithm can be improved further by introducing different transition models than
the matrix Beta-Bartlett stochastic evolution model. Furthermore, adaptive estima-
tion of forgetting factor used in filtering and smoothing might be considered for ma-
neuvering ETT. Similar smoothing algorithms can be derived for other ETT models,
such as Gaussian process ETT model [23] or random hypersurface model [9]], [22]],
and also for other measurement models involving measurements which are nonlinear
functions of the kinematic state, e.g., range, angle measurements [43]]. The scope of
the proposed smoothers can also be expanded for multiple target tracking [44], [45]

applications.
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APPENDIX A

PARAMETER MAPPING BETWEEN INVERSE WISHART AND INVERSE
GAMMA DISTRIBUTIONS

Inverse Wishart Distribution

Consider d x d SPD matrix X}, describing the current ellipsodial object extension

, 1
IW(X;v, V) x \X|_§"etr(—§X_1V) (A.1)
Ifd=1, we get
1V
IW(X;v, V) X_%”etr(—ﬁy) (A2)

Inverse Gamma Distribution

IG(X;a,f) x X_a_lexp—g (A.3)
By equating (A.2)) and (A.3) we get
1
o= 51/ -1 (A4)
Vv
B=+ (A.5)

Expected value of the inverse Wishart density is

v
EX|=——77— A.6
When d = 1 we have
v
EX| = AT
X] = —— (A7)
Expected value of the inverse Gamma density is
B3 v

(A.8)

T a—1 %y—2:u—4

equal to the expected value found in (A.7), which confirms the (A.4) and (A.S).
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APPENDIX B

EQUIVALENT PREDICTION PARAMETERS IN DIFFERENT EXTENDED
TARGET TRACKING MODELS

The algorithms covered in this study use different prediction parameters to govern the
time evolution of the extent. The variational smoother with and without orientation
algorithms proposed in this thesis along with Ozkan and Tuncer’s variational filter
with orientation algorithm [28]] use the forgetting factor ¢/; Feldmann et al.’s filter [28]]
uses the time constant 7; and Granstrém’s smoother [2] uses the degrees of freedom
parameter n,. In order to be able to compare the performances of these algorithms

properly, we need to find the condition when these parameters are equivalent.

The equivalent time constant parameter can be obtained by equating exp(—1"/7) = .
This equality gives

S— B.1

In [2]], a Wishart extension transition density is used, i.e.,

X
p(Xpi1| X)) = W <Xk+1; g, n—:) . (B.2)

When we consider the Beta-Bartlett transition we have

Vitk = YV, (B.3a)
Vigalk — 21y — 2 = (v — 20y — 2). (B.3b)

Given the assumption that "the extension does not tend to change over time", we have

Vit1jk _ YVik
Verie — 20y — 2 (Ve — 20y — 2)

KXer1jp = = Xk (B.4)
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Let us now compare the variances:

U;iﬁk £ var ([Xk]ij|y0:K) ) (B.5a)
Ufchrl\k £ var ([Xi + 15| Vox) - (B.5b)

Using the inverse Wishart covariance formulas given in [31]] we can write
2(v —2n, — 2) VI + [V]a[V]; + V17
(v—2n,—1)(v—2n,—2)(v—2n,—4)
() VB L

- (v—-2n,—1)(v—2n, —2)(v —2n, —4)’
(=2 [VE A+ (v = 20, — 2)[V]alV];

ij

var ([X];;) =

= . B.6
(v—2n,—1)(v—2n, —2)(v — 2n, — 4) (B.62)
This gives
2(v —2n, — D[V]Z
X i) = Y 11 ’
var ([X:) (v —2n, —1)(v —2n, — 2)2(v — 2n, — 4)
2AV]2
= L . B.7
v—2n,—2)2%v—2n,—4 (B.72)
y y
Assuming that v — 2n, — 2 > 2, we can write
2(VI5
var ([X]y) ~ v —2n, — ) (B.8)
We can now write o, and 01| as
. 2[Vigel2:
pE = L B.9
0k|k (Vk|k _ 2ny _ 2)3a ( a)
o _ Q[Vk+1|k]z2i
i (Vegak — 20y, — 2)3
202 [Vieir |2 o}
_ O WViwls Tk (B.9b)

1/}3(Vk\k — 2TI,y — 2)3 w
As a result, Beta-Bartlett prediction keeps the mean the same while increasing the

variance by a factor of 1/1.

In [32], it is given that with the Wishart transition distribution

X
P( X1 Xi) =W <Xk+1;nk, n—:> , (B.10)
we have
ii Vilk — 2n, — 2
Of 1 = (1 + 'n—ky) Ok - (B.11)
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Therefore, we can find the equivalent n;, as

— 2n, — 2 1
(1 4 %) =5 (B.12)
k

which gives
. Vilk — 2ny —2

1
11

(B.13)
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